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Preface 

Much of economics is concerned with modeling dynamics. There has been an 
explosion of research in this area in the last decade, as "time series econometrics" 
has practically come to be synonymous with "empirical macroeconomics." 

Several texts provide good coverage of the advances in the economic analysis 
of dynamic systems, while others summarize the earlier literature on statfatical 
inference for time series data. There seemed a use for a text that could integrate 
the theoretical and empirical issues as well as incorporate the many advances of 
the last decade, such as the analysis of vector autoregressions, estimation by gen
eralized method of moments, and statistical inference for nonstationary data. This 
is the goal of Time Series Analysis. 

A principal anticipated use of the book would be as a textbook for a graduate 
econometrics course in time series analysis. The book aims for maximum flexibility 
through what might be described as an integrated modular structure. As an example 
of this, the first three sections of Chapter 13 on the Kalman filter could be covered 
right after Chapter 4, if desired. Alternatively, Chapter 13 could be skipped al
together without loss of comprehension. Despite this flexibility, state-space ideas 
are fully integrated into the text beginning with Chapter 1, where a state-space 
representation is used ( without any jargon or formalism) to introduce the key results 
concerning difference equations. Thus, when the reader encounters the formal 
development of the state-space framework and the Kalman filter in Chapter 13, 
the notation and key ideas should already be quite familiar. 

Spectral analysis (Chapter 6) is another topic that could be covered at a point 
of the reader's choosing or skipped altogether. In this case, the integrated modular 
structure is achieved by the early introduction and use of autocovariance-generating 
functions and filters. Wherever possible, results are described in terms of these 
rather than the spectrum. 

Although the book is designed with an econometrics couse in time series 
methods in mind, the book should be useful for several other purposes. It is 
completely self-contained, starting from basic principles accessible to first-year 
graduate students and including an extensive math review appendix. Thus the book 
would be quite suitable for a first-year graduate course in macroeconomics or 
dynamic methods that has no econometric content. Such a course might use Chap
ters 1 and 2, Sections 3.1 through 3.5, and Sections 4.1 and 4.2. 

Yet another intended use for the book would be in a conventional econo
metrics course without an explicit time series focus. The popular econometrics texts 
do not have much discussion of such topics as numerical methods; asymptotic results 
for serially dependent, heterogeneously distributed observations; estimation of 
models with distributed lags; autocorrelation- and heteroskedasticity-consistent 
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standard errors; Bayesian analysis; or generalized method of moments. All of these 
topics receive extensive treatment in Time Series Analysis. Thus, an econometrics 
course without an explicit focus on time series might make use of Sections 3.1 
through 3.5, Chapters 7 through 9, and Chapter 14, and perhaps any of Chapters 
5, 11, and 12 as well. Again, the text is self-contained, with a fairly complete 
discussion of conventional simultaneous equations methods in Chapter 9. Indeed, 
a very important goal of the text is to develop the parallels between (1) the tra
ditional econometric approach to simultaneous equations and (2) the current pop
ularity of vector autoregressions and generalized method of moments estimation. 

Finally, the book attempts to provide a rigorous motivation for the methods 
and yet still be accessible for researchers with purely applied interests. This is 
achieved by relegation of many details to mathematical appendixes at the ends of 
chapters, and by inclusion of numerous examples that illustrate exactly how the. 
theoretical results are used and applied in practice. 

The book developed out of my lectures at the University of Virginia. I am 
grateful first and foremost to my many students over the years whose questions 
and comments have shaped the course of the manuscript. I also have an enormous 
debt to numerous colleagues who have kindly offered many useful suggestions, 
and would like to thank in particular Donald W. K. Andrews, Stephen R. Blough, 
John Cochrane, George Davis, Michael Dotsey, Robert Engle, T. Wake Epps, 
Marjorie Flavin, John Geweke, Eric Ghysels, Carlo Giannini, Clive W. J. Granger, 
Alastair Hall, Bruce E. Hansen, Kevin Hassett, Tomoo Inoue, Ravi Jagannathan, 
Kenneth F. Kroner, Rocco Mosconi, Masao Ogaki, Adrian Pagan, Peter C. B. 
Phillips, Peter Rappaport, Glenn Rudebusch, Raul Susmel, Mark Watson, Kenneth 
D. West, Halbert White, and Jeffrey M. Wooldridge. I would also like to thank 
Pok-sang Lam and John Rogers for graciously sharing their data. Thanks also go 
to Keith Sill and Christopher Stomberg for assistance with the figures, to Rita 
Chen for assistance with the statistical tables in Appendix B, and to Richard Mickey 
for a superb job of copy editing. 

James D. Hamilton 
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1 

Diff ere nee Equations 

1.1. First-Order Difference Equations 
This book is concerned with the dynamic consequences of events over time. Let's 
say we are studying a variable whose value at date tis denoted y,. Suppose we are 
given a dynamic equation relating the value y takes on at date t to another variable 
w, and to the value y took on in the previous period: 

Y, = cf,Y,-1 + w,. [1.1.1] 

Equation [1.1.1] is a linear first-order difference equation. A difference equation is 
an expression relating a variable y, to its previous values. This is a first-order 
difference equation because only the first lag of the variable (y,_ 1) appears in the 
equation. Note that it expresses y, as a linear function of y,_ 1 and w,. 

An example of [l.1.1] is Goldfeld's (1973) estimated money demand function 
for the United States. Goldfeld's model related the log of the real money holdings of 
the public (m,) to the log of aggregate real income (1,), the log of the interest rate on 
bank accounts (rb,), and the log of the interest rate on commercial paper (re,): 

m, = 0.27 + 0.72m,_1 + 0.191, - 0.045rb, - 0.019rc,· 

This is a special case of [1.1.1] with y, = m,, ct, = 0.72, and 

w, = 0.27 + 0.191, - 0.045rb, - 0.019rc,· 

[l.1.2] 

For purposes of analyzing the dynamics of such a system, it simplifies the algebra 
a little to summarize the effects of all the input variables (1,, rb,, and re,) in terms 
of a scalar w, as here. 

In Chapter 3 the input variable w, will be regarded as a random variable, and 
the implications of [1.1.1] for the statistical properties of the output series y, will be 
explored. In preparation for this discussion, it is necessary first to understand the 
mechanics of difference equations. For the discussion in Chapters 1 and 2, the values 
for the input variable {w1, w2, ••• } will simply be regarded 'as a sequence of deter
ministic numbers. Our goal is to answer the following question: If a dynamic system 
is described by [1.1.l], what are the effects on y of changes in the value of w? 

Solving a Difference Equation by Recursive Substitution 

The presumption is that the dynamic equation [1.1.1] governs the behavior 
of y for all dates t. Thus, for each date we have an equation relating the value of 
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y for that date to its previous value and the current value of w: 

Date Equation 

0 

1 

2 

Yo= 'PY-1 + Wo 

Y1 = 'PYo + Wi 

Y2 = 'PY1 + W2 

Y, 'PY,-1+ w,. 

[1.1.3] 

[1.1.4] 

[1.1.5] 

[1.1.6] 

If we know the starting value of y for date t = -1 and the value of w for 
dates t = 0, 1, 2, ... , then it is possible to simulate this dynamic system to find 
the value of y for any date. For example, if we know the value of y for t = -1 
and the value of w for t = 0, we can calculate the value of y for t = 0 directly 
from [l.1.3]. Given this value of y0 and the value of w fort = 1, we can calculate 
the value of y fort = 1 from [1.1.4]: 

Yi = 'PYo + W1 = cf,(cf,Y-1 + Wo) + W1, 

or 

Y1 = cf,2y_1 + cJ,wo + W1. 

Given this value of y1 and the value of w for t = 2, we can calculate the value of 
y for t = 2 from [1.1.5]: 

Y2 = 'PY1 + W2 = cf,(cf,2y -1 + cf,wo + W1) + W2, 

or 

Y2 = cp3y -1 + cf,2Wo + c/Jw1 + W2-

Continuing recursively in this fashion, the value that y takes on at date t can be 
described as a function of its initial value y_ 1 and the history of w between date 
0 and date t: 

y, = <tf+1y_ 1 + cf,'Wo + cp•-1w1 + cf,'-2w2 + · · · + cf,w,_1 + w,. [1.1.7] 

This procedure is known as solving the difference equation [l.1.1] by recursive 
substitution. 

Dynamic Multipliers 

Note that [1.1. 7] expresses y, as a linear function of the initial value y _ 1 and 
the historical values of w. This makes it very easy to calculate the effect of w0 on 
y,. If w0 were to change with y _ 1 and w1, ·w2, .•• , w, taken as unaffected, the 
effect on y, would be given by 

ay, = cf,'. 
ilw0 

[1.1.8] 

Note that the calculations would be exactly the same if the dynamic simulation 
were started at date t (taking y,_ 1 as given); then Y,+1 could be described as a 
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function of y,_ 1 and w,, w,+1, ... , w,+1: 

Y,+J = q,i+1Y,-1 + q,lw, + cpf-1w,+1 + cpi-1w,+1 

+ · · · + cf,w,+1_ 1 + w,+J· 

The effect of w, on Y,+J is given by 

ayt+J = ct,1. 
aw, 

[l.1.9] 

[1.1.10] 

Thus the dynamic multiplier [l.1.10] depends only onj, the length of time separating 
the disturbance to the input (w,) and the observed value of the output (y,+1). The 
multiplier does not depend on t; that is, it does not depend on the dates of the 
observations themselves. This is true of any linear difference equation. 

As an example of calculating a dynamic multiplier, consider again Goldfeld's 
money demand specification [1.1.2]. Suppose we want to know what will happen 
to money demand two quarters from now if current income I, were to increase by 
one unit today with future income I,+ 1 and l,+ 1 unaffected: 

am,+1 = i!m,+1 X aw, = cp1 X aw, 
al, aw, al, al, · 

From [l.1.2], a one-unit increase in I, will increase w, by 0.19 units, meaning that 
aw,tal, = 0.19. Since cf, = 0.72, we calculate 

am1,+
2 = (0.72)2(0.19) = 0.098. 

a, 
,aecause I, is the log of income, an increase in /, of 0.01 units corresponds to a 1 % 
'increase in income. An increase in m, of (0.01)·(0.098) a 0.001 corresponds to 
a 0.1 % increase in money holdings. Thus the public would be expected to increase 
its money holdings by a little less than 0.1 % two quarters following a 1 % increase 
in income. 

Different values of cf, in [1.1.1] can produce a variety of dynamic responses 
of y to w. If 0 < cf, < 1, the multiplier ay,.,/aw, in [1.1.10] decays geometrically 
toward zero. Panel (a) of Figure 1.1 plots cpl as a function of j for cf, .. 0.8. If 
-1 < cf, < 0, the multiplier ay,.,/aw, will alternate in sign as in panel (b). In this 
case an increase in w, will cause y, to be higher, Yi+i to be lower, y,.,2 to be higher, 
and so on. Again the absolute value of the effect decays geometrically toward zero. 
If cf,> 1, the dynamic multiplier increases exponentially over time as in panel (c). 
A given increase in w, has a larger effect the farther into the future one goes. For 
cf,< -1, the system [1.1.1] exhibits explosive oscillation as in panel (d). 

Thus, if lct,J < 1, the system is stable; the consequences of a given change in 
w, will eventually die out. If Jct,I > 1, the system is explosive. An interesting pos
sibility is the borderline case, cf, = 1. In this case, the solution [l.1.9] becomes 

y,.,1 = Y,-1 + w, + w,..1 + w,.,2 + · · · + w,.,1_ 1 + w,.,1. [l.1.11] 

Here the output variable y is the sum of the historical inputs w. A one-unit increase 
in w will cause a permanent one-unit increase in y: 

ay,+1 = 1 
aw, 

for j = 0, 1, .... 

We might also be interested in the effect of w on the present value of the 
stream of future realizations of y. For a given stream of future values y,, y, + 1, 

1.1. First-Order Difference Equations 3 



,.,~----------~,-, 1.1,------------~ 

10 20 

(a) cp = 0.8 (b) <f, = -0.8 

-1i---~-----------J 10 zo 

(c) <f, = 1.1 (d) "'= -1.1 
FIGURE 1.1 Dynamic multiplier for first-order difference equation for different 
values of <Ji (plot of ay,+/aw, = q,i as a function of the lag j). 

Y,+2, •.• and a constant interest rate 1 r > 0, the present value of the stream at 
time t is giveri by 

Y + Y1+1 + Y,+2 + Y,+3 + 
' 1 + r (I + r)2 (1 + r)3 

[1.1.12] 

Let (3 denote the discount factor: 

/3 E 1/(1 + r). 

· Note that O < (3 < 1. Then the present value [1.1.12] can be written as 

[1.1.13] 

Consider what would happen if there were a one-unit increase in w, with 
wt+ 1, w,.1 , ..• unaffected. The consequences of this change for the present value 
of y are found by differentiating [1.1.13] with respect tow, and then using [1.1.10] 

'The interest rate is measured here as a fraction of I; thus r = 0.1 corresponds to a 10% interest 
rate. 
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to evaluate each derivative: 

:x: a . :JI: 

L f3i Yt+J = L t3i,J,I = 1/(1 - /3,f,), 
j•O OW1 j•O 

[1.1.14] 

provided that l/3,J,I < 1. 
In calculating the dynamic multipliers [1.1.10] or [1.1.14], we were asking 

what would happen if w, were to increase by one unit with w,+1, w,+2, .•• , w,+1 
unaffected. We were thus finding the effect of a purely transitory change in w. 
Panel (a) of Figure 1.2 shows the time path of w associated with this question, and 
panel (b) shows the implied path for y. Because the dynamic multiplier [1.1.10] 
calculates the response of y to a single impulse in w, it is also referred to as the 
impulse-response function. 

1.2 ~------------------------~ 

0.8 

0.6 

0.4 

0.2 

0 -1---------.J-..__,.__,......,......,. __________ ~-----1 

Time 

(a) Value of w 

Time 

(b) Value of y 

FIGURE 1.2 Paths of input variable (w,) and output variable (y,) assumed for 
dynamic multiplier and present-value calculations. 

1.1. First•Order Difference Equations 5 



Sometimes we might instead be interested in the consequences of a permanent 
change in w. A permanent change in w means that w,, w,+1, ... , and w<+i would 
all increase by one unit, as in Figure 1.3. From formula [1.1.10], the effect on Yr+i 
of a permanent change in w beginning in period t is given by 

ay,+i + ay,+i + ay,+i + ... + ay,+i = cpi + cpi-1 + cpi-2 + ... + cp + 1. 
aw, aw,+1 aw,+2 aw,+1 

When lc/>I < 1, the limit of this expression asj goes to infinity is sometimes described 
as the "long-run" effect of w on y: 

lim [aYt+j + ay,+j + ayt+j + ... + ayt+/] = 1 + cf, + cp2 + 
1--,,, aw, aw,+1 aw,+2 aw,+1 [1.1.15] 

= 1/(1 - cp). 

Time 

(a) Value of w 

6 

5 

4 

3 

2 

0 
I 

Time 

(b) Value of y 

FIGURE 1.3 Paths of input variable (w,) and output variable (y,) assumed for 
long-run effect calculations. 
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For example, the long-run income elasticity of money demand in the system (1.1.2] 
is given by 

0.19 
1 - 0.72 = 0.68. 

A permanent 1 % increase in income will eventually lead to a 0.68% increase in 
money demand. 

Another related question concerns the cumulative consequences for y of a 
one-time change in w. Here we consider a transitory disturbance to w as in panel 
(a) of Figure 1.2, but wish to calculate the sum of the consequences for all future 
values of y. Another way to think of this is as the effect on the present value of y 
(1.1.13] with the discount rate /3 = 1. Setting/3 = 1 in (1.1.14] shows this cumulative 
effect to be equal to 

X a L Yt+j = 1/(1 - ct,), 
i-o aw, (1.1.16] 

provided that lct,I < 1. Note that the cumulative effect on y of a transitory change 
in w (expression (1.1.16]) is the same as the long-run effect on y of a permanent 
change in w (expression (1.1.15]). 

1.2. pth-Order Difference Equations 

Let us now generalize the dynamic system (1. 1. 1] by allowing the value of y at date 
t to depend on p of its own lags along with the current value of the input variable 
w,: 

Y, = <p1Y,-1 + 'P2Y,-2 + · · · + <ppYr-p + w,. (1.2.1] 

Equation (1.2.1] is a linear pth-order difference equation. 
It is often convenient to rewrite the pth-order difference equation (1.2.1] in 

the scalar y, as a first-order difference equation in a vector t,. Define the (p x 1) 
vector t, by 

[ 
y, ] Y,-1 

t E Yr~2 ' 

Yr-p+1 

(1.2.2] 

That is, the first element of the vector ~ at date t is the value y took on at date t. 
The -second element oft is the value y took on at date t - 1, and so on. Define 
the (p x p) matrix F by 

[~ "'2 <p3 ... "'p-1 

tr ] ,~ i 0 0 ... 0 
1 0 . . . 0 0 . (1.2.3] 

: ... 
0 0 ... 1 0 
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For example, for p = 4, F refers to the following 4 x 4 matrix: 

[
cf>1 cf>2 cf>3 cf>4] 
1 0 0 0 

F= 0 1 0 0. 
0 0 1 0 

Forp = 1 (thefirst-orderdifferenceequation(l.1.1]),Fisjustthescalarcf>. Finally, 
define the (p x 1) vector v, by 

or 

Consider the following first-order vector difference equation: 

t, = Ft,-1 + v,, 

[ £: ] = [1' t t : : : ~r !] [ ;:::] + [i]. 
Yr-p+l O O O 1 0 Yr-p 0 

[1.2.4] 

(1.2.5] 

This is a system of p equations. The first equation in this system is identical to 
equation (1.2.1]. The second equation is simply the identity 

Y,-1 = Y,-1, 

owing to the fact that the second element of t, is the same as the· first element of 
t,_ 1• The third equation in (1.2.5] states that y,_ 2 = y,_ 2; the pth equation states 
that Yr-p+I = Y1-p+1· 

Thus, the first-order vector system (1.2.5] is simply an alternative represen
tation of the pth-order scalar system (1.2.1]. The advantage of rewriting the pth
order system (1.2.1] in the form of a first-order system (1.2.5] is that first-order 
systems are often easier to work with than pth-order systems. 

A dynamic multiplier for (1.2.5] can be found in exactly the same way as was 
done for the first-order scalar system of Section 1. 1. If we knew the value of the 
vector § for date t = -1 and of v for date t = 0, we could find the value of~ for 
date O from 

~ = F§_ 1 + Vo

The value of § for date 1 is 

§1 = F~ + v1 = F(F§_ 1 + v0) + v1 = F2§_1 + Fv0 + v1• 

Proceeding recursively in this fashion produces a generalization of (1.1.7]: 
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Writing this out in terms of the definitions oft and v, 

[ ('.: l = F'+1[~;:J + F'[~'] + F'-l[I] + ... 

Yr-p+t Y-p O 0 

[wet] [~'] + F1 0 + 0 . . . . . . . 
0 0 

[1.2.7] 

Consider the first equation of this system, which characterizes the value of y,. Let 
f\'l denote the (1, 1) element of F', f\q the (1, 2) element of F', and so on. Then 
the first equation of [1.2.7] states that 

Y, = nt1>Y-1 + /\~+1>Y-2 + · · · + f\~+ny_P + f\1wo 

+ /\'1-1>w1 + · · · + f\Vw,-1 + w,. 
[1.2.8] 

This describes the value of y at date t as a linear function of p initial values of y 
(y_ 1, Y- 2 , • •• , Y-p) and the history of the input variable w since time O (w0 , w1, 

... , w,). Note that whereas only one initial value for y (the value y _ 1) was needed 
in the case of a first-order difference equation, p initial values for y (the values 
y _1, y _2 , ..• , Y-p) are needed in the case of a pth-order difference equation. 

The obvious generalization of [1.1.9] is 

from which 

t,+i = Fi+ 1t,_1 + Fiv, + Fi-•v,+ 1 + Fi- 2v,+2 + · · · 
+ FVr+j-l + Yr+/ 

Yr+j = /1{+1>Y,-1 + /W 1>Y,-2 + · · · + fW 1>Y,-p + f\fw, 

+ /\{- 1>w,+1 + /\{- 2>w,+2 + · · · + fWw,+i-1 + Wr+j· 

[1.2. 9] 

[1.2.10] 

Thus, for a pth-order difference equation, the dynamic multiplier is given by 

ily,+j = 111> 
aw, 1 

[l.2.11] 

where /IV denotes the (1, 1) element of Fl. For j = l, this is simply the (1, 1) 
element of F, or the parameter c/,1• Thus, for any pth-order system, the effect on 
Yr+t of a one-unit increase in w, is given by the coefficient relating y, to y,_ 1 in 
equation [1.2.1]: 

ily,+1 = cp 
aw, l· 

7 :,_ nth~n,-d,.,. T);f(,.,. nrP F.nuntinn.< () 



Direct multiplication of [1.2.3] reveals that the (1, 1) element of F2 is (4>i + 4>2), 
so 

in a pth-order system. 
For larger values ofj, an easy way to obtain a numerical value for the dynamic 

multiplier iJY,+/ow, is to simulate the system. This is done as follows. Set y _1 = 
y_ 2 = · · · = Y-p = 0, Wo = 1, and set the value of w for all other dates to 0. 
Then use [1.2.1] to calculate the value of y, for t = 0 (namely, y0 = 1). Next 
substitute this value along with Y,-i. y,_2 , ••• , Y,-p+t back into [1.2.1] to calculate 
Yr+t, and continue recursively in this fashion. The value of y at step t gives the 
effect of a one-unit change in Wo on y,. 

Although numerical simulation may be adequate for many circumstances, it 
is also useful to have a simple analytical characterization of ayt+;fow,, which, we 
know from [1.2.11], is given by the (1, 1) element of Fi. This is fairly easy to obtain 
in terms of the eigenvalues of the matrix F. Recall that the eigenvalues of a matrix 
F are those numbers ,\ for which 

[1.2.12] 

For example, for p = 2 the eigenvalues are the solutions to 

l[t ~]-[~ ~]!=0 

or 

[1.2.13] 

The two eigenvalues of F for a second-order difference equation are thus given by 

4>1 + v 4>t + 44>2 
A1 =--- 2---

4>1 - vcf,'f + 44>2 
A2 = 2 . 

[1.2.14] 

[1.2.15] 

For a general pth-order system, the determinant in [1.2.12] is a pth-order poly
nomial in,\ whose p solutions characterize the p eigenvalues of F. This polynomial 
turns out to take a very similar form to [1.2.13]. The following result is proved in 
Appendix l.A at the end of this chapter. 

Proposition 1.1: The eigenvalues of the matrix F defined in equation [1.2.3] are the 
values of,\ that satisfy · 

[1.2.16] 

Once we know the eigenvalues, it is straightforward to characterize the dy
namic behavior of the system. First we consider the case when the eigenvalues of 
Fare distinct; for example, we require that ,\1 and ,\2 in [1.2.14] and [1.2.15] be 
different numbers. 
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General Solution of a pth-Order Difference Equation 
with Distinct Eigenvalues 

Recall2 that if the eigenvalues of a (p x p) matrix Fare distinct, there exists 
a nonsingular (p x p) matrix T such that 

F = TAT- 1 (1.2.17] 

where A is a (p x p) matrix with the eigenvalues of F along the principal diagonal 
and zeros elsewhere: 

[l 

0 0 . '. ~1 A2 0 ... 
A= [1.2.18] 

0 0 Ap 

This enables us to characterize the dynamic multiplier (the (1, 1) element of 
Fi in [1.2.11]) very easily. For example, from (1.2.17] we can write F2 as 

F2 = TAT- 1 x TAT- 1 

= T X A x (T- 1T) x A X T- 1 

= T X A x IP X A x T- 1 

= TA2T- 1• 

The diagonal structure of A implies that A 2 is also a diagonal matrix whose elements 
are the squares of the eigenvalues of F: 

[f 
0 0 ... ~1 ,\2 0 ... 

A2 = 2 

0 0 ,\2 
p 

More generally, we can characterize Fi in terms of the eigenvalues of Fas 

Fi = TAT- 1 X TAT- 1 X • • • X TAT-I 

j terms 
= T X A X (T- 1T) X A X (T- 1T) X • • • X A X T- 1, 

which simplifies to 

where 

0 0 
,\~ 0 

0 0 

: ]· 
Ai p 

[1.2.19] 

'See equation [A.4.24] in the Mathematical Review (Appendix A) at the end of the book. 
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Let t11 denote the row i, column j element of T and let t'I denote the row i, column 
j element of T- 1. Equation (1.2.19] written out explicitly becomes 

[

tn t12 • • • t1p] [A{ o_ O 
. '21 '22 . . . ti.,, 0 ,\~ 0 

F' = . . . . . . . . . . . . . . . . . . 
tpl tp2 tpp O O 0 

0] ['11 I : : ::: i] 
[

t11A{ t12A~ · · · t2t t2~,\~ ' ' ' 

tP1A{ tP2,\~ 

from which the (1, 1) element of F1 is given by 

;] 
tPP 

fi{I = (t11t11]A{ + (t12t21],\~ + · · · + [t1ptP 1],\~ 

or 

where 

[1.2.20] 

[1.2.21) 

Note that the sum of the c; terms has the following interpretation: 

C1 + C2 + • · · + Cp = [t11t 11] + [t12t 21] + ' · ' + [t1plP 1), (1.2.22] 

which is the (1, 1) element of T·T- 1• Since T·T- 1 is just the (p x p) identity 
matrix, (1.2.22] implies that the c1 terms sum to unity: 

C1 + Cz + ' ' ' + Cp = 1. [1.2.23] 

Substituting [1.2.20] into [1.2.11] gives the form of the dynamic multiplier 
for a pth-order difference equation: 

[1.2.24) 

Equation [1.2.24] characterizes the dynamic multiplier as a weighted average of 
each of the p eigenvalues raised to the jth power. 

The following result provides a closed-form expression for the constants (c1, 

C2, .•• , Cp)• 

Proposilion 1.2: If the eigenv~ues (Ai, A2 , ••• , ,\p) of the matrix Fin [J.2.3] are 
distinct, then the magnitude c1 in [J .2.21) can be written 

[1.2.25] 

To summarize, the pth-order difference equation [1.2.1] implies that 

Y,+, = fW1>Y,-1 + fW1>Y,-2 + . · · + !'r,,+1>y,-p (1.2.26] 
+ Wt+/ + 1/11Wt+f-l + "1zwt+f-2 + ' ' ' + "11-1W1+1 + 1/J,w,. 
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The dynamic multiplier 

aY,+1 = -fr· 
aw, I 

is given by the (1, 1) element of F1: 

[l.2.27] 

[1.2.28] 

A closed-form expression for l/lj can be obtained by finding the eigenvalues of F, 
or the values of,\ satisfying [1.2.16]. Denoting these p values by (,\1, ,\ 2 , ..• , ,\P) 

and assuming them to be distinct, the dynamic multiplier is given by 

'PJ = Ci,\{ + C2A{ + · · · + CPA~ [1.2.29] 

where (c1, c2 , ..• , cp) is a set of constants summing to unity given by expression 
[1.2.25]. 

For a first-order system (p = 1), this rule would have us solve [l.2.16], 

,\ - <!>1 = 0, 

which has the single solution 

A1 = </>1-

According to [1.2.29], the dynamic multiplier is given by 

ay . 
-..!.::J. = C1,\i1· aw, 

From [l.2.23], c1 = 1. Substituting this and [l.2.30] into [1.2.31] gives 

ayt+j . 
-- - <f>! aw, - l• 

or the same result found in Section 1. 1. 

[1.2.30] 

[1.2.31] 

For higher-order systems, [1.2.29] allows a variety of more complicated dy
namics. Suppose first that all the eigenvalues of F ( or solutions to [1.2.16]) are 
real. This would be the case, for example, if p = 2 and <f>i + 4</>i > 0 in the 
solutions [1.2.14] and [1.2.15] for the second-order system. If, furthermore, all of 
the eigenvalues are less than 1 in absolute value, then the system is stable, and its 
dynamics are represented as a weighted average of decaying exponentials or de
caying exponentials oscillating in sign. For example, consider the following second-
order difference equation: · 

y, = 0.6y,_1 + 0.2y,_2 + w,. 
From equations [1.2.14] and [1.2.15], the eigenvalues of this system are given by 

0.6 + v'(0.6) 2 + 4(0.2) 
,\1 = 2 = 0.84 

0.6 - v'(0.6) 2 + 4(0.2) 
,\2 = 2 = -0.24. 

From [1.2.25], we have 

C1 = ,\if(,\1 - A2) = 0.778 

c2 = Ai/(A2 - A1) = 0.222. 

The dynamic multiplier for this system, 

iJY,+1 -~- = C1A{ + C2At 
vW 1 
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is plotted as a function of j in panel (a) of Figure 1.4.3 Note that as j becomes 
larger, the pattern is dominated by the larger eigenvalue (A1), approximating a 
simple geometric decay at rate A1 • 

If the eigenvalues (the solutions to [1.2.16]) are real but at least one is greater 
than unity in absolute value, the system is explosive. If ,\1 denotes the eigenvalue 
that is largest in absolute value, the dynamic multiplier is eventually dominated by 
an exponential function of that eigenvalue: 

. 0Y,+1 l 
hm---- = C1-
i-"' aw, A{ 

Other interesting possibilities arise if some of the eigenvalues are complex. 
Whenever this is the case, they appear as complex conjugates. For example, if 
p = 2 and tf,"f + 4cf>i < 0, then the solutions A1 and A2 in [1.2.14] and [1.2.15] are 
complex conjugates. Suppose that A1 and A2 are complex conjugates, written as 

A1 = a + bi [l.2.32] 

A2 = a - bi. [1.2.33] 

For the p = 2 case of [1.2.14] and [1.2.15], we would have 

a= tf,i/2 

b = (ll2)v' -tf,1 - 4cf>i. 

[1.2.34) 

[1.2.35) 

Our goal is to characterize the contribution to the dynamic multiplier c1A{ 
when A1 is a complex number as in [1.2.32]. Recall that to raise a complex number 
to a power, we rewrite [l.2.32] in polar coordinate form: 

A1 = R·[cos(0) + i·sin(0)], [1.2.36) 

where 9 and R are defined in terms of a and b by the following equations: 

R = ~ 
cos(0) = a/R 
sin(0) = b/R. 

Note that R is equal to the modulus of the complex number A1• 

The eigenvalue ,\1 in [1.2.36) can be written as4 

A1 = R[e19], 

and so 

A{ = Ri[e19i] = Ri[cos(Oj) + i·sin(0j)]. 

Analogously, if ,\2 is the complex conjugate of Ai, then 

A2 = R[cos(O) - i·sin(0)], 

which can be written5 

Thus 

,\~ = Ri[e- 191] = Rl[cos(Oj) - i·sin(OJ)]. 

[1.2.37) 

[l.2.38] 

3 Again, if one's purpose is solely to generate a numerical plot as in Figure 1.4, the easiest approach 
is numerical simulation of the system. 

•see equation [A.3.25] in the Mathematical Review (Appendix A) at the end of the book. 

'See equation [A.3.26]. 
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(b) </>1 = 0.5, </>z = -0.8 

FIGURE 1.4 Dynamic multiplier for second-order difference equation for differ
ent values of <J,1 and <l>z (plot of ay,+/aw, as a function of the lag j). 

Substituting [1.2.37] and [1.2.38] into [1.2.29] gives the contribution of the complex 
conjugates to the dynamic multiplier ay,+/aw,: 

c1A{ + c2,\~ = c1R1[cos(9JJ + i·sin(Oj)] + c2R1[cos(Oj) - i·sin(Oj)] 

= [c1 + c2]-Ri-cos(Oj) + i·[c1 - c2]·R1·sin(9J). 
[l.2.39] 

The appearance of the imaginary number i in (1.2.39] may seem a little 
troubling. After all, this calculation was intended to give the effect of a change in 
the real-valued variable w, on the real-valued variable Y,+; as predicted by the real
valued system [1.2.1], and it would be odd indeed if the correct answer involved 
the imaginary number i! Fortunately, it turns out from [1.2.25] that if ,\1 and ,\2 

are complex conjugates, then c1 and c2 are complex conjugates; that is, they can 
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be written as 

C1 = a + /3i 
C2 = a - /3i 

for some real numbers a and /3. Substituting these expressions into [1.2.39] yields 

c1A{ + c2A~ =[(a+ f3i) + (a - f3i)]-Ricos(9j) + i·[(a + f3i) - (a - f3i)]-Risin(9J) 

= [2a]-Ricos(9j) + i·[2/31}Risin(9j) 
= 2aRi cos( 9j) - 2f3Ri sin( 9j), 

which is strictly real. 
Thus, when some of the eigenvalues are complex, they contribute terms 

proportional to Ri cos(9j) and Ri sin(9J) to the dynamic multiplier ay,+/aw,. Note 
that if R = 1-that is, if the complex eigenvalues have unit modulus-the mul
tipliers are periodic sine and cosine functions of j. A given increase in w, increases 
Y,+i for some ranges of j and decreases Yt+i over other ranges, with the impulse 
never dying out as j-. oo. If the complex eigenvalues are less than 1 in modulus 
(R < 1), the impulse again follows a sinusoidal pattern though its amplitude decays 
at the rate Ri. If the complex eigenvalues are greater than 1 in modulus (R > 1), 
the amplitude of the sinusoids explodes at the rate Ri. 

For an example of dynamic behavior characterized by decaying sinusoids, 
consider the second-order system 

y, = 0.5y,_ 1 - 0.8y,_ 2 + w,. 

The eigenvalues for this system are given from [1.2.14] and (1.2.15]: 

0.5 + \/(0.5) 2 - 4(0.8) . 
A1 = 2 = 0.25 + 0.861 

0.5 - \/(0.5) 2 - 4(0.8) . 
,\2 = 2 = 0.25 - 0.861, 

with modulus 

R = \/(0.25)2 + (0.86)2 = 0.9. 

Since R < i, the dynamic multiplier follows a pattern of damped oscillation plotted 
in panel (b) of Figure 1.4. The frequency 6 of these oscillations is given by the 
parameter 9 in [l.2.39], which was defined implicitly by 

cos(9) = a!R = (0.25)/(0.9) = 0.28 

or 

9 = 1.29. 

The cycles associated with the dynamic multiplier function [1.2.39] thus have a 
period of 

2"7T = (2)(3.14159) = 4 9· 
9 1.29 . ' 

that is, the peaks in the pattern in panel (b) of Figure 1.4 appear about five periods 
apart. 

6See Section A.1 of the Mathematical Review (Append.ix A) at the end of the book for a discussion 
of the frequency and period of a sinusoidal function. 
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Solution of a Second-Order Difference Equation 
with Distinct Eigenvalues 

The second-order difference equation (p = 2) comes up sufficiently often 
that it is useful to summarize the properties of the solution as a general function 
of q,1 and q,2, which we now do.7 

The eigenvalues A1 and A2 in [1.2.14) and [1.2.15) are complex whenever 

tf,} + 4tf>i < 0, 

or whenever (tf,11 tf>i) lies below the parabola indicated in Figure 1.5. For the case 
of complex eigenvalues, the modulus R satisfies 

R2 = a2 + b2, 

or, from [1.2.34] and [1.2.35J, 

R2 = (tf,/2)2 - (tf>t + 4tf>i)l4 = -tf>i. 

Thus, a system with complex eigenvalues is explosive whenever 'Pl < -1. Also, 
when the eigenvalues are complex, the frequency of oscillations is given by 

6 = cos- 1(a/R) = cos- 1[tf,1/(2 ~)], 

where "cos- 1(x)" denotes the inverse of the cosine function, or the radian measure 
of an angle whose cosine is x. 

I_ I 
complex eigenvalues 

111T111 ·~+ ~2"'° I I I I 

FIGURE 1.5 Summary of dynamics for a second-order difference equation. 

7This discussion closely follows Sargent (1987, pp. 188-89). 
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For the case of real eigenvalues, the arithmetically larger eigenvalue (A1) will 
be greater than unity whenever 

c/>1 + Vc/>r + 4</>z 
2 > 1 

or 

Vc/>r + 4<f>z > 2 - c/>1-

Assuming that ,\1 is real, the left side of this expression is a positive number and 
the inequality would be satisfied for any value of c/,1 > 2. If, on the other hand, 
cf,1 < 2, we can square both sides to conclude that ,\1 will exceed unity whenever 

c/>r + 4c/>2 > 4 - 4c/>1 + c/>r 

or 

</>z > 1 - 'Pt· 

Thus, in the real region, ,\1 will be greater than unity either if c/,1 > 2 or if (cf,1, <l>z) 
lies northeast of the line <1>z = 1 - 'Pt in Figure 1.5. Similarly, with real eigenvalues, 
the arithmetically smaller eigenvalue (A2) will be less than -1 whenever 

c/>t - Vc/>f + 4</>z 1 -------< -
2 

-vc/>r + 4</>z < -2 - c/>1 
vc/>r + 4</>z > 2 + c/>1· 

Again, if 'Pt< -2, this must be satisfied, and in the case when 'Pt> -2, we can 
square both sides: 

c/>r + 4<f>z > 4 + 4c/>1 + c/>1 
c/>2 > 1 + 'Pt· 

Thus, in the real region, A2 will be less than -1 if either cf,1 < - 2 or ( c/,i, <f>z) lies 
to the northwest of the line <1>z = 1 + c/,1 in Figure 1.5. 

The system is thus stable whenever (c/,1, </>z) lies within the triangular region 
of Figure 1.5. 

General Solution of a pth-Order Difference Equation 
with Repeated Eigenvalues 

In the more general case of a difference equation for which F has repeated 
eigenvalues ands < p linearly independent eigenvectors, result [1.2.17] is gener
alized by using the Jordan decomposition, 

F = MJM-t [1.2.40] 

where M is a (p x p) matrix and J takes the form 

[

JI 0 

0 J2 
J = . . 

0 0 
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with 

Ai 1 0 0 0 
0 Ai 1 0 0 
0 0 A; 0 0 

J; = [1.2.41] 

0 0 0 Ai 1 
0 0 0 0 A, 

for A1 an eigenvalue ofF. If [1.2.17) is replaced by [1.2.40], then equation [1.2.19] 
generalizes to 

where 

[
Jo{ ;~ : : : : ] 

JI= . . . . . . . . . . . . . 
0 0 · · · J{ 

Moreover, from [1.2.41], if Ji is of dimension (n1 X n1), then8 

[

A{ (OA{-l WA{-l ' ' ' (n,21)A{-n1+l] 
. 0 A{ ({)A{-1 ' ' ' (n,.!2)A{-n,+2 

11 = . . . . . . . . . . . . . . . 
0 0 0 A{ 

where 

(j) {j(j-l)(j- 2) · · ·(j-n + 1) 
n • n(n - 1) · · · 3 · 2 · 1 

0 otherwise. 

[1.2.42] 

[1.2.43] 

Equation [1.2.43] may be verified by induction by multiplying [l.2.41] by [1.2.43] 
and noticing that a) + (n!.1) = (i! 1). 

For example, consider again the second-order difference equation, this time 
with repeated roots. Then 

F1 = M M- 1 . [A' jAl-l] 
0 Ai ' 

so that the dynamic multiplier talces the form 

Long-Run and Present-Value Calculations 

If the eigenvalues are all less than 1 in modulus, then Fi in [1.2.9] goes to 
7.ero as j becomes large. If all values of w and y are talcen to be bounded, we can 

"This expression is taken from Chiang (1980, p. 444). 
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think of a "solution" of y, in terms of the infinite history of w, 

Y, = W, + I/J1W,-1 +. I/J2W,-2 + I/J3W,_3 + • • • , [1.2.44] 

where I/Ji is given by the (1, 1) element of Fi and takes the particular form of [1.2.29] 
in the case of distinct eigenvalues. 

It is also straightforward to calculate the effect on the present value of y of 
a transitory increase in w. This is simplest to find if we first consider the slightly 
more general problem of the hypothetical consequences of a change in any element 
of the vector v, on any element of ~r+i in a general system of the form of [1.2.5]. 
The answer to this more general problem can be inferred immediately from [1.2.9]: 

a~,+i = Fi 
av; · [l.2.45J 

The true dynamic multiplier of interest, ay,+/aw,. is just the (1, 1) element of the 
(p x p) matrix in [1.2.45]. The effect on the present value of~ of a change in v 
is given by 

[1.2.46] 

provided that the eigenvalues of Fare all less than 13-1 in modulus. The effect on 
the present value of y of a change in w, 

aw, 

is thus the (1, 1) element of the (p x p) matrix in [1.2.46]. This value is given by 
the following proposition. 

Proposition 1.3: If the eigenvalues of the (p x p) matrix F defined in [1.2.3] are 
all less than 13-1 in modulus, then the matrix (Ip - /3F)- 1 exists and the effect of 
won the present value of y is given by its (1, 1) element: 

1/(1 - 'P1/3 - c/>i/32 - .. • - 'Pp-1{3P-I - 'Pp/3P). 

Note that Proposition 1.3 includes the earlier result for a first-order system 
(equation [1.1.14]) as a special case. 

The cumulative effect of a one-time change in w, on y,, Y,+i, ... can be 
considered a special case of Proposition 1.3 with no discounting. Setting f3 = 1 in 
Proposition 1.3 shows that, provided the eigenvalues of F are all less than 1 in 
modulus, the cumulative effect of a one-time change in won y is given by 

~ ay,+J . 
L, - = 1/(1 - c/>1 - 'P2 - ... - c/>p)
i=O aw, 

[1.2.47] 

Notice again that [1.2.47] can alternatively be interpreted as giving the even-
tual long-run effect on y of a permanent change in w: 

. ay,+i ay,+i ay,+i ay,+i 
hm - + -- + -- + · · · + -- = 1/(1 - c/,1 - c/>i - • • • - c/>p)-
r+"' aw, aw,+ I aw,+2 aw,+i 
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APPENDIX 1.A. Proofs of Chapter I Propositions 
• Proof of Proposition 1.1. The eigenvalues of F satisfy 

IF - AI,I = 0. 

For the matrix F defined in equation (1.2.3], this determinant would be 

[1' 

<P2 
"'' 

<P,-1 

I] [] 
0 0 0 

1] 
0 0 0 A 0 ... 0 
1 0 0 0 A •..• 0 

0 0 1 0 0 0 

(<f,, - A) q,, 

"'' 
<P,-1 

1 ~A 0 0 
0 1 -A 0 

0 0 0 1 

(1.A.lJ 

"'· 0 
0 (1.A.2] 

-A 

Recall that if we multiply a column of a matrix by a constant and add the result to another 
column, the determinant of the matrix is unchanged. If we multiply the pth column of the 
matrix in [1.A.2} by (1/A) and add the result to the (p - l)th column, the result is a matrix 
with the same determinant as that in (1.A.2]: 

IF - AI,I = 

q,1 - A <P2 <f,, 
1 -A 0 

0 1 -A 

0 

0 

0 

0 

0 

0 

"'·-2 
0 

0 

1 

0 

<P,-1 + (<f,,/A) 
0 

0 

-A 
0 

0 

0 

-A 

Next, multiply the (p - l)th column by (1/A) and add the result to the (p - 2)th column: 

IF - AI,I 
<f,, - A <P2 

"'' 
<P,-2 + <P,-/A + <f,,f A' <P,-1 + q,,fA "'· 1 -A 0 0 0 0 

0 1 -A 0 0 0 

0 0 0 0 -A 0 
0 0 0 0 0 -,\ 

Continuing in this fashion shows [1.A.1] to be equivalent to the determinant of the following 
upper triangular matrix: 

IF - AI,I 
1/>1 - A + ,f>2/A + ,f>3/A' + · · . + 4>,1AP-1 1/>i + ,f>3/A + ,f>4/A2 + · · · + 4>,JAP-2 4>,-, + 1/>,'A 4>, 

0 -A 0 0 

0 0 0 0 

0 0 -A 0 

0 0 0 -A 

But the determinant of an upper triangular matrix is simply the product of the terms along 
the principal diagonal: 

IF - AI, I = [<f,. - ,\ + q,,IA + q,,IA' + ... + <J,.w-11. [-,\Jr' 
[1.A.3] = ( -1)• . [A• - <f,,A•-1 - cf,,A•-2 - ••• - IPp]-
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The eigenvalues of F are thus the values of A for which [1.A.3J is zero, or for which 

AP - q,1AP_, - tf>,AP-> - · · · - 'Pp = 0, 

as asserted in Proposition 1. 1. • 

• Proof of Proposition 1.2. Assuming that the eigenvalues (A,. A2 , ••• , A.P} are distinct, 
the matrix T in equation [1.2.171 can be constructed from the eigenvectors of F. Let t, 
denote the following (p x 1} vector, 

t, = 

A_f-1 

A_f-2 

A.f-3 

A./ 
1 

where A.1 denotes the ith eigenvalue of F. Notice 

l<P, 'P2 'P3 · · · 'Pr, 'Ppl 
1 0 0 · · · 0 0 

Ft,= 0 1 0 · · · 0 0 . . . . . . . . . . . . . . . . . . 
0 0 0 1 0 

A_f-1 

Ar-2 
A_f-3 

A./ 
1 

<f,,Af-1 + q,,Af-2 + "'3Af- 3 + · · · + IPp-1A1 + <PP 
A.r-• 
A_f-2 

A.; 
A., 

Since A.1 is an eigenvalue of F, it satisfies [1.2.16]: 

Af - <f,,A_f-l - <P,Af-2 - ... - IPp-1A; - 'Pp = 0. 

Substituting [LA.6] into [LA.SJ reveals 

Af A.f-1 

A.r-• Af-2 

Af-2 A_f-3 
Ft,= = A, 

A.r A./ 
A., 1 

or 

Ft,= A1t 1• 

[1.A.4J 

[LA.SJ 

[1.A.6J 

[1.A.7] 

Thus t, is an eigenvector of F associated with the eigenvalue A.,. 
We can calculate the matrix T by combining the eigenvectors (t., t,, ... , t,.} into a 

(p x p) matrix 

[LA.SJ 

To calculate the particular values for c, in equation [1.2.21], recall that T- 1 is char
acterized by 

[1.A.9] 
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where Tis given by [1.A.4] and (l.A.8]. Writing out the first column of the matrix system 
of equations (1.A.9] explicitly, we have 

A~-1 A~-1 t11 

Af-2 A~-2 AP-' p 
t21 0 

,\~-3 A~-, AP-, 
p 

tll 0 

A' I ,\~ A' p 
rp-1., 0 

1 1 1 (Pl 0 

This gives a system of p linear equations in the p unknowns (t11, t21 , • , • , tP1). Provided 
that the A, are all distinct, the solution can be shown to be9 

t" = 1 
(A, - A2)(A1 - A3) • • • (A, - AP) 

t'' = 1 
(A, - A1)(A, - A,) • ' • (A, - AP) 

P'= 1 . 
(AP - A,)(Ap - A,) ... (AP - AP_,) 

Substituting these values into (1.2.21] gives equation (1.2.25]. • 

• Proof of Proposition 1.3. The first claim in this proposition is that if the eigenvalues of 
Fare less than 13-1 in modulus, then the inverse of (IP - f3F) exists. Suppose the inverse 
of (IP - f3F) did not exist. Then the determinant IIP - f3FI would have to be zero. But 

IIP - f3FI = 1-/3. [F - 13-•Ip]I = (-{3)PIF - 13-•Ipl, 

so that IF - 13-'IPI would have to be zero whenever the inverse of (IP - f3F) fails to exist. 
But this would mean that 13-1 is an eigenvalue of F, which is ruled out by the assumption 
that all eigenvalues of F are strictly less than 13-1 in modulus. Thus, the matrix IP - f3F 
must be nonsingular. 

Since [I, - f3FJ- 1 exists, it satisfies the equation 

(Ip - /3FJ- 1[I, - /3F] = I,. (1.A.10] 

Let x,1 denote the row i, column j element of (IP - f3FJ- 1 , and write (1.A.10] as 

['" 
x,2 ... '"]['-~ .. -{3,f,, -f3<J,,_, 

Tl x,, X22 
... 

X2p -/3 1 0 . . . . . . 
x,, x,2 x,. 0 0 -/3 (1.A.11] 

[l 
0 

:l 1 

0 

The task is then to find the (1, 1) element of [I, - f3FJ- 1, that is, to find the value 
of x11. To do this we need only consider the first row of equations in (1.A.11]: 

-/3"'2 -M,-, 
0 

0 -{3 Tl 
= (1 0 · · · 0 0]. (1.A.12] 

9See Lemma 2 of Chiang (1980, p. 144). 
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Consider postmultiplying this system of equations by a matrix with ls along the principal 
diagonal, f3 in the row p, column p - 1 position, and Os elsewhere: 

[l : : ll 
The effect of this operation is to multiply the pth column of a matrix by f3 and add the result 
to the (p - l)th column: 

[

1 - M, -/3<!>2 • · · 
-{3 1 ... 

X12 •. "X1p] : : 
. . 
0 0 

- f3<f>r , - f32cf>P - f3cf>Pl 
0 0 
: : = [1 0 · · · 0 OJ. 
. . 
0 1 

Next multiply the (p - l)th column by f3 and add the result to the (p - 2)th column. 
Proceeding in this fashion, we arrive at 

[x11 X12 ' • • X1p] X 

-{:Jq,,-{:J'q,,-·. ·-f:JP-'1>, 
1 

0 

= [l 0 

The first equation in [LA. 13] states that 

-{:J1>,-,-f:l'1>, -{J,f,, 

0 0 

0 1 

0 OJ. [l.A.13] 

Xu • (1 - /3<!>1 - /32<!>, - ••• - w-1<1>p-l - Wcf>p) = 1 

or 

X11 = 1/(1 - /3<!>1 - /32<!>2 - ••• - Wc/>p), 
as claimed in Proposition 1.3. • 
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2 

Lag Operators 

2.1. Introduction 
The previous chapter analyzed the dynamics of linear difference equations using 
matrix algebra. This chapter develops some of the same results using time series 
operators. We begin with some introductory remarks on some useful time series 
operators. 

A time series is a collection of observations indexed by the date of each 
observation. Usually we have collected data beginning at some particular date (say, 
t = 1) and ending at another (say, t = T): 

(Y1, Y2, · · · , Yr), 

We often imagine that we could have obtained earlier observations (y0, y _ i, 
y_ 2, ••• ) or later observations (Yr+t• Yr+2, ••• ) had the process been observed 
for more time. The observed sample (Yi, y2, ••• , y7) could then be viewed as a 
finite segment of a doubly infinite sequence, denoted {y,};_ -z= 

{y,};':.. - " = {. · · , Y- I' Yo, Yi, Y2, · · · , Yr, Yr+ 1, Yr+2• · · .}. 

observed sample 

Typically, a time series {yJ;" __ ,. is identified by describing the tth element. 
For example, a time trend is a series whose value at date tis simply the date of the 
observation: 

y, = t. 

We could also consider a time series in which each element is equal to a constant 
c, regardless of the date of the observation t: 

y, = c. 

Another important time series is a Gaussian white noise process, denoted 

y, = e,, 

where {e,};" __ ,. is a sequence of independent random variables each of which has 
a N(O, o-2) distribution. 

We are used to thinking of a function such as y = f(x) or y = g(x, w) as an 
operation that accepts as input a number (x) or group of numbers (x, w) and 
produces the output (y). A time series operator transforms one time series or group 
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of time series into a new time series. It accepts as input a sequence such as 
{x,};" __ ,. or a group of sequences such as ({x,};" __ ,., {w,};" __ ,.) and has as output a 
new sequence {y,t __ ,.. Again, the operator is summarized by describing the value 
of a typical element of {yJ;" __ ,. in terms of the corresponding elements of 
{x,};e __ ,.,. 

An example of a time series operator is the multiplication operator, repre,. 
sented as 

y, = f3x,. [2.1.1) 

Although it is written exactly the same way as simple scalar multiplication, equation 
[2.1.1] is actually shorthand for an infinite sequence of multiplications, one for 
each date t. The operator multiplies the value x takes on at any date t by some 
constant /3 to generate the value of y for that date. 

Another example of a time sr.ries operator is the addition operator: 

y, = x, + w,. 
Here the value of y at any date t is the sum of the values that x and w take on for 
that date. 

Since the multiplication or addition operators amount to element-by-element 
multiplication or addition, they obey all the standard rules of algebra. For example, 
if we multiply each observation of {xJ;". _,. by /3 and each observation of 
{w,};" __ ,. by /3 and add the results, 

/3x1 + f3w,, 
the outcome is the same as if we had first added {xJ;e __ ,., to {wJ;e __ ,. and then 
multiplied each element of the resulting series by /3: 

f3(x, + w,). 

A highly useful operator is the lag operator. Suppose that we start with a 
sequence {xJ;" __ ,. and generate a new sequence {y,};" __ ,., where the value of y for 
date tis equal to the value x took on at date t - 1: 

y, = x,_ 1• [2.1.2) 

This is described as applying the lag operator to {xJ~- _,.. The operation is repre
sented by the. symbol L: 

Lx,-s x1_ 1, 

Consider the result of applying the lag operator twice to a series: 

L(Lx,) = L(x,_ 1) = x,_2, 

Such a double application of the lag operator is indicated by "L2": 

L2x, = x,_2 , 

In general, for any integer k, 

[2.1.3] 

[2.1.4) 

Notice that if we first apply the multiplication operator and then the lag 
operator, as in 

x,_,, f3x,_,, /3x,_1, 

the result will be exactly the same as if we had applied the lag operator first and 
then the multiplication operator: 

x, _,, x,_ 1 _,, /3x,_ 1. 
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Thus the lag operator and multiplication operator are c_ommutative: 

L(f3x,) = /3· Lx,. 

Similarly, if we first add two series and then apply the lag operator to the result, 

(x,, w,)""' x, + w,""' x,_1 + Wr-i, 

the result is the same as if we had applied the lag operator before adding: 

(x,, wr)""' (x,_1, Wr-i)""' x,_ 1 + Wr-i· 

Thus, the lag operator is distributive over the addition operator: 

L(x, + w,) = Lx, + L w,. 

We thus see that the lag operator follows exactly the same algebraic rules as 
the multiplication operator. For this reason, it is tempting to use the expression 
"multiply Yr by L" rather than "operate on {y,};'_ -~ by L." Although the latter 
expression is technically more correct, this text will often use the former shorthand 
expression to facilitate the exposition. 

Faced with a time series defined in terms of compound operators, we are free 
to use the standard commutative, associative, and distributive algebraic laws for ' 
multiplication and addition to express the compound operator in an alternative 
form. For example, the process defined by 

Yr = (a + bL)Lxr 

is exactly the same as 

y, = (aL + bL2)x, = ax,_1 + bx,-2, 

To take another example, 

(1 - A1L)(l - A2L)x, = (1 - A1L - A2L + A1A2L2)x, 

= (1 - [A1 + A2]L + A1A2L2)xr 

= x, - (A1 + A2)x,_1 + (A1.\i)xr-2· 

[2.1.5] 

An expression such as (aL + bL 2) is referred to as a polynomial in the lag 
operator. It is algebraically similar to a simple polynomial (az + bz 2) where z is 
a scalar. The difference is that the simple polynomial (az + bz 2) refers to a 
particular number, whereas a polynomial in the lag operator (aL + bL2) refers to 
an operator that would be applied to one time series {xJ;'. -~ to produce a new 
time series {y,};'_ -~· 

Notice that if {x,};". -x is just a series of constants, 

x, = C for all t, 

then the lag operator applied to x, produces the same series of constants: 

Lx, = x,_1 = c. 

Thus, for example, 

(aL + {3L2 + yL3)c = (ot. + f3 + -y) · c. [2.1.6] 

2.2. First-Order Difference Equations 
Let us now return to the first-order difference equation analyzed in Section 1.1: 

Y, = tf>Y,-1 + w,. [2.2.1] 

2.2. First-Order Difference Equations 27 



Equation [2.2.1] can be rewritten using the lag operator [2.1.3] as 

y, = <J,Ly, + w,. 

This equation, in turn, can be rearranged using standard algebra, 

y; - <J,Ly, = w,, 

or 

(1 - <J,L)y, = w,. [2.2.2] 

Next consider "multiplying" both sides of [2.2.2] by the following operator: 

(1 + <J,L + <J,2L2 + cf,3L3 + · · · + <J,'L'). [2.2.3] 

The result would be 

(1 + <J,L + ql-L2 + cp3L3 + · · · + rj,'L')(l - <J,L)y, 
= (l + <J,L + <J,2L2 + <J,3L3 + ... + </,'L')w,. [2.2.4] 

Expanding out the compound operator on the left side of [2.2.4] results in 

(1 + <J,L + <J,2U + cp3L3 + · · · + </,'L')(l - <J,L) 
= (1 + <f,L + <J,2U + cp3L3 + · · · + cp'L') 

- (1 + <J,L + <J,2U + <J,3L3 .+ · · · + </>'L')<J,L 
= (1 + <J,L + cp2U + cp3L3 + · · · + cp'L') 

_ (c/JL + c/J2U + cp3L3 + ... + c/J'L' + rj,1+1v+1) 

= (l _ <1>'+1v+1). 

Substituting [2.2.5] into [2.2.4] yields 

[2.2.5] 

(1 - <1>1+1v+ 1)y, = (1 + <J,L + <J,2L2 + c/J3L3 + · · · + <J,'L')w,. [2.2.6] 

Writing [2.2.6] out explicitly using [2.1.4] produces 

y, - rj,1+1Y,-c,+1J = w, + <J,w,-1 + qlw,-2 + 4>3w,_3 + ... + <J,'w,_, 

or 

y, = rj,1+1y_ 1 + w, + <f,w,_1 + /flw,_2 + <J,3w,_3 + · · · + <J,'w0. [2.2.7] 

Notice that equation [2.2.7] is identical to equation [1.1.7). Applying the 
operator (2.Z:3] is performing exactly the same set of recursive substitutions that 
were employed in the previous chapter to arrive at [1.1.7]. 

It is interesting to reflect on the nature of the operator [2.2.3] as t becomes 
large. We saw in [2.2.5] that 

(1 + c/JL + <J,2L2 + cp3L3 + · · · + <J,'L')(l - cpL)y, = y, - <J,'+'Y-1· 

That is, (1 + <J,L + ql-L2 + <f,3L3 + · · · + <j,'L')(l - <J,L)y, differs from y, by 
the term 4>1+1y_ 1• lfj<J,j < 1 and ify_ 1 is a finite number, this residual <f,1+ 1y_ 1 
will become negligible as t becomes large: 

(1 + <J,L + <J,2L2 + <J,3U + · · · + <J,'L')(l - <J,L)y, = y, fort large. 

A sequence {y,}~= -~ is said to be bounded if there exists a finite number y such 
that 

IY,I < ji for all t. 

Thus, when 14'1 < 1 and when we are considering applying an operator to a bounded 
sequence, we can think of 

(1 + <J,L + <J,2U + <J,3L3 + · · · + <J,iV) 
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as approximating the inverse of the operator (1 - <J,L), with this approximation 
made arbitrarily accurate by choosing j sufficiently large: 

(1 - <J,L)-1 = lim (1 + <J,L + q,2L2 + <J,3L3 + · · , + <J,lV). [2.2.8] 
j-+r:tJC. 

This operator (1 - <J,L)-1 has the property 

(1 - q,L)- 1(1 - <f,L) = 1, 

where "1" denotes the identity operator: 

ly, = y,. 

The following chapter discusses stochastic sequences rather than the deter
ministic sequences studied here. There we will speak of mean square convergence 
and stationary stochastic processes in place of limits of bounded deterministic 
sequences, though the practical meaning of [2.2.8] will be little changed. 

Provided that 14>1 < 1 and we restrict ourselves to bounded sequences or 
stationary stochastic processes, both sides of [2.2.2] can be "divided" by (1 - <f,L) 
to obtain 

or 

y, = w, + <J,w,_1 + cf,2w1_ 2 + <f,3 w,_3 + · · · . [2.2.9] 

It should be emphasized that if we were not restricted to considering bounded 
sequences or stationary stochastic processes {wJ~-_ x and {y,}~~ -x, then expression 
[2.2.9] would not be a necessary implication of[2.2.1]. Equation [2.2.9] is consistent 
with [2.2.1], but adding a term a0 <f,', 

y, = a0 <f,' + w, + <J,w,_1 + c/>2w,_2 + it,3w,_3 + · · · , [2.2.10] 

produces another series consistent with [2.2.1] for any constant a0 • To verify that 
[2.2.10] is consistent with [2.2.1], multiply [2.2.10] by (1 - <f,L): 

(1 - <f,L)y, = (1 - <f,L)a0 q,' + (1 - q,L)(l - <J,L)-1w, 

= ao<P' - <f,·ao<l>'-1 + w, 

so that [2.2.10] is consistent with [2.2.1] for any constant a0 • 

Although any process of the form of [2.2.10] is consistent with the difference 
equation [2.2.1], notice that since 14>1 < 1, 

ia0 1P'I --+ °" as t - - °"· 
Thus, even if {w,}~= -xis a bounded sequence, the solution {y,};'= -x given by [2.2.10] 
is unbounded unless a0 = 0 in [2.2.10]. Thus, there was a particular reason for 
defining the operator [2.2.8] to be the inverse of (1 - <J,L)-namely, (1 - <J,L)-1 
defined in [2.2.8] is the unique operator satisfying 

(1 - <J,L)-1(1 - <J,L) = 1 

that maps a bounded sequence {w,};-_ -x into a bounded sequence {y,};"= -x· 

The nature of (1 - <J,L)-1 when lit,! 2: 1 will be discussed in Section 2.5. 

2.3. Second-Order Difference Equations 
Consider next a second-order difference equation: 

Y, = <P1Y,-1 + cfi2Y,-2 + w,. [2.3.1] 
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Rewriting this in lag operator form produces 

(1 - cf,1L - </>i.L2)y, = w,. (2.3.2] 

The left side of (2.3.2] contains a second-order polynomial in the lag operator 
L. Suppose we factor this polynomial, that is, find numbers A1 and ,\2 such that 

(1 - cf,1L - c/>2L2) = (1 - A1L)(l - A2L) = (1 - [A1 + Az)L + A1A2L2). [2.3.3] 

This is just the operation in [2.1.S] in reverse. Given values for cf,1 and cf,2, we seek 
numbers A1 and A2 with the properties that 

A1 + A2 = c/>1 

and 

A1A2 = -c/>2, 

For example, if cf,1 = 0.6 and cf,2 = -0.08, then we should choose A1 = 0.4 and 
A2 = 0.2: 

(1 - 0.6L + 0.08L2) = (1 - 0.4L)(l - 0.2L). [2.3.4] 

It is easy enough to see that these values of A1 and A2 work for this numerical 
example, but how are A1 and A2 found in general? The task is to choose A1 and A2 
so as to make sure that the operator on the right side of (2.3.3] is identical to that 
on the left side. This will be true whenever the following represent the identical 
functions of z: 

(2.3.S] 

This equation simply replaces the lag operator Lin [2.3.3] with a scalar z. What 
is the point of doing so? With [2.3.5], we can now ask, For what values of z is the 
right side of [2.3.S] equal to zero? The answer is, if either z = A1 1 or z = A2~ 1 , 

then the right side of [2.3.5] would be zero. It would not have made sense to ask 
an analogous question of (2.3.3]-L denotes a particular operator, not a number, 
and L = A1 1 is not a sensible statement. 

Why should we care that the right side of (2.3.S] is zero if z = A11 or if z = 
Ai 1? Recall that the goal was to choose A1 and A2 so that the two sides of [2.3.5] 
represented the identical polynomial in z. This means that for any particular value 
z the two functions must produce the same number. If we find a value of z that 
sets the right side to zero, that same value of z must set the left side to zero as 
well. But the values of z that set the left side to zero, 

[2.3.6] 

are given by the quadratic formula: 

"'l - Vc/>r + 4"'2 
Z1 = -2</>i. (2.3.7] 

c/>1 + \/cf>¥+ 4cf>2 
Z2 = -2cf>2 

[2.3.8] 

Setting z = z 1 or z2 makes the left side of [2.3 .5] zero, while z = A 1 1 or 
Ai 1 sets the right side of [2.3.S] to zero. Thus 
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A11 = Z1 

Ail = Zz. 

[2.3.9] 
[2.3.10) 
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Returning to the numerical example [2.3.4] in which <f,1 = 0.6 and <J,2 = - 0.08, 
we would calculate 

o.6 - V(0.6)2 - 4(0.08) 
Z1 = 2(0.08) = 2.5 

o.6 + V(0.6) 2 - 4(0.08) 
Z2 = 2(0.08) = 5.0, 

and so 
A1 = 1/(2.5) = 0.4 

A2 = 1/(5.0) = 0.2, 

as was found in [2.3.4]. 
When <Pi + 4<f,2 < 0, the values z1 and z2 are complex conjugates, and their 

reciprocals A1 and A2 can be found by first writing the complex number in polar 
coordinate form. Specifically, write 

Z1 = a + bi 

as 

z1 = R·[cos(8) + i·sin(O)] = R·e 18• 

Then 

z 11 = R- 1-e-18 = R- 1-[cos(B) - i·sin(O)]. 

Actually, there is a more direct method for calculating the values of A1 and 
A2 from <f,1 and <f,2 . Divide both sides of [2.3.5] by z2 : 

(z- 2 - <f,1Z- 1 - <f,2) = (Z- 1 - A1)(z- 1 - A2) [2.3.11} 

and define A to be the variable z - 1: 

[2.3.12] 

Substituting [2.3.12] into [2.3.11] produces 

(A2 - <f,1A - <f,2) = (A - A1)(A - A2). [2.3.13} 

Again, [2.3.13] must hold for all values of A in order for the two sides of [2.3.5] 
to represent the same polynomial. The values of A that set the right side to zero 
are A = A1 and A = A2. These same values must set the left side of [2.3.13] to zero 
as well: 

[2.3.14] 

Thus, to calculate the values of A1 and A2 that factor the polynomial in [2.3.3}, we 
can find the roots of [2.3.14] directly from the quadratic formula: 

<P1 + \! <j,f + 4(/,z 
A1 = 2 [2.3.15] 

<P1 - \! <Pi + 44>2 
A2 "" 2 . 

For the example of [2.3.4], we would thus calculate 

o.6 + V(0.6) 2 - 4(0.08) 
A1 = 2 = 0.4 

o.6 - v(o.6)2 - 4{0.08) 
A2 = 2 = 0.2. 

[2.3.16] 
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It is instructive to compare these results with those in Chapter 1. There the 
dynamics of the second-order difference equation [2.3.1] were summarized by 
calculating the eigenvalues of the matrix F given by 

F = [f1 t2]. [2.3.17] 

The eigenvalues of F were seen to be the two values of ,\ that satisfy equation 
[1.2.13]: 

(,\2 - c/,1,\ - <P2) = 0. 

But this is the same calculation as in [2.3.14]. This finding is summarized in the 
following proposition. 

Proposition 2.1: Factoring the polynomial (1 - cj,1L - cj,zU) as 

(1 - <f,1L - cf,zL2) = (1 - ,\1L)(l - ,\2L) [2.3.18] 

is the same calculation as finding the eigenvalues of the matrix F in [2.3.17]. The 
eigenvalues ,\1 and ,\2 of Fare the same as the parameters ,\1 and ,\2 in [2.3.18], and 
are given by equations [2.3.15] and [2.3.16]. 

The correspondence between calculating the eigenvalues of a matrix and 
factoring a polynomial in the lag operator is very instructive. However, it introduces 
one minor source of possible semantic confusion about which we have to be careful. 
Recall from Chapter 1 that the system [2.3.1] is stable if both ,\1 and ,\2 are less 
than 1 in modulus and explosive if either ,\1 or ,\2 is greater than 1 in modulus. 
Sometimes this is described as the requirement that the roots of 

[2.3.19] 

lie inside the unit circle. The possible confusion is that it is often convenient to 
work directly with the polynomial in the form in which it appears in [2.3.2], 

(1 - cf,1z - cf,2z2) = 0, [2.3.20] 

whose roots, we have seen, are the reciprocals of those of [2.3.19]. Thus, we could 
say with equal accuracy that "the difference equation [2.3.1] is stable whenever 
the roots of [2.3.19] lie inside the unit circle" or that "the difference equation 
[2.3.lJ is stable whenever the roots of [2.3.20] lie outside the unit circle." The two 
statements mean exactly the same thing. Some scholars refer simply to the "roots 
of the difference equation [2.3.1]," though this raises the possibility of confusion 
between [2.3.19] and [2.3.20]. This book will follow the convention of using the 
term "eigenvalues" to refer to the roots of [2.3.19]. Wherever the term "roots" is 
used, we will indicate explicitly the equation whose roots are being described. 

From here on in this section, it is assumed that the second-order difference 
equation is stable, with the eigenvalues ,\1 and ,\2 distinct and both inside the unit 
circle. Where this is the case, the inverses 

(1 - ,\1L)- 1 = 1 + ,\jL + ,\fL 2 + ,\fL3 + · · · 
(1 - ,\2L)- 1 = 1 + ,\1L + ,\~U + ,\lL 3 + · · · 

are well defined for bounded sequences. Write [2.3.2] in factored form: 

(1 - ,\1L)(l - ,\2L)y, = w, 

and operate on both sides by (1 - ,\1L)- 1(l - ,\2L)- 1: 

y, = (1 - ,\1L)- 1(l - ,\2L)- 1w1• 
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Following Sargent (1987, p. 184), when ,\1 4' ,\2, we can use the following operator: 

-1 { A1 A2 } 
(Ai - ,\2) 1 - A1L - 1 - .\iL . 

Thus, [2.3.21] can be written as 

or 

where 

y, = [c1 + c2]w, + [c1A1 + c2A2]w,_1 + (c1At + c2A~]w,_2 
+ [c1A? + C2A¾]w,_3 + • • • , 

C1 = A1/(A1 - A2) 

C2 = -Ai/(A1 - A2). 

From (2.3.23] the dynamic multiplier can be read off directly as 

ay,+j 1 . - = C1A1 + C2A~, aw, 
the same result arrived at in equations (1.2.24] and [1.2.25]. 

2.4. pth-Order Difference Equations 

[2.3.22] 

[2.3.23] 

[2.3.24] 

[2.3.25] 

These techniques generalize in a straightforward way to a pth-order difference 
equation of the form 

Y, = <P1Y,-1 + <PiY,-2 + · · · + cf,pJ1-p + w,. (2.4.1) 

Write [2.4.1] in terms of lag operators as 

(1 - cf,1L - cJ,iL2 - • • • - cJ,pLP)y, = w,. [2.4.2] 

Factor the operator on the left side of [2.4.2] as 

(1 - cf,1L - cJ,iL2 - • • • - cf,PLP) = (1 - A1L)(l - A2L) · · · (1 - ,\PL). [2.4.3] 

This is the same as finding the values of (Ai, ,\2, ••• , Ap) such that the following 
polynomials are the same for all z: 

(1 - <P1Z - cJ,iz2 - ••• - cJ,pzP) = (1 - AiZ)(l - A2Z) ... (1 - ,\pz). 
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As in the second-order system, we multiply both sides of this equation by z-P and 
define A"" z- 1: 

(AP - cf,,Ap-1 - c/,2Ap-2 - ... - cf,p-lA - cf,p) 
( )( ) ( ) [2.4.4] = A - A 1 A - A2 · · · A - AP . 

Clearly, setting A = A; for i = 1, 2, ... , or p causes the right side of [2.4.4] to 
equal zero. Thus the values (Ai, A2, ••• , AP) must be the numbers that set the left 
side of expression [2.4.4] to zero as well: 

[2.4.5] 

This expression again is identical to that given in Proposition 1.1, which charac
terized the eigenvalues (A1, A2, ... , AP) of the matrix F defined in equation [1.2.3]. 
Thus, Proposition 2.1 readily generalizes. 

Proposition 2.2: Factoring a pth-order polynomial in the lag operator, 

(1 - cf,,L - cf,2L2 - · · · - cf,pLP) = (1 - A1L)(l - A2L) · · · (1 - APL), 

is the same calculation as finding the eigenvalues of the matrix F defined in [1.2.3]. 
The eigenvalues (A1, A2, ... , AP) of Fare the same as the parameters (A1, A2 , ••. , 

AP) in [2.4.3] and are given by the solution.Y to equation [2.4.5]. 

The difference equation [2.4.1] is stable if the eigenvalues ( the roots of [2.4.5]) 
lie inside the unit circle, or equivalently if the roots of 

1 - cf,1z - cf,2z2 - · · · - cf,PzP = 0 [2.4.6] 

lie outside the unit circle. 
Assuming that the eigenvalues are inside the unit circle and that we are 

restricting ourselves to considering bounded sequences, the inverses (1 - A1 L) - 1 , 

(1 - A2L)- 1 , .•• , (1 - APL)- 1 all exist, permitting the difference equation 

(1 - A1L)(l - A2L) · · · (1 - APL)y1 = w, 

to be written as 

[2.4.7] 

Provided further that the eigenvalues (A1, A2, ... , AP) are all distinct, the poly
nomial associated with the operator on the right side of [2.4.7] can again be ex
panded with partial fractions: 

1 

[2.4.8] 
C1 + C2 + ... + Cp 

(1 - A1z) (1 - A2z) (1 - APz)" 

Following Sargent (1987, pp. 192-93), the values of (c1, c2 , ••• , cp) that make [2.4.8] 
true can be found by multiplying both sides by (1 - A1z)(l - A2z) · · · (1 - Apz): 

1 = C1(l - A2z)(l - A3Z) ... (1 - Apz) 

+ ci(l - A1z)(l - A3z) · · · (1 - Apz) + · · · [2.4.9] 

+ cp(l - A,z)(l - A2z) ... (1 - Ap-1Z). 

Equation [2.4.9] has to hold for all values of z. Since it is a (p - l)th-order 
polynomial, if (c1, c2 , ••• , cp) are chosen so that [2.4.9] holds for p particular 
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distinct values of z, then (2.4.9) must hold for all z. To ensure that [2.4.9] holds 
at z = ,\1 1 requires that ' 

1 = C1(l - ,\2,\1 1)(1 - ,\3,\1 1) . • • (1 - ,\p,\11) 

or 

Cl = (,\1 - ,\2)(,\1 - ,\3) . • • (,\1 - ,\p)" 

For (2.4.9) to hold for z = ,\21, ,\31, ... , ,\; 1 requires 

,\~-1 

(2.4.10) 

(2.4.11] 

(2.4.12) 

Note again that these are identical to expression (1.2.25) in Chapter 1. Recall from 
the discussion there that c1 + c2 + · · · + cP = 1. 

To conclude, (2.4.7] can be written 

C1 C2 Cp 
y, = (1 - ,\1L) w, + (1 - ,\2L) w, + ... + (1 - ,\PL) w, 

= c1(l + ,\1L + ,\fL2 + ,\{L 3 + · · ·)w, + cil + ,\2L + ,\~L2 + ,\~L3 + · · ·)w, 

+ · · · + cp(l +,\PL+ ,\!L2 + ,\;L3 + · , ·)w, 

or 

y, = [c1 + c2 + · · · + cp]w, + [c1,\1 + c2A2 + · · · + c~P]w, __ 1 
+ [c1,\f + c2,\f + · · · + cP,\!)w,_2 
+ [c1,\f + c2,\i + ... + cP,\;)w,-3 + ... 

(2.4.13] 

where (ci, c2, ... , cp) are given by equations (2.4.10] through [2.4.12]. Again, 
the dynamic multiplier can be read directly off (2.4.13]: 

[2.4.14] 

reproducing the result from Chapter 1. 
There is a very convenient way to calculate the effect of w on the present 

value of y using the lag operator representation. Write (2.4.13) as 

where 

I/Ii = [c1,\{ + c2,\~ + · · · + cP,\~]

Next rewrite (2.4.15) in lag operator notation as 

y, = ,fl(L)w,, 

where 1/J(L) denotes an infinite-order polynomial in the lag operator: 

,fl(L) = I/lo + I/J1L + "'2L2 + ,fl3L3 + · · · . 

(2.4.15) 

[2.4.16} 

. [2.4.17] 
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Notice that I/Ji is the dynamic multiplier [2.4.14]. The effect of w, on the present 
value of y is given by .. 

a L fJiY,+i .. a 
1-0 = L fJI 'Y,+1 

aw, j-0 aw, 
" 

[2.4.18] 

= L fJll/lj· 
1-0 

Thinking of 1/,(z) as a polynomial in a real number z, 

f/l(z) = I/lo + 1/11z + 1/12Z2 + f/13Z3 + · · · , 

it appears that the multiplier [2.4.18] is simply this polynomial evaluated at z = fJ: 

" 
a L fJ1Y,+1 2 3 

j=O = f/l(fJ) = I/Jo + f/11fJ + 1/1,_{J + f/13{J + · ' ' . [2.4.19] 
aw, 

But comparing [2.4.17] with [2.4.7], it is apparent that 

f/l(L) = [(1 - A1L)(l - A2L) · · · (1 - ,\PL)J- 1, 

and from [2.4.3] this means that 

l/l(L) = [1 - cf,1L - c/>2L 2 - • • • - c/>pLP]-1. 

We conclude that 

f/l(z) = [1 - cf,1z - cf>iz2 - , , • - ct,PzPJ-1 

for any value of z, so, in particular, 

l/l(fJ) = [1 - c/>1fJ - c/>ifJ2 - .•• - c/>pfJPJ-1. 

Substituting [2.4.20] into [2.4.19] reveals that 

1 

aw, 

[2.4.20] 

[2.4.21] 

reproducing the claim in Proposition 1.3. Again, the long-run multiplier obtains 
as the special case of [2.4.21] with fJ = 1: 

2.5. Initial Conditions and Unbounded Sequences 
Section 1.2 analyzed the following problem. Given apth-order difference equation 

Yt = cf>1Y,-1 + cf>iY,-2 + · · ' + c/>pYt-p + w,, 
p initial values of y, 

Y-1, Y-2, · ·,, Y-p• 

and a sequence of values for the input variable w, 

{w0, Wi, ••• , w,}, 
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we sought to calculate the sequence of values for the output variable y: 

{Yo, Y1, · . · , y,}. 

Certainly there are systems where the question is posed in precisely this form. We 
may know the equation of motion for the system [2.5.1] and its current state [2.5.2) 
and wish to characterize the values that {y0 , y1, ••• , y,} might take on for different 
specifications of {w0 , Wi, ... , w,}. 

However, there are many examples in economics and finance in which a 
theory specifies just the equation of motion [2.5.1) and a sequence of driving 
variables [2.5.3]. Clearly, these two pieces of information alone are insufficient to 
determine the sequence {y0 , y1, ••. , y,}, and some additional theory beyond that 
contained in the difference equation [2.5.1] is needed to describe fully the de
pendence of y on w. These additional restrictions can be of interest in their own 
right and also help give some insight into some of the technical details of manip
ulating difference equations. For these reasons, this section discusses in some depth 
an example of the role of initial conditions and their implications for solving dif
ference equations. 

Let P, denote the price of a stock and D, its dividend payment. If an investor 
buys the stock at date t and sells it at t + 1, the investor will earn a yield of 
D,IP, from the dividend and a yield of (P1+ 1 - P,)IP, in capital gains. The investor's 
total return (r,+ 1) is thus 

r,+ 1 = (P,+ 1 - P,)IP, + D,IP,. 

A very simple model of the stock market posits that the return investors earn on 
stocks is constant across time periods: 

r = (Pt+1 - P,)IP, + D,IP, r > 0. [2.5.4] 

Equation [2.5.4] may seem too simplistic to be of much practical interest; it 
assumes among other things that investors have perfect foresight about future stock 
prices and dividends. However, a slightly more realistic model in which expected 
stock returns are constant involves a very similar set of technical issues. The ad
vantage of the perfect-foresight model [2.5.4) is that it can be discussed using the 
tools already in hand to gain some further insight into using lag operators to solve 
difference equations. 

Multiply [2.5.4] by P, to arrive at 

rP, = P,+ 1 - P, + D, 

or 

P1+1 = (1 + r)P, - D,. [2.5.5) 

Equation [2.5.5] will be recognized as a first-order difference equation of the form 
of [1.1.1] with y, = P,+i, cf, = (1 + r), and w, = -D,. From [1.1.7], we know 
that [2.5.5] implies that 

P,+1 = (1 + ry+1P0 - (1 + r)'D 0 - (1 + r)'- 1D1 - (1 + r)1- 2D2 [2.5.6] 

- · · · - (1 + r)D,_ 1 ,- D,. 

If the sequence {D0 , D1, ••• , D,} and the value of P0 were given, then [2.5.6) 
could determine the values of {Pi, P2, ••• , P,+ 1}. But if only the values {D0, Di, 
... , D,} are given, then equation [2.5.6) would not be enough to pin down {P1 , 

P2 , ••• , P,+ 1}. There are an infinite number of possible sequences {Pi, P2 , • •• , 

P,+ 1} consistent with [2.5.5) and with a given {D0 , Di, ... , D,}. This infinite 
number of possibilities is indexed by the initial value P0 • 
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A further simplifying assumption helps clarify the nature of these different 
paths for {P1, P2 , ••• , P,+1}. Suppose that dividends are constant over time: 

D, = D for all t. 

Then [2.5.6) becomes 

P,+1 = (1 + r)'+ 1P0 - [(1 + r)' + (1 + r)'- 1 

+ · · · + (1 + r) + l]D 
= (1 )'+1P, - 1 - (1 + r)'+1 D 

+ r O 1 - (1 + r) 
[2.5.7] 

= (1 + r)'+ 1[P0 - (Dir)] + (Dir). 

Consider first the solution in which P0 = Dir. If the initial stock price should 
happen to take this value, then [2.5.7] implies that 

P, = Dir [2.5.8) 

for all t. In this solution, dividends are constant at D and the stock price is constant 
at Dir. With no change in stock prices, investors never have any capital gains or 
losses, and their return is solely the dividend yield DIP = r. In a world with no 
changes in dividends this seems to be a sensible expression of the theory represented 
by [2.5.4]. Equation [2.5.8] is sometimes described as the "market fundamentals" 
solution to [2.5.4] for the case of constant dividends. 

However, even with constant dividends, equation [2.5.8] is not the only result 
consistent with [2.5.4]. Suppose that the initial price exceeded Dir: 

P0 > Dir. 

Investors seem to be valuing the stock beyond the potential of its constant dividend 
stream. From [2.5. 7) this could be consistent with the asset pricing theory [2.5.4] 
provided that P1 exceeds Dir by an even larger amount. As long as investors all 
·believe that prices will continue to rise over time, each will earn the required return 
r from the realized capital gain and [2.5.4] will be satisfied. This scenario has 
reminded many economists of a speculative bubble in stock prices. 

If such bubbles are to be ruled out, additional knowledge about the process 
for {P,};' __ ,. is required beyond that contained in the theory of [2.5.4]. For example, 
we might argue that finite world resources put an upper limit on feasible stock 
prices, as in 

IP,I <P for all t. [2.5.9] 

Then the only sequence for {P J;o __ ,. consistent with both [2.5.4] and [2.5.9) would 
be the market fundamentals solution [2.5.8]. 

Let us now relax the assumption that dividends are constant and replace it 
with the assumption that {D,};a __ ,. is a bounded sequence. What path for 
{P,};' __ ,. in [2.5.6] is consistent with [2.5.9) in this case? The answer can be found 
by returning to the difference equation [2.5.5]. We arrived at the form (2.5.6] by 
recursively substituting this equation backward. That is, we used the fact that [2.5.5) 
held for dates t, t - 1, t - 2, ... , 0 and recursively substituted to arrive at [2.5.6] 
as a logical implication of [2.5.5]. Equation [2.5.5] could equally well be solved 
recursively forward. To do so, equation [2.5.5] is written as 

1 
P, = -1-- [P,+1 + D,]. 

+r 
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An analogous equation must hold for date t + 1: 

1 
P,+1 = -1-- [P,+2 + D,+1l· + r 

Substitute [2.5.11] into [2.5.10] to deduce 

P, = 1 ~ r L ~ r [P,+2 + D,+il + D,] 

= [1 ~ ,]\+2 + [1 ~ ,rD,+1 + L ~ ,]v,. 
Using [2.5.10] for date t + 2, 

1 
P,+2 = -1-- [P,+3 + D,+2J, + r 

and substituting into [2.5.12] gives 

[2.5.11] 

[2.S.12] 

P, = L ~ ,rP,+3 + [1 ~ ,r D,+2 + [1 ~ ,r D,+I + L ~ ,]v,. 
Continuing in this fashion T periods into the future produces 

P, = [1 ~ ,r P,+T + [1 ~ ,r D,+T-1 + [1 ~ ,r-1
Dr+T-2 

+ ... + [1 ~ ,rD,+1 + [1: ,]D,. 

[2.5.13] 

If the sequence {P,}~= _., is to satisfy [2.5.9), then 

!im [-1 l ]Tpt+T = Q. 
T-x + r 

If {D,r= -xis likewise a bounded sequence, then the following limit exists: 

T [ 1 ]/+l 
lim I -1-- D,+j· 
T-= j=O + r 

Thus, if {P,};"= -xis to be a bounded sequence, then we can take the limit of [2.5.13] 
as T--+ oo to conclude 

" [ 1 ]/+l 
P, = 1~0 1 + r D,+J• [2.5.14) 

which is referred to as the "market fundamentals" solution of [2.5.5) for the general 
case of time-varying dividends. Notice that [2.5.14] produces [2.5.8] as a special 
case when D, = D for all t. 

Describing the value of a variable at time t as a function of future realizations 
of another variable as in [2.5.14) may seem an artifact of assuming a perfect
foresight model of stock prices. However, an analogous set of operations turns out 
to be appropriate in a system similar to [2.5.4] in which expected returns are · 
constant. 1 In such systems [2.5.14] generalizes to 

" [ ]j+l 
P, = L -1 l E,Dt+J• 

1=0 + r 

'See Sargent (1987) and Whiteman (1983) for an Introduction to the manipulation of difference 
equations involving expectations. 
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where E, denotes an expectation of an unknown future quantity based on infor
mation available to investors at date t. 

Expression [2.5.14] determines the particular value for the initial price P0 that 
is consistent with the boundedness condition [2.5.9). Setting t = 0 in (2.5.14) and 
substituting into [2.5.6] produces 

P,+1 = (1 + r)'+ 1{L: r]Do + [1: rrD1 + [1 :· rr D2 

+ ... + _l_ D + -- D + · · · - (1 + r)'Do [ ] l+l [ l ]r+2 } 
1 + r ' 1 + r r+i 

- (1 + r)•- 1D1 - (1 + r)1- 2D2 - • • • - (1 + r)D,_ 1 - D, 

[1: r]Dr+l + L : rr D,+2 + [1: rr D,+3 + ... · 

Thus, setting the initial condition P0 to satisfy [2.5.14) is sufficient to ensure that 
it holds for all t. Choosing P0 equal to any other value would cause the consequences 
of each period's dividends to accumulate over time so as to lead to a violation of 
[2.5.9) eventually. 

It is useful to discuss these same calculations from the perspective of lag 
operators. In Section 2.2 the recursive substitution backward that led from [2.5.5) 
to [2.5.6) was represented by writing [2.5.5] in terms of lag operators as 

[1 - (1 + r)L]P,+ 1 = -D, [2.5.15] 

and multiplying both sides of [2.5.15) by the following operator: 

[1 + (1 + r)L + (1 + r)2L2 + · · · + (1 + r)'L']. [2.5.16] 

If (1 + r) were less than unity, it would be natural to consider the limit of [2.5.16) 
as t-+ co: 

[1 - (1 + r)LJ- 1 = 1 + (1 + r)L + (1 + r)2 L2 + · · · . 

