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Regressions with stationary and integrated vari-
ables

Assume you are interested in estimating a multivariate regres-
sion

yt = xtβ + εt,

where yt and xt are time series processes.

Whether yt and xt are stationary or I(1) have very important
implications for the properties of β̂.

We will now review the properties of β̂ in the cases where both
variables are stationary and both are I(1) processes.

The nonstationary case is particularly problematic because the
spurious regression problem may appear.

0-1



Regressions with time series variables in the stationary
case

Assume yt and xt are two stationary processes.

yt = α+ βxt + at.

To simplify the exposition, consider the case where they are
both AR(1) processes:

yt = φyyt−1 + εt; xt = φxxt−1 + νt.

where εt and νt are i.d.d processes verifying that E (εt−rνt−s) = 0
for all r, s.

Notice that under these assumptions the ’true’ β=0.

Thus:

β̂ =

∑
(yt − ȳ) (xt − x̄)∑

(xt − x̄)2
= β +

cov(at,xt)∑
(xt − x̄)2

+ op (1)
p→ β = 0.
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Simple regressions in the stationary case, II
Consider now the t statistic associated to β :

tβ̂ =
β̂

σ̂β̂

where σ̂β̂ is traditionally computed as

σ̂2
β̂
=

σ̂2a∑
(xt − x̄)2

.

Notice that since at is NOT iid, then the traditional formula
for the variance of β is NOT given by σ2 (X ′X)−1 (this is only true
if at is a white noise sequence).

It follows that since σ̂2
β̂

is not a consistent estimator of the

variance of β̂, then tβ̂ defined above does not converge to a N(0, 1) .
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Simple regressions in the stationary case, III
Conventional OLS SEs (heteroskedasticity-robust or not) are

wrong when there is autocorrelation

So, we need a new formula that produces SEs that are ro-
bust to autocorrelation as well as heteroskedasticity We need Het-
eroskedasticity and Autocorrelation-Consistent (HAC) standard er-
rors

More on the estimation of HAC variance-covariance matrices
here:

http://www.ssc.wisc.edu/ kwest/publications/2000/Heteroskedasticity

%20and%20Autocorrelation%20Corrections.pdf
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In general:

If xt is exogeneous, that is, E(at|xt,xt−1, ...) = 0, then

β̂ is consistent

But we cannot use the OLS estandard errors (they are only
valid if at is iid)−→ HAC standard errors
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Simple regressions in the nonstationary case
The spurious regression problem

Consider a similar framework as in the previous case where now
φy = φx = 1.

Again, one is interested in estimating the following equation

yt = α+ βxt + at. (1)

Under the assumption that yt and xt are unrelated we would expect
that:

β̂ols
p→ 0

R2 p→ 0

tβ̂
d→ t distribution

so it would be possible to test the hypothesis of β = 0 using the
latter distribution.
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However, what happens is the following:

β̂ols
p→ Dβ (where Dβ is a r.v.)

R2 p→ DR (where DR is a r.v.)

tβ̂
d→∞

This impies that:

- β̂ols is not consistent.

- If we want to test β = 0 using the corresponding t− statistic, we
would tend to reject this hypothesis.

- We can obtain high R2 values that would further contribute to
believe that the ’fit is good’.

- The problems above do not dissapear by increasing the sample
size.

- Remember that none of the above would happen if both xt and
yt were stationary!
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An example
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Some simulations
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General case
Consider an n×1 vector of random variables

∆yt = C (L) εt,

where εt is a i.i.d. vector with zero mean, variance E(εtε′t) = PP ′.
Define the partition yt =

(
y1t,y′2t

)
and the regression

y1t = α+ y′2tβ + at.

and let
(
α̂, β̂
)

be the ols estimators of the corresponding parame-
ters.
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If it does not exist a β∗ such that y1t − y′2tβ
∗ = ut where ut is a

stationary process, thus the following is true:

α̂ diverges (at a rate T 1/2)

β̂ is not consistent (converges to a random variable)

F-tests diverge at a rate T (therefore, t tests diverge at a rate
T 1/2)

The estimator of the residual variance tends to infinity (it di-
verges at a rate T ).

R2 converges to a random variable.
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Cures for spurious regressions
There are several approaches to overcome this problem

1. First approach: Include lagged values of both the dependent
and independent variables in the regression. That is, instead of (1)
consider

yt = α+ β1xt + β2xt−1 + β3yt−1 + at.

