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Multivariate Time Series Analysis

Multivariate time series models are useful for a number of anal-
ysis and applications.

Forecasting macroeconomic variables of interest.

Studying the dynamic interrelationships between a number of
variables.

Studying the effects of some economic shock of interest.

What are the effects of monetary policy shocks?

What kind of shocks drive the business cycle?

The empirical evidence obtained using these models can provide
useful information to policymakers and macroeconomic theorists.
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The theory developed for univariate case extends in a natural
way to the multivariate case.

For instance, consider the following model

Φp (L) yt = c+ Θ (L) εt (1)

If yt is a scalar, then yt is a univariate ARMA(p, q) process

If yt is a vector than contains n variables, i.e., yt = (y1t, ..., ynt)
′,

then yt is a Vector ARMA or VARMA process.
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This lecture reviews models for stationary vector processes.

VAR (=vector autoregressive) models are very popular.
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Roadmap

1. Preliminary Concepts

2. Covariance-stationarity. Wold Decomposition for vector pro-
cesses. Invertibility

3. Structural MA representation.

4. VAR models. The structural VAR representation.

5. Reduced-form VAR models.

5.1. Stationarity

5.2 From the VAR to the MA representation

5.3 VAR(p) second moments
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6. Forecasting

7. Granger Causality

8. IRFs

9. Variance decomposition
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1. Preliminary Concepts

Random Vector: A random vector is a vector X = (X1 . . . Xn)′

whose components are scalar-valued random variables on the same
probability space.

Vector Random Process : A family of random vectors {Xt; t ∈ T}
indexed by t, where T is a set of time points. Typically T is the
set of natural or integers numbers.

Matrix of polynomial in the lag operator: Φ(L) is a polynomial in
the lag operator where Φi are matrices of coefficients.
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Example:

Φ(L) =

[
1 −0.5L
L 1+ L

]
= Φ0 + Φ1L

With

Φ0 =

[
1 0
0 1

]
, Φ1 =

[
0 −0.5
1 1

]
When applied to the vector Yt

Φ(L)Xt =

[
1 −0.5L
L 1+ L

][
X1t

X2t

]
=

[
X1t − 0.5X2t−1

X1t−1 +X2t +X2t−1

]
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2. Covariance Stationarity

Definition.

It is the same as in the univariate case. The vector yt is covariance
stationary if

i) E (yt) = µ for all t

ii) E ((yt − µ) (yt−h − µ)
′) = Γ (h)

n×n
for all t and h = 0, 1, 2...

Two remarks

Stationarity of all the components of yt does not imply station-
arity of the vector process. Stationarity of the yt requires that the
components of yt are stationary and costationary.

Although Γ(j) = Γ(−j) for a scalar process, the same is not true
for vector processes. The correct statement is

Γ′j = Γ−j
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Simplest example.

Vector White noise process.

εt (with dimension n× 1) is a white noise process if

E(εt) = 0n×1

E(εtε
′
t−s) = 0n×n

E(εtε
′
t) = Ωn×n
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Wold decomposition

Any zero-mean stationary vector process Yt admits the following
representation

Yt = C(L)εt + κt

where C(L) is the stochastic component with C(L) =
∑∞

i=0CiL
1

and κt is a purely deterministic component, that is perfectly pre-
dictable using linear combinations of past values of Yt.

If κt = 0, the process is regular. In the following we will consider
only regular processes.
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The above-defined Wold representation verifies,

εt is a white noise process

εt = Yt − Proj(Yt|Yt−1,Yt−2, . . . )

Ci is a sequence of fixed n × n matrices that are square summable:∑∞
i=0 ||Ci||2 <∞.

C0 = In

The Wold representation is unique.
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Invertibility

	

0-13



3. Structural and reduced-form models

Structural MA models

Consider the multivariate model

yt = C (L) ut, (2)

where yt is a ny × 1 vector of economic variables and ut is an nu× 1
vector of shocks. (Remark: ny can be different from nu).

Equation (2) is called the structural MA model since the
elements of ut are given a structural economic interpretation.

For example, one of the components of ut can be interpreted
as an exogenous shock to labor supply, another as a shock to the
quantity of money, etc.
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These shocks are assumed to be unobservable and white noise

E(utu
′
s) =

{
Σ, if t = s

0, otherwise
.

(or sometimes, i.i.d).

It is typically assumed that Σ is diagonal (that is, no contem-
poraneous correlations among the shocks exist).

Notice that C0 is not assumed to be the identity matrix.
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4. VAR models

Vector Autoregressive Models come in three varieties: struc-
tural form, reduced form and recursive.