In the case of the theory of stock returns discussed here, however, r > 0 and 
this operator is not defined. In this case, a lag operator representation can be 
sought for the recursive substitution forward that led from [2.5.5] to [2.5.13). This 
is accomplished using the inverse of the lag operator, 

which extends result [2.1.4) to negative values of k. Note that L - 1 is indeed the 
inverse of the operator L: 

L- 1(Lw1) = L - 1w1_ 1 = w,. 

In general, 

with L0 defined as the identity operator: 

L0w, • w,. 
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Now consider multiplying (2.5.15) by 

[1 + (1 + r)-1£-1 + (1 + r)-2L -2 + ... + (1 + r)-<T-1)£ -(T-1)) 
X (-(1 + r)-1£-1) [2.5.17] 

to obtain 

[1 + (1 + r)- 1L- 1 + (1 + r)- 2L- 2 + · · · + (1 + r)-<T- 1>L-CT-1>] 
X [l - (1 + r)- 1L- 1]P,+ 1 

or 

= (1 + (1 + r)- 1L- 1 + (1 + r)- 2L- 2 + · · · 
+ (1 + r)-CT- 1>L -CT-1>] x (1 + r)- 1D,+1 

[1 - (1 + r)-TL-7]P,+1 = [1 ~ r]D,+1 + L: rrD,+2 

+ L ~ rrDr+l + • • • + L: rr D,+T• 

which is identical to [2.5.13) with tin [2.5.13) replaced with t + 1. 
When r > 0 and {P,};"= _,., is a bounded sequence, the left side of the preceding 

equation will approach P,+ 1 as T becomes large. Thus, when r > 0 and {PJ;". _., 
and {DJ;"._., are bounded sequences, the limit of the operator in [2.5.17) exists 
and could be viewed as the inverse of the operator on the left side of [2.5.15]: 

(1- (1 + r)LJ- 1 = -(1 + r)- 1L- 1 

x (1 + (1 + rr 1L- 1 + (1 + r)- 2L- 2 + , , ·). 

Applying this limiting operator to (2.5.15) amounts to solving the difference equa
tion forward as in [2.5.14) and selecting the market fundamentals solution among 
the set of possible time paths for {P,};-__ ., given a particular time path for dividends 
{D,};". _.,. 

Thus, given a first-order difference equation of the form 

(1 - tf,L)y, = w,, [2.5.18) 

Sargent's (1987) advice was to solve the equation "backward" when l<f>I < 1 by 
multiplying by 

[1 - q,LJ- 1 = (1 + q,L .+ q,2L2 + q,3L3 + · · ·] [2.5.19] 

and to solve the equation "forward" when 14'1 > 1 by multiplying by 

-ct,-1£-1 
[1 - cf,LJ-1 = 1 - cf,-lL -I 

(2.5.20] 
= -ct,-tL -1[l + q,-1L -1 + q,-2£-2 + ,,,-JL -3 + .. ·]. 

Defining the inverse of [1 - q,LJ in this way amounts to selecting an operator 
[1 - cf,LJ-1 with the properties that 

[l - q,LJ- 1 x [1 - ,t,L] = 1 (the identity operator) 

and that, when it is applied to a bounded sequence {wJ;". _.,, 

[1 - q,LJ- 1w1, 

the result is another bounded sequence. 
The conclusion from this discussion is that in applying an operator such as 

[1 - ct,LJ-1, we are implicitly imposing a boundedness assumption that rules out 
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phenomena such as the speculative bubbles of equation [2.5.7) a priori. Where 
that is our intention, so much the better, though we should not apply the rules 
[2.5.19] or [2.5.20] without some reflection on their economic content. 
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3 

Stationary 
ARMA Processes 

This chapter introduces univariate ARMA processes, which provide a very useful 
class of models for describing the dynamics of an individual time series. The chapter 
begins with definitions of some of the key concepts used in time series analysis. 
Sections 3.2 through 3.5 then investigate the properties of various ARMA processes. 
Section 3.6 introduces the autocovariance-generating function, which is useful for 
analyzing the consequences of combining different time series and for an under
standing of the population spectrum. The chapter concludes with a discussion of 
invertibility (Section 3.7), which can be important for selecting the ARMA rep
resentation of an observed time series that is appropriate given the uses to be made 
of the model. 

3.1. Expectations, Stationarity, and Ergodicity 

Expectations and Stochastic Processes 

Suppose we have observed a sample of size T of some random variable Y,: 

{Y1,Y2, · .. ,17}. [3.1.1] 

For example, consider a collection of T independent and identically distributed 
(i.i.d.) variables e,, 

[3.1.2] 

with 

e, - N(O, u 2). 

This is referred to as a sample of size T from a Gaussian white noise process. 
The observed sample [3.1.1] represents T particular numbers, but this set of 

T numbers is only one possible outcome of the underlying stochastic process that 
generated the data. Indeed, even if we were to imagine having observed the process 
for an infinite period of time, arriving at the sequence 

{y,}~-_,., = {. · · , Y-1, Yo, Y1, Yi, · · · , Yr, Yr+1, Yr+2, · · ,}, 

the infinite sequence {y,}~-_,., would still be viewed as a single realization from a 
time series process. For example, we might set one computer to work generating 
an infinite sequence of i.i.d. N(O, u 2) variates, {e}1l}~-_,.,, and a second computer 
generating a separate sequence, {eP>}~-_,.,. We would then view these as two 
independent realizations of a Gaussian white noise process. 
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Imagine a battery of I such computers generating sequences {yfll};"= _,.,, 
{yfl};" __ ,.,, ... , {yVl};" __ ,.,, and consider selecting the observation associated with 
date t from each sequence; 

{yP', ypi, ... , yVl}. 

This would be described as a sample of / realizations of the random variable Y,. 
This random variable has some density, denoted fy,(y,), which is called the un
conditional density of Y,. For example, for the Gaussian white noise process, this 
density is given by 

1 [-y~] f y,(y,) = "I/Fiiu exp 2cr2 . 

The expectation of the tth observation of a time series refers to the mean of 
this probability distribution, provided it exists: 

E(Y,) EE r,., y,f y,(y,) dy,. [3.1.3] 

We might view this as the probability limit of the ensemble average: 

1 

E(Y,) = plim (1//) L Y\il. [3.1.4] 
I-+~ i•l 

For example, if {Y,};"= _,., represents the sum of a constantµ plus a Gaussian white 
noise process {i;J;c __ ,.,, 

Y, = µ + E,, 

then its mean is 

E(Y,) = µ + E(i;,) = µ. 

If Y, is a time trend plus Gaussian white noise, 

Y, = f3t + E,, 

then its mean is 

E(Y,) = {3t. 

[3.1.5] 

[3.1.6] 

[3.1.7] 

[3.1.8] 

Sometimes for emphasis the expectation E(Y,) is called the unconditional 
mean of Y,. The unconditional mean is denoted µ,: 

E(Y,) = µ,. 

Note that this notation allows the general possibility that the mean can be a function 
of the date of the observation t. For the process [3.1.7] involving the time trend, 
the mean [3. 1.8] is a function of time, whereas for the constant plus Gaussian white 
noise, the mean [3.1.6] is not a function of time. 

The variance of the random variable Y, (denoted 'Yo,) is similarly defined as 

'Yo, EE E(Y, - µ.,)2 = f,., (y, - µ,)2 f y,(y,) dy,. 
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For example, for the process (3.1.7], the variance is 

'Yo, = E(Y, - /3t)2 = E(en = a 2. 

Autocovariance 
Given a particular realization such as {yP>}~. _., on a time series process, 

consider constructing a vector xp> associated with date t. This vector consists of 
the [j + 1) most recent observations on y as of date t for that realization: 

[
ypl] 

(1) 
cii = Y,-1 x, . . 

yf~, 
We think of each realization {y,};'~ _., as generating one particular value of the 
vector x, and want to calculate the probability distribution of this vector x}'> across 
realizations i. This distribution is called the joint distribution of (Y,, Y,_1, •.• , 

Y,_1). From this distribution we can calculate thejth autocovariance of Y, (denoted 
'Y11): 

'Y1, = r .. r ..... r., (y, - µ.,)(Y,-1 - P.,-1) 

X fY,,Y,-1 .... ,Y,-lY,, Yr-h · • • , Y,-,) dy, dY,-1 · ' · dy,-j (3.1.10] 
= E(Y, - µ.,)(Y,_1 - µ.,_1). 

Note that (3.1.10] has the form of a covariance between two variables X and Y: 

Cov(X, Y) = E(X - P.x)(Y - µ.y), 

Thus (3.1.10] could be described as the covariance of Y, with its own lagged value; 
hence, the term "autocovariance." Notice further from [3.1.10] that the 0th au
tocovariance is just the variance of Y,, as anticipated by the notation 'Yo, in (3.1.9). 

The autocovariance -y1, can be viewed as the (l,j + 1) element of the variance
covariance matrix of the vector x,. For this reason, the autocovariances are de
scribed as the second moments of the process for Y,. 

Again it may be helpful to think of the jth autocovariance as the probability 
limit of an ensemble average: 

I 

y1, = plim (1/1) L (YV> - µ,] · [Y('.!1 - µ.,_Jl. 
1-+'l}JJC i=l 

(3.1.11] 

As an example of calculating autocovariances, note that for the process in 
[3.1.5] the autocovariances are all zero for j -4' 0: 

y1, = E(Y, - µ)(Y,_i - µ) = E(e,e,_1) = 0 for j -4' 0. 

Stationarity 
If neither the meanµ, nor the autocovariances y1, depend on the date t, then 

the process for Y, is said to be covariance-stationary or weakly stationary: 

E(Y,) = µ for all t 

E(Y, - µ.)(Y,_1 - µ) = 'Yi for all t and any j. 
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For example, the process in (3.1.5] is covariance-stationary: 

E(Y,) = µ, 

E(Y, - µ)(Y,-i - µ,) = { ~ 2 for j = 0 

for j -4= 0. 

By contrast, the process of [3.1.7] is not covariance-stationary, because its mean, 
f3t, is a function of time. 

Notice that if a process is covariance-stationary, the covariance between Y, 
and Y,_i depends only on j, the length of time separating the observations, and 
not on t, the date of the observation. It follows that for a covariance-stationary 
process, 'Yi and 'Y-i would represent the same magnitude. To see this, recall the 
definition 

'Yi = E(Y, - µ,)(Y,-i - µ,). [3.1.12] 

If the process is covariance-stationary, then this magnitude is the same for any 
value oft we might have chosen; for example, we can replace t with t + j: 

'Yi= E(Y,+i - µ,)(Y[,+il-i - µ) = E(Y,+i - µ)(Y, - µ) = E(Y, - µ,)(Y,+1 - µ). 

But referring again to the definition [3 .1.12], this last expression is just the definition 
of 'Y-i· Thus, for any covariance-stationary process, 

'Yi= 'Y-i for all integers/. [3.1.13] 

A different concept is that of strict stationarity. A process is said to be strictly 
stationary if, for any values of j 1 , h, ... , j,., the joint distribution of (Y,, Y,+ii• 
Y,+1z• ... , Y,+iJ depends only on the intervals separating the dates (j 1 , j 2 , .•• , 

j 11) and not on the date itself (t). Notice that if a process is strictly stationary with 
finite second moments, then it must be covariance-stationary-if the densities over 
which we are integrating in [3.1.3] and [3.1.10] do not depend on time, then the 
moments µ, and 'Yp will not depend on time. However, it is possible to imagine a 
process that is covariance-stationary but not strictly stationary; the mean and au
tocovariances could not be functions of time, but perhaps higher moments such as 
E(Yl) are. 

In this text the term "stationary" by itself is taken to mean "covariance
stationary." 

A process {Y,} is said to be Gaussian if the joint density 

is Gaussian for any ji, .j2, ••• , j,.. Since the mean and variance are all that are 
needed to parameterize a multivariate Gaussian distribution completely, a covariance
stationary Gaussian process is strictly stationary. 

Ergodicity 

We have viewed expectations of a time series in terms of ensemble averages 
such as [3.1.4] and [3.1.11]. These definitions may seem a bit contrived, since 
usually all one has available is a single realization of size T from the process, which 
we earlier denoted {y\1', y~1l, ... , y~l}. From these observations we would cal
culate the sample mean y. This, of course, is not an ensemble average but rather 
a time average: 

T 

Y=(llT)LyP'- [3.1.14] ,-1 
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Whether time averages such as (3 .1.14] eventually converge to the ensemble concept 
E(Y,) for a stationary process has to do with ergodicity. A covariance-stationary 
process is said to be ergodic for the mean if [3.1.14] converges in probability to 
E(Y,) as T- oo.1 A process will be ergodic for the mean provided that the auto
covariance 'Yi goes to zero sufficiently quickly as j becomes large. In Chapter 7 we 
will see that if the autocovariances for a covariance-stationary process satisfy 

(3.1.15] 

then {Y,} is ergodic for the mean. 
Similarly, a covariance-stationary process is said to be ergodic for second 

moments if 
T 

[1/(T- j)] L (Y, - µ)(Y,-j - µ)~'Yi 
t•j+l 

for all j. Sufficient conditions for second-moment ergodicity will be presented in 
Chapter 7. In the special case where {Y,} is a stationary Gaussian process, condition 
[3.1.15] is sufficient to ensure ergodicity for all moments. 

For many applications, stationarity and ergodicity tum out to amount to the 
same requirements. For purposes of clarifying the concepts of stationarity and 
ergodicity, however, it may be helpful to consider an example of a process that is 
stationary but not ergodic. Suppose the mean µ(il for the ith realization 
{yFl}~--xis generated from a N(O, A2) distribution, say 

Yfl = µ(il + e,. (3.1.16] 

Here {e,} is a Gaussian white noise process with mean zero and variance <T2 that 
is independent of µ(il_ Notice that 

µ, = E(µ.<'l) + E(e,) = 0. 

Also, 

'Yo, = E(µ<i> + e,)2 = ,\2 + <T2 

and 
'Yit = E(µ<iJ + e,)(µ<il + e,-1) = ,\2 for j -4= 0. 

Thus the process of [3.1.16] is covariance-stationary. It does not satisfy the sufficient 
condition [3.1.15] for ergodicity for the mean, however, and indeed, the time average 

T T T 

(1/T) L Yf' = (1/T) L (µ<il + e,) = µ<il + (1/T) L e, 
1-1 ,-1 ,-1 

converges to µ<iJ rather than to zero, the mean of Y,. 

3.2. White Noise 
The basic building block for all the processes considered in this chapter is a sequence 
{e,}~. -x whose elements have mean zero and variance <T2 , 

E(e,) = 0 

E(ef) = <F2, 

and for which the e's are uncorrelated across time: 

(3.2.1] 

[3.2.2] 

'Often "ergodicity" is used in a more general sense; see Anderson and Moore (1979, p. 319) or 
Hannan (1970, pp. 201-20). 
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fort "F T. [3.2.3] 

A process satisfying [3.2.1] through [3.2.3] is described as a white noise process. 
We shall on occasion wish to replace [3.2.3] with the slightly stronger condition 

that the e's are independent across time: 

E,, E, independent for t -4: T. [3.2.4] 

Notice that [3.2.4] implies [3.2.3] but [3.2.3] does not imply [3.2.4]. A process 
satisfying [3.2.1] through [3.2.4] is called an independent white noise process. 

Finally, if [3.2.1] through [3.2.4] hold along with 

e, - N(O, o-2), 

then we have the Gaussian white noise process. 

3.3. Moving Average Processes 

The First-Order Moving Average Process 

[3.2.5] 

Let {E,} be white noise as in [3.2.1] through [3.2.3], and consider the process 

Y, = µ. + e, + 8e,_1, [3.3.1] 

where µ. and 8 could be any constants. This time series is called a first-order moving 
average process, denoted MA(l). The term "moving average" comes from the fact 
that Y, is constructed from a weighted sum, akin to an average, of the two most 
recent values of s. 

The expectation of Y, is given by 

E(Y,) = E(µ + e, + 8e,_1) = µ. + E(e,) + 8·E(e,_ 1) = µ.. [3.3.2] 

We used the symbolµ. for the constant term in [3.3.1] in anticipation of the result 
that this constant term turns out to be the mean of the process. 

The variance of Y, is 

E(Y, - µ.)2 = E(e, + Be,_1)2 

The first autocovariance is 

= E(e; + 28s,e,_1 + 82e;_1) 

=u2+0+8 2u2 
= (1 + 82)u2. 

E(Y, - µ.)(Y,_1 - µ.) = E(e, + 8e,_1)(e,_ 1 + 8e,_J 

[3.3.3] 

= E(e,e,_ 1 + 8e;_1 + 8e,e,_2 + 82e,_ 1e,_ 2) [3.3.4] 

= 0 + 8u2 + 0 + 0. 

Higher autocovariances are all zero: 

E(Y, - µ.)(Y,_1 - µ.) = E(e, + 8e,_1)(e,_1 + Be,_1_ 1) = 0 for j > 1. [3.3.5] 

Since the mean and autocovariances are not functions of time, an MA(l) process 
is covariance-stationary regardless of the value of 8. Furthermore, [3.1.15] is clearly 
satisfied: ,. 

L l'Y;I = (1 + B2)u2 + l8u21, 
;-o 

Thus, if {e,} is Gaussian white noise, then the MA(l) process [3.3.1] is ergodic for 
all moments. 
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The jth autocorrelation of a covariance-stationary process (denoted pi) is de
fined as its jth autocovariance divided by the variance: 

Pi"" 'Y/Yo· [3.3.6] 

Again the terminology arises from the fact that Pi is the correlation between Y, 
and Y,-i: 

Cov(Y,, Y,_) 
Corr(Y,, Y,-) = \!Var(Y,) y'Var(Y,-) 

'YJ -
• c:- • c:- - P· 
v 'Yo v 'Yo '" 

Since p1 is a correlation, IPil :5 1 for all j, by the Cauchy-Schwarz inequality. Notice 
also that the 0th autocorrelation p0 is equal to unity for any covariance-stationary 
process by definition. 

From [3.3.3] and [3.3.41, the first autocorrelation for an MA(l) process is 
given by 

(Ja-2 0 

Pi = (1 + 02)a-2 = (1 + 92)' [3.3.7J 

Higher autocorrelations are all zero. 
The autocorrelation Pi can be plotted as a function of j as in Figure 3.1. Panel 

(a) shows the autocorrelation function for white noise, while panel (b) gives the 
autocorrelation function for the MA(l) process: 

Y, = E1 + 0.8E1_ 1• 

For different specifications of 0 we would obtain different values for the first 
autocorrelation Pt in [3.3.7]. Positive values of 0 induce positive autocorrelation 
in the series. In this case, an unusually large value of Y, is likely to be followed 
by a larger-than-average value for Y,+t, just as a smaller-than-average Y, may well 
be followed by a smaller-than-average Y,+ t· By contrast, negative values of 0 imply 
negative autocorrelation-a large Y, might be expected to be followed by a small 
value for Y,+ i. 

The values for Pi implied by different specifications of 0 are plotted in Figure 
3.2. Notice that the largest possible value for Pt is 0.5; this occurs if 0 = 1. The 
smallest value for p1 is -0.5, which occurs if 0 = -1. For any value of Pt between 
-0.5 and 0.5, there are two different values of 0 that could produce that auto
correlation. This is because the value of 0/(1 + 02) is unchanged if 0 is replaced 
by 1/0: 

(1/0) 02 • (1/0) 0 
Pi = 1 + (1/0)2 = 02 [1 + (1/0)2] = 02 + f 

For example, the processes 

Y, = E, + 0.5e,-i 

and 

Y, = E, + 2E,-i 

would have the same autocorrelation function: 

2 0.5 
P1 = (1 + 22) = (1 + 0.52) = 0.4. 

We will have more to say about the relation between two MA(l) processes that 
share the same autocorrelation function in Section 3.7. 
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(c) MA(4): Y, = s, - 0.6s,_ 1 + 0.3s,_ 2 

- 0.5s,_ 3 + 0.Ss,_4 
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I 
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(b) MA(l): Y, = e, + 0.8e 1_ 1 

,.2..-------------, 

(d) AR(l): Y, = 0.8Y,_ 1 + e, 

(e) AR(l): Y, = -0.8Y,~ 1 + s, 

FIGURE 3.1 Autocorrelation functions for assorted ARMA processes. 

The qth-Order Moving Average Process 

A qth-order moving average process, denoted MA(q), is characterized by 

[3.3.8] 

where {s,} satisfies [3.2.1] through [3.2.3] and (01, 02 , ••• , Oq) could be any real 
numbers. The mean of [3.3.8] is again given byµ: 

E(Y,) = µ + E(e,) + 01·E(e,_ 1) + 82·E(e,_ 2) + · · · + Bq·E(e,-q) = µ. 

The variance of an MA(q) process is 

[3.3.9] 
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FIGURE 3.2 The first autocorrelation (p1) for an MA(l) process possible for 
different values of 0. 

Since the e's are uncorrelated, the variance [3.3.9] is2 

'Yo= <r2 + ef<r2 + 0~<r2 + · · · + e~u2 = (1 + et+ e~ + · · · + e~)<r2 • [3.3.10] 

For j = 1, 2, ... , q, 

'Yi= E[(e, + 01e,_ 1 + 02e,_ 2 + · · · + 0qe,-q) 

[3.3.11] 

= E[0ie;_i + 0i+101e;_i_ 1 + 0i+202e;_i_ 2 + · · · + 0q0q-iel-q]. 

Terms involving e's at different dates have been dropped because their product 
has expectation zero, and 00 is defined to be unity. For j > q, there are no e's with 
common dates in the definition of 'Yi, and so the expectation is zero. Thus, 

_ {[ej + 0j+l01 + 0j+202 + • • • + 0q0q-l(T 2 for j o= 1, 2, • • . I q 
'Yj - 0 for j > q. 

[3.3.12] 

For example, for an MA(2) process, 

'Yo = [1 + e? + 0~]-u2 
'Y1 = [01 + 0201]·<r2 

'Y2 = [ 02] ·<r2 

')'3 = ')'4 = ... = 0. 

For any values of (01, 02 , •.• , 0q), the MA(q) process is thus covariance
stationary. Condition [3.1.15] is satisfied, so for Gaussian e, the MA(q) process is 
also ergodic for all moments. The autocorrelation function is zero after q lags, as 
in panel (c) of Figure 3.1. 

The Infinite-Order Moving Average Process 
The MA(q) process can be written 

'See equation [A.5.18] in Appendix A at the end of the book. 
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with 00 "" 1. Consider the process that results as q----"' 00 : 

X 

Y, = µ + L i/11e,_1 = µ + i/Joe, + i/J1e,-1 + r/12e,_2 + · · · . [3.3.13] 
j-0 

This could be described as an MA(oo) process. To preserve notational flexibility 
later, we will use i/J's for the coefficients of an infinite-order moving average process 
and /J's for the coefficients of a finite-order moving average process. 

Appendix 3.A to this chapter shows that the infinite sequence in [3.3.13] 
generates a well defined covariance-stationary process provided that 

I i/lJ < oo. (3.3.14] 
j-0 

It is often convenient to work with a slightly stronger condition than [3.3.14]: 

[3.3.15] 

A sequence of numbers {i/lJi-o satisfying [3.3.14] is said to be square summable, 
whereas a sequence satisfying [3.3.15] is said to be absolutely summable. Absolute 
summability implies square-summ,ability, but the converse does not hold-there 
are examples of square-summabl~ sequences that are not absolutely summable 
(again, see Appendix 3.A). \ 

The mean and autocovariances of an MA(oo) process with absolutely sum
mable coefficients can be calculated from a simple extrapolation of the results for 
an MA(q) process:3 

E(Y,) = lim E(µ + i/10e, + i/11e,_1 + i/J2e,_ 2 + · · · + i/Jre,_7 ) [3.3.16] 
r-x 

=µ 

'Yo = E(Y, - µ) 2 

= lim E(ifJoe, + i/J1e,_1 + i/J2e,-2 + · · · + i/l·rE:,-r>2 
r-x [3.3.17] 

= lim (ifo + I/Ir + i/1} + , · • + i/l}}·<T2 
r-x 

y1 = E(Y, - µ)(Y,_ 1 - µ) 

= <r2 (r/11i/lu + i/11+11/11 + i/11+21/12 + i/lJ+Ji/13 + · · ·). 
[3.3.18] 

Moreover, an MA( 00 ) process with absolutely summable coefficients has absolutely 
summable autocovariances: 

[3.3.19] 

Hence, an MA(oo) process satisfying [3.3.15] is ergodic for the mean (see Appendix 
3.A). If the e's are Gaussian, then the process is ergodic for all moments. 

'Absolute summability of {,J,)j.0 and existence of the second moment E(ef) are sufficient conditions 
to permit interchanging the order of integration and summation. Specifically, if {X7} 7_ 1 is a sequence 
of random variables such that 

then 

E{ i; xT} = i; E(Xr), 
T•I T•I 

See Rao (1973, p. 111). 
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3.4. Autoregressive Processes 

The First-Order Autoregressive Process 

A first-order auto regression, denoted AR( 1), satisfies the following difference 
equation: 

Y, = c + tJ,Y,_1 + s,. [3.4.1] 

Again, {s,} is a white noise sequence satisfying [3.2.1] through [3.2.3]. Notice that 
[3.4.1] takes the form of the first-order difference equation [1.1.1] or [2.2.1] in 
which the input variable w, is given by w, = c + e,. We know from the analysis 
of first-order difference equations that if 14'1 ~ 1, the consequences of the s's for 
Y accumulate rather than die out over time. It is thus perhaps not surprising that 
when 14'1 ~ 1, there does not exist a covariance-stationary process for Y, with finite 
variance that satisfies [3.4.1]. In the case when 14'1 < 1, there is a covariance
stationaryprocess for Y, satisfying [3.4.1]. It is given by the stable solution to [3.4.1] 
characterized in [2.2.9): 

Y, = (c + s,) + t/,·(c + s,_ 1) + (/l-·(c + s,_ 2) + </r·(c + s,_3) + · · · 
) 2 .L3 [3.4.2] = [d(l - tJ,] + s, + tJ,s,_1 + tJ, e,_2 + v- s,_ 3 + · · ·. 

This can be viewed as an MA( 00 ) process as in [3.3.13) with rf,i given by tJ,i. When 
14'1 < 1, condition [3.3.15] is satisfied: 

X ,0 

I 11/1;1 = I 14'11, 
1-0 J-0 

which equals 1/(1 - 14'1) provided that 14'1 < 1. The remainder of this discussion 
of first-order autoregressive processes assumes that 14'1 < 1. This ensures that the 
MA(co) representation exists and can be manipulated in the obvious way, and that 
the AR(l) process is ergodic for the mean. 

Taking expectations of [3.4.2], we see that 

E(Y,) = [d(l - tJ,)] + 0 + 0 + · · · , 
so that the mean of a stationary AR(l) process is 

The variance is 

µ. = d(l - t/,). 

'Yo = E(Y, - µ.)2 

= E(e, + tJ,e,_1 + (/l-s,_2 + tJ,3s,_3 + · · · )2 

= (1 + tJ,2 + "'4 + "'6 + .. · )·o-2 
= a-2/(1 - 4,2), 

while the jth autocovariance is 

'Yi= E(Y, - µ.)(Y,-; - µ.) 

= E[s, + tJ,s,_ 1 + t/,2s,_2 + · · · + tJ,1s,_1 + 4,1+1s,-i-l 

[3.4.3] 

[3.4.4] 

+ 4,1+2s,_i_ 2 + · · ·] x [s,_1 + tJ,s,-,-1 + (/l-s,·-i-2 + · · ·] [3.4.5] 
= [tJ,i + tJ,i+2 + tJ,i+4 + , , -]-o-2 
= tJ,i[l + 4,2 + "'4 + , , ·)·o-2 
= [tJ,1/(1 - (/l-))·o-2. 
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It follows from ·[3.4.4] and [3.4.5] that the autocorrelation function, 

Pi= 'Y/'Yo = c/J1, [3.4.6] 

follows a pattern of geometric decay as in panel (d) of Figure 3.1. Indeed, the 
autocorrelation function [3.4.6] for a stationary AR(l) process is identical to the 
dynamic multiplier or impulse-response function [1.1.10); the effect of a one-unit 
increase in e, on Y,+J is equal to the correlation between Y, and Y,+J· A positive 
value of cp, like a positive value of 8 for an MA(l) process, implies positive cor
relation between Y, and Y,+i· A negative value of cp implies negative first-order 
but positive second-order autocorrelation, as in panel (e) of Figure 3.1. 

Figure 3;3 sh_ows the effect on the appearance of the time series {y,} of varying 
the parameter cp. The panels show realizations of the process in [3.4.1] with c = 0 
and e, - N(O, 1) for different values of the autoregressive parameter cp. Panel (a) 
displays white noise (cp = 0). A series with no autocorrelation looks choppy and 
patternless to the eye; the value of one observation gives no information about the 
value of the next observation. For cp = 0.5 (panel (b)), the series seems smoother, 
with observations above or below the mean often appearing in clusters of modest 
duration. For cp = 0.9 (panel (c)), departures from the mean can be quite pro
longed; strong shocks take considerable time to die out. 

The moments for a stationary AR(l) were derived above by viewing it as an 
MA(oo) process. A second way to arrive at the same results is to assume that the 
process is covariance-stationary and calculate the moments directly from the dif
ference equation [3.4.1). Taking expectations of both sides of [3.4.1), 

E(Y,) = c + cp·E(Y,_1) + E(e,). [3.4.7] 

Assuming that the process is covariance-stationary, 

E(Y,) = E(Y,_ 1) = µ. 

Substituting [3.4.8) into [3.4.7], 

µ = C + cpµ + 0 

or 

µ = c/(1 - cp), 

reproducing the earlier result [3.4.3]. 

[3.4.8] 

[3.4.9] 

Notice that formula [3.4.9] is clearly not generating a sensible statement if 
le/JI 2: 1. For example, if c > 0 and cp > 1, then Y, in [3.4.1] is equal to a positive 
constant plus a positive number times its lagged value plus a mean-zero random 
variable. Yet [3.4.9) seems to assert that Y, would be negative on average for such 
a process! The reason that formula [3.4.9] is not valid when le/JI 2: 1 is that we 
assumed in [3.4.8] that Y, is covariance-stationary, an assumption which is not 
correct when le/JI 2: 1. 

To find the second moments of Y, in an analogous manner, use [3.4.3] to 
rewrite [3.4.1] as 

Y, = µ(l - cp) + cpY,-1 + E, 

or 

(Y, - µ) = cp(Y,_1 - µ) + e,. 

Now square both sides of [3.4.10] and take expectations: 

[3.4.10] 

E(Y, - µ.f- = cp2E(Y,_ 1 - µ) 2 + 2cpE[(Y,_1 - µ)e,] + E(e~)- [3.4.11] 
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(a) <fJ = 0 (white noise) 

(b) </J = 0.5 

(c) <fJ = 0.9 

FIGURE 3.3 Realizations of an AR(l) process, Y, = <fJY,_1 + e,, for alternative 
values of </J. 
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Recall from [3.4.2] that (Y,_ 1 - µ) is a linear function of e,-i, e,_2 , ••• : 

(Y,-1 - µ) = e,_1 + cpe,_2 + cp2e,_3 + · · · . 
But e, is uncorrelated with e,_ 1, e,_ 2, ••• , so e, must be uncorrelated with 
(Y,_1 - µ). Thus the middle term on the right side of [3.4.11] is zero: 

E[(Y,_ 1 - µ)e,] = 0. [3.4.12] 

Again, assuming covariance-stationarity, we have 

E(Y, - µ) 2 = E(Y,_ 1 - µ) 2 = 'Yo· 

Substituting [3.4.13] and [3.4.12] into [3.4.11], 

'Yu = c/J2'Yo + 0 + er 
or 

reproducing [3.4.4]. 

[3.4.13] 

Similarly, we could multiply [3.4.10] by (Y,-i - µ) and take expectations: 

E[(Y, - µ)(Y,-1 - µ)] [3.4.14] 
= cp·E[(Y,_1 - µ)(Y,_ 1 - µ)] + E[e,(Y,_1 - µ)]. 

But the term (Y,_1 - µ) will be a linear function of e,_1, e,-;-1, e,_1_ 2, ••• , 

which, for j > 0, will be uncorrelated with e,. Thus, for j > 0, the last term on the 
right side in [3.4.14] is zero. Notice, moreover, that the expression appearing in 
the first term on the right side of [3.4.14], 

E[(Y,_ 1 - µ)(Y,-i - µ)], 

is the autocovariance of observations on Y separated by j - 1 periods: 

E[(Y,-1 - µ)(Y1,-11-11-11 - µ)] = 'Y1-1· 

Thus, for j > 0, [3.4.14] becomes 

[3.4.15] 

Equation [3.4.15] takes the form of a first-order difference equation, 

Y, = c/JY,-1 + w,, 
in which the autocovariance y takes the place of the variable y and in which the 
subscript j ( which indexes the order of the autocovariance) replaces t (which indexes 
time). The input w, in [3.4.15] is identically equal to zero. It is easy to see that the 
difference equation [3.4.15] has the solution 

'YJ = cpiyo, 
which reproduces [3.4.6]. We now see why the impulse-response function and 
autocorrelation function for an AR(l) process coincide-they both represent the 
solution to a first-order difference equation with autoregressive parameter cp, an 
initial value of unity, and no subsequent shocks. 

The Second-Order Autoregressive Process 

A second-order autoregression, denoted AR(2), satisfies 

Y, = c + c/J1Y,-1 + c/J2Y,-2 + e,, 
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or, in lag operator notation, 

(1 - </J1L - rf½L2)Y, = c + e,. 

The difference equation (3.4.16] is stable provided that the roots of 

(1 - 'P1Z - qJzZ2) = 0 

[3.4.17] 

[3.4.18] 

lie outside the unit circle. When this condition is satisfied, the AR(2) process turns 
out to be covariance-stationary, and the inverse of the autoregressive operator in 
[3.4.17] is given by 

if,(L) = (1 - </J1L - </J2L2)-1 = i/lo + i/11L + if,zL2 + if,3 L3 + · · ·. [3.4.19] 

Recalling [1.2.44], the value of 'Pi can be found from the (1, 1) element of the 
matrix F raised to the jth power, as in expression [1.2.28]. Where the roots of 
[3.4.18] are distinct, a closed-form expression for 'Pi is given by [1.2.29] and [1.2.25]. 
Exercise 3.3 at the end of this chapter discusses alternative algorithms for calculating 
'Pi. \ 

Multiplying both sides of [3.4.17] by if,(L) gives 

Y, = if,(L)c + if,(L)e,. 

It is straightforward to show that 

if,(L)c = c/(1 - </J1 - </J2) 

and 

[3.4.20] 

[3.4.21] 

[3.4.22] 

the reader is invited to prove these claims in Exercises 3.4 and 3.5. Since [3.4.20] 
is an absolutely summable MA( 00 ) process, its mean is given by the constant term: 

µ, = c/(1 - </J1 - </Jz). [3.4.23] 

An alternative method for calculating the mean is to assume that the process 
is covariance-stationary and take expectations of [3.4.16] directly: 

E(Y,) "" c + </J1E(Y,_ 1) + </J2 E(Y,-2) + E(e,), 

implying 

µ, = C + 'P1/L + <pzµ, + 0, 

reproducing [3.4.23]. 
To find second moments, write [3.4.16] as 

Y, = µ,-(1 - </J1 - </J2) + </J1Y,_1 + </J2Y,-2 + e, 

or 

(Y, - µ,) = </J1(Y,_1 - µ,) + </Ji(Y,-2 - µ,) + e,. [3.4.24] 

Multiplying both sides of [3.4.24] by (Y,-i - µ,) and taking expectations produces 

"Ii = 'P1'Yj-1 + 'P2'Yi-Z for j = 1, 2, . . . . [3.4.25] 

Thus, the autocovariances follow the same second-order difference equation as 
does the process for Y,, with the difference equation for 'Yi indexed by the lag j. 
The autocovariances therefore behave just as the solutions to the second-order 
difference equation analyzed in Section 1.2. An AR(2) process is covariance
stationary provided that </J1 and </Ji lie within the triangular region of Figure 1.5. 
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When <{>1 and <{>2 lie within the triangular region but above the parabola in that 
figure, the autocovariance function 'YJ is the sum of two decaying exponential 
functions of j. When <{>1 and <{>2 fall within the triangular region but below the 
parabola, 'Yi is a damped sinusoidal function. 

The autocorrelations are found by dividing both sides of [3.4.25) by -y0 : 

P1 = <P1P1-1 + <PzP1-2 

In particular, setting j = 1 produces 

for j = 1, 2, .... 

Pi = <Pi + <P2P1 

or 

Pi = </>if(l - cpz). 

For j = 2, 

[3.4.26) 

[3.4.27) 

[3.4.28) 

The variance of a covariance-stationary second-order autoregression can be 
found by multiplying both sides of [3.4.24) by (Y, - µ.) and taking expectations: 

E(Y, - µ.)2 = cf,1·E(Y,_ 1 - µ.)(Y, - µ.) + </>i·E(Y,_z - µ.)(Y, - µ.) 

+ E(e,)(Y, - µ.), 

or 

'Yo = <1>1 'Y1 + <P2'Y2 + <T2• [3.4.29) 

The last term (<T2) in [3.4.29] comes from noticing that 

E(e,)(Y, - µ.) = E(e,)[cf,1(¥ 1_ 1 - µ.) + cf,2(Y,_2 - µ.) + e,] 

= <1>1 ·0 + <f>i·0 + <T2. 

Equation [3.4.29) can be written 

'Yo = <l>1P1 'Yo + AA 'Yo + <T2 • 

Substituting [3.4.27] and [3.4.28) into [3.4.30] gives 

_ [ <l>I <l>2<l>I 2] ~ 
'Yo - (1 - </>i) + (1 - <l>2) + <1>2 'Yo + 

or 

'Yo = (1 + </>i)[(l - <1>2)2 - ct,ff 

The pth-Order Autoregressive Process 

A pth-order autoregression, denoted AR(p), satisfies 

Y, = c + <l>1Y,-1 + <l>2Y,-2 + · · · + cf,pY,_P + e,. 

Provided that the roots of 

1 - cf,1z - <f>iz2 - • • • - cf,PzP = 0 

[3.4.30) 

[3.4.31) 

[3.4.32) 

all lie outside the unit circle, it is straightforward to verify that a covariance
stationary representation of the form 

Y, = µ. + if,(L)e, 
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exists where 

1/J(_L) = (1 - c/,1L - cf,2L2 - · · · - c/,pU)- 1 

and ~i-o Ir/IA < 00 • Assuming that the stationarity condition is satisfied, one way 
to find the mean is to take expectations of [3.4.31]: 

µ = C + c/,1/J-+ "'1_µ + • • . + cppµ, 

or 

µ = c/(1 - c/,1 - c/,2 - ... - c/,p)• 

Using [3.4.34], equation [3.4.31] can be written 

[3.4.34] 

Y, - µ = cf,1(Y,_1 - µ) + cf,i(Y,-2 - µ) + · · · [3.4.35] 
+ <Pp(Y,-p - µ) + E,. 

Autocovariances are found by multiplying both sides of [3.4.35] by (Y,_i - µ) and 
taking expectations: 

_ {c/,1'Yj-1 + cpz'Yj-2 + · · · + c/,p'YJ-p 
'Y· -

I c/,1')'1 + c/,2')'2 + . • . + c/,p')'p + CT2 for j = 0. 

for j = 1, 2, ... 
[3.4.36] 

Using the fact that 'Y-i = 'Yi, the system of equations in [3.4.36] for j = 0, 1, 
... , p can be solved for 'Yo, -y1, ... , 'Yp as functions of cr2, cf,1, cf,2, ... , cf,P. It 
can be shown4 that the (p X 1) vector ( 'Yo, -y1, •.• , 'Yp-1)' is given by the first p 
elements of the first column of the (p 2 x p2) matrix cr2[IP, - (F ® F)J- 1 where 
Fis the (p x p) matrix defined in equation [1.2.3] and® indicates the Kronecker 
product. 

Dividing [3.4.36] by 'Yo produces the Yule-Walker equations: 

P1 = c/,1Pj-1 + c/,ipi-2 + · · · + cf,PPi-P for j = 1, 2, . . . . [3.4.37] 

Thus, the autocovariances and autocorrelations follow the same ptlt-order 
difference equation as does the process itself [3.4.31]. For distinct roots, their 
solutions take the form 

'YJ = g1A{ + g2A~ + · · · + gPA~, 

where the eigenvalues (A1, ... , AP) are the solutions to 

,\P - c/,1Ap-l - c/,2AP-2 - ... - c/,p = 0. 

[3.4.38] 

3.5. Mixed Autoregressive Moving Average Processes 
An ARMA(p, q) process includes both autoregressive and moving average terms: 

Y, = C + c/,1Y,-1 + c/,2Y,-2 + · · · + c/,pYc-p + Er+ 01Ec-l [3.5.1] 

+ 02E1-2 + ' " · + 6qEc-q, 

or, in lag operator form, 

(1 - cf,1L - cf,2 L2 - · · • - c/,pU)Y, 

= C + (1 + 61L + 62L2 + ... + 0qLq)E,. 
[3.5.2] 

Provided that the roots of 

1 - c/,1z - c/,2z2 - · • · - cf,PzP = 0 [3.5.3] 

"'The reader will be invited to prove this in Exercise 10.1 in Chapter 10. 



lie outside the unit circle, both sides of [3.5.2] can be divided by (1 - </J1L - </J2 L2 
- · · · - </JpU) to obtain 

Y, = µ + if,(L)e, 

where 

X 

L Ii/II< 00 
j-0 I 

µ = c/(1 - 'Pl - 'P2 - ... - 'Pp). 

Thus, stationarity of an ARMA process depends entirely on the autoregressive 
parameters (</J1, </J2, ... , </Jp) and not on the moving average parameters (01, 02, 
... , 0q)-

It is often convenient to write the ARMA process [3.5.1] in terms of deviations 
from the mean: 

Y, - µ = </J1(Y,-1 - µ) + </Ji(Y,-2 - µ) + · · · [3.5.4] 
+ </Jp(Y,-p - µ) + E, + 01Er-1 + 02E1-2 + · · · + 0/;t-q· 

Autocovariances are found by multiplying both sides of [3.5.4] by (Y,_i - µ) and 
taking expectations. For j > q, the resulting equations take the form 

'Yi= 'P1'Yi-1 + 'P2'YJ-2 + · · · + 'Pp'Yi-p for j = q + l,q + 2,.... [3.5.5] 

Thus, after q lags the autocovariance function 'Yi (and the autocorrelation function 
pi) follow the pth-order difference equation governed by the autoregressive 
parameters. 

Note that [3.5.5] does not hold for j:,,; q, owing to correlation between 01t:1_i 

and Y,-i· Hence, an ARMA(p, q) process will have more complicated autocovar
iances for lags 1 through q than would the corresponding AR(p) process. For 
j > q with distinct autoregressive roots, the autocovariances will be given by 

(3.5.6] 

This takes the same form as the autocovariances for an AR(p) process [3.4.38], 
though because the initial conditions ('Yo, -y1, ••• , 'Yq) differ for the ARMA and 
AR processes, the parameters hk in [3.5.6] will not be the same as the parameters 
gk in [3.4.38]. 

There is a potential for redundant parameterization with ARMA processes. 
Consider, for example, a simple white noise process, 

Y, = Et. 

Suppose both sides of [3.5.7] are multiplied by (1 - pL): 

(1 - pL)Y, = (1 - pL)e,. 

[3.5.7] 

[3.5.8] 

Clearly, if [3.5.7] is a valid representation, then so is [3.5.8] for any value of p. 
Thus, [3.5.8] might be described as an ARMA(l, 1) process, with </J1 = p and 
01 = - p. It is important to avoid such a parameterization. Since any value of p 
in [3.5.8] describes the data equally well, we will obviously get into trouble trying 
to estimate the parameter pin [3.5.8] by maximum likelihood. Moreover, theo
retical manipulations based on a representation such as [3.5.8] may overlook key 
cancellations. If we are using an ARMA(l, 1) model in which 81 is close to -</Ji, 
then the data might better be modeled as simple white noise. 
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A related overparameterization can arise with an ARMA(p, q) model. Con
sider factoring the lag polynomial operators in [3.5.2] as in [2.4.3]: 

(1 - A1L)(l - A2L) · · · (1 - APL)(Y, - µ.) 
) ) ) [3.5.9] = (1 - T/1L (1 - T/2L ••• (1 - T/qL E,. 

We assume that IA;J < 1 for all i, so that the process is covariance-stationary. If 
the autoregressive operator (1 - ,jJ1L - ,p2L2 - · · · - ,jJPLP) and the moving 
average operator (1 + 01L + 02L2 + · · · + 0qLq) have any roots in common, 
say, A1 = T/i for some i and j, then both sides of [3.5.9] can be divided by 
(1 - A;L): 

p q n c1 - AkL)(Y, - µ.) = n <1 - T/k L)f,, 
k-1 k•l 
k,/,i k"-j 

or 

(1 - ,Pi L - rp!L2 - • • • - ,p;_1U- 1)(Y, - µ.) 
= (1 + etL + e;u + ... + 0;_ 1u- 1)e,, [3.5 -101 

where 

(1 - rptL - rp! L2 - · · · - rp;_1u- 1) 

= (1 - A1L)(l - A2 L) · · · (1 - A;_1L)(l - A;+1L) · · · (1 - APL) 

(1 + etL + eru + · · · + 0;_ 1u- 1) 

= (1 - 711L)(l - 712L) · · · (1 - T/i- 1L)(l - T/i+1L) · · · (1 - T/qL). 

The stationary ARMA(p, q) process satisfying [3.5.2] is clearly identical to the 
stationary ARMA(p - 1, q - 1) process satisfying [3.5.10]. 

3.6. The Autocovariance-Generating Function 
For each of the covariance-stationary processes for Y, considered so far, we cal
culated the sequence of autocovariances {yJj= -x· If this sequence is absolutely 
summable, then one way of summarizing the autocovariances is through a scalar
valued function called the autocovariance-generating function: 

X 

gy(z) = L -yizi. 
;- -x 

[3.6.1] 

This function is constructed by taking the jth autocovariance and multiplying it by 
some number z raised to the jth power, and then summing over all the possible 
values of j. The argument of this function (z) is taken to be a complex scalar. 

Of particular interest as an argument for the autocovariance-generating func
tion is any value of z that lies on the complex unit circle, 

z = cos(w) - i sin(w) = e- 1"', 

where i = y'=1 and w is the radian angle that z makes with the real axis. If the 
autocovariance-generating function is evaluated at z e- 1"' and divided by 271", 
the resulting function of w, 

1 . 1 ~ .. 
sy(w) = - gy(e-"") = - L., yie-'"'', 

271" 21Tj--x 

is called the population spectrum of Y. The population spectrum will be discussed 
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in detail in Chapter 6. There it will be shown that for a process with absolutely 
summable autocovariances, the function sy(w) exists and can be used to calculate 
all of the autocovariances. This means that if two different processes share the 
same autocovariance-generating function, then the two processes exhibit the iden
tical sequence of autocovariances. 

As an example of calculating an autocovariance-geoerating function, consider 
the MA(l) process. From equations [3.3.3] to [3.3.5], its autocovariance-generating 
function is 

gy(z) = [6u 2]z- 1 + [(1 + B2)u2]z0 + [6u2]z1= u2·[6z- 1 + (1 + 02) + 6z]. 

Notice that this expression could alternatively be written 

gy(Z) = o-2(1 + 6z)(l + 6z- 1). 

The form of expression [3.6.2] suggests that for the MA(q) process, 

Y, = µ, + (1 + 01 L + 02 L2 + · · · + 6qU)e" 

the autocovariance-generating function might be calculated as 

gy(z) = o-2(1 + 61z + 02z2 + · · · + Oqzq) 

X (1 + 01Z-1 + 62Z-2 + · · · + 6qz-q). 

[3.6.2] 

[3.6.3] 

This conjecture can be verified by carrying out the multiplication in [3.6.3] and 
collecting terms by powers of z: 

(1 + 01z + 02z2 + · · · + Oqzq) x (1 + 61z- 1 + 62z- 2 + · · · + Oqz-q) 

= (Oq)zq + (6q-t + Oq01)z<q-iJ + (Oq-2 + Oq_101 + Oq62)z<q-Zl 

+ · · · + (01 + 0201 + 6302 + · · · + oqoq_1)z 1 

+ (1 + 6? + 0~ + · · · + O~)zO 

+ (01 + 0201 + 0302 + · · · + Oq6q_1)z- 1 + · · · + (Oq)z-q. 

[3.6.4] 

Comparison of [3.6.4] with [3.3.10] or [3.3.12] confirms that the coefficient on zi 
in [3.6.3] is indeed the jth autocovariance. 

This method for finding gy(z) extends to the MA(oo) case. If 

Y, = µ + if,(L)e, [3.6.5] 

with 

if,(L) 

and 

then 

gy(Z) = u2,t,(z)rf,(Z-1). 

For example, the stationary AR(l) process can be written as 

Y, - µ = (1 - </JL)-1e,, 
I 

[3.6.6] 

[3.6.7] 

[3.6.8] 

which is in the form of [3.6.5] with ,t,(L) = 1/(1 - </JL). The autocovariance: 
generating function for an AR(l) process could therefore be calculated from 

gy(Z) = (1 - </Jz)(l - cf,Z-1)' 

62 Chapter 3 I Stationary ARMA Processes 

[3.6.9] 



To verify this claim directly, expand out the terms in [3.6.91: 

<Tz 
------- = a2(1 + r:f,z + r:f,2z2 + r:f,3z3 + .. ·) 
(1 - r:t,z)(l - r:t,z-1) 

X (1 + r:f,z-1 + ,j,2z-2 + r:f,3z-3 + 

from which the coefficient on zi is 

<T2(,j,i + r:t,i+l,j, + r:t,i+2,j,2 + .. ·) = <T2,j,i/(1 - r:f,2), 

.. ·), 

This indeed yields the jth autocovariance as earlier calculated in equation [3.4.5]. 
The autocovariance-generating function for a stationary ARMA(p, q) process 

can be written 

cr2(1 + 01z + 62z 2 + · · · + 6qzq)(l + 61Z- 1 + 02 Z- 2 + · · · + 6qz-q) 
&v(z) = (1 - r:f,1z - r:f,2z2 - ... - r:f,PzP)(l - r:f,1z-1 - r:f,2z-2 - ... - r:f,Pz-P). 

[3.6.10] 

Filters 

Sometimes the data are filtered, or treated in a particular way before they 
are analyzed, and we would like to summarize the effects of this treatment on the 
autocovariances. This calculation is particularly simple using the autocovariance
generating function. For example, suppose that the original data Y, were generated 
from an MA(l) process, 

Y, = (1 + 6L)e,, [3.6.11] 

with autocovariance-generating function given by [3.6.2]. Let's say that the data 
as actually analyzed, X,, represent the change in Y, over its value the previous 
period: 

X, = Y, - Y,_1 = (1 - L)Y,. [3.6.12] 

Substituting [3.6.111 into [3.6.12], the observed data can be characterized as the 
following MA(2) process, 

X, = (1 - L)(l + 6L)e, = (1 + (0 - l)L - 6L2]e, = [1 + 01L + 62L2]e,, [3.6.13] 

with 61 = (6 - 1) and 62 = - 6. The autocovariance-generating function of the 
observed data X, can be calculated by direct application of [3.6.3]: 

[3.6.14] 

It is often instructive, however, to keep the polynomial (1 + 61z + 62z2) in its 
factored form of the first line of [3.6.13], 

(1 + 61z + 02z 2) = (1 - z)(l + 6z), 

in which case [3.6.14] could be written 

&x(z) = cr2(1 - z)(l + 0z)(l - z- 1)(1 + 0z- 1) 

= (1 - z)(l - z- 1) • gy(z). 
[3.6.15] 

Of course, [3.6.14] and [3.6.15] represent the identical function of z, and which 
way we choose to write it is simply a matter of convenience. Applying the filter 
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(1 - L) to Y, thus results in multiplying its autocovariance-generating function by 
(1 - z)(l - z- 1). 

This principle readily generalizes. Suppose that the original data series {Y,} 
satisfies [3.6.5] through [3.6.7]. Let's say the data are filtered according to 

X, = h(L)Y, [3.6.16] 

with 

X 

h(L) = . I hiU 
1= -x 

Substituting [3.6.5] into [3.6.16], the observed data X, are then generated by 

X, = h(l)µ + h(L)it,(L)e, e µ* + it,*(L)e,, 

whereµ* e h(l)µ and it,*(L) ""'h(L)it,(L). The sequence of coefficients associated 
with the compound operator {rt,t}j= -x turns out to be absolutely summable,5 and 
the autocovariance-generating function of X, can accordingly be calculated as 

8x(z) = crl{,*(z)l{,*(z- 1) = crh(z)rf,(z)rf,(z- 1)h(z- 1) = h(z)h(Z- 1)gy(Z). [3.6.17] 

Applying the filter h(L) to a series thus results in multiplying its autocovariance
generating function by h(z)h(z- 1). 

3. 7. Invertibility 

Invertibility for the MA(l) Process 

Consider an MA(l) process, 

Y, - µ = (1 + 0L)e,, 

with 

'Specifically, 

fort = T 

otherwise. 

= (· · · + h_1z- 1 + h_1+ 1z-l• 1 + · · · + h_,z-• + h0 z0 + h,z' + · · · 
+ h1zi + h1.,z 1• 1 + · · ·)(i/loz" + i/J,z' + i/J,z' + · · ·), 

from which the coefficient on zl is 

Then 
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Provided that 101 < 1, both sides of [3.7.1] can be multiplied by (1 + 0L) - 1 to 
obtain 6 

(1 - 0L + 02L2 - 03v + .. ·)(Y, - µ) = e,, [3.7.2] 

which could be viewed as an AR(oo) representation. If a moving average repre
sentation such as [3.7.1] can be rewritten as an AR(oo) representation such as [3 .7.2] 
simply by inverting the moving average operator (1 + 0L), then the moving average 
representation is said to be invertible. For an MA(l) process, invertibility requires 
101 < 1; if 101 .?: 1, then the infinite sequence in [3.7.2] would not be well defined. 

Let us investigate what invertibility means in terms of the first and second 
moments of the process. Recall that the MA(l) process [3.7.1] has mean µ and 
autocovariance-generating function 

gy(z) = a-2(1 + 0z)(l + 0z- 1). 

Now consider a seemingly different MA(l) process, 

Y, - µ, = (1 + 8L)e,, 

with 

fort = T 

otherwise. 

[3.7.3] 

[3.7.4] 

Note that Y, has the same mean (µ) as Y,. Its autocovariance-generating function 
IS 

gy(Z) = o-2(1 + (Jz)(l + {Jz-1) 

= a2{(e-1z-1 + l)(Oz)} {(e-1z + l)(ez-1)} 
= (o-2e2)(l + [J-1z)(l + [J-1z-1). 

[3.7.5] 

Suppose that the parameters of [3.7.4], (8, 6 2), are related to those of [3.7.1] by 
the following equations: 

0 = 0- 1 

a-2 = 92q2_ 

[3.7.6] 

[3.7.7] 

Then the autocovariance-generating functions [3.7.3] and [3.7.5] would be the 
same, meaning that Y, and Y, would have identical first and second moments. 

Notice from [3.7.6] that if 101 < 1, then 101 > 1. In other words, for any 
invertible MA(l) representation [3.7.1], we have found a noninvertible MA(l) 
representation [3.7.4] with the same first and second moments as the invertible 
representation. Conversely, given any noninvertible representation with lei > 1, 
there exists an invertible representation with 0 = (l/8) that has the same first and 
second moments as the noninvertible representation. In the borderline case where 
0 = ± 1, there is only one representation of the process, and it is noninvertible. 

Not only do the invertible and noninvertible representations share the same 
moments, either representation [3.7.1] or [3.7.4] could be used as an equally valid 
description of any given MA(l) process! Suppose a computer generated an infinite 
sequence of Y's according to [3.7.4] with {J > 1. Thus we know for a fact that the 
data were generated from an MA(l) process expressed in terms of a noninvertible 
representation. In what sense could these same data be associated with an invertible 
MA(l) representation? 

6Note from [2.2.8) that 

(1 + OL)- 1 • (1 - (-O)LJ- 1 = 1 + (-0)L + (-0) 1L2 + (-O)'L' + · · ·. 
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Imagine calculating a series {e,}:C--x defined by 

e, • (1 + 8L)- 1(Y, - µ,) 
= (Y, - µ,) - 8(Y 1_ 1 - µ,) + s2(f,_ 2 - µ,) - 83(Y,_3 - µ,) + ... , [3.7.8] 

where 8 = (118) is the moving average parameter associated with the invertible 
MA(l) representation that shares the same moments as [3.7.4]. Note that since 
!Bl < 1, this produces a well-defined, mean square convergent series {c,}. 

Furthermore, the sequence {e,} so generated is white noise. The simplest way 
to verify this is to calculate the autocovariance-generating function of e, and confirm 
that the coefficient on zi (the jth autocovariance) is equal to zero for any j ,/:. 0. 
From [3.7.8] and [3.6.17], the autocovariance-generating function for e, is given 
by 

g,(z) = (1 + Bz)- 1(1 + sz- 1)- 1gy(z). [3.7.9] 

Substituting [3. 7.5] into [3. 7. 9], 

g,(z) "" (1 + Bz)- 1(1 + Bz- 1)- 1(6-282)(1 + 9-1z)(l + 9- 1z- 1) 

= a-202, 
[3.7.10] 

where the last equality follows from the fact that iJ-1 = 8. Since the autocovariance
generating function is a constant, it follows that e, is a white noise process with 
variance 826-2. 

Multiplying both sides of [3.7.8] by (1 + BL), 

Y, - µ, = (1 + BL)e, 

is a perfectly valid invertible MA(l) representation of data that were actually 
generated from the noninvertible representation [3.7.4]. 

The converse proposition is also true-suppose that the data were really 
generated from [3.7.1] with IBI < 1, an invertible representation. Then there exists 
a noninvertible representation with 8 = 1/8 that describes these data with equal 
validity. To characterize this noninvertible representation, consider the operator 
proposed in [2.5.20] as the appropriate inverse of (1 + BL): 

(o)-lL -1c1 - ce-l)L -1 + co-2)L -2 - <o-3)L -3 + .. ·l 
= 8L- 1[l - 8L- 1 + 82L- 2 - 83L- 3 + · · ·]. 

Define e, to be the series that results from applying this operator to (Y, - µ,), 

e, = 8(Y,+1 - µ,) - 82(Y,+2 - µ,) + 83(Y,...3 - µ,) - · · ·, (3.7.11] 

noting that this series converges for IB! < 1. Again this series is white noise: 

g,(z) = {sz- 1[1 - sz-l + 82Z- 2 - 83z- 3 + .. ·]} 
x {8z[l - 8z1 + 82z2 - 83z3 + · · ·]}u2(1 + 8z)(l + ez- 1) 

= 020-2. 

The coefficient on zi is zero for j ,/:. 0, so e, is white noise as claimed. Furthermore, 
by construction, 

Y, - µ, = (1 + 0L)e,, 

so that we have found a noninvertible MA(l) representation of data that were 
actually generated by the invertible MA(l) representation [3.7.1]. 

Either the invertible or the noninvertible representation could characterize 
any given data equally well, though there is a practical reason for preferring the 
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invertible representation. To find the value of e for date t associated with the 
invertible representation as in [3.7.8], we need to know current and past values of 
Y. By contrast, to find the value of £ for date t associated with the noninvertible 
representation as in [3.7.11), we need to use all of the future values of Y! If the 
intention is to calculate the current value of E1 using real-world data, it will be 
feasible only to work with the invertible representation. Also, as will be noted in 
Chapters 4 and 5, some convenient algorithms for estimating parameters and fore
casting are valid only if the invertible representation is used. 

The value of e1 associated with the invertible representation is sometimes 
called the fundamental innovation for Y,. For the borderline case when IOI = 1, 
the process is noninvertible, but the innovation E1 for such a process will still be 
described as the fundamental innovation for Y,. 

Invertibility for the MA(q) Process 

Consider now the MA(q) process, 

(Y, - µ,) = (1 + 91L + 92 L2 + · · · + OqU)e, 

E(e,E,) = {: 

Provided that the roots of 

fort = T 

otherwise. 

[3.7.12] 

[3.7.13] 

lie outside the unit circle, [3.7.12) can be written as an AR(oo) simply by inverting 
the MA operator, 

where 

(1 + T/1L + T/2L2 + T/3L3 + · · ·) = (1 + 01L + 02u + · · · + 0qu)- 1. 

Where this is the case, the MA(q) representation [3.7.12) is invertible. 
Factor the moving average operator as 

(1 + 91L + 92 L2 + · · · + OqU) = (1 - A1L)(l - A2 L) · · · (1 - AqL). [3.7.14] 

If IA,I < 1 for all i, then the roots of [3.7.13] are all outside the unit circle and the 
representation [3. 7.12) is invertible. If instead some of the ,\1 are outside (but not 
on) the unit circle, Hansen and Sargent (1981, p. 102) suggested the following 
procedure for finding an invertible representation. The autocovariance-generating 
function of Y, can be written 

gy(z) = 172 • {(l - A1Z)(l - A2Z) ... (1 - Aqz)} 

X {(1 - A1z- 1)(1 - A2Z- 1) • • • (1 - Aqz- 1)}. 
[3.7.15] 

Order the A's so that (Ai, A2, ••• , An) are inside the unit circle and (An+t• A,, ... 2 , 

... , Aq) are outside the unit circle. Suppose a2 in [3.7.15) is replaced by 172· 

A~+1·A~+2• • ·A~; since complex A1 appear as conjugate pairs, this is a positive 
real number. Suppose further that (An+t• An+Z• ... , Aq) are replaced with their 
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reciprocals, (>..;;)1, >..;;J2, ... , >..;-1). The resulting function would be 

= a2{fI (1 - A;z)}{ TI [(>..,z-1)(1 - >..1- 1z)]} 
t=l 1='1+1 

X {fI (1 - A;Z-1)}{. Ii [(A,z)(l - A,-1z- 1)]} 
,.. .. 1 r-n+l 

= u2{fr (1 - A1z)}{. TI (>..1z-1 - 1)} 
1=1 r=n+l 

which is identical to [3.7.15]. 
The implication is as follows. Suppose a noninvertible representation for an 

MA(q) process is written in the form 

where 

and 

q 

Y, = µ, + TI (1 - >..1L)s,, 
1=1 

for i = 1, 2, ... , n 

for i = n + 1, n + 2, ... , q 

. (J' 
{

-2 

E(s,sT) = 0 
fort= T 

otherwise. 

Then the invertible representation is given by 

where 

Y, = µ, + {fI (1 - A1L)}{. Il (1 - A,-1L)}1o" 
t=l t'""'n+l 

{
u2>..2 >..2 .•. >..2 

E(e,eT) = 0 n-+-1 n-+-2 q 
fort = T 

otherwise. 

[3.7.16] 

[3.7.17] 

Then (3. 7. 16] and (3. 7 .17] have the identical autocovariance-generating function, 
though only (3.7.17] satisfies the invertibility condition. 

From the structure of the preceding argument, it is clear that there are a 
number of alternative MA(q) representations of the data Y, associated with all the 
possible "flips" between A1 and A;-1• Only one of these has all of the A1 on or inside 
the unit circle. The innovations associated with this representation are said to be 
the fundamental innovations for Y,. 
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APPENDIX 3.A. Convergence Results for Infinite-Order Moving 
Average Processes 

This appendix proves the statements made in the text about convergence for the MA(oo) 
process [3.3.13). 

First we show that absolute summability of the moving average coefficients implies square
summability. Suppose that{1/l;}j.0 is absolutely summable. Then there exists an N < oo such 
that ll/l;I < 1 for all j :2: N, implying ,t,J < 11/1,I for all j :2: N. Then 

z N-1 z N-1 z 

L ,t,J = I ,t,J + L ,t,J < L ,t,J + L l,t,1'-
1-0 jaO j=-N J=O j-N 

But ~to' ,t,J is finite, since N is finite, and ~J-N l,t,A is finite, since {I/I;} is absolutely summable. 
Hence ~i-o ,t,J < oo, establishing that [3.3.15] implies [3.3.14]. 

Next we show that square-summability does not imply absolute summability. For an 
example of a series that is square-summable but not absolutely summable, consider ,f,1 = 
1/j for j = 1, 2, .... Notice that 1/j > 1/x for all x > j, meaning that 

1/j > r \11x) dx 

and so 

N J,N+ I J, 1/j > 1 (1/x) dx = log(N + 1) - log(l) = Iog(N + 1), 

which diverges to oo as N-+ oo. Hence {i/1;};.1 is not absolutely summable. It is, however, 
square-summable, since 1/j2 < 1/x2 for all x < j, meaning that 

1/j2 < f_, (1/x2) dx 

and so 

N J,N L l/j2 < 1 + (l/x 2) dx = 1 + ( -1/x)I;'. 1 = 2 - (1/N), 
/- I 1 

which converges to 2 as N-+ oo. Hence {,t,1};. 1 is square-summable. 
Next we show that square-summability of the moving average coefficients implies that 

the MA(oo) representation in (3.3.13) generates a mean square convergent random variable. 
First recall what is meant by convergence of a deterministic sum such as ~i-o a1 where {a1} 

is just a sequence of numbers. One criterion for determining whether ~r-o a, converges to 
some finite number as T-+ oo is the Cauchy criterion. The Cauchy criterion states that 
~i-o a, converges if and only if, for any e > 0, there exists a suitably large integer N such 
that, for any integer M > N, 

In words, once we have summed N terms, calculating the sum out to a larger number M 
does not change the total by any more than an arbitrarily small number e. 

For a stochastic process such as (3.3.13), the comparable question is whether 
I.f.0 1/J;e,.1 converges in mean square to some random_ variable Y,_ as T-+ oo. In this case 
the Cauchy criterion states that ~i-o ,t,1e,.1 converges 1f and only 1f, for any e > 0, there 
exists a suitably large integer N such that for any integer M > N 

[ 
M N ]2 

E L ,t,,e,_1 - L 1/1/i,_1 < e. 
;-o 1-0 

[3.A.l] 

In words, once N terms have been summed, the difference between that sum and the one 
obtained from summing to M is a random variable whose mean and variance are both 
arbitrarily close to zero. 
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Now, the left side of [3.A.1] is simply 

E[,t,ME,-M + "'M-1E,-M+I + . •. + .,,N+1E,-N-1] 2 

= (,t,2M +.,,,.,_,+.••+.,,~+I) • ql 

= [ f ,t,J - f ,t,J] · u'. 
1-0 ;-o 

[3.A.2] 

But if L7-o ,t,J converges as required by [3.3.14), then by the Cauchy criterion the right side 
of [3.A.2] may be made as small as desired by choice of a suitably large N. Thus the infinite 
series in [3.3.13] converges in mean square provided that (3.3.14] is satisfied. 

Finally, we show that absolute summability of the moving average coefficients implies 
that the process is ergodic for the mean. Write [3.3.18) as 

r; = u' I "''+k"'•· •-o 
Then 

A key property of the absolute value operator is that 

la + b + cl ::s lal + lbl + lei-
Hence 

and 
~ ~ ~ 

r lr;I ::s u 2 r L l,t,;+•"'•I = u2 r r l,t,;+•I · l,t,.I = u2 r l,t,.I r l,t,;+.I. 
/-0 /=0 k=O /=0 k=0 k=0 /=0 

But there exists an M < co such that L1_0 l,t,;I < M, and therefore Li=o l,t,;+•I < M fork = 
0, 1, 2, ... , meaning that 

~ ~ 

L lr,I < u 2 L [,t,.I · M < u 2M 2 < "'· 
j=O k=O 

Hence [3.1.15) holds and the process is ergodic for the mean. 

Chapter 3 Exercises 

3.1. Is the following MA(2) process covariance-stationary? 

Y, = (1 + 2.4L + 0.8L2)E, 

{ 1 for I = T 

E(E,eT) = 0 otherwise. 

If so, calculate its autocovariances. 

3.2. Is the following AR(2) process covariance-stationary? 

(1 - 1.lL + 0.18L2)Y, = e, 

E(E,ET) = { ~ for/ = T 

otherwise. 

If so, calculate its autocovariances. 

3.3. A covariance-stationary AR(p) process, 

(1 - c/>,L - cf,2 L2 - · · · - c/>pU)(Y, - µ,) = e,, 
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has an MA(oo) representation given by 

(Y, - J.L) = if,(L)e, 

with 

r/l(L) = 1/[1 - ~,L - c/>,U - · · · - ~PU] 
or 

[1 - ~1L - ~2L2 - · · · - ~PU] [r/10 + r/1,L + r/12L2 + · · ·] = 1. 
In order for this equation to be true, the implied coefficient on L° must be unity and the 
coefficients on L1, U, L3, ... must be zero. Write out these conditions explicitly and show 
that they imply a recursive algorithm for generating the MA(oo) weights r/10, if,1, .... Show 
that this recursion is algebraically equivalent to setting r/J; equal to the (1, 1) element of the 
matrix F raised to the jth power as in equation [1.2.28]. 

3.4. Derive [3.4.21]. 

3.5. Verify [3.4.22]. 

3.6. Suggest a recursive algorithm for calculating the AR(oo) weights, 

(1 + 11,L + 112 U + · · ·)(Y, - µ,) = e, 
associated with an invertible MA(q) process, 

(Y, - µ) = (1 + 8,L + 82U + · · · + e.U)e,. 
Give a closed-form expression for 11; as a function of the roots of 

(1 + 8,z + 82Z 2 + ... + e.z•) = 0, 
assuming that these roots are all distinct. 

3.7. Repeat Exercise 3.6 for a noninvertible MA(q) process. (HINT: Recall equation 
[3.7.17].) 

3.8. Show that the MA(2) process in Exercise 3.1 is not invertible. Find the invertible 
representation for the process. Calculate the autocovariances of the invertible representation 
using equation [3.3.12] and verify that these are the same as obtained in Exercise 3.1. 
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4 

Forecasting 

This chapter discusses how to forecast time series. Section 4.1 reviews the theory 
of forecasting and introduces the idea of a linear projection, which is a forecast 
formed from a linear function of past observations. Section 4.2 describes the fore
casts one would use for ARMA models if an infinite number of past observations 
were available. These results are useful in theoretical manipulations and in under
standing the formulas in Section 4.3 for approximate optimal forecasts when only 
a finite number of observations are available. 

Section 4.4 describes how to achieve a triangular factorization and Cholesky 
factorization of a variance-covariance matrix. These results are used in that section 
to calculate exact optimal forecasts based on a finite number of observations. They 
will also be used in Chapter 11 to interpret vector autoregressions, in Chapter 13 
to derive the Kalman filter, and in a number of other theoretical calculations and 
numerical methods appearing throughout the text. The triangular factorization is 
used to derive a formula for updating a forecast in Section 4.5 and to establish in 
Section 4.6 that for Gaussian processes the linear projection is better than any 
nonlinear forecast. 

Section 4. 7 analyzes what kind of process results when two different ARMA 
processes are added together. Section 4.8 states Wold's decomposition, which 
provides a basis for using an MA(00 ) representation to characterize the linear 
fore.cast rule for any covariance-stationary process. The section also describes a 
popular empirical approach for finding a reasonable approximation to this repre
sentation that was developed by Box and Jenkins (1976). 

4.1. Principles of Forecasting 

Forecasts Based on Conditional Expectation 
Suppose we are interested in forecasting the value of a variable Y, ... 1 based 

on a set of variables X, observed at date t. For example, we might want to forecast 
Y,...1 based on its m most recent values. In this case, X 1 would consist of a constant 
plus Y,, Y,-1, ... , and Y,-m+I· 

Let Y7+11, denote a forecast of Y1+1 based on X1• To evaluate the usefulness 
of this forecast, we need to specify a loss function, or a summary of how concerned 
we are if our forecast is off by a particular amount. Very convenient results are 
obtained from assuming a quadratic loss function. A quadratic loss function means 
choosing the forecast ¥:+ii, so as to minimize 

E(Y,+1 - Y:+111)2. [4.1.1) 

72 

f 
I 



Expression [ 4 .1.1] is known as the mean squared error associated with the forecast 
Yi+ 11,, denoted 

MSE(Yi+i1,) = E(Y,+ 1 - Yi+i1,)2, 

The forecast with the smallest mean squared error turns out to be the ex
pectation of Y,+1 conditional on X,: 

Yi+11, = E(Y,+1IX,). [4.1.2] 

To verify this claim, consider basing Y;"+11, on any function g(X,) other than the 
conditional expectation, 

Yi+11, = g(X,). [4.1.3] 

For this candidate forecasting rule, the MSE would be 

E[Y,+ 1 - g(X,)]2 = E[Y,+ 1 - E(Y,+ilX,) + E(Y,+ilX,) - g(X,)]2 

= E[Y1+l - E(Y1+1IX,)]2 [4.1.4] 
+ 2E{[Yt+l - E(Y,+1IX,)] [E(Y,+1IX,) - g(X,)]} 

+ E{[E(Y1+1IX,) - g(X,)12}. 

Write the middle term on the right side of [4.1.4] as 

2£[ 111+ il, [ 4.1.5] 
where 

771+1 = {[Y,+1 - E(Y,+1IX,)] (E(Y,+1IX,) - g(X,)]}. 

Consider first the expectation of 77,+1 conditional on X,. Conditional on X,, the 
terms E(Y, + 1IX,) and g(X,) are known constants and can be factored out of this 
expectation: 1 

£[11,+1IX,] = (E(Y,+IIX,) - g(X,)] X E([Y,+1 - E(Y,+1IX,)]IX,) 

= [E(Y,+1IX,) - g(X,)] X 0 

= 0. 
By a straightforward application of the law of iterated expectations, equation [A.5.10], 
it follows that 

E[11,+il = Ex,(E(71,+1IX,]) = 0. 

Substituting this back into [4.1.4] gives 

E[Y,+l - g(X,)]2 = E[Y,+1 - E(Y,+1IX,)]2 + E([E(Y,+1IX,) - g(X,)]2). [4.1.6] 

The second term on the right side of [4.1.6] cannot be made smaller than zero, 
and the first term does not depend on g(X,). The function g(X,) that makes the 
mean squared error [4.1.6] as small as possible is the function that sets the second 
term in (4.1.6] to zero: 

E(Y,+1IX,) = g(X,). [4.1.7] 

Thus the forecast g(X,) that minimizes the mean squared error is the conditional 
expectation E(Y,+ 1IX,), as claimed. 

The MSE of this optimal forecast is 

E[Yt+ 1 - g(X,)12 = E[Y, ... 1 - E(Y, ... 1IX,)]2. [4.1.8] 

'The conditional expectation E(Y,. ,IX,) represents the conditional population moment of the ran
dom variable Y,. 1 and is not a function of the random variable Y,., itself. For example, if Y,. ,IX, -
N(0t'X,, fi), then E(Y,.,IX,) = u'X,. which does not depend on Y,.,. 
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Forecasts Based on Linear Projection 
We now restrict the class of forecasts considered by requiring the forecast 

Y:+11, to be a linear function of X,: 

[4.1.9] 

Suppose we were to find a value for o: such that the forecast error (Yi+ 1 - a.'X,) 
is uncorrelated with X,: 

E[(Y 1+1 - a.'X,)X;] = O'. [4.1.10] 

If [4.1.10] holds, then the forecast o:'X, is called the linear projection of Y,+1 on 
x,. 

The linear projection turns out to produce the smallest mean squared error. 
among the class of linear forecasting rules. The proof of this claim closely parallels 
the demonstration of the optimality of the conditional expectation among the set 
of all possible forecasts. Let g'X, denote any arbitrary linear forecasting rule. Note 
that its MSE is 

E[Y,+ 1 - g'X,]2 

= E[Y,+ 1 - a.'X, + a.'X, - g'X,]2 
= E[Y,+ 1 - a.'X,]2 + 2E{[Y,+1 - a.'X,] [a.'X, - g'X,]} 

+ E[a.'X, - g'X,]2. 

(4.1.11] 

As in the case of [4.1.4], the middle term on the right side of [4.1.11] is zero: 

E([Y,+1 - a.'X,] [a'X, - g'X,]) = (E[Y,+ 1 - a.'X,]X;)[a. - g] = O'[a. - g], 

by virtue of (4.1.10]. Thus [4.1.11] simplifies to 

E[Y,+ 1 - g'X,]2 = E[Y,+ 1 - a.'X,]2 + E[a.'X, - g'X,]2. [4.1.12] 

The optimal linear forecast g'X, is the value that sets the second term in [4.1.12] 
equal to zero: 

g'X, = a.'X,, 

where a.'X, satisfies [ 4.1.10). 
For a.'X, satisfying [4.1.10], we will use the notation 

P(Y,+1IX,) = a.'X,, 

or sometimes simply 

Y,+11, = a.'X,, 

to indicate the linear projection of Y,+i on X,. Notice that 

MSE[P(Y1+1IX,)] 2: MSE[E(Y1+1IX,)), 

since the conditional expectation offers the best possible forecast. 
For most applications a constant term will be included in the projection. We 

will use the symbol 't to indicate a linear projection on a vector of random variables 
X, along with a constant term: 

£(Y1+1IX,) =l P(Y1+1ll, X,). 

Properties of Linear Projection 
It is straightforward to use [4.1.10] to calculate the projection coefficient o: 

in terms of the moments of Y,+1 and X,: 

E(Y1+1X:) = a.' E(x,x:), 
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or 

[4.1.13] 

assuming that E(X,X;) is a nonsingular matrix. When E(X,X;) is singular, the 
coefficient vector <Xis not uniquely determined by [4.1.10], though the product of 
this vector with the explanatory variables, o:'X,, is uniquely determined by [4.1.10]. 2 

The MSE associated with a linear projection is given by 

E(Y,+ 1 - o:'X,)2 = E(Y,+ 1)2 - 2E(o:'X,Y,+ 1) + E(tx'X,X;o:). [4.1.14] 

Substituting [4.1.13] into [4.1.14] produces 

E(Y,+ 1 - o:'X,)2 = E(Y,+ 1)2 - 2E(Y,+ 1X;)[E(X,X;)J- 1E(X 1Y,+1) 

+ E(Y,+1X;)[E(X,X;)J- 1 [4.1.15] 
X E(x,x;)[E(X,X;)J- 1E(X,Y,...1) 

= E(Y,+ 1)2 - E(Y,+ 1X;)[E(X 1X;)J- 1E(X 1Y,+1)-

Notice that if X, includes a constant term, then the projection of (aY,-+-1 + b) 
on X, (where a and b are deterministic constants) is equal to 

P[(aY,+1 + b)IX,] = a·P(Y,+ 1IX,) + b. 

To see this, observe that a· P(Y,+ 1IX,) + b is a linear function of X,. Moreover, 
the forecast error, 

[aY,+1 + b] - [a·P(Y 1+1IX,) + b] = a[Y1+1 - P(Y,+ 1IX,)], 

is uncorrelated with X,, as required of a linear projection. 

---
Linear Projection and Ordinary Least Squares Regression 

Linear projection is closely related to ordinary least squares regression. This 
subsection discusses the relationship between the two concepts. 

A linear regression model relates an observation on Yr+t to x,: 
Y,+1 = 13'x, + u,. [4.1.16] 

Given a sample of T observations on y and x, the sample sum of squared residuals 
is defined as 

T 

L (Y,+1 - 13'x,)2• [4.1.17] ,-1 
The value of p that minimizes [4.1.17], denoted b, is the ordinary least squares 
(OLS) estimate of 13. The formula for b turns out to be 

b = [f x,x;]-1 [f x,Y1+1], ,-1 ,-1 
[4.1.18] 

2If E(X,X;) is singular, there exists a nonzero vector c such that c'·E(X,X;)·c = E(c'X,)2 = 0, so 
that some linear combination c'X, is equal to zero for all realizations. For example, if X, consists of 
two random variables, the second variable must be a rescaled version of the first: X,, = c·X 1,. One 
could simply drop the redundant variables from such a system and calculate the linear projection of 
Y,+ 1 on x:, where x:, is a vector consisting of the nonredundant elements of X,. This linear projection 
"'•'Xi can be uniquely calculated from (4.1.13] with X, in (4.1.13] replaced by x:. Any linear com
bination of the original variables OL'X, satisfying [4.1.10] represents this same random variable; that is, 
OL'X, • "'••x: for all values of"' consistent with [4.1.10]. 
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which equivalently can be written 

b = [ (1/T) t x,x; ]-
1 

[ (1/T) ,i x,Y1+1]. (4.1.19] 

Comparing the OLS coefficient estimate bin equation [4.1.19) with the linear 
projection coefficient« in equation (4.1.13], we see that bis constructed from the 
sample moments (1/T)'2.T_1x,x; and (l/T)'2.T_1x1y,+ 1 while « is constructed from 
population moments E(X,X;) and E(X,Y,+1). Thus OLS regression is a summary 
of the particular sample observations (x1, x2 , ... , xr) and (Yi, y3 , ••• , Yr+1), 
whereas linear projection is a summary of the population characteristics of the 
stochastic process {X,, Y,+1};"_ -x· 

Although linear projection describes population moments and ordinary least 
squares describes sample moments, there is a formal mathematical sense in which 
the two operations are the same. Appendix 4.A to this chapter discusses this parallel 
and shows how the formulas for an OLS regression can be viewed as a special case 
of the formulas for a linear projection. 

Notice that if the stochastic process {X,, Y,+1} is covariance-stationary and 
ergodic for second moments, then the sample moments will converge to the pop
ulation moments as the sample size T goes to infinity: 

T 

(1/T) L x,x; ~ E(x,x;) 
t=l 

T 

(1/T) L X,Y1+1~E(X,Y,+1), 
,-1 

implying 

(4.1.20) 

Thus OLS regression of Y,+1 on x, yields a consistent estimate of the linear 
projection coefficient. Note that this result requires only that the process be ergodic 
for second moments. By contrast, structural econometric analysis requires much 
stronger assumptions about the relation between X and Y. The difference arises 
because structural analysis seeks the effect of X on Y. In structural analysis, changes 
in X are associated with a particular structural event such as a change in Federal 
Reserve policy, and the objective is to evaluate the consequences for Y. Where 
that is the objective, it is very important to consider the nature of the correlation 
between X and Y before relying on OLS estimates. In the case of linear projection, 
however, the only concern is forecasting, for which it does not matter whether it 
is X that causes Y or Y that causes X. Their observed historical comovements (as 
summarized by E(X,Y,+ 1)) are all that is needed for calculating a forecast. Result 
[4.1.20] shows that ordinary least squares regression provides a sound basis for 
forecasting under very mild assumptions. 

One possible violation of these assumptions should nevertheless be noted. 
Result [4.1.20) was derived by assuming a covariance-stationary, ergodic process. 
However, the moments of the data may have changed over time in fundamental 
ways, or the future environment may be different from that in the past. Where 
this is the case, ordinary least squares may be undesirable, and better forecasts 
can emerge from careful structural analysis. 
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Forecasting Vectors 

The preceding results can be extended to forecast an (n x 1) vector Y,+ 1 on 
the basis of a linear function of an (m x 1) vector X,: 

[4.1.21) 

Then a' would denote an (n x m) matrix of projection coefficients satisfying 

[4.1.22] 

that is, each of then elements of (Y,+ 1 - Y,+ 11,) is uncorrelated with each of the 
m elements of X,. Accordingly, the jth element of the vector Y,+ 11, gives the 
minimum MSE forecast of the scalar Yi.t+ 1• Moreover, to forecast any linear com
bination of the elements of Y,+1, say, z,+1 = h'Y,+i, the minimum MSE forecast 
of z,+ 1 requires (z,+ 1 - 2,+11,) to be uncorrelated with X,. But since each of the 
elements of (Y,+ 1 - Yi+ 11i) is uncorrelated with X,, clearly h'(Y,+ 1 -Y,+ 11,) is also 
uncorrelated with X,. Thus when Y,+ 11, satisfies [4.1.22], then h'Y,+ 11, is the min
imum MSE forecast of h'Y,+ 1 for any value of h. 

From (4.1.22), the matrix of projection coefficients is given by 

(4.1.23] 

The matrix generalization of the formula for the mean squared error (4.1.15] is 

MSE(a'X,) = E{[Y,+ 1 - a'X,) · [Y,+1 - a'Xi]'} 

= E(Y,+1Y;+ 1) - [E(Y,+ 1X;)] · [E(X;X,W 1 • [E(X,Y;+ 1)). 

4.2. Forecasts Based on an Infinite Number 
of Observations 

Forecasting Based on Lagged e's 

Consider a process with an MA(oo) representation 

(Y, - µ.,) = if,(L)e, 

with e, white noise and 
X 

it,(L) = ~ if,iV 
j-0 

ifro = 1 

[4.1.24] 

(4.2.1) 

[4.2.2) 

Suppose that we have an infinite number of observations on e through date t, {e0 

e,_1, e,_2 , •.. }, and further know the values ofµ., and {if,i, if,2 , ••. }. Say we want 
to forecast the value of Yr+,, that is, the value that Y will take on s periods from 
now. Note that [4.2.1) implies 

Y,+s = /J, + E1+s + ifr1Et+s-1 + · · · + %-1E1+1 + ifrse, 
+ o/s+1E,-1 + . ' '· 

The optimal linear forecast takes the form 

(4.2.3] 

.t'[Yr+sle,, e,-1,, , ,] = /J, + ifrse, + o/s+1E1-1 + %+2E1-2 + · · ·. [4.2.4) 
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That is, the unknown future e's are set to their expected value of zero. The error 
associated with this forecast is 

Y,+s - P[Yt+,le,, £1-t, ... ] = E1+s + i/J1£1u-1 + · · · + "1,-1£ 1+1· [4.2.5] 

In order for [4.2.4] to be the optimal linear forecast, condition [4.1.10] re
quires the forecast error to have mean zero and to be uncorrelated withe,, e,_ 1, 
.... It is readily confirmed that the error in [4.2.5] has these properties, so (4.2.4] 
must indeed be the linear projection, as claimed. The mean squared error associated 
with this forecast is 

E(Y,u - .t:[Yt+,le,,e,_1, •• • ]) 2 = (1 + "1f + ~ + · · · + iJ?,_1)cr. [4.2.6] 

For example, for an MA(q) process, 

ip(L) = 1 + B1L + B2L2 + ... + equ, 
the optimal linear forecast is 

E:[Y,u!e,, e,-1, ... ] 

for s = 1, 2, ... , q 

[4.2.7] 

= {: + 6,e, + 6,+1e,_1 + · · · + Bqet-q+s 
for s = q + 1, q + 2, .... 

The MSE is 

er 
(1 + /Jt + 6~ + · · · + B;_1)u 2 

(1 + Bt + e~ + · · · + e~)u2 

fors = 1 

for s = 2, 3, ... , q 

fors=q+l,q+2, .... 

The MSE increases with the forecast horizons up until s = q. If we try to 
forecast an MA(q) farther than q periods into the future, the forecast is simply the 
unconditional mean of the series (E(Y,) = µ,) and the MSE is the unconditional 
variance of the series (Var(Y,) = (1 + 61 + 6~ + · · · + B!)u2). 

These properties also characterize the MA( 00 ) case as the forecast horizon s 
goes to infinity. It is straightforward to establish from (4.2.2] that as s-+ oo, the 
forecast in (4.2.4] converges in mean square to µ,, the unconditional mean. The 
MSE [4.2.6] likewise converges to u2 I-i=o"1J, which is the unconditional variance 
of the MA(oo) process [4.2.1]. 