The estimators in this regression will be consistent.

Why? notice that there exists values of the coefficients, specif-
ically β1 = β2 = α = 0 and β3 = 1 for which the error term is
stationary (notice that at = εt in this case).

the spurious regression problem does not appear if there exists
a linear combination between the dependent and the independent
variables whose residuals are stationary.
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Remark: inference in this model is not completely trivial.

t-tests for the hypothesis β2 = 0 or β1 = 0 are N(0, 1) .

However, an F test of the joint hypothesis that all coefficients
are zero has a nonstandard distribution.
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Cures for spurious regressions, II

2. Second approach: Difference the data before estimating the
relation:

∆yt = α+ β∆xt + vt.

Since all the variables are now stationary, the spurious regression
problem would not arise.
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Cures for spurious regressions, III

However, there are two situations in which this situation would be
inappropriate:

If the original variables are stationary, then differencing can
result in misspecification (the residuals would be a non invertible
MA(1))

Even if yt and xt are truly I(1) processes, there is one important
case where predifferencing is not adecuate. Suppose that there
exists δ such that yt− δxt=ut is stationary. In this case we will say
that xt and yt arecointegrated. The problem of spurious regressions
will not appear (although the regression with differenced variables
will also be misspecified).
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Non stationary VAR models
In the previous lecture, we only considered stable VAR pro-

cesses.

This framework is very limited since most economic variables
are not covariance stationary.

’Stochastic trends’ can be introduced in a VAR in a similar way
as in the simple AR case.

An example: Consider the bivariate VAR(1)

(
(1−L)y1t
(1−L)y2t

)
=

(
u1t
u2t

)
(2)
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Non stationary VAR models, II

The variable yt = (y1t, y2t)
′ is non stationary.

We assume that after differencing, ∆yt, becomes covariance-
stationary.

Using the Beveridge-Nelson decomposition (exactly in the same
way as we did for univariate processes), it is possible to write the
VAR

yt = α+ φ1yt−1 + · · ·+ φpyt−p + εt

as follows

∆yt = α+ ρyt−1 + ψ1∆yt−1 + · · ·+ ψp−1∆yt−p+1 + εt
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The latter equation nests three types of VARs: stationary
VARs, cointegrated VARs and nonstationary and noncointegrated
vars.

The rank of the matrix ρ is going to determine which model
we have.

If ρ has full rank (=n), then yt is a stationary process.

If ρ has rank 0 < m < n then, yt is non-stationary but cointe-
grated.

If ρ has 0 rank, then yt is a nonstationary VAR and it is not
cointegrated.
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Non-stationary VARs

The first case (stationary VAR) has already been studied. We
will study the cointegrated case in a little while. Let’s now consider
the case where rank(ρ)=0.

[Note: For now, we assume it is known that rank(ρ)=0. We
will learn how to test for this later on]

If rank(ρ)=0, then

∆yt = α+ ψ1∆yt−1 + · · ·+ ψp−1∆yt−p+1 + εt
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Estimation

It is possible to estimate the VAR in levels or in differences.

The fitted values of a VAR estimated in levels or in

in

∆yt = α+ ρyt−1 + ψ1∆yt−1 + · · ·+ ψp−1∆yt−p+1 + εt

are identical. We’ll discuss this case a bit.
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Inference

As in the univariate case, we have to be careful with the asymp-
totic theory if yt contains a unit root.

This applies in particular to inference on ρ (we’ll talk about this
in a little while)

If are interested exclusively on the parameters ψ1, . . . ,ψp−1: we
can still use standard asymptotics even if the VAR is estimated in
levels (or in the B-N equation, as above).

However, the small sample distributions may well be improved
by estimated the VAR in differences (assuming that = 0).

See Hamilton, section 18.2 for more information.
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Summarizing

A nonstationary VAR (containing n I(1) variables) that are
NOT cointegrated can be estimated in levels or first differences.

If estimated in levels: some of the coefficients will have stan-
dard asymptotics, some won’t.