A reduced form VAR expresses each variable as a linear function
of its own past values, the past values of all other variables being
considered and a serially uncorrelated error term.

A recursive VAR constructs the error terms in each regression
equation to be uncorrelated with the error in the preceding equa-
tion. This is done by judiciously including some contemporaneous
terms values as regressors (see below for an example).

A structural VAR uses economic theory to sort out the con-
temporaneous links among the variables. To be able to do that,
structural VARs require “identifying assumptions” that allow cor-
relations to be interpreted causally.
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Structural VAR models
From structural MA to Structural VAR models

If C (L)−1 exits, then premultiplying (2) by C (L)−1 one obtains
the Structural VAR model

B (L) yt = ut,

where B (L) = B0 −
∑∞

k=1BiL
i. Notice that in this representation

the elements of ut still are the structural shocks of the system.

If the previous sum is finite, then we have a structural VAR(p)
process.

B0yt = B1yt−1 + ...+Bpyt−p + ut, (3)

where ut is assumed to be white noise (or sometimes i.i.d).

Remark: ny ≥ nu is a necessary condition for invertibility. If ny =
nu, then C(L) is square and the invertibility condition is that the
determinant of the polynomial |C (z)| has all its roots outside the
unit circle.
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Reduced-form VAR models

The reduced-form VAR model is obtained by premultiplying (3)
by B−10 :

yt = φ1yt−1 + ...+ φpyt−p + εt,

where φi = B−10 Bi and εt = B−10 ut.

If ut is white noise, so is εt. However, εt does not represent
the structural shocks (the ’true’ economic shocks) anymore, but
a linear combination of them. Thus, although VAR models are
useful devices in many instances, they do not have a structural
interpretation (their connection with the theory is not inmediate).

The variance covariance matrix of εt, Σε = B−10 ΣuB
−1′
0 will not

be in general diagonal (even if Σu is), therefore, these shocks are
contemporaneously correlated.
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An example

Consider a structrural VAR(1) model for yt = (y1t, y2t)
′
,

B0yt = γ0 + γ1yt−1 + ut,

that is(
b11 b12
b21 b22

)(
y1t
y2t

)
=

(
γ01
γ02

)
+ (4)

+

(
γ11 γ12
γ21 γ22

)(
y1t−1
y2t−2

)
+

u1t
u2t

(5)

where y1t denotes the rate of growth of output and y2t the rate of
growth of money.

Notice that both y1t and y2t are endogeneous regressors in (4) .

There are 13 parameters to estimate
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Structural versus Reduced form VAR models, cont.

In the (reduced-form) VAR representation, y1 and y2 are just
functions of their past values.

This solves the above mentioned endogeneity problem.

To obtain this representation, premultiply by B−10 :

B−10 B0yt = B−10 γ0 +B−10 γ1yt−1 +B−10 ut,

yt = c+ φ1yt−1 + εt,

where B−10 γ0 = c, B−10 γ1 = φ1 and B−10 ut = εt.

This representation is easy to estimate (OLS equation by equa-
tion).

Notice that now we will only estimate 9 parameters!
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Rewriting a VAR(p) as a VAR(1).

A VAR(p) process can always be written as a VAR(1) one. To this
end, define

xt
np×1

=


yt − µ
yt−1 − µ

...
yt−p+1 − µ

 ; F
np×np

=


φ1 φ2 ... φp
In 0 ... 0
... ... ... ...
0 0 ... In

 ; νt
np×1

=


εt
0
...
0

 ;

where µ = E (yt) . It follows that the VAR(p) process can be written
as follows

xt = Fxt−1 + νt, (6)

where

E
(
νtν
′
t

)
=


Ω ... 0
0 ... 0
... ... ...
0 ... 0

 ;

This representation is called the companion form of the VAR(p)
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5.1. Stationarity of VAR(p) processes

Stationarity conditions for VAR(p) processes: Stability

A VAR(p) process yt is said to be stable if all values of z satisfying∣∣In − φ1z − φ2z2 − ...− φpzp
∣∣ = 0 (7)

lie outside the unit circle.

Theorem

If the process yt is stable, then it is covariance- stationary.

Remark: The reverse is not true. There exist stationary represen-
tations of processes that are unstable.
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Another way of expressing the same result

The process yt is stable if the eigenvalues of the matrix F are
all smaller than 1 in absolute value.

Notice that an eigenvalue λ of F satisfies that

∣∣Inλp − φ1λp−1 − φ2λp−2 − ...− φpλp
∣∣ = 0, (8)

thus, if |λ| < 1, then yt is stable.

