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1 Introduction

• Most economic and business time series are nonsta-
tionary and, therefore, the type of models that we
have studied cannot (directly) be used.



• Nonstationary can occur in many ways: non con-

stant means, non-constant variances, seasonal pat-

terns, etc.

The following graphs (from Wei, p. 68, 69) present two

economic time series that show strong patterns of nonsta-

tionarity. The first plot corresponds to a process whose

mean is non constant while the second displays a time

series where both the mean and the variance seem to

increase over time.



• This chapter introduces several approaches for mod-

eling nonstationary time series.

• Consequences of nonstationarity for statistical infer-

ence will also be analyzed.



2 Trends

Most economic series are trended. A process presenting

a non-constant mean might present serious problems for

estimation since multiple realizations of the time mean

dependent function are not available.

The usual approach is to consider models that after some

transformations become stationary.

Two popular cases:

• Trend stationary model,

Xt = α+ βt+ ψ(L)εt.

where ψ(L)εt is a stationary process. This process

is often called trend-stationary because if one sub-

tracts the trend component βt the result is a sta-

tionary process.



• Unit root process

Xt = Xt−1 + β + ψ (L) εt

where ψ (1) �= 0. Xt can also be written as (1− L)Xt =

β + ψ (L) εt and is said to be a unit root process

because L = 1 is a root of the autoregressive poly-

nomial.

[Some notation: (1− L) = ∆.]

The transformed process (1−L)Xt = ∆Xt = Xt−
Xt−1 is stationary and describes the changes (or the

growth rate if Xt is in logs) in the series Xt.

2.1 Deterministic trend functions: Trend

Stationary models

• A natural way of modelling a trend component is by

using a sth-degree polynomial in powers of t :

τ(t) = β0 + β1t+ ...+ βst
s,



so that the process {Xt} can be written as

Xt = τ (t) + ut, (1)

where ut is a covariance-stationary process.

• Polynomial trend functions are particularly useful when

the mathematical form of the true trend is unknown

since any analytic mathematical function can be ap-

proximated by a polynomial.

• Typically, linear functions (β0 + β1t) are employed

to represent the trend. The reason for considering

linear trends is that in some cases the original vari-

able presents ’proportional growth’ that can be cap-

tured by an exponential trend, that is, τ(t) = eβt.

Then, dXt/dt = βeβt = βXt. These series are

usually modelled in logarithms and then the trend

becomes linear since

log(τ(t)) = βt.



Estimation. (see Hamilton, Ch. 16). Consider the

model:

Xt = α+ βt+ ut,

where ut is a stationary process. Then, 1) the poly-

nomial function can be consistently estimated by

OLS and 2) standard t or F tests can be employed

to test whether β and/or α are different from zero.

2.2 Stochastic trend models: ARIMAmod-

els

It is possible that what is perceived as a trend is the re-

sult of the accumulation of small stochastic fluctuations.

The simplest model embodying a stochastic trend is the

random walk model. Let {Xt} be the random walk se-

quence, then

Xt = Xt−1 + εt, (2)



where {εt} is a white noise sequence. Assuming that

Xt = 0 for all t < 0 and that X0 is a fixed finite initial

condition then, by back-substitution,

Xt = X0 +
t∑

i=1

εi.

and E (Xt) = X0 and var(Xt) = tσ2.∗ This process

has no trend.

To introduce a trend component it is only needed to

include a constant in (2) . The random walk with drift

model is

Xt = β +Xt−1 + εt (3)

and by back-substitution

Xt = β+(β+Xt−2+εt−1)+εt = ... = X0+βt+
t∑

i=1

εi.

∗Notice that if the starting point is in the indefinite past rather than
at t = 0, then the mean and the variance are undefined.



More general models can be found by allowing the sto-

chastic component in (3) to be a stationary sequence

(1− L)Xt = β + ut,

ut = ψ (L) εt,

where ψ (1) �= 0.† If ut admits an ARMA(p,q) repre-

sentation, such that φ (L)ut = θ (L) εt, then Xt is

an ARIMA (Autoregressive Integrated Moving Average)

process

φp (L) (1− L)dXt = β + θq (L) εt, (4)

where {εt} is a white noise process with variance σ2 <

∞, φp (L) = 1−φ1L−...−φpL
p and θ (L) = 1+θ1L+

... + θqLq are the autoregressive and moving average

polynomials, respectively, sharing no common factors and

with all their roots outside the unit circle.
†This assumption is necessary to guarantee that the MA component
does not contain a unit root that would cancel out with the unit
root of the AR polynomial, in which case yt would be a stationary
process.



