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Introduction

Most economic and business time series are nonstationary and,
therefore, the type of models that we have studied cannot (directly)
be used.

Nonstationary can occur in many ways: non constant means,
non-constant variances, seasonal patterns, etc.

For nonstationary process a Wold representation-type theorem
does not exist

Modelling is much more complicated, as we have an infinite
number of models to choose from!

This handout introduces several approaches for modelling non-
stationary time series.

We will focus on process with non-constant means.
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Non-constant means

Most economic series do not have a constant mean and there-
fore are not stationary.

In many occasions, they are trended.

The approach we’ll follow:

Find transformations that remove the trend component so that
the resulting process is statiotionary.

Apply to the transformed process the techniques for stationary
process.
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Types of trend: Deterministic vs stochastic
trends

Two ways of capturing the trend component of a process:

Deterministic trends: the trend is a non-random function of
time.

Typically, it will be a polynomial in t:

τ (t) = β0 + β1t+ ...+ βst
s,

Stochastic trends: The trend is a random variable.

unit roots
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Models with trends: Trend stationary and Unit
root processes.

Trend stationary model:

It is the sum of a deterministic trend and a stationary process.

Xt = τ (t) + ψ(L)εt.

where ψ(L)εt is a stationary process.

In most applications τ (t) = β0 + β1t, is simply a polynomial in t
of degree 1.

This process is often called trend-stationary because if one
subtracts the non-random trend from Xt the result is a stationary
process.
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Unit root process

Xt = Xt−1 + β + ψ (L) εt (1)

where ψ (1) 6= 0.

Xt can also be written as (1−L)Xt = β + ψ (L) εt.

It is said to be a unit root process because L = 1 is a root of
the autoregressive polynomial.

[Some notation: (1−L) = ∆.]

The transformed process (1− L)Xt = ∆Xt = Xt −Xt−1 is sta-
tionary and describes the changes (or the growth rate if Xt is in
logs) of the series Xt.
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TS models were very popular in the 80’s. But nowadays most
people believe that stochastic trends (unit roots) are more appro-
priate to model economic time series.

Still, when fitting a model to the data most times one starts
by testing for unit roots.

Due to its importance in applied work, in the following we will
mostly focus on models with stochastic trends (unit roots).
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Unit root processes: examples

Simplest case: random walks and random walks with drift.

Random walk. If ψ (L) =1 and β = 0 in (1) , then {Xt} is a
random walk sequence,

Xt = Xt−1 + εt, (2)

Assuming that Xt = 0 for all t < 0 and that X0 is a fixed finite
initial condition then, by backward substitution,

Xt = X0 +
t∑
i=1

εi.

and E (Xt) = X0 and var(Xt) = tσ2.
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Random walk with drift. To introduce an upward or down-
ward trend component it is only needed to include a constant in
(2) . The random walk with drift model is defined as

Xt = β +Xt−1 + εt (3)

and by back-substitution

Xt = β + (β +Xt−2 + εt−1) + εt = ... = X0 + βt+
t∑
i=1

εi.
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The graphs above represent a random walk and a random walk
with drift (top graphs) and their corresponding sample autocorre-
lations (botton graphs), computed with simulated data.
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Drift or no drift, that is the question...

Notice that the behavior of the ACF and the PACF for the
random walk with or without drift is fairly similar.

To decide whether to include or not a constant in the model
we need to look at the plot of the original data.

If the data looks trended include a constant.
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Beyond the random walk: ARIMA models.

ARIMA: Autoregressive Integrated Moving Average)

Consider the process Xt

Xt = Xt−1 + ut

where ut is a stationary process; therefore ut = µ+ ψ (L) εt

If ut admits an ARMA(p,q) representation, then Xt is ARIMA(p,1,q).
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ARIMA(p,d,q), II

More specifically, Xt admits the following representation:

φp (L) (1−L)dXt = β∗ + θq (L) εt,

where

d = 1 in this case,

φp (L) = 1− φ1L− ...− φpLp and θ (L) = 1 + θ1L + ... + θqLq are
the AR and MA polynomials, respectively.

β∗ = µφ (1) .
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ARIMA(p,d,q), III

More generally, d will be a positive integer number.

d represents the number of times Xt must be differenced to
achieve a stationary transformation.

Typically, d ∈ {0, 1, 2}. The case d = 0 corresponds to the
ARMA case, studied in Handouts 2 and 3.