Why?

Recall that a VAR(p) can be written as a VAR(1), yt = Ayt−1 +
εt, then
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5.2. From the VAR to the Vector MA(∞) representation

Moving average representation of a stationary VAR process

Consider first the VAR(1) case, yt = c+ φ1yt−1 + εt. Iterating
backwards:

yt = (In + φ1 + ...+ φt−11 )c+ φt1y0 +
t−1∑
i=0

φi1εt−i.

If all the eigenvalues of φ1 are smaller than 1 in abs. val., then the
sequence φi1 is absolutely summable, implying that

φt1y0 → 0

t−1∑
i=0

φi1εt−i →
∞∑
i=0

φi1εt−i

(In + φ1 + ...+ φt−11 )c→ c
∞∑
i=0

φi1

= µ
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This implies that

yt = µ+
∞∑
i=0

θiεt−i,

where θi = φi1.

Notice that the first coefficient φ01 = In.

For a general VAR(p) process

Write it first as a VAR(1)

Find the MA representation using the VAR(1) formulas.
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The MA representation is not unique

There are alternative MA(∞) representations based on vector
white noise processes other than εt. To see that, consider a non-
singular n× n matrix H and define

at = Hεt

and
yt = µ+H−1at + φ1H

−1at−1 + φ21H
−1at−2 + ...
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5.3. Second Moments of the VAR representation

Let us consider the companion form of a stationary (zero mean for
simplicity) VAR(p) process.

Yt = AYt − 1+ εt

The variance of Yt is given by

Σ = E(YtY
′
t ) = AΣA′ + Ω

where E(εε′) = Ω. A closed form solution for this formula can be
obtained using the vec operator.

The vec operator is a linear transformation which converts the
matrix into a column vector. Specifically, the vectorization of an m
n matrix A, denoted vec(A), is the mn× 1 column vector obtained
by stacking the columns of the matrix A on top of one another:

You can read more about the vec operator here

https://en.wikipedia.org/wiki/Vectorization (mathematics)
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5.4. Estimation of VAR models

Let’s consider now the estimation of model

yt = c+ φ1yt−1 + ...+ φpyt−p + εt.

The set of parameters to estimate is

- Π = (c,φ1, ...,φp),

- Ω., the variance-covariance matrix of εt

This model can be estimated by maximum likelihood (see Hamil-
ton, chapter 11).

As in the univariate case, conditional MLE is equivalent to OLS
estimation equation by equation.
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Model selection

Prior to estimating the VAR(p) process we need to select the
order of the autoregressions.

The same techniques as in the univariate case can be employed
(AIC, BIC, HIC General-to-specific).

Similar results hold in this case:

AIC tends to choose larger models (it tends to overfit the
model).

BIC and HIC and consistent while AIC is not.

Ivanov and Kilian (2005): study by simulation the properties of
ICs. AIC seems to outperform for monthly data, HIC for quarterly
data.
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Reporting VAR results

VAR models are particularly useful for describing the data and
for constructing forecasts.

Estimated VAR coefficients (they are difficult to interpret due
to the complicated dynamic relationships) and R2s typically go
unreported.

After VAR estimation, the following statistics are usually re-
ported:

Granger-causality tests

IRFs

Forecast error variance decompositions

We will use also the estimated coefficients to do forecasting
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6. Forecasting: Introduction
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Forecasting with VAR models

Let us consider the VAR(p) process in companion form

Yt = AYt−1 + εt

where εt is a white noise. The 1-step ahead linear forecast condi-
tional on the information available up to time t is given by

Yt+1|t = AYt

where A is the linear projection of Yt+1 on Yt. Iterating this expres-
sion, one can obtain the h-step ahead linear forecast of Yt

Yt+1|t = AhYt
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Forecasting with VAR models, II

This predictor delivers the minimum mean square error (MSE),
[that is, the forecast with the smallest variance of the forecast
error] among all the predictors constructed as linear combinations
of Yt

Using

Yt+h = AhYt +
h−1∑
i=0

Aiεt+h−i

we can obtain the forecast error:

Yt+h − Yt+h|t =
h−1∑
i=0

Aiεt+h−i
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From the forecast error we can obtain the MSE (the variance
of the forecast error)

MSE(Yt+h|t) = E(Yt+h − Yt+h|t)(Yt+h − Yt+h|t)
′ = Σ(h) =

h−1∑
i=0

AiΩAi′

Notice that the MSE is non-decreasing in h.