The finite sample properties of the VAR estimated in first dif-
ferences are better.
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Cointegration
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Cointegration: definition

Simplest case: X1t and X2t ∼ I(1), residual is I(0): C(1,1)
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Cointegration implies long-term equilibrium between vari-
ables
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More intuition

The drunk and the dog

http://www-stat.wharton.upenn.edu/ steele/Courses/434/434Context/Co-
integration/Murray93DrunkAndDog.pdf
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Examples of theories implying cointegration

Purchasing power parity (PPP)

Consider the price level in two countries, P and P ∗. These series
are usually highly nonstationary.

The theory of PPP says that goods should sell at the same
effective price in two countries (why? because if prices were differ-
ent –assuming zero transport costs–, people will be buying in the
cheaper country and selling in the expensive one until prices would
effectively equal).

This implies that
Pt = StP

∗
t

where St is the nominal exchange rate. Taking logs (and denoting
logs with small letters):

pt − st − p∗t = at.
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A strong version of the PPP (the Law of one price) would
set at = 0 for all t. However, it is recognized that prices do not
change instantaneously when st changes and therefore transitory
deviations from the LOP (at = 0) are usually introduced.

This amounts to consider that at is a stationary process.

It follows that testing for PPP is equivalent to testing whether
there is a cointegrating relation (= a long term relation) between
the variables pt, st and p∗t .
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More examples of theories implying cointegration

The permanent income hypothesis: implies cointegration be-
tween consumption and income, with consumption being the com-
mon trend.

Money demand models imply cointegration between money,
income, prices and interest rates.

Growth theory models imply cointegration between income,
consumption and investment, with productivity being the common
trend.
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Examples of theories implying cointegration, III

Covered interest rate parity implies cointegration between for-
ward and spot exchange rates.

The Fisher equation implies cointegration between nominal in-
terest rates and inflation.

The expectations hypothesis of the term struc ture implies
cointegration between nominal interest rates at different maturi-
ties.

The present value model of stock prices states that a stock’s
price is an expected discounted present value of its expected future
dividends or earnings.
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Remarks

These theories imply that the equilibrium error is stationary,
but not necessarily I(0)!! −→ Fractional cointegration.

Usually long-run equilibrium relationships: the economic forces
that act in response to deviations from equilibrium may take a long
time to restore equilibrium.

As a result, cointegration is modeled using long spans of low
frequency time series data measured monthly, quarterly or annually.

In finance, cointegration may be a high frequency relationship
or a low frequency relationship. Cointegration at a high frequency
is motivated by arbitrage arguments (for instance, the Law of One
Price, which implies implies that identical assets must sell for the
same price to avoid arbitrage opportunities)
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Example: Consumption and Income
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Implications of Cointegration
Implictions for the MA representation

If yt is a vector of n× 1 I(1) variables and is cointegrated (such
that A′yt is stationary) then, the MA representation of ∆yt is not
invertible and therefore, no VAR representation of ∆yt exists!

Why? Consider the MA representation of ∆yt. Since this pro-
cess is stationary it admits a MA(∞) representation

∆yt = ut = Ψ (L) εt = εt + Ψ1εt−1 + Ψ2εt−2...

Remember that, by the B-N decomposition: Ψ (L) = Ψ (1)+ (1−L) Ψ∗ (L) .

It follows that
∆yt = Ψ (1) εt + ∆Ψ∗ (L) εt

or

yt = Ψ (1)
t∑
i=1

εi + Ψ∗ (L) εt
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Since A′yt is stationary, it follows that

A′
(

Ψ (1)
t∑
i=1

εi + Ψ∗ (L) εt

)

is also stationary.

This can only happen provided A′Ψ (1) = 0

The fact that A′Ψ (1) = 0 implies in turn that |Ψ (L)| = 0 for
some values of L.

Thus, Ψ (L) cannot be inverted=⇒ no VAR representation of
∆yt exists!!!

Intuition: the level of yt contains information about the rela-
tions among the variables that cannot be captured by a model that
only contains changes of the corresponding variables.
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Example 1 Consider the cointegrated system

y1t = αy2t + u1t

y2t = y2t−1 + u2t

where u1t and u2t are w.n. The MA representation of ∆yt can be
written as

∆y1t = αu2t + ∆u1t
y2t = u2t

Then

Ψ (L) =

(
(1−L) α

0 1

)
and

Ψ (1) =

(
0 α
0 1

)
has not full rank.
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Alternative specifications for cointegrated sys-
tems

Consider the vector yt of I(1) variables that is cointegrated.