Xt is said to be an integrated process of order d, or I(d) in
short.

I(0) processes are stationary while I(1) and I(2) are not.
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Deterministic components in integrated processes

The term β is a deterministic component and plays different
roles for different values of d.

If d = 0, β represents a constant term such that the mean of
{Xt} is given by µ = β/(1− φ1 − ...− φp).

If d = 1, β is the rate of growth

if d = 2, β is the rate at which the growth rate increases.
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Units roots, logarithms and rates of growth

If the variable is in logs, a unit root in that variable implies that
its rate of growth of is stationary.

(1−L) logXt = ut,

To see this notice that

(1−L) logXt = log(Xt/Xt−1)
= log(1+ (Xt −Xt−1)/Xt−1)

and if the change is small, using the approximation log(1+ x) ∼ x
if x is close to zero, then

(1−L) logXt ≈ (Xt −Xt−1)/Xt−1.
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Some issues arising when dealing with unit root pro-
cesses

To simplify consider the simplest case: you fit an AR(1) model
to a process that in reality is a random walk (i.e., the AR parameter
is φ = 1. This are some of the problems you might encounter.

1. The autoregressive coefficient is biased towards zero.

If Yt follows a random walk and you fit and AR(1) model to this
data, the AR coefficient is biased downwards (i.e., you will tend to
find values of φ̂ that are smaller than 1.)

The bias may be important if some sizes are small or moderate.
Since the sample size of most macroecomic series is typically short,
this is a problem in practise.

One implication: forecasts based on AR(1) models may perform
quite badly in comparison to forecasts based on random walks
(despite the fact that the AR(1) nests the random walk model!)
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2. Standard inference doesn’t hold

Remember that the validity of LLNs and CLTs relied on sta-
tionarity+ergodicity. Processes with unit roots are not stationary
so they do not hold.

The asymptotic distribution of the autoregressive parameter is
non-normal. It is a functional of Brownian motions.

These distributions are called non-standard since they are not
any of the standard distributions (i.e., Normal, χ2, t or F distributions).

They require specific tabulation. Hence, if one uses standard
critical values, the corresponding inference will be wrong.
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3.The problem of spurious regressions.

Two independent unit root processes may look related even if
they are independent.

That is, if Xt and Yt are independent unit root variables, the
estimate of the coefficient β in the regression

Yt = α+ βX + at

does not tend to zero (in fact, β̂ converges to a random variable).

Hence, one can obtain ’spurious’ relationships between variables
(see Granger and Newbold, 1974 and Phillips, 1986).
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Summarizing...

If a process contains a unit root but it is not taken into account
we might have

Estimation problems

Inference problems

Non-sense relationships between variables.

Thus, detecting unit roots is very important!!

This handout provides a brief explanation of why the above
facts occur

Introduces tests for detecting the existence of unit roots.
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Asymptotic theory with units roots

Stationary AR(1):

Xt = φXt−1 + εt, (4)

where εt is a martingale difference sequence with E
(
ε2t
)
<∞.

The OLS estimator of φ is given by:

φ̂ =

∑
XtXt−1∑
X2
t−1

= φ+

∑
Xt−1εt∑
X2
t−1

By the CLT for dependent processes, It is simple to obtain that

T 1/2 (φ̂− φ) d→ N
(
0, 1− φ2

)
.
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But:

In order to obtain this distribution the assumption of |φ| < 1 is

crucial. In fact, if φ→ 1, T 1/2 (φ̂− φ) p→ 0! (Why??)

To find out the asymptotic distribution of φ̂ one needs to use
a new asymptotic theory!

This theory is non-standard because it is not based on standard
results (LLN and CLT) and asymptotic distributions are in general
non-standard as well (i.e., they are not normal, t, Chi square or F).
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Basic elements

The asymptotic theory of unit root processes can be compli-
cated

Loosely speaking, its basic elements are

Asymptotic distributions are a (functional) of Brownian motions
(rather than normal distributions).

The Functional central limit theorem is used in place of the
CLT.

the Continuous mapping theorem is used in place of the LLN
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Non-standard asymptotic theory: Preliminary
concepts
Brownian motion

Consider a random walk process

Xt = Xt−1 + εt, (5)

where εt ∼ iid N (0, 1) and X0 = 0.