MSE(Yt+h|t) = Σ(h− 1) +Ah−1ΩAh−1′

As h→∞, the MSE converges to the variance of Yt.
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Example, Stock and Watson 2001

Three-variable VAR: inflation rate, unemployment, interest rates.
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Granger Causality
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7. Granger causality

This concept was introduced by Granger (1969) (“Investigat-
ing Causal Relations by Econometric Models and Cross Spectral
Methods”, Econometrica, 37) and popularized by Sims (1972).

’Causality’ here does not have the usual meaning of a ’causal
effect’.

Granger causality addresses the issue of how useful are some
variables for forecasting others.
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Simplest case: Bivariate Granger causality

Consider two economic variables yt and xt.

Intuition: If yt helps to forecast xt, then yt Granger-cause xt. If it
cannot, yt does not Granger-cause xt.

More formally:

Consider two forecasts of xt+h, one using a linear function of

past information on this variable (xt, xt−1, ...), denoted as x̂
(1)
t+h =

Ê (xt+h|xt, ...) and another that uses a linear function of (xt, xt−1,

...; yt, yt−1, ...), denoted as x̂
(2)
t+h = Ê (xt+h|xt, ... , yt, ...).
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Define the corresponding MSEs as MSE(1) = E
(
xt+h − x̂

(1)
t+h

)2
and MSE(2) = E

(
xt+h − x̂

(2)
t+h

)2
.

The variable yt fails to Granger cause x if

MSE(1) = MSE(2). (9)

Equivalently, if (9) holds, x is exogeneous in the time series
sense with respect to y.
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Tests for Granger Causality

The are several ways to test for Granger Causality (see Hamil-
ton, chapter 11).

A simple approach would be to consider the regression

xt = c1 + α1xt−1 + ...+ αpxt−p + β1yt−1 + ...+ βpyt−p + ut (10)

for a particular lag length p, that can be estimated by OLS.

Then, conduct an F-test for the null hypothesis

H0 : β1 = ... = βp = 0.
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Computation.

Estimate (10) and compute the sum of squared residuals:

RSS1 =
T∑

t=1

û2t .

Estimate again (10) this time impossing H0 and compute

RRS0 =
T∑

t=1

ê2t

where êt is obtained by estimating xt = γ0 + γ1xt−1 + ...+ γpxt−p + et
by OLS.

Compute

F =
T (RSS0 −RSS1)

RSS1

Under the assumption that xt and yt are stationary, reject H0

if F is greater that the 5% values for a χ2
p variable.
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Interpretation of Granger Causality

Relation between ’causality’ and ’Granger causality’.

Granger causality and causality are very different concepts. In
fact they can run in the opposite direction.

Example: consider a model of prices and dividends. One can
set a model where stock prices reflect investor’s perceptions of
dividends. In spite of that, dividens fail to ’Granger cause’ stock
prices (=they are not useful for predicting stock prices).

On the other hand, prices do ’Granger cause’ dividents, even
though the market’s evaluation of the stock in reality has not effect
on the dividend process (=the price of an stock reflects the beliefs
on future dividends and therefore are useful for predicting future
dividends).
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In general: time series that reflect forward-looking behavior,
such as stock prices and interest rates, are often found to be ex-
cellent predictors of many key economic variables.

But this does not mean that these series ’cause’ GNP or infla-
tion in the usual sense. Instead, these values reflect the market’s
best information about these variables.

Granger causality tests should not be used to infer a direction
of causation.
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Example 2

It has been frequently found that interest rate spread (the dif-
ference between long and short yields) has been a good predictor
for real GDP growth in the US (Estrella, 2000,2005).

Recessions are often preceeded by a sharp fall in the spread
(short increases compared to long rates).

This implies that the spread should Granger cause output growth.

However recent evidence suggests that its predictive power has
decreased since the beginning of the 80s (see D’Agostino, Gian-
none and Surico, 2006).

Thus, the spread should no longer cause output growth after
mid 80’s .
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Figure 1: . Blue line is nominal GDP growth; Green line is M1 growth
rates

We estimate a bivariate VAR for the growth rates of the real GDP
and the difference between the 10-year rate and the federal funds
rate. Data are from FRED StLouis Fed spanning from 1954:III-
2007:III. The AIC criterion suggests p = 6.
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Impulse Response Function
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8. Impulse response functions for VAR pro-
cesses

Goal: to measure the dynamic reaction of a system of variables
to a particular shock.

More specifically: what’s the response of one variable to an
impulse in another variable in a system that involves a number of
additional variables as well (that are assumed to remain constant)?