A compact lag operator expression for the forecast in [4.2.4] is sometimes 
used. Consider taking the polynomial i/J(L) and dividing by V: 

"1:(L) = L -, + .,, Li-,+ .,, L2-, + ... + .,, L -1 + .,, Lo L' .,,1 .,,2 .,,, - 1 .,,, 

+ t/J,+1L1 + i/Js+2L2 + .... 
The annihilation operatoi3 (indicated by [ ·] +) replaces negative powers of L by 
zero; for example, 

. [1/J(L)] U + = IPs + 1Ps-+1L1 + 1Ps+2Lz + .... [4.2.8] 

Comparing (4.2.8] with (4.2.4], the optimal forecast could be written in lag operator 
notation as 

E[Y, ... ,le,, e,-1, ... ] = µ, + [ "'i:) Le,. [4.2.9] 

'This discussion of forecasting based on the annihilation operator is similar to that in Sargent (1987). 
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Forecasting Based on Lagged Y's 
The previous forecasts were based on the assumption that e, is observed 

directly, In the usual forecasting situation, we actually have observations on lagged 
Y's, not lagged e's. Suppose that the process [4.2.1) has an AR(co) representation 
given by 

11(L )(Y, - µ.) = e,, [4.2.10) 

where 71(L) • "i.j.0711U, 'Tio = 1, and "i.j.ol'IJ,I < 00 • Suppose further that the AR 
polynomial 71(L) and the MA polynomial ,f,(L) are related by 

11(L) = [,/l(L)J- 1• [4.2.11) 

A covariance-stationary AR(p) model of the form 

(1 - tf,1L - t/>,_L2 - • • • - tf,PLP)(Y1 - µ.) = e,, [4.2.12] 

or, more compactly, 

tf,(L)(Y, - µ.) = e., 

clearly satisfies these requirements, with 71(L) = tf,(L) and tf,(L) = [tf,(LW 1, An 
MA ( q) process 

[4.2.13) 

or 

Y, - µ. = 8(,L)e1 

is also of this form, with ,f,(L) = B(L) and 'IJ(L) = [8(,L)j-1, provided that [4.2.13] 
is based on the invertible representation. With a noninvertible MA(q), the roots 
must first be flipped as described in Section 3. 7 before applying the formulas given 
in this section. An ARMA(p, q) also satisfies [4.2.10] and (4.2.11) with tf,(L) = 
B(L)/tf,(L), provided that the autoregressive operator tf,(L) satisfies the stationarity 
condition (roots of tf,(z) = 0 lie outside the unit circle) and that the moving average 
operator B(L) satisfies the invertibility condition (roots of 8(,z) = 0 lie outside the 
unit circle) . 

Where the restrictions associated with [4.2.10) and (4.2.11] are satisfied, ob
servations on {Y1, Y1_ 1, ••• } will be sufficient to construct {e., e,_ 1, .•• }. For 
example, for an AR(l) process (4.2.10) would be 

(1 - tf,L)(Y, - µ.) = e,. · (4.2.14] 

Thus, given tf, and µ. and observation of Y, and Y,_ 1, the value of s, can be 
constructed from 

e, = (Y, - µ.) - tf,(Y1_ 1 - µ.). 

For an MA(l) process written in invertible form, [4.2.10) would be 

(1 + BL)- 1(Y, - µ.) = e,. 
Given an infinite number of observations on Y, we could construct e from 

e, = (Y, - µ.) - B(Y,_1 - µ.) + 82(Y,_2 - µ.) 

- e3(Y,_3 - µ.) + · · · . 
(4.2.15) 

Under these conditions, [4.2.10) can be substituted into [4.2.9] to obtain the 
forecast of Y,+• as a function of lagged Y's: 

- [!!!ill] - . £°[Y,+.IY,, Y,-i, . .. ) - µ. + L· +71(L)(Y, µ.), 
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or, using (4.2.11], 

[ i/l(L)] 1 t[Y,+slY,, Y,_1, •.• ] = µ, + U +i/l(L) (Y, - µ,). [4.2.16] 

Equation [4.2.16] is known as the Wiener-Kolmogorov prediction formula. Several 
examples of using this forecasting rule follow. 

and 

Forecasting an AR(l) Process 

For the covariance-stationary AR(l) process (4.2.14], we have 

i/l(L) = 1/(1 - cpl) = 1 + cpl + cfU + cf,3L3 + · · · [4.2.17] 

["'~:)L =cps+ cps+lu + cps+ZU + · · · = cps/(1 - cpL). (4.2.18] 

Substituting [4.2.18] into [4.2.16] yields the optimal linear s-period-ahead forecast 
for a stationary AR(l) process: 

, cp• 
E[Yr+slY,, Y,-1, ... ] = µ, + 1 - cpl (1 - cpL)(Y, - µ,) 

[4.2.19] 
= µ, + cp'(Y, - µ,). 

The forecast decays geometrically from (Y, - µ,) towardµ, as the forecast horizon 
s increases. From [4.2.17], the moving average weight i/11 is given by cpl, so from 
[4.2.6], the mean squared s-period-ahead forecast error is 

(1 + cp2 + cp4 + ... + cp2<s-l)]u2. 

Notice that this grows with s and asymptotically approaches u 2/(1 - cf), the 
unconditional variance of Y. 

Forecasting an AR(p) Process 

Next consider forecasting the stationary AR(p) process [4.2.12]. The Wiener
Kolmogorov formula in [4.2.16] essentially expresses the value of (Yi+s - µ,) in 
terms of initial values {(Y, - µ,), (Y,_ 1 - µ,), ... } and subsequent values of {e,+ 1, 

c1+ 2 , •.• , e,+s} and then drops the terms involving future e's. An expression of 
this form was provided by equation [1.2.26], which described the value of a variable 
subject to a pth-order difference equation in terms of initial conditions and sub
sequent shocks: 

Y,+s - µ, = f\'J(Y, - µ,) + f\1(Y,-1 - µ,) + · · · + fi1(Y,-p+1 - µ,) 

+ Er+s + i/11E1+s-l + i/lze,+s-2 + · · · + i/ls-1E1+1, 

[4.2.20] 

where 

[4.2.21] 
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Recall that/W denotes the (1, 1) element of Fi,tW denotes the (1, 2) element of 
Fi, and so on, where Fis the following (p x p) matrix: 

<P1 <P2 cp3 <Pp-1 <Pp 
1 0 0 0 0 

F= 0 1 0 0 0 

0 0 0 1 0 

The optimal s-period-ahead forecast is thus 

Y,+slt = /J, + fW(Y, - µ,) + fi1(Y,-1 - µ,) + 
(4.2.22] 

+ fi1(Y,-p+1 - µ,). 

Notice that for any forecast horizons the optimal forecast is a constant plus a linear 
function of {Y,, Y,_i, ... , Y,-p+1}. The associated forecast error is 

Y,+s - Y,+slt = Et+s + i/J1E1+s-l + r/12E1+s-2 + ·' · + i/J,-1E1+l· (4.2.23] 

The easiest way to calculate the forecast in [4.2.22] is through a simple re
cursion. This recursion can be deduced independently from a principle known as 
the law of iterated projections, which will be proved formally in Section 4.5. Suppose 
that at date t we wanted to make a one-period-ahead forecast of Y,+ 1• The optimal 
forecast is clearly 

(Y,+11, - µ,) = <P1(Y, - µ,) + <P2(Y,-1 - µ,) + · · · 
+ c/Jp(Y,-p+1 - µ,). 

[4.2.24] 

Consider next a two-period-ahead forecast. Suppose that at date t + 1 we were 
to make a one-period-ahead forecast of Y,+z· Replacing t with t + 1 in [4.2.24] 
gives the optimal forecast as 

(Y,+211+1 - µ,) = <P1(Y,+1 - µ,) + <P2(Y, - µ,) + ' ' ' 
+ cpp(Y,-p+2 - µ,). 

[4.2.25] 

The law of iterated projections asserts that if this date t + 1 forecast of Y, + 2 is 
projected on date t information, the result is the date t forecast of Y,+2. At date 
t the values Y,, Y,_1, ••• , Y,-p+2 in (4.2.25] are known. Thus, 

(Y,+211 - µ,) = <P1(Y',+1jt - µ,) + <P2(Y, - µ,) + ... 
+ cpp(Y,-p+2 - µ,). 

(4.2.26] 

Substituting [4.2.24] into [4.2.26] then yields the two-period-ahead forecast for an 
AR(p) process: 

(Y,+21, - µ,) = <P1[</Ji(Y, - µ,) + <P2(Y,-1 - µ,) + · · · + c/Jp(Y,-p+i - µ,)] 

+ <P2(Y, - µ,) + c/JJ{Y,-1 - µ,) + · · · + c/Jp(Y,-p+2 - µ,) 

= (<Pi + <P2)(Y, - µ,) + (c/J1<P2 + c/JJ)(Y,-1 - µ,) + · · · 
+ (<P1<Pp-I + c/Jp)(Y,-p+2 - µ,) + <P1</Jp(Y,_p+l - µ,). 

The s-period-ahead forecasts of an AR(p) process can be obtained by iterating 
on 

(Y,+il' - µ,) = c/Ji(Y,+j-11, - µ,) + <P2(Y,+j-21, - µ,) + 
+ c/Jp(Y,+j-pl, - µ,) 

(4.2.27] 
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for j = 1, 2, ... , s where 

for T :5 t. 

Forecasting an MA(l) Process 

Next consider an invertible MA(l) representation, 

Y, - µ, = (1 + BL )e, [4.2.28) 

with IBI < 1. Replacing l{,(L) in the Wiener-Kolmogorov formula [4.2.16) with 
(1 + BL) gives 

[ 1 + BL] 1 
Y,+slt = µ, + ~ + 1 + BL (Y, - µ,). 

To forecast an MA(l) process one period into the future (s = 1), 

[l: 1BLt =B, 

and so 

• e 
Y,+11, = µ, + 1 + BL (Y, - µ,) 

= /J, + B(Y, - µ,) - e2(Y,-1 - µ,) + B3(Y,-2 - µ,) - • • • • 

It is sometimes useful to write [4.2.28) as 

1 
e, = 1 + BL (Y, - µ,) 

and view e, as the outcome of an infinite recursion, 

e, = (Y, - µ,) - ee,-1· 
The one-period-ahead forecast [4.2.30) could then be written as 

[4.2.29) 

[4.2.30) 

[4.2.31) 

Y,+11, = µ, + ee,. [4.2.32) 

Equation [4.2.31] is in fact an exact characterization of e,, deduced from 
simple rearrangement of [4.2.28). The "hat" notation(€,) is introduced at this point 
in anticipation of the approximations to e, that will be introduced in the following 
section and substituted into [4.2.31) and [4.2.32]. 

To forecast an MA(l) process for s = 2, 3, ... periods into the future, 

[ 1 +L'BL] + = O for s = 2, 3, ... ; 

and so, from [4.2.29), 

for s = 2, 3, .... 

Forecasting an MA(q) Process 

For an invertible MA(q) process, 

(Y, - µ,) = (1 + 61L + B2L2 + · · · + BqLq)e,, 
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the forecast [4.2.16) becomes 

'f' _ [1 + 81L + 82L 2 + · · · 
,..,,, - /J- + L' 

[4.2.34) 
1 

Now 

[1 + 81L + 82L~. + ... + BqUL 

for s = 1, 2, ... , q = { ~, + 81+ 1L + 8,+zL 2 + · · · + BqLq-, 

for s = q + 1, q + 2, .... 

Thus, for horizons of s = 1, 2, ... , q, the forecast is given by 

'f',+11, = µ. + (8, + 8,+1L + 8.+2L 2 + · · · + BqLq-•)e,, [4.2.35) 

where €, can be characterized by the recursion 

e, = (Y, - µ.) - B1€,-1 - e,_t,-2 - - · · - Bi,-q- [4.2.36) 

A forecast farther than q periods into the future is simply the unconditional 
meanµ.. 

Forecasting an ARMA(I, I) Process 

For an ARMA(l, 1) process 

(1 - tf,L)(Y, - µ.) = (1 + BL)E, 

that is stationary (ltf>I < 1) and invertible (181 < 1), 

1>,.,,, = µ. + [(11_ \~~L't ~ ~ :~ (Y, - µ.). 

Here 

[ 1 + BL ] 
(1 - tf,L)L' + 

[4.2.37) 

= [(1 + tf,L + tf,2L 2 + · · ·) + tll(l + tf,L + tf,2L 2 + · · ·)] 
L' L' + 

[4.2.38) 
= (tf,' + tf,1+1L + q,s+2L2 + .. ·) + 8(,/r1 + tf,'L + tf,1+1L2 + .. ·) 
= (tf,' + Bq,•-1)(1 + tf,L + tf,2L2 + · · ·) 

tf,• + Bq,•-1 
1-tf,L . 

Substituting [4.2.38) into [4.2.37) gives 

[ tf,' + etf,'- 1] 1 - tf,L 
f,+,i, = µ. + 1 - tf,L 1 + tlL (Y, - µ.) 

tf,' + Btf,'-1 
= µ. + 1 + BL (Y, - µ.). 

[4.2.39) 
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Note that for s = 2, 3, ... , the forecast [4.2.39] obeys the recursion 

(Y1+,1, - µ,) = <t,(Y,+s-11, - µ,). 

Thus, beyond one period, the forecast decays geometrically at the rate tf> toward 
the unconditional mean µ,. The one-period-ahead forecast (s = 1) is given by 

A q, + e 
Y,+11, = µ, + 1 + BL (Y, - µ,). [4.2.40] 

This can equivalently be written 

, q,(l +BL)+ 6(1 - q,L) , 
(Y,+11, - µ,) = l + BL (Y, - µ,) = t/>(Y, - µ,)+Be, [4.2.41] 

where 

, (1 - q,L) 
61 = (1 + BL) (Y, - µ,) 

or 

e, = (Y, - µ,) - <t,(Y,-1 - µ,) - ee,-1 = Y, - Yt1t-1· [4.2.42) 

Forecasting an ARMA(p, q) Process 

Finally, consider forecasting a stationary and invertible ARMA(p, q) process: 

(1 - q,1L - q,2 L2 - · · · - q,PLP)(Y, - µ,) = (1 + B1L + B-iL2 + · · · + BqU)e,. 

The natural generalizations of [4.2.41] and [4.2.42] are 

(Y,+11, - µ,) = <l>1(Y1 - µ,) + t/>z(Y,-1 - µ,) + · · · 
+ <Pp(Y,-p+t - µ,) + Bie, + B2e,_1 + · · · + Bq€,-q+i, 

with {€,} generated recursively from 

e, = Y, - Yt1t-1· 
The s-period-ahead forecasts would be 

CYr+slt - µ,) 

[4.2.43) 

[4.2.44) 

[4.2.45) 

{ 

<l>1(Y,+,-11, - µ,) + t/>z(Y,+,-21, - µ,) + · · · + t/>p(Y,+,-p1, - µ,) 
_ + B,e, + Bs+1e,_1 + · · · + Bqe,+,-q for s = 1, 2, ... , q 

<f>1(Y,+,-11, - µ,) + <l>2(Y,+s-21, - µ,) + · ~ · + <t,p(17.+s-p1, - µ,) 

for s - q + 1, q + 2, ... , 

where 

Y,-i,= Y. forr!5 t. 

Thus for a forecast horizons greater than the moving average order q, the forecasts 
follow a pth-order difference equation governed solely by the autoregressive 
parameters. 
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4.3. Forecasts Based on a Finite Number 
of Observations 

The formulas in the preceding section assumed that we had an infinite number of 
past observations on Y, {Y,, Y,_ 1, .•• }, and knew with certainty population pa
rameters such as µ,, </>, and 0. This sec~ion continues to assume that population 
parameters are known with certainty, but develops forecasts based on a finite 
number of observations {Y,, Y,_1, ••• , Y,-m+1}. 

For forecasting an AR(p) process, an optimal s-period-ahead linear forecast 
based on an infinite number of observations {Y" Y,_i, ... } in fact makes use of 
only the p most recent values {Y,, Y,_1, .•• , Y,-p+ 1}. For an MA or ARMA 
process, however, we would in principle require all of the historical values of Yin 
order to implement the formulas of the preceding section. 

Approximations to Optimal Forecasts 

One approach to forecasting based on a finite number of observations is to 
act as if presample e's were all equal to zero. The idea is thus to use the approx
imation 

t(Y,ulY,, Y,_1, • •• ) 

= t(Y,+,IY,, Y,_1 , • •• , Y,-m+t, e,-m = 0, e,-m-t = 0, ... ). 
(4.3.1) 

For example, consider forecasting an MA(q) process. The recursion (4.2.36] can 
be started by setting 

e,-m = e,-m-1 = ... = i,-m-q·+-1 = 0 (4.3.2] 

and then iterating on [4.2.36] to generate e,-m+ l• e,-nr+2, 
lations produce 

, e,. These calcu-

i,-m+i = (Y,-m+1 - µ,), 

E1-m+2 = (Y,-m+2 - µ,) - 91E,-m+l• 

e,-m+3 = (Y,-m+3 - µ,) - 01e,-m+2....: 02€,-m+t, 

and so on. The resulting values for (€,, e,_1, ••• , e,-qu) are then substituted 
directly into (4.2.35] to produce the forecast (4.3.1). For example, for s =q = 1, 
the forecast would be 

Y,+ 11, = µ, + O(Y, - µ,) - fP(Y,-1 - µ,) 

+ 03(Y,-2 - µ,) - ... + (- 1r- 1o"'(Y,-m+l - µ,), 
[4.3.3] 

which is to be used as an approximation to the AR(oo) forecast, 

µ, + O(Y, - µ,) - 02(Y,_1 - µ,) + 93(Y,_2 - µ,) - · · · . (4.3.4] 

For m large and IOI small, this clearly gives an excellent approximation. For 
IOI closer to unity, the approximation may be poorer. Note that if the moving 
average operator is noninvertible, the forecast [4.3.1] is inappropriate and should 
not be used. 
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Exact Finite-Sample Forecasts 

An alternative approach is to calculate the exact projection of Y,+1 on its m 
most recent values. Let 

X,= 

1 
Y, 

Y,-1 

Y,-m+i 

We thus seek a linear forecast of the form 

[4.3.5] 

The coefficient relating Y,+1 to Y, in a projection of Y,+1 on them most recent 
values of Y is denoted a~m> in [4.3.5]. This will in general be different from the 
coefficient relating Y,+i to Y, in a projection of Y,+1 on them + 1 most recent 
values of Y; the latter coefficient would be denoted a\m+1>. 

If Y, is covariance-stationary, then E(Y,Y,_) = 'Yj + µ,2. Setting X, = (1, Y,, 
Y,_1, ..• , Y,_111+ 1)' in [4.1.13] implies 

a<111>1 = [a~m) ai"') a~m) · · · a!,7>] 

= [µ ('Y1 + µ2) ('Y2 + µ2) ... ('Ym + µ2)] 

1 µ µ µ 

µ, 'Yo+ µ2 

X µ, 'Y1 + µ2 
'Y1 + µ2 

'Yo + µ2 

µ, 'Ym-1 + µ2 'Ym-2 + µ2 

'Ym-1 + µ2 

'Ym-2 + µ 2 

'Yo + µ2 

-1 

[4.3.6] 

When a constant term is included in X,, it is more convenient to express 
variables in deviations from the mean. Then we could calculate the projection of 
(Y,+1 - µ) on X, = [(Y, - µ), (Y,_1 - µ), ... , (Y,-m+1 - µ)]': 

Y,+11, - µ, = ar(Y, - µ,) + ar(Y,-1 - µ,) + ... 

+ a!,7>(Y,-m+1 - µ,). 
[4.3.7] 

For this definition of X, the coefficients can be calculated directly from [4.1.13] to 
be 

[
a~:)] [ 'Yo 'Yi · · · 'Ym-1]-l ['Yi] a~ ) 'Y1 'Yo · · · 'Ym-2 'Y2 . - . . .. . . . . . . . . 
a!,7> 'Ym-1 'Ym-2 'Yo 'Ym 

[4.3.8] 

We will demonstrate in Section 4.5 that the coefficients (a~m>, ar>, ... , 
a!,7>) in equations [4.3.8] and [4.3.6] are identical. This is analogous to a familiar 
result for ordinary least squares regression-slope coefficients would be unchanged 
if all variables are expressed in deviations from their sample means and the constant 
term is dropped from the regression. 
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To generate an s-period-ahead forecast l'c+,1,, we would use 

'f',+slt = µ + aim,s)(Y, - µ,) + a~m,s)(Y,_, - µ,) + ... 
+ at·'l(Y,-m+l - µ,), 

where 

-Y1 
-Yo 

-Ym-2 

'· · -Ym-ll-l[ i's l · · ' i' 2 i's+ 1 

:: , .. ~-, 

[4.3.9] 

Using expressions such as [4.3.8] requires inverting an (m x m) matrix. 
Several algorithms can be used to evaluate [4.3.8] using relatively simple calcula
tions. One approach is based on the Kalman filter discussed in Chapter 13, which 
can generate exact finite-sample forecasts for a broad class of processes including 
any ARMA specification. A second approach is based on triangular factorization 
of the matrix in [4.3.8]. This second approach is developed in the next two sections. 
This approach will prove helpful for the immediate question of calculating finite
sample forecasts and is also a useful device for establishing a number of later 
results. 

4.4. The Triangular Factorization of a Positive Definite 
Symmetric Matrix 

Any positive definite symmetric (n x n) matrix !l has a unique representation of 
the form 

!l = ADA', [4.4.1] 

where A is a lower triangular matrix with ls along the principal diagonal, 

1 0 0 0 

a21 1 0 0 

A= a31 a32 1 0 

and D is a diagonal matrix, 

d11 0 0 0 
0 d22 0 0 

D = 0 0 d33 0 

0 0 0 

where dii > 0 for all i. This is known as the triangular factorization of !l. 
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To see how the triangular factorization can be calculated, consider 

nu .!112 .!113 .!11,. 

.!121 .!122 fin !li,, 

0= .!131 .!132 .!133 .!13n [4.4.2] 

.n,rl .!1,,2 .!1,.3 a,.,. 
We assume that O is positive definite, meaning that x'Ox > 0 for any nonzero 
(n x 1) vector x. We also assume that O is symmetric, so that .!1;1 = n1,. 

The matrix O can be transformed into a matrix with zero in the (2, 1) position 
by multiplying the first row of O by fiz1.!1ii 1 and subtracting the resulting row from 
the second. A zero can be put in the (3, 1) position by multiplying the first row 
by .!131.!1ii1 and subtracting the resulting row from the third. We proceed in this 
fashion down the first column. This set of operations can be summarized as pre
multiplying O by the following matrix: 

1 0 0 0 
- .!121 .Oii l 1 0 0 

E1= - .!131.0i/ 0 1 0 [4.4.3] 

-.!1,,1.!1ii1 0 0 1 

This matrix always exists, provided that .!111 f. 0. This is ensured in the present 
case, because .!111 is equal to eiOei, where ei = [1 0 0 · · · O]. Since O is positive 
definite, ei0e 1 must be greater than zero. 

When O is premultiplied by E1 and postmultiplied by E; the result is 

E10Ei = H, [4.4.4] 

where 

h11 0 0 0 

0 h~ hn h2. 

H= 0 h,2 h,, h,. [4.4.5] 

0 hn2 h., h,,,, 

nu 0 0 0 

0 n,2 - n,,nii 1n,2 023 - il2,!lii'!l13 ilz. - !lz1 !lii 1il1. 
0 nn - n,,!lii'il12 n,, - n,,nii 10 1, n,,. - !l31!l,i'!l,. 

0 n.2 - n.1n111n12 n., - n.,n111n,3 n •• - n.,nii •n,. 

We next proceed in exactly the same way with the second column of H. The 
approach now will be to multiply the second row of H by h32hr/ and subtract the 
result from the third row. Similarly, we multiply the second row of H by h,;zfin1 

and subtract the result from the fourth row, and so on down through the second 
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column of H. These operations can be represented as premultiplying H by the 
following matrix: 

1 0 0 0 

0 1 0 0 

~= 0 -h32hn1 1 0 [4.4.6] 

0 -hn2hi2 1 0 1 

This matrix always exists provided that h22 cl:-0. But h22 can be calculated as 
h22 = e2He2 , where ~ = [0 1 0 · · · OJ. Moreover, H = E10Ei, where O is 
positive definite and E1 is given by [4.4.3], Since E1 is lower triangular, its deter
minant is the product of terms along the principal diagonal, which are all unity. 
Thus E1 is nonsingular, meaning that H = E10Ei is positive definite and so h22 = 
e2He2 must be strictly positive. Thus the matrix in [4.4.6} can always be calculated. 

If H is premultiplied by the matrix in [ 4.4.6] and postmultiplied by the trans
pose, the result is 

~HE2 = K, 

where 

hu 0 0 0 

0 h22 0 0 

K= 0 0 h33 - h32hi/h23 h3n - h32hi,_1h2,. 

0 0 h,,3 - h,.2hi:/h23 hn11 - h,.2hi;.1h211 

Again, since H is positive definite and since E2 is nonsingular, K is· positive 
definite and in particular k33 is positive. Proceeding through each of the columns 
with the same approach, we see that for any positive definite symmetric matrix 0 
there exist matrices E1, ~, ••• , En-I such that 

E,,_ 1 • · · EzE1OEiE2 · · · E~-1 = D, 

where 

D= 

fl 11 0 0 
0 fl22 - .flz1flii1fl12 0 
0 0 h33 - h32hi,_1h23 

0 0 0 

0 

0 

0 

[4.4.7] 

with all the diagonal entries of D strictly positive. The matrices E1 and~ in [4.4.7] 
are given by [4.4.3} and [4.4.6}. In general, E1 is a matrix with nonzero values in 
the jth column below the principal diagonal, ls along the principal diagonal, and 
zeros everywhere else. 

Thus each E1 is lower triangular with unit determinant. Hence Ei- 1 exists, 
and the following matrix exists: 

[4.4.8} 
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If (4.4.7] is premultiplied by A and postmultiplied by A', the result is 

0 = ADA'. [4.4.9] 

Recall that E1 represents the operation of multiplying the first row of O by 
certain numbers and subtracting the results from each of the subsequent rows. Its 
inverse E1 1 undoes this operation, which would be achieved by multiplying the 
first row by these same numbers and adding the results to the subsequent rows. 
Thus 

1 0 0 0 

!121!1ii l 1 0 0 

E-1 -I - !131!1ii1 0 1 0 (4.4.10] 

nn1!1ii1 0 0 

as may be verified directly by multiplying (4.4.3] by [4.4.10] to obtain the identity 
matrix. Similarly, 

1 0 0 0 

0 1 0 0 

Eil = 0 h32h221 1 0 

0 hn2hz21 0 1 

and so on. Because of this special structure, the series of multiplications in [4.4.8] 
turns out to be trivial to carry out: 

1 0 0 0 

i1z1!111 I 1 0 0 

A !131!1ii1 h32hx/ 1 0 [4.4.11] 

nn1!11,1 hn2h21.I kn3k3/ 1 

That is, the jth column of A is just the jth column of E i- 1• 

We should emphasize that the simplicity of carrying out these matrix multi
plications is due not just to the special structure of the ET1 matrices but also to 
the order in which they are multiplied. For example, A- 1 = En_1En_2 · · · E1 

cannot be calculated simply by using the jth column of Ei for the jth column of 
A-1_ 

Since the matrix A in [4.4.11] is lower triangular with ls along the principal 
diagonal, expression [4.4.9] is the triangular factorization of 0. 

For illustration, the triangular factorization O = ADA' of a (2 x 2) matrix 
is 

[4.4.12] 

'""' , I -



while that of a (3 x 3) matrix is 

[ 

fl11 

fl21 

fl31 

where h22 = (fl22 - .rli1flu 1fl12), h33 
(fin - fl21fli/fl13). 

fli/fl12 fli/fl13] 
1 hi,:/h23 • 
0 ] 

(fl33 - fl31flu 1fl13), and h23 

Uniqueness of the Triangular Factorization 

[ 4.4.13] 

We next establish that the triangular factorization is unique. Suppose that 

0 = A1D1A1 = A2D2A2, [4.4.14] 

where A1 and A2 are both lower triangular with ls along the principal diagonal and 
D1 and D2 are both diagonal with positive entries along the principal diagonal. 
Then all the matrices have inverses. Premultiplying [4.4.14] by D1 1A1- 1 and post
multiplying by [ A2J-1 yields 

[ 4.4.15] 

Since A2 is upper triangular with ls along the principal diagonal, [ A2J-1 must 
likewise be upper triangular with ls along the principal diagonal. Since A1 is also 
of this form, the left side of (4.4.15] is upper triangular with ls along the principal 
diagonal. By similar reasoning, the right side of [ 4.4.15] must be lower triangular. 
The only way an upper triangular matrix can equal a lower triangular matrix is if 
all the off-diagonal terms are zero. Moreover, since the diagonal entries on the 
left side of [4.4.15] are all unity, this matrix must be the identity matrix: 

A;(A:zJ-1 = In. 

Postmultiplication by A2 establishes that A~ = A2. Premultiplying [ 4.4.14] by A 1 

and postmultiplying by [A'J-1 then yields D1 = D2. 

The Cholesky Factorization 

A closely related factorization of a symmetric positive definite matrix O is 
obtained as follows. Define D112 to be the (n x n) diagonal matrix whose diagonal 
entries are the square roots of the corresponding elements of the matrix D in the 
triangular factorization: 

~ 0 0 0 
0 ~ 0 0 

0112 = 0 0 V(½J 0 

0 0 0 ....n;,, 
Since the matrix D is unique and has strictly positive diagonal entries, the matrix 
D112 exists and is unique. Then the triangular factorization can be written 

0 = AD1120112A' = AD112(AD112)' 
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or 

where 
p E ADl/2 

1 0 0 

a21 1 0 

a31 a32 1 

anl an2 an3 

w;; 0 

a21w;; -.;a; 
a31 vrJ;;_ a32-..;a; 

0 

0 

0 

1 

0 = PP', 

0 
0 

w;; 
0 

0 

0 

vct;; 

0 

-.;a; 
0 

0 

0 
0 

0 

0 
0 

vct;; 

0 

a,,1 -../d;;_ an2 -.;a; an3 vct;; va,;;. 

0 

0 
0 

[4.4.16] 

Expression [4.4.16] is known as the Cholesky factorization of 0. Note that P, like 
A, is lower triangular, though whereas A has ls along the principal diagonal, the 
Cholesky factor has the square roots of the elements of D along the principal 
diagonal. 

4.5. Updating a Linear Projection 

Triangular Factorization of a Second-Moment Matrix 
and Linear Projection 
Let Y = (Y1, Y2 , .•• , Yn)' be an (n x 1) vector of random variables whose 

second-moment matrix is given by 

0 = E(YY'). 

Let O = ADA' be the triangular factorization of 0, and define 
y E A-1y_ 

The second-moment matrix of these transformed variables is given by 

E(YY') = E(A- 1YY'[A'J- 1) = A- 1E(YY')[A'J- 1• 

[4.5.1] 

[4.5.2] 

[4.5.3] 

Substituting [4.5.1] into [4.5.3], the second-moment matrix of Y is seen to be 
diagonal: 

That is, 

E(YY') = A- 1n[A'J- 1 = A- 1ADA'[A'J- 1 = D. 

for i = j 
for i f. j. 

[4.5.4] 

[4.5.5] 

Thus the Y's form a series of random variables that are uncorrelated with 
one another. 4 To see the implication of this, premultiply [4.5.2] by A: 

AY = Y. [4.5.6] 

•we will use "Y, and Yj are uncorrelated" to mean "E(Y,Y;) = O." The terminology will be correct 
if Y, and Yj have zero means or if a constant term is included in the linear projection. 
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Expression [4.4.11] can be used to write out [4.5.6] explicitly as 

1 0 0 O 1\ 
n21'!1ii1 1 O o Yi 

.!131.0ii.1 h32hi/ 1 O Y3 = 

nn1.!1ii1 hnihi/ kn3k3/ 

The first equation in [4.5.7] states that 

i\ = Y1, 

Y1 

Yz 

Y3 (4.5.7] 

Yn 

[4.5.8] 

so the first elements of the vectors Y and Y represent the same random variable. 
The second equation in (4.5.7] asserts that 

or, using [4.5.8], 

1\ = Y2 - .!121.!1i/Y1 = Y2 - aY 1, [4.5.9] 

where we have defined a "" .!1z1.!1;:/. The fact that Yi is uncorrelated with Y1 

implies 

[4.5.10] 

But, recalling [4.1.10], the value of a that satisfies [4.5.10] is defined as the coef
ficient of the linear projection of Yi on Y 1• Thus the triangular factorization of 0 
can be used to infer that the coefficient of a linear projection of Yi on Y1 is given 
by a= .!1z1.!1ii1, confirming the earlier result (4. 1.13]. In general, the row i, column 
1 entry of A is .!111.0ii 1, which is the coefficient from a linear projection of Y1 on 
Y1, 

Since Yi has the interpretation as the residual from a projection of Y2 on Yi, 
from [4.5.5] di2 gives the MSE of this projection: 

E(YD = d22 = .!1i2 - .!121.!1ii1il1i-

This confirms the formula for the MSE of a linear projection derived earlier (equa
tion (4.1.15]). 

The third equation in [4.5.7] states that 

.!131.!1ii1°f'i + h3ihii 1Yi + i\ = Y3. 

Substituting in from [4.5.8] and [4.5.9] and rearranging, 

Y3 = Y3 - .!131.!1ii1Y1 - h3ih221(Yi - .!1z1.!1i/Y1)- [4.5.11] 

Thus Y3 is the residual from subtracting a particular linear combination of Y1 and 
Yi from Y3. From [4.5.5], this residual is uncorrelated with either i\ or Y2 : 

E(Y3 - .!131ilii 1Y1 - h3/ii/(Yz - .!1z1.!1i/Y1)]Yi = 0 for j = 1 or 2. 

Thus this residual is uncorrelated with either Y1 or Y2 , meaning that Y3 has the 
interpretation as the residual from a linear projection of Y3 on Y1 and Yi. According 
to [4.5.11], the linear projection is given by 

P(Y3IYi,Y1) = .!131.!1ii1Y1 + h32Jiii1(Y2 - .!121.!1ii1Y1)- [4.5.12] 

The MSE of the linear projection is the variance of Y3, which from (4.5.5] is given 
by d33: 

[4.5.13] 
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Expression [4.5.12] gives a convenient formula for updating a linear projec
tion. Suppose we are interested in forecasting the value of Y3 • Let Y1 be some 
initial information on which this forecast might be based. A forecast of Y3 on the 
basis of Y1 alone takes the form 

.P(Y3I Y1) = .!131.0ii l Y1. 

Let Y2 represent some new information with which we could update this forecast. 
If we were asked to guess the magnitude of this second variable on the basis of Y1 

alone, the answer would be 

Equation [4.5.12] states that 

f>(Y3IY2,Y1) = .P(Y3IY1) + h32hii1[Y2 - f>(Y2IY1)]. [4.5.14] 

We can thus optimally update the initial forecast f>(Y3IY1) by adding to it a multiple 
(h32hii) of the unanticipated component of the new information [Y2 - P(Y2IY1)]. 

This multiple (h32hii 1) can also be interpreted as the coefficient on Y2 in a linear 
projection of Y3 on Y2 and Y1. 

To understand the nature of the multiplier (h32hii 1), define the (n x 1) vector 
Y(l) by 

[4.5.15] 

where E1 is the matrix given in [4.4.3]. Notice that the second-moment matrix of 
Y(l) is given by 

E{Y(l)[Y(l)]'} = E{E 1YY'Ei} = E10Ei. 

But from [4.4.4] this is just the matrix H. Thus H has the interpretation as the 
second-moment matrix of Y(l). Substituting (4.4.3] into [4.5.15], 

Y1 
Y2 - .!121.!1ii1Y1 

Y(l) = Y3 - .!131.!11i1Y1 

Yn - .!1.1.0ii 1 Y1 

The first element of Y(l) is thus just Y1 itself, while the ith element of Y(l) for 
i = 2, 3, ... , n is the residual from a projection of Y; on Y1• The matrix His 
thus the second-moment matrix of the residuals from projections of each of the 
variables on Y1. In particular, h22 is the MSE from a projection of Y2 on Y1: 

h22 = E[Y2 - f>(Y2IY1)J2, 

while h32 is the expected product of this error with the error from a projection of 
Y3 on Y1: 

h32 = E{(Y3 - .P(Y3IY1)][Y2 - .P(Y2IY1)]}, 

Thus equation (4.5.14] states that a linear projection can be updated using the 
following formula: 

f>(Y3!Y2,Y1) = f>(Y3IY1) 

+ {E(Y3 - f>(Y3!Y1)][Y2 - f>(Y2IY1)]} [4.5.16] 

X {E[Y2 - f>(Y2!Y1)]2}-1 X [Y2 - f>(Y2IY1)]. 
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For example, suppose that Y1 is a constant term, so that .P(Y2jY1) is just µ,2 , the 
mean of Y2, while P(Y 3IY1) = /J,,J. Equation [4.5.16] then states that 

.P(Y3IY2,l) = µ,3 + Cov(Y3, Y2)-[Var(Y 2)J- 1·(Y2 - µ,z). 

The MSE associated with this updated linear projection can also be calculated 
from the triangular factorization. From (4.5.5], the MSE from a linear projection 
of Y3 on Y2 and Y1 can be calculated from 

E[Y3 - P(Y3IY2.Y1)]2 = E(Yj) 

= d33 

= h33 - h32hi:/h23. 

In general, for i > 2, the coefficient on Y2 in a linear projection of Yi on Y2 

and Y1 is given by the ith element of the second column of the matrix A. For any 
i > j, the coefficients on Yi in a linear projection of Yi on Yi, Yi_ 1, ••• , Y1 is 
given by the row i, column j element of A. The magnitude du gives the MSE for 
a linear projection of Yi on Y,_ 1, Y,_ 2 , ..• , Y1 • 

Application: Exact Finite-Sample Forecasts for an MA(l) 
Process 

As an example of applying these results, suppose that Y, follows an MA(l) 
process: 

Y, = µ, + e, + 8e,-1, 

where e, is a white noise process with variance u 2 and 8 is unrestricted. Suppose 
we want to forecast the value of Y" on the basis of the previous n - 1 values (Y 1, 

Y2, ••• , Y,,_1). Let 

Y' = [(Y1 - µ,) (Y2 - µ,) ... (Yn-1 - µ,) (Y,. - µ,)], 

and let O denote the (n x n) variance-covariance matrix of Y: 

1 + 82 8 0 0 

8 1 + 02 0 0 

0 = E(YY') = u 2 0 0 1 + 92 0 [4.5.17] 

0 0 0 1 + 92 

Appendix 4.B to this chapter shows that the triangular factorization of O is 

A= [4.5.18] 

1 0 0 0 0 
8 

1 0 0 0 
1 + 82 

0 
0(1 + 02) 

1 0 0 
1 + 02 + 04 

0 0 0 
0[1 + 92 + 04 + ... + 92(n-2)] 

1 1 + 92 + 94 + , . , + 92(n-l} 
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------ - -------------

D= [4.5.19] 

1 + ()' 0 0 0 

0 
l+IJ'+IJ• 

0 0 
1 + 02 

a' 0 0 
1+0 2 +0•+0• 

0 
1 + 02 + 04 

l+IJ2+04+··· + 92n 
0 0 0 1 + 02 + (J4 + • · · + IJ2(n-l) 

To use the triangular factorization to calculate exact finite-sample forecasts, 
recall that Y;, the ith element of Y = A - 1v, has the interpretation as the residual 
from a linear projection of Y; on a constant and its previous values: 

Y1 = Y; - E(YAY;-1, Y;-2,, • , , Y1)-

The system of equations AY = Y can be written out explicitly as 

Y1 = Yi - µ, 
0 - -

-1--2 Y1 + Y2 = Y2 - µ, 
+ 0 

0(1 + 02) - -

1 + 92 + 84 Y2 + Y3 = Y3 - µ, 

0(1 + 92 + e• + ... + 92(n-2)] y + y = 
1 + 92 + 94 + , , , + 92(n -1) n - 1 n Yn - J.1,. 

Solving the last equation for Yn, 

Yn - £'(YnlY,._1, Yn-2, · · ·, Y1) = Yn - J.l, 

0(1 + 92 + e• + ... + 82(n-2)) 
- 2 4 2( -1) [Yn-1 - £'(Yn-11Yn-2, Yn-3, · • · , Y1)J, 

1+0 +0 +"·+0n 

implying 

£'(Yn1Yn-1, Y,._z, · · · , Y1) = /J, [4.5.20] 

0(1 + 92 + e• + ... + 92(n-2)] 
+ 2 4 92( -1) [Yn-1 - £'(Yn-1IYn-2, Yn-3• • · ·, Y1)]. 1+6+0+· .. + n 

The MSE of this forecast is given by dnn: 

1 + 82 + 04 + . . . + 021' 

MSE[£'(Y,.IYn-1' Yn-2•. , , , Y1)] = <T2 l + 62 + 84 + ... + 02(n-l)" (4.5.21] 

It is interesting to note the behavior of this optimal forecast as the number 
of observations (n) becomes large. First, suppose that the moving average repre
sentation is invertible (101 < 1). In this case, as n-+ "", the coefficient in (4.5.20] 
tends to 0: 

0(1 + 02 + 84 + · · • + 02(n-2>] 
-"-------------=-- 8 1 + 92 + 94 + . , , + 92(n -1) ' 

while the MSE [4.5.21] tends to <r2, the variance of the fundamental innovation. 
Thus the optimal forecast for a finite number of observations [4.5.20] eventually 
tends toward the forecast rule used for an infinite number of observations [4.2.32]. 
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Alternatively, the calculations that produced [4.5.20] are equally valid for a 
noninvertible representation with 101 > 1. In this case the coefficient in [4.5.20] 
tends toward 0- 1: 

0(1 + 92 + 04 + • .. + 92(n-2)J - 0(1 - 92(n-llj/(l - 02) 
1 + 02 + 04 + · • · + 02(n-l) - (1 - 02n)/(1 - 02) 

- 0(0- 21• - 0- 2) 

- 9-2n - 1 

-+ 
0( - 0- 2) 

-1 
= 9-1. 

Thus, the coefficient in [ 4.5 .20] tends to 0 - 1 in this case, which is the moving 
average coefficient associated with the invertible representation. The MSE (4.5.21] 
tends to a-202 : 

[1 _ 92(n+llj/(l _ 92) 
a2 (1 - 02n)/(1 - 02) -+ <T

202, 

which will be recognized from [3.7.7] as the variance of the innovation associated 
with the fundamental representation. 

This observation explains the use of the expression "fundamental" in this 
context. The fundamental innovation E, has the property that 

Y, - E(Y,IY,-1, Y,-2, . .. , Y,-m) ~- E1 [4.5.22] 

as m-+ ""where~- denotes mean square convergence. Thus when 101 > 1, the 
coefficient 0 in the approximation in [4.3.3] should be replaced by 0- 1. When this 
is done, expression [4.3.3] will approach the correct forecast as m-+ ""· 

It is also instructive to consider the borderline case 0 = 1. The optimal finite
sample forecast for an MA(l) process with 0 = 1 is seen from (4.5.20] to be given by 

n-1 
E(l.,.nlYn-1,Yn-2,· · · ,Y1) = µ, + --[Yn-1 - E(Yn-11Yn-2,Yn-3,· · · ,Y1)], n 

which, after recursive substitution, becomes 

E(YnlYn-1• Yn-2> • • • , Y1) 

n-1 n-2 
= µ, + -- (Yn-1 - µ,) - -- (Yn-2 - µ,) 

n n 
n - 3 1 

+ -- (Yn-3 - µ,) - ' · ' + ( - l)n - (Y1 - µ,). 
n n 

The MSE of this forecast is given by [4.5.21]: 

<r2(n + 1)/n-+ <r2 • 

[4.5.23] 

Thus the variance of the forecast error again tends toward that of e,. Hence the 
innovation e, is again fundamental for this case in the sense of [4.5.22]. Note the 
contrast between the optimal forecast [4.5.23] and a forecast based on a naive 
application of [4.3.3], 

µ, + (Yn-1 - µ,) - (Yn-2 - µ,) + (Yn-3 - µ,) [4.5.24] 
+ (- l)n(Y1 - µ,) .. 

The approximation [4.3.3] was derived under the assumption that the moving average 
representation was invertible, and the borderline case 0 = 1 is not invertible. For this 
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reason [4.S.24] does not converge to the optimal forecast [4.5.23] as n grows large. 
When 0 = 1, Y, = µ, + s, + e,_ 1 and [4.5.24] can be written as 

µ, + (En-1 + En-2) - (En-2 + En-3) + (sn-3 + En-4) 

- · · · + (- l)n(s 1 + Eo) = µ, + En-l + (- l)ne0. 

The difference between this and Y,,, the value being forecast, is En - ( - l)"s 0 , 

which has MSE 2a-2 for all n. Thus, whereas [4.5.23] converges to the optimal 
forecast as n - "", [4.5.24] does not. 

Block Triangular Factorization 

Suppose we have observations on two sets of variables. The first set of var
iables is collected in an (n1 x 1) vector Y1 and the second set in an (n2 x 1) vector 
Y2 . Their second-moment matrix can be written in partitioned form as 

O.,. [E(Y1Yi) E(Y1Y;)] = [Ou 0 12 ] 

E(Y2YD E(Y2YD 021 022 ' 

where Ou is an (n1 x n1) matrix, 0 22 is an (n2 x n2) matrix, and the (n 1 x ni) 
matrix 0 12 is the transpose of the (n2 x n 1) matrix 0 21 . 

We can put zeros in the lower left (n2 x n1) block of O by premultiplying 
0 by the following matrix: 

Ei = [-o::ou1 1:J 
If O is premultiplied by E1 and postmultiplied by E~, the result is 

Define 

.:J 
If [4.5.25] is premultiplied by A and postmultiplied by A', the result is 

[ I. 0] 
0210ii1 In, 

X [0011 0 ] [In, 
022 - 0210u 1012 o 

[4.5.26] 

= ADA'. 

This is similar to the triangular factorization O = ADA', except that Dis a block
diagonal matrix rather than a truly diagonal matrix: 

0 = [0011 O ] 
Ozz - 0210ii 1012 . 
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As in the earlier case, D can be interpreted as the second-moment matrix of 
the vector Y = x-1v, 

[l'i] _ [ In, 0] [Yi], 
Y2 - -O:n0ii 1 In, Y2 , 

that is, \'i = Y1 and Y2 = Y2 - 0 210 01YI . The ith element of Y2 is given by Y21 

minus a linear combination of the elements of Y1. The block-diagonality of 
D implies that the product of any element of Y2 with any element of Y 1 has 
expectation zero. Thus 0 210ii I gives the matrix of coefficients associated with the 
linear projection of the vector Y 2 on the vector Y 1, 

[4.5.27] 

as claimed in [4.1.23]. The MSE matrix associated with this linear projection is 

E{[Y2 - P(Y2IY1)][Y2 - P(Y2IY1)]'} = E(YS:i) 

= D22 [4.5.28] 

= ~ - 0210ii 1012, 

as claimed in [4.1.24]. 
The calculations for a (3 x 3) matrix similarly extend to a (3 x 3) block 

matrix without complications. Let Yi, Y2 , and Y3 be (n1 x 1), (n-z x 1), and (n3 x 1) 
vectors. A block-triangular factorization of their second-moment matrix is obtained 
from a simple generalization of equation [4.4.13]: 

(4.5.29] 

[
0 11 O 

X O H22 
0 0 

where H22 = (~ 2 - ~10ii 1012), H33 = (0 33 - 0 310ii 10 13), and H23 = H32 
= (~3 - 0210jj 1013). 

This allows us to generalize the earlier result [4.5.12] on updating a linear 
projection. The optimal forecast of Y3 conditional on Y2 and Y1 can be read off 
the last block rnw of A: 

where 

P(Y3IY2,Y1) = 0310ii 1Y1 + H32H221(Y2 - ~10i""i1Y1) 
= P(Y3IY1) + H32H221[Y2 - P(Y2IY1)l, 

Hz2 = E{[Y2 - P(Y2IY1)UY2 - P(Y2IY1)]'} 

H32 = E{[Y3 - P(Y3IY1)UY2 - P(Y2IY1)J'}. 

The MSE of this forecast is the matrix generalization of [4.5.13], 

[4.5.30] 
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where 

Law of Iterated Projections 

Another useful result, the law of iterated projections, can be inferred im
mediately from [4.5.30]. What happens if the projection P(Y3IY2,Y1) is itself 
projected on Y 1? The law of iterated projections says that this projection is equal 
to the simple projection of Y3 on Y1: 

P[P(Y3IY2,Y1)IYd = P(Y3IY1), [4.5.32] 

To verify this claim, we need to show that the difference between P(Y3jY2,Y1). 
and P(Y3jY1) is uncorrelated with Y1. But from [4.5.30], this difference is given 
by 

P(Y,IY2,Y1) - P(Y3IY1) := H3:zH2i1[Y2 - P(Y2IY1)], 

which indeed is uncorrelated with Y1 by the definition of the linear projection 
P(Y2IY1)• 

4.6. Optimal Forecasts for Gaussian Processes 
The forecasting rules developed in this chapter are optimal within the class of linear 
functions of the variables on which the forecast is based. For Gaussian processes, 
we can make the stronger claim that as long as a constant term is included among 
the variables on which the forecast is based, the optimal unrestricted forecast turns 
out to have a linear form and thus is given by the linear projection. 

To verify this, let Y1 be an (n1 x 1) vector with mean "1, and Y2 an (ni x 1) 
vector with mean "2, where the variance-covariance matrix is given by 

[ E(Y1 - fl.1)(Y1 - fl.1)' E(Y1 - fl.1)(Y2 - "2)'] = [Ou 012] 
E(Y2 - 1&2)(Y1 - fl.1J' E(Y2 - 1&2)(Y2 - 1&2)' fii1 fii2 . 

If Y1 and Y2 are Gaussian, then the joint probability density is 

[4.6.1] 

0 12]-i [y1 - fl.1] }· 
fiii Y2 - fl.2 

[4.6.2] 

Likewise, the determinant of O can be found by taking the determinant of [4.5.26]: 

IOI == IXI · li>I · IX'I. 
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But A is a lower triangular matrix. Its determinant is therefore given by the product 
of terms along the principal diagonal, all of which are unity. Hence IAI = 1 and 
IOI = IDl:5 

loll ot2I loll o I 
021 022 = 0 022 - 0210ii1012 [4.6.3] 

= 10111 · I022 - 0210u 1on1. 
Substituting [4.6.2] and [4.6.3] into [4.6.1], the joint density can be written 

f Y1,Y2(Y1, Y2) 

1 
(21r)(n,+n2)12 I011l-l/2' IOz2 - 0210i/Od-l/2 

{ 1 1 '] [In, - Ou 1012] X exp - 2 [(Y1 - JA.1) (y2 - JA.2) 0 1112 

[ Oii.1 0 ] [ I,., 0] [Y1 - fA.1]} 
X O (022 - 0210ii 1012)- 1 -0210ii 1 1,., Y2 - fA.z 

1 
(Z1r)<n,+n2>12 IOul- 112 · I022 - 0210ii 1od- 1'2 

x exp{ -i [(y1 - JA.1)1 (yz - m)'] 

[ Oii 1 0 ] [Y1 - fA.1]} 
X O (Oz2 - Oz10ii 1012)-l Y2 - m 

1 
(21r)(n1 +n2)/2 IOul-l/2 ' 1022 - 0210i"i1012l-l/ 2 

X exp{-~ (Y1 - JA.1)'0ii1(Y1 - JA.1) 

- i (Y2 - m)'(022 - 0210ii 1012)- 1(Y2 - m) }, 

where 

[4.6.4] 

[4.6.5] 

The conditional density of Y2 given Y 1 is found by dividing the joint density 
(4.6.4] by the marginal density: 

fv 1(Y1) = (z;n,/2 IOul- 112 exp[-i (Y1 - JA.1)'0ii1(Y1 - JA.1)]. 

'Write 0 11 in Jordan form as M1J1M 11 , where J, is upper triangular with eigenvalues of 0 11 along 
the principal diagonal. Write 0 22 - O:,,Oii'O., as M2 J2M2- 1 • Then O = MJM- 1, where 

M = [M1 0] 
0 M2 

J = [J, 0 ]. 
0 J, 

Thus O has the same determinant as J. Because J is upper triangular, its determinant is the product 
of terms along the principal diagonal, or IJI = IJ,I · IJ,I. Hence IOI = IOnl · I022 - 0 2,0" 1n,J. 
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The result of this division is 

f ( I ) _ f Y1,Y2(Y1, Y2) 
Y2IY1 Y2Y1 - fvi(Yi) 

= (2:)n2'2 IHl-112 exp[-! (Y2 - m)'H- 1(y2 - m)], 

where 

In other words, 

Y2IY1 - N(m, H) 

- N([112 + 0210ii1(Y1 - µ.1)], [Oi2 - Oi10ii 10d). 

[4.6.6] 

[4.6.7] 

We saw in Section 4.1 that the optimal unrestricted forecast is given by the 
conditional expectation. For a Gaussian process, the optimal forecast is thus 

E(Y2IY1) = 112 + Oi10ii 1(Y1 - fJ.1)-

On the other hand, for any distribution, the linear projection of the vector Y2 on 
a vector Y 1 and a constant term is given by 

.t(Y2IY1) = fJ.2 + Oi10ii 1(Y1 - fJ.1)-

Hence, for a Gaussian process, the linear projection gives the unrestricted optimal 
forecast. 

4.7. Sums of ARMA Processes 
This section explores the nature of series that result from adding two different 
ARMA processes together, beginning with an instructive example. 

Sum of an MA(]) Process Plus White Noise 

Suppose that a series X, follows a zero-mean MA(l) process: 

X, = u, + l>u,_1, 

where u, is white noise: 

E(u,u,_) = { ~~ 
The autocovariances of X, are thus 

for j = 0 
otherwise. 

{
(1 + 1,2)~ 

E(X,X,_ 1) = ~~ 

for j = 0 

forj = ±1 
otherwise. 

Let v, indicate a separate white noise series: 

E(v,v,_) = { ~ 
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Suppose, furthermore, that v and u are uncorrelated at all leads and lags: 

E(u,v,_1) = 0 for all j, 

implying 

E(X,v,_ 1) = 0 for all j. [4.7.4] 

Let an observed series Y, represent the sum of the MA(l) and the white noise 
process: 

Y, = X, + v, 
= u, + 8u,_1 + v,. 

[4.7.5] 

The question now posed is, What are the time series properties of Y? 
Clearly, Y, has mean zero, and its autocovariances can be deduced from [ 4. 7 .2] 

through [4.7.4]: 

E(Y,Y,_ 1) = E(X, + v,)(X,_1 + v,_1) 

= E(X,X,_ 1) + E(v,v,_ 1) 

{
(1 + 82)iru + ~ forj = 0 

= ~ for j = ± 1 
0 otherwise. 

[4.7.6] 

Thus, the sum X, + v, is covariance-stationary, and its autocovariances are zero 
beyond one lag, as are those for an MA(l). We might naturally then ask whether 
there exists a zero-mean MA(l) representation for Y, 

with 

Y, = e, + 9e,-i, 

for j = 0 
otherwise, 

[4.7.7] 

whose autocovariances match those implied by [4.7.6]. The autocovariances of 
[4.7.7] would be given by 

{
(1 + 92)u2 for j = 0 

E(Y,Y,_ 1) = 9u2 for j = ± 1 
0 · otherwise. 

In order to be consistent with [4.7.6], it would have to be the case that 

(1 + 82)u2 = (1 + 82)~ + ~ [4.7.8] 

and 

9<T2 = 6CT!. [4.7.9] 

Equation [4.7.9] can be solved for CT2, 

CT2 = 6CT~/8, [4.7 .10] 

and then ~ubstituted into [4.7.8] to deduce 

(1 + 92)(8iru/9) = (1 + 82)~ + 0-: 
(1 + e2)8 = [(1 + 82) + (o-:/u2,J]9 

882 - [(1 + 112) + (o-:/~)]9 + 8 = 0. [4.7.11] 
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For given values of 6, uz, and u~, two values of (J that satisfy [4.7.11] can be found 
from the quadratic formula: 

[(1 + 62) + (er./~)] ± V[(l + 62) + c<?.1~>12 - 462 
6 = 26 . [4.1.121 

If~ were equal to zero, the quadratic equation in [4.7.11] would just be 

662 - (1 + 62)6 + 6 = 6(6 - 6)(8 - 6- 1) = o, [4.7.13) 

whose solutions are (J = 6 and 8 = 6- 1, the moving average parameter for X, from 
the invertible and noninvertible representations, respectively. Figure 4.1 graphs 
equations [4.7.11] and [4.7.13] as functions of (J assuming positive autocorrelation 
for X, (6 > 0). For (J > 0 and u~ > 0, equation [4.7.11] is everywhere lower than. 
[4.7.13] by the amount (u;lu!)6, implying that [4.7.11) has two real solutions for 
8, an invertible solution (J* satisfying 

o < 10•1 < 161, 
and a noninvertible solution o• characterized by 

1 < l6-1I < 10•1. 

[4.7.14) 

Taking the values associated with the invertible representation (8*, u*2), let 
us consider whether [4.7.7] could indeed characterize the data {Y,} generated by 
[4.7.5]. This would require 

(1 + (J* L)e, = (1 + 6L)u, + v,, (4.7.15) 

or 

e, = (1 + (J*L)- 1 ((1 + 6L)u, + v,] 
= (u, - B*u,_1 + 8*2u,_2 - 6*3u,_3 + · · ·) 

+ 6(u,_1 - O*u,_2 + 8*2u,_3 - 8*3u,_4 + · · ·) [4.7.16] 

+ (v, - O*v,_1 + 0•2v,_2 - 8*3v,_3 + · · ·). 

The series s, defined in [4.7.16) is a distributed lag on past values of u and v, so 
it might seem to possess a rich autocorrelation structure. In fact, it turns out to be 

FIGURE 4.1 Graphs of equations (4.7.13) and [4.7.11). 
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white noise! To see this, note from (4.7.6) that the autocovariance-generating 
function of Y can be written 

gy(z) = (1 + Bz)a-~(1 + Bz- 1) + a-~, 

so that the autocovariance-generating function of e, = (1 + 0*L)- 1Y, is 

(1 + Bz)~(l + Bz- 1) + a-~ 
g,(z) = (1 + 0*z)(l + 0•z- 1) • 

(4.7.17) 

(4.7.18] 

But 0• and a-*2 were chosen so as to make the autocovariance-generating function 
of (1 + 0*L)e,, namely, 

(1 + 0*z)a-*2(1 + 0*z- 1), 

identical to the right side of (4.7.17]. Thus, (4.7.18) is simply equal to 

g,(z) = a-*2, 

a white noise series. 
To summarize, adding an MA(l) process to a white noise series with which 

it is uncorrelated at all leads and lags produces a new MA(l) process characterized 
by (4.7.7]. 

Note that the series e, in (4.7.16) could not be forecast as a linear function 
of lagged e or of lagged Y. Clearly, e could be forecast, however, on the basis of 
lagged u or lagged v. The histories {u,} and {v,} contain more information than {e,} 
or {Yr}. The optimal forecast of Y,.. 1 on the basis of {Y,, Y,_1, •.. } would be 

£°(Y,+1IY,, Y,_1, ••• ) = 0*e, 

with associated mean squared error a-*2• By contrast, the optimal linear forecast 
of Y,+1 on the basis of {u,, u,_ 1, ... , v,, v,_i, ... } would be 

l°(Y,+ 1lu,, u,_1, .•. , v,, v,_1, .•• ) = Bu, 

with associated mean squared error~ + a-~. Recalling from (4.7.14) that 10*1 < 
IBI, it appears from (4.7.9) that (0*2)a-*2 < 82a-~, meaning from (4.7.8) that a-2 > 
a-~ + a-~. In other words, past values of Y contain less information than past values 
of u and v. 

This example can be useful for thinking about the consequences of differing 
information sets. One can always make a sensible forecast on the basis of what 
one knows, {Y,, Y,_1, ... }, though usually there is other information that could 
have helped more. An important feature of such settings is that even though e,, 
u,, and v, are all white noise, there are complicated correlations between these 
white noise series. 

Another point worth noting is that all that can be estimated on the basis of 
{Y,} are the two parameters 0* and a-*2, whereas the true "structural" model (4.7.5} 
has three parameters (8, ~. and a-~). Thus the parameters of the structural model 
are unidentified in the sense in which econometricians use this term-there exists 
a family of alternative configurations of 8, ~. and a-~ with IBI < 1 that would 
produce the identical value for the likelihood function of the observed data {Y,}. 

The processes that were added together for this example both had mean zero. 
Adding constant terms to the processes will not change the results in any interesting 
way-if X,is an MA(l) process with mean µ.xand if v, is white noise plus a constant 
µ.v, then X, + v, will be an MA(l) process with mean given by µ.x + µ.v. Thus, 
nothing is lost by restricting the subsequent discussion to sums of zero-mean processes. 
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with 

Adding Two Moving Average Processes 

Suppose next that X, is a zero-mean MA(q 1) process: 

X, = (1 + 81L + 82 £2 + · · · + Bq,Lq1)u1 = B(L)u,, 

{~ E(u,u,_) = 0 
for j = 0 
otherwise. 

Let W, be a zero-mean MA(q 2) process: 

with 

W, = (1 + K1L + K2 L2 + · · · + Kq2Lq2)v1 = K(L)v,, 

{
(T~ 

E(v,v,-i) = 0 
for j = 0 

otherwise. 

Thus, X has autocovariances -y}, -yf, ... , -y:; of the form of [3.3.12] while W has 
autocovariances -yt, -yf, ... , -y~ of the same basic structure. Assume that X and 
W are uncorrelated with each other at all leads and lags: 

E(X,W,_1) = 0 for all j; 

and suppose we observe 

Y, = X, + W,. 

Define q to be the larger of q1 or q2 : 

q "" max{q1, q2}. 

Then the jth autocovariance of Y is given by 

E(Y,Y,_) = E(X, + W,)(X,_i + W,_) 

= E(X,X,-i) + E(W,W,_) 

= {-yf + -yf' forj = 0, ±1, ±2, ... , ±q 
0 otherwise. 

Thus the autocovariances are zero beyond q lags, suggesting that Y, might be 
represented as an MA(q) process. 

What more would we need to show to be fully convinced that Y, is indeed 
an MA(q) process? This question can be posed in terms of autocovariance-gen
erating functions. Since 

-YT = -yf + -yf', 

it follows that 

But these are just the definitions of the respective autocovariance-generating func
tions, 

gy(z) = Kx(z) + Kw(z). [4.7.19] 

Equation [4.7.19] is a quite general result-if one adds together two covariance
stationary processes that are uncorrelated with each other at all leads and lags, the 
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autocovariance-generating function of the sum is the sum of the autocovariance
generating functions of the individual series. 

If Y, is to be expressed as an MA(q) process, 

Y, = (1 + 81L + (h.L2 + · · · + 8qLq)e,""' 8(L)e, 

with 

for j = 0 
E(e,e,_j) = {: 

otherwise, 

then its autocovariance-generating function would be 

gy(z) = 8(z)8(z- 1)u 2• 

The question is thus whether there always exist values of (81, 82, ••• , 8q, o-2) such 
that (4.7.19) is satisfied: 

8(z)8(z- 1)u2 = 8(z)8(z- 1)U: + K(Z)K(z-1)cr.. (4.7.20) 

It turns out that there do. Thus, the conjecture turns out to be correct that if two 
moving average processes that are uncorrelated with each other at all leads and 
lags are added togethe_r, the result is a new moving average process whose order 
is the larger of the order of the original two series: 

MA(q 1) + MA(q0 = MA(max{qi, qJ). [4.7.21) 

A proof of this assertion, along with a constructive algorithm for achieving the 
factorization in (4.7.20], will be provided in Chapter 13. 

---Adding Two Autoregressive Processes 

Suppose now that X, and W, are two AR(l) processes: 

(1 - 1tL)X, = u, 

(1 - pL)W, = v,, 

(4.7.22) 

(4.7.23) 

where u, and v, are each white noise with u, uncorrelated with vT for all t and -r. 
Again suppose that we observe 

Y,=X,+W, 

alld want to forecast Y,+1 on the basis of its own lagged values. 
If, by chance, X and W share the same autoregressive parameter, or 

'TT= p, 

then [4.7.22) could simply be added directly to (4.7.23) to deduce 

(1 - 1tL)X 1 + (1 - 1tL)W, = u, + v, 

or 

(1 - 1tL)(X, + W,) = u, + v,. 

But the sum u, + v, is white noise (as a special case of result [4.7.21)), meaning 
that Y, has an AR(l) representation 

(1 - 1tL)Y, = Br 

In the more likely case that the autoregressive parameters ,,, and p are dif
ferent, then (4.7.22) can be multiplied by (1 - pL): 

(1 - pL)(l - 1tL)X, = (1 - pL)u,; (4.7.24) 
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and similarly, (4.7.23] could be multiplied by (1 - TTL): 

(1 - TTL)(l - pL)W, = (1 - TTL)v,. (4.7.25] 

Adding (4.7.24] to [4.7.25] produces 

(1 - pL)(l - TTL)(X, + W,) = (1 - pL)u, + (1 - TTL)v,. [4.7.26] 

From (4.7.21], the right side of [4.7.26] has an MA(l) representation. Thus, we 
could write 

where 

and 

(1 + OL)e, = (1 - pL)u, + (1 - TTL)v,. 

In other words, 

AR(l) + AR(l) = ARMA(2, 1). 

In general, adding an AR(p 1) process 

TT(L)X, = u,, 

to an AR(pi) process with which it is uncorrelated at all leads and lags, 

p(L)W, = v,, 

produces an ARMA(p 1 + p 2 , max{p1, pi}) process, 

q,(L)Y, = O(L)e,, 

where 

q,(L) = TT(L)p(L) 

and 

O(L)e, = p(L)u,+ TT(L)v,. 

4.8. Wold's Decomposition and the Box-Jenkins 
Modeling Philosophy 

Wold's Decomposition 

[4.7.27] 

All of the covariance-stationary processes considered in Chapter 3 can be 
written in the form 

= 

Y, = fJ, + ~ V'1E1-j, 
j=O 

[4.8.1] 

where e, is the white noise error one would make in forecasting Y, as a linear 
function of lagged Y and where 'J.j=oV'J < oo with l{,0 = 1. 

One might think that we were able to write all these processes in the form 
of [4.8.1] because the discussion was restricted to a convenient class of models. 
However, the following result establishes that the representation [4.8.l] is in fact 
fundamental for any covariance-stationary time series. 
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Proposition 4.1: (Wold's decomposition). Any zero-mean covariance-stationary 
process Y, can be represented in the form 

.. 
Y, = L t/l;B,-; + K,, 

;-o 
(4.8.2) 

where tf,0 = 1 and '!.jmot/lJ < 00• The term e, is white noise and represents the error 
made in forecasting Y, on the basis of a linear function of lagged Y: 

e, = Y, - £(YJY,_i, Y,_2, • •• ). (4.8.3) 

The value of K, is uncorrelated with e,_1 for any j, though K 1 can be predicted 
arbitrarily well from a linear function of past values of Y: 

K, = l(K,IY,-1, Y,-2, • • .). 

The tenn K, is called the linearly deterministic component of Y" while !.j. 0t/lf8,-J 
is called the linearly indeterministic component. If K1 "" 0, then the process is called 
purely linearly indeterministic. 

This proposition was first proved by Wold (1938).6 The proposition relies on 
stable second moments of Y but makes no use of higher moments. It thus describes 
only optimal linear forecasts of Y. 

Finding the Wold representation in principle requires fitting an infinite num
ber of parameters (if,1, "'2, ... ) to the data. With a finite number of observations 
on (Y1, Y2, .•• , Yr), this will never be possible. As a practical matter, we therefore 
need to make some additional assumptions about the nature of (if,1, tf,2 , ••• ). A 
typical assumption in Chapter 3 was that tf,(L) can be expressed as the ratio of two 
finite-order polynomials: 

" O(L) 1 + 8 L + 8 L2 + · · · + 8 U L l/l;V = - = 1 2 2 q • (4.8.4) 
;mo cf,(L) 1 - c/,1L - cpzL - • • • - c/,pLP 

Another approach, based on the presumed "smoothness" of the population spec
trum, will be explored in Chapter 6. 

The Box-Jenkins Modeling Philosophy 

Many forecasters are persuaded of the benefits of parsimony, or using as few 
parameters as possible. Box and Jenkins (1976) have been influential advocates of 
this view. They noted that in practice, analysts end up replacing the true operators 
O(L) and c/,(L) with estimates 8(L) and i/,(L) based on the data. The more param
eters to estimate, the more room there is to go wrong. 

Although complicated motlels can track the data very well over the historical 
period for which parameters are estimated, they often perform poorly when used for 
out-of-sample forecasting. For example, the 1960s saw the development of a number 
of large macroeconometric models purporting to describe the economy using hundreds 
of macroeconomic variables and equations. Part of the disillusionment with such efforts 
was the discovery that univariate ARMA models with small values of p or q often 
produced better forecasts than the big models (see for example Nelson, 1972).7 As 
we shall see in later chapters, large size alone was hardly the only liability of these 
large-scale macroeconometric models. Even so, the claim that simpler models provide 
more robust forecasts has a great many believers across disciplines. 

•see Sargent (1987, pp. 286-90) for a nice sketch of the intuition behind this result. 
7For more recent pessimistic evidence about current large-scale models, see Ashley (1988). 
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The approach to forecasting advocated by Box and Jenkins can be broken 
down into four steps: 

(1) Transform the data, if necessary, so that the assumption of covariance
stationarity is a reasonable one. 

(2) Make an initial guess of small values for p and q for an ARMA(p, q) model 
that might describe the transformed series. 

(3) Estimate the parameters in cj,(L) and lJ(L). 
(4) Perform diagnostic analysis to confirm that the model is indeed consistent 

with the observed features of the data. 

The first step, selecting a suitable transformation of the data, is discussed in. 
Chapter 15. For now we merely remark that for economic series that grow over 
time, many researchers use the change in the natural logarithm of the raw data. 
For example, if X, is the level of real GNP in year t, then 

Y, = log X, - log X,_ 1 (4.8.5] 

might be the variable that an ARMA model purports to describe. 
The third and fourth steps, estimation and diagnostic testing, will be discussed 

in Chapters 5 and 14. Analysis of seasonal dynamics can also be an important part 
of step 2 of the procedure; this is briefly discussed in Section 6.4. The remainder 
of this section is devoted to an exposition of the second step in the Box-Jenkins 
procedure on nonseasonal data, namely, selecting candidate values for p and q.8 

Sample Autocorrelations 

An important part of this selection procedure is to form an estimate p1 of the 
population autocorrelation p1. Recall that p1 was defined as 

Pi"" 'Y/Yo 

where 

'Yi = E(Y, - µ.)(Y,_1 - µ.). 

A natural estimate of the population autocorrelation p1 is provided by the 
corresponding sample moments: 

where 

'Yi = _Tl ± (y, - Y)(Y,-i - Y) 
t-j+1 

for j = 0, l, 2, ... , T - 1 [4.8.6] 

l T 

y = -TL y,. 
r=l 

(4.8.7] 

Note that even though only T - j observations are used to construct yi, the 
denominator in [4.8.6] is T rather than T - j. Thus, for large j, expression (4.8.6] 
shrinks the estimates toward zero, as indeed the population autocovariances go to 
zero as j - co, assuming covariance-stationarity. Also, the full sample of obser
vations is used to construct y. 

8Box and Jenkins refer to this step as "identification" of the appropriate model. We avoid Box and 
Jenkins's terminology, because "identification" has a quite different meaning for econometricians. 
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Recall that if the data really follow an MA(q) process, then Pi will be zero 
for j > q. By contrast, if the data follow an AR(p) process, then Pi will gradually 
decay toward zero as a mixture of exponentials or damped sinusoids. One guide 
for distinguishing between MA and AR representations, then, would be the decay 
properties of Pr Often, we are interested in a quick assessment of whether p1 = 0 
for j"" q + 1, q + 2, .... If the data were really generated by a Gaussian MA(q) 
process, then the variance of the estimate {)1 could be approximated by9 

Var(p1) e i { 1 + 2 ,t1 Pf} for j = q + 1, q + 2, . . . . [4.8.8] 

Thus, in particular, if we suspect that the data were generated by Gaussian white 
noise, then /J; for any j 4= 0 should lie between ± 2/VT about 95% of the time. 

In general, if there is autocorrelation in the process that generated the original 
data {Y,}, then the estimate ;,1 will be correlated with /J, for i 4= j. 10 Thus patterns 
in the estimated r,1 may represent sampling error rather than patterns in the true Pr 

Partial Autocorrelation 

Another useful measure is the partial autocorrelation. The mth population 
partial autocorrelation (denoted a~l) is defined as the last coefficient in a linear 
projection of Yon its m most recent values (equation [4.3.7]): 

f',+11, - /J, = aim) (Y, - µ,) + a~m) (Y,-1 - µ,) + • • • + at> (Yr-m+l - µ,). 

We saw in equation [4.3.8] that the vector cx<ml can be calculated from 

[=f]-[ ~ ;: : : : :~=:]-1[~]-
a~•) 'Ym-1 'Ym-2 'Yo 'Ym 

Recall that if the data were really generated by an AR(p) process, only the p most 
recent values of Y would be useful for forecasting. In this case, the projection 
coefficients on Y's more than p periods in the past are equal to zero: 

a~> = 0 form = p + 1, p + 2, .... 

By contrast, if the data really were generated by an MA(q) process with q .!: 1, 
then the partial autocorrelation a~> asymptotically approaches zero instead of 
cutting off abruptly. 

A natural estimate of the mth partial autocorrelation is the last coefficient in 
an O LS regression of y on a constant and its m most recent values: 

Y1+1 = ~ + aim>y, + ~m>Y,-1 + · · · + at>Y,-m+1 + e,. 
where e, denotes the OLS regression residual. If the data were really generated by 
an AR(p) process, then the sample estimate (at>) would have a variance around 
the true value (0) that could be approximated by11 

Var(at>) e 1/T form = p + 1, p + 2, .... 

'See Box and Jenkins (1976, p. 35). 
'"Again, see Box and Jenkins (1976, p. 35). 

"Box and Jenkins (1976, p. 65), 
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Moreover, if the data were really generated by an AR(p) process, then a;il and 
ay> would be asymptotically independent for i, j > p. 

Example 4.1 
We illustrate the Box-Jenkins approach with seasonally adjusted quarterly data 
on U.S. real GNP from 1947 through 1988. The raw data (x,) were converted 
to log changes (y,) as in (4.8.5]. Panel (a) of Figure 4.2 plots the sample 
autocorrelations of y (Pi for j = 0, l, ... , 20), while panel (b) displays the 
sample partial autocorrelations (at> for m = 0, 1, ... , 20). Ninety-five 
percent confidence bands (±2/v'l) are plotted on both panels; for panel (a), 
these are appropriate under the null hypothesis that the data are really white 
noise, whereas for panel (b) these are appropriate if the data are really gen
erated by an AR(p) process for p less than m. 
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FIGURE 4.2 Sample autocorrelations and partial autocorrelations for U.S. quar
terly real GNP growth, 1947:11 to 1988:IV. Ninety-five percent confidence intervals 
are plotted as ± 2/yT_ 
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The first two autocorrelations appear nonzero, suggesting that q = 2 
would be needed to describe these data as coming from a moving average 
process. On the other hand, the pattern of autocorrelations appears consistent 
with the simple geometric decay of an AR(l) process, 

with ct, = 0.4. The partial autocorrelation could also be viewed as dying out 
after one lag, also consistent with the AR(l) hypothesis. Thus, one's initial 
guess for a parsimonious model might be that GNP growth follows an AR(l) 
process, with MA(2) as another possibility to be considered. 

APPENDIX 4.A. Parallel Between OLS Regression 
and Linear Projection 

This appendix discusses the parallel between ordinary least squares regression and linear 
projection. This parallel is developed by introducing an artificial random variable specifically 
constructed so as to have population moments identical to the sample moments of a particular 
sample. Say that in some particular sample on which we intend to perform OLS we have 
observed T particular values for the explanatory vector, denoted x1, x2, ... , Xr- Consider 
an artificial discrete-valued random variable ~ that can take on only one of these particular 
T values, each with probability (1/T): 

P{~ = x1} = 1/T 

P{~ = x,} = 1/T 

P{~ = Xr} = 1/T. 

Thus ~ is. an artificially constructed random variable whose population probability distri
bution is given by the empirical distribution function of x,. The population mean of the 
random variable ~ is 

T 1 T 

E(~) = L x,·P{~ = x,} = - L x,. ,-1 T ,-1 
Thus, the population mean of~ equals the observed sample mean of the true random variable 
X,. The population second moment of ~ is 

E(~f) = _Tl f x,x;, [4.A.l] ,_, 
which is the sample second moment of (x,, x2 , ..• , xr)-

We can similarly construct a second artificial variable OJ that can take on one of the 
discrete values (y2 , y3, ••• , Yr+1). Suppose that the joint distribution of OJ and~ is given 
by . 

Then 

P{~ = x,, OJ = y,.,.1} = 1/T for t = 1, 2, . . . , T. 

1 T 

E(~OJ) = -TL x,y,.,.,. ,-1 
[4.A.2] 

The coefficient for a linear projection of OJ on ~ is the value of a that minimizes 

1 T 

E(OJ - a'~)2 = -TL (Y,+, - a'x,)2• [4.A.3] 
,-1 

This is algebraically the same problem as choosing 13 so as to minimize [4.1.17]. Thus, 
ordinary least squares ~egression (choosing 13 so as to minimize [4.1.171) can be viewed as 
a spe~ial case of linear projection (choosing a so as to minimize [4.A.31). The value of a 
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that minimizes (4.A.3] can be found from substituting the expressions for the population 
moments of the artificial random variables (equations (4.A.1] and (4.A.2]) into the formula 
for a linear projection (equation (4.1.13]): 

a= [E(~~')]-'E(~w) = [~,i,x,x;r'[~tx,y,+1 

Thus the formula for the OLS estimate bin (4.1.18] can be obtained as a special case of 
the formula for the linear projection coefficient a in (4.1.13]. 

Because linear projections and OLS regressions share the same mathematical struc
ture, statements about one have a parallel in the other. This can be a useful device for 
remembering results or confirming algebra. For example, the statement about population 
moments, 

E(Y 2) = Var(Y) + (E(Y)]2, (4.A.4] 

has the sample analog 

1 T 1 T 

- I r: = - I <r, - J>2 + <J>2 
T,-, T,-, (4.A.5] 

with y = (1/T)IT.,y,. 
As a second example, suppose that we estimate a series of n OLS regressions, with 

y,, the dependent variable for the ith regression and x, a (k x 1) vector of explanatory 
variables common to each regression. Let y, = (Yw y2,, ••• , Yn,)' and write the regression 
model as 

. Y, = Il'x, + u, 

for Il' an (n x k) matrix of regression coefficients. Then the sample variance-covariance 
matrix of the OLS residuals can be inferred from (4.1.24]: 

-T1 f o,o; = [-T1 f y,y;] - [-T1 f y,x:][-T1 f x,x;]-1
[-T1 f x,y;], (4.A.6] , .. 1 ,-1 ,-1 ,-1 ,-1 

where 6, = y, - li'x, and the ith row of li' is given by 

{[1 T ]"'[1 T ]}' fr! = T 
1
~ x,x; TI x,Yu . 

APPENDIX 4.B. Triangular Factorization 
of the Covariance Matrix for an MA(I) Process 

This appendix establishes that the triangular factorization of n in [4.5.17] is given by (4.5.18] 
and (4.5.19]. 

The magnitude u2 is simply a constant term that will end up multiplying every term 
in the D matrix. Recognizing this, we can initially solve the factorization assuming that 
u2 = 1, and then multiply the resulting D matrix by u2 to obtain the result for the general 
case. The (1, 1) element of D (ignoring the factor a-2) is given by the (1, 1) element of 0: 
d11 = (1 + 82). To put a zero in the (2, 1) position of n, we multiply the first row of n 
by 8/(1 + 82) and subtract the result from the second; hence, a21 = 8/(1 + 02). This 
operation changes the (2, 2) element of n to 

92 (1 + 82)2 - 92 
dn = (1 + 82) - 1 + 92 = 1 + 92 

To put a zero in the (3, 2) element of 0, the second row of the new matrix must be multiplied 
by 8/d22 and then subtracted from the third row; hence, 

8(1 + 82) 

a32 = 8ld22 = 1 + 92 + (14' 
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This changes the (3, 3) element to 

2 82(1 + IP) 
d33 = (1 + 8 ) - 1 + 82 + 8• 

_ (1 + 02)(1 + 02 + e•) - 02(1 + 82) 

- 1+8 2 +8 4 

_ (1 + 02 + e•) + 02(1 + 02 + e•) - 02(1 + 82) 

- 1+8 2 +8 4 

1 + 02 + B4 + 0• 
l+(/2+8 4 

In general, for the ith row, 

d--= l + 82 + 04 + . . . + 821 

u 1 + 92 + 04 + • • • + 82{{-I)" 

To put a zero in the (i + 1, i) position, multiply by 

8(1 + 92 + 04 + ... + 82{i-l)) 

a,+u = Old,, = l + 82 + e• + · · · + 82' 

and subtract from the (i + l)th row, producing 

_ z _ 82(1 + 82 + 94 + • • · + 92{1-l)j 

di+IJ+I - (1 + 8) 1 + 92 + 04 + • • . + 921 

_ (1 + 02 + e• + ... + 021) + 02(1 + 92 + e• + ... + 021) 

- 1+9'+8 4 +···+8" 
9'(1 + 8' + 9• + ... + 02{i-l)j 

1+9 2 +9 4 +···+6 21 

1 + 92 + 04 + ... + 921;+1) 

1+9 2 +04+· .. +921. 

Chapter 4 Exercises 

4.1. Use formula [ 4.3.6] to show that for a covariance-stationary process, the projection 
of Y,+1 on a constant and Y, is given by 

£'(Y,+1IY,) = (1 - P1)/L + p,Y, 

where /L = E(Y,) and p, = rilro-
(a) Show that for the AR(l) process, this reproduces equation (4.2.19] for s = 1. 
(b) Show that for the MA(l) process, this reproduces equation (4.5.20) for n = 2. 
( c) Show that for an AR(2) process, the implied forecast is 

/L + (¢1/(l - 4>-,)](Y, - /L), 

Is the error associated with this forecast correlated with Y,? Is it correlated with Y,_,? 

4.2. Verify equation (4.3.3). 

4.3. Find the triangular factorization of the following matrix: 

[-~ -: -!]. 
3 -4 12 

4.4. Can the coefficient on Y2 from a linear projection of Y4 on Y3, Y2 , and Y1 be found 
from the (4, 2) element of the matrix A from the triangular factorization of n = E(YY')? 

4.5. Suppose that X, follows an AR(p) process and v, is a white noise pro.cess that is 
. uncorrelated with X,-; for all j. Show that the sum 

Y, = X, + v, 

follows an ARMA(p, p) process. 
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4.6. Generalize Exercise 4.5 to deduce that if one adds together an AR(p) process with 
an MA(q) process and if these two processes are uncorrelated with each other at all leads 
and lags, then the result is an ARMA(p, p + q) process. 
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5 

Maximum Likelihood 
Estimation 

5 .1. Introduction 
Consider an ARMA model of the form 

Y, = c + q>1Y,_1 + <f>iY,_2 + · · · + cppY,_P + e, + 01e,_ 1 (5.1.1] 

+ 02E,-2 + ' · · + 0qEt-q, 

with e, white noise: 
E(e,) = 0 

E( e,e,) = { ~2 fort = T 

otherwise. 

(5.1.2] 

(5.1.3] 

The previous chapters assumed that the population parameters (c, <pi, ... , 'Pp• 
01, ..• , 0q, a-2) were known and showed how population moments such as E(Y,Y,-i) 
and linear forecasts E(Y,+,IY,, Y,_ 1, • •. ) could be calculated as functions of these 
population parameters. This chapter explores how to estimate the values of (c, cp1, 

... , 'Pp, 0i, ... , 0q, a-2) on the basis of observations on Y. 
The primary principle on which estimation will be based is maximum likeli

hood. Let 9"" (c, cp1, ••• , 'Pp• 01, ••• , 0q, a-2)' denote the vector of population 
parameters. Suppose we have observed a sample of size T (y1, y2 , •.. , Yr)- The 
approach will be to calculate the probability density 

(5.1.4] 

which might loosely be viewed as the probability of having observed this particular 
sample. The maJ!:imum likelihood estimate (MLE) of 9 is the value for which this 
sample is most likely to have been observed; that is, it is the value of 9 that 
maximizes (5.1.4]. 

This approach requires specifying a particular distribution for the white noise 
process e,. Typically we will assume that e, is Gaussian white noise: 

e, - i.i.d. N(O, a-2). (5.1.5] 

Although this assumption is strong, the estimates of 9 that result from it will often 
turn out to be sensible for non-Gaussian processes as well. 

Finding maximum likelihood estimates conceptually involves two steps. First, 
the likelihood function (5.1.4] must be calculated. Second, values of 9 must be 
found that maximize this function. This chapter is organized around these two 
steps. Sections 5.2 through 5.6 show how to calculate the likelihood function for 
different Gauss:ian ARMA specifications, while subsequent sections review general 
techniques for numerical optimization. 
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5.2. The Likelihood Function for a Gaussian 
AR(l) Process 

Evaluating the Likelihood Function 
A Gaussian AR(l) process takes the form 

Y, = c + q,Y,_1 + e,, [5.2.1] 

with e, - i.i.d. N(O, u 2). For this case, the vector of population parameters to be 
estimated consists of 8 • (c, q,, u2)'. 

Consider the probability distribution of Y1, the first observation in the sample. 
From equations (3.4.3] and (3.4.4] this is a random variable with mean 

E(Y1) = µ, = c/(1 - q,) 
and variance 

E(Y1 - µ,)2 = u2/(1 - q,2), 

Since {e,}~-_., is Gaussian, Y1 is also Gaussian. Hence, the density of the first 
observation takes the form 

/y 1(y1; 8) = /y 1(Y1; c, q,, u 2) 

1 [-{yl - (c/(1 - q,)]}2] 
= y'2,T \iu 2/(1 - q,2) exp 2u2/(1 - q,2) · 

(5.2.2] 

Next consider the distribution of the second observation Y2 conditional on observing 
Y1 = Y1· From [5.2.1], 

(5.2.3] 

Conditioning on Y1 = y1 means treating the random variable Y1 as if it were the 
deterministic constant y1. For this case, (5.2.3] gives Y2 as the constant (c + q,y1) 
plus the N(O, u 2) variable e2• Hence, 

(Y2IY1 = Y1) - N((c + q,y1), u2), 

meaning 

[5.2.4] 

The joint density of observations 1 and 2 is then just the product of (5.2.4] and [5.2.2]: 

fY2,Y,(Y2, Y1; 8) = fY21Y,(Y2IY1; 8)·/y.(y1; 8). 
Similarly, the distribution of the third observation conditional on the first two is 

. _ 1 [- (y3 - C - 'PY2)2 ] /y,1Y,,Y1(Y3IY2, Yi, 8) - \/2'iru2 exp 2u2 , 

from which 

f Y,,Yz.Y,(Y3, Y2, Y1; 8) = / Y,IY2,Y1(Y3IY2, Yi; 8)•/y2,Y1(Y2, Y1; 8). 