Under the former assumptions, notice that 1) Xt ∼ N (0, t) ; 2)
Xs−Xt ∼ N (0, (s− t)) and 3) Xs−Xt is independent of the change
(Xq −Xr) for any dates t < s < r < q.
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To see this, notice that

Xt =
t∑
i=1

εi.

It follows that Xt ∼ N (0, t) . Likewise, the change in the value
of X between dates t and s, t > s

Xs −Xt = εt+1 + εt+2 + ...+ εs ∼ N (0, (s− t)) .

Furthermore, it is easy to check that Xs−Xt is independent of
the change (Xq −Xr) for any dates t < s < r < q.
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Let’s now consider the change between two consecutive values
Xt−Xt−1 = εt and assume that the change εt can be written as the
sum of N individual iid processes with variance 1

N
, each happening

at intervals of length 1/N between t− 1 and t :

Xt −Xt−1 = εt = e1t + e2t + ...+ eNt

where eit ∼ iid N (0, 1/N) . Then, the process Xt is not only defined
at integer values of t, but also at non-integer values Xt−i/N , that
is

Xt −Xt−i/N =
N∑

j=i+1

ejt, i = 1, ...N .

The limit as N → ∞ of X is a continuous-time process known as
Brownian motion and the value of this process at t is denoted as
W (t) .
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Standard Brownian motion: definition

Let W (.) be a continuous-time stochastic processes, associating
each date t ∈ [0, 1] with the scalar W (t) such that

a) W(0) = 0,

b) For any dates 0 ≤ t1 ≤ t2 ≤ ... ≤ tk ≤ 1, the changes W (t2)−
W (t1) , W (t3)−W (t2) , ..., W (tk)−W (tk−1) , are independent Gaus-
sian variables with W (s)−W (t) ∼ N (0, (s− t)) . In particular, W (t) =
W (t)-W (0) ∼ N (0, t)

c) For any given realization, W (t) is continuous in t with probability
1.

W is a standard Brownian Motion.

Remark: A realization of a random variable X, x, is a scalar.
A realization of the random function W (.) , W (t) , is a random
variable!
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The functional Central limit theorem (FCLT).

While the CLT establishes the convergence for random vari-
ables, the FCLT establishes conditions for convergence of random
functions.

Let εt be an iid(0,σ2) sequence. Then, by the CLT we know

that
√
T ε̄T

d→ N
(
0,σ2

)
, where ε̄T = T−1

∑T
t=1 εt is the sample mean

of εt.
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Consider now an estimator of the sample mean that only con-
siders the rth fraction of the observations, r ∈ [0, 1], that is

XT (r) =
1

T

[Tr]∑
t=1

εt,

where [Tr] denotes the integer part of Tr. Then, for any given
realization, XT (r) is a step function in r:

XT (r) =


0 0 ≤ r < 1/T

ε1/T 1/T ≤ r < 2/T
(ε1 + ε2)/T 2/T ≤ r < 3/T

...
(ε1 + ε2 + ...+ εT )/T r = 1
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Now, notice that

√
TXT (r) = T−1/2

[Tr]∑
t=1

(εt)

=
√

[Tr]T−1/2
(√

[Tr]

)−1 [Tr]∑
t=1

(εt)

and
(√

[Tr]
)−1/2∑[Tr]

t=1 (εt)
d→ N(0,σ2) by the CLT and

√
[Tr]/

√
T →

√
r. Then

√
TXT (r)

d→ N(0, rσ2).

On the other hand, it is trivial to check that

√
T (XT (r2)−XT (r1)) /σ d→ N(0, r2 − r1),

and XT (r2) −XT (r1) is independent of (XT (r4)−XT (r3)) if r1 <
r2 < r3 < r4.
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The functional central limit theorem

The Functional limit theorem establishes that

√
TXT (.) /σ d→W (.) (6)
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Continuous mapping theorem (CMT)

We saw that if {Xt} is a collection of random variables, Xt
d→ X

and g : R→ R is a continuous function, then g(Xt)
d→ g(X).

A similar result holds for sequences of random functions.

The CMT states that if ST (.)
d→ S (.) and g is a continuous

functional, then g (ST (.))
d→ g (S (.)) .

For instance, from (6) and the CMT it follows that

√
TXT (.)

d→ σW (.) .
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Asymptotic theory and unit roots

Consider now the random walk process yt = yt−1 + εt where {εt}
is an iid

(
0,σ2

)
sequence. Assuming that y0 = 0, then yt =

∑T
t=1 εt.