Responses to forecast errors (=the shocks of the system)

Consider a stable VAR model that admits the following MA(∞)
representation

yt = c+ εt + ψ1εt−1 + ψ2εt−2 + ...

we are now interested in the response of the variables in yt to
a change in the shock vector, εt, that is:

∂yt+h

∂εt
.
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It is easy to check that in fact

∂yt+h

∂εt
= ψh.

The matrix ψh is also called the matrix of dynamic multipliers.

We can also consider the reaction of a particular variable in
yt, yit, to a change of a shock εjt. This effect is measured by the
corresponding element of the matrix ψh.

∂yit+h

∂εjt
= ψijh,

where ψijh denotes the element (i,j) of ψh.
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Computing the impulse response function from the VAR represen-
tation. An example

Consider the following VAR(1), where y1=investment, y2=income;
y3=consumption.

 y1,t
y2,t
y3,t

 =

 .5 0 0
.1 .1 .3
0 .2 .3

 y1,t−1
y2,t−2
y3,t−3

+

 u1,t
u2,t
u3,t



Under these assumptions, at time t = 0 we will obtain:

y0 =

 y1,0
y2,0
y3,0

 =

 u1,0
u2,0
u3,0

 =

 1
0
0

 ,

y1 =

 y1,1
y2,1
y3,1

 = A1y0 =

 .5
.1
0

 ,
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y2 =

 y1,2
y2,2
y3,2

 = A1y1 = A2
1y0 =

 .25
.06
0.2

 ,

The response of variable j to a unit shock in variable k is usu-
ally depicted graphically to get a visual impression of the dynamic
interrelationships within the system.

Relation between Impulse responses and Granger causality

Remark: an innovation in variable k has no efect on the other
variables if the former variable does not Granger-cause the set of
the remaining variables.
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Responses to orthogonal impulses

A problematic assumption in the previous framework is to con-
sider that a shock occurs just in one variable.

If shocks are correlated (as is usually the case in reduced-form
VARs), a shock in one variable is likely to be accompanied by a
shock in another variable.

In this case, setting all other residuals to zero provide a mis-
leading picture of the actual dynamic relationship.

A possible solution would be to transform the system in such
a way that the resulting shocks are orthogonal.
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Recursive VARs

Consider the following VAR

yt = φ1yt−1 + ...+ φpyt−p + εt (11)

where Σε is the var-cov. matrix of εt. We will now look for a
decomposition of Σε such that Σε = WΣ∗W ′, where Σ∗ is diagonal.

To do that, consider the Cholesky decomposition of Σε :

Σε = PP ′

where P is a lower triangular matrix.

Define D as a diagonal matrix D whose elements are those of
the main diagonal of P and notice that

Σε =
(
PD−1

)
DD

(
D−1P ′

)
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Now, multiplying (11) by A =
(
PD−1

)−1
= DP−1 :

Ayt = A1yt−1 + ...+Apyt−p + ωt

where Ai = DP−1φi, ωt = DP−1εt and Σω = AΣεA′ = DD, (a
diagonal matrix).

Finally, adding A0 = Ik −A to both sides

yt = A0yt +A1yt−1 + ...+Apyt−p + ωt

Notice that A0 is a lower triangular matrix with zero diagonal:-
Thus the first equation of the system does not contain instanta-
neous y′s on the right hand side.

- The second equation may contain y1t (but not y2t, y3t...)

- The third equation may contain y1t, y2t (but not y3t, ...)
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This is the Recursive representation of a VAR process.

Implication: the ordering of the variables matters, that is, it is
important which of the variables is called y1, y2, etc

Moreover, the ordering cannot be determined by using statis-
tical methods but it should be determined by the analyst: thus,
different analysts can reach to different conclusions.

Determining the ordering in fact can be quite difficult.

Alternative: relying on the ’structural’ impulse response func-
tions.
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Example: Stock and Watson (2001)

SW consider a three-variable VAR relating inflation, unemploy-
ment rate and the interest rate

They order these variables as 1) inflation: 2) the inflation rate
and 3) the interest rate.

Then, in the first regression of the VAR, inflation is the de-
pendent variable and the regressors are lagged values of all three
variables.

In the second equation, the unemployement variable is the de-
pendent variable and the regressors are the laggs of all three vari-
able plus the current value of the inflation rate.

The third equation (interest rate) will contain lagged regressors
and the contemporaneous values of inflation and the inflation rate.
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The impulse response function: estimation

There are several ways to compute this function.