In general, the values of Y1, Y2, ... , Y,_1 matter for Y, only through the 
value of Y,_1, and the density of observation t conditional on the preceding t - 1 
observations is given by 

/yJy,_.,y,_,,, .. ,Y,(Y,IY1-1' Y,-2, ... , Y1; 8) 

= !Y,IY,_,(Y,IY,-1; 8) 

1 [-(y, - C - 'PY,-1)2] = V21ru2 exp 2u2 . 

[5.2.5] 
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The joint density of the first t observations is then 

f Y,,Y,_,., .. ,Y,(Y,, Y,-1, ... , Yi; 8) 
= !Y,IY,_,(Y,IY,-1; 8)fy,_,,Y,_,, ... ,Y,(Y,-1, Y,-2, ... 'Yi; 8). 

The likelihood of the complete sample can thus be calculated as 

T 

[5.2.6] 

f Y7 ,Y7 _ 1, •..• Y,(YT, YT-!, · · · , Yi; 8) = fy1(Y1; 8)· f1 fY,IY,_,(Y,IY,-1; 8). (5.2.7] ,-2 

The log likelihood function (denoted .:£(8)) can be found by taking logs of (5.2.7]: 

T 

.:£(8) = logfy,(yi; 8) + ~ logfY,IY,-.CY,IY,-1; 8). ,-2 [5.2.8] 

Clearly, the value of 8 that maximizes [5.2.8] is identical to the value that 
maximizes (5.2.7]. However, Section 5.8 presents a number of useful results that 
can be calculated as a by-product of the maximization if one always poses the 
problem as maximization of the log likelihood function [5.2.8] rather than the 
likelihood function (5.2.7]. 

Substituting (5.2.2] and (5.2.5] into (5.2.8], the log likelihood for a sample 
of size T from a Gaussian AR(l) process is seen to be 

.:£(6) = -½log(2-rr) - ½ log[a-2/(1 - cp2)] 

- {Yi - (c/(l - cf>)]}2 - ((T - 1)/2] log(2,r) 
2CT2/(1 - cp2) 

- ((T - 1)/2] log(CT2) - f [<Y, - c -2 cf>Y,-1)2]. 
t-2 2CT 

An Alternative Expression for the Likelihood Function 

(5.2.9) 

A different description of the likelihood function for a sample of size T from 
a Gaussian AR(l) process is sometimes useful. Collect the full set of observations 
in a (T x 1) vector, 

Y '"' (Yi, Y2, • · · , Yr)'· 
(Tx !) 

This vector could be viewed as a single realization from a T-dimensional Gaussian 
distribution. The mean of this (T x 1) vector is 

[:;;~ J-l :J, 
E(Yr) µ, 

(5.2.10) 

where, as before, µ, = c/(1 - cf>). In vector form, (5.2.10) could be written 

E(Y) = p., 

where p. denotes the (T x 1) vector on the right side of (5.2.10). The variance
covariance matrix of Y is given by 

E((Y - p.)(Y - p.)') = .0, (5.2.11] 
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where 

E(Y1 - /L)(Y2 - /L) · · · E(Y1 - 1L)(Yr - /L)] 
E(Y2 - 1L)2 • • • E(Yz - !L)(Yr - /L) 

. . . . . . . 
E(Yr - 1L)(Y2 - /L) E(Yr - /L)2 

[ 

E(Y1 - /L)2 

fl = E(Y2 - /LtY, - /L) 

E(Yr - 1L)(Y1 - /L) 

[5.2.12) 

The elements of this matrix correspond to autocovariances of Y. Recall that the 
jth autocovariance for an AR(l) process is given by 

E(Y, - µ.)(Y,-i - µ.) = CT2cf,1/(l - cf,2). (5.2.13) 

Hence, [5.2.12) can be written as 

where 

1 
V=--

1 - cp2 

1 

ct, 
cp2 

ct, 
1 

ct, 

cp2 
ct, 
1 

cpT-1 cpT-2 cpT-3 1 

[5.2.14) 

[5.2.15) 

Viewing the observed sample y as a single draw from a N(p., 0) distribution, 
the sample likelihood could be written down immediately from the formula for the 
multivariate Gaussian density: 

fv(Y; 9) = (2,r)-m 10-11112 exp[-!(y - p.)'0- 1(y - 1,1,)], (5.2.16] 

with log likelihood 

;£(9) = (-T/2) log(2,r) + ½loglo- 11 - ½(y - p.)'0- 1(y - p.). (5.2.17] 

Evidently, (5.2.17] and (5.2.9] must represent the identicalfunction of (y1, y2, ••• , 

Yr)- To verify that this is indeed the case, define 

~00 00 

-ct, 1 0 0 0 

L = 0 -ct, 1 0 0 [5.2.18] 
(TX7) 

0 0 0 -ct, 1 

It is straightforward to show that 1 

L'L = v- 1, (5.2.19] 

'By direct multiplication, one calculates 

~ "'~ q,2~ q,T-1~ 
0 (1 - q,2) q,(1 - q,2) q,T-2(1 _ q,') 

LV = _l_ 0 0 (1 - cf,') 

1 - "'' 

q,T-3(1 _ q,2) 

0 0 0 (1 - cf,') 

and premultiplying this by L' produces the (T x T) identity matrix. Thus, L'LV = Ir, confirming 
(5.2.19]. 
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implying from (5.2.14) that 

n- 1 = u- 2L'L. (5.2.20] 

Substituting (5.2.20] into (5.2.17] results in 

.'.£(9) = ( - T/2) log(2,r) + ½ logju- 2L'LI - l(y - p.)' u- 2L'L(y - p.). (5.2.21] 

Define the (T x 1) vector y to be 

y"" L(y - µ) 

= 

~ 0 0 
-q, 1 0 

0 -<f, 1 

0 0 0 

~ (y 1 - µ.) 

(Y2 - µ.) - <f,(y1 - µ.) 

(y3 - µ.) - "1(Y2 - µ.) 

(Yr - µ.) - <f,(Yr-1 - µ,) 

Substitutingµ. = c/(1 - <f,), this becomes 

0 0 

0 0 

0 0 

-q, 1 

~ [Y1 - c/(1 - <f,)] 

Y2 - C - <fJY1 

y = Y3 - C - <fJY2 

Yr - c - 'PYr-1 

The last term in (5.2.21] can thus be written 

½(y - p.)'u- 2L'L(y - fl.) = (l/(2u2)]fy 

Y1 - µ. 
Y2 - µ. 

Y3 - µ. 

Yr - µ. (5.2.22) 

= (1/(2o-2)](1 - <f,2)(y1 - c/(1 - <f,)]2 (5.2.23] 
r 

+ [1/(2o-2)] ~ (y, - C - <PY,-1)2• 
,-2 

The middle term in [5.2.21] is similarly 

½ logju- 2L'LI = ½ log{u- 2r · IL'LI} 

= -¼ log u2T + ¼ loglL'LI (5.2.24] 

= ( -T/2) log o-2 + logjLI, 

where use has been made of equations [A.4.8), (A.4.9], and (A.4.11] in the Math
ematical Review (Appendix A) at the end of the book. Moreover, since L is lower 
triangular, its determinant is given by the product of the terms along the principal 
diagonal: ILi = ~- Thus, (5.2.24] states that 

½ loglu- 2L'LI = (-T/2) log o-2 + ½ log(l - q,2). . [5.2.25] 

Substituting [5.2.23] and (5.2.25) into (5.2.21] reproduces [5.2.9]. Thus, equations 
(5.2.17] and (5.2.9] are just two different expressions for the same magnitude, as 
claimed. Either expression accurately describes the log likelihood function. 
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Expression (5.2.17] requires inverting a (T x T) matrix, whereas (5.2.9] does 
not. Thus, expression (5.2.9] is clearly to be preferred for computations. It avoids 
inverting a (T x T) matrix by writing Y, as the sum of a forecast (c + (/>Y,_1) and 
a forecast error (e,). The forecast error is independent from previous observations 
by construction, so the log of its density is simply added to the log likelihood of 
the preceding observations. This approach is known as a prediction-e"or decom
position of the likelihood function. 

Exact Maximum Likelihood Estimates for the Gaussian 
AR(l) Process 

The MLE 8 is the value for which (5.2.9] is maximized. In principle, this . 
requires differentiating (5.2.9] and setting the result equal to zero. In practice, 
when an attempt is made to carry this out, the result is a system of nonlinear 
equations in 9 and (y 11 y2, ••• , Yr) for which there is no simple solution for 9 in 
terms of (y 11 y2 , ••• , Yr)- Maximization of (5.2.9] thus requires iterative or nu
merical procedures described in Section 5. 7. 

Conditional Maximum Likelihood Estimates 

An alternative to numerical maximization of the exact likelihood function is 
to regard the value of y1 as deterministic and maximize the likelihood conditioned 
on the first observation, 

r 
fY,.,Yr-,, ... ,Y21Y,(Yr, Yr-1, · · · , Y2IY1; 8) = TI fYJY,_,(Y,IY,-1; 9), (5.2.26] 

fm2 

the objective then being to maximize 

log fYr,Yr-,, .... Y21Y,(Yr, Yr-1, · · · , Y2IY1; 9) 
= -((T - 1)/2] log(2,r) - [(T - 1)/2] log(u2) 

_ f [(y, - c -
2 

'PY,-1)2]. 

,-2 2u 

(5.2.27] 

Maximization of (5.2.27] with respect to c and(/> is equivalent to minimization 
of 

T 

L (y, - C - 'PY,-1)2, (5.2.28) ,-2 
which is achieved by an ordinary least squares ( OLS) regression of y, on a constant 
and its own lagged value. The conditional maximum likelihood estimates of c and 
(/> are therefore given by 

[e] [T - 1 ~y,_,]-i [ ~Y, ] 

'1, = ~Y,-1 ~Yl-1 ~Y,-1Y, ' 

where ~ denotes summation over t = 2, 3, ... , T. 
The conditional maximum likelihood estimate of the innovation variance is 

found by differentiating [5.2.27] with respect to u2 and setting the result equal to 
zero: 

-(T - 1) + f [(y, - c - 'PY,-1)2] = O, 
20"2 1-2 2u 4 

122 Char,ter 5 I Maximum Likelihood Estimation 



or 

iP = f [(y, - c - q>Y,-1)2]. 
,-2 T - 1 

In other words, the conditional MLE is the average squared residual from the OLS 
regression (5.2.28). 

In contrast to exact maximum likelihood estimates, the conditional maximum 
likelihood estimates are thus trivial to compute. Moreover, if the sample size Tis 
sufficiently large, the first observation makes a negligible contribution to the total 
likelihood. The exact MLE and conditional MLE tum out to have the same large
sample distribution, provided that l<t>I < 1. And when l<t>I > 1, the conditional MLE 
continues to provide consistent estimates, whereas maximization of (5.2.9) does 
not. This is because (5.2.9] is derived from (5.2.2), which does not accurately 
describe the density of Y1 when l<t>I > 1. For these reasons, in most applications 
the parameters of an autoregression are estimated by OLS (conditional maximum 
likelihood) rather than exact maximum likelihood. 

5.3. The Likelihood Function for a Gaussian 
AR(p) Process 
This section discusses a Gaussian AR(p) process, 

Y, = C + <P1Y,_1 + <t>iY,-2 + ... + <?pYt-p + E,, (S.3.1) 
with e, - i.i.d. N(O, a-2). In this case, the vector of population parameters to be 
estimated is 6 = (c, <Pi, ¢2 , ... , <Pp, o-2)'. 

Evaluating the Likelihood Function 
A combination of the two methods described for the AR(l) case is used to 

calculate the likelihood function for a sample of size T for an AR(p) process. The 
first p observations in the sample (y 1, Yi, ... , yp) are collected in a (p x 1) vector 
yp, which is viewed as the realization of a p-dimensional Gaussian variable. The 
mean of this vector is µp, which denotes a (p x 1) vector each of whose elements 
is given by 

[S.3.2] 
Let a-2 VP denote the (p x p) variance-covariance matrix of (Yi, Y2 , ••. , YP): 

[ 

E(Y, - /L)2 E(Y, - /L)(Y2 - /L) · · • E(Y1 - /L)(YP - /L)] 
E(Y 2 - /L)(Y1 - /L) E(Y 2 - /L)2 • • • E(Y2 - /L)(Yr - /L) 

u 2Vr = . . . . . . . . . . 
E(Yr - /L)(Y1 - /L) E(Yp - /L)(Y2 - /L) E(Yp - /L)2 

[5.3.3] 
For example, for a first-order autoregression (p = 1), VP is the scalar 1/(1 - ¢ 2). 

For a general pth-order autoregression, 

'Yo 'Y1 'Y2 'Yp-1 

'YI 'Yo 'YI 'Yp-2 

a-2VP = 'Y2 'Y1 'Yo 'Yp-3 

'Yp-1 'Yp-2 'Yp-3 'Yo 
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where 'Y;, the jth autocovariance for an AR(p) process, can be calculated using the 
methods in Chapter 3. The density of the first p observations is then that of a 
N(µp, u 2Vp) variable: 

fYp.Yp-l•····y,(yp, Yp-1, · · , , Yi; 8) 

= (2'1T)-P12lu- 2v; 11112 exp[-z!_z<yP - µP)'V; 1(yP - µP)] 

= (2'1T)-Pl2(u-2)p121v;11112 exp[ -z!_2(Yp - µP)'v;i(yp - l'p)], 
[5.3.4) 

where use has been made of result [A.4.8]. 
For the remaining observations in the sample, (Yp+1> Yp+2, ... , YT), the 

prediction-error decomposition can be used. Conditional on the first t - 1 obser- · 
vations, the tth observation is Gaussian with mean 

c + <P1Y,-1 + <P2Y,-2 + ' ' · + <PpYc-p 

and variance u2. Only the p most recent observations matter for this distribution. 
Hence, for t > p, 

f YJY,-,.Y,_,, ... ,Y,(Y,IY,-1, Y,-2, ... 'Ji; 8) 

= fYAY,_,,Y,_, ..... Y,_)Y,IY,-1, Y,-2, ... 'Y,-p; 8) 

1 [-(y, - C - <P1Y,-1 - <PiY,-2 - ... - <PpY1-p)2] 
= v'Fiiui-exp 2u2 . 

The likelihood function for the complete sample is then 

fYr.Yr_,, ... ,Y,(Yn YT-1' · · · , Y1; 8) 

= fyp,Yp-1, ... ,Y,(Yp, Yp-1• ... 'Y1i 8) 
T 

x n 1Y,IY,_,.Y,-, ..... Y,-p<Y,IY,-1, Y,-2, ... , Y,-p; 0), 
t•p+l . 

and the log likelihood is therefore 

!£(8) = logfY.,.Yr-,, ... ,Y,(YT, Yr-1, · · , , Y1; 8) 

= - i log(2'1T) - i log(a-2) + ~ log/V; 11 

- 2~(Yp - µP)'v;i(yp - l'p) 

- T - p log(2'1T) - T - p log(a-2) 
2 2 

[5.3.5) 

_ f (y, - c - <P1Y,-1 - <PiY,-2 - · · • - <PpY,-p)2 [5.3,6) 
,~p+l 2u 2 

T T 1 = - 2 log(2'1T) - 2 log(a-2) + 2 loglv; 1I 

- 2~(Yp - µP)'v;i(yp - l'p) 

_ f (y, - C - <P1Y,-1 - <PlYt-2 - • .. - <PpYt-p)2 

1•p+1 2u 2 • 

Evaluation of [5.3.6) requires inverting the (p x p) matrix VP" Denote the 
row i, columnj element ofv; 1 by vii(p). Galbraith and Galbraith (1974, equation 
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16, p. 70) showed that 

for 1 s is j s p, [5.3.7] 

where <Po = -1. Values of v'i(p) for i > j can be inferred from the fact that V; 1 
is symmetric (v'l(p) = vJl(p)). For example, for an AR(l) process, V;;1 is a scalar 
whose value is found by taking i = j = p = 1: 

V1 1 = [ I <l>k<Pk - ± <Pk<Pk] = (</Jfi - </JD = (1 - c/J2). 
k•O k-1 

Thus u2V 1 = u 2/(1 - cp2), which indeed reproduces the formula for the variance 
of an AR(l) process. For p = 2, equation [5.3.7] implies 

v-1 = [ (1 - </JD -(c/J1 + c/J1"'2)] 
2 -(c/J1 + c/J1c/>i) (1 - <t>D ' 

from which one readily calculates 

/Vil/= 1(1 + <P2{(l :c/,~) (1-=-<P~)]I = (1 + cf>i)2[(1 - cJ>i)2 - cpfl 

and 

(Y2 - 1J.2)'Vi1(Y2 - IJ.2) 

= [(Y1 - µ.) (Y2 - µ.)](1 + <l>:z)[(l - <P2) -c/,1 ] [(Y1 - µ.)] 
-c/,1 (1 - "'2) (Y2 - µ.) 

= (1 + <P2) X {(1 - <P2)(Y1 - µ.)2 

- 2c/,1(Y1 - µ.)(Yz - µ.) + (1 - <P2)(Y2 - µ.)2}. 

The exact log likelihood for a Gaussian AR(2) process is thus given by 

T T 1 
.:£(9) = -2 log(21r) - 2 log(u2) + 2 log{(l + c/J2)2[(l - <l>:z)2 - <Pm 

- { l ;u2c/>i} X {(1 - cf>i)(Y1 - µ.)2 
[5.3.8] 

- 2c/,i(y1 - µ.)(Yz - µ.) + (1 - <!>:z)(y2 - µ.)2} 

where µ. = c/(1 - c/,1 - <f>.i). 

Conditional Maximum Likelihood Estimates 

Maximization of the exact log likelihood for an AR(p) process [5.3.6] must 
be accomplished numerically. In contrast, the log of the likelihood conditional on 
the first p observations assumes the simple form 

1ogfYr.Yr-,., ... Y,+11Y, .... ,Y,(Yn Yr-1, · · · , Yp+1/Yp, • · · , Y1; 9) 

T-p T-p = --- log(21r) - -- log(u2) 2 2 [5.3.9] 

_ f (y, - C - <P1Y,-1 - <P2Y,-2 - ' ' ' - <PpY1-p)2 

t•p+l 2u2 . 
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The values of c, cp1, c/J.i, ... , c/Jp that maximize [5.3.9] are the same as those that 
minimize 

T 

L (y, - C - <P1Y,-1 - <P2Y,-2 - 0 0 0 
- <PpYt-p)2. 

r-p+l 
[5.3.10] 

Thus, the conditional maximum likelihood estimates of these parameters can be 
obtained from an OLSregression ofy,on a constant andp of its own lagged values. 
The conditional maximum likelihood estimate of u2 turns out to be the average 
squared residual from this regression: 

1 ~ , , , 
a-2 = -T-- L, (y, - c - <P1Y,-1 - <P2Y,-2 - • · • - <PpY,-p)2. 

- p t•p+l 

The exact maximum likelihood estimates and the conditional maximum likelihood 
estimates again have the same large-sample distribution. 

Maximum Likelihood Estimation for Non-Gaussian Time 
Series 

We noted in Chapter 4 that an O LS regression of a variable on a constant 
and p of its lags would yield a consistent estimate of the coefficients of the linear 
projection, 

E(Y,IY,-1, Y,-2, ... , Y,-p), 

provided that the process is ergodic for second moments. This OLS regression also 
maximizes the Gaussian conditional log likelihood [5.3.9]. Thus, even if the process 
is non-Gaussian, if we mistakenly form a Gaussian log likelihood function and 
maximize it, the resulting estimates (c, </,1, $2, ••• , <Pp) will provide consistent 
estimates of the population parameters in [5.3.1). 

An estimate that maximizes a misspecified likelihood function (for example, 
an MLE calculated under the assumption of a Gaussian process when the true data 
are non-Gaussian) is known as a quasi-maximum likelihood estimate. Sometimes, 
as turns out to be the case here, quasi-maximum likelihood estimation provides 
consistent estimates of the population parameters of interest. However, standard 
errors for the estimated coefficients that are calculated under the Gaussianity 
assumption need not be correct if the true data are non-Gaussian. 2 

Alternatively, if the raw data are non-Gaussian, sometimes a simple trans
formation such as taking logs will produce a Gaussian time series. For a positive 
randotn variable Y,, Box and Cox (1964) proposed the general class of transfor
mations 

Y}A) = _, -,\-{
YA - 1 

log Y, 

for,\ 4a 0 

for,\ = 0. 

One agproach is to pick a particular value of,\ and maximize the likelihood function 
for Y/l under the assumption that Y?> is a Gaussian ARMA process. The value 
of ,\ that is associated with the highest value of the maximized likelihood is taken 
as the best transformation. However, Nelson and Granger (1979) reported dis
couraging results from this method in practice. 

2These points were first raised by White (1982) and are discussed further in Sections 5.8 and 14.4. 
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Li and McLeod (1988) and Janacek and Swift (1990) described approaches 
to maximum likelihood estimation for some non-Gaussian ARMA models. Martin 
(1981) discussed robust time series estimation for contaminated data. 

5.4. The Likelihood Function for a Gaussian 
MA(l) Process 

Conditional Likelihood Function 

Calculation of the likelihood function for an autoregression turned out to be 
much simpler if we conditioned on initial values for the Y's. Similarly, calculation 
of the likelihood function for a moving average process is simpler if we condition 
on initial values for the e's. 

Consider the Gaussian MA(l) process 

Y, = µ, + e, + (Je,_1 [5.4.1] 

with e, - i.i.d. N(0, o-2). Let 9 = (µ,, 0, a-2)' denote the population parameters to 
be estimated. If the value of e,_ 1 were known with certainty, then 

Y,le,_1 - N((µ, + 0e,_1), a-2) 

or 

I 1 [- (y - µ, - 0e _ )2] 
fYA•,_,(y, e,_,; 9) = vT-iru2 exp ' 20-2 ' i • [5.4.2] 

Suppose that we knew for certain that e0 = 0. Then 

(Y1IE0 = 0) - N(µ,, o-2). 

Moreover, given observation of y1, the value of e1 is then known with certainty as 
well: 

E1 = Y1 - µ,, 

allowing application of [5.4.2] again: 

1 [- (Yi - µ, - 0e1)2] 
fY,IY,,,0 -o(Y2IY1, Eo = O; 9) = V2mT2 exp 2u2 · 

Since e1 is known with certainty, e2 can be calculated from 

E2 = Y2 - µ, - fle1. 

Proceeding in this fashion, it is clear that given knowledge that e0 = 0, the full 
sequence {e1, e2 , .•. , Er} can be calculated from {y1, y2 , •.. , Yr} by iterating on 

E, = y, - /J, - flE,-1 [5.4.3] 

for t = 1, 2, ... , T, starting from e0 = 0. The conditional density of the tth 
observation can then be calculated from [5.4.2] as 

fY,IY,-1,Y,_,, .... Y,,,0 -o(y,ly,_,, Y,-2, · , · , Y1, Eo = O; 9) 

= f Y,le,_,(y,le,-1; 9) [5.4.4] 

= kexp[;;!]. 
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The sample likelihood would then be the product of these individual densities: 

f Yr,Yr_,,. .. ,Y,l•o-oCYr,Yr-1, · · · , Yiieo = O; 8) 
T 

= f Ytl•o-oCYileo = O; 8) TI f Y~Y,_1,Y,_,, ... ,Y,,•o-o(Y,IY,-i,Y,-2, · · · ,Yi, Eo = O; 8). ,-2 
The conditional log likelihood is 

!£(8) = 1ogfYr,Yr-,, ... ,Y,l•o-o(Yr, Yr-1, · · , , Yiieo = O; 9) 
T T T ~ 

= -- log(27r) - - log(a-2) - L ----¾-
2 2 1-1 2a-

[5.4.5] 

For a particular numerical value of 8, we thus calculate the sequence of e's 
implied by the data from [5.4.3]. The conditional log likelihood [5.4.5}is then a 
function of the sum of squares of these s's. Although it is simple to program this 
iteration by computer, the log likelihood is a fairly complicated nonlinear function 
ofµ. and 0, so that an analytical expression for the maximum likelihood estimates 
of µ. and 0 is not readily calculated. Hence, even the conditional maximum like
lihood estimates for an MA(l) process must be found by numerical optimization. 

Iteration on [5.4.3] from an arbitrary starting value of s0 will result in 

E, = (y, - µ.) - 0(Y,-l - µ.) + 02(Y,-2 - µ.) - ... 

+ (-1Y- 10'- 1(Y1 - µ.) + (-1)'0'Eo-

If 101 is substantially less than unity, the effect of imposing s0 = 0 will quickly die 
out and the conditional likelihood [5.4.4] will give a good approximation to the 
unconditional likelihood for a reasonably large sample sire. By contrast, if 101 > 1, 
the consequences of imposing s0 = 0 accumulate over time. The· conditional ap
proach is not reasonable in such a case. If numerical optimization· of[5.4.5] results 
in a value of 0 that exceeds 1 in absolute value, the results must be discarded. The 
numerical optimization should be attempted again with the reciprocal of iJ used as 
a starting value for the numerical search procedure. 

Exact Likelihood Function 
Two col).venient algorithms are available for calculating the exact likelihood 

function for a Gaussian MA(l) process. One approach is to use the Kalman filter 
discussed in Chapter 13. A second approach uses the triangular factorization of 
the variance-covariance matrix. The second approach is described here: 

As in Section 5.2, the observations on y can be collected in a (T x 1) vector 
y = (Yi, Yi, ... , Yr)' with mean µ = (µ., µ., ... , µ.)' and (T X T) variance
covariance matrix 

fi = E(Y - µ)(Y - µ)'. 

The variance-covariance matrix for T consecutive draws from an MA(l) process is 

(1 + 02) 0 0 0 
0 (1 + 02) 0 0 

,n = a-2 0 0 (1 + 02) 0 

0 0 0 (1 + li2) 

The likelihood function is then 

/v(y; 8) = (27r)-ml,nl-112 exp[-½(y - µ)'O-l(y - IL)]. [5.4.6] 
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A prediction-error decomposition of the likelihood is provided from the tri
angular factorization of 0, 

0 = ADA', [5.4.7] 

where A is the lower triangular matrix given in [4.5.18] and Dis the diagonal matrix 
in [4.5.19]. Substituting [5.4.7] into [5.4.6] gives 

fv(Y; 9) = (2?T)-mlADA'l- 112 . 

x exp[ -½(y - µ)'[A'J- 10- 1A- 1(y - µ)]. 
[5.4.8] 

But A is a lower triangular matrix with ls along the principal diagonal. Hence, 
IAI = 1 and 

jADA'I = IAl·IDl·IA'I = 101. 
Further defining 

y = A-1(y - µ), 

the likelihood [5.4.8] can be written 

fv(y; 9) = (2'1T)-m [01-112 exp[-½y'D- 1y]. 

Notice that [5.4.9] implies 
Ay = y - µ.. 

[5.4. 9] 

[5 .4.10] 

The first row of this system states that y1 = Yi - µ,, while the tth row implies that 

- 8[1 + 92 + 04 + ... + 02(t-2)] -

Y, = Y, - µ, - l + 02 + 04 + ... + 02(1-tJ Y,-1- [5.4.11] 

The vector y can thus be calculated by iterating on [5.4.11] fort = 2, 3, ... , T 
starting from .91 = y 1 - µ,. The variable y, has the interpretation as the residual 
from a linear projection of y, on a constant and y,_ 1, y,_ 2 , ••• , y 1, while the tth 
diagonal element of D gives the MSE of this linear projection: 

- I + 02 + 04 + . . . + 021 
d = E(Y 2) = u 2 ----------

" I 1 + (i2 + 04 + , • ' + 02(t-l)' 
[5.4.12] 

Since D is diagonal, its determinant is the product of the terms along the principal 
diagonal, 

T 

!DI = TI d,,, [5.4.13] 
t=l 

while the inverse of D is obtained by taking reciprocals of the terms along the 
principal diagonal. Hence, 

T -2 

y'D- 1y = LY,. 
,-1 dtl 

[5.4.14] 

Substituting [5.4.13] and [5.4.14] into [5.4.10], the likelihood function is 

fv(Y; 9) = (2'1T)-m[fi d11]-
112

exp[-! f fl]. 
t•I 2 r-1 d" 

[5.4.15] 

The exact log likelihood for a Gaussian MA(l) process is therefore 
T 1 T 1 T .92 

!£(9) = log fy(y; 9) = --2 log(2?T) - -2 L log(d,,) - -2 L d'. 
,-1 t=l rr 

[5.4.16} 

Given numerical values forµ,, 8, and u2, the sequence y, is calculated by iterating 
on [5.4.11] starting with _91 = y 1 - µ,,whiled" is given by (5.4.12]. 

In contrast to the conditional log likelihood function [5.4.5], expression [5.4.16] 
will be valid regardless of whether 8 is associated with an invertible MA(l) rep
resentation. The value of [5.4.16] at 8 = 0, u2 = a-2 will be identical to its value 
at 0 = 0- 1, u2 = 02u2 ; see Exercise 5.1. 
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5 .5. The Likelihood Function for a Gaussian 
MA( q) Process 

Conditional Likelihood Function 

For the MA(q) process, 

[5.5.1) 

a simple approach is to condition on the assumption that the first q values for E 

were all zero: 

Eo = e_ 1 = · · · = E-q+t = 0. [5.5.2). 

From these starting values we can iterate on 

[5.5.3) 

fort = 1, 2, ... , T. Let £ 0 denote the (q x 1) vector (e0 , e_i, ••• , E-q+ 1)'. 

The conditional log likelihood is then 

!£(9) = logfyr,Yr_,, ... ,Y,l•o-o(Yr, Yr-1, · · ·, Y1IE0 = 0; 9) 
T T T e2 

= -- log(27r) - - log(a-2) - L -¾, 
2 2 t=l 2u 

[5.5.4) 

where 9 = (µ., 01, 02 , ••• , 0q, u 2}'. Again, expression [5.5.4) is useful only if all 
values of z for which 

1 + 01z + 02 z2 + · · · + (Jqzq = 0 

lie outside the unit circle. 

Exact Likelihood Function 

The exact likelihood function is given by 

/v(Y; 9) = (27r)-mlnl- 112 exp[-½(y - JA.)'O-1(y - p.)), [5.5.5) 

where as before y"" (Yt, Yi, ... , YrY and p."" (µ., µ., ... , µ,)'. Here O represents 
the variance-covariance matrix of T consecutive draws from an MA(q) process: 

O= [5.5.6] 
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The row i, column j element of fl is given by 'Yli-il' where 'Yk is the kth autocovari· 
ance of an MA(q) process: 

fork = 0, 1, ... , q 

fork> q, 
[5.5.7] 

where 00 == 1. Again, the exact likelihood function [5.5.5] can be evaluated using 
either the Kalman filter of Chapter 13 or the triangular factorization of fl, 

fl= ADA', [5.5.8] 

where A is the lower triangular matrix given by [4.4.11] and D is the diagonal 
matrix given by [4.4.7]. Note that the band structure of n in [5.5.6] makes A and 
D simple to calculate. After the first (q + 1) rows, all the subsequent entries in 
the first column of n are already zero, so no multiple of the first row need be 
added to make these zero. Hence, aa = 0 for i > q + 1. Similarly, beyond the 
first (q + 2) rows of the second column, no multiple of the second row need be 
added to make these entries zero, meaning that a12 = 0 for i > q + 2. Thus A is 
a lower triangular band matrix with a;i = 0 for i > q + j: 

I 0 0 0 0 

a21 I 0 0 0 

a31 a32 I 0 0 

A= 
aq+1.1 «q+l,2 aq+ 1.3 0 0 

0 aq+2.2 aq+Z,3 0 0 

0 0 0 aT,T-1 1 

A computer can be programmed to calculate these matrices quickly for a given 
numerical value for 9. 

Substituting [5.5.8] into [5.5.5], the exact likelihood function for a Gaussian 
MA(q) process can be written as in [5.4.10]: 

/v(Y; 9) = (21r)-mlDl- 112 exp[-½y'D- 1y] 

where 

Ay = y - p.. [5.5.9] 

The elements of y can be calculated recursively by working down the rows of 
[5.5.9]: 

Y1 = Yi - µ. 

Y2 = (Yi - µ.) - a2d1 

YJ = (YJ - µ.) - a32ji2 - a3t.91 

ji, = (y, - µ.) - a,.,-iJ',-1 - a,.,-2Y,-2 - · · · - a,.,-qYt-q· 

The exact log likelihood function can then be calculated as in [5.4.16]: 

T I T I T -2 

!£(9) = log/y(y; 9) = -- 2 log(21r) - -2 L log(du) - - L yd,. [5.5.10] 
,-1 2 ,-1 ft 
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5.6. The Likelihood Function for a Gaussian 
ARMA(p, q) Process 

Conditional Likelihood Function 

A Gaussian ARMA(p, q) process takes the form 

Y, = c + q,1Y,_1 + q,2Y,-2 + · · · + q,pY,-p + e, 

+ 01Er-l + 02E,-2 + ' ' ' + 0qE1-q, 
[5.6.1) 

where e, - i.i.d. N(O, u2). The goal is to estimate the vector of population param
eters 9 = (c, q,1, q,2 , .•• , 'Pp, 0i, 02 , ••• , 0q, u 2)'. 

The approximation to the likelihood function for an autoregression condi
tioned on initial values of the y's. The approximation to the likelihood function· 
for a moving average process conditioned on initial values of the e's. A common 
approximation to the likelihood function for an ARMA(p, q) process conditions 
on bothy's and e's. 

Taking initial values for Yo= (Yo, Y-i, ... , Y-p+ 1)' and Eo = (eo, Li, ... , 

Lq+i)' as given, the sequence {ei, e2 , ... , Er} can be calculated from {y1, y 2, 

... , Yr} by iterating on 

e, = Y, - c - 'PiY,-1 - 'PiY,-2 - · · · - 'PpYr-p 

- 0iEi-1 - 02E,-2 - ' ' ' - 0qE1-q 

fort = 1, 2, ... , T. The conditional log likelihood is then 

!£(9} = logfYr,Yr-,, ... ,YilYo,Bo(Yr, Yr-1, · · ·, Y1IY0, Eo; 9) 
T T T e2 

= -- log(2'1T) - - log(u 2) - L ~-
2 2 t=I 2u-

[5.6.2) 

[5.6.3) 

Qne option is to set initial y's and e's equal to their expected values. That 
is, set y, = c/(1 - q,1 - ¢2 - · · · - 4,p) for s = 0, -1, ... , - p + 1 and set 
e, = 0 for s = 0, - 1, ... , - q + 1, and then proceed with the iteration in [5.6.2) 
fort = 1, 2, ... , T. Alternatively, Box and Jenkins (1976, p. 211) recommended 
setting e's to zero but y's equal to their actual values. Thus, iteration on [5.6.2) is 
started at date_ t = p + 1 with yi, Yi, ... , yP set to the observed values and 

Ep = Ep-1 = · ' · = Ep-q+i = 0. 

Then the conditional likelihood calculated is 

logf(Yr, . .. , Yp+ilYp, . .. , Yi, EP = 0, . , . , Ep-q+i = 0) 

= - T - p log(2'1T) - T - p log(u 2) - f .ii.. 
2 2 ,-p+l 2172 

As in the case for the moving average processes, these approximations should 
be used only if all values of z satisfying 

1 + 01z + 02z2 + · · · + 0qzq = 0 

lie outside the unit circle. 

Alternative Algorithms 

The simplest approach to calculating the exact likelihood function for a Gaus
sian ARMA process is to use the Kalman filter described in Chapter 13. For more 
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details on exact and approximate maximum likelihood estimation of ARMA models, 
see Galbraith and Galbraith (1974), Box and Jenkins (1976, Chapter 6), Hannan 
and Rissanen (1982), and Koreisha and Pukkila (1989). 

5. 7. Numerical Optimization 
Previous sections of this chapter have shown how to calculate the log likelihood 
function 

!£(9) = logfYr.Y,._,.,,,.Y,(Yr, YT-1, ···,Yi; 0) [5.7.1} 

for various specifications of the process thought to have generated the observed 
data yi, Y2, ... , YT· Given the observed data, the formulas given could be used 
to calculate the value of !£(9) for any given numerical value of 9. 

This section discusses how to find the value of 8 that maximizes !£(9) given 
no more knowledge than this ability to calculate the value of !£(9) for any particular 
value of 9. The general approach is to write a procedure that enables a computer 
to calculate the numerical value of !£(9) for any particular numerical values for 9 
and the observed data Yo y2, ••• , YT· We can think of this procedure as a "black 
box" that enables us to guess some value of 9 and see what the resulting value of 
.:e(9) would be: 

Input 

values of 
Yi, Y2, • • • , YT ._. 

and 9 

Procedure 

calculates 
!£(9) 

Output 

value of 
!£(9) 

The idea will be to make a series of different guesses for 9, compare the value of 
!£(9) for each guess, and try to infer from these values for .:e(9) the value 8 for 
which .:e(9) is largest. Such methods are described as numerical maximization. 

Grid Search 

The simplest approach to numerical maximization is known as the grid search 
method. To illustrate this approach, suppose we have data generated by an AR(l) 
process, for which the log likelihood was seen to be given by [5.2.9}. To keep the 
example very simple, it is assumed to be known that the mean of the process is 
zero (c = 0) and that the innovations have unit variance (u 2 = 1). Thus the only 
unknown parameter is the autoregressive coefficient cp, and [5.2.9} simplifies to 

T 1 - 2 log(21r) + 2 log(l - cp2) 

1 1 T 

- 2(1 - cp2)y} - 2 '~ (y, - <PY,-1)2. 

!e(cp) = 
[5.7.2} 

Suppose that the observed sample consists of the following T = 5 observations: 

Yi = 0.8 Y2 = 0.2 Y3 = -1.2 Y4 = -0.4 Ys = 0.0. 

If we make an arbitrary guess as to the value of cp, say, cp = 0.0, and plug this 
guess into expression [5.7.2}, we calculate that .:e(cp) = -5.73 at cp =.0.0. Trying 
anotherguess(cp = 0.1),wecalculate!e(cp) = -5.71atq, = 0.1-theloglikelihood 
is .higher at cp = 0.1 than at cp = 0.0. Continuing in this fashion, we could calculate 
the value of .:e(q,) for every value of q, between -0.9 and +0.9 in increments of 
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0.1. The results are reported in Figure 5.1. It appears from these calculations that 
the log likelihood function!£((/,) is nicely behaved with a unique maximum at some 
value of(/, between 0.1 and 0.3. We could then focus on this subregion of the 
parameter space and evaluate !£(4,) at a finer grid, calculating the value of!£((/,) 
for all values of(/, between 0.1 and 0.3 in increments of 0.02. Proceeding in this 
fashion, it should be possible to get arbitrarily close to the value of(/, that maximizes 
!£(4,) by making the grid finer and finer. 

Note that this procedure does not find the exact MLE 4,, but instead ap
proximates it with any accuracy desired. In general, this will be the case with any 
numerical maximization algorithm. To use these algorithms we therefore have to 
specify a convergence criterion, or some way of deciding when we are close enough 
to the true maximum. For example, suppose we want an estimate 4, that differs 
from the true MLE by no more than ±0.0001. Then we would continue refining · 
the grid until the increments are in steps of 0.0001, and the best estimate among 
the elements of that grid would be the numerical MLE of (/,. 

For the simple AR(l) example in Figure 5.1, the log likelihood function is 
unimodal-there is a unique value 9 for which a!£(9)/a9 = 0. For a general 
numerical maximization problem, this need not be the case. For example, suppose 
that we are interested in estimating a scalar parameter 8 for which the log likelihood 
function is as displayed in Figure 5.2. The value 8 = -0.6 is a local maximum, 
meaning that the likelihood function is higher there than for any other 8 in a 
neighborhood around 8 = -0.6. However, the global maximum occurs around 
8 = 0.2. The grid search method should work well for a unimodal likelihood as 
long as !£(9) is continuous. When there are multiple local maxima, the grid must 
be sufficiently fine to reveal all of the local "hills" on the likelihood surface. 

Steepest Ascent 
Grid search can be a very good method when there is a single unknown 

parameter to estimate. However, it quickly becomes intractable when the number 
of elements of 9 becomes large. An alternative numerical method that often sue-

-1 -o.a -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 l 

-5 

-5.5 

• • • • • • • • -6 • • • • • 
-6.5 • • 

• • -7 • 
-7.5 • 

-8 

!£(4,) 

FIGURE 5.1 Log likelihood for an AR(l) process for various guesses of cf,. 
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ceeds in maximizing a continuously differentiable function of a large number of 
parameters is known as steepest ascent. 

To understand this approach, let us temporarily disregard the "black box" 
nature of the investigation and instead examine how we would proceed analytically 
with a particular maximization problem. Suppose we have an initial estimate of 
the parameter vector, denoted e<0>, and wish to come up with a better estimate 
e<1J. Imagine that we are constrained to choose 0<1> so that the squared distance 
between &<0> and 9<1> is some fixed number k: 

{Q(l) _ Q(U)}'{QCl) _ Q(O)} = k. 

The optimal value to choose for 0<1> would then be the solution to the following 
constrained maximization problem: 

max !f(8<1>) subject to {8<1> - e<0>}'{8<1> - 9<0>} = k. 
O(I) 

To characterize the solution to this problem,3 form the Lagrangean, 

J(QCl)) = !f(QCll) + A[k - {Q(l) _ Q(0)}'{9<l) _ 9<0)}], [5.7.3] 

where A denotes a Lagrange multiplier. Differentiating [5.7.3] with respect to Ql1> 

and setting the result equal to zero yields 

a!f8(8)1 - (2A){QC1J - QCO)} = 0. [5.7.4) 
a 11=11<" 

Let g(8) denote the gradient vector of the log likelihood function: 

(&) ... a!f(8) 
g ae · 

If there are a elements of 8, then g(8) is an (a x 1) vector whose ith element 
represents the derivative of the log likelihood with respect to the ith element of 8. 

'See Chiang (1974) for an introduction to the use of Lagrange multiplieIS for solving a coostrained 
optimization problem. 
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Using this notation, expression [5.7.4] can be written as 

9(1) - 9(0) = [1/(2A)] . g(9(1)). [5.7.5] 

Expression [5.7.5] asserts that if we are allowed to change 9 by only a fixed 
amount, the biggest increase in the log likelihood function will be achieved if the 
change in 9 (the magnitude 9(1) - 9<0>) is chosen to be a constant 1/(2A) times the 
gradient vector g(8<1>). If we are contemplating a very small step (so that k is near 
zero), the value g(9<1>) will approach g(9<0>). In other words, the gradient vector 
g(9<0>) gives the direction in which the log likelihood function increases most steeply 
from 9<0>. 

For illustration, suppose that a = 2 and let the log likelihood be 

.:e<0> = -1.501 - w~. [5.7.6] . 

We can easily see analytically for this example that the MLE is given by 9 = 
(0, 0)'. Let us nevertheless use this example to illustrate how the method of steepest 
ascent works. The elements of the gradient vector are 

[5.7.7] 

Suppose that the initial guess is 9 <0> = ( - 1, 1)'. Then 

a!£(9) I - 3 a!£(9) I - -4. 
a01 8-8(11) a02 8=8(0) 

An increase in 01 would increase the likelihood, while an increase in 02 would 
decrease the likelihood. The gradient vector evaluated at 9<0> is 

g(9(0)) =. [ _!], 
so that the optimal step 9 <1> - 9 <0> should be proportional to (3, - 4 )'. For example, 
with k = 1 we would choose 

0~1) ....: 0i0) = ! 
0~1) - 0i0) = -t 

that is, the new guesses would be 0~1> = -0.4 and 0i1> = 0.2. To increase the 
likelihood by the greatest amount, we want to increase 01 and decrease 02 relative 
to their values at the initial guess 9<0>. Since a one-unit change in 02 has a bigger 
effect on !£(9) than would a one-unit change in 01, the change in 02 is larger in 
absolute value than the change in 01. 

Let us now return to the black box perspective, where the only capability we 
have is to calculate the value of !£(9) for a specified numerical value of 9. We 
might start with an arbitrary initial guess for the value of 9, denoted 9<0>. Suppose 
we then calculate the value of the gradient vector at 9<0>: 

g(9<o>) = a.:e(9) I . [5.7.8] 
a9 8 =8 <•> 

This gradient could in principle be calculated analytically, by differentiating the 
general expression for !£(9) with respect to 9 and writing a computer procedure 
to calculate each element of g(9) given the data and a numerical value for 9. For 
example, expression [ 5. 7. 7] could be used to calculate g(9) for any particular value 
of 9. Alternatively, if it is too hard to differentiate !£(9) analytically, we can always 
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get a numerical approximation to the gradient by seeing how !£(9) changes for a 
small change in each element of 9. In particular, the ith element of g(9<0>) might 
be approximated by 

- .:e( 0i0>, 0~0>, ... , o}~!i, 0)0>, 0f!!i, 0/~2 , ••• , 0~0>)}, 

where ii represents some arbitrarily chosen small scalar such as ii = 10- 6 • By 
numerically calculating the value of !£(9) at 9<0> and at a different values of 9 
corresponding to small changes in each of the individual elements of 9<0), an es
timate of the full vector g(9<0>) can be uncovered. 

Result [5.7.5] suggests that we should change the value of 9 in the direction 
of the gradient, choosing 

9(1) _ 9(0) = s·g(9(0)) 

for some positive scalars. A suitable choice for s could be found by an adaptation 
of the grid search method. For example, we might calculate the value of !£{9<0> + 
s·g(9<0>)} for s = k, l, ¼, ½, 1, 2, 4, 8, and 16 and choose as the new estimate 0<1l 

the value of 9<0> + s·g(9<0>) for which .:e(9) is largest. Smaller or larger values of 
s could also be explored if the maximum appears to be at one of the extremes. If 
none of the values of s improves the likelihood, then a very small value for s such 
as the value ti. = 10- 6 used to approximate the derivative should be tried. 

We can then repeat the process, taking 9(1) = 9<0> + s·g(9<0>) as the starting 
point, evaluating the gradient at the new location g(8<1>), and generating a new 
estimate 9<2> according to 

9<21 = 9(1) + s·g(9<1J) 

for the best choice of s. The process is iterated, calculating 

9(m+l) = 9(m) + s·g(9(m)) 

form = 0, 1, 2, ... until some convergence criterion is satisfied, such as that the 
gradient vector g(9<m>) is within some specified tolerance of zero, the distance 
between 9(m+tJ and 9<mJ is less than some specified threshold, or the change be
tween !£(9<m+ll) and !£(9<ml) is smaller than some desired amount. 

Figure 5.3 illustrates the method of steepest ascent when 9 contains a = 2 
elements. The figure displays contour lines for the log likelihood !£(9); along a 
given contour, the log likelihood .:e(9) is constant. If the iteration is started at the 
initial guess 9<0>, the gradient g(9<0>) describes the direction of steepest ascent. 
Finding the optimal step in that direction produces the new estimate 9<1>. The 
gradient at that point g(8<1>) then determines a new search direction on which a 
new estimate 9<2> is based, until the top of the hill is reached. 

Figure 5.3 also illustrates a multivariate generalization of the problem with 
multiple local maxima seen earlier in Figure 5.2. The procedure should converge 
to a local maximum, which in this case is different from the global maximum 9*. 
In Figure 5.3, it appears that if 9<0>* were used to begin the iteration in place of 
9<0>, the procedure would converge to the true global maximum 9*. In practice, 
the only way to ensure that a global maximum is found is to begin the iteration 
from a number of different starting values for 9<0> and to continue the sequence 
from each starting value until the top of the hill associated with that starting value 
is discovered. 
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FIGURE 5.3 Likelihood contours and maximization by steepest ascent. 

Newton-Raphson 

One drawback to the steepest-ascent method is that it may require a very 
large number of iterations to close in on the local maximum. An alternative method 
known as Newton-Raphson often converges more quickly provided that (1) second 
derivatives of the log likelihood function ~(9) exist and (2) the function !£(9) is 
concave, meaning that -1 times the matrix of second derivatives is everywhere 
positive definite. 

Suppose that 9 is an (a x 1) vector of parameters to be estimated. Let g(9<0>) 
denote the gradient vector of the log likelihood function at 9<0>: 

g(9(0)) = a~(9)1 . 
(axl) a9 9.9(0/ 

and let H(9<0>) denote -1 times the matrix of second derivatives of the log like
lihood function: 

H(9<D>) = - a2!f(8) I 
(axa) a9 a9' 8-8(0)

0 

Consider approximating !£(9) with a second-order Taylor series around 9<0>: 

~(9) = !f(9(0)) + [g(9(0l)j'[9 - 9(D)] - 1(9 - 9(D)j'H(8(0))[8 - 9(0Jj, [5.7.10] 

The idea behind the Newton-Raphson method is to choose 9 so as to maximize 
[5.7.10]. Setting the derivative of [5.7.10] with respect to 9 equal to zero results 
in 

g(9<0>) - H(9<0>)[9 - 9<0>] = 0. 
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Let o<0> denote an initial guess as to the value of 8. One can calculate the 
derivative of the log likelihood at that initial guess (g(0<0>)) either analytically, as 
in [5.7.7), or numerically, as in [5.7.9). One can also use analytical or numerical 
methods to calculate the negative of the matrix of second derivatives at the initial 
guess (H(0<0>)). Expression [5.7.11) suggests that an improved estimate of 8 (de
noted &Cl>) would satisfy 

g(0<0>) = H(0<0>)[0(l) - o<0>] 

or 

9(1) - 8(0) = [H(0(O))J-lg(0(O)). [5.7.12) 

One could next calculate the gradient and Hessian at 9<1> and use these to find a 
new estimate 9<2> and continue iterating in this fashion. The mth step in the iteration 
updates the estimate of 8 by using the formula 

9cm+1> = 8<'"> + [H(&<m>)J-1g(0<'">). [5.7.13) 

If the log likelihood function happens to be a perfect quadratic function, then 
[5.7.10) holds exactly and (5.7.12) will generate the exact MLE in a single step: 

8Cl) = QML.E• 

If the quadratic approximation is reasonably good, Newton-Raphson should con
verge to the local maximum more quickly than the steepest-ascent method. How
ever, if the likelihood function is not concave, Newton-Raphson behaves quite 
poorly. Thus, steepest ascent is often slower to converge but sometimes proves to 
be more robust compared with Newton-Raphson. 

Since [5.7.10) is usually only an approximation to the true log likelihood 
function, the iteration on [5.7.13] is often modified as follows. Expression [5.7.13) 
is taken to suggest the search direction. The value of the log likelihood function 
at several points in that direction is then calculated, and the best value determines 
the length of the step. This strategy calls for replacing [5.7.13) by 

9<m+1> = 9<m> + s[H(o<m>)J-1g(O<m>), [5.7.14) 

where s is a scalar controlling the step length. One calculates 0Cm+tJ and the 
associated value for the log likelihood ;f(0<m+ll) for various values of sin [5.7.14) 
and chooses as the estimate 9cm+1> the value that produces the biggest value for 
the log likelihood. 

Davidon-Fletcher-Powell 
If 8 contains a unknown parameters, then the symmetric matrix H(O) has 

a(a + 1)/2 separate elements. Calculating all these elements can be extremely time
consuming if a is large. An alternative approach reasons as follows. The matrix of 
second derivatives ( - H(0)) corresponds to the first derivatives of the gradient 
vector (g(O)), which tell us how g(0) changes as 8 changes. We get some inde
pendent information about this by comparing g(8<1>) ...: g(0<0>) with 0<1> - o<0>. 
This is not enough information by itself to estimate H(O), but it is information that 
could be used to update an initial guess about the value of H(0). Thus, rather than 
evaluate H(O) directly at each iteration, the idea will be to start with an initial 
guess about H(O) and update the guess solely on the basis of how much g(0) changes 
between iterations, given the magnitude of the change in 8. Such methods are 
sometimes described as modified Newton-Raphson. 

One of the most popular modified Newton-Raphson methods was proposed 
by Davidon (1959) and Fletcher and Powell (1963). Since it is u- 1 rather than H 
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itself that appears in the updating formula [5.7.14], the Davidon-Fletcher-Powell 
algorithm updates an estimate of H- 1 at each step on the basis of the size of the 
change in g(9) relative to the change in 9. Specifically, let 9cm) denote an estimate 
of 9 that has been calculated at the mth iteration, and let A(m) denote an estimate 
of [H(QCm>)J-1. The new estimate 9cm+1> is given by 

9(m+l) = 9(m) + sA(mlg(Q(m)) [5.7.15] 

for s the positive scalar that maximizes ~{Q(rn) + sACm>g(Qlm>)}. Once 9Cm+l) and 
the gradient at 9cm+1> have been calculated, a new estimate A(m+t) is found from 

where 

A(m)(~g(m+ l))(~g(m+ 1))' A(m) 
A(m+l) = A(m) _ --'--"'---'--'--"'---'---

(~g(m+l))' A(m)(~(m+ 1)) 

(~Q(m + ll)(~Q(m + 1))' 
(~g(m+ l))'(~Q(m+ l)) 

~9(m+l) = 9(m+l) _ 9(m) 
~g(m+l) 5 g(Q(m+l)) _ g(Q(m)). 

[5.7.16] . 

In what sense should A(m+iJ as calculated from [5.7.16] be regarded as an 
estimate of the inverse of H(QCm+ll)? Consider first the case when 9 is a scalar 
(a = 1). Then [5.7.16] simplifies to 

(A(m))2(t,_g(m+1))2 (~1J(m+1))2 
A(m+l) = A(m) _ ~-~~-~ _ -~---',----

(~g(m + 1))2(A (m)) (t,_g(m+l))(M(m+l)) 

In this case, 

~IJ(m+l) 
= A(m) - A(m) - ---

~g(m+l) 
~9(m+l) 

- ~g(m+I)" 

- An(m+l) 
[ACm+t>J-1 = '-'6 

~9(m+l)' 

which is the natural discrete approximation to 

a2~, H(IJ(m+I)) = --2 

a0 8-9(m+l) 

More generally (for a > 1), an estimate of the derivative of g(·) should be 
related to the observed change in g( ·) according to 

g(Q(m+l)) = g(O(m)) + ag, I [o(m+l) _ 9(m)]. 
ao &=e<m+l) 

That is, 

g(Q(m+I)) = g(Q(m)) _ H(Q(m+l))[Q(m+I) _ 9(m)] 

or 

~9(m+l) = -[H(Q(m+ll)J-1 ~(m+l). 

Hence an estimate A(m+l) of [H(8Cm+1>)J-1 should satisfy 

A(m+l) ~g(m+l) = -~9(m+l)
0 
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Postmultiplication of [5.7.16] by iig<m+l) confirms that [5.7.17] is indeed satisfied 
by the Davidon-Fletcher-Powell estimate A(m+1>: 

A(m+I) Ag(m+l) = A(m) Ag(m+l) 

A(m)(Ag(m+ I))(Ag(m+l))' A(m)(iigCm+I)) 

(iig(m + l))' A(m)(iig(m+ 1)) 

(AO(m+ l))(A9(m + l))'(Ag(m + 1)) 

(iigCm+ ll)' (ii9<"' + 1)) 

= A(m) Ag(m+l) _ A(m) Ag(m+l) _ A9(m+l) 

= -A9(m+J)_ 

Thus, calculation of [5. 7 .16] produces an estimate of [H(9Cm+ 1>)J-1 that is consistent 
with the magnitude of the observed change between g(9C"' + 1>) and g(9CmJ) given 
the size of the change between 9<m+1> and 9Cm)_ 

The following proposition (proved in Appendix 5. A at the end of the chapter) 
establishes some further useful properties of the updating formula [5.7.16]. 

Proposition 5.1: (Fletcher and Powell (1963)). Consider .:f(9), where 
.:f: IR0 -> IR1 has continuous first derivatives denoted 

g(9("')) = a.:f(9) I . 
(a XI) a9 8- 9(m) 

Suppose that some element of g(9<"'>) is nonzero, and let A Cm) be a positive definite 
symmetric (a x a) matrix. Then the following hold. 

(a) There exists a scalars> 0 such that .:f(9Cm+lJ) > .:f(9C"'l) for 

9<111+ 1> = 9tmJ + sA<"'>g(9<m>). [5.7.18] 

(b) Ifs in [5. 7.18] is chosen so as to maximize .:f(9Cm+1>), then the first-order 
conditions for an interior maximum imply that 

[g(9(m+1))]'[9(m+l) _ 9Cm)] = O. [5.7.19] 

(c) Provided that [5.7.19] holds and that some element of g(9<m+O) -
g(9C"'l) is nonzero, then A(m+lJ described by [5.7.16] is a positive definite 
symmetric matrix. 

Result (a) establishes that as long as we are not already at an optimum 
(g(9<"'>) ,/= 0), there exists a step in the direction suggested by the algorithm that 
will increase the likelihood further, provided that A <m> is a positive definite matrix. 
Result (c) establishes that provided that the iteration is begun with A<0> a positive 
definite matrix, then the sequence of matrices {A<"'>};;,=1 should all be positive 
definite, meaning that each step of the iteration should increase the likelihood 
function. A standard procedure is to start the iteration with A<0> = I., the (a x a) 
identity matrix. 

If the function !£(9) is exactly quadratic, so that 

.:f(9} = .:f(9CO)) + g'[9 - 9CO)] - i[9 - 9to)]'H[8 - 9(0)j, 

with H positive definite, then Fletcher and Powell (1963) showed that iteration on 
[5.7.15] and [5.7.16] will converge to the true global maximum in a steps: 

9(•) = OMLE = 9(0) + H- 1g; 

and the weighting matrix will converge to the inverse of -1 times the matrix of 
second derivatives: 

5.7. Numerical Optimization 141 



More generally, if ~(9) is well approximated by a quadratic function, then the 
Davidon-Fletcher-Powell search procedure should approach the global maximum 
more quickly than the steepest-ascent method, 

Q(N) = QMLE 

for large N, while A (m) should converge to the negative of the matrix of second 
derivatives of the log likelihood function: 

A<N> = - a2!£(9) [ I ]-1 

ao ao• e-iML£ 
[5.7.20) 

In practice, however, the approximation in [5.7.20) can be somewhat poor, and it 
is better to evaluate the matrix of second derivatives numerically for purposes of 
calculating standard errors, as discussed in Section 5.8. 

If the function !£(9) is not globally concave or if the starting value o<0> is far 
from the true maxim um, the Davi don-Fletcher-Powell procedure can do very badly. 
If problems are encountered, it often helps to try a different starting value o<0>, to 
rescale the data or parameters so that the elements of 9 are in comparable units, 
or to rescale the initial matrix A<0>-for example, by setting 

A(O) = (1 X lQ- 4)10 • 

Other Numerical Optimization Methods 

A variety of other modified Newton-Raphson methods are available, which 
use alternative techniques for updating an estimate of H(&<m>) or its inverse. Two 
of the more popular methods are those of Broyden (1965, 1967) and Berndt, Hall, 
Hall, and Hausman (1974). Surveys of these and a variety of other approaches are 
provided by Judge, Griffiths, Hill, and Lee (1980, pp. 719- 72) and Quandt (1983). 

Obviously, these same methods can be used to minimize a function Q(O) with 
respect to 9. We simply multiply the objective function by -1 and then maximize 
the function - Q(O). 

5.8. Statistical Inference with Maximum Likelihood 
Estimation 
The previous section discussed ways to find the maximum likelihood estimate i 
given only the numerical ability to evaluate the log likelihood function !£(9). This 
section summarizes general approaches that can be used to test a hypothesis about 
9. The section merely summarizes a number of useful results without providing 
any proofs. We will return to these issues in more depth in Chapter 14, where the 
statistical foundation behind many of these claims will be developed. 

Before detailing these results, however, it is worth calling attention to two 
of the key assumptions behind the formulas presented in this section. First, it is 
assumed that the observed data are strictly stationary. Second, it is assumed that 
neither the estimate i nor the true value 90 falls on a boundary of the allowable 
parameter space. For example, suppose that the first element of 9 is a parameter 
corresponding to the probability of a particular event, which must be between 0 
and 1. If the event did not occur in the sample, the maximum likelihood estimate 
of the probability might be zero. This is an example where the estimate i falls on 
the boundary of the allowable parameter space, in which case the formulas pre
sented in this section will not be valid. 
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Asymptotic Standard Errors for Maximum Likelihood 
Estimates 

If the sample size Tis sufficiently large, it often tums out that the distribution 
of the maximum likelihood estimate 9 can be well approximated by the following 
distribution: 

[5.8.1) 

where 90 denotes the true parameter vector. The matrix , is known as the in/or· 
mation matrix and can be estimated in either of two ways. 

The second-derivative estimate of the information matrix is 

j = -T-1 c32.:f(9) I 
20 il9 il9' e-e· 

[5.8.2) 

Here .:f(O) denotes the log likelihood: 

T 

.:f(O) = L log /y~,-b,l'W,_1; 9); 
,-1 

and ll}J1 denotes the history of observations on y obtained through date t. The matrix 
of second derivatives of the log likelihood is often calculated numerically. Substi
tuting [5.8.2) into [5.8.1 ), the terms involving the sample size T cancel out so that 
the variance-covariance matrix of 8 can be approximated by · 

E(6 - 90)(8 - 90)' :!! [- ~ 9.:e1:t_J-1 
[5.8.3) 

A second estimate of the information matrix, in [5.8.1) is called the outer
product estimate: 

T 

jOP = T-l L [b(O, ll}J,)] • [h(i, ll}J,)]'. [5.8.4) 
1-1 

Here h(8, ll}J1) denotes the (a x 1) vector of derivatives of the log of the conditional 
density of the tth observation with respect to the a elements of the parameter vector 
9, with this derivative evaluated at the maximum likelihood estimate 8: 

b(O ll}J) = il log/(yJy 1_ 11 Y,- 2, ••• ; 9)1 
, t ao e-e· 

In this case, the variance-covariance matrix of i is approximated by 

[ 
T ]-1 

E(& - 80)(8 - 80)' :!! L [b(8, ll}J,)] • [b(O, ll}J,))' . 
1-1 

As an illustration of how such approximations can be used, suppose that the 
log likelihood is given by expression [5.7.6]. For this case, one can see analytically 
that 

il2.:f(9) = [-3 0 ] 
il9 il9' 0 -4 ' 

and so result [5.8.3) suggests that the variance of the maximum likelihood estimate 
82 can be approximated by ¼. The MLE for this example was Bi = O. Thus an 
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approximate 95% confidence interval for 02 is given by 

0 ± 2V¼ = ±1. 

Note that unless the off-diagonal elements of j are zero, in general one needs 
to calculate all the elements of the matrix j and invert this full matrix in order to 
obtain a standard error for any given parameter. 

Which estimate of the information matrix, jw or joP, is it better to use in 
eractice? Expression [5.8.1] is only an approximation to the true distribution of 
8, and jw and joP are in tum only approximations to the true value of,. The 
theory that justifies these approximations does not give any clear guidance to which 
is better to use, and typically, researchers rely on whichever estimate of the in
formation matrix is easiest to calculate. If the two estimates differ a great deal, 
this may mean that the model is misspecified. White (1982) developed a general· 
test of model specification based on this idea. One option for constructing standard 
errors when the two estimates differ significantly is to use the "quasi-maximum 
likelihood" standard errors discussed at the end of this section. 

Likelihood Ratio Test 

Another popular approach to testing hypotheses about parameters that are 
estimated by maximum likelihood is the likelihood ratio test. Suppose a null hy
pothesis implies a set of m different restrictions on the value of the (a x 1) 
parameter vector 8. First, we maximize the likelihood function ignoring these 
restrictions to obtain the unrestricted maximum likelihood estimate 8. Next, we 
find an estimate 6 that makes the likelihood as large as possible while still satisfy
ing all the restrictions. In practice, this is usually achieved by defining a new 
[(a - m) x 1] vector A. in terms of which all of the elements of 8 can be expressed 
when the restrictions are satisfied. For example, if the restriction is that the last 
m elements of 8 are zero, then A. consists of the first a - m elements of 8. Let 
;£(8) denote the value of the log likelihood function at the unrestricted estimate, 
and let ;£(6) denote the value of the log likelihood function at the restricted 
estimate. Clearly ;£(8) > ;£(6), and it often proves to be the case that 

2[;£(8) - ;£(6)] = x2(m). [5.8.5] 

For example, suppose that a = 2 and we are interested in testing the hy
pothesis that 02 = 01 + 1. Under this null hypothesis the vector (0i, 02)' can be 
written as (A, ,\ + 1)', where ,\ = 01• Suppose that the log likelihood is given by 
expression [5.7.6]. One can find the restricted MLE by replacing 02 by 01 + 1 and 
maximizing the resulting expression with respect to 01: 

!"£(0,) = - l.50f - 2(01 + 1)2. 

The first-order condition for maximization of !"£(01) is 

-301 - 4(01 + 1) = 0, 

or 01 = -t The restricted MLE is thus 6 = (-;,,)',and the maximum value 
attained for the log likelihood while satisfying the restriction is 

;£(6) = < -¾>< -;>2 - <!>m2 
= -{(3 · 4)/(2 · 7 · 7)}{4 + 3} 
= -f 

The unrestricted MLE is 8 = 0, at which ;£(8) = 0. Hence, [5.8.5] would be 

2[;£(8) - ;£(6)] = ¥ = 1.71. 
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The test here involves a single restriction, so m = 1. From Table B.2 in Appendix 
B, the probability that a x2(1) variable exceeds 3.84 is 0.05. Since 1.71 < 3.84, we 
accept the null hypothesis that 02 = 01 + 1 at the 5% significance level. 

Lagrange Multiplier Test 

In order to use the standard errors from [5.8.2] or (5.8.4] to test a hypothesis 
about 6, we need only to find the unrestricted MLE 6. In order to use the likelihood 
ratio test [5.8.5], it is necessary to find both the unrestricted MLE 6 and the re
stricted MLE 8. The Lagrange multiplier test provides a third principle with which 
to test a null hypothesis that requires only the restricted MLE 8. This test is useful 
when it is easier to calculate the restricted estimate 8 than the unrestricted estimate 
8. 

Let 6 be an (a x 1) vector of parameters, and let 8 be an estimate of 6 that 
maximizes the log likelihood subject to a set of m restrictions on 6. Let f(yJy,_ 1, 

y,_2 , ••• ; 6) be the conditional density of the tth observation, and let h(8, "Y,) 
denote the (a x 1) vector of derivatives of the log of this conditional density 
evaluated at the restricted estimate 8: 

h(8,"Y,) = alogf(Y,IY,-1,;,-2, ... ;6)1 _· 
a e-e 

The Lagrange multiplier test of the null hypothesis that the restrictions are true is 
given by the following statistic: 

r- 1 [f h(8, "Y,)]' 1- 1[:f h(8, ay,)]. 
t• 1 f;,,z 1 

[5.8.6] 

If the null hypothesis is true, then for large T this should approximately have a 
x2(m) distribution. The information matrix J can again be estimated as in [5.8.2] 
or [5.8.4] with 8 replaced by 8. 

Quasi-Maximum Likelihood Standard Errors 

It was mentioned earlier in this section that if the data were really generated 
from the assumed density and the sample size is sufficiently large, the second
derivative estimate jw and the outer-product estimate j 0 P of the information 
matrix should be reasonably close to each other. However, maximum likelihood 
estimation may still be a reasonable way to estimate parameters even if the data 
were not generated by the assumed density. For example, we noted in Section 5.2 
that the conditional MLE for a Gaussian AR(l) process is obtained from an OLS 
regression of y, on y,_ 1. This OLS regression is often a very sensible way to estimate 
parameters of an AR(l) process even if the true innovations e, are not i.i.d. Gaus
sian. Although maximum likelihood may be yielding a reasonable estimate of 6, 
when the innovations are not i.i.d. Gaussian, the standard errors proposed in [5.8.2] 
or [5.8.4] may no longer be valid. An approximate variance-covariance matrix for 
8 that is sometimes valid even if the probability density is misspecified is given by 

E(8 - 60)(6 - 60)' a; r- 1{J20 J 0},J20 }- 1. [5.8.7] 

This variance-covariance matrix was proposed by White (1982), who described this 
approach as quasi-maximum likelihood estimation. 
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5. 9. Inequality Constraints 

A Common Pitfall with Numerical Maximization 

Suppose we were to apply one of the methods discussed in Section 5.7 such 
as steepest ascent to the AR(l) likelihood [5.7.2]. We start with an arbitrary initial 
guess, say, ef, = 0.1. We calculate the gradient at this point, and find that it is 
positive. The computer is then programmed to try to improve this estimate by 
evaluating the log likelihood at points described by q,<1> = q,<0> + s·g(q,<0>) for 
various values of s, seeing what works best. But if the computer were to try a value 
for s such that q,<1> = q,<0> + s·g(q,<0>) = 1.1, calculation of [5.7.2] would involve 
finding the log of (1 - 1.12) = - 0 .21. Attempting to calculate the log of a negative 
number would typically be a fatal execution error, causing the search procedure· 
to crash. 

Often such problems can be avoided by using modified Newton-Raphson 
procedures, provided that the initial estimate e<0> is chosen wisely and provided 
that the initial search area is kept fairly small. The latter might be accomplished 
by setting the initial weighting matrix A<0> in [5.7.15] and (5.7.16] equal to a small 
multiple of the identity matrix, such as A<0> = (1 x 10- 4}·10 • In later iterations, 
the algorithm should use the shape of the likelihood function in the vicinity of the 
maximum to keep the search conservative. However, if the true MLE is close to 
one of the boundaries (for example, if 4>MLE = 0.998 in the AR(l) example), it 
will be virtually impossible to keep a numerical algorithm from exploring what 
happens when ef, is greater than unity, which would induce a fatal crash. 

Solving the Problem by Reparameterizing the Likelihood 
Function 

One simple way to ensure that a numerical search always stays within certain 
specified boundaries is to reparameterize the likelihood function in terms of an 
(a x 1) vector A. for which 8 = g(A.), where the function g: R0 - Ra incorporates 
the desired re~trictions. The scheme is then as follows: 

Input 

values of 
Yi, Y2, · · · , Yr 

and A. 

Procedure 

- set 8 = g(A.); _. 
calculate !£(8) 

Output 

value of 
!f(g(A.)) 

For example, to ensure that ef, is always between ± 1, we could take 

,\ 
<f, = g(,\) = 1 + IAI' [5.9.1] 

The goal is to find the value of ,\ that produces the biggest value for the log 
likelihood. We start with an initial guess such as ,\ = 3. The procedure to evaluate 
the log likelihood function first calculates 

<f, = 3/(1 + 3) = 0.75 

and then finds the value for the log likelihood associated with this value of ef, from 
[5.7.2]. No matter what value for,\ the computer guesses, the value of ef, in [5.9.1] 
will always be less than 1 in absolute value and the likelihood function will be well 
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defined. Once we have found the value of A that maximizes the likelihood function, 
the maximum likelihood estimate of ef, is then given by 

A A 
4>=1+1>..I' 

This technique of reparameterizing the likelihood function so that estimates 
always satisfy any necessary constraints is often very easy to implement. However, 
one note of caution should be mentioned. If a standard error is calculated from 
the matrix of second derivatives of the log likelihood as in [5.8.3], this represents 
the standard error of A, not the standard error of¢. To obtain a standard error 
for ¢, the best approach is first to parameterize the likelihood function in terms 
of A to find the MLE, and then to reparameterize in terms of cf> to calculate the 
matrix of second derivatives evaluated at 4> to get the final standard error for tf>. 
Alternatively, one can calculate an approximation to the standard error for <l, from 
the standard error for A, based on the formula for a Wald test of a nonlinear 
hypothesis described in Chapter 14. 

Parameterizations for a Variance-Covariance Matrix 

Another common restriction one needs to impose is that a variance parameter 
cr2 be positive. An obvious way to achieve this is to parameterize the likelihood 
in terms of A which represents ± 1 times the standard deviation. The procedure to 
evaluate the log likelihood then begins by squaring this parameter A: 

and if the standard deviation er is itself called, it is calculated as 

er=~-

More generally, let fl denote an (n x n) variance-covariance matrix: 

l::: ::: : : : ::1 n = . . . . . . . . . . 
O"nl O"n2 O"nn 

Here one needs to impose the condition that fl is positive definite and symmetric. 
The best approach is to parameterize fl in terms of the n(n + 1)/2 distinct elements 
of the Cholesky decomposition of fl: 

fl= PP', [5.9.2] 

where 

l'" 
0 0 

n A21 A22 0 
P= . 

Anl An2 An3 

No matter what values the computer guesses for A11, A21 , ••• , Anm the matrix fl 
calculated from [5.9.2] will be symmetric and positive semidefinite. 
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Parameterizations for Probabilities 
Sometimes some of the unknown parameters are probabilities pi, p 2, ••• , 

p ,c which must satisfy the restrictions 

0 :s P1 :s 1 for i = 1, 2, ... , K 

P1 + Pz + · · · + PK = 1. 

In this case, one approach is to parameterize the probabilities in terms of Ai, A2, 

... , A,c-1, where 

P; = At/(1 + Af + A! + · · · + Ai:-1) 

PK = 1/(1 + At + A~ + ... + Al-1)-

More General Inequality Constraints 

for i = 1, 2, ... , K - 1 

For more complicated inequality constraints that do not admit a simple re
parameterization, an approach that sometimes works is to put a branching statement 
in the procedure to evaluate the log likelihood function. The procedure first checks 
whether the constraint is satisfied. ff it is, then the likelihood function is evaluated 
in the usual way. If it is not, then the procedure returns a large negative number 
in place of the value of the log likelihood function. Sometimes such an approach 
will allow an M LE satisfying the specified conditions to be found with simple 
numerical search procedures. 

If these measures prove inadequate, more complicated algorithms are avail
able. Judge, Griffiths, Hill, and Lee (1980, pp. 747-49) described some of the 
possible approaches. 

APPENDIX 5.A. Proofs of Chapter S Propositions 

• Proof of Proposition 5.1. 

(a) By Taylor's theorem, 

!"£(8(m+I)) = !"£(8('")) + [g(8Cml))'[8(m+I) _ 9(mJJ + R1(9Cm), 9<m+I)). [5.A.1) 

Substituting [5.7.18) into [5.A.l], 

!"£(Q(m+I)) - !"£(o<mJ) = [g(O(mJ))'sA<m>g(O(m)) + Ri(8(,n', ij(m+IJ). [5.A.2) 

Since A<m> is positive definite and since g(8<"'') ,I, 0, expression [5.A.2) establishes that 

!"f(O(m+l)) _ !"£(&Cm)) = SK(8'"'') + R,(o<mJ, 9cm+ll), 

where K(8<"'') > 0. Moreover, r'·R,(8''"', e<m+IJ)-+ 0 ass-+ 0. Hence, there exists ans 
such that !"£(8(m+I)) - !"e(Q(mJ) > 0, as claimed. 

(b) Direct differentiation reveals 

a!"£(Q(m+lJ) = a!"£ a6, + a!"£ a9:i + ... + a!"£ a6. 
as aB, as a9z as aB. as 

8Q(m+I) 
= [g(Q<m+tl))' ~ [5.A.3) 

= [g(o<m+IJ)J' A'"''g(O(m)), 

with the last line following from [5.7.18). The first-order conditions set [5.A.3] equal to 
zero, which implies 

Q = [g(8(m+ll)J'sA(mJg(8(mJ) = [g(8(m+IJ))'[8(m+IJ _ 9(m)J, 

with the last line again following from [5.7.18). This establishes the claim in [5.7.19). 
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(c) Let y be any (a x 1) nonzero vector. The task is to show that y' A<m+1>y > 0. 
Observe from [5.7.16] that 

'A(m+I) - 'A(m) - y'A(m)(Agfm+l))(Agfm+l))'A(m)y 
Y Y - Y Y (Ag(m+l))'A(ml(Ag(m+I)) 

y'(A0 cm+1>)(Ae<m+ 1l)'y 
(6.g(m+l))'(A9(m+1)) • 

Since A<mJ is positive definite, there exists a nonsingular matrix P such that 

A<m> = PP'. 

Define 

y* = P'y 
x* - P'Ag(m+I)_ 

Then [5.A.4] can be written as 

, (m+1) _ , P' _ y'PP'(Ag(m+ll)(Ag(m+l))'PP'y 
yA y-yP y (Ag(m+l))'PP'(Ag<m+l)) 

y'(A0<'" + 1>)(A0<"' • 1>)'y 
(Ag(m+l))'(A0(m+ 1)) 

_ ., • (y*'x*)(x*'y*) y'(A8<,.+1>)(Ae<m+O)'y 
- y y - x*'x* - (Ag(m+l))'(Ae<m+I)) . 

[5.A.4] 

[5.A.5] 

Recalling equation [4.A.6], the first two terms in the last line of [5.A.5] represent the sum 
of squared residuals from an OLS regression of y• on x•. This cannot be negative, 

(y*'x*)(x*'y*) 
y*'y* - x*'x* ~ O; [5.A.6] 

it would equal zero only if the OLS regression has a perfect fit, or if y* = {3x* or P'y = 
/3P'Ag<m+1> for some (3. Since Pis nonsingular, expression [5.A.6) would only be zero if 
y = /3Ag<m+1> for some (3. Consider two cases. 

Case I. There is no {3 such that y = (36.g<'"-11• In this case, the inequality [5.A.6) is strict 
and [5.A.5) implies 

, Cnr+t> > - [y'A8<111+1>]2 
y A y (Ag<"' +t>)'(Ae<m• 1>)" 

Since [y'A0Cm+1>)2 2: 0, it follows that y'A(m+11y > 0, provided that 
(Ag(m+l))'(A01m+l)) < O. 

But, from [5.7.19], 

(Ag<'"+'l)'(Ae<m+1>) = [g(0i'"+'>) _ g(8<"'>))'(A8<"'+o) 
= -g(01••>)'(A8Cm+t>) 
= -g(0<"'>)'sA<"'>g(0C"'>), 

[5.A.7] 

[5.A.8) 

with the last line following from [5.7.18]. But the final term in [5.A.8] must be negative, 
by virtue of the facts that A<m> is positive definite, s > 0, and g(0<"'>) i= O. Hence, [5.A.7) 
holds, meaning that A <m + 1> is positive definite for this case. 

Case 2, There exists a {3 such that y = {3Ag1m+O. In this case, [5.A.6] is zero, so that 
[5.A.5) becomes 

y'A<m+t>y = 

as in [5.A.8). • 

y'(A8(m+ll)(A8(m+l))'y 
(Ag(m+ l)}'(A8(m+ l)) 

{3(Ag(m+ l))'(Ae<m+ ll)(A9(m+ l))' {3(Ag(m + 1)) 
(6.g(m+ 1))'(A8(m+1)) 

-(32(Ag(m+1))'(A8<m+I)) = 132g(8(m))'sA<m>g(e<ml) > 0, 
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Chapter 5 Exercises 

5.1. Show that the value of [5.4.16) at 0 = 0, u 2 = o-2 is identical to its value at 0 = 0-1, 
u2 = 92a,2, 

5.2. Verify that expression [5.7.12) calculates the maximum of [5.7.6) in a single step from 
the initial estimate &<0> = ( -1, 1)'. 

5.3. Let (y 1 , y2 , ••• , Yr) be a sample of size T drawn from an i.i.d. N(µ., u 2) distribution. 
(a) Show that the maximum likelihood estimates are given by 

T 

,i. = T-12: y, 
,-1 

T 

a-2 = T-'2:: (y, _ µ.),. 
,-1 

(b) Show that the matrix j 20 in [5.8.2) is 

;lD = [ 11t l/(~u4J' 

(c) Show that for this example result [5.8.1) suggests 

[µ.] ([µ.] [u2/T o ]) 
6-2 "" N u 2 ' 0 2u4/T . 
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6 

Spectral Analysis 

Up to this point in the book, the value of a variable Y, at date t has typically been 
described in terms of a sequence of innovations {e,}~--x in models of the form 

Y, = µ. + L t/Jie,_1• 
j=O 

The focus has been on the implications of such a representation for the covariance 
between Y, and Y,at distinct dates t and -r. This is known as analyzing the properties 
of {Y,}~= -x in the time domain. 

This chapter instead describes the value of Y, as a weighted sum of periodic 
functions of the form cos(wt) and sin(wt), where w denotes a particular frequency: 

Y, = µ. + r a(w)·cos(wt) dw + r <5(w)·sin(wt) dw. 

The goal will be to determine how important cycles of different frequencies are in 
accounting for the behavior of Y. This is known as frequency-domain or spectral 
analysis. As we will see, the two kinds of analysis are not mutually exclusive. Any 
covariance-stationary process has both a time-domain representation and a fre
quency-domain representation, and any feature of the data that can be described 
by one representation can equally well be described by the other representation. 
For some features, the time-domain description may be simpler, while for other 
features the frequency-domain description may be simpler. 

Section 6.1 describes the properties of the population spectrum and introduces 
the spectral representation theorem, which can be viewed as a frequency-domain 
version of Wold's theorem. Section 6.2 introduces the sample analog of the pop
ulation spectrum and uses an OLS regression framework to motivate the spectral 
representation theorem and to explain the sense in which the spectrum identifies 
the contributions to the variance of the observed data of periodic components with 
different cycles. Section 6.3 discusses strategies for estimating the population spec
trum. Section 6.4 provides an example of applying spectral techniques and discusses 
some of the ways they can be used in practice. More detailed discussions of spectral 
analysis are provided by Anderson (1971), Bloomfield (1976), and Fuller (1976). 

6.1. The Population Spectrum 

The Population Spectrum and Its Properties 

Let {Y,}~--x be a covariance-stationary process with mean E(Y,) = µ. and 
jth autocovariance 

E(Y, - µ.)(Y,_i - µ.) = 'Yi· 

152 



Assuming that these autocovariances are absolutely summable, the autocovariance
generating function is given by 

X 

gy(z) = L y1zi, [6.1.l] 
,- -= 

where z denotes a complex scalar. If [6.1.1] is divided by 21r and evaluated at some 
z represented by z = e- 1"' for i = v"=1 and w a real scalar, the result is called 
the population spectrum of Y: 

( 1 I 1 ~ .. 
Sy w) = - gy(e- "') = - L., yie-'"' 1• 

211' 211'j=-x 
[6.1.2] 

Note that the spectrum is a function of w: given any particular value of w and a 
sequence of autocovariances {y)j- -=, we could in principle calculate the value of 
Sy(w). 

De Moivre's theorem allows us to write e-lwi as 

e- 1.,i = cos(wj) - i·sin(wj). (6.1.3] 

Substituting (6.1.3] into (6.1.2], it appears that the spectrum can equivalently be 
written 

Sy(w) = ;11' i=i}i[cos(wj) - i·sin(wj)]. (6.1.4] 

Note that for a covariance-stationary process, Yi = Y-i· Hence, (6.1.4] implies 

sy(w) = ;11' 'Yo [cos(O) - i·sin(O)] 
(6.1.5] 

+ 21 { ± yj[cos(wj) + cos(-wj) - i·sin(wj) - i·sin(-wj)]}. 
11' 1-1 

Next, we make use of the following results from trigonometry: 1 

cos(O) = 1 
sin(O) = 0 

sin(-0) = -sin(0) 
cos( - 0) = cos( 0). 

Using these relations, (6.1.5] simplifies to 

sy(w) = 21 {Yo + 2:i; Yi cos(wj)}. 
11' ,-1 (6.1.6] 

Assuming that the sequence of autocovariances {-yN'--xis absolutely sum
mable, expression [ 6.1.6] implies that the population spectrum exists and that Sy( w) 
is a continuous, real-valued function of w. It is possible to go a bit further and 
show that if the -y/s represent autocovariances of a covariance-stationary process, 
then sy(w) will be nonnegative for all w.2 Since cos(wj) = cos(-wj) for any w, 
the spectrum is symmetric around w = 0. Finally, since cos[ ( w + 21rk) ·11 = cos( w j) 
for any integers k and j, it follows from [6.1.6] that sy(w + 21rk) = sy(w) for any 
integer k. Hence, the spectrum is a periodic function of w. If we know the value 
of sy(w) for all w between O and 1r, we can infer the value of sy(w) fo~ any w. 

1These are reviewed in Section A.1 of the Mathematical Review (Appendix A) at the end of the 
book. 

2See, for example, Fuller (1976, p. 110). 

6.1. The Population Spectrum 153 



·---
Calculating the Population Spectrum for Various Processes 

Let Y, follow an MA(oo) process: 

Y, = p. + t/l(L)e 1, 

where 
: 

t/l(L) = L t/11Li 
1-0 

fort = T 

otherwise. 

[6.1.7] 

Recall from expression [3.6.8] that the autocovariance-generating function for Y 
is given by 

gy(z) = <T2t/J(z)t/J(r'). 

Hence, from [6.1.2], the population spectrum for an MA(00 ) process is given by 

[6.1.8] 

For example, for a white noise process, t/J(z) = 1 and the population spectrum 
is a constant for all w: 

Sy(w) = <T2/2Tr. 

Next, consider an MA(l) process: 

Y, = e, + 0e,_,. 

Here, t/J(z) = 1 + 0z and the population spectrum is 

Sy(w) = (2Tr)- 1·<T2(1 + 0e-lw)(1 + 0e1w) 

= (27r)-l•(T2(1 + 0e-iW + 0eiW + 02). 

But notice that 

[6.1.9] 

[6.1.10] 

e-iw + e;,,' = cos(w) - i·sin(w) + cos(w) + i·sin(w) = 2·cos(w), [6.1.11] 

so that [6.1.10] becomes 

sy(w) = (2Tr)- 1·<T2[1 + 02 + 20·cos(w)]. [6.1.12] 

Recall that cos(w) goes from 1 to -1 as w goes from O to Tr. Hence, when 
0 > 0, the spectrum sy(w) is a monotonically decreasing function of w for w in 
[O, Tr], whereas when 0 < 0, the spectrum is monotonically increasing. 

For an AR(l) process 

Y, = c + <f,Y,_ 1 + e,, 

we have t/J(z) = 1/(1 - cf,z) as long as jcpj < 1. Thus, the spectrum is 

1 (T2 
Sy(w) = 2Tr (1 - cf,e-1w)(l - <f,e1w) 

1 (T2 

2Tr (1 - cf,e_,., - <f,e'w + <f,2) 
[6.1.13] 

1 (T2 

- 2Tr [1 + cf,2 - 2cf,·cos(w)] · 
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When 4' > 0, the denominator is monotonically increasing in OJ over [0, '11"], meaning 
that Sy(OJ) is monotonically decreasing. When 4' < 0, the spectrum sy(OJ) is a 
monotonically increasing function of OJ. 

In general, for an ARMA(p, q) process 

Y, = c + ef,1Y,_1 + ,p.zY,_2 + · · · + 4,pY,_P + e, + 01e,_1 

+ 02e1_2 + · · · + 0qBr-q• 

the population spectrum is given by 

u 2 (1 + 01r;., + (h_e-i2"' + + 0qe-lqw) 
Sy(OJ) = - ----.---------'----

2'11' (1 - 4'1e-'"' - ,p.ze-(2,,, - · · • - 4'Pe-1po,) 
(1 + 01e'"' + 02e'-z., + . • • + 0qelqw) 

X (1 - 4'1e'"' - ,p.ze'-Z.. - .• • - 4,pe'P'"). 