In this case d = 1 but, more generally, d will be a posi-

tive integer number and represents the number of times

Xt must be differenced to achieve a stationary transfor-

mation. Typically, d ∈ {0, 1, 2}. The case d = 0

corresponds to the ARMA case, studied in Chapter 2.

The term β is a deterministic component and plays differ-

ent roles for different values of d. If d = 0, β represents

a constant term such that the mean of {Xt} is given by

µ = β/(1−φ1− ...−φp). If d = 1, β is the coefficient

associated with a linear trend and if d = 2, Xt is the

coefficient associated to a quadratic term, t2.

• If the variable is in logs, a unit root implies that the

rate of growth of the variables is stationary.

(1− L) logXt = ut,

To see this notice that

(1− L) logXt = log(Xt/Xt−1)
= log(1 + (Xt −Xt−1)/Xt−1)



and if the change is small, using the approximation

log(1 + x) ∼ x if x is close to zero, then

(1− L) logXt ≈ (Xt −Xt−1)/Xt−1.

.

• The random walk model can be seen as the limit of

an AR(1) model when φ→ 1. Since the ACF of the

AR(1) is ρ (h) = φh, then the closer φ is to 1, the

slower the decay of this function to zero. In particu-

lar, the sample ACF of a random walk is character-

ized by large slowly vanishing spikes and insignificant

zero ACF for the differenced series (1− L) yt.

• The following graphs represent a random walk and a

random walk with drift, respectively, computed with

simulated data.



Simulated series: a) (1− L) yt = εt , b) (1− L) yt = 4 + εt.



• Notice that the behavior of the ACF and the PACF

for the random walk with or without drift is fairly

similar although the ACF tends to decay more slowly

when there is a drift. One should look at the plot of

the original data. If there is a drift, the deterministic

component tends to dominate the stochastic one and

the data looks clearly trended.

Remark 1 An ARIMA(p, d, q) process with drift is non-

stationary both in the mean and in the variance, which is

unbounded as t → ∞ and the autocovariance function

is also time dependent.



Remark 2 The sample ACF of a trend stationary model

is very similar to that in (1) , it also decays very slowly

to zero. Thus it is difficult to identify the correct model

for the trend (stochastic or deterministic) by only looking

at this property. Unit root tests are usually employed to

determine which model is more suitable. The following

graphs illustrate this fact. The first one, presents two

process, A. yt = 0.5t+ εt and B. yt = 0.5 + yt−1+ εt
while the second plots the corresponding sample ACF.

3 Comparing Trend-stationarity and

Unit root Processes.

Although both type of models are able to capture a similar

behavior in the data (trends), deciding on which model

to use is not an obvious task. Here we discuss three main

differences between them, related to 1) the persistence

of shocks, 2) forecasting, 3) type of transformation that

is needed to make the data stationary.
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3.1 Comparison of persistence properties

An important difference between trend-stationary and unit

root processes is the persistence of innovations. If Xt is

a trend-stationary process, the effect of a shock h peri-

ods ahead is measured by the impulse response function

(IRF) that in this case is equal to

∂Xt+h

∂εt
= ψs,

and then as s→∞, ∂Xt+h/∂εt → 0.

The IRF of Xt if it is a unit root process is

∂Xt+h

∂εt
= 1 + ψ1 + ...ψs

and then, as s → ∞, ∂Xt+h/∂εt → ψ (1) . That is,

any innovation εt has a permanent effect on the level

of y that does not wears off.



3.2 Comparison of forecasts

When a TS model is used to produce forecasts for a vari-

able, the forecast error converges to a constant when the

forecast horizon tends to infinity though. In contrast,

when a unit root model is employed instead, this error

goes to infinity.

Consider the unit root and trend-stationary models given,

respectively, by

Xt = Xt−1 + ψ (L) εt

Xt = α+ βt+ ψ (L) εt

where εt is a m.d.s. in both cases.

The forecast of a trend-stationary process is obtained by

adding the deterministic trend to the forecast of the sta-

tionary component:

X̂t+s|t = α+ β(t+ s) + ψsεt + ψs+1εt−1 + ...