Then, one can construct the stochastic function XT (r) as follows:

XT (r) =


0 0 ≤ r < 1/T

y1/T = ε1/T 1/T ≤ r < 2/T
y2/T = (ε1 + ε2)/T 2/T ≤ r < 3/T

...
yT/T r = 1

Xt (r) is a step function whose values are given by yi/T.
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Now, consider the integral of Xt (r) in [0,1]. It is clear that is is
equal to the sum of the areas of each of the rectangles defined by
yi/T . The first rectangle has width 1/T and height equal to y1/T ,
then its area is y1

T 2 . Doing the same for the remaining rectangles it
follows that,∫ 1

0
XT (r) dr =

y1

T 2
+
y2

T 2
+ ...+

yT

T 2
= T−2

T∑
t=1

yt.

Since
√
TXT (.)

d→ σW (.), by the CMP
∫ 1
0

√
TXT (r) dr

d→ σ
∫ 1
0 W (r) dr,

and therefore

T−3/2
T∑
t=1

yt
d→ σ

∫ 1

0
W (r) dr.
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A similar argument can be used to derive the asymptotic distri-

bution of
∑T

t=1 y
2
t . Define the random function ST (.) =

(√
TXT (r)

)2

ST (r) =


0 0 ≤ r < 1/T

y21/T 1/T ≤ r < 2/T
y22/T 2/T ≤ r < 3/T
...

y2T/T r = 1

.

It follows that
∫ 1
0 ST (r) dr = T−2

∑T
t=1 y

2
t . Therefore, since

∫ 1
0 ST (r) dr =∫ 1

0

(√
TXT (r)

)2
, by the CMP

T−2
T∑
t=1

y2t
d→ σ2

∫ 1

0
W 2 (r) dr.
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Consider now the asymptotic properties of the OLS estimator
φ̂ of φ in (4) where the true process is a random walk.

Then,

T
(
φ̂− φ

)
=
T−1

∑
Xt−1εt

T−2
∑
X2
t−1
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The limit of the denominator is σ2
∫ 1
0 W

2 (r) dr. As for the numer-
ator, notice that X2

t = X2
t−1 + ε2t + 2Xt−1εt, and therefore

T−1
∑

Xt−1εt =
1

2

(
T−1

∑
(X2

t −X2
t−1)− T

−1
∑

ε2t

)
=

1

2

(
T−1X2

T − T
−1
∑

ε2t

)
=

1

2

(
T−1X2

T − T
−1

T∑
t=1

ε2t

)
=

1

2

(
ST (r)− T−1

T∑
t=1

ε2t

)
d→

1

2
σ2
(
W 2 (1)− 1

)
.

Then

T
(
φ̂− φ

) d→
(
W 2 (1)− 1

)
2
∫ 1
0 W

2 (r) dr
.
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Summarizing

One cannot use standard asymptotic theory to obtain the dis-
tribution of φ̂ when the underlying process is a random walk,

Using the FCLT and the CMP one can show that the OLS
estimator converges to a non-standard distribution (functional of
Brownian motions

The rate of convergence of φ̂ to its limit is much faster than
in the stationary case: T versus

√
T .

For this reason, φ̂ is said to be a super-consistent estimator of
φ.
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Unit root tests

Unit root tests are tests designed to determine whether a pro-
cess contains a unit root (or more).

One of the hypothesis, thus, is that the process contains (one
or several) unit roots.

The other hypothesis is a different model that is also plausible
for the data at hand.

Many possibilities for the alternative hypothesis, dependent on
the characteristics of the process: stationarity, trend-stationarity,
breaking trends, long memory....

For instance, if the data looks trended the usual alternative
hypothesis to the unit root+drift one is that the trend is given by
a deterministic function (typically, a linear trend).
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Unit root tests, II

Very very large literature!! See summary: Xiao and Phillips
(1999) .

Pioneer work: the Dickey-Fuller test.

Very simple idea: it is based on the t− test associated to the
coefficient of Xt−1 in a regression of Xt on Xt−1 and, possibly
(although not always) lags of ∆Xt and some deterministic compo-
nents.
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Difficulties:

As we know, the asymptotic distribution of the relevant statis-
tics is not standard (new tables of critical values are needed)

Whether the “true” model and/or the regression model con-
tain deterministic components has an impact on the asymptotic
distribution!