In this case, two alternative representations will be preferred to a
VAR in differences.

VAR in levels

Vector error correction models (VECM)
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Vector error correction models.
Granger representation theorem

Consider an n×1 vector yt such that

(1−L) yt = δ + Ψ (L) εt,

where εt is w.n.

Assume that there are h cointegrating relationships among the
variables.

Then

There exists an (h× n) matrix A whose rows are linearly in-
dependent such that the h× 1 vector zt = A′yt is stationary and
A′Ψ (1) = 0.
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If yt admits VAR(p) in levels, there exists and n×h matrix such
that

Φ (1) = BA′

where Φ (L) is the VAR polynominal associated to yt.

The following VECM exists

∆yt = δ−BA′yt−1 +
p−1∑
i=1

ζi∆yt−1 + εt.

Notice that all the elements in the RHS of the former equation are
stationary.

0-42



In an error-correction model, the changes in a variable depend
on the deviations from some equilibrium relation (the cointegrating
relationship).

A : is the cointegrating vector, describes the shape of the rela-
tionship.

B : meares to what extent the error is corrected each period
(the speed of adjustment to equilibrium).

Notice that the rank of the matrix Φ (1) = BA′ is at most h,
the number of cointegrating relationships (this fact will be used for
testing purposes later on!).
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More on Error correction
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OLS with cointegrated variables
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Super-Consistency
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Test for no-cointegration, known β1
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Test for no-cointegration, estimated β1
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Step 2
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Steps for the Engle-Granger two-step analysis
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Last remarks

Remember that when β is estimated, the critical values depend
on

The deterministic components in the DGP AND the estimated
cointegrating regression (CASES I-III, see Hamilton p. 766)

The number of stochastic regressors in the estimated cointe-
grating regression.
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Cointegration and a Nobel prize in Economics

Robert Engle and Clive Granger won the Nobel prize in Economics
for their contributions in time series analysis and, particularly, for
the introduction of the concept of cointegration.

Check out Granger’s lecture!

http://www.nobelprize.org/mediaplayer/index.php?id=563
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More than two variables

If Xt is an n × 1 vector, there can be at most n-1 cointegrating
relationships.

Engle-Granger two-step procedure can still be applied, but it
is unclear what the first step regression is estimating.

An alternative approach: Johansen’s method.
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Johansen’s approach (1988, 1991)

Full information maximum likelihood

Efficient estimators of all the parameters in the VECM.

Allows to test for 1) the existence of cointegration and 2) the
number of cointegrating relationships
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Johansen’s methodology

Consider the VECM

∆Yt = BA′Yt−1 + γ1∆Yt−1 + · · ·+ γp−1∆Yt−p−1 + εt

B and A have dimension n× h, n is the number of variables in Yt,
h is the number of cointegrating relationships.

Maximum rank of αβ′=h

If rank=n: it means h=n; Yt is stationary.

If rank=0: it means h=0, no cointegration

Intermediate values of h: cointegration!
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Johansen’s methodology

Estimate the VAR in levels

∆Yt = ΠYt−1 + γ1∆Yt−1 + · · ·+ γp−1∆Yt−p−1 + εt

Apply likelihood tests for the rank of Π = αβ′.

Estimate the resulting VECM by maximum likelihood.

∆Yt = BA′Yt−1 + γ1∆Yt−1 + · · ·+ γp−1∆Yt−p−1 + εt
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Testing the number of cointegrating relation-
ships
Two tests

1) Johansen’s trace test:

H0 = r0;H1 : r0 > r

The test

LRtrace(r0) = −T ln(
n∑

i=r0+1

(1− λ̂i))

where λ̂i are the ordered (in a decreasing order) eigenvalues of
a product of residual variance-covariance matrices (see Hamilton,
chapter 20).

Reject the null for large values LRtrace(r0)

Nonstandard distribution.
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Test 2: sequential testing
2) Johansen’s maximum eigenvalue statistic

H0 = r0;H1 : r0 = r + 1

The test:

LRmax(r0) = −T ln(1− λ̂r0+1)

Reject the null for large values LRmax(r0) (nonstandard critical
values)
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Example

M1 demand equation, three variables

LUSRM1: log US real M1; LUSRGDP: log real GDP; US3MTBR:
3 month treas. bond int. rate
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Example, II
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