An easy way to do it is by simulation. The following steps could
be followed:

1. Estimate a suitable VAR(p) model for yt.

2. Set yt−1 = yt−2 = yt−p = 0. Set εjt = 1 and all other elements of
εt to zero.

3. Simulate the VAR(p) process that you have estimated.

4. The value of the vector yt+h at date t + h of this simulation
corresponds to the jth column of the matrix ψh.

5. By repeting the same procedure for other εit = 1 we can obtain
all the columns of ψh.
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Variance Decomposition

Idea: decompose the total variance of a time series into the
percentages attributable to each structural shock.

What type of questions can it answer:

What are the sources of the business cycle?

Is the shock “k” important for economic fluctuations?
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Computation

Consider the MA(∞) representation of yt:

yt = F (L)wt

where wt = Σ−1/2
ε εt, E(εtε′t) = Σε, E(wtw′t) = In, F (L) = C(L)Σ1/2

ε .

Then the variance of yit is given by

var(yit) =
n∑

k=1

∞∑
j=0

F j2

ik var(wkt)

=
n∑

k=1

∞∑
j=0

F j2

ik
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Variance decomposition, cont.

The variance of yit generated by the kth shock

∞∑
j=0

F j2

ik

Thus

∑∞
j=0 F

j2

ik∑n
k=1

∑∞
j=0 F

j2

ik

measures the percentage of the variance of yit explained by the kth
shock
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Structural VAR model

We have seen that impulse responses are an important tool to
uncover the relations between the variables in a VAR.

But there are some obstacles in their interpretation: the same
underlying VAR can give rise to different IRFs.

Thus, additional information (economic information) is needed
to identify has to be used to decide on the proper set of IRFs for
a particular model.

Structural restrictions will be needed to identify the relevant
innovations and IRFs. Selecting a particular set of structural re-
strictions will allow us to identify the structural VAR model.
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Structural VAR models: identification strategy

Assume you have estimated a reduced-form VAR for yt. Would
it be possible to recover the parameters of the original structural
VAR model?

Recall that the structural VAR is given by

B0yt = B1yt−1 + ...+Bpyt−p + ut. (12)

The number of parameters to be estimated is: (p+ 1)n2 + n(n +
1)/2

The corresponding VAR is obtained pre-multiplying the previ-
ous model by B−10 :

yt = φ1yt−1 + ...+ φpyt−p + εt.

The number of parameters to be estimated is: pn2 + n(n+ 1)/2;
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Identification of the structural VAR model
The structural VAR has n2 more parameters than the reduced-form
VAR model.

Order condition for identification: n2 restrictions should be intro-
duced.

Sims (1980): After his influential paper, the additional restric-
tions are usually imposed on

the covariance matrix of structural shocks Σu;

the matrix of contemporaneous coefficients B0

and the matrix of long run multpliers, A (1)−1 .
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First n restrictions: set the elements of the diagonal of B0 to
be equal to 1.

This leaves n (n− 1) restrictions to be imposed that must be
deduced from economic considerations.

Restrictions of Σu : It is usually assumed that this matrix is
diagonal implying that contemporaneous shocks are not correlated.
This imposes n(n− 1)/2 additional restrictions.

Thus, the conditions on B0 (n) and on Σu (n(n− 1) /2) leave
us with the need for looking for n (n− 1) /2 additional restrictions.

It is sometimes imposed that the matrix B0 is lower triangu-
lar, yielding the required additional n (n− 1) /2 conditions. (Sims,
1980).
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An alternative set of identification restrictions relies on long-
run relationships, see Blanchard and Quah (1989) and King et al.
(1991).

These papers rely on restrictions on B (1) = B0 −
∑pBi.

Since B (1) = C (1)−1 , these restrictions can be viewed as re-
strictions of the sum of the impulse responses.
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Last remarks on the interpretation of VAR mod-
els
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4: Structural VARs - Applications



Monetary Policy Shocks (Christiano Eichenbaum and Evans, 1998)

Monetary policy shocks is the unexpected part of the equation for the monetary policy
instrument (St).

St = f(It) + wmp
t

f(It) represents the systematic response of the monetary policy to economic conditions, It

is the information set at time t and wmp
t is the monetary policy shock.

The ”standard” way to identify monetary policy shock is through zero contemporaneous
restrictions. Using the standard trivariate monetary VAR (a simplified version of the CEE 98
VAR) including output growth, inflation and the federal funds rate we identify the monetary
policy shock using the following restrictions:

1) Monetary policy shocks do not a↵ect output within the same quarter

2) Monetary policy shocks do not a↵ect inflation within the same quarter



These two restrictions are not su�cient to identify all the shocks but are su�cient to identify
the monetary policy shock.