Thus, different tables of critical values should be used depend-
ing on these deterministic components.
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The Dickey- Fuller test

D-F test Goal: test for a unit root in Xt.

Approach: it considers an autoregressive model (that nests the
unit root model) and tests whether φ = 1

Xt = φXt−1 + ut (7)

Use a t-test to test for the significance of φ̂.

But: distributions are not standard and one has to be careful
with deterministic components!
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Simplest case: DF test with uncorrelated disturbances

Consider the simplest case: ut = εt is iid.

We need to distinguish 4 cases, depending on whether the true
model (TM) and the regression model (RM) contain determinist
components

Case 1. The true model (TM) is a random walk without drift
(α = 0) and the regression model (RM) is an AR(1) process without
constant

TM : Xt = Xt−1 + εt, X0 = 0

RM : Xt = φXt−1 + εt (8)

where εt is an iid
(
0,σ2

)
sequence and X0 are some initial conditions.
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DF test with uncorrelated disturbances, III

The hypotheses to be tested are

H0 : φ = 1,

H1 : φ < 1.

or alternatively, subtracting Xt−1 in both sides of (8), the regression
model results

RM : ∆Xt = ϕXt−1 + εt, (9)

where ϕ = φ− 1, which gives the null of unit root versus the alter-
native hypothesis of stationarity

H0 : ϕ = 0,

H1 : ϕ < 0.
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DF test with uncorrelated disturbances, IV

A t− test then can be used for testing φ = 1 in (8) or ϕ = 0 in
9 . The t− tests are given by

tT =
φ̂− 1

σ̂φ̂
or tT =

ϕ̂

σ̂ϕ̂

Decision rule: reject H0 if absolute value of t is larger than the
critical value.

But, what critical value???

If Xt contains a unit root, tT does not converge to a Normal
distribution. It converges to the so-called ’Dickey-Fuller’ distribu-
tion.
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We now show how this distribution can be obtained. The t-
tests are given by

tT =
T−1

∑T
t=2Xt−1εt(

T−2
∑T

t=2X
2
t−1

)1/2
sT

,

where s2T = (T − 1)−1
∑(

Xt − φ̂Xt−1
)2

. Using the results in the

previous section and the fact that s2T
p→ σ2ε , it is easy to check that

tT
d→

1/2
(
W 2 (1)− 1

)(∫ 1
0 W

2 (r) dr
)1/2

.

This distribution is non-standard and therefore, it has to be tab-
ulated. Tables of critical values can be found in the Appendix of
most time series books. For instance

P (tT < −1.95) = 0.05.
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Histograms of φ̂ and the t-statistic
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Case 2.

The true model (TM) is a random walk without drift and the
regression model (RM) is also an AR(1) with a constant

TM : Xt = Xt−1 + εt, X0 = x0

RM : Xt = α+ φXt−1 + εt

The null and the alternative hypotheses can be postulated in
the same way as above.

However, the introduction of a constant in the model changes
the asymptotic distribution of the t− statistic associated to φ̂.

In addition, introducing a constant in the RM makes the test
invariant to the (unknown) value of the initial condition, x0 (that
can be equal to zero, as in Case 1, or not).
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It can be checked that now

tT
d→

1/2
(
W 2 (1)− 1

)
−W (1)

∫ 1
0 W (r) dr(∫ 1

0 W
2 (r) dr−

(∫ 1
0 W (r) dr

)2)1/2
.

Then, one should use a different table of critical values as in
Case 1.
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It would also be possible to use an F-test for the joint null
hypothesis of α0 = 0 and φ = 1.

The F-test is given by

F =
(RSSR −RSSU ) /r
RSSU/ (T − k)

(10)

where r is the number of restrictions to be tested (=2 in this case),
RSSR is the residual sum of squares of the restricted model, and
RSSU is the residual sum of squares of the unrestricted model.
Critical values are also tabulated (see Hamilton, case 2).
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Case 3.

The true model (TM) is a random walk with drift and the
regression model (RM) is an AR(1) process with constant

TM : Xt = α0 +Xt−1 + εt,

RM1 : Xt = α+ φXt−1 + εt, 1

The fact that Xt contains a drift changes dramatically the
asymptotic distributions. It can be shown that(

T 1/2(α̂− α0)
T 1/2(φ̂− 1)

)
d→ N

(
0
0

,σ2Q−1
)

where

Q =

(
1 α0/2

α0/2 α2/3

)
.
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Hence, in this case the asymptotic distributions are Gaussian.