The corresponding forecast error is

Xt+s − X̂t+s|t = εt+s + ψ1εt+s−1 + ...+ ψs−1εt+1,

and the mean-square error,

MSE = E
(
Xt+s − X̂t+s|t

)2
=
(
1 + ψ21 + ...+ ψ2s−1

)
σ2.

Then, the MSE increases with the forecasting horizon s,

but since
∑∞

i=0ψ
2
i < ∞, the added uncertainty from

forecasting farther into the future becomes negligible.

To forecast the unit root process, recall that ∆Xt is a

stationary sequence and then

∆X̂t+s|t = α+ ψsεt + ψs+1εt−1 + ...,

and since∆X̂t+s|t = X̂t+s|t−X̂t+s−1|t and X̂t+s−1|t =
X̂t+s−2|t+α+ψs−1εt+ψsεt−1+ψs+1εt−2..., etc.,

then

X̂t+s|t = αs+Xt+(ψs+ψs−1+...+ψ1)εt+(ψs+1+ψs+...+ψ



To compute the forecast error, notice that Xt+s can be

written as

Xt+s = (Xt+s −Xt+s−1) + (Xt+s−1 −Xt+s−2) + ...+

= ∆Xt+s +∆Xt+s−1 + ...+Xt

and then
(
Xt+s − X̂t+s|t

)
= (∆Xt+s +∆Xt+s−1 + ...+Xt)−

(
∆X̂t+s|t +∆X̂t+s−1|t + ...+Xt

)

which yields,
(
Xt+s − X̂t+s|t

)
= εt+s + (1 + ψ1) εt+s−1

+(1 + ψ1 + ψ2) εt+s−2 + ...

+
(
1 + ψ1 + ...+ ψs−1

)
εt+1

and the MSE

E
(
Xt+s − X̂t+s|t

)2
= (1 + (1 + ψ1)

2 +

(1 + ψ1 + ψ2)
2 + ...+

(
1 + ψ1 + ...+ ψs−1

)2
)σ2.



Then the MSE increases with the forecast horizon though,

in contrast with the trend-stationary case, it tends to

infinity.

3.3 Transformations to achieve stationar-

ity

We have seen that if a process is nonstationary, the cor-

rect treatment to achieve a stationarity transformation is

to subtract a linear trend or to take differences depending

on whether the process is trend stationary or integrated

(=contains a number of unit roots), respectively. How-

ever, in practice the type of nonstationarity is unknown.

Consider the case where Xt is really a random walk with

drift process but a linear trend is subtracted. Then

Xt − (α+ βt) = (X0 − α) +
t∑

i=1

εt.



Then, it is clear that E(Xt − (α + βt)) is constant.

However the transformation does not yield a stationary

process because the variance is not constant, since V ar
(∑t

i=1 εt

tσ2.

If Xt is trend stationary and first differences are taken

then

(1− L)Xt = (1− L) (α+ βt) + (1− L) εt

= β + (1− L) εt.

The resulting process is stationary. However, the MA

polynomial (1− L) εt contains a unit root and then, the

representation is noninvertible.

4 Other sources of nonstationarity

Other common sources of nonstationarity are heterokedas-

ticity and seasonality.



4.1 Processes with nonconstant means: Vari-

ance stabilizing transformations

Some processes display nonconstant variances. In some

cases, a variance stabilizing transformation can be imple-

mented to overcome this problem.

A common case is when the variance of some nonstation-

ary variables changes as its level changes. Thus

V ar(yt) = cf (µt)

In order to find a function g such that g(yt) is a series

with constant variance, we consider the first order Taylor

expansion of the transformation around the point µt

g(yt) ≈ g(µt) + g′(µt)(yt − µt)



and then

V ar(g(yt)) =
(
g′(µt)

)2
V ar(yt)

= c
(
g′(µt)

)2
f (µt)

then, g(yt) will have a constant variance if

g′(µt) =
1

√
f (µt)

⇒ g(µt) =
∫

1
√
f (µt)

Then, if the standard deviation of yt is proportional to

the level, i.e., V ar(yt) = cµ2t , then

g(µt) = log(µt)

and then a logarithmic transformation will stabilize the

variance.

If the variance is proportional to the level, then

g(µt) =
∫

1
√
µt
= 2

√
µt,

and taking the square root of the process yt will stabilize

the variance.