[6.1.14] 

If the moving average and autoregressive polynomials are factored as follows: 

1 + 01Z + 02z2 + ... + 0qzq = (1 - '111Z)(l - 1/2Z) ... (1 - 7/qZ) 

1 - q,1z - ef,2 z2 - • • • - 4,pzP = (1 - ,\1z)(l - ,\2z) · · · (1 - ,\pz), 

then the spectral density in [6.1.14) can be written 

q 

u2 f1 [1 + TJJ - 2.,.,,.cos(OJ)] 
1-1 Sy(OJ) = __ P ________ _ 

2'11' f1 [1 + AJ - 2,\fcoS(OJ)] 
j=l 

Calculating the Autocovariances from the Population Spectrum 

If we know the sequence of autocovariances {'yi}j. _.,, in principle we can 
calculate the value of sy(OJ) for any OJ from [6.1.2) or (6.1.6). The converse is also 
true: if we know the value of sy(OJ) for all win (0, '11'], we can calculate the value 
of the kth autocovariance 'Yk for any given k. This means that the population 
spectrum sy(OJ) and the sequence of autocovariances contain exactly the same 
information-neither one can tell us anything about the process that is not possible 
to infer from the other. 

The following proposition (proved in Appendix 6.A at the end of this chapter) 
provides a formula for calculating any autocovariance from the population spec
trum. 

Proposition 6,1: Let {'Y}j. -=bean absolutely summable sequence of autocovari
ances, and define sy(OJ) as in [6.1.2]. Then 

r,,. Sy(OJ)e1°'k dw = 'Ylc• [6.1.15) 

Result (6.1.15] can equivalently be written as 

(,. Sy(OJ) cos(wk) dOJ = 'Ylc• [6.1.16] 

l'i 1 Th, Pnn11lntin.n C:n•rtru.., 1 Clo: 



Interpreting the Population Spectrum 

The following result obtains as a special case of Proposition 6.1 by setting 
k = 0: 

f,, Sy(w) dw = 'Yo· [6.1.17] 

In other words, the area under the population spectrum between ± 1r gives 'Yo, the 
variance of Y,. 

More generally-since sy(w) is nonnegative-if we were to calculate 

f>y(w) dw 

for any w1 between O and 1r, the result would be a positive number that we could 
interpret as the portion of the variance of Y, that is associated with frequencies w 
that are less than w1 in absolute value. Recalling that sy(w) is symmetric, the claim 
is that 

r.,, 
2 · Jo Sy(w) dw [6.1.18] 

represents the portion of the variance of Y that could be attributed to periodic 
random components with frequency less than or equal to w1 • 

What does it mean to attribute a certain portion of the variance of Y to cycles 
with frequency less than or equal to w1? To explore this question, let us consider 
the following rather special stochastic process. Suppose that the value of Y at date 
t is determined by 

M 

Y, = L [a/COs(w/) + 6/sin(w;t)]. 
i-1 

[6.1.19] 

Here, ai and <Si are zero-mean random variables, meaning that E(Y,) = 0 for all 
t. The sequences {a)f!. 1 and {c5i}f!.1 are serially uncorrelated and mutually uncor
related: 

E(a 1c5k) = 0 

The variance of Y, is then 

for j = k 

for j -4= k 

for j = k 

for j -4= k 

for all j and k. 

E(Yf) = J1 [ E(aJ)·cos 2(wi) + E(«5J)·sin2(wi)] 

= f crJ[cos 2(w/) + sin2(w;t)] 
1-1 

M 

= "" cr? ~ I ' 
j-1 

[6.1.20] 

with the last line following from equation [A.1.12]. Thus, for this process, the 
portion of the variance of Y that is due to cycles of frequency wi-is given by crf. 
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If the frequencies are ordered O < w1 < Wz < · · · < wM < 'Tl', the portion of the 
variance of Y that is due to cycles of frequency less than or equal to wi is given by 
O"i + O"~ + . . . + a-J. 

The kth autocovariance of Y is 

M 

E(Y, Y,-k) = L {E(aJ)·cos(w/)·cos[w 1(t - k)] 
1-1 

+ E(6J)·sin(w/)·sin[w 1(t - k)]} 
M 

L a}{cos(w1t)·cos[ w1(t - k)] 
j=I 

+ sin(wi)·sin[w 1(t - k)]}. 

Recall the trigonometric identity 3 

cos(A - B) = cos(A)·cos(B) + sin(A)·sin(B). 

[6.1.21] 

[6.1.22] 

For A = w/ and B = wi(t - k), we have A - B = wl, so that [6.1.21] becomes 

M 

E(Y,Y,-k) = L a-J·cos(w1k). 
i= 1 

· [6.1.23] 

Since the mean and the autocovariances of Y are not functions of time, the process 
described by [6.1.19] is covariance-stationary, although [6.1.23] implies that the 
sequence of autocovariances {'Yk}Z'-o is not absolutely summable. 

We were able to attribute a certain portion of the variance of Y, to cycles of 
less than a given frequency for the process in [6.1.19] because that is a rather special 
covariance-stationary process. However, there is a general result known as the 
spectral representation theorem which says that any covariance-stationary process 
Y, can be expressed in terms of a generalization of [6.1.19]. For any fixed frequency 
win [O, 'Tl'], we define random variables a(w) and 6(w) and propose to write a 
stationary process with absolutely summable autocovariances in the form 

Y, = µ. + r [a(w)·cos(wt} + 6(w}·sin(wt)] dw. 

The random processes represented by a(·) and 6( ·) have zero mean and the further 
properties that for any frequencies O < w1 < w2 < w3 < w4 < 'Tl', the variable 
J::;; a(w) dw is uncorrelated with J::;~ a(w) dw and the variable J::;; 8(w) dw is 
uncorrelated with J::;; 8(w) dw, while for any O < w1 < Wz < 'Tl' and O < w3 < 
w4 < 'Tl', the variable J::;; a(w) dw is uncorrelated with J::;; 6(w) dw. For such a 
process, one can calculate the portion of the variance of Y, that is due to cycles 
with frequency less than or equal to some specified value w1 through a generalization 
of the procedure used to analyze [6.1.19]. Moreover, this magnitude turns out to 
be given by the expression in [6.1.18]. 

We shall not attempt a proof of the spectral representation theorem here; 
for details the reader is referred to Cramer and Leadbetter (1967, pp. 128-38). 
Instead, the next section provides a formal derivation of a finite-sample version of 
these results, showing the sense in which the sample analog of [6.1.18] gives the 
portion of the sample variance of an observed series that can be attribute\,l. to cycles 
with frequencies less than or equal to w1 • 

'See, for example, Thomas (1972, p. 176). 
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6.2. The Sample Periodogram 
For a covariance-stationary process Y, with absolutely summable autocovariances, 
we have defined the value of the population spectrum at frequency w to be 

[6.2.1] 

where 

'Yi = E(Y, - µ.)(Y,-i - µ.) 

and µ. = E(Y,). Note that the population spectrum is expressed in terms of 
{yi}j_0 , which represents population second moments. 

Given an observed sample of T observations denoted y1, y2 , ••• , Yr, we can . 
calculate up to T - 1 sample autocovariances from the formulas 

for j = 0, 1, 2, ... , T - 1 , {T-1 f (y, - y)(Y,-i - y) 
'Y· = 1-1+1 I , 

'Y-j forj = -1, -2, ... , -T + 1, 

[6.2.2] 

where y is the sample mean: 
T 

Y = r- 1 I y,. [6.2.3] 
,-1 

For any given w we can then construct the sample analog of [6.2.1], which is known 
as the sample periodogram: 

1 T-1 

.fy(w) = - L 'Yie-iwi. 
27T j= -T+l 

As in [6.1.6], the sample periodogram can equivalently be expressed as 

1 [ T-1 ] 
.fy(w) = 2- 'Yo + 2 ~ 'Yi cos(wj) . 

7T 1-1 

[6.2.4] 

[6.2.5] 

The same calculations that led to [6.1.17] can be used to show that the area under 
the periodograin is the sample variance of y: 

r,, .fy(w) dw = 'Yo· 

Like the population spectrum, the sample periodogram is symmetric around 
w = 0, so that we could equivalently write 

Yo = 2 r .fy(w) dw. 

There also turns out to be a sample analog to the spectral representation 
theorem, which we now develop. In particular, we will see that given any T ob
servations on a process (y 1, y2 , ••• , Yr), there exist frequencies wi, Wi, ... , wM 
and coefficientsµ,, &i, &2, ••• , &M, 81, ~ •••• , 8M such that the value for y at 
date t can be expressed as 

M 

y, = µ, + L {&{cos[wi(t - 1)] + 8/sin[wi(t - 1)]}, 
j-1 
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where the variable G/Cos[w/t - l)] is orthogonal in the sample to &k·cos[wit - 1)] 
for j cf= k, the variable <\·sin[w1(t - l)J is orthogon~ to 5k·sin[wit - 1)] for j ,I= k, 
and the variable &/cos[w/t - 1)] is orthogonal to 8k·sin[wk(t - 1)] for all j and k. 
The sample variance of y is T- 1 '2,;_ 1 (y, - y)2, and the portion of this variance 
that can be attributed to cycles with frequency wi can be inferred from the sample 
periodogram .fy(wj). 

We will develop this claim for the case when the sample size T is an odd 
number. In this case y, will be expressed in terms of periodic functions with 
M = (T - 1)/2 different frequencies in [6.2.6]. The frequencies w1, w2, ... , wM 
are specified as follows: 

W1 = 2'Tr/T 

w2 = 4'Tf"/T 

Thus, the highest frequency considered is 

2(T - l)'Tr 
WM= 2T < 'Tr. 

[6.2.7] 

Consider an OLS regression of the value of y, on a constant and on the various 
cosine and sine terms, 

M 

y, = µ. + L {a/cos[w/t - 1)] + 8/sin[wj(t - 1)]} + u,. 
1-1 

This can be viewed as a standard regression model of the form 

Y, = P'x, + u,, 

where 

cos[w1(t - l)] sin[w1(t - l)] cos[wz(t - 1)] sin[W;i(t - l)] 

· · · cos[wM(t - 1)] sin[wM(t - 1)]], 

[6.2.8] 

[6.2.9] 

[6.2.10] 

Note that x, has (2M + 1) = T elements, so that there are as many explanatory 
variables as observations. We will show that the elements of x, are linearly inde
pendent, meaning that an OLS regression of y, on x, yields a perfect fit. Thus, the 
fitted values for this regression are of the form of [6.2.6] with no error term u,. 
Moreover, the coefficients of this regression have the property that ½(&J + 8J) 
represents the portion of the sample variance of y that can be attributed to cycles 
with frequency w1• This magnitude ½(aJ + liJ) further turns out to be proportional 
to the sample periodogram evaluated at w1• In other words, any observed series 
y 1, y2 , ••• , Yr can be expressed in terms of periodic functions as in [6.2.6], and 
the portion of the sample variance that is due to cycles with frequency ,wi can be 
found from the sample periodogram. These points are established formally in the 
following proposition, which is proved in Appendix 6.A at the end of this chapter. 
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Proposition 6.2: Let T denote an odd integer and let M '"' (T - 1)/2. Let 
wi = 21rj/T for j = 1, 2, ... , M, and let x, be the (T X 1) vector in [6.2.9]. Then 

Lx,x;= . r [T O' ] 
,-1 0 (T/2)·Ir-1 

[6.2.11] 

Furthermore, let {yi, y2, ••• , Yr} be any T numbers. Then the following are true: 

(a) The value of y, can be expressed as 
M 

y, = µ + L {a/cos[wit - 1)] + 8/sin[wit - 1)]}, 
1~1 

withµ = y (the sample mean from [6.2.3]) and 

r 
a1 = (2/T) L y,·cos[wit - 1)] for j = 1, 2, ... , M [6.2.12] 

,-1 
r 

61 = (2/T) L y,·sin[wit - 1)] for j = 1, 2, ... , M. [6.2.13] ,-1 

(b) The sample variance of y, can be expressed as 
r M 

c11n L CY, - y)2 = c112> L <aJ + sn, 
t=l j•l 

[6.2.14] 

and the portion of the sample variance of y that can be attributed to cycles of 
frequency w1 is given by ½(aJ + SJ). 

(c) The portion of the sample variance of y that can be attributed to cycles of 
frequency w1 can equivalently be expressed as 

(1/2)(&1 + SJ) = (41rtT)-s,(w1), [6.2.15] 

where §1(w1) is the sample periodogram at frequency wi. 

Result [6.2.11) establishes that }:;::,,1x,x; is a diagonal matrix, meaning that 
the explanatory variables contained in x, are mutually orthogonal. The proposition 
asserts that any observed time series (y1, y2, ••• , Yr) with Todd can be written 
as a constant plus a weighted sum of (T - 1) periodic functions with (T - 1)/2 
different frequencies; a related result can also be developed when Tis an even 
integer. Hence, the proposition gives a finite-sample analog of the spectral rep
resentation theorem. The proposition further shows that the sample periodogram 
captures the portion of the sample variance of y that can be attributed to cycles 
of different frequencies. 

Note that the frequencies w1 in terms of which the variance of y is explained 
all lie in [0, 1r]. Why aren't negative frequencies w < 0 employed as well? Suppose 
that the data were actually generated by a special case of the process in [6.1.19], 

Y, = a·cos(-wt) + B·sin(-wt), [6.2.16] 

where - w < 0 represents some particular negative frequency and where a and B 
are zero-mean random variables. Since cos(-wt) = cos(wt) and sin(-wt) = -sin(wt), 
the process [6.2.16] can equivalently be written 

Y, = a·cos(wt) - B·sin(wt). [6.2.17] 

Thus there is no way of using observed data on y to decide whether the data are 
generated by a cycle with frequency - w as in [ 6.2.16] or by a cycle with frequency 
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FIGURE 6.1 Aliasing: plots of cos[( 1r/2)t] and cos[(31r/2)t] as functions oft. 

+was in [6.2.17]. It is simply a matter of convention that we choose to focus only 
on positive frequencies. 

Why is w = 1r the largest frequency considered? Suppose the data were 
generated from a periodic function with frequency w > 1r, say, w = 31r/2 for 
illustration: 

Y, = a·cos[(37r/2)t] + «5·sin[(31r/2)t]. [6.2.18] 

Again, the properties of the sine and cosine function imply that [6.2.18] is equivalent 
to 

Y, = a·cos[(-1r/2)t] + «5·sin[( -1r/2)t]. [6.2.19] 

Thus, by the previous argument, a representation with cycles of frequency (31r/2) 
is observationally indistinguishable from one with cycles of frequency ( 1r/2). 

To summarize, if the data-generating process actually includes cycles with 
negative frequencies or with frequencies greater than 1r, these will be imputed to 
cycles with frequencies between O and 1r. This is known as aliasing. 

Another way to think about aliasing is as follows. Recall that the value of 
the function cos(wt) repeats itself every 21r!w periods, so that a frequency of w is 
associated with a period of 21rlw. 4 We have argued that the highest-frequency cycle 
that one can observe is w = 1r. Another way to express this conclusion is that the 
shortest-period cycle that one can observe is one that repeats itself every 21r/1r = 
2 periods. If w = 31r/2, the cycle repeats itself every 1 periods. But if the data are 
observed only at integer dates, the sampled data will exhibit cycles that are repeated 
every four periods, corresponding to the frequency w = 1r/2. This is illustrated in 
Figure 6.1, which plots cos[(1r/2)t] and cos[(31r/2)t] as functions oft. When sampled 
at integer values oft, these two functions appear identical. Even though the function 
cos[(31r/2)t] repeats itself every time that tincreases by 1, one would have to observe 
y, at four distinct dates (y,, Y,+1, Y,+2 , Y,+3 ) before one would see the value of 
cos[(31r/2)t] repeat itself for an integer value of t. 

•see Section A.1 of the Mathematical Review (Appendix A) at the end of the book for a further 
discussion of this point. 
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Note that in a particular finite sample, the lowest frequency used to account 
for variation in y is w1 = 2TrlT, which corresponds to a period of T. If a cycle takes 
longer than Tperiods to repeat itself, there is not much that one could infer about 
it if one has only T observations available. 

Result (c) of Proposition 6.2 indicates that the portion of the sample variance 
of y that can be attributed to cycles of frequency w1 is proportional to the sample 
periodogram evaluated at w1, with 4Tr!T the constant of proportionality. Thus, the 
proposition develops the formal basis for the claim that the sample periodogram 
reflects the portion of the sample variance of y that can be attributed to cycles of 
various frequencies. 

Why is the constant of proportionality in [6.2.15] equal to 4TrlT? The pop
ulation spectrum sy(w) could be evaluated at any win the continuous set of points 
between O and Tr. In this respect it is much like a probability density f x(x), where 
Xis a continuous random variable. Although we might loosely think of the value 
off x(x) as the "probability" that X = x, it is more accurate to say that the integral 
fZ; f x(x) dx represents the probability that X takes on a value between x1 and x2 . 

As x2 - x1 becomes smaller, the probability that X will be observed to lie between 
x1 and x2 becomes smaller, and the probability that X would take on precisely the 
value xis effectively equal to zero. In just the same way, although we can loosely 
think of the value of sy(w) as the contribution that cycles with frequency w make 
to the variance of Y, it is more accurate to say that the integral 

f"'' Sy(w) dw = ("'' 2sy(w) dw 
-wl Jo 

represents the contribution that cycles of frequency less than or equal to w1 make 
to the variance of Y, and that f:;: 2sy(w) dw represents the contribution that cycles 
with frequencies between w1 and w2 make to the variance of Y. Assuming that 
sy(w) is continuous, the contribution that a cycle of any particular frequency w 
makes is technically zero. 

Although the population spectrum sy(w) is defined at any win [O, Tr], the 
representation in [ 6.2.6] attributes all of the sample variance of y to the particular 
frequencies w1, Wz, ... , wM. Any variation in Y that is in reality due to cycles 
with frequencies other than these M particular values is attributed by [6.2.6] to 
one of these M frequencies. If we are thinking of the regression in [6.2.6] 
as telling us something about the population spectrum, we should interpret 
½(&7 + 57) not as the portion of the variance of Y that is due to cycles with 
frequency exactly equal to w1, but rather as the portion of the variance of Y that 
is due to cycles with frequency near w1. Thus [6.2.15] is not an estimate of the 
height of the population spectrum, but an estimate of the area under the pop
ulation spectrum. 

This is illustrated in Figure 6.2. Suppose we thought of ½(&J + 8J) as an 
estimate of the portion of the variance of Y that is due to cycles with frequency 
between w1_ 1 and w1, that is, an estimate of 2 times the area under sy(w) between 
w1_ 1 and w1. Since w1 = 2TrjlT, the difference w1 - w1_ 1 is equal to 2Tr!T. If sy(w) 
is an estimate of sy(w), then the area under sy(w) between w1_ 1 and w1 could be 
approximately estimated by the area of a rectangle with width 2Tr!T and height 
sy(wj). The area of such a rectangle is (2TrlT)·s1(w). Since ½(&J + SJ) is an estimate 
of 2 times the area under sy(w) between w1_ 1 and w1, we have ½{&f + Sf) = 
(4Tr/T)·sy(w1), as claimed in equation [6.2.15]. 

Proposition 6.2 also provides a convenient formula for calculating the value of 
the sample periodogram at frequency w1 = 2Trj!T for j = 1, 2, ... , (T - 1)/2, 
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FIGURE 6.2 The area under the sample periodogram and the portion of the 
variance of y attributable to cycles of different frequencies. 

namely, 

s1(w) = [T/(81r)](aJ + 8j), 
where 

T 

&.1 = (211) L y,·cos[wit - 1)] ,-1 
T 

81 = (2/7) L y,·sin[w/t - l)]. 
t=I 

That is, 

s,(wi) = 2~T {[t y,cos[wi(t - 1)] r + [j1 y1·sin[w/t - l)] ]} 

6.3. Estimating the Population Spectrum 
Section 6.1 introduced the population spectrum sy(w), which indicates the portion 
of the population variance of Y that can be attributed to cycles of frequency w. 
This section addresses the following question: Given an observed sample {y1, y2 , 

... , Yr}, how might sy(w) be estimated? 

Large-Sample Properties of the Sample Periodogram 
One obvious approach would be to estimate the population spectrum sy(w) 

by the sample periodogram s,(w). However, this approach turns out to have some 
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serious limitations. Suppose that 
~ 

Y, = L 1/1161-J• 
1-0 

where {l/l)j. 0 is absolutely summable and where {eJ~-_,. is an i.i.d. sequence with 
E(s,) = 0 and E(en = u2. Letsy(w) be the population spectrum defined in [6.1.2), 
and suppose that sy(ai) > 0 for all w. Letsy(w) be the sample periodogram defined 
in [6.2.4). Fuller {1976, p. 280) showed that for w -.. 0 and a sufficiently large 
sample size T, twice the ratio of the sample periodogram to the population spectrum 
has approximately the following distribution: 

2·§y(w) .., 2(2) 
sy(w) X · 

Moreover, if A -.. w, the quantity 

[6.3.1) 

[6.3.2) 

also has an approximate x2(2) distribution, with the variable in [6.3.1) approxi
mately independent of that in [6.3.2). 

Since a x2(2) variable has a mean of 2, result [6.3.1) suggests that 

E[Hy(w)] as 2, 
Sy(w) 

or since sy(ai) is a population magnitude rather than a random variable, 

E[§y(w)] i!! sy(w). 

Thus, if the sample size is sufficiently large, the sample periodogram affords an 
approximately unbiased estimate of the population spectrum. 

Note from Table B.2 that 95% of the time, a x2(2) variable will fall between 
0.05 and 7.4. Thus, from [6.3.1], §y(w) is unlikely to be as small as 0.025 times the 
true value of sy(ai), and §y(w) is unlikely to be any larger than 3.7 times as big as 
sy(w). Given such a large confidence interval, we would have to say that .fy(w) is 
not an altogether satisfactory estimate of sy(w). 

Another feature of result [6.3.1] is that the estimate §y(w) is not getting any 
more accurate as the sample size T increases. Typically, one expects an econometric 
estimate to get better and better as the sample size grows. For example, the variance 
for the sample autocorrelation coefficient 4 given in [4.8.8) goes to zero as T-+ 00, 

so that given a sufficiently large sample, we would be able to infer the true 
value of P; with virtual certainty. The estimate sy(w) defined in [6.2.4] does not 
have this property, because we have tried to estimate as many parameters (-y0, -y1, 

... , 'Yr-1) as we had observations (Y1, Y2, . , . , Yr)-

Parametric Estimates of the Population Spectrum 

Suppose we believe that the data could be represented with an ARMA(p, q) 
model, 

Y, = µ. + 4'1Y,_1 + 4'2Y1_ 2 + · · · + 'PpY,-p + s, + 91e,_ 1 [6.3.3) 

+ 9281-2 + ... + 9qEi1-q, 

where e, is white noise with variance u2. Then an excellent approach to estimating 
the population spectrum is first to estimate the parameters µ., 'Pi, ... , 'Pp, 9i, 
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... , 9q and <T2 by maximum likelihood as described in the previous chapter. The 
maximum likelihood estimates (4'1t •.. , 4,p, Bi, ... , Bq, 6-2) could then be plugged 
into a formula such as [6.1.14] to estimate the population spectrum sy(w) at any 
frequency w. If the model is correctly specified, the maximum likelihood estimates 
(ef,1, •.• , 4,p, 91 , .•• , Bq, 6-2) will get closer and closer to the true values as the 
sample size grows; hence, the resulting estimate of the population spectrum should 
have this same property. 

Even if the model is incorrectly specified, if the autocovariances of the true 
process are reasonably close to those for an ARMA(p, q) specification, this pro
cedure should provide a useful estimate of the population spectrum. 

Nonparametric Estimates of the Population Spectrum 

The assumption in [6.3.3] is that Y, can be reasonably approximated by an 
ARMA(p, q) process with p and q small. An alternative assumption is that sy(w) 
will be close to sy(A) when w is close to ,\. This assumption forms the basis for 
another class of estimates of the population spectrum known as nonparametric or 
kernel estimates. 

If sy(w) is close to Sy(A) when w is close to,\, this suggests that sy(w) might 
be estimated with a weighted average of the values of .l'y(,\) for values of ,\ in a 
neighborhood around w, where the weights depend on the distance between wand 
A. Let .!'y(w) denote such an estimate of sy(w) and let wi = 21rj/T. The suggestion 
is to take 

h 

§y(wj) = L K(Wj+m• Wj)·§y(wj+m)• 
m.:m -h 

[6.3.4] 

Here, his a bandwidth parameter indicating how many different frequencies {wi± i, 
wi±2, ••• , wi±h} are viewed as useful for estimating sy(wj). The kernel K(w1+m• wi) 
indicates how much weight each frequency is to be given. The kernel weights sum 
to unity: 

,. 
L K(Wj+m• w1) = 1. 

m•-h 

One approach is to take K(w1+m• w1) to be proportional to h + l - 1ml. One 
can show that5 

h 

L [h + 1 - 1ml] = (h + 1)2• 
m= -h 

Hence, in order to satisfy the property that the weights sum to unity, the proposed 
kernel is 

'Notice that 

h + 1 - Im/ 
K(Wj+m, wj) = (h + l) 2 

h • • 

I [h + 1 - lmll = }: (h + 1J - }: 1ml 
m•-h m--h m--h 

• h 

=(h+l)}: 1-2}:s 
m• -h .r•O 

= (2h + l)(h + 1) - 2h(h + 1)/2 

= (h + 1)2• 

[6.3.5] 
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and the estimator [6.3.4] becomes 

• h [h + 1 - 1ml] 
Sy(w1) = m~-h (h + 1)2 Sy(Wj+m). [6.3.6] 

For example, for h = 2, this is 

sy(w1) = ls,(w1_ 2) + isy(w1_,) + U,(w1) + is,(w1+1) + !s,(w1+2), 

Recall from [6.3.1] and [6.3.2] that the estimates s,(w) and s1 (A) are approximately 
independent in large samples for w :I, ,\. Because the kernel estimate averages 
over a number of different frequencies, it should give a much better estimate than 
does the periodogram. 

Averaging s,(w) over different frequencies can equivalently be represented 
as multiplying the jth sample autocovariance y1 for j > 0 in the formula for the · 
sample periodogram [6.2.5] by a weight Kj. For example, consider an estimate of 
the spectrum at frequency w that is obtained by taking a simple average of the 
value of s,(A.) for,\ between w - 11 and w + 11: 

sy(w) = (211)-1 r:: sy(A.) dA.. [6.3.7] 

Substituting [6.2.5] into [6.3.7], such an estimate could equivalently be expressed 
as 

sy(w) = (4111T)-1 J::: [ y0 + 2 l 1 
y1cos(Aj)] dA 

T-l 

= (4111T)-1(211)y0 + (2111T)-1 -~
1 

y1(1/j)·[sin(Aj}t::_v 
1= 

T-1 

= (27T)-1-y0 + (2111T)-1 L -yj(l/j)·{sin[(w + 11)j] - sin[(w - 11)j]}. 
i= 1 

Using the trigonometric identity 6 

sin(A + B) - sin(A - B) = 2·cos(A)·sin(B}, 

expression [6.3.8] can be written 
T-1 

Sy(w) = (27T)-1-y0 + (2111T)-1 L -y1(1/j)·[2·cos(wj)·sin(11j}] 
/=! 

= (211')-1 {to+21f
1 
[sin(~j)Jt 1cos(wj)}. 

/= I II} 

Notice that expression [6.3.10] is of the following form: 

where 

sy(w) = (211'}-1 {'Yo+21f
1 K;-y1cos(wj)}, 

/= I 

[6.3.8] 

[6.3.9] 

[6.3.10] 

[6.3.11] 

[6.3.12] 

The sample periodogram can be regarded as a special case of [6.3.11] when K; = 1. 
Expression [6.3.12] cannot exceed 1 in absolute value, and so the estimate [6.3.11] 
essentially downweights -y1 relative to the sample periodogram. 

6See, for example, Thomas (1972, pp. 174-75). 
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Recall that sin( 1rj) = 0 for any integer j. Hence, if 11 = 1r, then K;* = 0 for 
all j and [ 6.3 .11] becomes 

[6.3.13) 

In this case, all autocovariances other than Yo would be shrunk to zero. When 11 = 
rr, the estimate [6.3.7] is an unweighted average of §y(,\) over all possible values 
of,\, and the resulting estimate would be the flat spectrum for a white noise process. 

Specification of a kernel function K(wi+m• w;) in [6.3.4] can equivalently be 
described in terms of a weighting sequence {KtVi:} in [6.3.11 ]. Because they are 
just two different representations for the same idea, the weight K;* is also sometimes 
called a kernel. Smaller values of Kt impose more smoothness on the spectrum. 
Smoothing schemes may be chosen either because they provide a convenient speci
fication for K(W;+m, w;) or because they provide a convenient specification for K/. 

One popular estimate of the spectrum employs the modified.Bartlett kernel, 
which is given by 

K* = q + 1 {
1--j 

I Q 

forj= 1,2, ... ,q 

forj> q. 

The Bartlett estimate of the spectrum is thus 

§y(w) = (21r)- 1 {to+ zf [1 - jl(q + 1)]-y1cos(wj)}. 
J=l 

[6.3.14] 

[6.3.15] 

Autocovariances 'Y; for j > q are treated as if they were zero, or as if Y, followed 
an MA(q) process. For j ~ q, the estimated autocovariances 'Y; are shrunk toward 
zero, with the shrinkage greater the larger the value of j. 

How is one to choose the bandwidth parameter h in [6.3.6] or q in [ 6.3.15}? 
The periodogram itself is asymptotically unbiased but has a large variance. If one 
constructs an estimate based on averaging the periodogram at different frequencies, 
this reduces the variance but introduces some bias. The severity of the bias depends 
on the steepness of the population spectrum and the size of the bandwidth. One 
practical guide is to plot an estimate of the spectrum using several different band
widths and rely on subjective judgment to choose the bandwidth that produces the 
most plausible estimate. · 

6.4. Uses of Spectral Analysis 

We illustrate some of the uses of spectral analysis with data on manufacturing 
production in the United States. The data are plotted in Figure 6.3. The series is 
the Federal Reserve Board's seasonally unadjusted monthly index from January 
1947 to November 1989. Economic recessions in 1949, 1954, 1958, 1960, 1970, 
1974, 1980, and 1982 appear as roughly year-long episodes of falling production. 
There are also strong seasonal patterns in this series; for example, production 
almost always declines in July and recovers in August. 

The sample periodogram for the raw data is plotted in Figure 6.4, which 
displays §y(w1) as a function ofj where w; = 21rj/T. The contribution to the sample 
variance of the lowest-frequency components (j near zero) is several orders of 
magnitude larger than the contributions of economic recessions or the seasonal 
factors. This is due to the clear upward trend of the series in Figure 6.3. Let y, 
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FIGURE 6.3 Federal Reserve Board's seasonally unadjusted index of industrial 
production for U.S. manufacturing, monthly 1947:1 to 1989:11., 
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FIGURE 6.4 Sample periodogram for the data plotted in Figure 6.3. The figure 
plots sy(wj) as a function of j, where wi = 21rj!T. 
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FIGURE 6.5 Estimate of the spectrum for monthly growth rate of industrial 
production, or spectrum of 100 times the first difference of the log of the series in 
Figure 6.3. 

represent the series plotted in Figure 6.3. If one were trying to describe this with 
a sine function 

y, = tS·sin(wt), 

the presumption would have to be that w is so small that even at date t = T the 
magnitude wT would still be less than 7r/2. Figure 6.4 thus indicates that the trend 
or low-frequency components are by far the most important determinants of the 
sample variance of y. 

The definition of the population spectrum in equation [6.1.2] assumed that 
the process is covariance-stationary, which is not a good assumption for the data 
in Figure 6.3. We might instead try to analyze the monthly growth rate defined by 

x, = lOO·[log(y,) - log(y,_ i)J. [6.4.1] 

Figure 6.5 plots the estimate of the population spectrum of X as described in 
equation [6.3.6] with h = 12. 

In interpreting a plot such as Figure 6.5 it is often more convenient to think 
in terms of the period of a cyclic function rather than its frequency. Recall that if 
the frequency of a cycle is w, the period of the cycle is 27rlw. Thus, a frequency 
of wi = 27rj!T corresponds to a period of 27rlw; = T/j. The sample size is T = 513 
observations, and the first peak in Figure 6.5 occurs around j = 18. This corresponds 
to a cycle with a period of 513/18 = 28.5 months, or about 2½ years. Given the 
dates of the economic recessions noted previously, this is sometimes described as 
a "business cycle frequency," and the area under this hill might be viewed as telling 
us how much of the variability in monthly growth rates is due to economic reces
sions. 
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The second peak in Figure 6.5 occurs at j = 44 and corresponds to a period 
of 513/44 = 11.7 months. This is natural to view as a 12-month cycle associated 
with seasonal effects. The four subsequent peaks correspond to cycles with periods 
of 6, 4, 3, and 2.4 months, respectively, and again seem likely to be picking up 
seasonal and calendar effects. 

Since manufacturing typically falls temporarily in July, the growth rate is 
negative in July and positive in August. This induces negative first-order serial 
correlation to the series in [6.4.1] and a variety of calendar patterns for x, that may 
account for the high-frequency peaks in Figure 6.5. An alternative strategy for 
detrending would use year-to-year growth rates, or the percentage change between 
y, and its value for the corresponding month in the previous year: 

w, = lOO·[log(y,) - log(y,_!2)]. [6.4.2). 

The estimate of the sample spectrum for this series is plotted in Figure 6.6. 
When the data are detrended in this way, virtually all the variance that remains is 
attributed to components associated with the business cycle frequencies. 

Filters 
Apart from the scale parameter, the monthly growth rate x, in [6.4.1] is 

obtained from log(y,) by applying the filter 

x, = (1 - L) log(y,), [6.4.3] 

where L is the lag operator. To discuss such transformations in general terms, let 
Y, be any covariance-stationary series with absolutely summable autocovariances. 

:n 
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FIGURE 6.6 Estimate of the spectrum for year-to-year growth rate of monthly 
industrial production, or spectrum of 100 times the seasonal difference of the log 
of the series in Figure 6.3. 
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Denote the autocovariance-generating function of Y by gy(z), and denote the 
population spectrum of Y by sy(w). Recall that 

Suppose we transform Y according to 

X, = h(L)Y,, 

where 
X 

h(L) = L hjU 
1- -x 

and 

[6.4.4] 

Recall from equation [3.6.17] that the autocovariance-generating function of X can 
be calculated from the autocovariance-generating function of Y using the formula 

gx(z) = h(z)h(z - 1)gy(z). [6.4.5] 

The population spectrum of X is thus 

sx(w) = (27f)-lgx(e-iw) = (27r)-1h(e-iw)h(eiw)gy(e-iw). [6.4.6] 

Substituting [6.4.4] into [6.4.6] reveals that the population spectrum of Xis related 
to the population spectrum of Y according to 

[6.4.7] 

Operating on a series Y, with the fitter h(L) has the effect of multiplying the 
spectrum by the function h(e-i"')h(ei-.,). 

For the difference operator in [6.4.3], the filter is h(L) = 1 - L and the 
function h(e-iw)h(ei"') would be 

h(e-i"')h(e 1"') = (1 - e- 1"')(1 - e1"') 

= 1 - e-lw - e 1"' + 1 
= 2 - 2-cos(w), 

[6.4.8] 

where the last line follows from [6.1.11]. If X, = (1 - L)Y,, then, to find the 
value of the population spectrum of X at any frequency w, we first find the value 
of the population spectrum of Y at w and then multiply by 2 - 2·cos(w). For 
example, the spectrum at frequency w = 0 is multiplied by zero, the spectrum at 
frequency w = 71'12 is multiplied by 2, and the spectrum at frequency w = 7r is 
multiplied by 4. Differencing the data removes the low-frequency components and 
accentuates the high-frequency components. 

Of course, this calculation assumes that the original process Y, is covariance
stationary, so that sy( w) exists. If the original process is nonstationary, as appears 
to be the case in Figure 6.3, the differenced data (1 - L) Y, in general would not 
have a population spectrum that is zero at frequency zero. 

The seasonal difference filter used in [6.4.2] is h(L) = 1 - L12 , for which 

h(e-i"')h(eiw) = (1 - e-12iw)(l _ eI2iw) 
= 1 - e-l2iw - el2iw + 1 

= 2 - 2·cos(12w). 
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This function is equal to zero when 12w = 0, 21r, 41r, 61r, 81r, 101r, or 12rr; that 
is, it is zero at frequencies w = 0, 21r/12, 41r/12, 61r/12, 8?T/12, lO?T/12, and ?T. 

Thus, seasonally differencing not only eliminates the low-frequency (w = 0) com
ponents of a stationary process, but further eliminates any contribution from cycles 
with periods of 12, 6, 4, 3, 2.4, or 2 months. 

Composite Stochastic Processes 

Let X, be covariance-stationary with absolutely summable autocovariances; 
autocovariance-generating function Kx(z), and population spectrum sx(w). Let W, 
be a different covariance-stationary series with absolutely summable autocovari
ances, autocovariance-generating function Kw(z), and population spectrum sw(w), 
where X, is uncorrelated with w. for all t and -r. Suppose we observe the sum of 
these two processes, 

Y, = X, + W,. 

Recall from [4.7.19] that the autocovariance-generating function of the sum is the 
sum of the autocovariance-generating functions: 

gy(z) = Kx(z) + Kw(z). 

It follows from [6.1.2] that the spectrum of the sum is the sum of the spectra: 

Sy(w) = sx(w) + sw(w). [6.4.9] 

For example, if a white noise series W, with variance u2 is added to a series X, and 
if X, is uncorrelated with w. for all t and -r, the effect is to shift the population 
spectrum everywhere up by the constant <T2/(21r}. More generally, if X has a peak 
in its spectrum at frequency w 1 and if W has a peak in its spectrum at ~. then 
typically the sum X + W will have peaks at both w1 and ~-

As another example, suppose that 

"' 
Y, = c + L hiX,_i + e,, 

j= -gg 

where X, is covariance-stationary with absolutely summable autocovariances and 
spectrum sx(w). Suppose that the sequence {h)i= _,., is absolutely summable and 
that e, is a white noise process with variance u 2 where e is uncorrelated with X at 
all leads and lags. It follows from [6.4. 7] that the random variable l:j __ ,.,hiX,_1 
has spectrum h(e-1o')h(e 1"')sx(w), and so, from [6.4.9], the spectrum of Yis 

sy(w) = h(e- 1"')h(e1"')sx(w) + u2/(21r). 

APPENDIX 6.A. Proofs of Chapter 6 Propositions 
• Proof of Proposition 6.1. Notice that 

1 "' f" . . = - L -r1 e•w(k-,) dw 
21T i- -ci:i _,,, 
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Consider the integral in (6.A.l]. Fork = j, this would be 

r .. {cos[w(k - j)) + i·sin("'(k - j))} d"' = r .. {cos(O) + i·sin(O)} d"' 

Fork ,#, j, the integral in (6.A.1) would be 

[, {cos["'(k - j)] + i·sin["'(k - J)]} d"' 

= f" dCd 
-,r 

= 211'. 

= sin[w(k - j)] ,... _ ._cos(w(k - j)) I" 
k • I k . 

- J 111• -fl' - J W"'" -,r 

= (k - j)- 1{sin[1T(k - j)) - sin[-1T(k - J)) 
- i·cos('IT(k - j)) + i·cos[-1T(k - 1)]}. 

[6.A.2) 

[6.A.3) 

But the difference between the frequencies 'IT(k - j) and -'IT(k - J) is 21T(k - j), which 
is an integer multiple of 21T. Since the sine and cosine functions are periodic, the magnitude 
in (6.A.3) is zero. Hence, only the term for j = kin the sum in [6.A.1) is nonzero, and 
using [6.A.2), this sum is seen to be 

I" Sy(w)e1•• d"' = 21 1'• f" [cos(O) + i•sin(O)) d"' = 1'•• 
_.,,. 11' --

as claimed in [6.1.15). 
To derive [6.1.16], notice that since sy(Cd) is symmetric around w = 0, 

I: .. Sy(Cd)e'""' d"' = r .. Sy(w)e'""' dw + r Sy(w)e1•• dw 

= L" sv( - w)e _,... dw + L .. sv("')e- d"' 

= r Sy(w)(e-""k + e""*) dCd 

= r Sy(w)·2·COS(wk) dw, 

where the last line follows from [6.1.11). Again appealing to the symmetry of Sy(w), 

r Sy(Cd)·2•COs(Cdk) dCd • r.. Sy(w) COS(wk) dw, 

so that 

r .. Sy(w)e'•k dw = r .. Sy(w) COS(wk) dCd, 

as claimed. • 

• Derivation of Equation [6.2.11) in Proposition 6.2. We begin by establishing the following 
result: 

T {T ~ exp[t(21Ts/1)(t - 1)] = 0 
fors = 0 
fors = ±1, ±2, ... , ±(T- 1). 

[6.A.4] 

That [6,A.4) holds for s = O is an immediate consequence of the fact that exp(O) = 1. To 
see that it holds for the other cases in [6.A.4], define 

z a exp[i(21TS/T)). [6.A.S] 
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Then the expression to be evaluated in [6.A.4] can be written 

T T 
L exp[i(2'1TS/T)(t - 1)] = L zC•-1). 
,-1 ,-1 

We now show that for any N, 

N 1 - zN L, z(,-11 = ---, 
,-1 1 - z 

[6.A.6) 

[6.A.7) 

provided that z 'F 1, which is the case whenever O < isl < T. Expression [6.A.7] can be 
verified by induction. Clearly, it holds for N = 1, for then 

N L z(r-1) = z(O) = 1. ,_, 

Given that [6.A.7] holds for N, we see that 

as claimed in [6.A.7). 

N+l N L zV-1) = L z(r-1) + zN 
, ... 1 t=l 

1 - zN = -- + zN 
1 - z 

_ 1 - zN + zN (1 - z) 
- 1 - z 

1 - zN+I 

1 - z ' 

Setting N = Tin [6.A. 7] and substituting the result into [6.A.6), we see that 

T 1 - zT 
,~ exp[i(2?Ts/T)(t - 1)) = ~ 

for O < Isl < T. But it follows from the definition of z in [6.A.5] that 

zT = exp[i(2?Ts/T)·T] 

= exp[i(2?Ts)) 

= cos(2?Ts) + i·sin(2?Ts) 

=l fors=±l,±2, ... ,±(T-1). 

Substituting [6.A.9] into [6.A.8) produces 

T 

L exp[i(2?Ts/T)(t - 1)) = 0 
r•I 

fors = ±1, ±2, ... , ±(T- 1), 

as claimed in [6.A.4). 

[6.A.8] 

[6.A.9) 

To see how [6.A.4) can be used to deduce expression [6.2.11], notice that the first 
column of I.;.,x,x; is given by 

T 
L cos[wi(t - 1)) 

L sin[w1(t - 1)) 

L cos[wM(t - 1)] 

L sin[wM(t - 1)] 

[6.A.10] 

where I. indicates summation over t from 1 to T. The first row of I.;. 1 x,x; is the transpose 
of [6.A.10). To show that all the terms in [6.A.10) other than the first element are zero, 
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we must show that 

T 

L cos[w,(t - l)] = 0 for j = 1, 2, ... , M 
I• I 

[6.A.11] 

and 
T 

L sin[w;(t - I)] = 0 for j = 1, 2, ... , M ,., [6.A.12] 

for w1 the frequencies specified in [6.2.7]. But [6.A.4] establishes that 

T 

0 = L exp[i(21rj/T)(t - 1)] ,., 
T T 

[6.A.13] 

= L cos[(21rj/T)(t - 1)] + i· L sin[(21rj/T)(t - l)] 
r•I t•1 

for j = 1, 2, ... , M. For (6.A.13] to equal zero, both the real and the imaginary component 
must equal zero. Since w1 = 21rj/T, results [6.A.11] and [6.A.U] follow immediately from 
[6.A.13]. 

Result (6.A.4] can also be used to calculate the other elements of ¥.;_,x,x;. To see 
how, note that 

and similarly 

![e" + r"] = ![cos(8) + i·sin(8) + cos(8) - i·sin(8)] 2 2 
= cos(8) 

:hre" - e- 1•] = i{cos(8) + i·sin(8) - [cos(8) - i·sin(8)]} 

= sin(8). 

[6.A.14] 

[6.A.15] 

Thus, for example, the elements of ¥.;.1x,x; corresponding to products of the cosine terms 
can be calculated as 

T 

L cos[w1(t - l)]·cos["'•(t - 1)] ,., 
= -41 f {exp[iw1(t - l)] + exp(-iwit - 1)1} ,_, 

X {exp[iw.(t - 1)] + exp[-iw.(t - 1)]} 

= -4
1 f {exp[i(w1 + w.)(t - l)] + exp[i(-w 1 + w.)(t - l)] ,., 
+ exp[i("', - w.)(t - l)] + exp[i(- w1 - "1t)(t - 1)1} 

= i ,t {exp[i(21r/T)(j + k)(t - l)] + exp[i(21TIT)(k - J)(t - l)] 

+ exp[i(21TIT)(j - k)(t - l)] + exp[i(21r/T)(-j - k)(t - l)]}. 

[6.A.16] 

For any j = 1, 2, ... , Mand any k = 1, 2, ... , M where k "' j, expression [6.A.16] is 
zero by virtue of (6.A.4]. Fork = j, the first and last sums in the last line of [6.A.16] are 
zero, so that the total is equal to 

T 

(1/4) L (1 + 1) = T/2. ,_, 
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- -- - ------------------

Similarly, elements of "'I.{_ 1x,x; corresponding to cross products of the sine terms can 
be found from 

T 

L sin["';(t - l)]·sin[w.(t - 1)] 
,-1 

-i ,t, {exp[iw;(t - 1)] - exp[-iwit - 1)]} 

X {exp[iw.(t -1)] - exp[-iw.(t - 1)]} 

1 T 

- 4 ~ {exp[i(21r/T)(j + k)(t - 1)] - exp[i(21r/T)(k - J)(t - I)] 

- exp[i(21r/T)(j - k)(t - 1)] + exp[i(21r/T)(-j - k)(t - l)]l 

for j = k 
otherwise. 

Finally, elements of I.;_1x,x; corresponding to cross products of the sine and cosine 
terms are given by 

T 

L cos[w;(t - l)]·sin(w.(t - 1)] ,_, 

= 2: .f {exp[iw;(t - 1)] + exp[-iw;(t - 1)]} 
41 ,-1 

x {exp[iw.(t - 1)] - exp[-iw.(t - 1)]} 

= -41 . .f {exp(i(21T/T)(j + k)(t - 1)] + exp[i(21r/T)(k - j)(t - 1)] 
l ,-1 

- exp[i(21r/T)(j - k)(t - 1)] - exp[i(21r/T)(-j - k)(t - 1)]}, 

which equals zero for all j and k. This completes the derivation of [6.2.11 ]. • 

• Proof of Proposition 6.2(a). Let b denote the estimate of 13 based on OLS estimation of 
the regression in (6.2.8]: 

b = {.f x,x;}-'{.f x,y,} 
1-1 ,-1 

O' ]-'{r } I x,y, 
(T/2)·1r-, ,-1 

[6.A.17] 

L x,y, . 0' ]{ T } 

(2/T)·Ir-t ,_, 

But the definition of x, in [6.2.9) implies that 

.f x,y, = [Ly, L y,·cos[w,(t - 1)] L y,·sin[w1(t - 1)] ,-, 
}: y,·cos[w2(t - 1)] L y,·sin[w,(t - 1)] · · · [6.A.18] 

L y,·cos["'.,(t - 1)] L y,·sin[w.,(t - 1)] , J' 
where "'I, again denotes summation overt from 1 to T. Substituting 6.A.18] into [6.A.17] 
produces result (a) of Proposition 6.2. • 

• Proof of Proposition 6.2(b). Recall from expression [4.A.6] that the residual sum of 
squares associated with OLS estimation of [6.2.8] is 

T T [T ][T ]-l[T ] L a: = L y; - L Y rx; L xtx; L x,y, . 
,-1 to:.} ,-1 ,-1 ,-1 

[6.A.19) 
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Since there are as many explanatory variables as observati9ns and since the explanatory 
variables are linearly independent, the OLS residuals a, are all zero. Hence, (6.A.19] implies 
that 

f y; = [f y,x:][f x,x;]-'[f x,y,]. 
,.1 , ... 1 r•t r•l 

But [6.A.17) allows us to write 

T [T L x,y, = o ,., O' ] 
(T/2)·Ir-1 b. 

Substituting [6.A.21) and [6.2.11] into [6.A.20] establishes that 

LY2 = b' T [T O' ][T 0' ]-'[T 
,., ' 0 (T/2)·1r-• 0 (T/2)·Ir-i 0 

= b'[To O' ]b (T/2)·1,-_1 

M 

= T·P.2 + (T/2) L (aJ + 8J) 
j:al 

so that 

r M 

cvn r y; = ii.' + (112> r (at + 8J). 
,-1 /•I 

Finally, observe from [4.A.5] and the fact that /l = y that 
T T 

c11n L yf - ii.2 = cvn L (y, - y)2, 
,-1 r•l 

allowing [6.A.22] to be written as 

T M 

(117') L (y, - Y)2 = (112) L (af + &J>, 
t-l ,-, 

[6.A.20] 

[6.A.21] 

O' ] 
(T/2)·Ir_ 1 b 

[6.A.22] 

as claimed in [6.2.14]. Since the regressors are all orthogonal, the term ½(aJ + 81) can be 
interpreted as the portion of the sample variance that can be attributed to the regressors 
cos(wit - 1)] and sin[w;(t - 1)]. • 

• Proof of Proposition 6.2(c). Notice that 

(af + SJ) = (a1 + i·81)(a1 - i·81). [6.A.23) 

But from result (a) of Proposition 6.2, 

T T 

a1 = (2/T) L y,·cos[w1(t - 1)] = (2/T) L (y, - Y)·cos[wi(t - 1)), [6.A.24) 
,-1 ,-1 

where the second equality follows from (6.A.11). Similarly, 

T 

81 = (2/T) L (y, - Y)·sin[fllit - l)]. 
r•l 

It follows from [6.A.24) and (6.A.25] that 

&1 + i·8, = (2/T){t, (y, - Y)·cos[fl.lit - l)] 

+ i· f (y, - Y)·sin[fll1(t - l)]} 
t•I 

T 

= (2/T) L (y, - Y)·exp[ifl.lit - 1)). 
t•l 

[6.A.25] 

[6.A.26) 
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Similarly, 

T 

&1 - i·8; = (2/T) L (y. - Y)·exp( - iwi(-r - l)]. 
T•l 

Substituting (6.A.26] and (6.A.27) into [6.A.23) produces 

&'f + 8J = (4/7'2){:f (y, - Y)·exp(iw1(t - l))} ,-1 

X { f (y. - Y)·exp[ -iw;(-r - 1)1} ,., 
T T 

= (4/7'2) L L (y, - Y)(y. - Y)·exp(iw1(t - r)) 
, ... , ,..1 

{ 
T T-1 

= (4/7'2) L (y, - Y)' + L (y, - Y)(Y,+1 - Y)·exp(-iw;] 
,-.1 r•l 

T 

+ L (y, - Y)(y,_, - Y)·exp[iw1] 
,-2 
T-2 

+ L (y, - Y)(Y,+2 - Y)·exp(-2iw1] ,_, 
T 

+ L (y, - Y)(Y,-2 - Y)·exp(2iw1) + · · · 
1•3 

+ (Yi - Y)(Yr - Y)-exp[-(T - l)iw1) 

+ (Yr - Y)(y, - Y)·exp[(T - l)iw1]} 

= (4/7){10 + y,·exp(-iw 1] + y_ 1·exp(iw1] 

+ f2·exp(-2iw;] + Y-2·exp(2iw1) + · · · 

+ y7_,·exp[-(T - l)iw1] + 'Y-r+1·exp((T - l)iw;]} 

= ( 4/7j(2,r)§ y( w;), 

from which equation (6.2.15] follows. • 

Chapter 6 Exercises 

[6.A.27) 

[6.A.28] 

6.1. Derive (6.1.12] directly from expression (6.1.6] and the fonnulas for the autocovariances 
of an MA(l) process. 

6.2. Integrate (6.1.9] and (6.1.12] to confirm independently that (6.1.17] holds for white 
noise and an MA(l) process. 

Chapter 6 References 

Anderson, T. W. 1971. The Statistical Analysis of Time Series. New York: Wiley. 
Bloomfield, Peter. 1976. Fourier Analysis of Time Series: An Introduction. New York: Wiley. 

178 Chapter 6 I Spectral Analysis 



Cramfr, Harald, and M. R. Leadbetter. 1967. Stationary and Related Stochastic Processes. 
New York: Wiley. 
Fuller, Wayne A. 1976. Introduction to Statistical Time Series. New York: Wiley. 
Thomas, George B., Jr. 1972. CalculusandAna/ytic Geometry, alternate ed. Reading, Mass.: 
Addison-Wesley. 

Chapter 6 References 179 



7 

Asymptotic Distribution 
Theory 

Suppose a sample of T observations (y1, y2, ••• , Yr) has been used to construct 
8, an estimate of the vector of population parameters. For example, the parameter 
vector 8 = (c, <f,1 , <f,2 , ••• , 'Pp, u 2)' for an AR(p) process might have been 
estimated from an OLS regression of y, on lagged y's. We would like to know how 
far this estimate 8 is likely to be from the true value 8 and how to test a hypothesis 
about the true value based on the observed sample of y's. 

Much of the distribution theory used to answer these questions is asymptotic: 
that is, it describes the properties of estimators as the sample size (7) goes to 
infinity. This chapter develops the basic asymptotic results that will be used in 
subsequent chapters. The first section summarizes the key tools of asymptotic 
analysis and presents limit theorems for the sample mean of a sequence of i.i.d. 
random variables. Section 7 .2 develops limit theorems for serially dependent var
iables with time-varying marginal distributions. 

7.1. Review of Asymptotic Distribution Theory 

Limits ·of Deterministic Sequences 

Let {cr}i-. 1 denote a sequence of deterministic numbers. The sequence is said 
to converge to c if for any e > 0, there exists an N such that !er - cl < e whenever 
T 2: N; in other words, Cr will be as close as desired to c so long as Tis sufficiently 
large. This is indicated as 

lim Cr= c, [7.1.1) 
r-z 

or, equivalently, 

For example, Cr = 1/T denotes the sequence {1, ½, ¼, ... }, for which 

lim Cr= 0. 
r-z 

A sequence of deterministic (m x n) matrices {Cr}i-=1 converges to C if each 
element of Cr converges to the corresponding element of C. 
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Convergence in Probability 

Consider a sequence of scalar random variables, {X T}rsi: The sequence is 
said to converge in probability to c if for every e > 0 and every 8 > 0 there exists 
a value N such that, for all r 2= N, 

P{IXT - cl> 8} < e. [7.1.2] 

In words, if we go far enough along in the sequence, the probability that X T differs 
from c by more than 8 can be made arbitrarily small for any 8. 

When [7.1.2] is satisfied, the number c is called the probability limit, or plim, 
of the sequence {XT}. This is indicated as 

plim x, = c, 

or, equivalently, 

x,.!:.. c. 

Recall that if {cT}r~ 1 is a deterministic sequence converging to c, then there 
exists an N such that le, - cl < 8 for all T 2= N. Then P{Jc, - cl > 8} = 0 for 
all T 2= N. Thus, if a deterministic sequence converges to c, then we could also 
say that cT .!:.. c. 

A sequence of (m x n) matrices of random variables {XT} converges in 
probability to the (m x n) matrix C if each element of X, converges in probability 
to the corresponding element of C. 

More generally, if {XT} and {Yr} are sequences of (m x n) matrices, we will 
use the notation 

xT.!:.. Yr 

to indicate that the difference between the two sequences converges in probability 
to zero: 

Xr - YT.!.. 0. 

An example of a sequence of random variables of interest is the following. 
Suppose we have a sample of T observations on a random variable {Y1 , Y2 , ••• , 

YT}. Consider the sample mean, 

T 

YT""' (1/T) I Y,, [7.1.3] 
t= 1 

as an estimator of the population mean, 

/LT= YT. 

We append the subscript T to this estimator to emphasize that it describes the 
mean of a sample of size T. The primary focus will be on the behavior of this 
estimator as T grows large. Thus, we will be interested in the properties of the 
Sequence {/lr}T= ! • 

When the plim of a sequence of estimators (such as {µ,T}r=i) is equal to the 
true population parameter (in this case, µ,), the estimator is said to be consistent. 
If an estimator is consistent, then there exists a sufficiently large sample such that 
we can be assured with very high probability that the estimate will be within any 
desired tolerance band around the true value. 
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The following result is quite helpful in finding plims; a proof of this and some 
of the other propositions of this chapter are provided in Appendix 7 .A at the end 
of the chapter. 

Proposition 7.1: Let {Xr} denote a sequence of (n X 1) random vectors with plim 
c, and let g(c) be a vector-valued function, g: IRn-+ 1Rm, where g(·) is continuous 
at c and does not depend on T. Then g(Xr) .!'.,, g(c}. 

The basic idea behind this proposition is that, since g(·) is continuous, g(Xr} 
will be close to g(c) provided that Xr is close to c. By choosing a sufficiently large 
value of T, the probability that Xr is close to c (and thus that g(Xr) is close to 
g(c)} can be brought as near to unity as desired. 

Note that g(Xr) depends on the value of Xr but cannot depend on the index 
T itself. Thus, g(Xr, T) = T·X} is not a function covered by Proposition 7.1. 

Example 7.1 
If X 1r .!'.,, c1 and X 2r !'.,, c2 , then (X 1r + X2r) .!'.,, (c1 + cz). This follows 
immediately, since g(Xm X2r) = (X 1r + Xir) is a continuous function of 
(Xm X2r)-

Example 7.2 
Let {X1r} denote a sequence of (n x n) random matrices with X1r.!'.,, Cr, a 
nonsingular matrix. Let X2r denote a sequence of (n x l} random vectors 
with X2r.!'.,, c2 • Then [X1rJ- 1X2r.!'.,, [ci]- 1c2 • To see this, note that the elements 
of the matrix [X1rJ- 1 are continuous functions of the elements of X1r at 
X1r = Ci, since [C1J- 1 exists. Thus, [X1rJ- 1 .!'.,, [ci]- 1• Similarly, the elements 
of [X1rJ- 1X2r are sums of products of elements of [X1rJ- 1 with those of X2r
Since each sum is again a continuous function of XIT and X2 r, 

plim [X1rJ- 1X2r = [plim X1rJ- 1 plim X2r = [C1J-1c2 • 

Proposition 7.1 also holds if some of the elements of Xr are deterministic 
with conventional limits as in expression [7.1.1]. Specifically, let Xi- = (Xfr, c~r), 
where X1r is a stochastic (n1 x 1) vector and c2r is a deterministic (n2 X 1) vector. 
If plim X1r = c1 and limr-= c2r = c2 , then g(Xm c2r) .!'.,, g(c1, c2). (See Exer
cise 7.1.) 

Example 7.3 
Consider an alternative estimator o.!_the mean given by Y} = [1/(T - m X 

IT=i Y,. This can be written as c1rYr, where c1r = [Tl(T - l}] and Yr= 
(1/T)~;., 1 Y,. Under general conditions detailed in Section 7.2, the sample 
mean is a consistent estimator of the population mean, implying that Yr!'.,, µ.. 

It is also easy to verify that c1 r--+ 1. Since c1rY r is a continuous function of 
C1r and Yr, it follows that c1rY r~ l ·µ. = µ.. Thus, Y}, like Yr, is a consistent 
estimator of µ.. 

Convergence in Mean Square and Chebyshev's Inequality 

A stronger condition than convergence in probability is mean square convergence. 
The random sequence {Xr} is said to converge in mean square to c, indicated as 

Xr~·c, 
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if for every E > 0 there exists a value N such that, for all T 2: N, 

E(Xr - c)2 < E. 

Another useful result is the following. 

[7 .1.4] 

Proposition 7.2: ( Generalized Chebyshev's inequality). Let X be a random variable 
with E(IXl') finite for some r > 0. Then, for any 8 > 0 and any value of c, 

E!X - cl' 
P{IX - cl > 8} ::s 8' . [7 .1.5] 

An implication of Chebyshev's inequality is that if Xr ':!· c, then Xr .!!.,. c. To 
see this, note that if X r -:;· c, then for any E > 0 and 8 > 0 there exists an N such 
that E(Xr - c)2 < 82E for all T 2: N. This would ensure that 

E(Xr - c)2 
132 < E 

for all T 2: N. From Chebyshev's inequality, this also implies 

P{IXr - cl > 8} < E 

for all T 2: N, or that Xr .!!.,. c. 

Law of Large Numbers for Independent 
and Identically Distributed Variables 

Let us now consider the behavior of the sample mean YT = (l/T)"'J:."[.1 Y, 
where {Y,} is i.i.d. with meanµ, and variance u 2• For this case, YT has expectation 
µ, and variance 

E(Y r - µ,)2 = (1/T 2) Var(i Y,) = (1/T 2) i Var(Y,) = u 2/T. 
, .... 1 ,-1 

Since u 2/T---> 0 as T---> co, this means that YT-:;· µ,, implying also that YT.!!.,. µ,. 
Figure 7.1 graphs an example of the density of the sample meanfy,(Jir) for 

three different values of T. As T becomes large, the density becomes increasingly 
concentrated in a spike centered at µ,. 

The result that the sample mean is a consistent estimate of the population 
mean is known as the law of large numbers .1 It was proved here for the special 
case of i.i.d. variables with finite variance. In fact, it turns out also to be true of 
any sequence of i.i.d. variables with finite mean µ,.2 Section 7.2 explores some of 
the circumstances under which it also holds for serially dependent variables with 
time-varying marginal distributions. 

Convergence in Distribution 

Let {X r}r= 1 be a sequence of random variables, and let F xr(x) denote the 
cumulative distribution function of Xr- Suppose that there exists a cumulative 
distribution function F x(x) such that 

lim Fxr(x) = Fx(x) 
r-= 

1This is often described as the weak law of large numbers. An analogous result known as the strong 
law of large numbers refers to almost sure convergence rather than convergence in probability of the 
sample mean. 

'This is known as Khinchine's theorem. See, for example, Rao (1973, p. 112). 
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T-100 

FIGURE 7.1 Density of the sample mean for a sample of size T. 

at any value x at which F x( ·) is continuous. Then X r is said to converge in distri
bution (or in law) to X, denoted 

When F x(x) is of a common form, such as the cumulative distribution function for 
a N(µ,, u 2) variable, we will equivalently write 

X r ~ N(µ,, o-2). 

The definitions are unchanged if the scalar X r is replaced with an (n x 1) 
vector X 7 . A simple way to verify convergence in distribution of a vector is the 
following.3 If the scalar (A1X 1r + A2X 2r + · · · + A,.X,.r) converges in distribution 
to (A1X 1 + A2X 2 + · · · + A,,X,.) for any real values of (A1, A2 , ••• , A,.), then 
the vector Xr "" (X 17 , X2r, ... , X,.r)' converges in distribution to the vector 
X = (X 1 , X 2 , •.. , X.)'. 

The foliowing results are useful in determining limiting distributions. 4 

Proposition 7.3: 
(a) Let {Yr} be a sequence of (n x 1) random vectors with Yr~ Y. Supiose 

that {X 7} is a sequence of ( n x 1) random vectors such that (X r - Y 7 ) -+ 0. 
Then Xr ~ Y; that is, X7 and Y 7 have the same limiting distribution. 

(b) Let {X7} be a sequence of random (n x 1) vectors with X7 .!. c, and let {Yr} 
be a sequence of random (n x 1) vectors with Y 7 ~ Y. Then the sequence 
constructed from the sum {Xr + Yr} converges in distribution to c + Y and 
the sequence constructed from the product {X ~ Y 7} converges in distribution 
to c'Y. 

(c) Let{X 7}bea sequence of random (n x 1) vectors with X 7 ~ X, and letg(X), 
g: IR"-+ !Rm be a continuous function (not dependent on T). Then the sequence 
of random variables {g(X 7 )} converges in distribution to g(X). 

'This Is known as the Cramer-Wold theorem. See Rao (1973, p. 123). 

•see Rao (1973, pp. 122-24). 
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FIGURE 7.2 Density of VT(Y r - µ,). 

Example 7.4 
Suppose thatXr~ c and Yr~ Y, where Y- N(µ,, o-2). Then, by Proposition 
7 .3(b), the sequence X TY T has the same limiting probability law as that of c 
times a N(µ,, o-2) variable. In other words, XrYr-!+ N(cµ,, c2 u 2). 

Example 7.5 
Generalizing the previous result, let {Xr} be a sequence of random (m x n) 

mat~ces and {Yr} a sequence of random (n x 1) vectors with Xr ~ C and 
Yr-> Y, with Y - N(fl-, fl). Then the limiting distribution of XrYr is the 
same as that of CY; that is, XrYr~ N(Cfl-, CfiC'). 

Example 7.6 
Suppose that X r ~ N(O, 1 ). Then Proposition 7 .3( c) implies that the square 
of Xr asymptotically behaves as the square of a N(O, 1) variable: X} .!!+ 
x2(l). 

Central Limit Theorem 

We have seen that the sample mean Y rfor an i.i.d. sequence has a degenerate 
probability density as T-> oo, collapsing toward a point mass at µ, as the sample 
size grows. For statistical inference we would like to describe the distribution of 
Yr in more detail. For this purpose, note that the random variable VT(Y r - µ,) 
has mean z~o and variance given by (V1]2 Var(Yr) = o-2 for all T, and thus, in 
contrast to Yr, the random variable VT(Yr - µ,) might be expected to converge 
to a nondegenerate random variable as T goes to infinity. 

The central limit theorem is the result that, as T increases, the sequence 
VT(Yr - µ,) converges in distribution to a Gaussian random variable. The most 
familiar, albeit restrictive, version of the central limit theorem establishes that if 
Y, is i.i.d. with meanµ, and variance o-2, then5 

VT(Yr - µ) ~ N(O, o-2). [7.1.6] 

Result [7.1.6] also holds under much more general conditions, some of which are 
explored in the next section. 

Figure 7.2 graphs an example of the density ofVT(Y r - µ) for three different 

'See, for example, White (1984, pp. 108-9). 
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values of T. Each of these densities has mean zero and variance u 2 • As T becomes 
large, the density converges to that of a N(O, u 2) variable. 

A final useful result is the following. 

Proposition 7.4: Let {X,} be a sequence of random (n x 1) vectors such that 
VT(Xr - c) ~ X, and let g: !Rn -+ !Rm have continuous first derivatives with G 
denoting the (m x n) matrix of derivatives evaluated at c: 

G"" ag j 
ax' x=; 

Then v'T[g(Xr) - g(c)] ~ GX. 

Example 7.7 
Let {Y1, Y2 , .•• , Yr} be an i.i.d. sample of size T drawn from a distribution 
with meanµ. -4= 0 and variance u 2 • Consider the distribution of the reciprocal 
of the sample mean, Sr= l!Yr, where Yr= (l/T)}:[_ 1 Y,. We know from 
the central limit theorem that v'T(Y r - µ.) ~ Y, where Y - N(O, u 2). Also, 
g(y) = 1/y is continuous at y = µ.. Let G = (ag/ay)ly-,. = ( -1/µ, 2). Then 

L L 
v'T[Sr - (1/µ.)]-+ G·Y; in other words, v'T[Sr - (1/µ,)]-+ N(O, u2/µ,4). 

7 .2. Limit Theorems for Serially Dependent Observations 
The previous section stated the law of large numbers and central limit theorem for 
independent and identically distributed random variables with finite second mo
ments. This section develops analogous results for heterogeneously distributed 
variables with various forms of serial dependence. We first develop a law of large 
numbers for a general covariance-stationary process. 

---
Law of Large Numbers for a Covariance-Stationary Process 

Let (Y1, Y2 , .•. , Yr) represent a sample of size T from a covariance
stationary process with 

E(Y,) = µ, for all t 

E(Y, - µ,)(Y,_1 - µ,) = y1 for all t 

Consider the properties of the sample mean, 

r 
Yr = (1/T) L Y,. 

t=l 

[7.2.1] 

[7.2.2] 

[7.2.3] 

[7.2.4] 

Taking expectations of [7.2.4] reveals that the sample mean provides an unbiased 
estimate of the population mean, 

E(Yr) = µ,, 
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while the variance of the sample mean is 

E(Yr - µ) 2 

= E[ (VT) t (Y, - µ) r 
= (l/T 2)E{[(Y1 - µ) + (Y2 - µ) + · · · + (Yr - µ)] 

x [(Y1 - µ) + (Y2 - µ) + · · · + (Yr - µ)]} 

= (1/T2)E{(Y1 - µ)[(Y, - µ) + (Y2 - µ) + · · · + (Yr - µ)] 

+ (Y2 - µ)[(Y1 - µ) + (Y2 - µ) + · · · + (Yr - µ)] 

+ (Y3 - µ)[(Y1 - µ) + (Y2 - µ) + · · · + (Yr - µ)] 

+ · · · + (Yr - µ)[(Y1 - µ) + (Y2 - µ) + · · · + (Yr - µ)]} 

= (l/T2) {[ 'Yo + 'Y1 + 'Y2 + 'YJ + · · · + 'Yr-d 

+ ['Y1 + 'Yo + 'Y1 + 'Y2 + · · · + 'Yr-2] 

+ ['Y2 + 'Y1 + 'Yo + 'Y1 + · · · + 'Yr-J] 

+ · · · + [ 'Yr-1 + 'Yr-2 + 'Yr-J + · · · + 'YoH
Thus, 

E(Yr - µ) 2 = (1/T2){T-yo + 2(T - lh1 

+ 2(T - 2)'Y2 + 2(T - 3)-y3 + · · · + 2-Yr-1} 

or 

E(Yr - µ) 2 = (1/T)ho + [(T - l)/T](2-y1) + [(T - 2)/T](2-yz) 
[7.2.5] 

+ [(T - 3)/TJ(2-y3) + · · · + [1/T](2'Yr-& 

It is easy to see that this expression goes to zero as the sample size grows
that is, that Yr ':;_· µ: 

T· E(Y r - µ) 2 = l'Yo + [(T - l)/T](2-y1) + [(T - 2)/T](2-y2) 

+ [(T- 3)/T](2-y3) + · · · + [1/T](2-yr-1)I 
~ {l'Yol + [(T - 1)/T]·2I-Y1I + [(T - 2)/T]-2j-y2j [7.2.6] 

+ [(T- 3)/T]-2I-Y1I + · · · + [1/T]·2l'Yr-1I} 
~ {I-Yol + 21-Y,I + 2I-Y2I + 2j-y3i + · · ·}. 

Hence, T·E(Yr - µ) 2 < 00 , by [7.2.3], and so E(Yr - µ)2-+ 0, as claimed. 
It is also of interest to calculate the limiting value of T·E(Yr - µ)2. Result 

[7.2.5] expresses this variance for finite T as a weighted average of the first T- 1 
autocovariances 'Yi· For large j, these autocovariances approach zero and will not 
affect the sum. For small j, the autocovariances are given a weight that approaches 
unity as the sample size grows. Thus, we might guess that 

" 
lim T·E(Yr - µ) 2 = L 'Yi = 'Yo + 2-y1 + 2-y2 + 2-y3 + · · · . [7.2.7] 
T-= i- -x 

This conjecture is indeed correct. To verify this, note that the assumption [7.2.3] 
means that for any e > 0 there exists a q such that 

21'Yq+1l + 21'Yq+2I + 2I-Yq+31 + · · · < s12. 
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Now 

,j~x'Yj - T-E(Yr - µ)21 

= lho + 2-yi + 2-y2 + 2-y3 + · · ·} 
- ho + [(T - 1)/T]-2-y, + [(T - 2)/T]-2-y2 

+ [(T - 3)/T]-2-y3 + · · · + [1/T]-2-yr-1}! 

:s: (1/T)·2l'Y1I + (2/T)·2l'Y2I + (3/T)-21-YJI + ... 
+ (q/T)·21%1 + 21-Yq+ll + 2l'Yq+21 + 2l'Yq+31 + 

:s: (1/T)·2l'Y1I + (2/T)·2l'Y2I + (3/T)·2l'Y1I + ... 
+ (q!T)-21-Yql + e/2. 

Moreover, for this given q, we can find an N such that 

for all T ~ N, ensuring that 

as was to be shown. 
These results can be summarized as follows. 

Proposition 7.5: Let Y, be a covariance-stationary process with moments given by 
[7.2.JJ and [7.2.2] and with absolutely summable autocovariances as in [7.2.3]. Then 
the sample mean [7.2.4] satisfies 

(a) Yr'.'.:!·µ 

X 

(b) lim{T-E(Yr - µ)2} = ~ 'Yi· 
T-'X . j--::ie 

Recall from Chapter 3 that condition [7.2.3] is satisfied for any covariance
stationary ARMA(p, q) process, 

(1 - </J1L - </JiL2 - · · · - <PpLP)Y, = µ, + (1 + 81L + 82 U + · · · + 8qU)e" 

with roots of (1 - </)1z - </)2 z 2 - • • • - </)PzP) = 0 outside the unit circle. 
Alternative expressions for the variance in result (b) of Proposition 7 .5 are 

sometimes used. Recall that the autocovariance-generating function for Y, is defined 
as 

~ 

gy(Z) = ~ yizi, 
/- -x 

while the spectrum is given by 
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Thus, result (b) could equivalently be described as the autocovariance-generating 
function evaluated at z = 1, 

X 

L Yi= gy(l), 
j= --x 

or as 2,r times .the spectrum at frequency w = 0, 
X 

L Yi = 21rsy(O), 
j- -x 

the last result coming from the fact that e0 = 1. For example, consider the MA(oo) 
process 

X 

Y, = µ, + L tjlie•-i ""µ, + iµ(L)e, 
j-0 

with E(e,e,) = u 2 if t = rand O otherwise and with Ii-olt/111 < 00 • Recall that its 
autocovariance-generating fucntion is given by 

gy(z) = iµ(z)u 2 iµ(z- 1). 

Evaluating this at z = 1, 
X 

L Y; = iµ(l)u 2t/J(l) = u 2[l + t/11 + o/2 + l/t1 + · · -]2. [7.2.8] 
i- -x 

Martingale Difference Sequence 

Some very useful limit theorems pertain to martingale difference sequences. 
Let {Y,};_1 denote a sequence of random scalars with E(Y,) = 0 for all t.6 Let n, 
denote information available at date t, where this information includes current and 
lagged values of Y. 7 For example, we might have 

where X, is a second random variable. If 

E(Y,ID,_1) = 0 fort = 2, 3, ... , [7.2.9] 

then { Y,} is said to be a martingale difference sequence with respect to {D,}. 
Where no information set is specifies, n, is presumed to consist solely of 

current and lagged values of Y: 

n, = {Y,, Y,_1 , ... , Y1}-

Thus, if a sequence of scalars {Y,};_ 1 satisfied E(Y,) = 0 for all t and 

E(Y,IY,-1, Y,-2, ... , Y1) = 0, [7.2.10] 

for t = 2, 3, ... , then we will say simply that {Y,} is a martingale difference 
sequence. Note that [7.2.10] is implied by [7. 2.9] by the law of iterated expectations. 

A sequence of (n x 1) vectors {Y,};'..1 satisfying E(Y,) = 0 and E(Y,!Y,_1, 

Y,_2 , ... , Y1) = 0 is said to form a vector martingale difference sequence. 

•Wherever an expectation is indicated, it is taken as implicit that the integral exists, that is, that 
El Y J is finite. 

'More formally, {O,}~., denotes an increasing sequence of a--fields (fi,_, c fi,) with Y, measurable 
with respect ton,. See, for example, White (1984, p. 56). 
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Note that condition [7.2.10] is stronger than the condition that Y, is serially 
uncorrelated. A serially uncorrelated sequence cannot be forecast on the basis of 
a linear function of its past values. No function of past values, linear or nonlinear, 
can forecast a martingale difference sequence. While stronger than absence of 
serial correlation, the martingale difference condition is weaker than independence, 
since it does not rule out the possibility that higher moments such as E(Y;IY,-i, 
Y,_2 , ••• , Y1) might depend on past Y's. 

I Example 7.8 
If e, - i.i.d. N(O, o-2), then Y, = e,e,_ 1 is a martingale difference sequence 
but not serially independent. 

L 1-Mixingales 
A more general class of processes known as L 1-mixingales was introduced by 

Andrews (1988). Consider a sequence of random variables {Y,};"_1 with E(Y,) = 
O fort = 1, 2, .... Let !l, denote information available at time t, as before, where 
n, includes current and lagged values of Y. Suppose that we can find sequences of 
nonnegative deterministic constants {c,};"=1 and {tm}~-o such that lim,,._., tm = 0 
and · 

EIE(Y,l!l,_m)I =sc,tm [7.2.11] 

for all t ~ 1 and all m ~ 0. Then {Y,} is said to follow an V-mixingale with respect 
to {!l,}. 

Thus, a zero-mean process for which them-period-ahead forecast E(Y,lll,_m) 
converges (in absolute expected value) to the unconditional mean of zero is de
scribed as an L1-mixingale. 

Example 7.9 
Let {Y,} be a martingale difference sequence. Let c, = EIY,I, and choose 
to = 1 and tm = 0 form = 1, 2, .... Then [7.2.11] is satisfied for n, = 
{Y,, Y,_1, ••• , Y1}, so that {Y,} could be described as an L1-mixingale 
sequence .. 

Example 7.10 
Let Y, = "i.j-ot/lf·E,_i, where "i.j=olt/Jil < 00 and {e,} is a martingale difference 
sequence with E e,I < M for all t for some M < oo. Then {Y,} is an L1-mixingale 
with respect to n, = {e,, e,_ 1, ... }. To see this, notice that 

Since {1Pj}j-o is absolutely summable and Ele,-il < M, we can interchange the 
order of expectation and summation: 

Then [7.2.11] is satisfied with c, = M and tm = "i.j=mlt/lil· Moreover, 
lim,,,_., tm = 0, because of absolute summability of {tf,i}j_0• Hence, {Y,} is an 
L 1-mixingale. 
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Law of Large Numbers For U-Mixingales 

Andrews (1988) derived the following law of large numbers for U-mixingales. 8 

Proposition 7.6: Let {Y,} be an U-mixingale. If (a) {Y,} is uniformly integrable 
and (b) there exists a choice for {c,} such that 

r 
lim (1/T) I c, < oo, 
T-x r-1 

then (l/T)"f.;_ 1 Y, ~ 0. 

To apply this result, we need to verify that a sequence is uniformly integrable. 
A sequence {Y,} is said to be uniformly integrable if for every e > 0 there exists a 
number c > 0 such that 

[7.2.12] 

for all t, where ll[IY,l..,cJ = 1 if IY,I ~ c and 0 otherwise. The following proposition 
gives sufficient conditions for uniform integrability. 

Proposition 7.7: (a) Suppose there exist an r > l and an M' < oo such that 
E(IY,I') < M' for all t. Then {Y,} is uniformly integrable. (b) Suppose there exist an 
r > 1 and an M' < 00 such that E(IX,I') < M' for all t. If Y, = "i-1_ -xhjX,_i with 
"ii= -x lhil < 00 , then {Y,} is uniformly integrable. 

Condition (a) requires us to find a moment higher than the first that exists. 
Typically, we would use r = 2. However, even if a variable has infinite variance, it 
can still be uniformly integrable as long as EIYt exists for some r between 1 and 2. 

Example 7.11 
Let Yr be the sample mean from a martingale difference sequence, Yr = 
(1/T)"i.;=1 Y, with EIY,I' < M' for some r > l and M' < oo. Note that this also 
implies that there exists an M < 00 such that EIY,I < M. From Proposition 
7.7(a), {Y,} is uniformly integrable. Moreover, from Example 7.9, {Y,} can be 
viewed as an U-mixingale with c, = M. Thus, limr-x (1/T)"i-;. 1c, = M < 00, 

and so, from Proposition 7.6, Yr~ 0. 

Example 7.12 
Let Y, = "f.j_0 tf,ie,-i, where "i.j=olt/Jil < 00 and {e,} is a martingale difference 
sequence with Ele,I' < M' < oo for some r > 1 and some M' < oo. Then, from 
Proposition 7. 7(b), {Y,} is uniformly integrable. Moreover, from Example 7 .10, 
{Y,} is an U-rnixingale with c, = M, where M represents the largest value of 
Eie,I for any t. Then limr-x (1/T)"i;_ 1 c, = M < 00 , establishing again that 
- p Yr-. 0. 

Proposition 7.6 can also be applied to a double-indexed array {Y,.r}; that is, 
each sample size T can be associated with a different" sequence {Y1,r, Y2,r, ... , 
Yr.r}- The array is said to be an U-mixingale with respect to an information set 
n,.r that includes {Y1,r, Y2,r, ... , Yr,r} if there exist nonnegative constants fm 
and c,,r such that limm-x tm = 0 and 

EjE(Y,,rlD,_m,r)I :5 c,,rfm 

"Andrews replaced part (b) of the proposition with the weaker condition limr-x (1/D '!.;.., c, < ""· 
See Royden (1968, p. 36) on the relation between "Jim" and "Jim." 
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for all m ~ 0, T ~ l, and t = 1, 2, ... , T. If the array is uniformly integrable 
with lim7 _" (1/T)L'{_1c1,r < 00 , then (l!T)L'{_ 1 Y,,r~ 0. 

Example 7.13 
Let { e,}~. 1 be a martingale difference sequence with Ele,I' < M' for some 
r > land M' < co, and define Y,,r = (t!T)e,. Then the array {Y,,7} is a uniformly 
integrable U-mixingale with c, r = M, where M denotes the maximal value 
for Ele,I, ~o = 1, and ~m = 0 f~r m > 0. Hence, (11T)L'{.1(t!T)e, ~ 0. 

Consistent Estimation of Second Moments 

Next consider the conditions under which 

T 

(1/T) L Y,Y,-k ~ E(Y,Y,-k) ,_, 

(for notational simplicity, we assume here that the sample consists of T + k 
observations on Y). Suppose that Y, = Lj. 0 ,fiie,-i, where Lj-ol,fl;I < 00 and {e,} is 
an i.i.d. sequence with Ele,I' < 00 for some r > 2. Note that the population second 
moment can be written9 

E(Y,Y,-k) = E(i ,flue,_,,) (i ,jlve,-k-,,) 
u-o ,,-o 

= E( i i ,fi",jl,,e,_.,e,_k-v) 
u-o ,, ... o 

[7.2.13] 

" " = L L ,fiu,jlvE(e,_.,e,_k_,,). 
u-o ,,-o 

Define X,.k to be the following random variable: 

X,,k"" Y,Y,-k - E(Y,Y,-k) 

= ( i i ,jJ.,,jlvE1-uE1-k-v) - ( i i if,.,jJ,E(e,_.,e,_k-,)) 
U""'O v-0 H'""O 1•=0 

" " = L L ,jl.,,fiv[e,_.,e,_k-v - E(e,_.,e,-k-,,)J. 
u-o v-o 

Consider a forecast of X,,k on the basis of .0.,-m = {e,-m, e,-m-1' ... } form> k: 

" " 
E(X,,kl.O.,_m) = L L ,fi .. ,fl.[ e,_.,e,-k-,• - E(e,-uE1-k-,)]. 

u=-m 11=m-k 

9Notice that 

X X X X 

I I 1"1."1,.1 = I 1"1.I I 1"1.I < 00 
u-o v-o u-o v-o 

and Ele,_ ... ,-•-,1 < oo, permitting us to move the expectation operator inside the summation signs in 
the last line of (7.2.13]. 
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The expected absolute value of this forecast is bounded by 

El E(X,,kl.O.,_,,,)I = Eli i IPu1Pv[E,-uE1-k-v - E(e,_uE1-k-v)JI 
u-m v-m-k 

S E( i i II/Julfivl·le,_uE1-k-v - E(e,_uE1-k-JI) 
u-m v""'ni-k 

X X 

s ~ ~ ll/l.1/JJM 
u-m ~·-m-k 

for some M < oo. Define 
3: ::c :x 3: 

~m = ~ ~ II/Jul/Jvl = ~ II/Jul ~ 11/JJ 
u-m v=m-k u=m v=m-k 

Since {l/li}i-o is absolutely summable, lim,,,....x L:=mll/l.l = 0 and lim,,,.....x g,., = 0. 
It follows that X,.k is an L1-mixingale with respect to .0., with coefficient c, = M. 
Moreover, X,.k is uniformly integrable, from a simple adaptation of the argument 
in Proposition 7.7(b) (see Exercise 7.5). Hence, 

T T 

(l/T) ~ X,.k = (l/T) ~ [Y,Y,-k - E(Y,Y,-k)J .!:+ 0, 
r=l t= 1 

from which 
T 

(1/T) L Y,Y,-k .!:+ E(Y,Y,-k)• [7.2.14] 
,-1 

It is straightforward to deduce from [7 .2.14] that the jth sample autocovariance 
for a sample of size T gives a consistent estimate of the population autocovariance, 

T 

(l/T) ~ (Y, - Y7 )(Y,-k - Yr).!:+ E(Y, - µ,)(Y,-k - µ,), [7.2.15) 
t-k+l 

where Yr= (l!T)L[_ 1Y,; see Exercise 7.6. 

Central Limit Theorem for a Martingale 
Difference Sequence 

Next we consider the asymptotic distribution of 'VT times the sample mean. 
The following version of the central limit theorem can often be applied. 

Proposition 7.8: (White, 1984, Corollary 5.25, p. 130). Let {Y,}~-1 be a scalar 
martingale difference sequence with Y7 = (l/T)Li=i Y,. Suppose that (a) E(Yf) = 
a-;> 0 with (l!T)L[_ 1a-;-> u 2 > 0, (b) EIY,I' < 00 for some r > 2 and all t, and 
(c) (l!T)L[_ 1 Yf ..!+ a-2 • Then vl'Yr~ N(0, a-2). 

Again, Proposition 7.8 can be extended to arrays {Y,.7} as follows. Let 
{Y,,7 };_ 1 be a martingale difference sequence with E(Yh) = u'f.r > 0. Let 
{Y1,r+ 1};.V be a potentially different martingale difference sequence with 
E(Y7,r+1) = u;_r+1 > 0. If (a) (l/T)Li=1u'f.r-+ a-2, (b) EIY,.rl' < 00 for some 
r > 2 and all t and T, and (c) (l!T)L[_ 1 Y;,7 ..!+ a-2 , then '\JT'Y7 ~ N(O, a-2). 

Proposition 7.8 also readily generalizes to vector martingale difference 
sequences. 
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Proposition 7.9: Let {Y,}~=l be an n-dimensional vector martingale difference se
quence with Yr = (l/T)LT- 1 Y,. Suppose that (a) E(Y,Y;) = 0,, a positive definite 
matrix with (1/7)r.;_ 1 O,---+ 0, a positive definite matrix; (b) E(Y 11 Y1,Y1,Y m,) < 00 

for all t and all i, j, l, and m (including i = j = I = m), where Y;, is the ith element 
of the vector Y,; and (c) (1/T) r.;_ 1 Y, Y; .!!-,. 0. Then VT Yr~ N(O, 0). 

Again, Proposition 7. 9 holds for arrays {Y,. 7 }[_ 1 satisfying the stated conditions. 
To apply Proposition 7.9, we will often need to assume that a certain process 

has finite fourth moments. The following result can be useful for this purpose. 

Proposition 7.10: Let X, be a strictly stationary stochastic process with E(X1) = 
µ 4 < 00 • Let Y, = '2'.1_0 h{X,_1, where r.1_0 lhil < 00 • Then Y, is a strictly stationary_ 
stochastic process with E1Y,Y, Y,. Yvl < 00 for all t, s, u, and v. 