In fact the asymptotic distributions of α̂ and φ̂ are the same as
those obtained in the regression model Yt = α+ φt+ εt.

This is because the deterministic component of Xt,α0t, (recall
that if α0 is different from zero, then Xt = α0t+

∑
εt), dominates

the stochastic one,
∑
εt.

Finally, notice that the asymptotic distribution depends on two
’nuisance’ parameters, α and σ. Furthermore, if α = 0, the distri-
bution is not the one above but the one described in ’case 2’.

The asymptotic distribution of the t-test is N(0, 1) .
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Case 4.

The true model (TM) is a random walk with drift and the
regression model (RM) is an AR(1) process with constant and
trend

TM : Xt = α+Xt−1 + εt,

RM1 : Xt = β0 + β1t+ φXt−1 + εt.

In this case, the distribution of the t− test of φ = 1 is non-
standard (functionals of BM, as in cases 1 and 2. See Case 4,
Hamilton) and does not depend on nuisance parameters

(
σ2 or α

)
.

F-tests for the joint null of β1 = 0 and φ = 1 can also be applied
and the corresponding critical values are tabulated.
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Summary: Which is the correct RM to use?

The Dickey-Fuller (DF) test is designed for testing the null of
φ = 1 or ϕ = 0 in three different regression models:

i) Xt = φXt−1 + εt or ∆Xt = ϕXt−1 + εt,

ii) Xt = α0 + φXt−1 + εt or ∆Xt = β0 + ϕXt−1 + εt,

iii) Xt = α0 + βt+ φXt−1 + εt or ∆Xt = β0 + β1t+ ϕXt−1 + εt.

What RM should be used?

One should a regression model that is plausible under both H0

and H1. That is, if the data looks trended, then iii) would offer a
plausible specification under both hypothesis.

By default, include a constant and a trend in your RM. This
means that you know that you are in Case 4, independently on the
(unknown!!!) values of the deterministic components of the TM.
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Unit root tests with correlated ut.

In the previous section we have assumed that the innovation
ut = εt was an iid sequence. This framework is very narrow since
most real processes do not fall in this category.

If ut is a general stationary process, the distributions described
above do not longer hold.

There exist two main approaches that are able to solve this
problem: the Phillips-Perron approach and the Augmented DF test.
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First approach: Phillips-Perron correction.

Consider the random walk process Xt, Xt = Xt−1 + ut, where
ut is a stationary process that admits a Wold representation ut =
ψ (L) εt and εt is an iid sequence.

Assume that the following regression model is employed to test
for a unit root in Xt :

Xt = α+ βt+ φXt−1 + ut. (11)

If Xt is stationary, the OLS estimate of φ is inconsistent if ut
is autocorrelated (why?)

However, if Xt contains a unit root (φ = 1), it can be shown
that φ̂ is still super-consistent (converges to 1 in probability at a
rate T ).
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Phillips-Perron idea: Use the t-statistic in the AR(1) regression,
as before.

However, he fact that ut is autocorrelated changes the distri-
bution of the t− test, and therefore the critical values in Case 4
tables cannot be directly employed here.

Phillips and Perron showed that a function of the t− test does
converge to the distribution described in the ’Case 4’ section above.
More specifically,(

γ0/λ2
)1/2

tT − {1/2
(
λ2 − γ0

)
/λ} × {T σ̂φ̂/sT }

d→ Λ (12)

where Λ is the Case 4 distribution for the case where ut = εt is an
iid sequence, γ0 = V ar(ut), λ2 = σ2ψ (1)2 = γ0 + 2

∑∞
i=1 γi, where γi

is the ith autocovariance of ut, σ̂φ̂ is the standard error of φ̂ and

s2T is an estimator of the variance of εt.
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Steps of the Phillips-Perron approach

1. Estimate the RM (11) by OLS

2. Compute the t− test associated to the hypothesis φ = 1

3. Estimate the other elements in equation (12). This basically
entails to estimate γ0 and λ.

4. The former can be estimated simply as

γ̂0 = T−1
T∑
t=1

û2t .

where ût = Xt − α̂− φ̂Xt−1.
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5. As for λ2 = σ2ψ (1)2 (also called the long-run variance) there
exists many estimators that can be employed. A popular one
is the Newey-West estimator

λ̂2 = γ̂0 + 2

q∑
j=1

(1− j/(q + 1)) γ̂j

where γj = T−1
∑T

t=j+1 ûtût−j .