A simple way to implement the restrictions is to take simply the Cholesky decomposition
of the variance covariance matrix in a system in which the federal funds rate is ordered last.
The last column of the impulse response functions is the column of the monetary policy
shock.



Cholesky impulse response functions of a system with GDP inflation and the federal funds
rate. Monetary shock is in the third column.



Notice that after a monetary tightening inflation goes up which is completely counterintuitive
according to the standard transmission mechanism. This phenomenon if known as the price

puzzle. Why is this the case?.

”Sims (1992) conjectured that prices appeared to rise after certain measures of a contrac-

tionary policy shock because those measures were based on specifications of It that did not

include information about future inflation that was available to the Fed. Put di↵erently, the

conjecture is that policy shocks which are associated with substantial price puzzles are actu-

ally confounded with non-policy disturbances that signal future increases in prices.” (CEE 98)

Sims shows that including commodity prices (signaling future inflation increases) may solve
the puzzle.



Uhlig (2005) JME’s monetary policy shocks

Uhlig (2005 JME) proposes a very di↵erent method to identify monetary policy shocks. In-
stead of using zero restrictions as in CEE he uses sign restrictions.

He identifies the e↵ects of a monetary policy shocks using restrictions which are implied
by several economic models.

In particular a contractionary monetary policy shock:

1. does not increase prices for k periods after the shock

2. does not increase money or monetary aggregates (i.e. reserves) for k periods after
the shock

3. does not reduce short term interest rate for k periods after the shock.



Since just one shock is identified only a column of H has to be identified, say column one.

If we order the variables in vector Yt as follows: GDP inflation, money growth and the
interest rate the restrictions imply F i1

k < 0 for i = 2,3 and F 41
k > 0.

In order to draw impulse response functions he applies the following algorithm:

1. He assumes that the column of H, H1, represents the coordinate of a point uniformly
distributed over the unit hypersphere (in case of bivariate VAR it represents a point
in a circle). To draw such point he draws from a N(0, I) and divide by the norm
of the vector.

2. Compute the impulse response functions CjSH1 for j=1,..,k.

3. If the draw satisfies the restrictions keep it and go to 1), otherwise discard it and
go to 1). Repeat 1)-3) a big number of timef L.



Source: What are the e↵ects of a monetary policy shock... JME H. Uhlig (2006)
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Monetary policy and housing

Central question: how does monetary policy a↵ects house prices?

Jarocinski and Smets (2008) addresses this question.

Strategy:

1. Estimate a VAR nine variables (including: short term interest rate, interest rate
spread, housing investment share of GDP, real GDP, real consumption, real hours
prices, prices, commodity price index and a money indicator.

2. Identify the monetary policy shock using the restriction that the shock does not
a↵ect prices and output contemporaneously but a↵ect the short term interest rate,
the spread and the money stock and analyze the impulse response functions.

3. Shut down the identified shock and study the counterfactual path of housing prices
over time.



Source: Jarocinki and Smets (2008)
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Blanchard Quah (1989) aggregate demand and supply shocks

Blanchard and Quah proposed an identification scheme based on long run restrictions.

In their model there are two shocks: an aggregate demand and an aggregate supply dis-
turbance.

The restriction used to identify is that aggregate demand shocks have no e↵ects on the
long run levels of output, i.e. demand shocks are transitory on output. The idea behind of
such a restriction is the existence of a vertical aggregate supply curve.



Let us consider the following bivariate VAR
⇣
�Yt

Ut

⌘
=

⇣
F11(L) F12(L)
F21(L) F22(L)

⌘⇣
ws

t

wd
t

⌘

where Yt is output, Ut is the unemployment rate and ws
t , w

d
t are two aggregate supply and

demand disturbances respectively.

The identification restriction is given by F12(1) = 0.

The restriction can be implemented in the following way. Let us consider the reduced form
VAR ⇣

�Yt

Ut

⌘
=

⇣
A11(L) A12(L)
A21(L) A22(L)

⌘⇣
✏1t

✏2t

⌘

where E(✏t✏0t) = ⌦.



Let S = chol(A(1)⌦A(1)0) and K = A(1)�1S. The identified shocks are

wt = K�1✏t

and the resulting impulse response to structural shocks are

F (L) = A(L)K

notice that the restrictions are satisfied

F (1) = A(1)K

= A(1)A(1)�1S

= S

which is lower triangular implying that F12(1) = 0.