Example 7.14 
Let Y, = cf,1Y,_1 + cf,2 Y,_2 + · · · + cf,pYr-p + e,, where {e,} is an i.i.d. 
sequence and where roots of (1 - cf,1z - qJiZ 2 - • • • - cf,PzP) = 0 lie outside 
the unit circle. We saw in Chapter 3 that Y, can be written as Lj=ot/Jje,_1 with 
Lj-olt/Jil < 00. Proposition 7.10 states that if e, has finite fourth moments, then 
so does Y,. 

Example 7.15 
Let Y, = L1-01fiJe,_, with L1-oll/lA < 00 and e, i.i.d. with E(t't) = 0, E(en = 
u2, and E(e1) < 00. Consider the random variable X, defined by X, = e,Y,-k 
fork > 0. Then X, is a martingale difference sequence with variance E(~) = 
u 2 ·E(Yt) and with fourth moment E(e1)·E(Y:) < 00, by Example 7.14. Hence, 
if we can show that 

T 

(117) I x1 .!:+ E(xn. [7.2.16] 
,-1 

then Proposition 7.8 can be applied to deduce that 

or 

(1/VT) f e,Y,-k!:+ N(o, u 2·E(Yl)). 
1-1 

[7.2.17] 

To verify [7.2.16], notice that 
T T 

(1/7) L Xf = (1/T) L ef Y'f _k ,-1 ,-1 [7.2.18] 
T T 

= (1/T) L (e; - u 2)Yf-k + (1/T) L u2Y7-k· 
t=l r-1 

But (e7 - u2) Y;_k is a martingale difference sequence with finite second mo
ment, so, from Example 7.11, 

T 

(1/T) L (e; - u2)Y;_k .!:+ 0. 
,-1 
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It further follows from result [7.2.14] that 

T 

(I!T) L a-2 Yf_k..!'.. a-2 ·E(Yf). 
,- 1 

Thus, [7.2.18] implies 
T 

(1/T) L X; ..!'.. u 2 ·E(Y;), 
t=l 

as claimed in [7.2.16]. 

---
Central Limit Theorem for Stationary Stochastic Processes 

We now present a central limit theorem for a serially correlated sequence. 
Recall from Proposition 7.5 that the sample mean has asymptotic variance given 
by (l!T)L 1= _.,-yi. T1l_us, we would expect the central limit theorem to take the 
form VT(Y 7 - µ) - N(O, Li=_., "Yi). The next proposition gives a result of this 
type. 

Proposition 7.ll: (Anderson, 1971, p. 429). Let 
.. 

Y, = µ, + L ,jljE,-1, 
j•O 

where{£,} is a sequence of i.i.d. random variables with E(Ef) < 00 and LF-ol,flil < 
oo. Then 

VT(Y T - µ,) !:_. N(O, f -Y1)-
r- -2: 

[7.2.19] 

A version of [7.2.19] can also be developed for {1,1} a martingale difference 
sequence satisfying certain restrictions; see Phillips and Solo (1992). 

APPENDIX 7.A. Proofs of Chapter 7 Propositions 

• Proof of Proposition 7.1. Let C;(c) denote the jth element of g(c), g1: IR"--> IR'. We 
need to show that for any 8 > 0 and E > 0 there exists an N such that for all T ~ N, 

(7.A.l] 

Continuity of C;(·) implies that there exists an 71 such that lciXr) - C;(c)I > 8 only if 

[(X,r - C1) 2 + (X,r - C2) 2 + · · · + (Xnr - c.)'] > 712• (7.A.2] 

This would be the case only if (X;r - c1) 2 > 712/n for some i. But from the fact that plim 
X;r = C;, for any i and specified values of E and 71 we can find a value of N such that 

P{IX,r - c,1 > 71/Vn} < £/n 
forallT~N. 

Recall the elementary addition rule for the probability of any events A and B, 

P{A or B} :s P{A} + P{B}, 
from which it follows that 

P{(IX,r - c,1 > 71/Vn) or (IX,1 - c,1 > 71/Vn) or · · · or (IXnr - c.1 > 17/Vn)} 

< (Eln) + (eln) + · · · + (eln). 

Hence, 

P{[(X1r - c1) 2 + (X,r - c2) 2 + · · · + (X. 1 - c.)2] > 71'} < e 

Appendix 7.A. Proofs of Chapter 7 Propositions 195 



for all T ~ N. Since [7.A.2] was a necessary condition for lg;(Xr) - g;(c)I to be greater 
than ll, it follows that the probability that lg;(Xr) - g;(c)I is greater than ll is less than r;, 

which was to be shown. • 

• Proof of Proposition 7.2. Let S denote the set of all x such that Ix - cl > ll, and let S 
denote its complement (all x such that Ix - cl s ll). Then, for fx(x) the density of x, 

EIX - cl' = f Ix - cl'fx(x) dx 

= r Ix - cl'fx(x) 11x + f. Ix - cl'fx(x> dx Js s 

~ L Ix - cl'fx(x) dx 

~ L li'fx(x) dx 

= li'P{IX - cl > ll}, 

so that 

EIX - cl' ~ li'P{IX - cl > ll}, 

as claimed. • 

• Proof of Proposition 7.4. Consider any real (m x 1) vector>., and form the function 
h: Ill"-+ R1 defined by h(x) .,. >.'g(x), noting that h(·) is differentiable. The mean-value 
theorem states that for a differentiable function h(·), there exists an (n x 1) vector Cr 

between Xr and c such that 10 

h(Xr) - h(c) = ah(~) I x (X7 - c) 
ax x=-cr 

and therefore 

VT (h(Xr) - h(c)] = ah(~) I x VT(Xr - c). 
ax x-cr 

(7.A.3] 

Since Cr is between Xr and c and since X 7 ~ c,' we know that c7 ~ c. Moreover, the 
derivative ah(x)/ax' is itself a continuous function of x. Thus, from Proposition 7.1, 

ah(x) I -4 ah(x) I 
ax' ll'""Cf ax' xzc• 

Given that VT(X 7 - c) ~ X, Proposition 7.3(b) applied to expression [7.A.3] gives 

VT [h(X7) - h(c)) ~ a:~~t_.x, 

or, in terms of the original function g( · ), 

>.'{VT [g(X7 ) - g(c)]} ~ >.' a~~l_.x. 

Since this is true for any >., we conclude that 

VT [g(X7) - g(c)] .!'. ~~t_.x, 

as claimed. • 

10That is, for any given Xr there exists a scalar /Lr with O s /Lr s 1 such that Cr = /LrXr + 
(1 - µ.7)c. See, for example, Marsden (1974, pp. 174-75). 
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• Proof of Proposition 7.7. Part (a) is established as in Andrews (1988, p. 463) using 
Holder's inequality (see, for example, White, 1984, p. 30), which states that for r > 1, if 
E[IYI'] <"'and E(IWl''(,-1>] < oo, then 

£1YWI S {£(1¥1']}11' X {£[1Wlrl(r-))]}<r-l)lr, 

This implies that 

Since 6llYJ"cl is either O or 1, it follows that 

and so 

(7.A.4] 

£((611y1~c1)"<'-11] = E[611YJ>,c)l = f lf y,(y,) dy, = P{IY,I ;;,; c} S EIY,I, (7.A.5] 
I lwJ;a::.c C 

where the last result follows from Chebyshev's inequality. Substituting (7.A.5] into [7.A.4], 

{£1Yf}(r-l)/r 
£(1Y,l·611Y<"'c]) .S {£(1YJ]}"' X Cr , (7.A.6] 

Recall that E[IY,I'] < M' for all t, implying that there also exists an M < "' such that 
EIY,I < M for all t. Hence, 

E(IY,l·.SflY/zc]) s (M')'1' X (M/c)(,-tv,. 

This expression can be made as small as desired by choosing c sufficiently large. Thus 
condition (7.2.12] holds, ensuring that {Y,] is uniformly integrable. 

To establish (b), notice that 

£(1YJ,5(1Y,1"'<]) = £,/~xh,X,_/'5(1Y,izc)I S £LiYJIX,_J,511Y,l~ci}. (7.A.7] 

Since E[JX,_J] < M' and since 611Y,i"'cJ .s 1, it follows that E{IX,_J61w,1 .. ,1} is bounded. 
Since {h;}j. -x is absolutely summable, we can bring the expectation operator inside the 
summation in the last expression of (7.A.7] to deduce that 

EL~x lh;I-IX,_J.SclY,I"<]} = 1-~x lhJE{IX,_J61iY,I"'<)} 

S ;~x lhJ{£(1X,_J]}11' X { £~, 1} (, I)/, 

where the last inequality follows from the same arguments as in (7.A.6]. Hence, (7.A.7] 
becomes 

x {£1Y 1}(,-()Ir 

E(IYP1w,12c)) S ;f:x Jh,I X (M') 11' X -;- • [7.A.8] 

But certainly, EIY,J is bounded: 

£1Y,I = £t~xh;X,-jl S ;~x lhJ£1X,_;I = K < 00. 

Thus, from (7.A.8], 
X 

E(IYrl-611YJ>,cJ) s (M')"'(Klc)(r-1)/r L lh;!. (7.A.9) 
j,.,,._,... 

Since Ii--xlh 11 is finite, [7.A.9) can again be made as small as desired by choosing c 
sufficiently large. • 

• Proof of Proposition 7.9. Consider Y, 1e >.'Y, for>. any real (n x 1) vector. Then Y, is 
a martingale difference sequence. We next verify that each of the conditions of Proposition 
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7.8 is satisfied. (a) £(~) = A'O,A"' a}> 0, by positive definiteness of 0,. Likewise, 
r r 

(1/T) L rr~ = A.'(1/T) L 0,A.--+ A.'OA. • u 2 , 
,-1 ,-1 

with rr2 > 0, by positive definiteness of 0. (b) E(Y:) is a finite sum of terms of the form 
A,A1AIAmE(Y 1,~ 1Y,,Ym1) and so is bounded for all t by condition (b) of Proposition 7.9; 
hence, Y, satisfles condition (b) of Proposition 7.8 for r = 4. (c) Define Sr "' (1/T) x 
I;., Y: and Sr"" (l/T)"'iT-1 Y,Y;, noticing that Sr = A.'Sr>--Since Sris a continuous function 
of Sr, we know that plim Sr = A.'OA. "" u 2, where O is given as the plirn of Sr, 
Thus Y, satisfies conditions (a) through (c) of Proposition 7.8, and so \/TYr~ N(O, u 2), 

or \/TYr~ A.'Y, where Y - (0, 0). Since this is true for any A., this confirms the claim 
that \/TYr~ N(O, 0). • 

• Proof of Proposition 7.10. Let Y"" X,X, and W"" x.x •. Then Holder's inequality 
implies that for r > 1, · 

EIX,x,x.x.1 s {EIX,XJ}"' x {EIX.XJ'(r-l)}(r-l)lr. 

For r = 2, this means 

EIX,X,X,,X,I s {E(X,X,) 2 } 112 x {E(X,,X,)2} 1n s max{E(X,X,)2, E(X.X.) 2}. 

A second application of Holder's inequality with Y "" X; and W "" X; reveals that 

E(X,X,) 2 = E(X;X;) s {E(X;)'}1'' X {E(X;)'l(r-lJ}(r-l)lr. 

Again for r = 2, this implies from the strict stationarity of {X,} that 

E(X,X,) 2 s E(X1). 

Hence, if {X,} is strictly stationary with finite fourth moment, then 

EIX,x,x.x.1 s E(X1) = ,,.4 
for all t, s, u, and v. 

Observe further that 

I ~ ~ ~ ~ I 
. = E L L L L h,h;h1hmX,_,X,-;Xu-1X,._m 

;-o ;-o 1-0 m•O 

S E{i Jo ,t mt lh1h;h,hml-lX,_,X,_1Xu-1X,-ml}-

But 
~:XO:lll:. ~ ~ ~ X 

L L L L lh,h;h,hml = L lh,I L 1h11 L jh,I L lhml 
;-o 1-0 1-0 ,n-o ;-o /•O 1-0 m•O 

< 00 

and 
EIX,-,X,_;X,,_,x,-ml < /J,4 

for any value of any of the indices. Hence, 

EIY,Y,Y.Y,I < L L L L Jh,h;h1hml'/L4 
1-0 J-0 l-0 m-0 

< oo •• 

Chapter 7 Exercises 

7.1. Let {Xr} denote a sequence of random scalars with plim Xr = g. Let {er} denote a 
sequence of deterministic scalars with limr-~ Cr = c. Let g: IR2 --+ IR 1 be continuous at 
(g, c). Show that g(Xr, Cr)..!:.,. g(f, c). 
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7.2. Let Y, = 0.8Y,_ 1 + e, with E(e,e,) = 1 fort = rand zero otherwise. 
(a) Calculate limr-~ T·Var(Y,). _ 
(b) How large a sample would we need in order to have 95% confidence that Y,. 

differed from the true value zero by no more than 0.1? 

7.3. Does a martingale difference sequence have to be covariance-stationary? 

7.4. Let Y, = !.1_0 if,1e,_1, where Ij. 011/11 1 < oo and {i;,} is a martingale difference sequence 
with E( en = <T2• Is Y, covariance-stationary? 

7.5. Define X,,k ,.. I;;. 0I:_ 0 if,.,if,,[e,_0 E 1_k-• - E(e,-uE,-k-,-)], where s, is an i.i.d. se
quence with EJeil' < M" for some r > 2 and M" < oo with Ij. 0 11/111 < oo, Show that x,. is 
uniformly integrable. 

7.6. Derive result [7.2.15]. 

7.7. Let Y, follow an ARMA(p, q) process, 

(1 - ef,1L - ef,2 L2 - · · · - ef,PLP)(Y, - µ.) = (1 + 61L + 62U + · · · + e.L•)e,, 
with roots of (1 - ef,1z - ef,2z 2 - • • • - cf,"zP) = 0 and (1 + 61z + 62z 2 + · · · + e.z") 
= 0 outside the unit circle. Suppose E, has mean zero and is independent of i;, for t ic T 

with E(e;) = 0' 2 and E(e1) < co for all t. Prove the following: 
T 

(a) (1/T) L Y, !'.. µ. 
,-1 

T 

(b) [1/(T - k)] L Y,Y,-k !'.. E(Y,Y,-k)• 
r-k+ I 
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8 

Linear Regression Models 

We have seen that one convenient way to estimate the parameters of an auto
regression is with ordinary least squares regression, an estimation technique that 
is also useful for a number of other models. This chapter reviews the properties 
oflinear regression. Section 8.1 analyzes the simplest case, in which the explanatory 
variables are nonrandom and the disturbances are i.i.d. Gaussian. Section 8.2 
develops analogous results for ordinary least squares estimation of more general 
models such as autoregressions and regressions in which the disturbances are non
Gaussian, heteroskedastic, or autocorrelated. Linear regression models can also 
be estimated by generalized least squares, which is described in Section 8.3. 

8.1. Review of Ordinary Least Squares with Deterministic 
Regressors and i. i. d. Gaussian Disturbances 

Suppose that a scalar y, is related to a (k x 1) vector x, and a disturbance term u, 
according to the regression model 

Y, = x;13 + u,. [8.1.1] 

This relation could be used to describe either the random variables or their real
ization. In discussing regression models, it proves cumbersome to distinguish no
tationally between random variables and their realization, and standard practice 
is to use small letters for either. 

This section reviews estimation and hypothesis tests about 13 under the as
sumptions that x, is deterministic and u, is i.i.d. Gaussian. The next sections discuss 
regression under more general assumptions. First, however, we summarize the 
mechanics of linear regression and present some formulas that hold regardless of 
statistical assumptions. 

The Algebra of Linear Regression 

Given an observed sample (y 1, y2, ••• , y7 ), the ordinary least squares (OLS) 
estimate of 13 (denoted b) is the value of 13 that minimizes the residual sum of 
squares (RSS): 

T 

RSS = ~ (y, - x;13)2. [8.1.2] ,-1 
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We saw in Appendix 4.A to Chapter 4 that the OLS estimate is given by 

b = [f (x,x;)]-
1[f (x,y,)], 

t= 1 1-1 
[8.1.3] 

assuming that the (k x k) matrix ~;. 1(x,x;) is nonsingular. The OLS sample 
residual for observation t is 

a,= y, - x;b. 

Often the model in [8.1.1] is written in matrix notation as 

·y = XJ3 + u, 

where 

Then the OLS estimate in [8.1.3] can be written as 

= (X'X)- 1X'y. 

[8.1.4] 

[8.1.5] 

[8.1.6] 

Similarly, the vector of OLS sample residuals [8.1.4] can be written as 

u = y - Xb = y - X(X'X)- 1X'y = [Ir - X(X'X)- 1X'Jy = MxY, [8.1.7] 

where Mx is defined as the following ( T x T) matrix: 

Mx = Ir - X(X'X)- 1X'. 

One can readily verify that Mx is symmetric: 

Mx = Mx; 

idempotent: 

MxMx = Mx; 

and orthogonal to the columns of X: 

MxX = 0. 

[8.1.8] 

[8.1.9] 

Thus, from [8.1.7], the OLS sample residuals are orthogonal to the explanatory 
variables in X: 

u'X = y'MxX = O'. [8.1.10] 

The OLS sample residual (u,) should be distinguished from the population 
residual (u,). The sample residual is constructed from the sample estimate b 
(u, = y, - x;b), whereas the population residual is a hypothetical construct based 
on the true population value J3 (u, = y, - x;13). The relation between the sample 
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and population residuals can be found by substituting [8.1.5] into [8.1.7]: 

u = Mx(Xfi + u) = Mxu. [8.1.11] 

The difference between the OLS estimate band the true population parameter 
Ji is found by substituting [8.1.5J into [8.1.6]: 

b = (X'X)- 1X'[Xfi + uJ = Ji + (X'X)- 1X'u. [8.1.12] 

The fit of an OLS regression is sometimes described in terms of the sample 
multiple correlation coefficient, or R2 . The uncentered R2 (denoted R;) is defined 
as the sum of squares of the fitted values (x;b) of the regression as a fraction of 
the sum of squares of y: 

T 

I (b'x,x;b) 
R2 __ ,=_1 ___ = _h'_X_'X_b = y'X(X'x)- 1X'y 

"= T y'y y'y 
I y; 

[8.1.13] 

,-1 
If the only explanatory variable in the regression were a constant term (x, = 

1), then the fitted value for each observation would just be the sample mean y and 
the sum of squares of the fitted values would be Ty2. This sum of squares is often 
compared with the sum of squares when a vector of variables x, is included in the 
regression. The centered R2 ( denoted R~) is defined as 

2 _ y'X(X'X)- 1X'y - Ty2 
RC = y'y - Ty2 . [8.1.14] 

Most regression software packages report the centered R2 rather than the uncen
tered R2 • If the regression includes a constant term, then R~ must be between zero 
and unity. However, if the regression does not include a constant term, then R~ 
can be negative. 

The Classical Regression Assumptions 

Statistical inference requires assumptions about the properties of the explan
atory variables x, and the population residuals u,. The simplest case to analyze is 
the following. 

Assumption 8.1: (a) x, is a vector of deterministic variables (for example, x, might 
include a constant term and deterministic functions oft); (b) u, is i.i.d. with mean 
0 and variance u2,· (c) u, is Gaussian. 

To highlight the role of each of these assumptions, we first note the impli
cations of Assumption 8.l(a) and (b) alone and then comment on the added im
plications that follow from (c). 

Properties of the Estimated OLS Coefficient Vector 
Under Assumption 8.l(a) and (b) 

In vector form, Assumption 8.l(b) could be written E(u) = 0 and E(uu') = 
u2Ir, 

Taking expectations of [8.1.12] and using these conditions establishes that b 
is unbiased, 

E(b) = Ji + (X'X)- 1X'[E(u)J = Ji, 
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with variance-covariance matrix given by 

E[(b - ~)(b - ~)'J = E[(X'X)- 1X'uu'X(X'X)- 1J 

= (X'X)- 1X'[E(uu')]X(X'X)- 1 

= o-2(X'X)- 1X'X(X'X)- 1 

= a-2(X'X)-1. 

[8.1.16] 

The O LS coefficient estimate b is unbiased and is a linear function of y. The 
Gauss-Markov theorem states that the variance-covariance matrix of any alternative 
estimator of~. if that estimator is also unbiased and a linear function of y, differs 
from the variance-covariance matrix of b by a positive semidefinite matrix. 1 This 
means that an inference based on b about. any linear combination of the elements 
of ~ will have a smaller variance than the corresponding inference based on any 
alternative linear unbiased estimator. The Gauss-Markov theorem thus establishes 
the optimality of the OLS estimate within a certain limited class. 

Properties of the Estimated Coefficient Vector 
Under Assumption 8.l(a) Through (c) 

When u is Gaussian, [8.1.12] implies that bis Gaussian. Hence, the preceding 
results imply 

[8.1.17] 

It can further be shown that under Assumption 8.l(a) through (c), no unbiased 
estimator of ~ is more efficient than the OLS estimator b.2 Thus, with Gaussian 
residuals, the OLS estimator is optimal. 

Properties of Estimated Residual Variance 
Under Assumption 8.l(a) and (b) 

The OLS estimate of the variance of the disturbances CT2 is 

s2 = RSS!(T - k) = u'u!(T - k) = u'MxMxu/(T - k) [8.1.18] 

for Mx the matrix in [8.1.8]. Recalling that Mx is symmetric and idempotent, 
[8.1.18] becomes 

s2 = u'Mxu/(T - k). [8.1.19] 

Also, since Mx is symmetric, there exists a ( T x 1j matrix P such that3 

Mx = PAP' [8.1.20] 

and 

P'P = IT, [8.1.21] 

where A is a ( T X T) matrix with the eigenvalues of Mx along the principal diagonal 
and zeros elsewhere. Note from [8.1.9] that Mxv = 0 if v should be given by one 
of the k columns of X. Assuming that the columns of X are linearly independent, 
the k columns of X thus represent k different eigenvectors of Mx each associated 

'See, for example, Theil (1971, pp. 119-20). 
'See, for example, Theil (1971, pp. 390-91). 

'See, for example, O'Nao (1976, p. 296). 
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with an eigenvalue equal to zero. Also from [8.1.8], Mxv = v for any vector v 
that is orthogonal to the columns of X (that is, any vector v such that X'v = O); 
(T - k) such vectors that are linearly independent can be found, associated with 
(T - k) eigenvalues equal to unity. Thus, A contains k zeros and (T - k) ls along 
its principal diagonal. Notice from [8.1.20) that 

u'Mxu = u'PAP'u 

= (P'u)'A(P'u) [8.1.22) 
= w'Aw 

where 
w = P'u. 

Furthermore, 
E(ww') = E(P'uu'P) = P'E(uu')P = u 2P'P = u 2IT. 

Thus, the elements of ware uncorrelated, with mean zero and variance u 2• Since 
k of the A's are zero and the remaining T - k are unity, [8.1.22] becomes 

u'Mxu = Wi + w~ + · · · + w}-k· 

Furthermore, each w~ has expectation u 2 , so that 

E(u'Mxu) = (T - k)u2, 

and from [8.1.19], s2 gives an unbiased estimate of u 2: 

E(s2) = u2, 

---Properties of Estimated Residual Variance Under 
Assumption 8.l(a) Through (c) 

[8.1.23] 

When u, is Gaussian, w, is also Gaussian and expression [8.1.23] is the sum 
of squares of (T - k) independent N(O, u 2) variables. Thus, 

RSS/u 2 = u'Mxu/u 2 - X2(T - k). [8.1.24] 

Again, it is possible to show that under Assumption 8.l(a) through (c), no 
other unbiased estimator of u 2 has a smaller variance than does s2•4 

Notice also from [8.1.llJ and [8.1.12] that band dare uncorrelated: 

E[d(b - 13)'] = E[Mxuu'X(X'X)- 1] = u 2MxX(X'X)- 1 = 0. [8.1.25] 

Under Assumption 8.l(a) through (c), both band dare Gaussian, so that absence 
of correlation implies that b and 6 are independent. This means that b and s2 are 
independent. 

t Tests About p Under Assumption 8.l(a) Through (c) 

Suppose that we wish to test the null hypothesis that /3,, the ith element of 
13, is equal to some particular value /3?. The OLS t statistic for testing this null 
hypothesis is given by 

r = Cb1 - rm = Cb1 - !39> 
crb, s( t 1) 112 ' 

[8.1.26] 

'See Rao (1973, p. 319). 
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where f 1 denotes the row i, column i element of (X'X)- 1 and ub,'"' ~ is the 
standard error of the O LS estimate of the ith coefficient. The magnitude in [8.1.26] 
has an exact t distribution with T - k degrees of freedom so long as x, is deter
ministic and u, is i.i.d. Gaussian. To verify this claim, note from [8.1.17] that under 
the null hypothesis, b1 - N(P?, u 2f1;), meaning that (b1 - P?)I~ - N(O, 1). 
Thus, if [8.1.26] is written as 

(b; - P?)I~ 
t = ---===---yifiu'-

the numerator is N(O, 1) while from [8.1.24] the denominator is the square root 
of a x2 (T - k) variable divided by its degrees of freedom. Recalling [8.1.25], the 
numerator and denominator are independent, confirming the exact t distribution 
claimed for [8.1.26]. 

F Tests About 13 Under Assumption 8.l(a) Through (c) 

More generally, suppose we want a joint test of m different linear restrictions 
about p, as represented by 

H0 : RP= r. [8.1.27] 

Here Risa known (m x k) matrix representing the particular linear combinations 
of p about which we entertain hypotheses and r is a known (m x 1) vector of the 
values that we believe these linear combinations take on. For example, to represent 
the simple hypothesis p,. = P? used previously, we would have m = 1, Ra (1 x k) 
vector with unity in the ith position and zeros elsewhere, and r the scalar P?. As 
a second example, consider a regression with k = 4 explanatory variables and the 
joint hypothesis that /31 + /32 = 1 and (33 = /34• In this case, m = 2 and 

[ 1 1 O OJ 
R = 0 0 1 -1 r = [~]. [8.1.28] 

Notice from [8.1.17] that under H0 , 

Rb - N(r, u 2R(X'X)- 1R'). [8.1.29] 

A Wald test of H0 is based on the following result. 

Proposition 8.1: Consider an (n x !).vector z - N(0, 0) with O nonsingular. 
Then z10- 1z - x2(n). 

For the scalar case (n = 1), observe that if z - N(O, u 2), then (z/u) - N(O, 1) 
and z 2/u 2 - x2(1), as asserted by the proposition. 

To verify Proposition 8.1 for the vector case, since O is symmetric, there 
exists a matrix P, as in [8.1.20] and [8.1.21], such that O = PAP' and P'P = I,, 
with A containing the eigenvalues of 0. Since O is positive definite, the diagonal 
elements of A are positive. Then 

z'0- 1z = z'(PAP')- 1z 
= z'[P'J- 1A- 1p- 1z 
= [p-lz]' A-1p-1z 
= w'A- 1w [8.1.30] 
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where w = p- 1z. Notice that w is Gaussian with mean zero and variance 

E(ww') = E(P- 1zz'[P'J- 1) = p- 1n[P'J- 1 = p- 1PAP'[P'J- 1 = A. 

Thus [8.1.30] is the sum of squares of n independent Normal variables, each divided 
by its variance A;, It accordingly has a x2(n) distribution, as claimed. 

Applying Proposition 8.1 directly to [8.1.29], under H0 ; 

(Rb - r)'[u 2R(X'X)- 1R'J- 1(Rb - r) - x2(m). [8.1.31] 

Replacing u 2 with the estimate s2 and dividing by the number of restrictions gives 
the Wald form of the OLS F test of a linear hypothesis: 

F = (Rb - r)'[s 2R(X'X)- 1R']- 1(Rb - r)/m. [8.1.32] 

Note that [8.1.32] can be written 

(Rb - r)'[u 2R(X'X)- 1R'J- 1(Rb - r)/m 
F = [RSS!(T - k)]/u 2 

The numerator is a x2(m) variable divided by its degrees of freedom, while the 
denominator is a x2(T - k) variable divided by its degrees of freedom. Again, 
since b and u are independent, the numerator and denominator are independent 
of each other. Hence, [8.1.32] has an exact F(m, T - k) distribution under H0 

when x, is nonstochastic and u, is i.i.d. Gaussian. 
Notice that the t test of the simple hypothesis /3; = /3? is a special case of the 

general formula [8.1.32], for which 

F = (b; - f3?)[s2{uJ- 1(b; - {3?). [8.1.33] 

This is the square of the t statistic in [8.1.26]. Since an F(l, T - k) variable is just 
the square of a t(T - k) variable, the identical answer results from (1) calculating 
[8.l.26] and using t tables to find the probability of so large an absolute value for 
a t(T - k) variable, or (2) calculating [8.1.33] and using F tables to find the 
probability of so large a value for an F(l, T - k) variable. 

A Convenient Alternative Expression for the F Test 

It is often straightforward to estimate the model in [8. l. 1] subject to the 
restrictions in [8.1.27]. For example, to impose a constraint /31 = M on the first 
element of 13, we could just do an ordinary least squares regression of y, -
f3fx 1, on x2,, x 3,, ••. , xk,· The resulting estimates bf, bt, ... , bl minimize 
z.T~1 [(y, - /3~x1,) - b;x 2, - bix 31 - • • • - bZxk,]2 with respect to b;, b!, . .. , 
bZ and thus minimize the residual sum of squares [8.1.2] subject to the constraint 
that /31 = m. Alternatively, to impose the constraint in [8.1.28], we could regress 
y, - x2, on (x11 - x2,) and (x3, + x4,): 

y, - x2, = f31(x 1, - x2,) + f3ix 3, + x4,) + u,. 

The OLS estimates bf and b! minimize 
T 

L [(y, - Xz,) - b;(x 1, - Xz,) - bj(x 3, + X4,)]2 ,-1 
T (8.1.34] 

= L [y, - btx 11 - (1 - bt)x 21 - b!x 3, - b!x 4,]2 
1-1 

and thus minimize [8.1.2] subject to [8.1.28]. 
Whenever the constraints in [8.1.27] can be imposed through a simple OLS 

regression on transformed variables, there is an easy way to calculate the F statistic 
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(8.1.32] just by comparing the residual sum of squares for the constrained and 
unconstrained regressions. The following result is established in Appendix 8.A at 
the end of this chapter. 

Proposition 8.2: Let b denote the unconstrained OLS estimate (8.1.6] and let RSS 1 

be the residual sum of squares resulting from using this estimate: 
T 

RSS1 = L (y, - x;b)2. 
,-1 

Let b* denote the constrained OLS estimate and RSS 0 the residual sum of squares 
from the constrained OLS estimation: 

T 

RSSo = L (y, - x;b*}2• (8.1.36] 
,-1 

Then the Wald form of the OLS Ftestofa linear hypothesis (8.1.32] can equivalently 
be calculated as 

F = (RSS 0 - RSS 1)/m 
RSS 1l(T - k) . 

(8.1.37] 

Expressions [8.1.37] and [8.1.32] will generate exactly the same number, 
regardless of whether the null hypothesis and the model are valid or not. 

For example, suppose the sample size is T = 50 observations and the null 
hypothesis is {33 = {34 = 0 in an OLS regression with k = 4 explanatory variables. 
First regress y, on x 11, x 21, x 3,, x41 and call the residual sum of squares from tllis 
regression RSS 1 • Next, regress y, on just x 11 and x2, and call the residual sum of 
squares from this restricted regression RSS 0• If 

(RSS 0 - RSS1)/2 
RSS/(50 - 4) 

is greater than 3.20 (the 5% critical value for an F(2, 46) random variable), then 
the null hypothesis should be rejected. 

8.2. Ordinary Least Squares Under More General 
Conditions 
The previous section analyzed the regression model 

y, = x;p + u, 

under the maintained Assumption 8.1 (x, is deterministic and u, is i.i.d. Gaussian). 
We will hereafter refer to this assumption as "case 1." This section generalizes this 
assumption to describe specifications likely to arise in time series analysis. Some 
of the key results are summarized in Table 8.1. 

Case 2. E"or Term i.i.d. Gaussian and Independent 
of Explanatory Variables 

Consider the case in which X is stochastic but completely independent of u. 

Assumption 8.2:5 (a) x, stochastic and independent of u1 for all t, s; (b) u, - i.i.d. 
N(O, cr2). · 

'This could be replaced with the assumption ulX - N(O, o-2lr) with all the results to follow un
changed. 
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Many of the results for deterministic regressors continue to apply for this 
case. For example, taking expectations of [8.1.12] and exploiting the independence 
assumption, 

E(b) == 13 + {E[(X'X)- 1X']}{E(u)} = 13, [8.2.1} 

so that the OLS coefficient remains unbiased. 
The distribution of test statistics for this case can be found by a two-step 

procedure. The first step evaluates the distribution conditional on X; that is, it 
treats X as deterministic just as in the earlier analysis. The second step multiplies 
by the density of X and integrates over X to find the true unconditional distribution. 
For example, [8.1.17] implies that 

blX - N(j3, cr2(X'x)- 1). (8.2.2) 

If this density is multiplied by the density of X and integrated over X, the result 
is no longer a Gaussian distribution; thus, b is non-Gaussian under Assumption 
8.2. On the other hand, [8.1.24} implies that 

RSSIX - cr2·x2(T - k). 

But this density is the same for all X. Thus, when we multiply the density of RSSIX 
by the density of X and integrate, we will get exactly the same density. Hence, 
[8.1.24] continues to give the correct unconditional distribution for Assumption 
8.2. 

The same is true for the t and F statistics in [8.1.26] and [8.1.32]. Conditional 
on X, (b1 -- ,B?)/[cr(~;;)112] - N(O, l} and s/cr is the square root of an independent 
[ll(T - k)J-x2(T - k) variable. Hence, conditional on X, the statistic in [8.1.26] 
has a t(T - k) distribution. Since this is true for any X, when we multiply by the 
density of X and integrate over X we obtain the same distribution. 

Case 3. Error Term i.i.d. Non-Gaussian and Independent 
of Explanatory Variables 

Next consider the following specification. 

Assumption 8.3: (a) x, stochastic and independent of u, for all t, s; (b) u, non
Gaussian but i.i.d. with mean zero, variance cr2, and E(u:) = µ,4 < oo; (c) E(x,x;) 
= Q,, a positive definite matrix with (l!T)2.;~,Q,-+ Q, a positive definite matrix; 
(d) E(x;,xi,x1,xm,) < oo for all i, j, l, m, and t; (e) (l/T)2,;_ 1(x1x;) .!:+ Q. 

Since result [8.2.1] required only the independence assumption, b continues 
to be unbiased in this case. However, for hypothesis tests, the small-sample dis
tributions of s2 and the t and F statistics are no longer the same as when the 
population residuals are Gaussian. To justify the usual OLS inference rules, we 
have to appeal to asymptotic results, for which purpose Assumption 8.3 includes 
conditions (c) through (e). To understand these conditions, note that if x, is co
variance-stationary, then E(x,x;) does not depend on t. Then Q, = Q for all t and 
condition (e) simply requires that x, be ergodic for second moments. Assumption 
8.3 also allows more general processes in that E(x,x;) might .be different for dif
ferent t, so long as the limit of (l/T)2.;= 1E(x,x;) can be consistently estimated by 
(l/T)2.;_ 1 (x,x;). 
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TABLE 8.1 
Properties of OLS Estimates and Test Statistics Under Various Assumptions 

Coefficient b Variance s2 t statistic F statistic 
-

Case 1 unbiased unbiased 
b - N(j3, u 2(X'X)-•) (T - k)s 2/u 2 - x2(T - k) exact t(T - k) exact F(m, T - k) 

Case 2 unbiased unbiased 
non-Gaussian (T - k)s 2/u 2 - x2(T - k) exact t(T - k) exact F(m, T - k) 

Case 3 unbiased unbiased 
v'T'(br - P) ~ N(O, u 2Q- 1) v'T(s} - a-2)---+ N(O, µ,4 - a-4 ) 

L 
tr---+ N(O, 1) mFr~ x2(m) 

Case 4 bi11fed biased 
L 

v'T'(br - P)---+ N(O, u 2Q- 1) v'T(s} - a-2)---+ N(O, µ,4 - a-4 ) 
L 

tr---+ N(O, 1) 
L 

mF r ---+ x2(m) 

Regression model is y = Xl3 + o, bis given by [8.1.6], s2 by [8.1.18], r statistic by (8.1.26], and Fstatistic by (8.1.32]; µ,4 denotes E(u1)
Case 1: X noostochastic, u - N(0, c,-2IT)-
Case 2: X stochastic, u - N(O, a 2 lr), X inclepencleot of u. 
Case 3: X stochastic, u - non-Gaussian (0, c,-2 lr), X independent ofu, T- 1rx,x; .!'.. Q. 
Case 4: Stationary autoregression with inclepeoclent errors, Q given by [8.2.27]. 



To describe the asymptotic results, we denote the OLS estimator [8.1.3] by 
hr to emphasize that it is based on a sample of size T. Our interest is in the behavior 
of hr as T becomes large. We first establish that the OLS coefficient estimator is 
consistent under Assumption 8.3, that is, that hr~ 13, 

Note that [8.1.12] implies 

hr - 13 = [f x,x;]-
1[f x,u,] 

t=l ,-1 [8.2.3] 

[ (1/T} f x,x;]-
1
[(1/T) f x,u,]. ,~1 ,-1 

Consider the first term in [8.2.3]. Assumption 8.3(e} and Proposition 7.1 imply 
that 

[ 
r ]-1 

(1/T) L x,x; ~ Q- 1• 
r=l 

[8.2.4) 

Considering next the second term in [8.2.3], notice that x,u, is a martingale dif
ference sequence with variance-covariance matrix given by 

E(x,u,x;u,) = {E(x,x;)}-u 2 , 

which is finite. Thus, from Example 7.11, 

[ (1/T) f x,u,] .!+ 0. 
1-1 

[8.2.5) 

Applying Example 7.2 to [8.2.3] through [8.2.5], 

hr - 13 2'+ Q- 1-0 = O, 

verifying that the OLS estimator is consistent. 
Next turn to the asymptotic distribution of b. Notice from [8.2.3] that 

vT(hr - 13) = [ (1/T) t x,x; r1
[ (1/vT) ,t x,uJ [8.2.6) 

We saw in [8.2.4] that the first term converges in probability to Q- 1. The second 
term is vT times the sample mean of x,u,, where x,u, is a martingale difference 
sequence with variance cr2 ·E(x,x;) = cr2Q, and (l/T)I~- 1cr2Q,--+ u 2Q. Notice that 
under Assumption 8.3 we can apply Proposition 7.9: 

[ (1/vT) f x,u,] ~ N(O, cr2Q). 
,-1 

[8.2.7] 

Combining [8.2.6], [8.2.4], and [8.2.7), we see as in Example 7.5 that 

vT(hr - 13) ~ N(O, [Q- 1 ·(cr2Q)·Q-1]) = N(O, cr2Q-1). [8.2.8) 

In other words, we can act as if 

hr= N(l3, cr2Q- 1/T), [8.2.9] 

where the symbol = means "is approximately distributed." Recalling Assumption 
8.3(e), in large samples Q should be close to (l/T)IT- 1x,x;. Thus Q- 1/T should 
be close to [I;. 1x,x;J- 1 = (X~Xr)- 1 for Xr the same (T x k) matrix that was 
represented in [8.1.5] simply by X (again, the subscript Tis added at this point to 
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emphasize that the dimensions of this matrix depend on T). Thus, [8.2.9] can be 
approximated by 

This, of course, is the same result obtained in [8.1.17], which assumed Gaussian 
disturbances. With non-Gaussian disturbances the distribution is not exact, but 
provides an increasingly good approximation as the sample size grows. 

Next, consider consistency of the variance estimate s}. Notice that the pop
ulation residual sum of squares can be written 

(Yr - Xrl3)'(Yr - Xr13) 
= (Yr - Xrbr + Xrbr - XrJl)'(Yr - Xrbr + Xrbr - XrP) [8.2.10] 

= (Yr - Xrbr)'(Yr - Xrbr) + (Xrbr - Xr13)'(Xrbr - Xrl3), 

where cross-product terms have vanished, since 

(Yr - Xrbr)'Xr(br - 13) = 0, 

by the OLS orthogonality condition [8.1.10]. Dividing [8.2.10] by T, 

(1/T)(Yr - Xrl3)'(Yr - Xrl3) 

= (1/T)(Yr - Xrbr)'(Yr - Xrbr) + (1/T}(br - l3}'XrXAbr - 13), 

or 

(1/T)(Yr - Xrbr)' (Yr - Xrbr) 

= (1/T)(urur) - (br - 13)'(XrXr/T)(br - 13). [8.2.11] 

Now, (1/T)(urur) = (1/T)~;. 1u~, where {u7} is an i.i.d. sequence with mean u 2 • 

Thus, by the law of large numbers, 

(1/T)(urur) ~ u 2• 

For the second term in [8.2.11], we have (X 7Xr/T) ~ Q and (br - 13) ~ 0, and 
so, from Proposition 7.1, 

(br - 13)'(XrXr/T)(br - 13) ~ O'QO = 0. 

Substituting these results into [8.2.11], 

(1/T)(Yr - Xrbr)'(Yr - Xrbr) ~ u 2 • 

Now, [8.2.12] describes an estimate of the variance, which we denote 6-}: 

&2r = (1/T}(Yr - Xrbr)'(Yr - Xrbr)

The OLS estimator given in [8.1.18], 

s} = [ll(T - k)l(Yr - Xrbr)'(Yr - Xrbr), 

differs from 6-} by a term that vanishes as T - oo, 

[8.2 .12] 

[8.2.13] 

[8.2.14] 

where ar'"' [T/(T - k)] with limr-x ar = 1. Hence, from Proposition 7.1, 

plim s} = l·a- 2 , 

establishing consistency of s}. 
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To find the asymptotic distribution of s}, consider first vT(o-} - u 2). From 
[8.2.11], this equals 

vT(a-} - u2) = (1/yT)(u; .. ur) - v'Tu2 

- v'T(br - 13)'(XTXr/T)(br - 13)-
[8.2.15] 

But 
r 

(1/\/T)(uTur) - v'Tcr2 = (1/yT) }: (u; - cr2), ,-1 
where {u~ - u 2} is a sequence of i.i.d. variables with mean zero and variance 
E(u; - cr2)2 = E(u1) - 2cr2E(u;) + cr4 = µ,4 - cr4 . Hence, by the central limit 
theorem, 

[8.2.16] 

For the last term in [8.2.15], we have vT(br - 13) ~ N(O, u 2Q- 1), (XTXrlT) 
~ Q, and (hr - 13) ~ O. Hence, 

vT(br - 13)'(XTXrf T)(br - 13) ..!:c, 0. [8.2.17] 

Putting [8.2.16) and [8.2.17] into [8.2.15], we conclude 
L' 

vT(6-} - cr2) __.. N(0, (µ,4 - u4)). 

To see t~at s} has this same limiting distribution, notice that 

v'T(s} - u 2) - v'T(6-2r - u 2) = vT{[Tl(T - k)]a-} - 6-}} 
= [(k\/T)!(T - k)]&}. 

But limr-x [(kvT)l(T - k)] = 0, establishing that 

v'T(s} - cr2) - vT(6-2r - cr2) ~ 0·cr2 = 0 

and hence, from Proposition 7 .3(a), 

-v'T(s} -·cr 2)~ N(0, (µ,4 - a-4)). 

[8.2.18] 

[8.2.19] 

Notice that if we are relying on asymptotic justifications for test statistics, 
theory offers us no guidance for choosing between s2 and 6-2 as estimates of a-2 , 

since they have the same limiting distribution. 
Next consider the asymptotic distribution of the OLS t test of the null hy

pothesis /3; = /3?, 

(b;r - /3?> v'T(b;r - /3?) 
tr= srYff = srv'm- ' [8.2.20] 

where t} denotes the row i, column i element of (XTXr)- 1• We have seen that 
vT(b,,r - {3°) ~ N(0, u 2q''), where q;; denotes the row i, column i element of 
Q- 1 • Similarly, Tf} is the row i, column i element of (XTXrlT)- 1 and converges 
in probability to q11• Also, Sr~ er. Hence, the t statistic [8.2.20] has a limiting 
distribution that is the same as a N(0, u 2qii) variable divided by~; that is, 

L 
tr--.. N(0, 1). [8.2.21] 

Now, under the more restrictive conditions of Assumption 8.2, we saw that 
tr would have a t distribution with (T - k) degrees of freedom. Recall that a t 
variable with N degrees of freedom has the distribution of the ratio of a N(O, 1) 
variable to the square root of (1/N) times an independent x2(N) variable. But a 
x2(N) variable in turn is the sum of N squares of independent N(O, 1) variables. 
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Thus, letting Z denote a N(O, 1) variable, a t variable with N degrees of freedom 
has the same distribution as 

z 
t - -----------
N - {<z1 + zi + + z-~)1Np12• 

By the law of large numbers, 

(Zr + Z~ + · · · + Z7v)/N ~ E(Z;) = 1, 

and so tN ~ N(O, 1). Hence, the critical value for a t variable with N degrees of 
freedom will be arbitrarily close to that for a N(O, 1) variable as N becomes large. 
Even though the statistic calculated in [8.2.20] does not have an exact t(T - k) 
distribution under Assumption 8.3, if we treat it as if it did, then we will not be 
far wrong if our sample is sufficiently large. 

The same is true of [8.1.32], the F test of m different restrictions: 

Fr= (Rbr - r)'[s}R(XrXr)- 1R'J- 1(Rbr - r)/m 
[8.2.22] 

= VT(Rbr - r)'[s}R(XrXr/T)- 1R'J- 1 VT(Rbr - r)/m. 

Heres}~ a2, XrXr!T .!+ Q, and, under the null hypothesis, 

vT(Rbr - r) == [RVT(br - P)] 

~ N(O, u2RQ- 1R'). 

Hence, under the null hypothesis, 

m·Fr~ [RVT(br - j3)]'[u2RQ- 1R'J- 1[RVT(br - 13)]. 

This is a quadratic function of a Normal vector of the type described by Proposition 
8.1, from which 

L 
m·Fr-" x2(m). 

Thus an asymptotic inference can be based on the approximation 

(Rbr - r)'[s}R(X~Xr)- 1R'J- 1(Rbr - r) = x2(m). 

This is known as the Wald form of the OLS x2 test. 

[8.2.23] 

As in the case of the t and limiting Normal distributions, viewing [8.2.23] as 
x2(m) and viewing [8.2.22] as F(m, T - k) asymptotically amount to the same 
test. Recall that an F(m, N) variable is a ratio of a x2(m) variable to an indepen
dent x2(N) variable, each divided by its degrees of freedom. Thus, if z, denotes 
a N(O, 1) variable and X a x2(m) variable, 

Xlm 
Fm,N = ----------

(Zf + Z~ + · · · + Z7,..)!N. 

For the denominator, 

(Zf + Z~ + · · · + Z7-,)!N .!+ E(Z;} = 1,. 

implying 
L 

Fm.N ;!x Xlm. 

Hence, comparing [8.2.23] with a x2(m) critical value or comparing [8.2.22] with 
an F(m, T - k) critical value will result in the identical test for sufficiently large 
T (see Exercise 8.2). 

For a given sample of size T, the small-sample distribution (the t or F dis
tribution) implies wider confidence intervals than the large-sample distribution (the 
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Normal or x2 distribution). Even when the justification for using the tor F distri
bution is only asymptotic, many researchers prefer to use the t or F tables rather 
than the Normal or x2 tables on the grounds that the former are more conservative 
and may represent a better approximation to the true small-sample distribution. 

If we are relying only on the asymptotic distribution, the Wald test statistic 
[8.2.23] can be generalized to allow a test of a nonlinear set of restrictions on p. 
Consider a null hypothesis consisting of m separate nonlinear restrictions of the 
form g(p) = 0 where g: 1Rk--+ !Rm and g( ·} has continuous first derivatives. Result 
[8.2.8] and Proposition 7.4 imply that 

\/T[g(br} - g(l3o)l ~ [aa:,I ]z, 
t3-t3o 

where z - N(O, u2 Q- 1) and 

ag I 
aw t3=t3o 

denotes the (m x k) matrix of derivatives of g(·) with respect to 13, evaluated at 
the true value 130 . Under the null hypothesis that g(l30} = 0, it follows from 
Proposition 8.1 that 

Recall that Q is the plim of (1/T)(X~Xr), Since ilg/aj3' is continuous and since 
hr.!.. Po, it follows from Proposition 7 .1 that 

Hence a set of m nonlinear restrictions about 13 of the form g(l3) = 0 can be tested 
with the statistic 

Note that the Wald test for linear restrictions [8.2.23] can be obtained as a special 
case of this more general formula by setting g(l3) = Rf3 - r. 

One disadvantage of the Wald test for nonlinear restrictions is that the answer 
one obtains can be different depending on how the restrictions g(p) = 0 are 
parameterized. For example, the hypotheses {31 = f:Jz and {:Ji/(32 = 1 are equivalent, 
and asymptotically a Wald test based on either parameterization should give the 
same answer. However, in a particular finite sample the answers could be quite 
different. In effect, the nonlinear Wald test approximates the restriction g(br) = 
0 by the linear restriction 

g(l3o) + U:l_J(br - 130) = O. 

Some care must be taken to ensure that this linearization is reasonable over the 
range of plausible values for 13. See Gregory and Veal! (1985), Lafontaine and 
White (1986), and Phillips and Park (1988} for further discussion. 
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Case 4. Estimating Parameters for an Autoregression 

Consider now estimation of the parameters of a pth-order autoregression by 
OLS. 

Assumption 8.4: The regression model is 

y, = C + <P1Y,-1 + <P2Y1-2 + • • • + c/JpYt-p + E,, [8.2.24] 

with roots of (l - cp1z - cp2z 2 - • · • - </>PzP) = 0 outside the unit circle and 
with {e,} an i.i.d. sequence with mean zero, variance u 2, and finite fourth moment 
µ,4. 

An autoregression has the form of the standard regression model y, = 
x;p + u, with x; = (1, y, 1, y1 _ 2 , ..• , Y,-p) and u, = e,. Note, however, that 
an autoregression cannot satisfy condition (a) of Assumption 8.2 or 8.3. Even 
though u, is independent of x, under Assumption 8.4, it will not be the case that 
u, is independent of x,+ 1. Without this independence, none of the small-sample 
results for case 1 applies. Specifically, even if e, is Gaussian, the OLS coefficient 
b gives a biased estimate of p for an autoregression, and the standard t and F 
statistics can only be justified asymptotically. 

However, the asymptotic results for case 4 are the same as for case 3 and are 
derived in essentially the same way. To adapt the earlier notation, suppose that 
the sample consists of T + p observations on y,, numbered (Y-p+i, Y-p+ 2 , ... , 

y0 , y 1, •.. , Yr); OLS estimation will thus use observations 1 through T. Then, a,; 
in [8.2.6], 

The first term in [8.2.25] is 

[ 
T ]-1 

(l/T) L x,x; 
,-1 

1 
T- 1Iy,_ 1 

T-1LY,-2 

T-ILY,-1 
T-1LYf-1 

T- 1LY,-2Y,-1 

T-1LY,-2 

. T- 1LY1-1Y1-i 

T- 1LYt-2 

[8.2.25] 

T-1LY,-p 

T- 1LY,-1Y1-p 

T- 1LY,-2Y1-p 

-1 

where L denotes summation over t = l to T. The elements in the first row or 
column are of the form T- 1Ly,_ 1 and converge in probability toµ, = E(y,), by 
Proposition 7.5. Other elements are of the form T- 1Ly,_;y,_ 7, which, from [7.2.14], 
converges in probability to 

Hence 

[ 
T ]-1 

(1/T) L x,x; ~ Q-1 
,-1 

[8.2.26] 
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where 

1 µ, µ, µ, 

µ, 'Yo + µ,2 'Y1 + µ,2 'Yp-1 + µ,2 

Q= µ, 'Y1 + µ,2 'Yo + µ,2 'Yp-2 + µ,2 [8.2.27) 

µ, 'Yp-1 + µ,2 'Yp-2 + µ,2 'Yo + µ,2 

For the second term in [8.2.25], observe that x,u, is a martingale difference 
sequence with positive definite variance-covariance matrix given by 

E(x,u,u,x;) = E(ut)· E(x,x;) = cr2Q. 

Using an argument similar to that in Example 7.15, it can be shown that 

[ (1/VT) t x,u,] ~ N(O, cr2Q) 

(see Exercise 8.3). Substituting [8.2.26] and [8.2.28] into [8.2.25], 

VT(br - 13) ~ N(O, cr2Q- 1). 

[8.2.28) 

[8.2.29] 

It is straightforward to verify further that hr and s} are consistent for this 
case. From [8.2.26), the asymptotic variance-covariance matrix of VT(br - P) 
can be estimated consistently by s}(Xi-Xr/T)- 1, meaning that standard t and F 
statistics that treat bras if it were N(j3, s}(Xi-Xr)- 1) will yield asymptotically valid 
tests of hypotheses about the coefficients of an autoregression. 

As a special case of [8.2.29], consider OLS estimation of a first-order auto
regression, 

Y, = 'PY,-1 + E,, 

with l</JI < 1. Then Q is the scalar E(yf_ 1) = 'Yo, the variance of an AR(l) process. 
We saw in Chapter 3 that this is given by cr2/(1 - </)2). Hence, for cl, the OLS 
coefficient, 

T 

L Y,-1Y, 
1. - _,--1 __ 
'PT - T 

L Yf-1 
c=l 

result [8.2.29] implies that 

VT(cbr - </J) ~ N(O, cr2 ·[cr2/(1 - </J2)J-1) = N(O, 1 - cf,2). [8.2.30] 

If more precise results than the asymptotic approximation in equation [8.2.29) 
are desired, the exact small-sample distribution of cbr can be calculated in either 
of two ways. If the errors in the autoregression [8.2.24) are N(O, cr2), then for any 
specified numerical value for </)1, </Ji, .•. , cf,P and c the exact small-sample distri
bution can be calculated using numerical routines developed by Imhof (1961); for 
illustrations of this method, see Evans and Savin (1981) and Flavin (1983). An 
alternative is to approximate the small-sample distribution by Monte Carlo meth
ods. Here the idea is to use a computer to generate pseudo-random variables ei, 
... , er, each distributed N(O, cr2) from numerical algorithms such as that described 
in Kinderman and Ramage (1976). For fixed starting values Y-p+t• •.• , yi, the 
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values for y 1, y2 , ... , Yr can then be calculated by iterating on [8.2.24).6 One 
then estimates the parameters of [8.2.24] with an OLS regression on this artificial 
sample. A new sample is generated for which a new OLS regression is estimated. 
By performing, say, 10,000 such regressions, an estimate of the exact small-sample 
distribution of the OLS estimates can be obtained. 

For the case of a first-order autoregression, it is known from such calculations 
that <f>r is downward-biased in small samples, with the bias becoming more severe 
as cp approaches unity. For example, for a sample of size T = 25 generated by 
[8.2.24] with p = 1, c = 0, and cp = 1, the estimate <f>r based on OLS estimation 
of [8.2.24] (with a constant term included) will be less than the true value of 1 in 
95% of the samples, and will even fall below 0.6 in 10% of the samples.7 

Case 5. Errors Gaussian with Known Variance-Covariance 
Matrix 

Next consider the following case. 

Assumption 8.5: (a) x, stochastic; (b) conditional on the full matrix X, the vector 
u is N(0, u 2V); (c) V is a known positive definite matrix. 

When the errors for different dates have different variances but are uncor
related with each other (that is, Vis diagonal), then the errors are said to exhibit 
heteroskedasticity. For V nondiagonal, the errors are said to be autocorrelated. 
Writing the variance-covariance matrix as the product of some scalar u 2 and a 
matrix V is a convention that will help simplify the algebra and interpretation for 
some examples of heteroskedasticity and autocorrelation. Note again that As
sumption 8.S(b) could not hold for an autoregression, since conditional on x,+ 1 = 
(1, y,, Y,-1, ... , Yr-p+i)' and x,, the value of u, is known with certainty. 

Recall from [8.1.12] that 

(b - 13) = (X'x)- 1X'u. 

Taking expectations conditional on X, 

E[(b - 13)IX] = (X'X)- 1X'·E(u) = 0, 

and by the law of iterated expectations, 

E(b - 13) = Ex{E[(b - 13)IX]} = 0. 

Hence, the OLS coefficient estimate is unbiased. 
The variance of b conditional on X is 

E{[(b - 13)(b - 13)']1X} = E{[(X'X)- 1X'uu'X(X'X)- 1]IX} 

= u2(X'X)- 1X'VX(X'X)- 1. 

Thus, conditional on X, 

blX - N(l3, u2(X'X)- 1X'VX(X'X)-1). 

[8.2.31] 

6Alternatively, one can generate the initial values for y with a draw from the appropriate uncon
ditional distribution. Specifically, generate a (p x 1) vector v - N(O, I,) and set (y_,.,. ... , YoY 
= µ- 1 + P·v, where µ, = c/(1 - <f,1 - <f,2 - • • • - </>,), 1 denotes a (p x 1) vector of ls, and P is 
the Cholesky factor such that P·P' = r for r the (p x p) matrix whose columns stacked.in a (p2 x 1) 
vector comprise the first column of the matrix u'[I,, - (F ® F)J- 1 , where Fis the (p x p) matrix 
defined in equation [1.2.3] in Chapter 1. 

'These values can be inferred from Table B.5. 
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Unless V = Ir, this is not the same variance matrix as in [8.1.17], so that the OLS 
t statistic [8.1.26] does not have the interpretation as a Gaussian variable divided 
by an estimate of its standard deviation. Thus [8.1.26] will not have a t(T - k) 
distribution in small samples, nor will it even asymptotically be N(O, 1). A valid 
test of the hypothesis that /31 = /3? for case 5 would be based not on [8.1.26] but 
rather on 

t* = (b, - /3f) 
s'l/'au ' [8.2.32) 

where d;; denotes the row i, column i element of (X'x)- 1X'VX(X'X}- 1• This 
statistic will be asymptotically N(O, 1). 

Although one could form an inference based on [8.2.32), in this case in which 
V is known, a superior estimator and test procedure are described in Section 8.3. 
First, however, we consider a more general case in which Vis of unknown form. 

Case 6. Errors Serially Uncorrelated but with General 
Heteroskedasticity 

It may be possible to design asymptotically valid tests even in the presence 
of heteroskedasticity of a completely unknown form. This point was first observed 
by Eicker (1967) and White (1980) and extended to time series regressions by 
Hansen (1982) and Nicholls and Pagan (1983). 

,/ 

Assumption 8.6: (a) x, stochastic, including perhaps lagged values of y; (b) x,u, is 
a martingale difference sequence; (c) E(u'fx,x;) = 0,, a positive definite matrix, with 
(1/T)If. 10 1 converging to the positive definite matrix O and (l/T)~f. 1u'fx,x; .!+ O; 
(d) E(utx;,Xi.Xt.Xm,) < 00 for all i, j, l, m, and t; (e) plims of (1/T)'};f=t u,x,,xl; and 
(1/T)'};f. 1xuZ,.x,x; exist and are finite for all i and j and (1/T)'};;. 1x,x; -+ Q, a 
nonsingular matrix. 

Assumption 8.6(b) requires u, to be uncorrelated with its own lagged values 
and with current and lagged values of x. Although the errors are presumed to be 
serially uncorrelated, Assumption 8.6(c) allows a broad class of conditional het
eroskedasticity for the errors. As an example of such heteroskedasticity, consider 
a regression with a single i.i.d. explanatory variable x, with E(x;) = I½ and 
E(x1) = µ,4 • Suppose that the variance of the residual for date t is given by 
E(u;lx,) =a+ bx;. Then E(u;x;) = Ex[EM/x,)·x;] = Ex[(a + bx;)·x;] = al½ 
+ bµ.4 • Thus, n, = a!Lz + bµ,4 = n for all t. By the law of large numbers, 
(VT)'};f. 1u'fx'f will converge to the population moment n. Assumption 8.6(c) al
lows more general conditional heteroskedasticity in that E( u'f x'f) might be a func
tion oft, provided that the time average of (u;x;) converges. Assumption 8.6(d) 
and (e) impose bounds on higher moments of x and u. 

Consistency of b is established using the same arguments as in case 3. The 
asymptotic variance is found from writing 

v'T(br - 13) = [(1/T) f x,x;]-
1
[(1/\/7') f x,u,]. 

l•l l•l J 
Assumption 8.6(e) ensures that 

[ 
T ]-1 

(1/T) L x,x; .!+ Q-1 
1•1 
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for some nonsingular matrix Q. Similarly, x,u, satisfies the conditions of Proposition 
7.9, from which 

[ (1/v'T) t x,u,] !:.. N(O, fl). 

The asymptotic distribution of the OLS estimate is thus given by 

\/T(hr - 13) !:.. N(O, Q- 1.nQ- 1). [8.2.33] 

White's proposal was to estimate the asymptotic variance matrix consistently 
by substituting (h = (l/T}L;_ 1x,x; and fir= (l/T)L{_ 1u;x,x; into [8.2.33], where 
a, denotes the OLS residual [8.1.4]. The following result is established in Appendix 
8.A to this chapter. 

Proposition 8.3: With heteroskedasticity of unknown form satisfying Assumption 
8.6, the asymptotic variance-covariance matrix of the OLS coefficient vector can be 
consistently estimated by 

Recalling [8.2.33], the OLS estimate hr can be treated as if 

hr= N(13, V r!T) 
where 

V• _ A-1A Q' -1 
r - '-Lr Ur T 

= (XrXr/T)- 1[(1/T) ± u;x,x;](X 7Xr/T)- 1 
,-1 

[8.2.34] 

[8.2.35] 

The square root of the row i, column i element of V rf T is known as a 
heteroskedasticity-consistent standard error for the OLS estimate b,. We can, of 
course, also use (V rlT) to test a joint hypothesis of the form Rl3 = r, where R is 
an (m x k) matrix summarizing m separate hypotheses about 13. Specifically, 

(Rbr - r)'[R(Vr/T)R'J- 1(Rbr - r) [8.2.36] 

has the same asymptotic distribution as 

[v'T(Rbr - r)]'(RQ- 1.nQ- 1R')- 1[\/T(Rbr - r)], 

which, from [8.2.33], is a quadratic form of an asymptotically Normal (m x 1) 
vector VT(Rbr - r) with weighting matrix the inverse of its variance-covariance 
matrix, (RQ- 1.nQ- 1R'). Hence, [8.2.36] has an asymptotic x2 distribution with m 
degrees of freedom. 

It is also possible to develop an estimate of the asymptotic variance-covariance 
matrix of hr that is robust with respect to both heteroskedasticity and autocorre
lation: 

(Vr/T) 

= (XrXr)- 1[± u;x,x; ,-1 

+ ± [1 - --2:'.._l] f (x,u,u,_vx;_, + x,_.a,_,a,x;)](X~Xr)- 1• 
v•l q + t•v+l 
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Here q is a parameter representing the number of autocorrelations used to ap
proximate the dynamics for u,. The square root of the row i, column i element of 
(V TIT) is known as the Newey-West (1987) heteroskedasticity- and autocorrelation
consistent standard error for the OLS estimator. The basis for this expression and 
alternative ways to calculate heteroskedasticity- and autocorrelation-consistent 
standard errors will be discussed in Chapter 10. 

8.3. Generalized Least Squares 
The previous section evaluated OLS estimation under a variety of assumptions, 
including E(uu') 4= a 2lT. Although OLS can be used in this last case, generalized 
least squares (GLS) is usually preferred. 

GLS with Known Covariance Matrix 

Let us reconsider data generated according to Assumption 8.5, under which 
ujX - N(O, a 2V) with Va known (T x T) matrix. Since Vis symmetric and positive 
definite, there exists a nonsingular (T x T) matrix L such that 8 

v- 1 = L'L. 

Imagine transforming the population residuals u by L: 

ii = Lu. 
(TX!) 

[8.3.1] 

This would generate a new set of residuals ii with mean O and variance conditional 
on X given by 

But V 

E(iiii'IX) = L·E(uu'IX)L' = La 2 VL'. 

[L'L)- 1, meaning 

E(iiii'IX) = a 2L[L'L]- 1L' = a 2 l 7 . [8.3.2] 

We can thus take the matrix equation that characterizes the basic regression model, 

y = xp + u, 

and premultiply both sides by L: 

Ly = LXj3 + Lu, 

to produce a new regression model 

y = x.13 + ii, 
where 

y = Ly X= LX tie Lu 

[8.3.3] 

[8.3.4] 

with ulX - N(O, a 2l 7 ). Hence, the transformed model [8.3.3] satisfies Assumption 
8.2, meaning that all the results for that case apply to [8.3.3]. Specifically, the 
estimator 

8We know that there exists a nonsingular matrix P such that V = PP' and so v- 1 = [P'J· 1p- 1_ 

Take L = p- 1 to deduce [8.3.1]. 
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is Gaussian with mean p and variance u 2(X'X}- 1 = u 2(x'v- 1x)- 1 conditional 
on X and is the minimum-variance unbiased estimator conditional on X. The es
timator [8.3 .5] is known as the generalized least squares ( G LS} estimator. Similarly, 

T 

s2 = [1/(T - k)] L (y, - 1;6)2 [8.3.6] 
t=I 

has an exact [o-2/(T - k)]·x 2(T -K) distribution under Assumption 8.5, while 

(Rb - r)'[s2R(X'V-1x}- 1R'J-1(Rb - r)/m 

has an exact F(m, T - k) distribution under the null hypothesis RP = r. 
We now discuss several examples to make these ideas concrete. 

Heteroskedasticity 

A simple case to analyze is one for which the variance of u, is presumed to 
be proportional to the square of one of the explanatory variables for that equation, 
say, xti: 

[r/, 0 

n-•'V E(uu'IX) - •' ! Xi2 

0 X1T 

Then it is easy to see that 

L{r 
0 jJ lllx12I 

0 

satisfies conditions [8.3.1] and [8.3.2]. Hence, if we regress y,tlx1,I on x,/lx1,I, all 
the standard OLS output from the regression will be valid. ' 

---Autocorrelation 

As a second example, consider 

u, = pu,_ 1 + s,, [8.3.7] 

where IPI < 1 ands, is Gaussian white noise with variance o-2 • Then 

[ l 

p p2 ... ,,-,] 
0-2 p 1 p . '. pT-2 

E(uu'IX) = -1 -- 2 • ~ = u 2 V. [8.3.8] 
- p : 

PT-1 PT-2 PT-3 
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Notice from expression [5.2.18] that the matrix 

vr=-;i2 0 0 0 0 

-p 1 0 0 0 

L= 0 -p 1 0 0 [8.3.9] 

0 0 0 -p 1 

satisfies [8.3.1]. The GLS estimates are found from an OLS regression of y = Ly 
on X = L~; that is, regress y1vr=-;i2 on x 1~ and y, - py,_ 1 on x, -
px,_ 1 fort = 2, 3, ... , T. 

GLS and Maximum Likelihood Estimation 

Assumption 8.5 asserts that ylX - N(XP, u 2V). Hence, the log of the like
lihood of y conditioned on X is given by 

( - T/2) log(27T) - (1/2) loglu 2 VI - (1/2)(y - XP)'(u 2v)- 1(y - XP). 

[8.3.10] 

Notice that [8.3.1] can be used to write the last term in [8.3.10] as 

-(l/2}(y - XP)'(u 2V)- 1(y - Xp) 

-[1/(2u 2)](y - Xp)'(L'L)(y - XP) 
= -[1/(2u 2))(Ly - LXp)'(Ly - LXP) [8·3·111 
= -[1/(2u 2)J(y - xp)'(y - xp). 

Similarly, the middle term in [8.3.10] can be written as in [5.2.24]: 

-(1/2) loglu2VI = -( T/2) log(u 2) + logldet(L}I, [8.3.12] 

where ldet(L)I denotes the absolute value of the determinant of L. Substituting 
[8.3.11] and [8.3.12] into [8.3.10], the conditional log likelihood can be written as 

-(T/2) log(27T) - (T/2) log(u 2) + logldet(L)I 
- [1/(2u 2)](y - XIJ)'(y - :xp). [8.3.13] 

Thus, the log likelihood is maximized with respect to p by an OLS regression of 
yon X,9 meaning that the GLS estimate [8.3.5] is also the maximum likelihood 
estimate under Assumption 8.5. 

The GLS estimate 6 is still likely to be reasonable even if the residuals u are 
non-Gaussian. Specifically, the residuals of the transformed regression [8.3.3] have 
mean O and variance u 2Ir, and so this regression satisfies the conditions of the 
Gauss-Markov theorem-even if the residuals are non-Gaussian, 6 will have min
imum variance (conditional on X} among the class of all unbiased estimators that 
are linear functions of y. Hence, maximization of [8.3.13], or quasi-maximum 
likelihood estimation, may offer a useful estimating principle even for non-Gaussian 
u. 

GLS When the Variance Matrix of Residuals Must 
Be Estimated from the Data 

Up to this point we have been assuming that the elements of V are known a 
priori. More commonly, Vis posited to be of a particular form V(8), where 8 is a 

"This assumes that the parameters of L do not involve p, as is implied by Assumption 8.5. 
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vector of parameters that must be estimated from the data. For example, with first
order serial correlation of residuals as in [8.3.7], V is the matrix in [8.3.8] and 6 
is the scalar p. As a second example, we might postulate that the variance of 
observation t depends on the explanatory variables according to 

E(uflxi) = cr2(1 + a1xf, + a 2xl,), 

in which case 6 = (a 1, a 2)'. 

Our task is then to estimate 8 and 13 jointly from the data. One approach is 
to use as estimates the values of 8 and 13 that maximize [8.3.13]. Since one can 
always form [8.3.13] and maximize it numerically, this approach has the appeal of 
offering a single rule to follow whenever E(uu'IX) is not of the simple form u 217 . 

However, other, simpler estimators can also have desirable properties. 
It often turns out to be the case that 

\/T(Xr[V r(8r)]- 1Xr)- 1(Xr[Vr(8r)J- 1Yr) 

.!!+ \/T(Xr[V r(8oW 1Xr)- 1(Xr[V r(8o)]- 1Yr), 

where V 7 (80) denotes the true variance of errors and 8r is any consistent estimate 
of 8. Moreover, a consistent estimate of 8 can often be obtained from a simple 
analysis of OLS residuals. Thus, an estimate coming from a few simple OLS and 
G LS regressions can have the same asymptotic distribution as the maximum like
lihood estimator. Since regressions are much easier to implement than numerical 
maximization, the simpler estimates are often used. 

Estimation with First-Order Autocorrelation of Regression 
Residuals and No Lagged Endogenous Variables 

We illustrate these issues by considering a regression whose residuals follow 
the AR(l) process [8.3.7]. For now we maintain the assumption that ulX has mean 
zero and variance cr2 V(p), noting that this rules out lagged endogenous variables; 
that is, we assume that x, is uncorrelated with u,_,. The following subsection 
comments on the importance of this assumption. Recalling that the determinant 
of a lower triangular matrix is just the product of the terms on the principal diagonal, 
we see from [8.3.9] that det(L) = y'T"=7. Thus, the log likelihood [8.3.13] for 
this case is 

- (T/2) log(21r) - ( T/2) log( cr2) + (1/2) log(l - p2) 

- [(1 - p2)/(2cr2)](Y1 - x;13)2 [8.3.14] 
T 

- [l/(2cr2 )] L [(y, - x;13) - P(Y,-1 - x:-113)]2. 
/;2 

One approach, then, is to maximize [8.3.14] numerically with respect to 13, p, and 
cr2• The reader may recognize [8.3.14] as the exact log likelihood function for an 
AR(l) process (equation [5.2.9]) with (y, - µ) replaced by (y, - x;13). 

Just as in the AR(l) case, simpler estimates (with the same asymptotic dis
tribution) are obtained if we condition on the first observation, seeking to maximize 

-[(T - 1)/2] log(21r) - [(T - 1)/2] log(cr2) 

T 

- [1/(2cr2)] L [(y, - x;13) - P(Y,-1 - x;-113)]2. 
[8.3.15] 

r;2 

If we knew the value of p, then the value of 13 that maximizes [8.3.15] could be 
found by an OLS regression of (y, - py,_ 1) on (x, - px,_1) fort = 2, 3, ... , 
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T (call this regression A). Conversely, if we knew the value of p, then the value 
of p that maximizes [8.3.15] would be found by an OLS regression of (y, -
x;p) on (y,_ 1 - x;_ 113) fort = 2, 3, ... , T (call this regression B). We can thus 
start with an initial guess for p (often p = 0), and perform regression A to get an 
initial estimate of 13. For p = 0, this initial estimate of 13 would just be the OLS 
estimate b. This estimate of p can be used in regression B to get an updated 
estimate of p, for example, by regressing the OLS residual ii, = y, - x;b on its 
own lagged value. This new estimate of p can be used to repeat the two regressions. 
Zigzagging back and forth between A and B is known as the iterated Cochrane
Orcutt method and will converge to a local maximum of [8.3.15]. 

Alternatively, consider the estimate of p that results from the first iteration 
alone, 

T 

(1/T) L a,-1a, 
p = ___ ,_= T_I -- [8.3.16] 

(1/T) L a:_, 
r•l 

where a, = y, - x;b and bis the OLS estimate of 13. To simplify expressions, we 
have renormalized the number of observations in the original sample to T + 1, 
denoted y0 , y 1, .•• , Yr, so that Tobservations are used in the conditional maximum 
likelihood estimation. Notice that 

,a,= (y, - P'x, + l3'x, - b'x,) = u, + (13 - b)'x,, 

allowing the numerator of [8.3.16] to be written 

T 

(1/T) L a,a,-1 
t= 1 

T 

= (1/T) L [u, + (13 - b)'x,][u,_ 1 + (13 - b)'x,_i] 
,-1 

T T [8.3.17] 
= (1/T) L (u,u,_ 1) + (13 - b)'(l/T) L (u,x,_ 1 + u,_ 1x,) 

t=l ,-1 

As long as b is a consistent estimate of 13 and boundedness conditions ensure that 
plims of (l/T}L;. 1u,x,_ 1 , (l/T)L;= 1u,_ 1x,, and (l/T)Lf_ 1x,x;_ 1 exist, then 

T T 

(1/T) L a,a,-1 ~ (1/T) L u,u,-1 
t=1 ,-1 

T 

= (1/T) L (e, + pu,-1)u,-1 [8.3.18] 
t= 1 

-4 p·Var(u). 

Similar analysis establishes that the denominator of [8.3.16] converges in probability 
to Var(u), so that p ~ p. 

If u, is uncorrelated with x, for s = t - 1, t, and t + 1, one can make the 
stronger claim that an estimate of p based on an autoregression of the O LS residuals 
a, (expression [8.3.16]) has the same asymptotic distribution as an estimate of p 
based on the true population residuals u,. Specifically, ifplim[(l/T)L;. 1u,x,_ 1] = 

224 Chapter 8 I Linear Regression Models 



plim[(l/T}If. 1u1_1x1] = 0, then multiplying [8.3.17) by v'f, we find 
T 

(1/v'f) L a,a,-1 
,-1 

T T 

= (11\/T) L (u,u,-1) + v'f(P - b}'(l/T} L (u,x,-1 + u,-1x,) 
t=l t=l 

+ Y7'(13 - b}'[ (1/T} t x,x;_1 ]cp -b) 

T (8.3.19] 
-4 (11\/T) L (u,u,-1) + v'f(P - b)'O ,-1 

+ v'f(P - b)' plim[ (1/T) t x,x;_1 Jo 
T 

= (1/vT) L (u,u,-1), 
r•I 

Hence, 

[
(1/T) f 12,-112,] [(1/T} f u,-1u,] 

41"f- •- 1 p 4fT l•'l 
vT 7 -"'vT T • 

(VT} L 12~-1 (1/T) L u~-1 ,-1 ,-1 

[8.3.20) 

The OLS estimate of p based on the population residuals would have an 
asymptotic distribution given by [8.2.30): 

[ 

T ] 
(VT) L a,-1a, 

y'f -- ,-;. - p ~ N(O, (1 - p2}). 

c11n L 12f_1 
r=l 

[8.3.21] 

Result [8.3.20] implies that an estimate of p has the same asymptotic distri
bution when based on any consistent estimate of p. If the Cochrane-Orcutt iter
ations are stopped after just one evaluation of {J, the resulting estimate of p has 
the same asymptotic distribution as the estimate of p emerging from any subsequent 
step of the iteration. 

The same also turns out to be true of the GLS estimate 6. 

Proposition 8.4: Suppose that Assumption 8.5(a) and (b) holds with V given by 
[8.3.8] and IPI < 1. Suppose in addition that (1/T}If. 1xµ, .!+ 0 for alls and that 
(l/T)I;. 1x,x; and (1/T)IT. 1x,x;_1 have finite plims. Then the GLS estimate b 
constructed from V({J) for p given by [8.3.16) has the same asymptotic distribution 
as b constructed from V(p) for the true value of p. 

Serial Correlation with Lagged Endogenous Variables 

An endogenous variable is a variable that is correlated with the regression 
error term u,. Many of the preceding results about serially correlated errors no 
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longer hold if the regression contains lagged endogenous variables. For example, 
consider estimation of 

y, = fJY,-1 + yx, + u,, [8.3.22] 

where u, follows an AR(l) process as in [8.3.7]. Since (1) u, is correlated with u,_ 1 

and (2) u,_ 1 is correlated with y,_ 1 , it follows that u, is correlated with the explana
tory variable y,_ 1 • Accordingly, it is not the case that plim[(l/T)L;- 1x,u,] = 0, 
the key condition required for consistency of the OLS estimator b. Hence, pin 
[8.3.16] is not a consistent estimate of p. 

If one nevertheless iterates on the Cochrane-Orcutt procedure, then the al
gorithm will converge to a local maximum of [8.3.15]. However, the resulting GLS 
estimate 6 need not be a consistent estimate of 13. Notwithstanding, the global 
maximum of [8.3. 15] should provide a consistent estimate of 13. By experimenting 
with start-up values for iterated Cochrane-Orcutt other than p = 0, one should 
find this global maximum.10 

A simple estimate of p that is consistent in the presence of lagged endogenous 
variables was suggested by Durbin (1960). Multiplying [8.3.22] by (1 - pL) gives 

Y, = (p + fJ)Y,-1 - pf3Y,-2 + yx, - pyx,-1 + e,. [8.3.23] 

This is a restricted version of the regression model 

[8.3.24] 

where the four regression coefficients ( a 1 , a 2 , a 3 , a 4 ) are restricted to be nonlinear 
functions of three underlying parameters (p, /3, y). Minimization of the sum of 
squared e's in [8.3.23] is equivalent to maximum likelihood estimation conditioning 
on the first two observations. Moreover, the error term in equation [8.3.24] is 
uncorrelated with the explanatory variables, and so the a's can be estimated con
sistently by OLS estimation of (8.3.24]. Then - &4/ &3 provides a consistent estimate 
of p despite the presence of Jagged endogenous variables in [8.3.24]. 

Even if consistent estimates of p and 13 are obtained, Durbin (1970) empha
sized that with lagged endogenous variables it will still not be the case that an 
estimate of p·based on (y, - x;(3) has the same asymptotic distribution as an 
estimate based on (y, - x; l3). To see this, note that if x,contains lagged endogenous 
variables, then [8.3.19] would no longer be valid. If x, includes y,_ 1, for example, 
then x, and u,_ 1 will be correlated and piim[(l/T)L;_ 1u,_ 1x,] -4= 0, as was assumed 
in arriving at (8.3.19]. Hence, [8.3.20] will not hold when x, includes lagged en
dogenous variables. Again, an all-purpose procedure that will work is to maximize 
the log likelihood function [8.3.15] numerically. 

Higher-Order Serial Correlation 11 

Consider next the case when the distribution of ulX can be described by a 
pth-order autoregression, 

u, = P1U,-1 + P2U,-2 + · • · + pput-p + e,. 

'"See Betancourt and Kelejian (1981). 

"This discussion is based on Harvey (1981, pp. 204-6). 
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The log likelihood conditional on X for this case becomes 

-(T/2) log(21r) - (T/2) log(a-2) - (1/2) logjVPI 

- [1/(2a-2)](Yp - XA3)'v;i(yp - XA3) 

- (1/(20-2)) f [(y, - x;l3) - P1(Y,-i - x;_il3) [8-3·25] 
t=p+l 

- P2(Y,-2 - x:-213) - · · · - Pp(Y,-p - x;_Pl3) r 
where the (p x 1) vector yP denotes the first p observations on y, XP is the (p x k) 
matrix of explanatory variables associated with these first p observations, and 
a-2VP is the (p x p) variance-covariance matrix of (yPjXp). The row i, column j 
element of a-2V Pis given by Yi;-il for Yk the kth autocovariance of an AR(p) process 
with autoregressive parameters Pi, p2, ... , Pp and innovation variance a-2 • Letting 
LP denote a (p x p) mat!ix such that L~LP = v;i, GLS can be obtained by 
regressing y P = LPy P on XP = LPXP and _ji, = y, - P1Y,-i - P2Y,-2 - · · · -
PpYr-p on i, = x, - PiX,-i - P2X,_2 - · · • - PpXr-p fort= p + 1, p + 2, ... , 
T. Equation [8.3.14] is a special case of[8.3.25] with p = 1, VP = 1/(1 - p2), and 
LP = V17. 

If we are willing to condition on the first p observations, the task is to choose 
13 and Pi, p2 , ••• , pp so as to minimize 

± [(y, - x;l3) - Pi(Y,-1 - x;_1l3) - pi(Y,-2 - x;_2l3) 
t=p+l 

- · · · - pp(Y,-p - x;_Pl3) r 
Again, in the absence of lagged endogenous variables we can iterate as in Cochrane
Orcutt, first taking the p/s as given and regressing _ji, on i,, and then taking 13 as 
given and regressing a, on a,-1, a,_z,. , . , a,-p· 

Any covariance-stationary process for the errors can always be approximated 
by a finite autoregression, provided that the order of the approximating auto
regression (p) is sufficiently large. Amemiya (1973) demonstrated that by letting 
p go to infinity at a slower rate than the sample size T, this iterated GLS estimate 
will have the same asymptotic distribution as would the GLS estimate for the case 
when V is known. Alternatively, if theory implies an ARMA(p, q) structure for 
the errors with p and q known, one can find exact or approximate maximum 
likelihood estimates by adapting the methods in Chapter 5, replacing µ in the 
expressions in Chapter 5 with x; 13. 

Further Remarks on Heteroskedasticity 

Heteroskedasticity can arise from a variety of sources, and the solution de
pends on the nature of the problem identified. Using logs rather than levels of 
variables, allowing the explanatory variables to enter nonlinearly in the regression 
equation, or adding previously omitted explanatory variables to the regression may 
all be helpful. Judge, Griffiths, Hill, and Lee (1980) discussed a variety of solutions 
when the heteroskedasticity is thought to be related to the explanatory variables. 
In time series regressions, the explanatory variables themselves exhibit dynamic 
behavior, and such specifications then imply a dynamic structure for the conditional 
variance. An example of such a model is the autoregressive conditional hetero
skedasticity specification of Engle (1982). Dynamic models of heteroskedastictty 
will be discussed in Chapter 21. 
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APPENDIX 8.A. Proofs of Chapter 8 Propositions 

• Proof of Proposition 8.2. The restricted estimate b* that minimizes [8.1.2] subject to 
(8.1.27] can be calculated using the Lagrangean: 

T 

I = (1/2) L (y, - x;p)2 + A.'(RP - r). (8.A.1] ,-1 
Here A. denotes an (m x 1) vector of Lagrange multipliers; A, is associated with the constraint 
represented by the ith row of RP = r. The term½ is a normalizing constant to simplify the 
expressions that follow. The constrained minimum is found by setting the derivative of 
[8.A.1] with respect to p equal to zero: 12 

al = (1/2) ~ 2(y - x'") a(y, - x;p) + A.'R aw ;::', , ,... aw 
T 

- L (y, - Wx,)x; + A.'R = O', 
,-1 

or 
T T 

b*' L x,x; = L y,x; - A.'R. 
,-1 ,-1 

Taking transposes, 

[f x,x;]b• = f x,y, - R'A. ,-1 ,-1 

[ T ]-l[T] [T ]-1 
b* = ~ 1 x,x; 

1
~ x,y, ,~ x,x; R1 A (8.A.2] 

= b - (X'X)- 1R'A., 

where b denotes the unrestricted OLS estimate. Premultiplying [8.A.2] by R (and recalling 
that b* satisfies Rb* = r), 

Rb - r = R(X'X)- 1R'A. 

or 

A = (R(X'x)- 1R'J- 1(Rb - r). 

Substituting [8.A.3] into [8.A.2], 

b - b* = (X'X)- 1R'[R(X'X)- 1R'J- 1(Rb - r). 

Notice from [8.A.4] that 

(b - b*)'(X'X)(b - b*) = {(Rb - r)'[R(X'X)- 1R'J-1R(X'X)- 1}(X'X) 
• X {(X'x)- 1R'[R(X'x)- 1R'J-'(Rb - r)} 

= (Rb - r)'[R(X'X)- 1R'J-1[R(X'X)- 1R'] 
x (R(X'X)- 1R'J-1(Rb - r) 

= (Rb - r)'[R(X'x)- 1R'J- 1(Rb - r). 

Thus, the magnitude in [8.1.32] is numerically identical to 

_ (b - b*)'X'X(b - b*)/m _ (b - b*)'X'X(b - b*)/m 
F - s2 - RSS/(T - k) . 

(8.A.3] 

(8.A.4] 

(8.A.5] 

Comparing this with [8.1.37], we will have completed the demonstration of the equivalence 
of [8.1.32] with [8.1.37] if it is the case that 

RSS0 - RSS, = (b - b*)'(X'X)(b - b*). [8.A.6] 

12We have used the fact that ax;131al3' = x;. See the Mathematical Review {Appendix A) at the 
end of the book on the use of derivatives with respect to vectors. 
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Now, notice that 

RSS0 = (y - Xb*)'(y - Xb•) 

= (y - Xb + Xb - Xb*)'(y - Xb + Xb - Xb*) 
= (y - Xb)'(y - Xb) + (b - b•)'X'X(b - b•), 

[8.A.7) 

where the cross-product term has vanished, since (y - Xb)'X = 0 by the least squares 
property [8.1.10). Equation [8.A.7) states that 

RSS 0 = RSS, + (b - b*)'X'X(b - b*), [8.A.8) 

confirming [8.A.6]. • 

• Proof of Proposition 8.3. Assumption 8.6(e) guarantees that Or!'.. Q, so the issue is 
whether llr gives a consistent estimate of 0. Define n;. '"" (1/T)!;a 1 u;x,x;, noting that 
n;. converJes in probability to O by Assumption 8.6(c). Thus, i( we can show that 
fir - n;.- 0, then Dr!:.. n. Now, 

But 

r 
nr - n;. = c11n L ca~ - unx,x;. 

,Tl 

(ill - un = (Ii, + u,)(u, - u,) 

= [(y, - b~x,) + (y, - P'x,))[(y, - b~x,) - (y, - P'x,)) 

= [2(y, - P'x,) - (br - P)'x,l[ -(b 7 - P)'x,] 

= -2u,(br - P)'x, + [(br - P)'x,]2, 

allowing [8.A.9) to be written as 

r r 

[8.A.9) 

Dr - n;. = (-2/T) L u,(br - j3)'x,(x,x;) + (1/T) L [(br - P)'x,)2(x,x;). [8.A.10) ,-1 ,-1 
The first term in [8.A.10] can be written 

(-2/T) L 11,(br - P)'x,(x,x;) = -2 L (b,r - /j 1) (1/T) L u,x,,(x,x;) . r k [ r ] 

'""' ,-1 ,-1 
[8.A.11) 

The second term in [8.A.11] has a finite plim by Assumption 8.6(e), and (b,T - /j 1) .!. 0 
for each i. Hence, the probability limit of[S.A.11) is zero. 