More generally, one can apply the Box-Cox transforma-

tion

g(yt) = yλt =
yλt − 1

λ

Some commonly used values of λ and their associated

transformation are

g(yt) =






λ g(yt)

−1 1
yt

−0.5 1√
yt

0 log(yt)

0.5
√
T

1 yt

The following graphs illustrate how by taking logarithms,

the variance of the process tends to stabilize over the

sample.





Some remarks:

1. The transformations above can only be applied to

positive series. This is not restrictive because a con-

stant can be always added to the series and the au-

tocovariance structure would no be modified

2. These transformations, if needed, should be performed

before any other analysis such as differencing



3. The parameter λ can be estimated as any other pa-

rameter of the process by maximum likelihood. Usu-

ally, a grid of values of λ is considered and then a

model is fitted to each of the transformed processes.

The maximum likelihood estimator of λ is the one

that minimizes the residual sum of squares of the

estimated models.

5 Seasonal ARIMA models

Seasonal series are characterized by a strong serial cor-

relation at the seasonal lag. Consider the following plots

corresponding to artificially generated monthly data.
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Plot and ACF of some monthly time series. Xt = Xt−12 + εt

From the plot of the data, we can see a seasonal behav-

iour with a period s = 12. Likewise, when looking at

the ACF, we observe that correlations at the seasonal lag

(=12) are highly significant.

Suppose that we have r years of monthly data and we

consider separately the observations corresponding to Jan-

uary, February, etc:



Each column in this table could be viewed as a realization

of a time series. Then, we would expect to find a strong

correlation between the values of observations taken in

the same month of successive years. In the simplest of

circumstances, we might find that the difference between

Xt and Xt−12 is a completely random quantity:

Xt = Xt−12 + ut.

This can also be written as
(
1− L12

)
Xt = ut or∆12Xt =

ut, where ut is a white noise process.

It is clear that in many cases, the relation between the

months of the calendar can be more complicated. This

can be accomplish by assuming that ut is not a white

noise process but rather an stationary process that admits

the decomposition:

ΦP

(
L12

)
ut = ΘQ

(
L12

)
εt,

so that Xt becomes:

ΦP

(
L12

)
∆12Xt = ΘQ

(
L12

)
εt,



where ΦP

(
L12

)
= 1 − Φ1L

12 − ... − ΦPL12P and

ΘQ

(
L12

)
= 1+Θ1L

12+ ...+ΘQL12Q, are the (sea-

sonal) AR and MA polynomials, respectively.

Hence, the same seasonal ARIMA model is applied to

each of the 12 separate time series, one for each month

of the year, whose observations are separated 12 lags. If

εt is an iid sequence, then these 12 series are completly

unrelated. However, it is reasonable to think that in most

cases, in addition to the seasonal structure, consecutive

observations are also related: if this is the case, there

should be a pattern of serial correlation amongst the ele-

ments of the disturbance process εt. Assuming that εt is

stationary and that it admits an ARMA representation

φp (L) εt = θq (L) νt

where νt is a white noise process. Assembling all the

components, it can be obtained that:

φp (L)ΦP

(
L12

)
∆12Xt = ΘQ

(
L12

)
θq (L) νt.



Finally, Xt might be the first (or second) difference of a

non-stationary process Yt, that is, Xt=∆
dyt, with d =

{0, 1, 2} in most cases. Thus,

φp (L)ΦP

(
L12

)
∆12∆

dYt = ΘQ

(
L12

)
θq (L) νt.

This model is called Seasonal ARIMA(p,d,q)× (P,D,Q)

process.

The process Xt is causal provided the roots of φp (L)

and ΦP

(
L12

)
lie outside the unit circle.

Because of the interaction between the seasonal and non-

seasonal part of the model, the covariance function can

be quite complicated. Later on in the course we will

provide some general guidelines for identifying SARIMA

models from the sample correlation function of the data.

However, it should be emphasized that a process should

be detrended before determining the seasonal pattern.

Otherwise the trend component can hide the seasonal

part.



6 Other approaches to model non-

stationary processes: structural

breaks and long memory models.

See Banerjee and Urga, "Modelling structural breaks,

long memory and stock market volatility: an overview",

Journal of Econometrics, 129, 2005.

7 References

Brockwell and Davis, Chapter 9.

Hamilton, Chapter 15.

Wei, Chapter 4.