Moreover we have that shocks are orthogonal since

KK 0 = A(1)�1SS0A(1)�10 (37)

= A(1)�1A(1)⌦A(1)0A(1)�10

= ⌦

(38)

And

E(wtw
0
t) = E(K�1✏t✏

0
tK

�10)

= K�1⌦K�10

= K�1KK 0K�10



Source: The Dynamic E↵ects of Aggregate Demand and Supply Disturbances, (AER) Blan-
chard and Quah (1989):



Source: The Dynamic E↵ects of Aggregate Demand and Supply Disturbances, (AER) Blan-
chard and Quah (1989):
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The technology shocks and hours debate

This is a nice example of how SVAR models can be used in order to distinguish among
competing models of the business cycles.

1) RBC technology important source of business cycles.

2) Other models (sticky prices) tech shocks not so important.

Response of hours worked very important in distinguish among theories

1) RBC hours increase.

2) Other hours fall



The model Technology shock: zt = zt�1 + ⌘t ⌘t = technology shock

Monetary Policy: mt = mt�1 + ⇠t + �⌘t where ⇠t = monetary policy shock.

Equilibrium:
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In the long run L = 1
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that is only the technology shocks a↵ects labor productivity.

Note the model prediction. If monetary policy is not completely accomodative � < 1 then
the response of hours to a technology shock �(1��)

'
is negative.



Source: What Happens After a Technology Shock?... Christiano Eichenbaum and Vigfusson
NBER WK (2003)
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Source: Trend Breaks, Long-Run Restrictions, and Contractionary Technology Improve-
ments, JME John Fernald (2007)
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The e↵ects of government spending shocks

Understanding the e↵ects of government spending shocks is important for policy authorities
but also to assess competing theories of the business cycle.

Keynesian theory: government spending, GDP, consumption and real wage " , (because
of the government spending multiplier).

RBC theory: government spending ", but consumprion and the real weage # because of
a negative wealth e↵ect.

Disagreement from the empirical point of view.



Government spending shocks: Blanchard and Perotti (2002) BP (originally) use a VAR
for real per capita taxes, government spending, and GDP.

The shock is identified assuming that government spending does not react to taxes and
GDP contemporaneously, Cholesky identification with government spending ordered first.
The government spending shock is the first one (quadratic trend four lags).

When augmented with consumption consumption increases.

When augmented with investment, investment increases.

In a more recent version Perotti (2007) uses a larger VAR but the results are confirmed.
Consumption and real wage " but investment #



Source: IDENTIFYING GOVERNMENT SPENDING SHOCKS: IT’S ALL IN THE TIMING
Valerie A. Ramey NBER Working Paper 15464 (2009)



Government spending shocks: Ramey and Shapiro (1998) Ramey and Shapiro (1998)
use a narrative approach to identify shocks to government spending.

Focus on episodes where Business Week suddenly forecast large rises in defense spend-
ing induced by major political events that were unrelated to the state of the U.S. economy
(exogenous episodes of government spending).

Three of such episodes: Korean War, The Vietnam War and the Carter-Reagan Buildup
+ 9/11.

The military date variable takes a value of unity in 1950:3, 1965:1, 1980:1, and 2001:3,
and zeros elsewhere.

To identify government spending shocks, the military date variable is embedded in the stan-
dard VAR, but ordered before the other variables.



Both methodologies have problems.

VARs: shocks are often anticipated (fiscal foresight shocks may be not invertible)

War Dummy: few observations, subjective, relies on the construction of an exogenous time
series.

Possible extensions.



News Shocks, Beaudry and Portier (AER 2006)

• Main idea back to Pigou and Keynes: news about future productivity growth can generate
business cycles since agents react to news by investing and consuming.

• Standard DSGE model have an hard time in generating these predictions because as agents
feel richer they consume more work less and invest less. Aggregate variables move in opposite
directions so news shocks cannot be the min source of fluctuations.

• BP uses a VECM for TFP and Stock prices plus other real variables to evaluate whether
news shocks, in the data, do generate sizable fluctuations.

• Benchmark model a VECM for TFP and SP.



• Two identification procedures:

1. Technology shocks is the only shock driving TFP in the long run.

2. News shocks raise stock prices on impact but not TFP (lagged adjustment.

• Main finding:

1. the two identified shocks are the same

2. such shocks generate positive comovment in consumption, investment, output and
hours (consistently with business cycles conmovements) and they explain a large
portion of the variance of these series.

• Conclusion: news shocks can generate business cycles.



Source: Beaudry and Portier (AER 2006)
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