Turning next to the second term in [8.A.10), 

r k k [ T ] 
(1/T) ,~ [(br - P)'x,]2(x,x;) = 1~ ;~ (b1r - /j 1)(b/T - /j1) (1/T) ~ x,,x/x,x;) , 

which again has plim zero. Hence, from [8.A.10), 

fir - n;..!.o .• 

• Proof of Proposition 8.4. Recall from [8.2.6) that 

v'T(br - P) = [c11T) f x,x;]-1
[(1/V'T) f x,ii,] 

,-1 r•I 

= [cvn f (x, - /ix.-1)(x, - /ix,-1)']_, 
,-1 

[8.A.12) 

X [(1/yT) f (x, - /ix.-1)(u, - jiu,-,)]. ,_, 
We wil!. now show that [(1/T)!f.;i(x, - flx,-i)_(xk - ;x,-1)') ~as the sa~e plim as 
[(l/T)I,_ 1(x, - px,_1)(x, - px,_ 1)) and that [(1,v7)I,_ 1(x, - px,_1)(u, - pu,_ 1)] has 
the same asymptotic distribution as [(l/vT)IT- 1(:x, - px,_ 1)(u, - pu,_i)]. 
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Consider the first term in [8.A.12]: 
T 

(1/T) L (x, - px,_1)(x, - px,_1)' 
,-1 

T 

= (1/T) L [x, - px,_1 + (p - p)x,_1][x, - px,_1 + (p - p)x,_ 1]' 
,-1 

T 

= (1/T) L (x, - px,_ 1)(x, - px,_1)' 
,-1 

T 

+ (p - p)·(l/T) L (x, - px,_ 1)x;_, [8.A.13] 
,-1 

T 

+ (p - p)·(l!T) L x,_1(x, - px,_,)' 
t•l 

T 

+ (p - p)'·(l/T) L x,_1x;_1 • 
,-1 

But (p - p).!.. 0, and the plims of (l/T)~T-,x,_ 1x;_1 and (1/T)~;. 1x,x;_, are assumed to 
exist. Hence [8.A.13] has the same plim as (1/T)~T-1(x, - px,_,)(x, - px,_ 1)'. 

Consider next the second term in [8.A.12]: 
T 

(1/v'T) L (x, - px,_1)(u, - pu,_ 1) 

••l 

T 

= (11\IT) L [x, - px,_ 1 + (p - p)x,_,J[u, - pu,_, + (p - p)u,_,J [8.A.14] 
,-1 

T 

= (1/v'T) L (x, - px,_ 1)(u, - pu,_1) ,-1 

+ vT(p - p)·[(l/T) f x,_,(u, - pu,_1)] 
,-1 

+ vT(p - p)·[(l/T) f (x, - px,_ 1)u,_1] 
/•l 

+ \IT(p - w-[(1/T) f x,_,u,-1]· 
,-1 

But [8.3.21] established that VT(p - p) converges in distribution to a stable random vari
able. Since plim[(l/T)~T. 1x,u,] = 0, the last three terms in [8.A.14] vanish asymptotically. 
Hence, 

T T 

(1/\IT) L (x, - px,_1)(u, - pu,_1) .!!+ (1/v'T) L (x, - px,_,)(u, - pu,_1), 

,-t ,-1 

which was to be shown. 

Chapter 8 Exercises 

8.1. Show that the uncentered R~ [8.1.13] can equivalently be written as 

for a, the OLS sample residual [8.1.4]. Show that the centered R~ can be written as 
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8.2. Consider a null hypothesis H0 involving m = 2 linear restrictions on IJ. How large a 
sample size Tis needed before the 5% critical value based on the Wald form of the OLS 
F test of H 0 is within 1 % of the critical value of the Wald form of the OLS x2 test of H0? 

8.3. Derive result [8.2.28]. 

8.4. Consider a covariance-stationary process given by 

Y, = µ. + L i/l;E,-;, 
j•O 

where {E,} is an i.i.d. sequence with mean zero, variance u2, and finite fourth moment and 
where "z-i-o l,t,,I < 00 • Consider estimating a pth-order autoregression by OLS: 

Y, = C + 'P1Y,-1 + 'P2Y,-2 + · · · + ,PpYr-p + u,. 
Show that the OLS coefficients give consistent estimates of the population parameters that 
characterize the linear projection of y, on a constant and p of its lags-that is, the coefficients 
give consistent estimates of the parameters c, <J,1, •.• , 'Pp defined by 

l'(Y,IY,-1,Y,-2, · · · ,Yr-p) = C + 'P1Yr-1 + 'P2Y,-2 + · · · + ,PpYr-p 
(HINT: Recall that c, 'Pt> ... , 'Pr are characterized by equation [4.3.6)). 
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9 

Linear Systems 
of Simultaneous Equations 

The previous chapter described a number of possible departures from the ideal 
regression model arising from errors that are non-Gaussian, heteroskedastic, or 
autocorrelated. We saw that while these factors can make a difference for the small
sample validity oft and F tests, under any of Assumptions 8.1 through 8.6, the 
OLS estimator b7 is either unbiased or consistent. This is because all these cases 
retained the crucial assumption that u,, the error term for observation t, is uncor
related with x,, the explanatory variables for that observation. Unfortunately, this 
critical assumption is unlikely to be satisfied in many important applications. 

Section 9.1 discusses why this assumption often fails to hold, by examining a 
concrete example of simultaneous equations bias. Subsequent sections discuss a 
variety of techniques for dealing with this problem. These results will be used in 
the structural interpretation of vector autoregressions in Chapter 11 and for under
standing generalized method of moments estimation in Chapter 14. 

9 .1. Simultaneous Equations Bias 
To illustrate the difficulties with endogenous regressors, consider an investigation 
of the public's demand for oranges. Let p, denote the log of the price of oranges 
in a particular year and qf the log of the quantity the public is willing to buy. To 
keep the example very simple, suppose that price and quantity are covariance
stationary and that each is measured as deviations from its population mean. The 
demand curve is presumed to take the form 

qf = {Jp, + Ef, [9.1.l] 

with fl < O; a higher price reduces the quantity that the public is willing to buy. 
Here ef represents factors that influence demand other than price. These are 
assumed to be independent and identically distributed with mean zero and variance 
al 

The price also influences the supply of oranges brought to the market, 

[9.1.2] 

where 'Y > 0 and e: represents factors that influence supply other than price. These 
omitted factors are again assumed to be i.i.d. with mean zero and variance a-;, 
with the supply disturbance e: uncorrelated with the demand disturbance r,4. 

Equation [9.1.1] describes the behavior of buyers of oranges, and equation 
[9.1.2] describes the behavior of sellers. Market equilibrium requires qf = qi, or 

fJp, + e1 = 'YP, + e:. 
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Rearranging, 

ef - e: 
p, = --a-· 

-y-fJ 

Substituting this back into [9.1.2], 

ed - e' 'Y P 
q, = -y-'--' + e' = -- ed - -- e' 'Y - p t 'Y - p t 'Y - p t· 

[9.1.3) 

[9.1.4) 

Consider the consequences of trying to estimate [9 .1.1] by O LS. A regression 
of quantity on price will produce the estimate 

T 

(11n I p,q, 
bT = ___ ,-~;.-- [9.1.5} 

(1/T) I p'f 
t=I 

Substituting [9.1.3] and [9.1.4] into the numerator in [9.1.5] results in 

.!_ f p,q, = .!_ f [- 1- ef - - 1- e:][-'Y- ef - _p_ e;] 
T l=I T t=I 'Y - p 'Y - p 'Y - p 'Y - p 

_ .!. ~ [ 'Y ( d)2 p ( ')2 _ 'Y + p d ·] 
- T,~ 1 (-y _ p)2 e, + (-y- p)2 e, (-y _ p)2 e,e, 

p -ycr~ + Per; 
•."-+ (-y - p)2 . 

Similarly, for the denominator, 

Hence, 

1 ~ 2 1 ~ [ 1 d 1 •] 2 
p CT~ + er; 

-TL, p, = -TL, ~ e, - ~ e, -+ ( - a)2· 
t=I t-1 'Y fJ 'Y fJ 'Y fJ 

b 4 [er~ + cr;]- 1[-ycr~ + Per;] 
T (-y - p)2 ( 'Y - p)2 

-ycr~ + Per; 
CT~ + er; . [9.1.6] 

OLS regression thus gives not the demand elasticity p but rather an average 
of p and the supply elasticity -y, with weights depending on the sizes of the variances 
a-~ and a-;. If the error in the demand curve is negligible ( a-~ -+ 0) or if the error 
term in the supply curve has a big enough variance (a-;-+ co), then [9.1.6) indicates 
that OLS would give a consistent estimate of the demand elasticity p. On the other 
hand, if a-~-+ 00 or a-;-+ 0, then OLS gives a consistent estimate of the supply 
elasticity -y. In the cases in between, one economist might believe the regression 
was estimating the demand curve [9.1.1] and a second economist might perform 
the same regression calling it the supply curve [9.1.2). The actual OLS estimates 
would represent a mixture of both. This phenomenon is known as simultaneous 
equations bias. 

Figure 9.1 depicts the problem graphically. 1 At any date in the sample, there 
is some demand curve (determined by the value of ef) and a supply curve (deter
mined by e:), with the observation on (p,, q,) given by the intersection of these 
two curves. For example, date 1 may have been associated with a small negative 
shock to demand, producing the curve D 1, and a large positive shock to supply, 
producing S1• The date 1 observation will then be (pi, q1). Date 2 might have seen 

'Economists usually display these figures with the axes reversed from those displayed in Figure 9.1. 
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Average supply 

0 

0 

FIGURE 9.1 Observations on price and quantity implied by disturbances to both 
supply functions and demand functions. 

a bigger negative shock to demand and a negative shock to supply, while date 3 
as drawn reflects a modest positive shock to demand and a large negative shock 
to supply. OLS tries to fit a line through the scatter of points {p,, q,}T.1• 

If the shocks are known to be due to the supply curve and not the demand 
curve, then the scatter of points will trace out the demand curve, as in Figure 9.2. 
If the shocks are due to the demand curve rather than the supply curve, the scatter 
will trace out the supply curve, as in Figure 9.3. 

The problem of simultaneous equations bias is extremely widespread in the 
social sciences. It is rare that the relation that we would like to estimate is the only 
possible reason why there might be a correlation among a group of variables. 

Consistent Estimation of the Demand Elasticity 

The above analysis suggests that consistent estimates of the demand elasticity 
might be obtained if we could find a variable that shifts the supply curve but not 
the demand curve. For example, let w, represent the number of days of below
freezing temperatures in Florida during year t. Recalling that the supply disturbance 
E: was defined as factors influencing supply other than price, w, seems likely to be 
an important component of E:. Define h to be the coefficient from a linear pro
jection of e: on w,, and write 

E: = hw, + u:. [9.1.7) 

Thus, u: is uncorrelated with w,, by the definition of h. Although Florida weather 
is likely to influence the supply of oranges, it is natural to assume that weather 
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0 

0 

FIGURE 9.2 Observations on price and quantity implied by disturbances to supply 
function only. 

0 

0 

FIGURE 9.3 Observations on price and quantity implied by disturbances to de
mand function only. 
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matters for the public's demand for oranges only through its effect on the price. 
Under this assumption, both w, and u: are uncorrelated with lif. Changes in price 
that can be attributed to the weather represent supply shifts and not demand shifts. 

Define Pi to be the linear projection of p, on w,. Substituting [9.1.7) into 
[9.1.3], 

and thus 

lid - hw - u• p = I I I 

t 'Y - p ' 

-h 
Pi= --t.1w,, 

'Y - tJ 

[9.1.8) 

[9.1.9) 

since ef and u: are uncorrelated with w,. Equation [9.1.8) can thus be written 

lid - u• p = p* + _, __ , 
t t 'Y - p' 

and substituting this into [9.1.1], 

_ { * lif - u:} d _ ,. 
q, - fl p, + 'Y - fl + Ii, - PP, + v,, [9.1.10) 

where 

_ -Pu: yef 
v, - --Q + --f.l. 

y-tJ y-/J 

Since u: and ef are both uncorrelated with w,, it follows that v, is uncorrelated 
with p,*. Hence, if [9.1.10) were estimated by ordinary least squares, the result 
would be a consistent estimate of fl: 

T 

(1/T) L p;(flPi + v,) ,-1 
(1/T) L [p;)2 

[9.1.11) 
,-1 

T c11n}: p;v, 
=fl+ --...;'_.-... 1 __ 

c11n }: [p:p 
1•1 

.!:+ fl. 
The suggestion is thus to regress quantity on that component of price that is induced 
by the weather, that is, regress quantity on the linear projection of price on the 
weather. 

In practice, we will not know the values of the population parameters h, 'Y, 
and p necessary to construct pi in [9.1.9). However, the linear projection Pi can 
be consistently estimated by the fitted value for observation t from an. 0 LS regres
sion of p on w, 

[9.1.12) 
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where 
T 

<11n L w,p, 
~ - ,-1 
OT -

<11n}: w~ ,-1 
The estimator (9 .1.11] with p: replaced by fl, is known as the two-stage least squares 
(2SLS) coefficient estimator: 

T 

(1/T) L p,q, 
{j2SLS = t•l 

(1/T) L [p,]2 
(9.1.13) 

1•1 

Like /:J}, the 2SLS estimator is consistent, as will be shown in the following section. 

9.2. Instrumental Variables and Two-Stage Least Squares 

General Description of Two-Stage Least Squares 

A generalization of the previous example is as follows. Suppose the objective 
is to estimate the vector 13 in the regression model 

.. 
y, = 13'z, + u,, (9.2.1) 

where z, is a (k x 1) vector of explanatory variables. Some subset n s k of the 
variables in z, are thought to be endogenous, that is, correlated with u,. The 
remaining k - n variables in z, are said to be predetermined, meaning that they 
are uncorrelated with u,. Estimation of 13 requires variables known as instruments. 
To be a valid instrument, a variable must be correlated with an endogenous ex
planatory variable in z, but uncorrelated with the regression disturbance u,. In the 
supPly-and-demand example, the weather variable w, served as an instrument for 
price. At least one valid instrument must be found for each endogenous explanatory 
variable. 

Collect the predetermined explanatory variables together with the instruments 
in an (r x 1) vector x,. For example, to estimate the demand curve, there were 
no predetermined explanatory variables in equation [9.1.1) and only a single in
strument; hence, r = 1, and x, would be the scalar w,. As a second example, 
suppose that the equation to be estimated is 

Y, = /J1 + /Jiz21 + /J3Z31 + /J4Z41 + fJszs, + u,. 

In this example, z-4< and z5, are endogenous (meaning that they are correlated with 
u,), z21 and z31 are predetermined (uncorrelated with u,), and €11, €21, and €31 are 
valid instruments (correlated with z41 and z5, but uncorrelated with u,). Then r = 
6 and x; = (1, z2,, z31, €11, [ 2,, €31). The requirement that there be at least as many 
instruments as endogenous explanatory variables implies that r 2: k. 

Consider an OLS regression of z11 (the ith explanatory variable in (9.2.1)) on 
x,: 

Z;, = 6!x, + e;1, 

The fitted values for the regression are given by 
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where 

6; = [f x,x;]-
1[± x1z11]. 

r-1 t-1 

If z;, is one of the predetermined variables, then zit is one of the elements of x, 
and equation [9.2.3] simplifies to 

Z;, = Z;,. 

This is because when the dependent variable (z;,) is included in the regressors (x,), 
a unit coefficient on Zu and zero coefficients on the other variables produce a 
perfect fit and thus minimize the residual sum of squares. 

Collect the equations in [9.2.3] for i = 1, 2, ... , k in a (k x 1) vector 
equation 

2, = 6'x,, [9.2.4) 

where the (k x r) matrix 6' is given by 

[6;1 6' [T ][T ]-1 6' = .2 = _L z,x; L x,x; 
: t=l 1-1 

6" 

[9.2.5) 

The two-stage least squares (2SLS) estimate of 13 is found from an OLS regression 
of y, on 2,: 

~2Sl.S = [± 2,2;]-l[± 2,y,]. 
,-1 ,-1 

[9.2.6] 

An alternative way of writing [9.2.6] is sometimes useful. Let e1r denote the 
sample residual from OLS estimation of [9.2.2]; that is, let 

Zu = 6!x, + e;, = fu + e;,. 

OLS causes this residual to be orthogonal to x,: 
T .z: x,e;, = o, 

t=l 

meaning that the residual is orthogonal to zi,: 
T T 

L ipe;, = 6J .Z: x,e;, = o. 
t• I 1-1 

Hence, if [9.2. 7] is multiplied by zi, and summed over t, the result is 
T T T 

.Z: zj,z;, = .Z: zj,(z;, + eu) = .Z: zj,zi, 
r-1 ,-1 1-1 

for all i and j. This means that 
T T 

,L 2,z; = ,L z,z;, 
1- 1 1- 1 

so that the 2SLS estimator [9.2.6] can equivalently be written as 

[9.2.7] 

P2sLS = [f i,z;]-'[f i,y,]. [9.2.8] 
1• l 1-l 
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Consistency of 2SLS Estimator 

Substituting [9.2.1] into [9.2.8], 

~2sLs,T = [£ z,z;]-1[£ z,(z;(l + u,)] 
t•l t=l 

= 13 + [f z,z;]-1[£ z,u,], 
r= 1 r=l 

(9.2.9] 

where the subscript T has been added to keep explicit track of the sample size T 
on which estimation is based. It follows from [9.2.9] that 

~2SLS,T - 13 = [(1/T) £ z,z:]-1[(1/T) £ z,u,]. 
1-1 t=l 

[9.2.iO] 

Consistency of the 2SLS estimator can then be shown as follows. First note 
from [9.2.4] and [9.2.5] that 

T T 

(1/T) L z,z; = 6~ (1/T) .Z: x,z; 
,_ 1 t= 1 

(9.2.11] 

Assuming that the process (z,, x,) is covariance-stationary and ergodic for second 
moments, 

T 

(1/T) L z,z; -!:. Q, 
t=l 

where 

Q = [E(z,x;)][E(x,x;)J- 1[E(x,z;)]. 

Turning next to the second term in [9.2.10], 

[ (1/T) f z,u,] = 67 (1/T) f x,u,. 
t= 1 t• l 

Again, ergodicity for second moments implies from [9.2.5] that 

• p 

67--+ [E(z,x;)][E(x,x;)J- 1, 

while the law of large numbers will typically ensure that 

T 

(1/T) ,L x,u,-!:. E(x,u,) = 0, 
/=l 

under the assumed absence of correlation between x, and u,. Hence, 

[ (1/T) f z,u,] -!:. o. 
,_ 1 

Substituting [9.2.12] and [9.2.15] into [9.2.10], it follows that 

~2SLS,T - 13 ~ Q-1.0 = 0. 
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Hence, the 2SLS estimator is consistent as long as the matrix Q in [9.2.13] is 
nonsingular. 

Notice that if none of the predetermined variables is correlated with Ztt, then 
the ith row of E(z,x;) contains all zeros and the corresponding row of Qin [9.2.13] 
contains all zeros, in which case 2SLS is not consistent. Alternatively, if zit is 
correlated with x, only through, say, the first element x1, and z1, is also correlated 
with x, only through x1,, then subtracting some multiple of the ith row of Q from 
the jth row produces a row of zeros, and Q again is not invertible. In general, 
consistency of the 2SLS estimator requires the rows of E(z,x:) to be linearly in
dependent. This essentially amounts to the requirement that there be a way of 
assigning instruments to endogenous variables such that each endogenous variable 
has an instrument associated with it, with no instrument counted twice for this 
purpose. 

Asymptotic Distribution of 2SLS Estimator 

Equation [9.2.10] implies that 

vT(P2SLS.T - P) = [(1/T) f i,z;]-
1
[(1/v'T) f i,u,], [9.2.16] 

,-1 ,-1 

where 

[ (1/v'T) f i,u,] = 3i-(1/v'T) f x,u,. 
1=1 l•l 

Hence, from [9.2.12] and [9.2.14], 

v'T(l32SLs,r - P) .!:+ Q- 1-[E(z,x;)][E(x,X:)]-1( (1/v'T) ,t x,u,). [9.2.17] 

Suppose that x, is covariance-stationary and that {u,} is an i.i.d. sequence with 
mean zero and variance u 2 with u, independent of x, for alls s t. Then {x,u,} is a 
martingale difference sequence with variance-covariance matrix given by 
u 2·E(x,x;). If u, and x, have finite fourth moments, then we can expect from 
Proposition 7.9 that 

( (1/v'T) t x,u)...; N(O, u 2·E(x,x;)). 

Thus, [9.2.17] implies that 

v'T(P2SLS,T - P)...; N(O, V), 

where 

V = Q- 1[E(z,x;)][E(x,x;)J- 1[u2·E(x,x;)][E(x,x;W 1[E(x,z;)JQ- 1 

= u2Q-1·Q·Q-1 
= u2Q-1 

for Q given in [9.2.13]. Hence, 

132SLS,r = N(p, (l/T)u 2Q- 1). 

[9.2.18] 

[9.2.19] 

[9.2.20] 

[9.2.21] 
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Since 13isLs is a consistent estimate of fl, clearly a consistent estimate of the 
population residual for observation t is afforded by 

U1,T "= Yt - z: 132SLS, T ~ U, • [9.2.22) 

Similarly, it is straightforward to show that a-2 can be consistently estimated by 

T 

u} = (1/T) _L (Yr - ztl3isLs,T)2 [9.2.23] 
,-1 

(see Exercise 9.1). Note well that although 13isLs can be calculated from an OLS 
regression of Yr on z,, the estimates a, and u2 in [9.2.22) and [9.2.23) are not based 
on the residuals from this regression: 

a, i= Yr - z: 132sLS 
T 

&2 i= (l!T) .Z: (Yr - z: 13isLSF-,-1 

The correct estimates [9.2.22) and [9.2.23] use the actual explanatory variables z, 
rather than the fitted values z,. 

A consistent estimate of Q is provided by [9.2.11]: 

T 

Or = (1/T) L z,z; 
1-1 

. = [ (1/T) ,t z,x;] [ (1/T) ,t, x,X: rT (1/T) ,i x,z:]. 
[9.2.24] 

Substituting [9.2.23) and [9.2.24] into [9.2.21], the estimated variance-covariance 
matrix of the 2SLS estimator is 

[ 
T ]-1 

Vr!T = u}·(l/T)· (1/T) L z,z; ,-1 

= u}·{ [f z,x;] [f x,x:]-1[f x,z:]}-1 

t=l ,-1 t-1 

A test of the null hypothesis Rfl = r can thus be based on 

(Rl3isLs,r - r)'[R(V7/T)R'J- 1(Rl32sLs,r - r), 

[9.2.25) 

[9.2.26] 

which, under the null hypothesis, has an asymptotic distribution that is x2 with 
degrees of freedom given by m, where m represents the number of restrictions or 
the number of rows of R. 

Heteroskedasticity- and autocorrelation-consistent standard errors for 2SLS 
estimation will be discussed in Chapter 14. 

Instrumental Variable Estimation 

Substituting [9.2.4) and [9.2.5] into [9.2.8), the 2SLS estimator can be written as 

13isLs = [f t•x,z;]-1[± t•x,y,] 
t•I t•l 

= {[f z,x;] [f x,x;]-1[f x,z:]}-'{[f z,x;] [f x,x;]-1[f x,y,]}. 
r-1 t..,1 r=l t-1 r=l t=l 

[9.2.27) 
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Consider the special case in which the number of instruments is exactly equal to 
the number of endogenous explanatory variables, so that r = k, as was the case 
for estimation of the demand curve in Section 9.1. Then IT~1z,x; is a (k x k) 
matrix and [9.2.27] becomes 

~IV= {[f x,z;]-1[f x,x:]lf z,x;]-1
} 

/=l t=l 1-1 

x {lf z,x:][f x,x;]-1[f x,y,]} 
r-1 t-1 t•l 

[9.2.28] 

[f x,z;]-
1[f x,y,]. 

1-1 1-1 

Expression [9.2.28] is known as the instrumental variable (IV) estimator. 
A key property of the IV estimator can be seen by premultiplying both sides 

of [9.2.28] by If_1x,z;: 
T T 

L x,z; ~JV = L x,y,, 
,-1 1-1 

implying that 
T 

L x,(y, - z;'31v) = 0. [9.2.29] 
,-1 

Thus, the IV sample residual (y1 - z; (3 JV) has the property that it is orthogonal 
to the instruments x,, in contrast to the OLS sample residual (y, - z;b), which is 
orthogonal to the explanatory variables z,. The IV estimator is preferred to OLS 
because the population residual of the equation we are trying to estimate ( u,) is 
correlated with z, but uncorrelated with x,. 

Since the IV estimator is a special case of 2SLS, it shares the consistency 
property of the 2SLS estimator. Its estimated variance with i.i.d. residuals can be 
calculated from [9.2.25]: 

[ T ]-llT ][T ]-1 u} L x,z; L x,X: L z,x; 
t=l r-1 t-=1 

[9.2.30] 

9.3. Identification 
We noted in the supply-and-demand example in Section 9.1 that the demand 
elasticity /3 could not be estimated consistently by an OLS regression of quantity 
on price. Indeed, in the absence of a valid instrument such as w,, the demand 
elasticity cannot be estimated by any method! To see this, recall that the system 
as written in [9.1.1] and [9.1.2] implied the expressions [9.1.4] and [9.1.3]: 

q = _'Y_ e'! - _/3_ e' 
I -y-/3 t -y-/3 I 

r,4 - e: 
p, = --a-· 

')' - ,., 
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If ef and et are i.i.d. Gaussian, then these equations imply that the vector (q., p, )' 
is Gaussian with mean zero and variance-covariance matrix 

This matrix is completely described by three magnitudes, these being the variances 
of q and p along with their covariance. Given a large enough sample, the values 
of these three magnitudes can be inferred with considerable confidence, but that 
is all that can be inferred, because these magnitudes can completely specify the 
process that generated the data under the maintained assumption of zero-mean 
i.i.d. Gaussian observations. There is no way to uncover the four parameters of 
the structural model (P, 'Y, u~, u;) from these three magnitudes. For example, the 
values (p, y, u~, u;) = (1, 2, 3, 4) imply exactly the same observable properties 
for the data as would (p, 'Y, u~, u;) = (2, 1, 4, 3). 

If two different values for a parameter vector 8 imply the same probability 
distribution for the observed data, then the vector 8 is said to be unidentified. 

When a third Gaussian white noise variable w, is added to the set of obser
vations, three additional magnitudes are available to characterize the process for 
observables, these being the variance of w, the covariance between w and p, and 
the covariance between w and q. If the new variable w enters both the demand 
and the supply equation, then three new parameters would be required to estimate 
the structural model-the parameter that summarizes the effect of w on demand, 
the parameter that summarizes its effect on supply, and the variance of w. With 
three more estimable magnitudes but three more parameters to estimate, we would 
be stuck with the same problem, having no basis for estimation of p. 

Consistent estimation of the demand elasticity was achieved by using two
stage least squares because it was assumed that w appeared in the supply equation 
but was excluded from the demand equation. This is known as achieving identi
fication through exclusion restrictions. 

We showed in Section 9.2 that the parameters of an equation could be esti
mated (and thus must be identified) if (1) the number of instruments for that 
equation is at least as great as the number of endogenous explanatory variables 
for that equation and (2) the rows of E(z,x;) are linearly independent. The first 
condition is known as the order condition for identification, and the second is 
known as the rank condition. 

The rank condition for identification can be summarized more explicitly by 
specifying a complete system of equations for all of the endogenous variables. Let 
y, denote an (n x 1) vector containing all of the endogenous variables in the 
system, and let x, denote an (m x 1) vector containing all of the predetermined 
variables. Suppose that the system consists of n equations written as 

By, + rx, = u,, [9.3.1] 

where Band rare (n x n) and (n x m) matrices of coefficients, respectively, and 
u, is an (n x 1) vector of disturbances. The statement that x, is predetermined is 
taken to mean that E(x,u;) = 0. For example, the demand and supply equations 
considered in Section 9.1 were 

q, =Pp,+ Uf 

q, = 'YP, + hw, + u; 
(demand) 

(supply). 
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For this system, there are n = 2 endogenous variables, with y, = (q,, p,) 1 ; and 
m = 1 predetermined variable, so that x, = w,. This system can be written in the 
form of (9.3.1] as 

[9.3.4] 

Suppose we are interested in the equation represented by the first row of the 
vector system of equations in (9.3.l]. Let Yo, be the dependent variable in the first 
equation, and let y1, denote an (n 1 x 1) vector consisting of those endogenous 
variables that appear in the first equation as explanatory variables. Similarly, let 
x1, denote an (m 1 x 1) vector consisting of those predetermined variables that 
appear in the first equation as explanatory variables. Then the first equation in the 
system is 

Yo, + Bo1Y1r + ro1X1, = Uo,, 

where B01 is a (1 x n 1) vector and r 01 is a (1 x m1) vector. Let y 2, denote an 
(n2 x 1) vector consisting of those endogenous variables that do not appear in the 
first equation; thus, y; = (y0,, y;,, y2,) and 1 + n 1 + n2 = n. Similarly, let x2, 

denote an (m2 x 1) vector consisting of those predetermined variables that do not 
appear in the first equation, so that x; = (x ;,, x;,) and m1 + m2 = m. Then the 
system in [9.3.1] can be written in partitioned form as 

[9.3.5] 

Here, for example, B12 is an (n1 x n2) matrix consisting of rows 2 through (n1 + 1) 
and columns (n1 + 2) through n of the matrix B. 

An alternative useful representation of the system is obtained by moving rx, 
to the right side of [9.3.1] and premultiplying both sides by B- 1 : 

y, = -B- 1fx 1 + B- 1u, = Il'x, + v,, [9.3.6] 

where 

[9.3.7] 

[9.3.8] 

Expression (9.3.6] is known as the reduced-form representation of the structural 
system [9.3.1]. In the reduced-form representation, each endogenous variable is 
expressed solely as a function of predetermined variables. For the example of 
(9.3.4], the reduced form is 

[;:] -G =~rl ~h]w, + [~ =~rl:;J 
[1/(/3 - y)][ =; ~][~]w, 
+ [l/(/3 - y)][ =; ~][:;] 
[1/(/3 - y)][/3: ]w, + [1/(/3 - y)][-~:~: ~t]. 

[9.3.9] 
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The reduced form for a general system can be written in partitioned form as 

[Yo,] [Ilo1 Il02] [ ] [v °'] Y11 = flu Il12 :~ + V11 , 

Y2, Il21 Il22 Vu 

[9.3.10] 

where, for example, Il 12 denotes an (n1 X 111i) matrix consisting of rows 2 through 
(n 1 + 1) and columns (m 1 + 1) through m of the matrix Il'. 

To apply the rank condition for identification of the first equation stated 
earlier, we would form the matrix of cross products between the explanatory var
iables in the first equation (x 1, and y1,) and the predetermined variables for the 
whole system (x11 and xu): 

M = [E(x 1,x1,) E(x 11x;,)]. [9_3_11] 
E(y 1,x 1,) E(yi,x;,) 

In the earlier notation, the explanatory variables for the first equation consist of 
z, = ( x ;, , Yi,)', while the predetermined variables for the system as a whole consist 
of x, = (xi,, x~)'. Thus, the rank condition, which required the rows of E(z,x;) 
to be linearly independent, amounts to the requirement that the rows of the 
[(m 1 + n1) x m] matrix Min [9.3.11] be linearly independent. The rank condition 
can equivalently be stated in terms of the structural parameter matrices B and r 
or the reduced-form parameter matrix Il. The following proposition is adapted 
from Fisher,(1966) and is proved in Appendix 9.A at the end of this chapter. 

Proposition 9.1: If the matrix Bin [9.3.1] and the matrix of second moments of the 
predetermined variables E(x,x;) are both nonsingular, then the following conditions 
are equivalent: 

(a) The rows of the [(m1 + n1) x m] matrixM in [9.3.11] are linearly independent. 

(b) The rows of the [(n1 + n2) x (m2 + n2)] matrix 

[
r12 B12] 
r22 B22 

[9.3.12] 

are linearly independent. 
(c) The rows of the (n1 x m 2) matrix Il 12 are linearly independent. 

For example, for the system in [9.3.4], no endogenous variables are excluded 
from the first equation, and so y 0, = q,, y11 = p,, and y21 contains no elements. 
No predetermined variables appear in the first equation, and so x 1, contains no 
elements and Xu = w,. The matrix in [9.3.12] is then just given by the parameter 
I' 12 • This represents the coefficient on x21 in the equation describing y 11 and is equal 
to the scalar parameter - h. Result (b) of Proposition 9.1 thus states that the first 
equation is identified provided that h -4= 0. The value of Il 12 can be read directly 
off the coefficient on w, in the second row of [9.3.9] and turns out to be given by 
h/((3 - -y). Since Bis assumed to be nonsingular, ((3 - -y) is nonzero, and so 1'12 

is zero if and only if Il12 is zero. 

Achieving Identification Through Covariance Restrictions 

Another way in which parameters can be identified is through restrictions on 
the covariances of the errors of the structural equations. For example, consider 
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again the supply and demand model, (9.3.2] and (9.3.3]. We saw that the demand 
elasticity f3 was identified by the exclusion of w, from the demand equation. Con
sider now estimation of the supply elasticity -y. 

Suppose first that we somehow knew the value of the demand elasticity f3 
with certainty. Then the error in the demand equation could be constructed from 

uf = q, - f3p,. 
Notice that uf would then be a valid instrument for the supply equation [9.3.3], 
since uf is correlated with the endogenous explanatory variable for that equation 
(p,) but uf is uncorrelated with the error for that equation (u:). Since w, is also 
uncorrelated with the error u:, it follows that the parameters of the supply equation 
could be estimated consistently by instrumental variable estimation with x, 
(uf, w,)': 

[t:J = [~1;: L;:;,rT~1::J ~ [:l (9.3.13] 

where L indicates summation over t = 1, 2, ... , T. 
Although in practice we do not know the true value of (3, it can be estimated 

consistently by IV estimation of [9.3.2] with w, as an instrument: 

/3 = (Lw,p,)- 1(Lw,q,). 

Then the residual uf can be estimated consistently with uf = q, - f3p,. Consider, 
therefore, the estimator [9.3.13] with the population residual uf replaced by the 
IV sample residual: 

[9.3.14] 

It is straightforward to use the fact that~-':+ f3 to deduce that the difference between 
the estimators in [9.3.14] and (9.3.13] converges in probability to zero. Hence, the 
estimator [9.3.14] is also consistent. 

Two assumptions allowed the parameters of the supply equation ( -y and h) 
to be estimated. First, an exclusion restriction allowed f3 to be estimated consis
tently. Second, a restriction on the covariance between uf and u: was necessary. 
If u;1 were correlated with u:, then uf would not be a valid instrument for the 
supply equation and the estimator [9.3.13] would not be consistent. 

Other Approaches to Identification 

A good deal more can be said about identification. For example, parameters 
can also be identified through the imposition of certain restrictions on parameters 
such as (31 + (32 = 1. Useful references include Fisher (1966), Rothenberg (1971), 
and Hausman and Taylor (1983). 

9.4. Full-Information Maximum Likelihood Estimation 
Up to this point we have considered estimation of a single equation of the form 
y, = 13 'z, + u,. A more general approach is to specify a similar equation for every 
endogenous variable in the system, calculate the joint density of the vector of all 
of the endogenous variables conditional on the predetermined variables, and max
imize the joint likelihood function. This is known as full-information maximum 
likelihood estimation, or FIML. 
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For illustration, suppose in (9.3.1] that the (n x 1) vector of structural dis
turbances u, for date tis distributed N(O, D). Assume, further, that u, is independent 
of u,. for t :I- T and that u, is independent of xl. for all t and T, Then the reduced
form disturbance v, = s- 1u, is distributed N\O, s- 10(&- 1)'), and the reduced
form representation (9.3.6] implies that 

y,lx, - N( Il'x,, s- 1D(B- 1)') = N( -s- 1rx,, s- 10(&- 1)'). 

The conditional log likelihood can then be found from 

~(B, r, D) 
T 

= L log/(y,lx,; B, r, D) ,-1 
= -(Tn/2) log(21T) - (T/2) loglB- 1D(B- 1)'1 

T 

- (1/2) L [y, + s- 1rx,]'[B- 1D(B- 1)'J-1[y, + B- 1rx,]. 
1=1 

But 

[y1 + B- 1rx,]'[B- 1D(B- 1)']- 1[y1 + s- 1rx,] 
= (y1 + s- 1rx 1]'[B'D- 1B][y1 + B- 1rx,] 

[9.4.1] 

= [B(y, + s- 1rx,)]'D- 1(B(y, + s- 1rx,)] [9.4.2] 
= (By, + rx,]'D- 1(By, + rx,]. 

Furthermore, 

1s-1o(s-1rl = 1n-1l·IDI-IB-1I 
= IDI/IBl2. 

Substituting [9.4.2] and (9.4.3] into (9.4.1], 

[9.4.3] 

~(B, r, D) = -(Tn/2) log(21T) + (T/2) loglBl2 (9.4.4] 
T 

- (T/2) loglDI - (1/2) L [By, + rx,]'n- 1[By, + rx,]. 
,-1 

The FIML estimates are then the values of 8, r, and D for which (9.4.4] is max
imized. 

For example, for the system of [9.3.4], the FIML estimates of /3, 'Y, h, u~, 
and u: are found by maximizing 

;£({3, 'Y, h, O"~, un 
= - Tlog(21r) + ! log 11 - /312 - ! log Io-~ 0 I 

2 1 --y 2 0 u; 

- _21 f {[q, - {3p, q,- 'YP, - hw,][uo} 02)-1 [ _q,- /3!,h ]} 
1•1 u, q, 'YP, w, 

= -Tlog(21r) + Tlog(-y- /3) - (T/2)1og(u~ [9.4.5] 
T 

- (T/2) log(u;) - (1/2) L (q, - /3p,)2lu} 
,-1 

T 

- c112) L (q, - 'YP, - hw,)2tu;. 
,-1 
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The first-order conditions for maximization are 
T 

T ,~1 (q, - /3p,)p, 
--- + == 0 

'Y - /3 u~ 
T 

a:£ T ,~1 (q, - 'YP, - hw,)p, 
-=--+ =0 
a-y 'Y - /3 a-; 

T 

L (q, - 'YP, - hw,)w, ,-1 
--------=0 

u"; 
T 

T I1 (q, - /3p,)2 

--+ = 0 
2u3 2u~ 

T 

L (q, - 'YP, - hw,)2 
T ,-1 

-- + ------- = 0. 
2u; 2u! 

[9.4.6] 

[9.4.7] 

[9.4.8] 

[9.4.9] 

[9.4.10] 

The last two equations characterize the ma~imum likelihood estimates of the 
variances as the average squared residuals: 

T 

6-~ = (1/T) L (q, - {3p,)2 
,_ 1 

T 

6-; = (1/T) L (q,- 'YP, - hw,)2. 
r-1 

Multiplying equation [9 .4. 7] by (/3 - -y)/T results in 
T 

0 = -1 + L (q, - 'YP, - hw,)(f3p, - -yp,)l(Tu;) 
,-1 

T 

= -1 + L (q, - 'Y[J, - hw,)(f3p, - q, + q, - -yp,)l(Tu;). ,-1 
If [9.4.8] is multiplied by h/T and subtracted from [9.4.13], the result is 

T 

[9.4.11] 

[9.4.12] 

[9.4.13] 

0 = -1 + L ( q, - 'YP, - hw,)(f3p, - q, + q, - 'YP, - hw,)l(Tu;) ,-1 
T 

-1 + L (q, - 'YP, - hw,)(/3p, - q,)l(Tu;) 
1- 1 

T 

+ L (q, - 'YP, - hw,)2/(Tu;) 
,-1 

T 

-1 - L (q, - -yp,- hw,)(q, - f3p,)/(Tu;) + 1, 
,-1 

by virtue of [9.4.12]. Hence, the MLEs satisfy 

T • • L (q, - w, - hw,)(q, - f3p,) = o. [9.4.14] 
1-1 

.4. Full-lnfnrmannn Mnrimum T ;1r,,u1,,,..,..,1 1i'oti ... ntlnM ?AO 



Similarly, multiplying [9.4.6] by ('Y - (3)/T, 
T 

o = -1 + L (q, - ~p,)('YP, - q, + q, - ~P¥(Tu~> 
l•l 

T T 

= -1 - L (q, - ~p,)(q, - 'YP,)t(Tu~> + L (q, - ~p,>2t<Tu~>-,-1 r•t 

Using [9.4.11], 
T 

L (q, - pp,)(q, - "YP,) = 0. [9.4.15] 
,-1 

Subtracting [9.4.14] from [9.4.15], 

T T 

0 = L (q, - ~p,)[(q, - w,) - (q, - 'YP, - iiw,)] = ii L (q, - pp,)w,. ,-1 ,-1 
Assuming that ii + 0, the FIML estimate of~ thus satisfies 

T 

L (q, - pp,)w, = O; ,-1 
that is, the demand elasticity is chosen so as to make the estimated residual for 
the demand equation orthogonal to w,. Hence, the instrumental variable estimator 
Pw turns out also to be the FIML estimator. Equations [9.4.8] and [9.4.14] assert 
that the patameters for the supply equation ('Y and h) are chosen so as to make 
the residual for that equation orthogonal to w, and to the demand residual at = 
q, - ~p,. Hence, the FIML estimates for these parameters are the same as the 
instrumental-variable estimates suggested in [9.3.14]. 

For this example, two-stage least squares, instrumental variable estimation, 
and full-information maximum likelihood all produced the identical estimates. This 
is because the model is ju.st identified. A model is said to be just identified if for 
l!IlY admissible value for the parameters of the reduced-form representation there 
exists a unique value for the structural parameters that implies those reduced-form 
parameters. A model is said to be overidentified if some admissible values for the 
reduced-form parameters are ruled out by the structural restrictions. In an over
identified model, IV, 2SLS, and FIML estimation are not equivalent, and FIML 
typically produces the most efficient estimates. 

For a general overidentified simultaneous equation system with no restrictions 
on the variance-covariance matrix, the FIML estimates can be calculated by iter
ating on a procedure known as three-stage least squares; see, for example, Maddala 
(1977, pp. 482-90). Rothenberg and Ruud (1990) discussed FIML estimation in 
the presence of covariance restrictions. FIML estimation of dynamic time series 
models will be discussed further in Chapter 11. 

9.5 Estimation Based on the Reduced Form 
If a system is just identified as in [9.3.2] and [9.3.3] with u1 uncorrelated with u:, 
one approach is to maximize the likelihood function with respect to the reduced
form parameters. The values of the structural parameters associated with these 
values for the reduced-form parameters are the same as the FIML estimates in a 
just-identified model. 
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The log likelihood [9.4.1] can be expressed in terms of the reduced-form 
parameters Il and O as 

T 

.;ecn, 0) = :z:'. log f(y,lx,; n, 0) ,-1 
- (Tn/2) log(27r) - (T/2) loglOI [9.5.1] 

T 

- (1/2) L [y, - Il'x 1]'0- 1[y1 - Il'x,], ,-1 

where O = E(v,v;) = s- 1D(B- 1)'. The value of TI that maximizes [9.5.1] will be 
shown in Chapter 11 to be given by 

in other words, the ith row of n· is obtained from an OLS regression of the ith 
endogenous variable on all of the predetermined variables: 

fr,= [f Y11x:][f x,x;]-
1 

t-1 t• l 

The MLE of O turns out to be 

ti= (1/T) [£ (y, - n•x,)(y, - n•x,)']. 
l•l 

For a just-identified model, the FIML estimates are the values of (B, r, D) for 
which Il' = -s- 1r and fi = s- 1D(B- 1)'. 

We now show that the estimates of B, r, and D inferred in this fashion from 
the reduced-form parameters for the just-identified supply-and-demand example 
are the same as the FIML estimates. The estimate fr1 is found by OLS regression 
of q, on w,, while ir2 is the coefficient from an OLS regression of p, on w,. These 
estimates satisfy 

T 

L (q, - fr1w,)w1 = 0 
l•l 

T 

L (p, - -1T2w,)w, = 0 
l•l 

and 

The structural estimates satisfy sn• = - r or 

[9.5.2] 

[9.5.3] 

I(q, - fr1w,)(:' -/ 2w1)]. 
I(p, - 'l'l'zW,) 

[9.5.4] 

[9.5.5] 

Q .'i F.stimn.tinn Rn.o,t! nn ,1,,. R1>nur1>n ,.,......, ')1;1 



Multiplying [9.5.3] by~ and subtracting the result from [9.5.2] produces 
T 

0 = L (q, - fr 1w, - ~p, + ~fr 2w,)w, 
,-1 

T T 

= L (q, - ~p,)w, - L (fr1 - ~ft2)w: 
,-1 ,-1 

T 

= L (q, - ~p,)w,, 
,-1 

by virtue of the first row of [9.5.5). Thus, the estimate of ~ inferred from the 
reduced-form parameters is the same as the IV or FIML estimate derived earlier. 
Similarly, multiplying [9.5.3] by 'Y and subtracting the result from [9.5.2] gives 

T 

0 = L (q, - 1T1w, - 'YP, + -yfr 2w,)w, 
,-1 

T 

= L [q, - 'YP, - (ft1 - 'Y'IT2)w,]w, 
,-1 

T 

= L [q, - 'YP, - hw,]w,, 
,-1 

by virtue of the second row of [9.5.5], reproducing the first-order condition [9.4.8] 
for FIML. FIJ!ally, we need to solve D = BllB' for D and -y(the remaining element 
of 8). These equations are 

[~~ ::] 
= [i =~J[g:: g::][ !~ !'Y] 

= ½t {[i =~][;: = !:::}q1 - ft1w, p, - fr2w,][ !~ !'Y]} 

= ! f ·{[q, -~p, -(~1 - ~!2)w,][q, - ~p, -(~1 - ~!Jw,J'} 
T ,-1 q, - 'YP, - ( 1T1 - 'Y'IT2)w, q, - 'YP, - ( 1T1 - 'Y?TJw, 

= ½.t {[ q, !\;,~!'hwJq, - ~p, q, - 'YP, - hw,] }-

The diagonal elements of this matrix system of equations reproduce the earlier 
formulas for the FIML estimates ofthe variance parameters, while the off-diagonal 
element reproduces the result [9.4.14]. 

9.6. Overview of Simultaneous Equatioris Bias 
The problem of simultaneous equations bias is extremely widespread in the social 
sciences. It is rare that the relation that we are interested in estimating is the only 
possible reason why the dependent and explanatory variables might be correlated. 
For example, consider trying to estimate the effect of military service on an indi
vidual's subsequent income. This parameter cannot be estimated by a regression 
of income on a measure of military service and other observed variables. The error 

252 Chapter 9 I Linear Systems of Simultaneous Equations 



term in such a regression represents other characteristics of the individual that 
influence income, and these omitted factors are also likely to have influenced the 
individual's military participation. As another example, consider trying to estimate 
the success of long prison sentences in deterring crime. This cannot be estimated 
by regressing the crime rate in a state on the average prison term in that state, 
because some states may have adopted stiffer prison sentences in response to higher 
crime. The error term in the regression, which represents other factors that influ
ence crime, is thus likely also to be correlated with the explanatory variable. 
Regardless of whether the researcher is interested in the factors that determine 
military service or prison terms or has any theory about them, simultaneous equa
tions bias must be recognized and dealt with. 

Furthermore, it is not enough to find an instrument x, that is uncorrelated 
with the residual u,. In order to satisfy the rank condition, the instrument x, must 
be correlated with the endogenous explanatory variables z,. The calculations by 
Nelson and Startz (1990) suggest that very poor estimates can result if x, is only 
weakly correlated with z,. 

Finding valid instruments is often extremely difficult and requires careful 
thought and a bit of good luck. For the question about military service, Angrist 
(1990) found an ingenious instrument for military service based on the institutional 
details of the draft in the United States during the Vietnam War. The likelihood 
that an individual was drafted into military service was determined by a lottery 
based on birthdays. Thus, an individual's birthday during the year would be cor
related with military service but presumably uncorrelated with other factors influ
encing income. Unfortunately, it is unusual to be able to find such a compelling 
instrument for many questions that one would like to ask of the data. 

APPENDIX 9.A. Proofs of Chapter 9 Proposition 

• Proof of Proposition 9.1. We first show that (a) implies (c). The middle block of (9.3.10] 
states that 

Hence, 

[9.A.1] 

since x, is uncorrelated with u, and thus uncorrelated with v,. 
Suppose that the rows of M are linearly independent. This means that 

[A' µ']M ,#, O' for any (m1 X 1) vector A and any (n1 x 1) vector p. that are not both 
zero. In particular, [- p.'0 11 p.']M ,#, O'. But from the right side of [9.A.1], this implies 
that 

for any nonzero (n, x 1) vector p.. But this could be true only if p.'0 12 ,#, 0'. Hence, if the 
rows of Mare linearly independent, then the rows of 0 12 are also linearly independent. 
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To prove that (c) implies (a), premultiply both sides of (9.A.lJ by any nonzero vector 
[A' µ']. The right side becomes 

[A' µ•i[;,; ;JE(x,x;) = [(A' + µ'1111) µ'fi 12JE(x,x;) = 11'E(x,x;}, 

where 11' "" [(A' + µ'1111) µ'1112). If the rows of Il 12 are linearly independent, then 11' 
cannot be the zero vector unless both µ and A are zero. To see this, note that ifµ is nonzero, 
then µ'1112 cannot be the zero vector, while ifµ = 0, then 11 will be zero only if A is also 
the zero vector. Furthermore, since E(x,x;} is nonsingular, a nonzero 11 means that 
11' E(x,x;) cannot be the zero vector. Thus, if the right side of (9.A.l] is premultiplied by 
any nonzero vector (A', µ'), the result is not zero. The same must be true of the left side: 
[A' µ'JM ,/= 0' for any nonzero (A', µ'), establishing that linear independence of the rows 
of 1112 implies linear independence of the r<;>ws of M. 

To see that (b) implies (c), write (9.3.7] as 

[
1101 1102] _ 1 [r OI 0' l 
1111 II,2 = -8 r" r12 . 
II,1 rr,, r 21 r,, 

[9.A.2] 

We also have the identity 

[~
1 0' O' l [ 1 8 01 O' l 

_In, 0 = e- 1 8 10 B,. B12 • 

0 I"' 8 20 B21 B22 

[9.A.3] 

The system of equations represented by the second block column of [9.A.2] and the third 
block column of (9.A.3) can be collected as 

[
1102 O' l [ O' O' l 
II,2 o = 8- 1 -r12 B,2. 
1122 I,., - r 22 B22 

[9.A.4] 

If both sides of [9.A.4] are premultiplied by the row vector (0 µ; 0'] where fJ.1 is 
any (n 1 x 1} vector, the result is 

[ O' O' l [µ;II,, O'] = (0 µ; O'J8- 1 -r 12 8,, 
-r,, 822 

[ O' O' l = [Ao A; Ai] -r 12 8,, [9.A.5] 

-r,, 822 

= [A; Aii[ -r,, 
-r,, 

B,,] 
Bn , 

where 

[Ao A; Ai]• (0 µ; 0'J8- 1, 

implying 

(0 µ; O'] = [Ao A; A2]8. [9.A.6] 

Suppose that the rows of the matrix (B~ fill are linearly independent. Then the only 
values for A.1 and A.2 for which the right side of (9.A.5] can be zero are A.1 = 0 and A.2 = 
0. Substituting these values into [9.A.6], the only value of µ 1 for which the left side of 
(9.A.5] can be zero must satisfy 

(0 µ; O'] = [A0 0' 0']8 
= (Ao A0B01 0']. 

Matching the first elements in these vectors implies A0 = 0, and thus matching the second 
elements requires µ 1 = 0. Thus, if condition (b) is satisfied, then the only value ofµ, for 
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which the left side of [9.A.5] can be zero is µ, = 0, establishing that the rows of n,2 are 
linearly independent. Hence, condition (c) is satisfied whenever (b) holds. 

Conversely, to see that (c) implies (b), let A, and A.2 denote any (n, x 1) and (n, X 1) 
vectors, and premultiply both sides of [9.A.4] by the row vector (0 A; A~B: 

or 

[9.A.7] 

where 

[JLo l'i µ;] "" [O A; Ai)B. (9.A.8) 

Premultiplying both sides of equation (9.A.4) by B implies that 

[ 
1 Bo, O' l[n02 O' l [ O' 

B10 B11 B12 IT12 0 = -r, 2 

B20 B21 B22 Il 22 I", - r22 

O' l B,, . 
B,, 

The upper left element of this matrix system asserts that 

(9.A.9) 

Substituting [9.A.9) into [9.A.7), 

(9.A.10] 

In order for the left side of [9.A.10) to be zero, it must be the case that 112 = 0 and that 

- /LoBo,Il,, + µ;IT,, = (11i - /LoBo,)Il,2 = 0'. 

But if the rows of IT12 are linearly independent, [9.A.11) can be zero only if 

I'; = /LuBo,, 

Substituting these results into [9.A.8], it follows that [9.A.10] can be zero only if 

[O Ai Ai]B = [/Lo /LoBo, O'] 

[ 
1 B01 O' l 

= [/Lo 0' O') B10 B11 B,2 

B20 B21 B22 

= [/Lo O' O')B. 

(9.A.11] 

[9.A.12] 

[9.A.13) 

Since Bis nonsingular, both sides of [9.A.13) can be postmultiplied by B- 1 to deduce that 
(9.A.10] can be zero only if 

(0 Ai A,i] = [µ.0 O' O']. 

Thus, the right side of (9.A.10] can be zero only if A.1 and A.2 are both zero, establishing 
that the rows of the matrix in [9.3.12] must be linearly independent. • 

Chapter 9 Exercise 

9.1. Verify that [9.2.23] gives a consistent estimate of u 2• 
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10 

Covariance-Stationary 
Vector Processes 

This is the first of two chapters introducing vector time series. Chapter 10 is devoted 
to the theory of multivariate dynamic systems. while Chapter 11 focuses on em
pirical issues of estimating and interpreting vector autoregressions. Only the first 
section of Chapter 10 is necessary for understanding the material in Chapter 11. 

Section 10.1 introduces some of the key ideas in vector time series analysis. 
Section 10.2 develops some convergence results that are useful for deriving the 
asymptotic properties of certain statistics and for characterizing the consequences 
of multivariate filters. Section 10.3 introduces the autocovariance-generating func
tion for vector processes. which is used to analyze the multivariate spectrum in 
Section 10.4. Section 10.5 develops a multivariate generalization of Proposition 
7.5. describing the asymptotic properties of the sample mean of a serially correlated 
vector process. These last results are useful for deriving autocorrelation- and het
eroskedasticity-consistent estimators for OLS, for understanding the properties of 
generalized method of moments estimators discussed in Chapter 14, and for deriving 
some of the tests for unit roots discussed in Chapter 17. 

10.1. Introduction to Vector Autoregressions 
Chapter 3 proposed modeling a scalar time series y, in terms of an autoregression: 

Y, = c + cf,,,y,_, + ¢2Y,-2 + · · · + cf,,µY,-,, + e,, [10.1.1] 

where 

E(e,) = 0 [ 10.1.2] 

otherwise. 
{

(]'2 
E(e,eT) = 0 

fort = T 
[10.1.3] 

Note that we will continue to use the convention introduced in Chapter 8 of using 
lowercase letters to denote either a random variable or its realization. This chapter 
describes the dynamic interactions among a set of variables collected in an (n x 1) 
vector y,. For example, the first element of y, (denoted y 1i) might represent the 
level of GNP in year t, the second element (y2,) the interest rate paid on Treasury 
bills in year t, and so on. A pth-order vector autoregression, denoted VAR(p), is 
a vector generalization of (10.1.1] through [10.1.3]: 

Y, = C + 4>1Y1-I + 4>2Y,-2 + ... + 4>pYt-p + E,. . [10.1.4] 

Here c denotes an (n x 1) vector of constants and 4>i an (n x n) matrix of 
autoregressive coefficients for j = 1, 2, ... , p. The (n x 1) vector e, is a vector 

257 



generalization of white noise: 

E(e,) = 0 

fort = T 

otherwise, 

with O an (n x n) symmetric positive definite matrix. 

[10. 1.5) 

[10.1.6) 

Let C; denote the ith element of the vector c and let cpJ/> denote the row i, 
column j element of the matrix 4)1• Then the first row of the vector system in 
[10.1.4) specifies that 

y,, = c, + <PWY,.1-1 + cp\~)Y2.,-I + • • • + cp\:JY,,.1-1 
+ <PWY,.,-2 + <Pfi>Yi.r-2 + · · · + <P\~!Yn.t-2 
+ ''' + cp\~>Yi.,-p + <PWY2.r-11 + ''' + <P\;,>Yn.1-p + Et,, 

[10.1.7) 

Thus, a vector autoregression is a system in which each variable is regressed on a 
constant and p of its own lags as well as on p lags of each of the other variables 
in the VAR. Note that each regression has the same explanatory variables. 

Using lag operator notation. [10.1.4) can be written in the form 

or 

fl)(L)y 1 = C + E1• 

Here fl,(L) indicates an (,z x n) matrix polynomial in the lag operator L. The row 
i, column j element of fl)(L) is a scalar polynomial in L: 

where 811 is unity if i = j and zero otherwise. 
A vector process y, is said to be covariance-stationary if its first and second 

moments (E[y,] and £[y,y;_ 1). respectively) are independent of the date t. If the 
process is covariance-stationary. we can take expectations of both sides of [10.1.4) 
to calculate the mean µ. of the process: 

or 

Equation (10.1.4) can then be written in terms of deviations from the mean as 

(y, - µ.) = 4),(Y,-, - µ.) 

+ fl,i(Y,-2 - µ.) + · · · + fl)p(Yr-p - µ.) + E,. 
[10.1.8) 
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Rewriting a V AR{p) as a V AR(J) 

As in the case of the univariate AR(p) process, it is helpful to rewrite [10.1.8] 
in terms of a VAR(l) process. Toward this end, define 

Y, - µ. 

! -[ y,_, - µ l [10.1.9] ( - . 
(np X l) : 

Yr-p+I JI, 

[~' 4>2 '1>3 fl>p-1 

11 
I,, 0 0 0 

F = 0 I,, 0 0 [10.1.10} 
(llfl X 11p) ~ 

0 0 I,, 

,.,': ,, ~ [!] 
The VAR(p) in [10.1.8} can then be rewritten as the following VAR(l): 

~' = F~,-, + v,. [10.1.11} 

where 

and 

E(v,v~) = {~ 

Q 
(11/J X llp) 

Conditions for Stationarity 

Equation [10.1.11} implies that 

fort = T 

otherwise 

t+., = v,+., + Fv,+,- 1 + F 2 v,+,- 2 + · · · + F·' - 1v,+ 1 + F-'~,. [10.1.12} 

In order for the process to be covariance-stationary, the consequences of any given 
t:, must eventually die out. If the eigenvalues of Fall lie inside the unit circle, then 
the VAR turns out to be covariance-stationary. 

The following result generalizes Proposition 1.1 from Chapter 1 (for a proof 
see Appendix 10.A at the end of this chapter). 

Proposition 10.1: The eigenvalues of the matrix Fin [10.1.10} satisfy 

[10.1.13} 

Hence, a VAR(p) is covariance-stationary as long as IAI < 1 for all values of 
A satisfying [10.1.13}. Equivalently, the VAR is covariance-stationary if all values 
of z satisfying 

II,, - 4>1z - 4>2z 2 - · · · - 4>PzPI = 0 

lie outside the unit circle. 
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Vector MA( 00 ) Representation 

The first n rows of the vector system represented in [10.1.12] constitute a 
vector generalization of equation [4.2.20]: 

Y,+., = µ. + Er+., + 'II' 1Er+., - I + 'll'2E,+.,-2 + · · ' + 'll'.,-1E,+ I 

+ F\'/(Yr - µ.) + F\'~(Yr-1 - µ.) + · · · + F\;J(Y,-11+ 1 - µ.). 
[10.1.14] 

Here 'IJri = F \{> and F \(> denotes the upper left block of Fi, where Fi is the matrix 
F raised to the jth power-that is, the (n X n) matrix Fl{> indicates rows 1 through 
11 and columns 1 through n of the (np x np) matrix Fi, Similarly, FW denotes the 
block of Fi consisting of rows 1 through n and columns (n + 1) through 211, while 
F\t> denotes rows 1 through n and columns [n(p - 1) + 1] through np of Fi. 

If the eigenvalues of F all lie inside the unit circle, then F"--> 0 as s-+ oc and 
y, can be expressed as a convergent sum of the history of E: 

Yr= µ. + E1 + '11'1Er-t + 'll'2Er-2 + 'll'3Er-3 + · · · ="' µ. + 'll'(L)E,, [10.1.15] 

which is a vector MA(oc) representation. 
Note that Yr-i is a linear function of ",-;, 1:\-;- 1 ••••• each of which is 

uncorrelated with E,+ 1 for j = 0, 1, .... It follows that Er+ 1 is uncorrelated with 
y, -i for any j 2= 0. Thus, the linear forecast of y, + 1 on the basis of y;, Yr- I• ••. is 
given by 

Yr+ !11 = !:1 + ll>1(Yr - µ.) + cl>z(y,_ I - µ.) + · · · + ll>,,(Yr-,,+ I - µ.), 

and E,+ 1 can be interpreted as the fundamental innovation for Yr+ 1, that is, the 
error in forecasting Yr+ 1 on the basis of a linear function of a constant and Yr, Yr-1, 

.... More generally, it follows from [10.1.14] that a forecast of Y,+, on the basis 
of y,, Yr-1, •.• will take the form 

Yr+,jr = µ. + F\'/(y, - µ.) + F\1(Yr- I - µ.) 

+ · · · + F\i(Yr-p+I - µ.). 
.[10.1.16] 

The moving average matrices 'II'; could equivalently be calculated as follows. 
The operators lf>(L) and 'll'(L) are related by 

'll'(L) = [lf>(LWI, 

requiring 

[I,, - lf>1L - ct>2 L 2 - • • • - ct>,,U'l[I,, + '11',L + 'lfr2 L 2 + · · ·] = I,.. 

Setting the coefficient on L I equal to the zero matrix, as in Exercise 3.3 of Chapter 
3, produces 

'11'1 - 11>1 = 0. 

Similarly, setting the coefficient on L 1 equal to zero gives 

'II', = cl>1'11'1 + 11>2, 

and in general for L', 

[10.1.17] 

[10.1.18] 

'II',.= «1>1'11',_1 + ct>2'1Jf,_2 + · · · + ct>P'll',_P fors = 1,2, ... , [10.1.19] 

with '11'11 = I,, and 'II'., = 0 for s < 0. 
Note that the innovation in the MA(oc) representation [10.1.15] is E,, the 

fundamental innovation for y. There are alternative moving average representations 
based on vector white noise processes other than Er. Let H denote a nonsingular 
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(n x n) matrix, and define 

u, = He,. [10.1.20] 

Then certainly u, is white noise. Moreover, from [10.1.15] we could write 

y, = µ. + H- 'He, + W,H- 1HE,_ 1 + W2H- 1He,_ 2 

+ '113H-'He,_3 + [10.1.21] 

where 

For example, H could be any matrix that diagonalizes 0, the variance-covariance 
matrix of e,: 

HOH'= D, 

with D a diagonal matrix. For such a choice of H, the elements of u, are uncorrelated 
with one another: 

E(u,u;) = E(He,e;H') = D. 

Thus, it is always possible to write a stationary VA R(p) process as a convergent 
infinite moving average of a white noise vector u, whose elements are mutually 
uncorrelated. 

There is one important difference between the MA(oc) representations [10.1.15] 
and [10.1.21 ], however. In [10.1.15], the leading MA parameter matrix ('1111) is the 
identity matrix, whereas in [10.1.21] the leading MA parameter matrix (J11) is not 
the identity matrix. To obtain the MA representation for the fundamental inno
vations, we must impose the normalization '1111 = I,,. 

Assumptions Implicit in a VAR 

For a covariance-stationary process, the parameters c and 4>,, ... , cl>P in 
equation [10.1.4] could be defined as the coefficients of the projection of y, on a 
constant and y,_ 1, ••• , Yr-p· Thus, e, is uncorrelated with y,_ 1, ..• , Y,-p by the 
definition of 4>,, ... , cl>P. The parameters of a vector autoregression can accord
ingly be estimated consistently with n OLS regressions of the form of [10.1.7]. The 
additional assumption implicit in a VAR is that the E, defined by this projection is 
further uncorrelated with y,_,,_,, y,_,,_2, .... The assumption that y, follows a 
vector autoregression is basically the assumption that p lags are sufficient to sum
marize all of the dynamic correlations between elements of y. 

10.2. Autocovariances and Convergence Results 
for Vector Processes 

The jth Autocovariance Matrix 

For a covariance-stationary n-dimensional vector process, the jth autocovar
iance is defined to be the following (n x n) matrix: 

ri = E[(y, - µ.)(Y,-i - µ.)']. [10.2.1] 

Note that although 'Y; = 'Y-i for a scalar process, the same is not true of a vector 
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process: 

ri 1' r_i. 

For example, the (1, 2) element of ri gives the covariance between y 11 and Y2.t-J· 

The (1, 2) element of r _, gives the covariance between y1, and Yz.r+J· There is no 
reason that these should be related-the response of y 1 to previous movements in 
y1 could be completely different from the response of y2 to previous movements 
iny 1• 

Instead, the correct relation is 

r; = r_,. [10.2.21 

To derive [10.2.2], notice that covariance-stationarity would mean that tin [10.2.1] 
could be replaced with t + j: · 

r, = E[(Y,+i - µ)(Y(t+i)-i - µ)'] = E[(Y,+1 - µ)(y, - µ)']. 

Taking transposes, 

r; = E[(y, - µ)(Y,+i - µ)'] = r -,, 
as claimed. 

Vector MA(q) Process 
A vector moving average process of order q takes the form 

y, = µ + e, + 0,e,_, + 02E,-2 + · · · + 0qEr-q• [10.2.3) 

where e, is a vector white noise process satisfying [10. 1.5] and [10. 1.6] and 8i 
denotes an (11 x n) matrix of MA coefficients for j = 1, 2, ... , q. The mean of 
y, is µ, and the variance is 

r 0 = E[(y, - µ)(y, - µ)'] 

= E[e,e;] + 8 1E[e,_ 1e;_i)8j + 82E[e,_ 2e;_ 2)8i 

+ · · · + 8qE[e·,-qe;_q)9~ 

= o + 0 100; + 0 200~ + · · · + 8qll0~. 

with autocovariances ! 0io + 0;+ 100; + 0j+200~ + .' ~ · + 0qoe ~-, 
for J - 1, 2, ...• q 

r, = oe'.., + 0,00·-;+1 + 0200'... 1+2 + · · · + 0,,+100; 
for j = -1, -2 •... , -q 

0 forlil>q, 
where 8 0 = I,,. Thus, any vector MA(q) process is covariance-stationary. 

Vector MA(oo) Process 
The vector MA(x) process is written 

Y, = µ + e, + 'll'1e,_1 + 'll'2E,_2 + · · · 
fore, again satisfying [10.1.5] and [10.1.6]. 

[10.2.4) 

[10.2.5) 

[10.2.6) 

A sequence of scalars {h_,}; __ ,. was said to be absolutely summable if 
~;= _.,. lh,I < 00. For H, an (n x m) matrix, the sequence of matrices {II.};'._,. is 

262 Chapter 10 I Covariance-Stationary Vector Processes 



absolutely summable if each of its elements forms an absolutely summable scalar 
sequence. For example, if tJ,)j' denotes the row i, column j element of the moving 
average parameter matrix 'II, associated with lags, then the sequence {'11,}.:'=u is 
absolutely summable if 

" I lt/l!PI < 00 
.r-o 

for i = 1, 2, ... , n andj = 1, 2, ... , n. [10.2.7] 

Many of the results for scalar MA(oc) processes with absolutely summable 
coefficients go through for vector processes as well. This is summarized by the 
following theorem. proved in Appendix 10.A to this chapter. 

Proposition 10.2: Let y, be an (n x 1) vector satisfying 

" 
Y, = fl.+ L 'llke,-k• 

k=ll 

where e, is vector white noise satisfying [ /0. / .5] and [ 10.1.6] and {'llk}';:_0 is absolutely 
summable. Let Y;, denote the ith elemetlt of y,, and let /J,; denote the ith element of 
fl.· Then 

(a) the autocovariance between the ith variable at time t and the jth variable s 
periods earlier. E(y;, - µ,;)(Y;.,-, - µ,1), exists and is given by the row i, 
column j element of 

" r. = I w.+,.nw:. for s = 0, 1, 2, ... ; 
1•-U 

(b) the sequence of matrices {r,}_;_0 is absolutely summable. 

If, furthermore, {e,};'.,. _" i.s an i.i.d. sequence with Eie;,_,e;,_,e;,.,e;,.,I < 00 for i., i2 , 

i3 , i4 = 1, 2, ... , n, then also, 

(c) EIY;,.,,Y;,.,,Y;_,.,,Y;,.,.I < 00 .for i 1, i2 , iJ, i4 = 1, 2, ... , n and for all t 1 , t2 , 

13' 14; ., 
(d) (1/T) L Y11Y1.,-, .!+ E(YuY;.,- .• ) for i, j = 1, 2, .. ; , n and for alls. 

t=I 

Result (a) implies that the second moments of an MA(oc) vector process with 
absolutely summable coefficients can be found by taking the limit of [10.2.5] as 
q-+ oo. Result (b) is a convergence condition on these moments that will turn out 
to ensure that the vector process is ergodic for the mean (see Proposition 10.5 later 
in this chapter). Result (c) says that y, has bounded fourth moments, while result 
(d) establishes that y, is ergodic for second moments. 

Note that the vector MA(oo) representation of a stationary vector autoregres
sion calculated from [10.1.4] satisfies the absolute summability condition. To see 
this, recall from [10.1.14] that 'II, is a block of the matrix F•. If F has np distinct 
eigenvalues (A., A2, ••• , A,,p), then any element of 'II, can be written as a weighted 
average of these eigenvalues as in equation [1.2.20]; 

t/llj' = c,(i,j)·>.1 + c2(i,j)·A~ + · · · + c,,P(i,j)·>.:,,,, · 

where c,.(i, j) denotes a constant that depends on v, i, and j but nots. Absolute 
summability (10.2,7] then follows from the same arguments as in Exercise 3.5. 
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Multivariate Filters 

Suppose that the (11 x 1) vector y, follows an MA(oo) process: 

Y, = µ.y + W(L)e,, [10.2.8) 

with {WkH=u absolutely summable. Let {HkH= -x be an absolutely summable se
quence of (r x n) matrices and suppose that an (r x 1) vector x, is related toy, 
according to 

That is, 

X 

X, = H(L)y, = L HkYr-k· 
k- -x 

x, = H(L)[µ.y + W(L)e,] 

= H(l)µ.y + H(L)W(L)e, 

= fJ.x + B(L)e,, 

where Jl.x = H(l)µ.y and B(L) is the compound operator given by 
X 

B(L) = L BkU = H(L)W(L). 
k- -x 

[10.2.9) 

[10.2.10) 

[10.2.11) 

The following proposition establishes that x, follows an absolutely summable two
sided MA(oc)--process. 

Proposition 10.3: Let {Wk}k=II be an absolutely summable sequence of (n x n) 
matrices and let {Hk}k = _,., be an absolutely summable sequence of (r x n) matrices. 
Then the sequence of matrices {Bk}k= -x associated with the operator B(L) = H(L)W(L) 
is absolutely summable. 

If {e,} in [10.2.8) is i.i.d. with finite fourth moments, then {x,} in [10.2.9) has 
finite fourth moments and is ergodic for second moments. 

VectorAutoregression 

Next we derive expressions for the second moments for y, following a VAR(p ). 
Let ~, be as defined in equation [10.1.9). Assuming that ~ and y are covariance
stationary, let I denote the variance of ~. 

I= E(U;) 

([ 
Y, - µ. l = E Y,-1 - µ. 

Yt-p+ :I µ. 

X [(y, - µ.)' (y,_ I - µ.)' 

[ 
ru r1 
r; ru 

ri-1 r;i-2 

r,,_] 
r"-2 . , 

ro [10.2.12] 
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where ri denotes the jth autocovariance of the original process y. Postmultiplying 
[10.1.11] by its own transpose and taking expectations gives 

E[U:l = E[(F~,-, + v,)(F~,-, + v,)'l = F£(~ 1_ 1~;_ 1)F' + E(v,v;). 

or 

I= FIF' + Q. [10.2.131 

A closed-form solution to [10.2.13] can be obtained in terms of the vec op
erator. If A is an (m x n) matrix, then vec(A) is an (mn x 1) column vector, 
obtained by stacking the columns of A, one below the other, with the columns 
ordered from left to right. For example, if 

then 

[10.2.14] 

Appendix 10.A establishes the following useful result. 

Proposition 10.4: Let A, B, and C be matrices whose dimensions are such that the 
product ABC exists. Then 

vec(ABC) = (C' @ A)· vec(B) 

where the symbol @ denotes the Kronecker product. 

[10.2.151 

Thus, if the vec operator is applied to both sides of [10.2.13]. the result is 

vec(I) = (F@ F) · vec(I) + vec(Q) = st vec(I) + vec(Q). [10.2.16] 

where 

st= (F@ F). [10.2.17] 

Let r = np, so that F is an (r x r) matrix and st is an (r2 x r 2) matrix. 
Equation [10.2.16] has the solution 

vec(I) = [I,, - st 1- 1 vec(Q), [10.2.181 

provided that the matrix [I,, - st] is nonsingular. This will be true as long as unity 
is not an eigenvalue of st. But recall that the eigenvalues of F @ F are all of the 
form A1Ai, where A; and Ai are eigenvalues of F. Since IA11 < 1 for all i, it follows 
that all eigenvalues of st are inside the unit circle, meaning that [I~, - ·stl is indeed 
nonsingular. 

The first p autocovariance matrices of a VAR(p) process can be calculated 
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by substituting [10.2.12] into [10.2.18]: 

[ 
ru r 1 • • • r p _ 1 ] 

r' r · · · r 
vec :1 / • • • p:-2 = [I,, - stJ-1 vec(Q). 

r;_, rp-2 • • · ro 
[10.2.19] 

The jth autocovariance of ~ (denoted I.1) can be found by postmultiplying 
[10.1.11] by t-; and taking expectations: 

Thus, 

for j = 1, 2, ... , [10.2.20] 

or 

for j = 1, 2, .... (10.2.21] 

The jth autocovariance r1 of the original process y, is given by the first n rows and 
11 columns of [10.2.20]: 

f; = cf»,r,_, + cf»2f1-2 + ... + cf)pf/-p for j = p, p + 1, p + 2, . . . . [10.2.22] 

10.3. The Autocovariance-Generating Function 
for Vector Processes 

Definition of Autocovariance-Generating Function 
for Vector Processes 

Recall that for a covariance-stationary univariate process y, with absolutely 
summable autocovariances, the (scalar-valued) autocovariance-generating function 
gy(z) is defined as 

"' 
gy(z) ,.. L 'Y zi 

j• _,. I 

with 

Y1 = E[(y, - µ,)(Y,-1 - µ,)] 

and z a complex scalar. For a covariance-stationary vector process y, with an 
absolutely summable sequence of autocovariance matrices, the analogous matrix
valued autocovariance-generating function Gv(z) is defined as 

.. 
Gv(z) • L f 1z1, 

i• -:c 
(10.3.1] 

where 

f 1 = E[(y, - µ.)(y,_1 - µ.)'J 

and z is again a complex scalar. 
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Autocovariance-Generating Function for a Vector Moving 
Average Process 

For example, for the vector white noise process£, characterized by [10.1.5] 
and [10.1.6], the autocovariance-generating function is 

G.(z) = 0. [10.3.2] 

For the vector MA(q) process of [10.2.3], the univariate expression [3.6.3] for the 
autocovariance-generating function generalizes to 

Gv(z) = (In + 01z + 0 2z2 + · · · + 0qzq)O [10.3.3] 
X (1,, + 0jz- 1 + 02z-l + · • · + 0~z-q). 

This can be verified by noting that the coefficient on zi in [10.3.3] is equal to r; 
as given in [10.2.5]. 

For an MA(:x:) process of the form 

with {W'dZ'-o absolutely summable, [10.3.3] generalizes to 

Gv(z) = [W'(z)]O[W'(z-<)]'. 

Autocovariance-Generating Function 
for a Vector Autoregression 

[10.3.4] 

Consider the VAR(l) process~. = Ft-i + v, with eigenvalues of F inside 
the unit circle and with tan (r x 1) vector and E(v,v;) = Q. Equation [10.3.4] 
implies that the autocovariance-generating function can be expressed as 

G1(z) = [I, - FzJ- 1Q[I,. - F'z- 1]- 1 

= [I, + Fz + F2z2 + F3zJ + · · · ]Q [10.3.5] 
X [I, + (F')Z- 1 + (F')2Z- 2 + (F')"Z-' + · · · ] . 

Transformations of Vector Processes 

The autocovariance-generating function of the sum of two univariate proc
esses that are uncorrelated with each other is equal to the sum of their individual 
autocovariance-generating functions (equation [4.7.191). This result readily gen
eralizes to the vector case: 

X 

Gx+w(z) = L E[(x, + w, - fJ.x - fJ.w) 
;- -,C 

x (x,-; + w,_1 - fJ.x - fJ.w)'jzi 
X 

L E[(x, - fJ.x)(x,-; - fJ.x)'zij 
j= --x 

X 

+ L E[(w, - fJ.w)(w,_; - JLw)'zij 
/•-% 

= Gx(z) + Gw(z). 
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Note also that if an (r x 1) vector t is premultiplied by a nonstochastic 
(11 x r) matrix H', the effect is to premultiply the autocovariance by H' and 
postmultiply by H: 

E[(H't - H'f¾.)(H't- 1 - H'p.c)'] = H'E[(t - p.1)(t- 1 - p.1)']H, 

implying 

GH,e(z) = H'G1(z)H. 

Putting these results together. consider t the r-dimensional VAR(I) process 
~' = Ft_ 1 + v, and a new process u, given by u, = H't + w, with w, a white 
noise process that is uncorrelated with t-i for all j. Then 

Gu(z) = H'G 1(z)H + Gw(z), 

or, if R is the variance of w,, 

Gu(z) = H'[I, - FzJ- 1Q[I, - F'z-•1-•e + R. [10.3.6) 

More generally, consider an (n x 1) vector y, characterized by 

Y, = P.v + W(L)E,, 

where E, is a white noise process with variance-covariance matrix given by O and 
where ,P(L) = ~Z'-oWkU with {WkH'.11 absolutely summable. Thus, the auto
covariance-generating function for y is 

Gv(z) = W(z)O[W(z- 1)]'. [10.3.7) 

Let {Hk };. _,.bean absolutely summable sequence of (r x n) matrices, and suppose 
that an (r x 1) vector x, is constructed from y, according to 

" 
x, = H(L)y, = L HkY,-k = Jl.x + B(L)E,, 

k--'X 

where P.x = H(l)P.v and B(L) = H(L)W(L) as in [10.2.10) and [10.2.11). Then 
the autocovariance-generating function for x can be found from 

Gx(z) = B(z)O[B(z- 1)]' = [H(z)W(z)]O[,P(z- 1))'[H(z- 1)]'. [10.3.8) 

Comparing [10.3.8] with [10.3.7), the effect of applying the filter H(L) toy, is to 
premultiply the autocovariance-generating function by H(z) and to postmultiply 
by the transpose of H(z- 1): 

Gx(z) = [H(z))Gv(z)[H(z- 1))'. [10.3.9) 

10.4. The Spectrum for Vector Processes 
Let y, be an (n x 1) vector with mean E(y,) = p. and kth autocovariance matrix 

E[(y, - p.)(Y,-k - p.)'] = fk· [10.4.1) 

If {rk};. _,. is absolutely summable and if z is a complex scalar, the autocovariance
generating function of y is given by 

" 
Gv(z) = L rkzk. 

/c•-x 
[10.4.2) 

268 Chapter 10 I Covariance-Stationary Vector Processes 

-~ 



The function Gv(z) associates an (n x n) matrix of complex numbers with the 
complex scalar z. If [10.4.2} is divided by 21r and evaluated at z = r,w, where 
w is a real scalar and i v'=1, the result is the population spectrum of the 
vector y: 

~ 

Sy(w) = (21r)- 1Gv(r;"') = (21r)- 1 L rke-h•k_ [10.4.3} 
k= ---

The population spectrum associates an (11 X n) matrix of complex numbers with 
the real scalar w. 

Identical calculations to those used to establish Proposition 6.1 indicate that 
when any element of sy(w) is multiplied by eiwk and the resulting function of w is 
integrated from -1r to 1r, the result is the corresponding element of the kth 
autocovariance matrix of y: 

[10.4.4] 

Thus, as in the univariate case, the sequence of autocovariances {f dZ'= -~ and the 
function represented by the population spectrum Sy(w) contain the identical in
formation. 

As a special case, when k = 0, equation [10.4.4} implies 

f,,sv(w)dw = f 0 . [10.4.5) 

In other words, the area under the population spectrum is the unconditional var
iance-covariance matrix of y. 

The jth diagonal element of rk is E(Y;, - µ,;)(y 1_,-k - µ,;), the kth auto
covariance of yJI" Thus, the jth diagonal element of the multivariate spectrum Sy(w) 
is just the univariate spectrum of the scalar Y;,- It follows from the properties of 
the univariate spectrum discussed in Chapter 6 that the diagonal elements of sy(w) 
are real-valued and nonnegative for all w. However, the same is not true of the 
off-diagonal elements of sy(w)-in general, the off-diagonal elements of sy(w) will 
be complex numbers. 

To gain further understanding of the multivariate spectrum, we concentrate 
on the case of n = 2 variables, denoted 

y, = [ ;;]-

The kth autocovariance matrix is then 

rk = E [(X, - µ,x)(X,-k - µ,x) (X, - µ,x)(Y,-k - µ,y)] 
(Y, - µ,y)(X,-k - µ,x) (Y, - µ,y)(Y,-k - µ,y) 

= [-y'.;l--Yti] 
-YC:l--y(;~ . 

Recall from [10.2.2} that ri: = r -k· Hence, 

-y'.;l-= -Y'x:/> 
-YC:i = -y~·/> 

-Y'.# = -y~~,kl_ 

[10.4.6) 

[10.4.7] 

[10.4.8} 

[10.4.9) 
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For this n = 2 case, the population spectrum [10.4.3) would be 

Sy(w) 

f y~}e-,"'k] 
k---x 

" r y<#e-'o,k 
k- -x. 

[ f y~l,{cos(wk) - i · sin(wk)} 
1 k• _,. 

= 21r " L Ytl{cos(wk) - i·sin(wk)} 
k• -z 

k;,.Y!:}{cos(wk) - i·sin(wk)}l · 

L Yrt{cos(wk) - i·sin(wk)} 
k• _,,,_ 

[10.4.10) 

Using [10.4.7) and [10.4.8] along with the facts that sin(-wk) = -sin(wk) and 
sin(O) = 0, the imaginary components disappear from the diagonal terms: 

Sy(w) 

[ f 'Y~k cos(wk) f y~l,{cos(wk) - i·sin(wk)J 
1 k•-00 k•-X 

= 21r " " 
k~" y~~cos(wk) - i · sin(wk)} k~" y~f cos(wk) 

[10.4.11) 

However, since in general y~} # y~-/l, the off-diagonal elements are typically 
complex numbers. 

The Cross Spectrum, Cospectrum, and Quadrature Spectrum 

The lower left element of the matrix in [10.4.11) is known as the population 
cross spectrum from X to Y: 

Syx(w) = (21r)- 1 L y~~{cos(wk) - i·sin(wk)}. [10.4.12) 
k= -x 

The cross spectrum can be written in terms of its real and imaginary components 
as 

Syx(w) = Cyx(w) + i·qyx(w). [10.4.13) 

The real component of the cross spectrum is known as the cospectrum between X 
and Y: 

" 
Cyx(w) = (21r)-1 L y~~cos(wk). 

k• -':'-

One can verify from [10.4.9) and the fact that cos(-wk) = cos(wk) that 

Cyx(w) = Cxy(w). 
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The imaginary component of the cross spectrum is known as the quadrature spec
trum from X to Y: 

X 

qyx(w) = -(21r)- 1 ~ y~_k.sin(wk). [10.4.16] 
k== -!II:; 

One can verify from [10.4.9] and the fact that sin( - wk) = -sin(wk) that the 
quadrature spectrum from Y to Xis the negative of the quadrature spectrum from 
Xto Y: 

Recalling [10.4.13], these results imply that the off-diagonal elements of sv(w) are 
complex conjugates of each other; in general, the row j, column m element of 
Sy(w) is the complex conjugate of the row m, column j element of sy(w). 

Note that both Cyx(w) and qyx(w) are real-valued periodic functions of w: 

Cyx(w + 21rj) = Cyx(w) 

qyx(w + 21rj) = qyx(w) 

It further follows from [10.4.14] that 

forj = ±1, ±2, .. . 

forj = ±1, ±2, ... . 

Cyx( - w) = Cyx(w), 

while [10.4.16] implies that 

qyx(-w)= -qyx(w). [10.4.17] 

Hence, the cospectrum and quadrature spectrum are fully specified by the values 
they assume as w ranges between O and 1r. 

Result [10.4.5] implies that the cross spectrum integrates to the unconditional 
covariance between X and Y: 

r,. Syx(w) dw = E(Y, - µ.y)(X, - µ.x). 

Observe from [ 10.4.17] that the quadrature spectrum integrates to zero: 

r ... qyx(w) dw = 0. 