Phillips (1987) established the consistency of λ̂2 provided that
q,the lag truncation parameter, goes to infinity as the sample
size T grows and provided that q grows sufficiently slowly
relative to T . More specifically, T , q → ∞ and q/T 1/4 → 0.
Remark: This is an asymptotic result and does not tell us
exactly how q should be chosen in small samples.

6. Construct the corrected t-statistic and use the critical values
corresponding to Case 4.

Similar ideas can be used to generalize case 2 in the previous sec-
tion.
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Second approach: the Augmented Dickey-Fuller
test

Consider the case where ut is an AR(p) process, that is,

Xt = δ1Xt−1 + ut

ut = εt/φ (L)

where φ (L) = (1− δ2L)...(1− δpL) = (φ0 + φ1L+ ...φpLp) with φ0 = 1.
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Notice that the polynomial φ (z) can be written in the following
way:

φ (z) =

p∑
i=0

φi −
p∑
i=1

φi +

(
p∑
i=1

φi −
p∑
i=2

φi

)
z

+

(
p∑
i=2

φi −
p∑
i=3

φi

)
z2 +

...+

 p∑
i=p−1

φi − φp

 zp−1 + (φp) z
p

= φ (1)− (1− z)
p∑
i=1

φi − (1− z)
p∑
i=2

φiz

− (1− z)
p∑
i=3

φiz
2 − ...− (1− z)φpzp−1

= φ (1)− (1− z)φ∗ (z)

where φ∗ (z) =
∑p−1

j=1 φ
∗
jz
j and φ∗j =

∑p
i=j+1 φi. This is the so-called

Beveridge-Nelson decomposition of φ (z) .
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This implies that Xt = δ1Xt−1 +
εt
φ(L)

can be written as

(1−L)Xt = (δ1 − 1)Xt−1 +
εt

φ (L)

φ (L) ∆Xt = φ (L) (δ1 − 1)Xt−1 + εt

∆Xt = φ (1) (δ1 − 1)︸ ︷︷ ︸
=α

Xt−1 +

φ∗ (L) δ1∆Xt−1 + (φ (L)− 1)∆Xt +εt (13)

∆Xt = αXt−1 +

p−1∑
k=1

ϕk∆Xt−k + εt. (14)

Notice that under the null hypothesis, α is equal to zero. Thus,
the null hypothesis can be formulated as

H0 : α = 0.

vs
H1 : α < 1
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Summarizing

The Agmented Dickey-Fuller test consists of regressing ∆Xt
on Xt−1 and p lags of ∆Xt−1 (and possibly, some deterministic
components, as discussed before.

Dickey and Fuller showed that if the true DGP is such that
α = 1 and ut = εt/φ (L) , and regression model (14) is considered,
then the test based on the t-test of α = 0 has the same asymptotic
distribution as in the non-autocorrelated case.

When deterministic components are considered, the same ar-
guments can be applied and the fundamental result still applies.

0-62



How to choose p?

In practice, the order p is unknown and perhaps, it is infinite
(for instance, if ut contains an MA component).

Using the results in Berk (1974), Said and Dickey (1984)
showed that we still can fit a finite-order AR(p) model to approxi-
mate the AR(∞) one and use the DF critical values corresponding
to the uncorrelated case.

In practice, information criteria can be used to select the order
of the polynomial of lags of ∆Xt.
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Other approaches to test for unit roots.

The ADF and the PP unit root tests are known to suffer severe
finite-sample power and size problems:

Power: ADF and PP tests have low power if the true DGP
(=data generating process) is a stationary process with a large
autoregressive root. (See, e.g., DeJong et al., J. of Econometrics,
1992).

Size: Both the ADF and the PP tests are known to have severe
size distortions (they over-reject the null) when the series has a
large negative moving average root.

For instance Schwert, JBES, 1989 showed that if the true
DGP has a unit root with a MA component where θ = −0.8,
then size=100%!. (Important macroeconomic process that tend
to present this type of behavior are, for instance, inflation or the
unemployment rate).
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Other approaches to test for unit roots, II
A variety of alternative procedures have been proposed to re-

solve these problems.

To improve power, generalized least squares detrending has
become very popular.

To improve size: the use new information criteria to determine
the number of lags that should be introduced in the regression to
control for short-run correlation has improved size considerably.
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Generalized least squares detrending, Elliot et al. (1996)

Elliot et al. (ERS, Econometrica, 1996) proposed a modifica-
tion to the DF approach that increases power substantially.

They showed that if there is not deterministic components in
the model, then the asympotic power of the DF test is close to
the asymptotic optimal power bound.

However, whenever deterministic components are present (con-
stant terms and/or trends), then power can be improved signifi-
cantly by modifying the method employed to estimate the coeffi-
cients of the deterministic components.
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Generalized least squares detrending

The approach is as follows. Consider the DGP

yt = ψ′zt + ut,

ut = αut−1 +$t,

where zt is a set of deterministic components and $t is a stationary
process.

Elliot et al. proposed local to unity GLS detrending of the data.

This amounts to define
(
yα0 , y

α
t

)
= (y0, (1− ᾱL) yt) , for some

chosen ᾱ = 1+ c̄/T . [Elliot et al. determined by simulation which
is the optimal value for c̄]
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The GLS detrended series is defined as

ỹt = yt − ψ̂′zt

where ψ̂ minimizes S (ᾱ,ψ) = (yᾱ −ψ′zᾱt )
′ Σ−1 (yᾱ −ψ′zᾱt ) , where Σ

is the variance-covariance matrix of $t.

Then, ERS recommended using the DF-GLS statistic as the
t− statistic for testing β0 = 0 in the regresion

∆ỹt = β0ỹt−1 +
k∑
i=1

βi∆ỹt−i + etk.

The power gains of the DF-GLS with respect to the standard
DF test are impressive.

However, tests exhibit strong size distortions when $t contains
an MA(1) with a negative coefficient.
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Correcting size distortions: Ng and Perron’s method.

Ng and Perron (2001) proposed a new method to select k, the
number of lags to be included in the ADF.

Notice that if $t contains an MA component, then we might
need a lot of lags (in theory, an infinite number) to correct for the
autocorrelation in $t.

Ng and Perron argued that standard information criteria (AIC,
BIC...) tend to select a k that is too low if $t has a negative MA
component. As a consequence of this, size can be very poor in
these situations.

They introduced a modification to standard IC (the Modified
AIC and the Modified BIC, –MAIC and MBIC–) that is able to
select a larger k in these situations.

Finally, they also propose a new set of tests (the MZ-GLS
tests+MAIC, MBIC) that have very good power and size proper-
ties.
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Test of stationarity (versus non-stationarity)
All the unit-root test studied up to now are designed for testing

the null hypothesis of a unit root.

Then, unless evidence against the unit root is found the null
would not be rejected.

This favors the non-rejection of the unit root.

Kwiatkowski et al. (1992) proposed to reverse the hypothesis.
That is, to test the null of stationarity versus the alternative of
unit root.
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On the observational equivalence of Unit root
and covariance-stationary processes

In 1982 Nelson and Plosser showed that many macroeconomic
series are better described by unit roots than by deterministic time
trends. This changed the way macroeconomist modelled this type
of data.

Since then, large literature on detecting unit root tests in the
data has been produced.

However, several authors have argued that the question of
whether a process contains a unit root is inherently answerable
on the basis of a finite sample.

0-71



The argument goes as follows:

For any unit root process there exists a stationary processes
that will be impossible to distinguish from the unit root represen-
tation for any given sample size T (¡∞). Why? One can consider
a stationary AR processes with one of the roots arbitrarily close to
1 in such a way that it displays very similar characteristics.

The converse proposition is also true: for any stationary process
and a given sample size T , there exists a unit root process that will
be impossible to distinguish from the stationary representation.

For instance, a unit root process with an MA component with
a root very close to 1 (such that the unit root and the MA root
almost cancel out) would be indistinguisible from a stationary pro-
cess for any finite sample size.
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Conclusion:

Unit root and stationary processes differ in their implications at
infinite time horizons, but for any given finite number of

observations, there is a representation from either class of models
that could account for all the observed features of the data.

Thus, if both the unit root and the stationary representations
are possible, what is the meaning of unit root tests??

The goal of unit root tests is to find a parsimonious rep-
resentation that gives a reasonable approximation to the true
process, as opposed to determining whether or not the true
process is literally I(1).
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Some examples
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