Hence, the covariance between X and Y can be calculated from the area under 
the cospectrum between X and Y: 

r,. cYX(w) dw = E(Y, - µ.y)(X, - µ.x)- [10.4.18] 

The cospectrum between X and Y at frequency w can thus be interpreted as the 
portion of the covariance between X and Y that is attributable to cycles with 
frequency w. Since the covariance can be positive or negative, the cospectrum can 
be positive or negative, and indeed, Cyx(w) may be positive over some frequencies 
and negative over others. 
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The Sample Multivariate Periodogram 

To gain further understanding of the cospectrum and the quadrature spec
trum, let y1, y2, ••• , Yr and x 1, x 2 , ••• , x 7 denote samples of Tobservations on 
the two variables. If for illustration T is odd, Proposition 6.2 indicates that the 
value of y, can be expressed as 

M 

y, = y + L {aJ°cos[wi(t - 1)] + 8;·sin[w;(t - l)]}, 
j= I 

where y is the sample mean of y, M = (T - 1)/2, w; = 21rj/T, and 

T 

&; = (2/T) L y,·cos[w;(t - 1)] 
t= I 

T 

8; = (2/T) L y,·sin[w;(t - 1)]. 
t=l 

An analogous representation for x, is 

M 

x, = x + ~ {ti;·cos[w1(t - 1)] + d;·sin[w;(t - l)]} 
j=I 

T 

d; = (2/T) L x,·cos[w1(t - 1)] 
t=I 

T 

c( = (2/T) L x, · sin[ w;(t - 1)]. 
t= 1 

[10.4.19] 

[10.4.20] 

[10.4.21] 

[10.4.22] 

[10.4.23] 

[10.4.24] 

Recall from [6.2.11] that the periodic regressors in [10.4.19] all have sample mean 
zero and are mutually orthogonal, while 

T T 

L cos2[w;(t - 1)] = L sin2[w;(t - 1)) = T/2. 
,-1 ,-1 

[10.4.25] 

Consider the sample covariance between x and y: 

T 

r- 1 I CY, - y)(x, - x). 
. t=l 

[10.4.26] 

Substituting [10.4.19] and [10.4.22] into [10.4.26] and exploiting the mutual or
thogonality of the periodic regressors reveal that 

T 

r- 1 ~ (y, - y)(x, - x) 
,-1 

= r-• ,i. Lil {a(COS[w;(t - 1)] + B(sin[wj(t - 1)]} 

X f {d;·cos[w;(t - l)j + d;·sin[wi(t - 1)]}} 
j•l 

= r- 1 f {f {aA·cos 2[w;(t - 1)] + SA·sin 2[w;(t - 1m} 
/= I /=I 

M 

= c112) I CaA + aA)-
1-1 
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Hence, the portion of the sample covariance between x and y that is due to their 
common dependence on cycles of frequency wi is given by 

[10.4.28) 

This magnitude can be related to the sample analog of the cospectrum with 
calculations similar to those used to establish result (c) of Proposition 6.2. Recall 
that since 

T 

~ cos[wi(t - 1)) = 0, 
t=l 

the magnitude ai in [10.4.20] can alternatively be expressed as 

T 

ai = (2/T) :Z: (y, -y)·cos[wi(t- 1)). ,-1 

Thus, 

(aj + i·dj)(aj - i·Bj) 

= (4/T2) {f (x, - x)·cos[w/t - 1)) + i-f (x, - x)·sin[wj(t - 1))} 
,-1 t=l 

x {f (yT - y)·cos[wj(r - 1)] - i· f (YT - y)·sin[wj(r - 1)1} 
T•I T-1 

= (4/T2) {t (x, - i)·exp(i·wj(t - 1)]} {t (yT - y)·exp[-i·wj(r- 1)]} 

= (4/T2) {t (x, - x)(y, - y) + ii (x, - x)(Y,+i - y)·exp[-iw 1] 

T T-2 

+ L (x, - x)(y,_ l - y) · exp[iwi] + L (x, - x)(Y,+2 - y) · exp[ -2iw,] 
r=2 t= I 

T 

+ L (x, -x)(y,_ 2 - y)·exp(2iw 1] + · · · + (x1 -i)(Jr- y)·exp[-(T- 1)iw1 ] 
t=3 

+ (x7 - x)(y 1 - y)·exp[(T - l)iwi]} 

= (4/T) { j,~1~l + j,~~l.exp[-iwi] + j,~; 1>-exp[iwi] 

+ y_~;>·exp[-2iwi] + S{;2>-exp[2iwi] + · · · 

+ j,~~- 1>-exp[-(T - l)iwi] + y_~;r+iJ.exp[(T- l)iwi]}, [10.4.29] 

where t\.:1 is the sample covariance between the value of y and the value that x 
assumed· k periods earlier: 

{ 

(1/T) Tf (x, - x)(Y,+k - y) 
•(k) _ r- I 
Yy., - T 

(1/T) L (x, - x)(Yr+k - y) 
I• -k+ 1 

fork = 0, 1, 2, ... , T - 1 

for k = - 1, - 2, ... , - T + 1. 

[10.4.30) 
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Result [10.4.29] implies that 

T-1 

!(aj + i·c()(aj - i·81) = (2/T)k L tt!l.exp[-kiw/] 
= -T+l [10.4.31] 

= (41r/T)·syx(w1), 

where §_....(w1) is the sample cross periodogram from x toy at frequency w1, or the 
lower left element of the sample multivariate periodogram: 

l T-1 T-1 ] "" ,(',(k)e-iwk "" y• (k)e-lwk LJ r x.v LI ,\'\' .. 
!y(w) = (21r)-I k=-T+I k=-T+I - = l~_,_,(w) ;,_.,(w)]. 

T-1 T-1 s (w) s (w) 
"" "(k) -iwk "" "{k) -iwk )'.\" YY 
~ 'Y_v_,e ~ 'Yyye 

k--T+I k=-T+I 

Expression [10.4.31] states that the sample cross periodogram from x toy at 
frequency wi can be expressed as 

~v.,(wi) = [T/(81r)]·(a 1 + i·d)(ai - i-~i) 

= [Tt(81r)J · (aA + clA) + i · [Tt(81r)] · (dA - aA)-

The real component is the sample analog of the cospectrum, while the imaginary 
component is the sample analog of the quadrature spectrum: 

where 

c_.,Aw) = [Tl(81r)] · (aA + clA) 
4 ... Aw) = [Tl(81r)]·(dA- aA)-

[10.4.32] 

[10.4.33] 

[10.4.34] 

Comparing [10.4.33] with [10.4:28], the sample cospectrum evaluated at w1 

is proportional to the portion of the sample covariance between y and x that is 
attributable to cycles with frequency wr The population cospectrum admits an 
analogous interpretation as the portion of the population covariance between Y 
and X attributable to cycles with frequency w based on a multivariate version of 
the spectral representation theorem. 

What interpretation are we to attach to the quadrature spectrum? Consider 
using the weights in [10.4.22] to construct a new series x ;" by shifting the phase of 
each of the periodic functions by a quarter cycle: 

M 

x;" = x + ~ {a1·cos[w1(t - 1) + (1r/2)] 
i-1 

+ d(sin[wi(t - 1) + (1r/2)]}. 
[10.4.35] 

The variable x; is driven by the same cycles as x,, except that at date t = 1 each 
cycle is one-quarter of the way through rather than just beginning as in the case 
of x,. 

Since sin[ 8 + ( 1Tl2)] = cos( 8) and since cos[ 8 + ( 1r/2)] = - sin( 8), the variable 
x t' can alternatively be described as 

M 

x; = :X + ~ {d1·cos[wi(t - 1)] - ll(Sin[w1(t - 1)]}. 
i-• 
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As in [10.4.27], the sample covariance between y, and x; is found to be 

T M 

T- 1 I (y, - y)(x; - x) = (1/2) I (aA - 8/Ji). 
r- I j~J 

Comparing this with [10.4.34], the sample quadrature spectrum from x to y at 
frequency wi is proportional to the portion of the sample covariance between x • 
and y that is due to cycles of frequency w1• Cycles of frequency wi may be quite 
important for both x and y individually (as reflected by large values for sxAw) and 
s,.,.(w)) yet fail to produce much contemporaneous covariance between the variables 
because at any given date the two series are in a different phase of the cycle. For 
example, the variable x may respond to an economic recession sooner than y. The 
quadrature spectrum looks for evidence of such out-of-phase cycles. 

Coherence, Phase, and Gain 

The population coherence between X and Y is a measure of the degree to 
which X and Y are jointly influenced by cycles of frequency w. This measure 
combines the inferences of the cospectrum and the quadrature spectrum, and is 
defined as1 

h ( ) _ [cyx(w)]2 + [qyx(w)]2 
YX W - , 

Syy(w)sxx(w) 

assuming that Syy(w) and Sxx(w) are nonzero. If Syy(w) or Sxx(w) is zero, the 
coherence is defined to be zero. It can be shown that O ~ hyx(w) ~ 1 for all was 
long as X and Yare covariance-stationary with absolutely summable autocovariance 
matrices.2 If hyx(w) is large, this indicates that Y and X have important cycles of 
frequency win common. 

The cospectrum and quadrature spectrum can alternatively be described in 
polar coordinate form. In this notation, the population cross spectrum from X to 
Y is written as 

Syx(w) = Cyx(w) + i·qyx(w) = R(w)·exp[i·8(w)], 

where 

R(w) = {[cyx(w)]2 + [qyx(w)l2} 112 

and 8(w) represents the radian angle satisfying 

sin[8( w)] qyx( w) 
cos[8(w)] = Cyx(w) · 

[10.4 37] 

[I0.4.38] 

[10.4.39] 

The function R(w) is sometimes described as the gain while 8(w) is called the 
phase.3 

'The coherence is sometimes alternatively defined as the square root of this magnitude. The sample 
coherence based on the unsmoothed periodogram is identically equal to 1. 

'See, for example, Fuller (1976, p. 156). 

·'The gain is sometimes alternatively defined as R(w)ls..-x(w). 
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The Population Spectrum for Vector MA and AR Processes 

Let Yr be a vector MA(oo) process with absolutely summable moving average 
coefficients: 

where 

Yr = µ. + W(L)er, 

E(ere~) = {~ 
fort=-r 

otherwise. 

Substituting [10.3.4] into [10.4.3] reveals that the population spectrum for Yr can 
be calculated as 

[10.4.40] 

For example, the population spectrum for a stationary VAR(p) as written in [10.1.4] 
is 

Sy(w) = (2n-)-l{I,, _ 1f>1e-lw _ 1f>2e-21w _ ... _ 1f>Pe-µ'w}-1n 

·dx {Ill - <l>~ei"-' - <1>;e2iw - ... - <1>;epiw}-'. 

Estimating the Population Spectrum 

[10.4.41] 

If an observed time series y1, y2, ..• , y7 can be reasonably described by a 
pth-order vector autoregression, one good approach to estimating the population 
spectrum is to estimate the parameters of the vector autoregression [10.1.4] by 
OLS and then substitute these parameter estimates into equation [10.4.41]. 

Alternatively, the sample cross periodogram from x toy at frequency w; = 
2n-j/T can be calculated from [10.4.32] to [10.4.34], where 1\, 8j, fl;, and di are as 
defined in [10.4.20] through [10.4.24]. One would want to smooth these to obtain 
a more usefui estimate of the population cross spectrum. For example, one rea
sonable estimate of the population cospectrum between X and Y at frequency w1 

would be 

,, {h + 1 - 1ml} . 
"'~" (h + l)2 cyxCw;+m), 

where c_.,Awi+,,,) denotes the estimate in [10.4.33] evaluated at frequency 
w;+m = 2n-(j + m)/Tand his a bandwidth parameter reflecting how many different 
frequencies are to be used in estimating the cospectrum at frequency wi" 

Another approach is to express the smoothing in terms of weighting coeffi
cients K Z to be applied to t k when the population autocovariances in expression 
[10.4.3] are replaced by sample autocovariances. Such an estimate would take the 
form 
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where 

T 

tk = r-i L (Yr - y)(y,-k - y)' 
r-k+ I 

T 

y=r-1:z:y,. 
t=l 

For example, the modified Bartlett estimate of the multivariate spectrum is 

Sy(w) = (27T)-l {to+ JI [1 - q: 1] [fke-iwk + f~eiwkJ}. [10.4.42] 

Filters 
Let x, be an r-dimensional covariance-stationary process with absolutely 

summable autocovariances and with (r X r) population spectrum denoted sx(w). 
Let {Hk}k= -x be an absolutely summable sequence of (n x r) matrices, and let 
y 1 denote then-dimensional vector process given by 

X 

Yr= H(L)xr = L Hkxr-k· 
kcs -~ 

It follows from [10.3.9] that the population spectrum of y (denoted sv(w)) is related 
to that of x according to 

Sy(w) = [H(e -iw)Jsx(w)[H(e'w)]', [10.4.43] 
(11x11) (11xr) (rxr) (rx11) 

As a special case of this result, let X, be a univariate stationary stochastic 
process with continuous spectrum sx(w), and let u, be a second univariate stationary 
stochastic process with continuous spectrum su(w), where X 1 and u, are uncorre
lated for all t and -r. Thus, the population spectrum of the vector x, a (Xr, u,)' is 
given by 

[ Sxx(w) 0 ] 
sx(w) = 0 ( ) . Suu w 

Define a new series Y1 according to 

Y, = L h,,X,-k + u,""' h(L)X, + u,, [10.4.44] 
k= -x 

where {hdk- -x is absolutely summable. Note that the vector y, = (X,, Y1)' is 
obtained from the original vector x, by the filter 

y1 = H(L)x,, 

where 
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It follows from [10.4.43] that the spectrum of y is given by 

[10.4.45] 

where 

X 

h(e-i .. ) = .z: hke-iwk_ [10.4.46] 
k- -:x 

The lower left element of the matrix in [10.4.45] indicates that when Y, and X, are 
related according to [10.4.44], the cross spectrum from X to Y can be calculated 
by multiplying [10.4.46] by the spectrum of X. 

We can also imagine going through these steps in reverse order. Specifically, 
suppose we are given an observed vector y, = (X,, Y,)' with absolutely summable 
autocovariance matrices and with population spectrum given by 

Sv(w) = [Sxx(w) Sxy(w)]. 
Syx(w) Syy(w) 

[10.4.47] 

·~· 
Then the linear projection of Y, on {X,_Jr= -x exists and is of the form of [10.4.44], 
where u, would now be regarded as the population residual associated with the 
linear projection. The sequence of linear projection coefficients {hk} r-_,. can be 
summarized in terms of the function of w given in [10.4.46]. Comparing the lower 
left elements of [10.4.47] and [10.4.45], this function must satisfy 

h(e- 1"')sxx(w) = Syx(w). 

In other words, the function h(e - 1w) can be calculated from 

h(e-i"') = Syx(w) 
Sxx(w)' 

[10.4.48] 

assuming that Sxx(w) is not zero. When Sxx(w) = 0, we set h(e-'w) = 0. This 
magnitude, the ratio of the cross spectrum from X to Y to the spectrum of X, is 
known as the tramfer function from X to Y. 

The principles underlying [10.4.4] can further be used to uncover individual 
transfer function coefficients: 

In other words, given an observed vector (X,, Y,)' with absolutely summable au
tocovariance matrices and thus with continuous population spectrum of the form 
of [10.4.47], the coefficient on X,-k in the population linear projection of Y, on 
{X,-k} km -x can be calculated from 

[10.4.49] 

278 Chapter 10 I Covariance-Stationary Vector Processes 

'! 
iii 
I 



10.5. The Sample Mean of a Vector Process 

Variance of the Sample Mean 

Suppose we have a sample of size T. {y 1, y2 , •••• Yr}, drawn from an n
dimensional covariance-stationary process with 

E(y,) = µ. 

E[(y, - µ.)(Y,-i - µ.)') = ri. 

Consider the properties of the sample mean, 

r 
Yr = (1/T) I y,. 

t=I 

[10.5.1] 

[10.5.2] 

[10.5.3] 

As in the discussion in Section 7.2 of the sample mean of a scalar process, it is 
clear that £(Yr) = µ. and 

£[(Yr - µ)(Yr - µ.)') 

= (l/T 2)£{(Y1 - µ)[(y1 - µ.)' + (Y2 - µ.)' + · .. + (Yr - µ.)'] 

+ (Y2 - µ)[(Yi - µ.)' + (Y2 - µ.)' + · · · + (Yr - µ.)'] 
+ (YJ - µ)[(Yi - µ.)' + (Y2 - µ.)' + · · · + (Yr - µ.)'] 
+ · · · + (Yr - µ)[(Yi - µ.)' + (Y2 - µ.)' + · · · + (Yr - µ.)']} 

= (1/T2){[ro + r - I + ... + r -(r-1)1 [10.5.4) 

+ [r1 + ro + r_ I + " " ' + r -(r-2)] 
+ [r2 + rl + ru + r - I + ' .. + r -(r-J)l 
+ ' ' " + [r r-1 + r r-2 + r r-J + ' ' ' + run 

= (1/T2){Tro + (T - 1)r1 + (T - 2)r2 + ... + r r-l 
+ (T - l)L, + (T - 2)L2 + · · · + r -<r-1>}. 

Thus, 

T·E[(Yr - µ)(Yr - µ.)'] 

= r0 + [(T - 1)/T]r, + [(T - 2)/TJf2 + · · · [10.5.5) 

+ [1/T]r r-1 + [(T - 1)/TJr _, + [(T - 2)/T]r -2 

+ •'' + [l/T)r_(r-11· 

As in the univariate case, the weights on rk for !kl small go to unity as T-+ 00 , 

and higher autocovariances go to zero for a covariance-stationary process. Hence, 
we have the following generalization of Proposition 7.5. 

Proposition 10.5: Let y, be a covariance-stationary process with moments given by 
[10.5.1] and [10.5.2] and with absolutely summable autocovariances. Then the sam
ple mean [10.5.3] satisfies 

(a) Yr.!.. fJ. 

X 

(b) lim {T· £[(Yr - µ)(Yr - µ.)']} = ~ r,,. 
r-x l'•-"X. 
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The proof of Proposition 10.5 is virtually identical to that of Proposition 7.5. 
Consider the following (11 x n) matrix: 

" T-1 

.. ~f·· - T·E[(YT - µ.)(YT - µ.)'] = ,.~r-+ ··--tr-()(lvl/T)f,., [I0.5.6] 

where the equality follows from [10.5 .5]. Let yv·> denote the row i, columnj element 
of r, .. The row i, column j element of the matrix in [10.5.6] can then be written 

T-l 

L Y/t + L (lvl!T)y)J'>. 
li•l;,,T 1·- -(T-1) 

Absolutely summability of {f,.}~= -x implies that for any e > 0 there exists a q 
such that 

Thus, 

I L yv·> + Tf (lvl!T)'Yij'>' < e/2 + i (lvl/T)IY)tl-
ld.,T •·--(T-1) 1•--q 

This sum can be made less than e by choosing T sufficiently large. This establishes 
claim (b) of Proposition 10.5. From this result, E(J;.T - µ.,)2 - 0 for each i, 
implying that J;,T.!+ µ.;, 

Consistent Estimation of T Times the Variance 
of the Sample Mean 

Hypothesis tests about the sample mean require an estimate of the matrix in 
result (b) of Proposition 10.5. Let S represent this matrix: 

S = lim T·E[(YT - µ.)(YT - µ.)']. [10.5.7] 
T-% 

If the data were generated by a vector MA(q) process, then result (b) would 
imply 

l/ 

s = ~ r, .. [10.5.8] 
1•= -q 

A natural estimate then is 

s = tu + f ct,, + t;,), [10.5.9] 
1·-l 

where 
T 

t,. = (1/T) I (y, - y)(y,_,, - y)'. [10.5.10] 
1=1•+ I 

As long as y, is ergodic for second moments, [10.5.9] gives a consistent es
timate of [10.5.8]. Indeed, Hansen (1982) and White (1984, Chapter 6) noted that 
[10.5.9] gives a consistent estimate of the asymptotic variance of the sample mean 
for a broad class of processes exhibiting time-dependent heteroskedasticity and 
autocorrelation. To see why, note that for a process satisfying E(y,) = µ. with 
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1. l~. 

time-varying second moments, the variance of the sample mean is given by 

E[(Yr - p.)(Yr - p.)') 

= E[ (1/T) ,t. (y, - p.)] [ (1/T) .t (y, - p.) r [10.5.11) 

r r 
= (1/T2) L L E[(y, - p.)(y. - p.)'), 

t•l .r•l 

Suppose, first, that E[(y, - p.)(y, - p.)') = 0 for It - sl > q, as was the case for 
the vector MA(q) process, though we generalize from the MA(q) process to allow 
E((y, - p.)(y, - p.)') to be a function of tfor It - sl :sq. Then [10.5.11) implies 

T·E[(Yr - P.)(Yr - p.)'] 
r 

= (1/T) L E[(y, - p.)(y, - p.)') 
,-1 

r 
+ (1/T) L {E[(y 1 - µ)(Y,-1 - p.)') + E[(Y,-1 - p.)(y, - p.)']} 

t=2 

T 

+ (1/T) L {E[(y, - p.)(Y,-2 - p.)'] + E[(Y,-2 - p.)(y, - p.)']} + ' .. 
,-3 

r 
+ (1/T) L {E[(y, - p.)(Y,-,, - p.)'] + E[(Y,-q - p.)(y, - p.)']}. 

r-q+I [10.5.12) 

The estimate [10.5.9) replaces 
r 

(1/T) L E[(y, - p.)(y,_,, - p.)') [10.5.13) 
,-,•+l 

in [10.5,12) with 
r 

(1/T) L (y, - Yr)(y,_,. - Yr)'• [10.5.14) 
1=-1•+1 

and thus [10.5.9] provides a consistent estimate of the limit of [10.5.12] whenever 
(10.5.14] converges in probability to [10.5.13). Hence, the estimator proposed in 
[10.5.9] can give a consistent estimate of T times the variance of the sample mean 
in the presence of both heteroskedasticity and autocorrelation up through order q. 

More generally, even if E((y, - p.)(y, - p.)'] is nonzero for all t ands, as 
long as this matrix goes to zero sufficiently quickly as It - sl -+ co, then there is 
still a sense in which Sr in [10.5.9) can provide a consistent estimate of S. Specif
ically, if, as the sample size T grows, a larger number of sample autocovariances 
q is used to form the estimate, then §r-4 S (see White, 1984, p. 155). 

The Newey-West Estimator 

Although [10.5.9) gives a consistent estimate of S, it has the drawback that 
(10.5.9] need not be positive semidefinite in small samples. If S is not positive 
semidefinite, then some linear combination of the elements of y is asserted to have 
a negative variance, a considerable handicap in forming a hypothesis test! 

Newey and West (1987) suggested the alternative estimate 

S = t 0 + f [1 -~ 1] (f',, + t;,), [10.5.15] 
e•l q + 
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where t,, is given by [10.5.10]. For example, for q = 2, 

s =tu+ Hf1 + i"D + Ht2 + t;). 
Newey and West showed that S is positive semidefinite by construction and has 
the same consistency properties that were noted for S, namely, that if q and T 
both go to infinity with q!T 114 -+ 0, then 87 ~ S. 

Application: Autocorrelation- and Heteroskedasticity-Consistent 
Standard Errors for Linear Regressions 

As an application of using the Newey-West weighting, consider the linear 
regression model 

y, = x;~ + u, 

for x, a (k x 1) vector of explanatory variables. Recall from equation [8.2.6] that 
the deviation of the OLS estimate b7 from the true value ~ satisfies 

[10.5.16] 

In calculating the asymptotic distribution of the OLS estimate b7 , we usually assume 
that the first term in [10.5.16] converges in probability to Q- 1: 

[ 
T ]-I 

(1/T) I1 x,x; ..!:.. Q-1. [10.5.17] 

The second term in [10.5.16] can be viewed as VT times the sample mean of the 
(k x l)vectorx,u,: 

[(1/\/T) ,ti x,u,] = (\/T)(l/T) ,t y,, 
[10.5.18] 

= \/T·yr, 
where y, = x,u,. Provided that E(u,lx,) = 0, the vector y, has mean zero. We can 
allow for conditional heteroskedasticity, autocorrelation, and time variation in the 
second moments of y,, as long as 

S = lim T· E(YrY~) 
r-x 

exists. Under general conditions, 4 it then turns out that 

[ (1/\/T) f x,u,] = VT· Yr..!:.. N(0, S). ,-1 
Substituting this and [10.5.17] into [10.5.16], 

\/T(b 7 - ~) ..!:.. N(0, Q- 1sQ- 1). [10.5.19] 

In light of the foregoing discussion, we might hope to estimate S by 

Sr= fu.r + f [1 - -1:'._l] (f, .. r + f : .. r)- [10.5.20] ··-! q + 

'See, for example, White (1984, p. 119). 
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r 

Here, 
T 

t,,.T = (1/T) L (x,a,.Ta,_,,_Tx;_,,), 
1-1·+1 

ii,_ r is the O LS residual for date t in a sample of size T ( a, r = y, - x; b7 ), and q 
is a lag length beyond which we are willing to assume that the correlation between 
~ 1111 and x,_,.u,_,. is essentially zero. Cle~rly, Q is consistently estimated by 
Q7 = (I/T)I;= 1x,x;. Substituting Q7 and S7 into [10.5.19], the suggestion is to 
treat the OLS estimate b7 as if 

br"" N(Jl, (V 7 /T)) 
where 

• A . • I 
V 7 = \lr 1SrQi 

[ (1/ T) t x,x; ]- 1 
(1/T) Lt afx,x; 

+ f [1 -_v_] f (x,a,a,_,,x;_,. + x,_,,a,_,,a,x;)] 
,,-1 q + 1 ,-,·+I 

x [(1/T) f x,x;]- 1
, ,-1 

that is, the variance of bT is approximated by 

(V 7/T) 

l ± x,x:rT f a;x,x; 
1-lq [ 1-1] T ][-,- ]-I 

+ L 1 - _v_ L cx,a1a,_,,x;_,, + x,_,,a,_,,i'1,x;) ~ xix; 
,·=I q + I ,-,•+! 1-1 

[10,5,21] 

where a1 is the OLS sample residual, The square root of the row i, column i element 
of V-r!T is known as a heteroskedasticity- and autocorrelation-consistent sumdard 
error for the ith element of the estimated OLS coefficient vector. The hope is that 
standard errors based on [10.5,21] will be robust to a variety of forms of heter
oskedasticity and autocorrelation of the residuals u, of the regression. 

Spectral-Based Estimators 

A number of alternative estimates of Sin [10.5.7] have been suggested in the 
literature. Notice that as in the univariate case discussed in Section 7.2, if y, is 
covariance-stationary, then S has the interpretation as the autocovariance-gener
ating function Gv(z) = ~; __ xr,.z'' evaluated at z = 1, or, equivalently, as 21r 
times the population spectrum at frequency zero: 

X 

s = L r,. = 21rsv(O). 
,·- -x 

Indeed, the Newey-West estimator [10.5.15] is numerically identical to 21r times 
the Bartlett estimate of the multivariate spectrum described in [10.4.42] evaluated 
at frequency w = 0. Gallant (1987, p. 533) proposed a similar estimator based on 
a Parzen kernel, 

S = f 0 + :i k[vl(q + I)](f,. + t:.), 
,•=1 
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where 

{
1 - 6z2 + 

k(z) = ~(1 - z)3 

For example, for q = 2, we have 

6z3 for O :s z :s ½ 

for ~ :s z :s 1 

otherwise. 

s = to + ~(t1 + tD + -?,(t2 + t2), 
Andrews (1991) examined a number of alternative estimators and found the 

best results for a quadratic spectral kernel: 

k(z) = 3 [sin(61rz/5) - cos(61rz/S)]. 
(61rz/5)2 61rz/5 

In contrast to the Newey-West and Gallant estimators, Andrews's suggestion makes 
use of all T - I estimated autocovariance estimators: 

S = T ~ k [ fo + J: kc : 1)(t,. + t:,) ]- [10.5.22] 

Even though [10.5.22] makes use of all computed autocovariances, there is still a 
bandwidth parameter q to be chosen for constructing the kernel. For example, for 
q = 2, 

T-1 

to+ I k(vt3)(t,. + r:.) t 0 + 0.8S(t 1 + f;) 
t·=l 

+ 0.50(t 2 + tD + 0.14(t 1 + fD + · · ·. 
Andrews recommended multiplying the estimate by T/(T - k), where y1 = x,u, 
for a1 the sample OLS residual from a regression with k explanatory variables. 
Andrews (1991) and Newey and West (1992) also offered some guidance for choos
ing an optimal value of the lag truncation or bandwidth parameter q for each of 
the estimators of S that have been discussed here. 

The estimators that have been described will work best when y, has a finite 
moving average representation. Andrews and Monahan (1992) suggested an al
ternative approach to estimating S that also takes advantage of any autoregressive 
structure to the errors. Let y, be a zero-mean vector, and let S be the asymptotic 
variance of the sample mean of y. For example, if we want to calculate hetero
skedasticity- and autocorrelation-consistent standard errors for OLS estimation, y, 
would correspond to x1u, where x, is the vector of explanatory variables for the 
regression and a, is the OLS residual. The first step in estimating S is to fit a low
order VAR for y,, 

Y, = cl>1Y,-1 + <ll2Y,-2 + · · ' + cl>pY1-p + v,, [10.5.23] 

where v, is presumed to have some residual autocorrelation not entirely captured 
by the VAR. Note that since y, has mean zero, no constant term is included in 
[10.5.23]. The ith row represented in [10.5.23] can be estimated by an OLS regres
sion of the ith element of y, on p lags of all the elements of y, though if any 
eigenvalue of II,,AP - <1>1,\P- 1 - 4>2 AP-2 - • • • - cf>PI = 0 is too close to the unit 
circle (say, greater than 0.97 in modulus), Andrews and Monahan (1992, p. 957) 
recommended altering the OLS estimates so as to reduce the largest eigenvalue. 

The second step in the Andrews and Monahan procedure is to calculate an 
estimate S • using one of the methods described previously based on the fitted 
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residuals v, from [10.5.23). For example, 

s; = t* + f [1 -_v_Jct· + f*') 
II l'= I q + 1 ,, '' ' [10.5.24) 

where 
T 

t~ = (l!T) I v,v;_,, 
,-,•+l 

and where q is a parameter representing the maximal order of autocorrelation 
assumed for v" The matrix S} will be recognized as an estimate of 21r· sv (0). where 
sv(w) is the spectral density of v: 

Sy(w) = (21r)- 1 L {E(v,v;_,.)}e- 1w 1•• 

Notice that the original series y, can be obtained from v, by applying the following 
filter: 

y, = [I,, - <l>1L - <l>2L2 - · · · - <l>PLPJ-1v,. 

Thus, from [10.4.43], the spectral density of y is related to the spectral density of 
v according to 

Sy(w) = {[I,, - <l>,e-iw - <l>2e-2iw - '• • - <l>pe-1J1w]}-1sv(w) 

X {[I,, - cl>1eiw - cl>2e2;w - ••• - <1>,,eP'w]'}-1. 

Hence, an estimate of 21r times the spectral density of y at frequency zero is given 
by 

ST = {[I,, - <i>, - 4>2 - ... - <l>p]}-'ST 
X {[I,, - <f>1 - <f>2 - • · · - <f>,,]'}-1, 

[10.5.25] 

wheres; is calculated from [10.5.24]. The matrix Sr in [10.5.25] is the Andrews
Monahan (1992) estimate of S, where 

S = lim T· E(YTY~). 
T-Y. 

APPENDIX 10.A. Proofs of Chapter JO Propositions 

• Proof of Proposition 10.1. The eigenvalues of Fare the values of A for which the following 
determinant is zero: 

(4>1 - AI,,) <II, «I>., Cl>,, - I ell,, 
I,, -Al,, 0 0 0 
0 I,, -Al,, 0 0 (10.A.1] 

0 0 0 I., -Al,, 

Multiply each of the final block of n columns by (1/A) and add to the previous block. Multiply 
each of then columns of this resulting next-to-final block by (1/A) and add the result to the 
third-to-last block of columns. Proceeding in this manner reveals (10.A.l] to be the same 
as 

Ix, X2 I 
0 ~Al,, 1P_ 11 ' 

[10.A.2] 

where X, denotes the following (n x n) matrix: 

X, ""(cl>, - Al,,) + (cl>2/A) + («11,IA') + · · · + (<l>µ/At•-1) 
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and X, is a related [n X n(p - 1)] matrix. Let S denote the following {np X np) matrix: 

S"' [O l,.1p-t>], 
I,. 0 

and note that its inverse is given by 

s-1 = [ 0 I,,] 
I,,cp-l) 0 ' 

as may be verified by direct multiplication. Premultiplying a matrix by S and postmultiplying 
by s- 1 will not change the determinant. Thus, [10.A.2] is equal to 

I [ 0 1,,1,,- ,,] [X, 
I,, 0 0 -At,_J [1,,1~. , 1 

1o']l = 1-Ai~-ll ;J [lO.A.3] 

Applying the formula for calculating a determinant [A.4.5] recursively, [10.A.3] is equal to 

(-A)"(/>-lllX1I = (-A)"(p-l)l,f,1 - Al,.+ (ol),/A) + (,f,3/A2) + ... + (,f,/AP- 1)1 
= ( -1.)"Pll,,AP - of) ,Ap- 1 - ol),AP-' - · · · - ,f)pl • 

Setting this to zero produces equation [10.1.13]. • 

• Proof of Proposition 10.2. It is helpful to define z,(i, /) to be the component of y,, that 
reflects the cumulative effects of the Ith element of£: 

z,(i, /) = 1/l);''e,, + l/l)i'eu-1 + l/l)t'1e,.,-, + · · · = L 1/l)?e,.,-,.• 
\•-n 

[10.A.4] 

where l/l)l'1 den6tes the row i, column l element of the matrix 11t, .. The actual value of the 
ith variable y., is the sum of the contributions of each of the I = 1, 2 •... , n components 
of£: 

J;, = /J.; + f z,(i, /). [10.A.5] 
l=I 

The results of Proposition 10.2 are all established by first demonstrating absolute summability 
of the moments of z,(i, /) and then observing that the moments of y, are obtained from 
finite sums of these expressions based on z,(i, /). 

Proof of (a). Consider the random variable z,(i, I)· z, __ ,(j. m), where i, l.j, and m represent 
arbitrary indices between 1 and n and where s is the order of the autocovariance of y that 
is being calculated. Note from [10.A.4] that 

£{z,(i, l)·z, __ ,(j, m)} = £ {[f 1/l);>e,.,-,] X [f 1/lt!em.,-,-,.]} 
,=II ··=II [10.A.6] 

= L L {1/J);>I/J),'.;} · E{Ei,-,Em,,-,-J. 
,..,,,,o i·=O 

The expectation operator can be moved inside the summation here because 

i i ll/l)ti/1):21 = i i ll/l)tl · II/I),';:! = { i 11/JlPI} x { f II/IJ:;:1} < ""· 
r•II 1•=0 , ... 11 , . .,,0 r•II ,·=U 

Now, the product of e's in the final term in [10.A.6J can have nonzero expectation only if 
the e's have the same date, that is, if r = s + v. Thus, although [10.A.6] involves a sum 
over an infinite number of values of r, only the value at r = s + v contributes to this sum: 

X X 

E{z,(i, I)· z,_,(j, m)} = L {I/Jr 11/!J:;;} · E{Et.,-,-,.E,._,-,-,.} = L l/ll:+•·ll/l):}u,..,, [10.A.7] 
l'""" ., ... o 

where u1,.. represents the covariance between E1, and e,., and is given by the row l, column 
m element of fi. 

The row i, column j element of r, gives the value of 

·l;> = E(y,, - µ.;)(y,_,-, - µ.,). 

286. Chapter JO I Covariance-Stationary Vector Processes 



Using [IO.A.5) and [10.A.7). this can be expressed as 

E(y;, - µ.;)(Y;.,-, - µ.;) = £ { [f z,(i, /)] [ f z,_ ,(i, m)]} 
I= I m-1 

11 II 

= L L E{z,(i, l)·z,_,(j, m)) 
/=I 111ml 

" n "X 
[10.A.8) 

= I I I 1/1'.,' + ' 11/1:,:-,i<T,,,, 
/=I m=I 1·~11 

X II II 

= L L L 1/J};l+l')I/JJ,:}rr,,,,. 
,,..,o I• I,,,- l 

But I/'., I::,., 1/l)t.,.'I/IJ,:,lu,,,. is the row i, column j element of 'lfr, . .,fi1Jt; .. Thus, [10.A.8) 
states that the row i, column j element of r, is given by the row i, column j element of 
I/. 11 1Jt, .• ,fi'I<,'., as asserted in part (a). 

Proof of (b). Define h,( ·) to be the moment in (10.A.7): 

h,(i, j, I, m) = E{z,(i, I)· z,_,(j, m)} = L 1/1);"'11/1),'.}<r,,,,; 
··•IJ 

and notice that the sequence {h,( · ))..'~ .. is absolutely summable: 

<>:, 7. ~. 

L lh,.(i, j, I, m)I :s L L ll/l)!'''l·II/J),:,'l·l<r,,,,I 
,,,.o ,--u 1'•0 

s ,. 

= l<r,,,,I I II/IJ,::1 I ll/ll!".'1 
J·•U .¥•11 [10.A.9] . . 

:s l<r,,,,i I II/IJ,:,11 I 11/11;'1 
1·-0 .,-o 

< '.Xl_ 

Furthermore, the row i, column j element of r., was seen in [ 10.A.8] to be given by 

,1 " 

-y);' = L L h,(i, j, I, m). 
/.aacl m= I 

Hence, 

:i l'Y'.;'I :s :i f f lh,(i, j. I. m)I = f f i jh,(i, j, I, m)I- [10.A.10) 
.,,~II .f-=111=1 Jll"-'I /al ltt""'I ,\all 

From [10.A.9), there exists an M < :x: such that 

,. 
L lh,(i, j, I, m)l < M 

.t-11 

for any value of i, j, I, or m. Hence, [10.A.10) implies 

:i 1-y);>! < _i i M = n 2M < oo, 
s•O I""-I 111= I 

confirming that the row i, column j element of {r,},"'.u is absolutely summable, as claimed 
by part (b ). 
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Proof of (c). Essentially the identical algebra as in the proof of Proposition 7. l O establishes 
that 

Elz,1(i1,l,) · z,,(i,,/2) • z,,(i3 , 13) • z,,(i., /4)j 

I{~ } { ~ } - (•·1> (••,) - E L 1/J;,.,,e,,.,,-,·, · L 1/J,,.,,e,,.,,-,., 
1•1=11 ''::!=O 

[10.A.ll] 

X X !C '.JO 

:s " " " . "'-' 1 •1•1··,>,,,c,,,,,~c,,,,,,,c .. ,, I 
""' ""' .£..J £_., Y'11.1,Y', .. .1~ ,,.1/f',~.J4 

t'1""'U •·_:,,-CJ 1·_1-0 1•.i=O - - · 

<oo. 
Now, 

' EIY;,,,,Y,,.,,Y,,.,,Y,,.,,I = EIµ,,, + i z,,(i,, 1,)1 ·Iµ,,,+ i z,,(i,, 1,)1 
/1 = I /~ - l 

· Iµ,,, + i z,,(i1, 1,)1 · Iµ,,, + .i z,,(i,. t)I 
/.\- I 11"' I 

:SE {lµ,,,I + ,t. lz,,(i,, 1,)l}·{l;,,J + J, lz,,(i2 , l,)j} 

· {I/J-;,1 + f lz,,(i,, 1,)1} · {1µ,,,I + f lz,,(i,, l,)j}. 
l.1-><I 1.i- I 

But this is a finite sum involving terms of the form of [lO.A. llJ-which were seen to be 
finite-along with terms involving first through third moments of z, which must also be 
finite. 

Proof of (d). Notice that 

z,(i.l)·z, ii,m) =LL it,!;·'l/l},:}e,.,-,E,,,.,_.~ r· 
r "'II 1· .. 11 

The same argument leading to [7 .2.14] can be used to establish that 
1' 

(1/T) L z,(i, l)·z, ,(j, m) ~ E{z,(i. f)·z, ,(j. 111)}. 
I I 

[10.A.12J 

To see that [ 10.A.12] implies ergodicity for the second moments of y. notice from 
[to.A.SJ that 

T T [ " ][ " ] (1/T) L Y,,Y;.,-, = (1/T) L µ,, + L z,(i, I) /J,; + L z,.-,(i, m) 
l•I ,,..1 1--=l . ,,, .. I 

as claimed. • 

= /J,1/J,; + µ,, J, [ (1/T) t z, _,(j, m)] + /J,; t [ (1/T) ,t, z,(i, /)] 

+ ± .i [(l/T) f z,(i, l)z,_.(j. m)] 
I• I m- I t• I 

n n 

~ µ,1µ,1 + µ,, L E[z,_,(j, m)] + µ,1 L E[z,(i, /)] 
m• I I• I 

+ .i .i E[z,(i, l)z,_,(j, m)I 
/""' I m=l 

= E { [µ,, + ± z,(i, /)] [/J,; + ± z,_,(j, m)]} 
/=-( "'""' 

l 
= E[y,,YJ_, -,1, 

288 Chapter 10 I Covariance-Stationary Vector Processes 



• Prooror Proposition 10.3. Writing out [10.2.11] explicitly, 

H(L)\Jl(L) = (· · · + H ,L 1 + H.,L" + H1L' + · · ·) 
x (\Jl11L11 + '1t,L' + lJ!1 L' + · · ·), 

from which the coefficient on L k is 

Bk = HklJ!II + H, ,'1t, + H, ,'1t1 + .... [IO.A.13J 

Let b)t' denote the row i, column j element of B,, and let 1ig1 and i/J)~' denote the row i, 
column j elements of H, and lJ!,. respectively. Then the row i, column j element of the 
matrix equation [ IO.A. 13J states that 

b:;1 = i h!!!t/J!,1:; + i h:~, 111/1!,:] + i h:~, 111/1:,;: + · · · = 
111 I 111 l 111 I 

Thus, 

~ lb<<lj = ~ I ~ <;;' 11« •. ,., •••• , 
kJ If ,L_; £.J ~ II// 'fl "1/ 

k,.. - .,. J.. .,. r · ti 11r ! 

s ~ ~ f 111" ,.,.,,,,·,1 
,£.J ~ LJ ,,,. y,,,,, 

J.. ~- i· - 11 ,,, I 

But since {H,}; ., and {\JI.}, .,. are absolutely summable, 

L 111:~. ''I < M, < "" 
,.. ·, 

L li/J:,::i < M1 < :r.. 
' " 

Thus, [I0.A.14J becomes 

" L lb;f'I < L M,M, < >:. • 
A_ Ill l 

i ± h)~. 
, 0111 I 

[10.A.14J 

• Proof of Proposition l0.4. Let A be (m x 11). B be (11 x r). and C be (r x q ). Let the 
(11 x I) vector b; denote the ith column of B. and let c,, denote the row i. column j element 
of C. Then 

ABC = Afb, b, · · · b,J [ ~f: ~i~ : < ~;::] 
Cr1 Cr::!. • • • C"' 1 

[{Ab,c 11 + Ab,c,, + · · · + Ab,c,.,} 

{Ab,c, 1 + Ab 1c11 + · · · + Ab,c,,} · · · 

{Ab,c,,, + Ab1c,,, + · · · + Ab,c,.,,}J 

= [{c11Ab, + c21Ab, + · · · + c,,Ab,} 

{c11Ab 1 + c21Ab, + · · · + c,,Ab,} · · · 

{c,,,Ab 1 + c,,,Ab, + · · · + c,,,Ab,}]. 

Applying the vec operator gives 

vec(ABC) = [
c"Ab, + c,,Ab, + · · · + c,.,Ab,.l 
c 11Ab, + c,,Ab 2 + · · · + c,.1Ab,. 

c 1"Ab 1 + c,,,Ab 1 ~ • • • + c,.,,Ab,. 

_ c,,A c11A · · · c,1A h1 [
c 11A c,,A · · · c, ,Al[b'] 

c,:,A c~,A : : : cn,A b, 

= (C' ® A)· vec(B). • 
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Chapter 10 Exercises 

Ill.I. Consider a scalar AR(p) process (n = 1). Deduce from equation [10.2.19) that the 
(p x l) vector consisting of the variance and first (p - 1) autocovariances. 

[I:]· 
"/,.:_ I 

can be calculated from the first p elements in the first column of the (p' x p') matrix 
u'[I,,, - (F ® F)) · 1 for F the (p x p) matrix defined in equation [1.2.3] in Chapter 1. 

lll.2. Let y, = (X,. Y,)' be given bY. 

X, = e, + 6e, , 

Y, = h,X, , + 11,. 
where (e,. 11,)' is vector white noise with contemporaneous variance-covariance matrix given 
hy 

[ E(e~) E(e,u,)] [u; 0] 
E(u,e,) E(u~) = 0 u! · 

(a) Calculate the autocovariance matrices {fd;'. -x for this process. 
(b) Use equation [10.4.3] to calculate the population spectrum. Find the cospectrum 

between X and Y and the quadrature spectrum from X to Y. 
(c) Verify that your answer to part (b) could equivalently be calculated from expres

sion [10.4.45]. ~ 
(d) Verify by integrating your answer to part (b) that [10.4.49] holds; that is, show 

that 

(2'11')-' fv s.,x(w) e'""' dw = {h, 
ffSxx(w) 0 

fork = 1 

for other integer k. 
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11 

Vector Autoregressions 

The previous chapter introduced some basic tools for describing vector time series 
processes. This chapter looks in greater depth at vector autoregressions, which are 
particularly convenient for estimation and forecasting. Their popularity for ana
lyzing the dynamics of economic systems is due to Sims's (1980) influential work. 
The chapter begins with a discussion of maximum likelihood estimation and hy
pothesis testing. Section 11.2 examines a concept of causation in bivariate systems 
proposed by Granger (1969). Section 11.3 generalizes the discussion of Granger 
causality to multivariate systems and examines estimation of restricted vector au
toregressions. Sections 11.4 and 11.5 introduce impulse-response functions and 
variance decompositions, which are used to summarize the dynamic relations be
tween the variables in a vector autoregression. Section 11.6 reviews how such 
summaries can be used to evaluate structural hypotheses. Section 11.7 develops 
formulas needed to calculate standard errors for impulse-response functions. 

11.1. Maximum Likelihood Estimation and Hypothesis. 
Testing for an Unrestricted Vector Autoregression 

The Conditional Likelihood Function 
for a Vector A utoregression 

Let y, denote an (n x 1) vector containing the values that n variables assume 
at date t. The dynamics of y, are presumed to be governed by a pth-order Gaussian 
vector autoregression, 

Y, = c + cf>,y,_, + cf>2Y,-2 + · · · + cf>"Y,-1, + e,, [ll.1.1] 

withe, - i.i.d. N(O, 0). 
Suppose we have observed each of these n variables for (T + p) time periods. 

As in the scalar autoregression, the simplest approach is to condition on the first 
p observations ( denoted y _" + 1, y _ ,, + 2, ••• , y0) and to base estimation on the last 
T observations (denoted y., y2 , .•• , YT)- The objective then is to form the con
ditional likelihood 

fvr.Yr-, ..... Y,IY0.Y-1 ..... Y-,>+1(YT• YT-I•···, YilYo, Y-1, · · ·, Y-p+I; 6) [11.1.2] 

and maximize with respect to 6, where 6 is a vector that contains the elements of 
c, cI>1, cf>2, •.• , cl>", and 0. Vector autoregressions are invariably estimated on 
the basis of the conditional likelihood function [11.1.2] rather than the full-sample 
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unconditional likelihood. For brevity, we will hereafter refer to [ 11. 1. 2} simply as 
the "likelihood function" and the value of 6 that maximizes [11. l.2] as the "max
imum likelihood estimate." 

The likelihood function is calculated in the same way as for a scalar auto
regression. Conditional on the values of y observed through date t - 1, the value 
of y for date t is equal to a constant, 

c + cf>1Y,-1 + cf>2Y,-2 + · .. + cf>,,Y,-,,. 

plus a N(O, il) variable. Thus, 

Y,IY,-1, Y,-2, • • •, Y-p+I 

-N( (c + cf>,Y,-1 + cf>2Y,-2 + · · · + cf>,,Y,-,, ), il) · 

[11.1.3] 

(11.1.4) 

It will be convenient to use a more compact expression for the conditional 
mean [11.1.3]. Let x, denote a vector containing a constant term and p lags of each 
of the elements of y: 

[ 
1 ] 

Y,-1 
x, = y,;2 . 

Y,-,, 

[11.1.5] 

Thus, x, is anT(l!p + 1) x I] vector. Let II' denote the following [fl X (llp + l)] 
matrix: 

[11.1.6] 

Then the conditional mean [11.1.3] is equal to II'x,. The jth row of II' contains 
the parameters of the jth equation in the VAR. Using this notation, (11.1.4] can 
be written more compactly as 

Y,IY,-1, Y,-2, ·. ·, Y-,,+1 - N(II'x,, il). [11.1.7] 

Thus, the conditional density of the tth observation is 

fv,1v,-,.Y,-1 ..... v-,,~1(Y,IY,-1, Y,-2, · · ·, Y-,,+<; 8) 
= (21r)-r1121n-11112 exp[(-l/2)(y, - II'x,)'n-l(y, - II'x,)]. (11.1.8] 

The joint density of observations 1 through t conditioned on y0 , y _ 1, ••. 

Y-,,+ 1 satisfies 

fv,.Y,-1 ..... Y,IYu.Y-, ..... Y-,,.,(y,, Y,-1, ... 'Y1IY0, Y-1, ... 'Y-p+l; 6) 

= fv,-, ..... Y,IYn.Y-, ..... v., .• ,(Y,-1, ... 'Y1IY0, Y-1, ...• Y-,,+1; 6) 

X /v,1v,-,.Y,-, ..... Y-,,••(Y,IY,-1, Y,-2, · · ·, Y- 1,+1; 6). 

Applying this formula recursively, the likelihood for the full sample Yr, Y-r-i, ... 
y I conditioned on y0 , y _ 1, ... , y -,, + 1 is the product of the individual condition a I 
densities: 

/v.,-.v,-_,_ ... Y,IYu.Y-1 ..... Y-,,+1CYr, YT-l• ... 'Y1IY0, Y-1, ... , Y-,>+I; 6) 
T 

= fl fvr1v,-,.Y, , ..... Y-,,.,(Y,I Y,-1, Y,-2,. · ·, Y-p+l; 6). 
t=I 

(11.1.9] 

The sample log likelihood is found by substituting [11.1.8] into [11.1.9] and taking 
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logs: 

T 

!£(8) = L logfv,1v,-,.v,-, ... v , .. ,(Y,IY,-1, Y,-2, ... , Y-,,+1; 8) ,-1 
- (Tn/2) log(21r) + (T/2) logl!l- 1 I ( 11.1. lO) 

- (l/2) f [<Y, - II'x, )'!l - 1 (y, - II'x, )] . 
,-1 

Maximum Likelihood Estimate of II 
Consider first the MLE of II, which contains the constant term c and auto

regressive coefficients 4>1. This turns out to be given by 

IT' 
(11x(up+ l)j 

= [ £ p;] [ £ X1 x; ]- I 
r- I ,- I 

(11.1.11) 

which can be viewed as the sample analog of the population linear projection of 
y, on a constant and x, (equation (4.1.23)). The jth row of IT' is 

fr; = [£ yitx:][:£ x,x;]-
1
• 

i1X(t1p+l)) I=] ,.,,,.J 
(11.1.12) 

which is just the estimated coefficient vector from an OLS regression of Yit on x'" 
Thus, maximum likelihood estimates of the coefficients for the jth equation of a 
VAR are found by an OLS regression of Y;, on a constant term and p lags of all 
of the variables in the system. 

To verify (11.1.11 J, write the sum appearing in the last term in (11.1.10) as 

,t1 [ (y, - Il'x,)'fi-l(y, - Il'x,)] 

= 1 [(y, - Il'x, + IT'x, - Il'x,)'n- 1(y1 - ll'x, + IT'x, - II'x,)] 

= f [[t, + (II - II)'x,j'0- 1(t 1 + (IT- II)'x,)]. 
I= I 

(11.1.13) 

where the jth element of the (n x 1) vector t, is the sample residual for observation 
t from an OLS regression of Yit on x,: 

E1 == y, - II'x,. {11.1.14) 

Expression [11.1.13) can be expanded as 

j
1 

[(y, - II'x,)'0- 1(y, - Il'xJ] 
T T 

= L i;n- 1t, + 2 L i;n- 1(IT - II)'x, (1 l.1.15) 
t= I ,~1 

T 

+ L x;(IT - II)!l- 1(11 - II)'x,. 
t=I 

Consider the middle term in [11.1.15]. Since this is a scalar, it is unchanged 
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by applying the "trace" operator: 

f t;o- 1(11 - II)'x, = trace[f t;o- 1(11 - II)'x,] 
,.,,.1 t=I 

= trace[f 0- 1(11 - II)'x,t;] 
,-1 

[11.1.16) 

= trace[o- 1(11 - II)' f x,i;]. ,-1 
But the sample residuals from an O LS regression are by construction orthogo
nal to the explanatory variables, meaning that 2T_ 1 x,€;, = 0 for all j and so 
2;= 1 x,i; = 0. Hence, [11.1.16) is identically zero, and [11.1.15) simplifies to · 

f [(Y, - II'x,)'0- 1(y, - II'x,)] 
,-1 

T T 
[11.1.17) 

= L t;o- 1t, + I x;c11 - II)o- 1cft - II)'x,. 
t=I P2 l 

Since O is a positive definite matrix, 0- 1 is as well. 1 Thus, defining the 
(n X 1) vector x: as 

x: = (11 - II)'x,, 

the last term in [ 11.1.17) takes the form 
T T 

L x;(l1 - II)0- 1(11 - II)'x, = L [x:ro- 1x:. 
t=I 1-t 

This is positive for any sequence {x:}T.1 other than x: = 0 for all t. Thus, the 
s.mallest value that [11.1.17] can take on is achieve<! when x: = 0, or when II = 
II. Since [11.1.17] is minin:_iized by setting II = II, it follows that [11.1.10] is 
maximized by setting II = II, establishing the claim that OLS regressions provide 
the maximum likelihood estimates of the coefficients of a vector autoregression. 

Some Useful Results on Matrix Derivatives 

The next task is to calculate the maximum likelihood estimate of 0. Here 
two results from matrix calculus will prove helpful. The first result concerns the 
derivative of a quadratic form in a matrix. Let a;idenote the row i, columnj element 
of an (n x n) matrix A. Suppose that the matrix A is nonsymmetric and unrestricted 
(that is, the value of aii is unrelated to the value of ak, when either i =F k or j =F l). 
Consider a quadratic form x'Ax for x an (n x 1) vector. The quadratic form can 
be written out explicitly as 

from which 

" n 
x'Ax = L L x1a;ixi, 

i• l ;-1 

ax'Ax 
-- = X;XJ. 

aa;1 

[11.1.18] 

[11.1.19] 

'This follows immediately from the fact that o- 1 can be written as L'L for La nonsingular matrix 
as in (8.3.1). 

294 Chapter 11 I Vector Autoregressions 



Collecting these n 2 different derivatives into an (n x n) matrix, equation (11.1.19] 
can conveniently be expressed in matrix form as 

ax'Ax 
-- = xx'. 

aA 
[11.1.20] 

The second result concerns the derivative of the determinant of a matrix. Let 
A be a nonsymmetric unrestricted (n x n) matrix with positive determinant. Then 

a logJAI .. [ ] --- = a1' 11.1.21 
aaij ' 

where aii denotes the row j, column i element of A - 1. In matrix form, 

a l~~AI = (A')-1. [11.1.22) 

To derive [11.1.22), recall the formula for the determinant of A (equation 
[A.4.10] in the Mathematical Review, Appendix A, at the end of the book): 

" IAI = L (-: l)i+ia;;JA;il, 
1•1 

[11. 1.23) 

where A;i denotes the (n - 1) x (n - 1) matrix formed by deleting row i and 
column j from A. The derivative of [11.1.23) with respect to a;i is 

alAI = (-1y+ilA;J, [11.1.24) 
aa,i 1 

since the parameter a1i does not appear in the matrix A;i" It follows that 

a l~!IAI = (1/IAl)·(-1)i+ilA;il, 
If 

which will be recognized from equation [A.4.12) as the row j, column i element 
of A - 1, as claimed in equation [l 1.1.22). 

The Maximum Likelihood Estimate of 0 
V',(_e now apply these results to find the M LE of 0. When evaluated at the 

MLE IT, the log likelihood [11.1.10) is 

.:£(0, II) = -(Tn/2) log(21r) + (T/2) loglO - 1 I 
T 

- (1/2) ~ t;o- 1t,. 
[11.1.25) 

l=I 

Our objective is to find a symmetric positive definite matrix O for which this is as 
large as possible. It is instructive to consider first maximizing [11.1.25) by choosing 
n to be any unrestricted (n x n) matrix. For that purpose we can just differentiate 
[11.1.25) with respect to the elements of 0- 1 using formulas [11.1.20) and [11.1.22): 

a.:£(O, II)= {T/2) a loglo- 11 _ (1/2) .f, at;o- 1t 1 

ao- 1 ao- 1 ;~'1 ao- 1 
T 

= (T/2)0' - (1/2) ~ e,e;. 
t=l 

The likelihood is maximized when this derivative is set to zero, or when 
T 

O' = (1/T) ~ e,t;. 
I• I 

[11.1.26] 

[11.1.27) 
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The matrix O that satisfies [11.1.27] maximizes the likelihood among the class 
of all unrestricted (n x n) matrices. Note, however, that the optimal unrestricted 
value for O that is specified by [11.1.27] turns out to be symmetric and positive 
definite. The MLE, or the value of O that maximizes the likelihood among the 
class of all symmetric positive definite matrices. is thus also given by [11.1.27]: 

T o = (1/T) L t,t;. 
,-1 

The row i, column i element of O is given by 
T 

o-r = (VT) L €ft, 
,-1 

[11.1.28] 

[11.1.29] 

which is just the average squared residual from a regression of the ith variable in 
the VAR on. a constant term and p lags of all the variables. The row i. column j 
element of O is 

T 

O";j = (1/T) L EifEjt• [11.1.30] 
/=I 

which is the average product of the O LS residual for variable i and the O LS residual 
for variable j. 

Likelihood Ratio Tests 

To perform a likelihood ratio test, we need to calculate the maximum value 
achieved for [11.1.25]. Thus, consider 

~(0,11) = -(Tn/2)log(21r) + (T/2)logl0- 1I 
T 

- (112) L t;o-•t, 
(m I 

for O given by [11.1.28]. The last term in [11.1.31] is 

(1/2) f t;o- 1t, = (1/2) trace[± t;o- 1t,] 
t=I 1-1 

= (1/2) trace[£ o-1t,t;] 
,- I 

= (1/2) trace[0- 1(TO)] 
= (1/2) trace(T· In) 

= Tn/2. 

Substituting this into [11.1.31] produces 

[11.1.31] 

9;(0, 11) = -(Tn/2) log(21r) + (T/2) logl0- 1! - (Tn/2). [11.1.32] 

This makes likelihood ratio tests particularly simple to perform. Suppose we 
want to test the null hypothesis that a set of variables was generated from a Gaussian 
VAR with p11 lags against the alternative specification of p 1 > p 0 lags. To estimate 
the system under the null hypothesis, we perform a set of n OLS regressions of 
each variable in th~ system on a constant term and on p0 lags of all the variables 
in the system. Let 0 0 = (1/T) "i.T_ 1 t,(p 0)[ t,(p 0)]' be the variance-covariance matrix 
of the residuals from these regressions. The maximum value for the log likelihood 
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under H0 is then 

:£1~ = -(Tn/2) log(27r) + (T/2) log!il 111! - (Tn/2). 

Similarly, the system is estimated under the alternative hypothesis by OLS regres
sions that include p 1 lags of all the variables. The maximized log likelihood under 
the alternative is 

:£f = -(Tn/2) log(27r) + (T/2) log!il 11 I - (Tn/2), 

where il 1 is the variance-covariance matrix of the residuals from this second set 
of regressions. Twice the log likelihood ratio is then 

2(:£r - :£1~) = 2{(T/2) loglil, 11 - (T/2) loglil1, 1I} 

Tlog(l!lil 1I) - Tlog(l/lfiol) 

= -T loglil 1! + T loglilol 

= T{loglilol - log!il,I}. 

[11.1.33) 

Under the null hypothesis, this asymptotically has a x2 distribution with degrees 
of freedom equal to the number of restrictions imposed under H0 • Each equation 
in the specification restricted by H11 has (p 1 - p0 ) fewer lags on each of n variables 
compared with H,; thus, H0 imposes n(p 1 - p0 ) restrictions on each equation. 
Since there are n such equations, H0 imposes n 2(p 1 - p0) restrictions. Thus, the 
magnitude calculated in (11.1.33] is asymptotically x2 with n 2(p 1 - p0) degrees of 
freedom. 

For example, suppose a bivariate VAR is estimated with three and four 
lags (n = 2, p 0 = 3, p 1 = 4). Say that the original sample contains 50 obser
vations on each variable (denoted y_ 3 , y_ 2 , ... , y46) and that observations 1 
through 46 were used to estimate both the three- and four-lag specifications so 
that T = 46. Let €;,(p0 ) be the sample residual for observation t from an OLS 
regression of y;, on a constant, three lags of y 11, and three lags of y2,. 

Suppose that (1/T) 2;= 1 (€1,(p 0)]2 = 2.0, (l/T) "2:-;.1 (€2,(p 0))2 = 2.5, and 
(1/T) 2;.1 €1,(Po)€2,(Po) = 1.0. Then 

ilo = [2.0 1.0] 
1.0 2.5 

and loglfit,I = log 4 = 1.386. Suppose that when a fourth lag is added to each 
regression, the residual covariance matrix is reduced to 

ill = [1.8 0.9], 
0.9 2.2 

for which loglild = 1.147. Then 

2(:£/' - :£It) = 46(1.386 - 1.147) = 10.99. 

The degrees of freedom for this test are 22(4 - 3) = 4. Since 10.99 > 9.49 (the 
5% critical value for a x2(4) variable}, the null hypothesis is rejected. The dynamics 
are not completely captured by a three-lag VAR, and a four-lag specification seems 
preferable. 

Sims (1980, p. 17) suggested a modification to the likelihood ratio test to take 
into account small-sample bias. He recommended replacing [11.1.33] by 

(T - k){log!ilol - loglil 11}, [11.1.34] 

where k = 1 + np 1 is the number of parameters estimated per equation. The 
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adjusted test has the same asymptotic distribution as [11.1.33] but is less likely to 
reject the null hypothesis in small samples. For the present example, this test 
statistic would be 

(46 - 9)(1.386 - 1.147) = 8.84, 

and the earlier conclusion would be reversed (H0 would be accepted). 

Asymptotic Distribution of fl 
The maximum likelihood estimates ft and O will give consistent estimates of 

the population parameters even if the true innovations are non-Gaussian. Standard 
errors for ft can be based on the usual OLS formulas, as the following proposition 
demonstrates. 

Proposition 11. I: Let 

y, = C + cf>,y,_, + cf>2Y,-2 + . • • + cf>pYt-p + E,, 

where e, is independent and identically distributed with mean 0, variance 0, and 
E(e;,Ei1e1,e,,,,) < oo for all i, j, l, and m and where roots of 

II,, - cf>, z - cf>2 z 2 - • • • - cf>PzPI = 0 [11.1.35] 

lie outside the unit circle. Let k = np + 1, and let x; be the (1 X k) vector 

x; a,; [l y;_ I y;_2 • • . y;_,,]. 

Let irr = vec(ftr) denote the (nk x 1) vector of coefficients resulting from OLS 
regressions of each of the elements of y, on x, for a sample of size T: 

[*1.J fr = fr2.r 
T • ' 

ff,,.r 

where 

and let 1r denote the (nk x 1) vector of corresponding population coefficients. 
Finally, let 

T 

OT = (1/T) ~ t,t;' 
t=I 

where 

. ' . 
E;, = Yu - x,1r;.r· 

Then 

T 

(a) (1/T) ~ x,x; ~ Q where Q = E(x,x;); ,_, 
(b) Trr~ 1r; 
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(c) 
(d) 

• p 
Or-+ O; 
v'f(-frr - 1r) ~ N(O, (0 ® 0- 1)), where ® denotes the Kronecker 
product. 

A proof of this proposition is provided in Appendix 11.A to this chapter. 
If we are interested only in fr;.r, the coefficients of the ith regression in the 

VAR, result (d) implies that 

[11.1.36] 

where u; = E(e;,) is the variance of the innovation of the ith equation in the VAR. 
But u; is estimated consistently by uf = (1/T)If. 1 i;,, the average squared residual 
from OLS estimation of this equation. Similarly, 0- 1 is estimated consistently by 
[(1/T)I;. 1 x,x;J-1• Hence, [11.1.36] invites us to treat fr; approximately as 

fr; = N( ff;, ul [,t x,x; ]-'). [11.1.37] 

But this is the standard OLS formula for coefficient variances with s, = 
[1/(T - k)] I;. 1 er, in the standard formula replaced by the maximum likelihood 
estimate CTf in [11.1.37]. Clearly, sf and ul are asymptotically equivalent, though 
following Sims's argument in [11.1.34), the larger (and thus more conservative) 
standard errors resulting from the OLS formulas might be preferred. Hence, Prop
osition 11.1 establishes that the standard OLS t and F statistics applied to the 
coefficients of any single equation in the VAR are asymptotically valid and can be 
evaluated in the usual way. 

A more general hypothesis of the form Rn = r involving coefficients across 
different equations of the VAR can be tested using a generalization of the Wald 
form of the OLS x2 test (expression [8.2.23)). Result (d) of Proposition 11.1 
establishes that 

v'f(Rfrr - r) ~ N( 0, R(O@ o-1)R'). 

In the light of results (a) and (c), the asymptotic distribution could equivalently 
be described as 

VT(Rfrr - r) .!'.,. N( o, R(Or ® Or 1)R} 
where Or = (1/T) IT-1 e,t; and Or = (1/T) IT= 1 x,X:. Hence, the following statistic 
has an asymptotic x2 distribution: 

x2(m) = T(Rw7 - r)'(R(0 7 ® Or1)R')- 1(RTl'r - r) 

= (Rwr - r)'(R[Or® (TQr)- 1]R')- 1(Rwr - r) [11.1.38] 

= (Rwr - r)' {R[Or® (,t x,x;)-1]R'r \Rirr - r). 

The degrees of freedom for this statistic are given by the number of rows of R, or 
the number of restrictions tested. 

For example, suppose we wanted to test the hypothesis that the constant term 
in the first equation in the VAR (c1) is equal to the constant term in the second 
equation (c2). Then Risa (1 x nk) vector with unity in the first position, -1 in 
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the (k + l)th position, and zeros elsewhere: 

R = [1 0 0 · · · 0 -1 0 0 · · · OJ. 

To apply result (11.1.38), it is convenient to write R in Kronecker product form 
as 

[11.1.39J 

where R,. selects the equations that are involved and Rk selects the coefficients. 
For this example, 

R,, = [l - 1 0 0 · · · OJ 
(I X11) 

Rk = [l O O O · · · OJ. 
(I xk) 

We then calculate 

(R,, ® Rk)[ 0 ® (t x,x;) -}R;, ® RD 

(R,,ilR;,) ® [ Rk (t x,x;) - I R~] 

(&T - 2&12 + &D ® t 11, 

where 6-12 is the covariance between i 1, and €21 and t 11 is the (1, 1) element of 
("i.;~1 x,x;)-1• Since t 11 is a scalar, the foregoing Kronecker product is a simple 
multiplication. The test statistic [l l. l.38J is then 

Asymptotic Distribution of 0 
In considering the asymptotic distribution of the estimates of variances and 

covariances, notice that since O is symmetric, some of its elements are redundant. 
Recall that the "vec" operator transforms an (11 x n) matrix into an (112 x 1) 
vector by stacking the columns. For example, 

U1 I 

£T21 

U31 

["" U12 ""] U12 

vec u 21 U22 U23 £T22 (11.1.40] 
U31 U32 U33 U32 

0-JJ 

0-23 

0-;3 

An analogous "vech" operator transforms an (n x n) matrix into an ([11(11 + 1)/2) 
x 1) vector by vertically stacking those elements on or below the principal 
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diagonal. For example, 

0-1 I 

[u" cr,2 u,J 0-21 

vech a-21 0"22 0"03 = 0-31 

0:,1 a-.,2 0":13 
0"22 

0"32 

0"33 

Proposition 11.2: Let 

Y, = C + cl>1Y,-1 + cl>2Y,-2 + · · · + cl>,,Y,-1, + E,, 

where £ 1 - i.i.d. N(0, 0) and where roots of 

II,, - cf>1z - cf>2z2 - · · · - cl>,,z''I = 0 

[11.1.41] 

lie outside the unit circle. Let fr 7, Or, and Q be as defined in Proposition I I. I. 
Then 

[ \l'T[frr - 1r] ] L ([0] [(0@ Q- 1
) 0 ]) 

v'T[vech(Or) - vech(O)] ---+ N O ' 0 I 22 • 

Let O-;i denote the row i, column j element of O; for example, a- 11 is the variance of 
e 1,. Then the element of I 22 corresponding to the covariance between fr;1 and &1111 is 
given by (a-ua-1111 + a-;,,.a-jl) for all i, j, l, m = 1, 2, ... , n, including i = j = l = 
m. 

For example, for n = 2, Proposition 11.2 implies that 

20-110"12 

a-110-22 + a-T2 

20-120"22 

2a-T2 l ) 
20-12:22 . 

20-22 

[11. l.42] 

Thus, a Wald test of the null hypothesis that there is no covariance between e 1, 

and e2, is given by 

A Wald test of the null hypothesis that e 1, and e2, have the same variance is given 
by 

where Ui1 denotes the square of the estimated variance .of the innovation for the 
first equation. 

The matrix I 22 in Proposition 11.2 can be expressed more compactly using 
the duplication matrix. Notice that since O is symmetric, the n2 elements of vec(O) 
in [11.1.40] are simple duplications of the n(n + 1)/2 elements of vech(O) in 
[11.1.41]. There exists a unique [n2 x n(n + 1)/2] matrix D,, that transforms vech(O) 
into vec(O), that is, a unique matrix satisfying 

Dn vech(O) = vec(O). [11.1.43] 

11.1. Estimation and Hypothesis Testing for an Unrestricted VAR 301 



For example, for n = 2, equation [11.1.43] is 

[11.1.44] 

Further, define D,; to be the following [n(n + 1)/2 x n 2] matrix: 2 

[ 11.1.45] 

Notice that D,;'"D,, = I,,<,.+ IJ/2· Thus, premultiplying both sides of [ 11.1.43] by D,; 
reveals D,; to be a matrix that transforms vec(O) into vech(O) for symmetric 0: 

vech(O) = D,; vec(O). [ 11.1.46) 

For example, for n = 2, equation (11.1.46] is 

( 11.1.47] 

It turns out that the matrix I 22 described in Proposition 11.2 can be written 
as3 

I 22 = 2D,;(O @O)(D,;)'. 

For example, for n = 2, expression [11.1.48] becomes 

[ 1000~] 2D{(O ® O)(Di")' = 2 0 ½ ½ 
0 O 0 

[

(Tl 10'1 I 

X 0'110'21 

0'210'1 I 

0"210'21 

[ 

20"~1 

= 20"110'12 

2ut2 

which reproduces [11.1.42]. 

0'120"1 I 0'120'12] 

0'120-21 0'120'22 

O"z2<T11 O"z20'12 

0'220'21 O'zz0"22 

0'1 I 0'22 + O'f2 

2u120'22 

2o-f, J 
20"120'22 , 

20-12 

11.2. Bivariate Granger Causality Tests 

[ I J.1.48] 

One of the key questions that can be addressed with vector autoregressions is how 
useful some variables are for forecasting others. This section discusses a particular 
summary of the forecasting relation between two variables proposed by Granger 
(1969) and popularized by Sims (1972). A more general discussion of a related 
question in larger vector systems is provided in the following section. 

'It can be shown that (D;,D,,) is nonsingular. For more details, see Magnus and Neudecker (1988, 
pp. 48-49), 

'Magnus and Neudecker (1988, p. 318) derived this expression directly from the information matrix. 
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Definition of Bivariate Granger Causality 

The question investigated in this section is whether a scalar y can help forecast 
another scalar x. If it cannot, then we say that y does not Granger-cause x. More 
formally, y fails to Granger-cause x if for alls > 0 the mean squared error of a 
forecast of x,+., based on (x,, x,-i, .. . ) is the same as the MSE of a forecast of 
x,+.v that uses both (x,, x,_ 1, ••• ) and (Y,, y,_" ... ). If we restrict ourselves to 
linear functions, y fails to Granger-cause x if 

MSE[E(x,;,Jx,, x,_,, .. . )] [11.2.l) 

= MSE[E(x,+,lx,.x,_,, ... ,Y,,Y,-1, ... )). 

Equivalently, we say that xis exogenous in the time series sense with respect toy if 
[11.2.1) holds. Yet a third expression meaning the same thing is that y is not linearly 
informative about future x. 

Granger's reason for proposing this definition was that if an event Y is the 
cause of another event X, then the event Y should precede the event X. Although 
one might agree with this position philosophically, there can be serious obstacles 
to practical implementation of this idea using aggregate time series data, as will 
be seen in the examples considered later in this section. First, however, we explore 
the mechanical implications of Granger causality for the time series representation 
of a bivariate system. 

Alternative Implications of Granger Causality 

In a bivariate VAR describing x and y. y does not Granger-cause x if the 
coefficient matrices cf>1 are lower triangular for all j: 

[;:] = [::J + [:ll'. ~~J C:=:J + [:~: 

[c/>\';i O ] [x,-,,J ["''] + ,1.(p) c/>(p) + . 
'1'21 22 Y,-,, Ei, 

0 ] [X,-2] + ... 
c/>~~> Y,-2 [11.2.2) 

From the first row of this system, the optimal one-period-ahead forecast of x 
depends only on its own lagged values and not on lagged y: 

E(x,+, Ix,, x,_" ... , Y,, Y,- ,, . · .) [t 1.2.3] 
= c1 + cf>\\>x, + cf>\~1x,_1 + · · · + c/>\';lx,_,,+1-

Furthermore, the value of x,+2 from [11.2.2) is given by 

Recalling [11.2.3) and the law of iterated projections, it is clear that the date t 
forecast of this magnitude on the basis of(x,, x,_ 1, ••• , y,, y,_" ... ) also depends 
only on (x,, x,_ 1, ••• , x,-p+ 1). By induction, the same is true of ans-period-ahead 
forecast. Thus, for the bivariate VAR, y does not Granger-cause x if 4>i is lower 
triangular for all j, as claimed. 

Recall from equation [10.1.19] that 

w, = cf>1'1Jf,_1 + cf>2'1Jf,_2 + · · · + ct>,,w.,_p for s = 1, 2, ... , 

with '1Jr0 the identity matrix and W, = 0 for s < 0. This expression implies that if 
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cl>i is lower triangular for all j, then the moving average matrices 1ft, for the fun
damental representation will be lower triangular for alls. Thus, if y fails to Granger
cause x, then the MA(oc) representation can be written 

where 

1/1;/L) = I/If;'> + 1/J;?>v + 1/J;?>u + 1/Jtf>v + · - · 

with ,,,r:i = "'~~) = 1 and rf,r;> = 0. 

[11.2.4] 

Another implication of Granger causality was stressed by Sims (1972). 

Proposition 11 .3: Consider a linear projection of y, on past, present, and future 
x's, 

X 

Yr = C + ~ b;Xr-j + ~ djXr+f + T/,, 
j-CI J-L 

[11.2.5] 

where b; and d1 are defined as population projection coefficients, that is, the values 
for which 

E(T/,x,) = 0 for all t and T. 

Then y fails to Granger-cause x if and only if d1 = 0 for j = l, 2, .... 

Econometric Tests for Granger Causality 

Econometric tests of whether a particular observed series y Granger-causes 
x can be based on any of the three implications [11.2.2], [11.2.4], or [11.2.5]. The 
simplest and probably best approach uses the autoregressive specification [11.2.2). 
To implement this test, we assume a particular autoregressive lag length p and 
estimate 

x, = C1 + a 1x,_ 1 + a 2x,_ 2 + · · · + apx,_1, + /3 1y,_ 1 

+ /32Y,-2 + · · · + /3,,Y,-,, + u, 

by OLS. We then conduct an F test of the null hypothesis 

Ho: /31 = /32 = · · · = /3,, = 0. 

[11.2.6] 

[11.2.7] 

Recalling Proposition 8.2, one way to implement this test is to calculate the sum 
of squared residuals from [11.2.6], 4 

and compare this with the sum of squared residuals of a univariate autoregression 
for x,. 

T 

RSS 0 = ~ e;, 
1-1 

'Note that in order for t to run from I to T as indicated, we actually need T + p observations on 
x and y. namely, X-p+i. x-,.+:!• .... Xr and Y-,,+i• Y-,,+2• .. . , Yr· 
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where 

x, = C0 + 'Y1X,_ 1 + 'Y2X,-z + · · · + y,,x,_,, + e, 

is also estimated by OLS. If 

Si "" (RSS 0 - RSS 1)/p 
RSS 1/(T - 2p - 1) 

[11.2.8) 

(11.2.9) 

is greater than the 5% critical value for an F(p, T - 2p 1) distribution, then 
we reject the null hypothesis that y does not Granger-cause x; that is, if S1 is 
sufficiently large, we conclude that y does Granger-cause x. 

The test statistic (11.2.9] would have an exact F distribution for a regression 
with fixed regressors and Gaussian disturbances. With lagged dependent variables 
as in the Granger-causality regressions, however, the test is valid only asymptot
ically. An asymptotically equivalent test is given by 

S = T(RSS 0 - RSS 1) [ OJ 
2 - RSS, . 11.2.1 

We would reject the null hypothesis that y does not Granger-cause x if S2 is greater 
than the 5% critical values for a x2(p) variable. 

An alternative approach is to base the test on the Sims form [11.2.5] instead 
of the Granger form [11.2.2). A problem with the Sims form is that the error term 
TJ, is in general autocorrelated. Thus, a standard F test of the hypothesis that d; = 0 
for all j in (11.2.5] will not give the correct answer. One option is to use autocor
relation-consistent standard errors for the OLS estimates as described in Section 
10.5. A second option is to use a generalized least squares transformation. A third 
option, suggested by Geweke, Meese, and Dent (1983). is as follows. Suppose the 
error term 711 in [11.2.5] has Wold representation T/, = l{,,_2(L)v2,. Multiplying both 
sides of [11.2.5] by h(L) ""(f/,22(L)J- 1 produces 

X X X 

y, = c2 - L hiY,-i + L btx,-i + L d1•x,+1 + v2,. 
/= I j-0 /-1 

[11.2.11 J 

The error term in [11.2.11) is white noise and uncorrelated with any of the ex
planatory variables. Moreover, d7 = 0 for all j if and only if d1 = 0 for all j. Thus, 
by truncating the infinite sums in (11.2.11) at some finite value, we can test the 
null hypothesis that y does not Granger-cause x with an F test of d: = d; = 
· · · = d; = 0. 

A variety of other Granger-causality tests have been proposed; see Pierce 
and Haugh (1977) and Geweke, Meese, and Dent (1983) for selective surveys. 
Bouissou, Laffont, and Vuong (1986) discussed tests using discrete-valued panel 
data. The Monte Carlo simulations of Geweke, Meese, and Dent suggest that the 
simplest and most straightforward test-namely, that based on [11.2.10]-may 
well be the best. 

The results of any empirical test for Granger causality can be surprisingly 
sensitive to the choice of lag length (p) or the methods used to deal with potential 
nonstationarity of the series. For demonstrations of the practical relevance of such 
issues, see Feige and Pearce (1979), Christiano and Ljungqvist (1988). and Stock 
and Watson (1989). 

Interpreting Granger-Causality Tests 

How is "Granger causality" related to the standard meaning of "causality"? 
We explore this question with several examples. 
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Example 11.1-Granger-Causality Tests 
and Forward-Looking Behavior 
The first example uses a modification of the model of stock prices described 
in Chapter 2. If an investor buys one share of a stock for the price P, at date 
t, then at t + 1 the investor will receive D,+ 1 in dividends and be able to sell 
the stock for P.,+ 1• The ex post rate of return from the stock ( denoted r,+ 1) is 
defined by 

(1 + r,+ 1)P, = P,+ 1 + D,+1· [11.2.12] 

A simple model of stock prices holds that the expected rate of return for the 
stock is a constant r at all dates: 5 

(1 + r)P, = E,[P,+ 1 + D,.,.1]. [11.2.13] 

Here E, denotes an expectation conditional on all information available to 
stock market participants at time t. The logic behind [11.2.13) is that if investors 
had information at time t leading them to anticipate a higher-than-normal return 
to stocks, they would want to buy more stocks at date t. Such purchases would 
drive P, up until (11.2.13] was satisfied. This view is sometimes called the 
efficient markets hypothesis. 

As noted in the discussion of equation [2.5.15] in Chapter 2, equation 
(11.2. 13] along with a boundedness condition implies 

" [ 1 ]; 
P, = E, L -1-- D, .. ;· 

j=I + r 
[11.2.14] 

Thus, according to the theory, the stock price incorporates the market's best 
forecast of the present value of future dividends. If this forecast is based on 
more information than past dividends alone, then stock prices will Granger
cause dividends as investors try to anticipate movements in dividends. 

For a simple illustration of this point, suppose that 

D, = d + u, + l>u,_ 1 + v,, (11.2.15] 

where u, and v, are independent Gaussian white noise series and dis the mean 
dividend._ Suppose that investors at time t know the values of {u,, u,_ 1, .•• } 

and {v,, v,_ 1, ••• }. The forecast of D,+; based on this information is given by 

) _ {d + l>u, for j = 1 
E,(D, .. ; - . [11.2.16] 

d for J = 2, 3, .... 

Substituting [11.2.16] into [11.2.14], the stock price would be given by 

P, = dlr + l>u,!(1 + r). [11.2.17] 

'A related model was proposed by Lucas (1978): 

U'(C,)P, = E,{(3U'(C,. ,)(P,. I + D,. ,)}. 

with U'(C,) the marginal utility of consumption at date t. If we define P, to be the marginal-utility
weighted stock price P, • U'(C,)P, and 6, the marginal-utility-weighted dividend. then this becomes 

13-•P, = E,{P,., + t>,.,}. 
which is the same basic form as (11.2.13]. With risk-neutral investors. U'(C,) is a constant and the two 
formulations are identical. The risk-neutral version gained early support from the empirical evidence 
in Fama (1%5). 
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Thus, for this example, the stock price is white noise and could not be forecast 
on the basis of lagged stock prices or dividends.h No series should Granger
cause stock prices. 

On the other hand, notice from [11.2.17] that the value of u,_ 1 can be 
uncovered from the lagged stock price: 

au,_. = (1 + r)P,_ 1 - (1 + r)d/r. 

Recall from Section 4. 7 that u,_, contains additional information about D, 
beyond that contained in {D,_., D,_ 2, ••• }. Thus, stock prices Granger-cause 
dividends, though dividends fail to Granger-cause stock prices. The bivariate 
VAR takes the form 

[P,] = [ dlr] + [ 0 OJ [P,_1] + [<'lu,/(1 + r)]. 
D, -dlr 1 + r O D,_ 1 u, + v, 

Hence, in this model, Granger causation runs in the opposite direction 
from the true causation. Dividends fail to "Granger-cause" prices, even though 
investors' perceptions of dividends are the sole determinant of stock prices. 
On the other hand, prices do "Granger-cause" dividends, even though the 
market's evaluation of the stock in reality has no effect on the dividend process. 

In general, time series that reflect forward-looking behavior, such as stock 
prices and interest rates, are often found to be excellent predictors of many key 
economic time series. This clearly does not mean that these series cause GNP or 
inflation to move up or down. Instead, the values of these series reflect the market's 
best information as to where GNP or inflation might be headed. Granger-causality 
tests for such series may be useful for assessing the efficient markets view or 
investigating whether markets are concerned with or are able to forecast GNP or 
inflation, but should not be used to infer a direction of causation. 

There nevertheless are circumstances in which Granger causality may offer 
useful evidence about the direction of true causation. As an illustration of this 
theme, consider trying to measure the effects of oil price increases on the economy. 

Example 11.2-Testing for Strict Econometric Exogeneity7 

All but one of the economic recessions in the United States since World War 
ll have been preceded by a sharp increase in the price of crude petroleum. 
Does this mean that oil shocks are a cause of recessions? 

One possibility is that the correlation is a fluke-it happened just by 
chance that oil shocks and recessions appeared at similar times, even though 
the actual processes that generated the two series are unrelated. We can in
vestigate this possibility by testing the null hypothesis that oil prices do not 
Granger-cause GNP. This hypothesis is rejected by the data-oil prices help 
predict the value of GNP, and their contribution to prediction is statistically 
significant. This argues against viewing the correlation as simply a coincidence. 

To place a causal interpretation on this correlation, one must establish 
that oil price increases were not reflecting some other macroeconomic influence 
that was the true cause of the recessions. The major oil price increases have 

"fhis result is due lo the particular specification of the time series properties assumed for dividends. 
A completely general result is that the excess return series defined by P,., + D,., - (1 + r)P, (which 
for this example would equal llu<+ 1/(1 + r) + u,., + vt+ 1) should be unforecastable. The example in 
the text provides a simpler illustration or the general issues. 

'This discussion is based on Hamilton (1983, 1985). 
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been associated with clear historical events such as the Suez crisis of 1956-57, 
the Arab-Israeli war of 1973-74, the Iranian revolution of 1978-79, the start 
of the Iran-Iraq war in 1980, and Iraq's invasion of Kuwait in 1990. One could 
take the view that these events were caused by forces entirely outside the U.S. 
economy and were essentially unpredictable. If this view is correct, then the 
historical correlation between oil prices and GNP could be given a causal 
interpretation. The view has the refutable implication that no series should 
Granger-cause oil prices. Empirically, one indeed finds very few mac
roeconomic series that help predict the timing of these oil shocks. 

The theme of these two examples is that Granger-causality tests can be a 
useful tool for testing hypotheses that can be framed as statements about the 
predictability of a particular series. On the other hand, one may be skeptical about 
their utility as a general diagnostic for establishing the direction of causation be
tween two arbitrary series. For this reason, it seems best to describe these as tests 
of whether y helps forecast x rather than tests of whether y causes x. The tests 
may have implications for the latter question, but only in conjunction with other 
assumptions. 

Up to this point we have been discussing two variables, x and y, in isolation 
from any others. Suppose there are other variables that interact with x or y as well. 
How does this affect the forecasting relationship between x and y? 

Example 11.3-Role of Omitted Information 
Consider"the following three-variable system: 

[ ;: l [' + 5L L Ol [e1,l 
0 1 0 e2, • 

0 L 1 e,, 

with l [(Tf 
0 (T~ 

E(e,e;) = 
0 

0 0 

0 l,] fort = s 

otherwise. 

Thus, YJ can offer no improvement in a forecast of either y, or Yz beyond that 
achieved using lagged y 1 and y2 . 

Let us now examine the bivariate Granger-causality relation between y, 
and y3• First, consider the process for y 1: 

Notice that y 1 is the sum of an MA(l) process {e11 + 5e 1_,_ 1) and an uncorrelated 
white noise process (e2_,_ 1). We know from equation [4.7.15] that the univariate 
representation for y 1 is an MA{l) process: 

Y1, = u, + 9u,-1· 

From [4.7.16], the univariate forecast error u, can be expressed as 

u, = (e11 - fh1.,-1 + 92eu-2 - 93Ei.r-3 + · · ·) 
+ 5(e1.,-1 - 9e,.,-2 + 92e1.,-3 - 93et.r-4 + · · ·) 
+ (e2.,-1 - 9e2.1-2 + 92e2.1-3 - 93Ez.,-4 + · · ·). 
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The univariate forecast error u, is, of course, uncorrelated with its own lagged 
values. Notice, however, that it is correlated with y3_,_ 1: 

E(u,)(YJ.,- 1) = E(u,)(e: 11 - 1 + E2 ,_ 2) = -9a} 

Thus, lagged y3 could help improve a forecast of y 1 that had been based 
on lagged values of y 1 alone, meaning that y3 Granger-causes y 1 in a bivariate 
system. The reason is that lagged y3 is correlated with the omitted variable y2 , 

which is also helpful in forecasting y 1." 

11.3. Maximum Likelihood Estimation of Restricted 
Vector Autoregressions 
Section 11.1 discussed maximum likelihood estimation and hypothesis testing on 
unrestricted vector autoregressions. In these systems each equation in the VAR 
had the same explanatory variables, namely, a constant term and lags of all the 
variables in the system. We showed how to calculate a Wald test of linear constraints 
but did not discuss estimation of the system subject to the constraints. This section 
examines estimation of a restricted VAR. 

Granger Causality in a Multivariate Context 

As an example of a restricted system that we might be interested in estimating, 
consider a vector generalization of the issues explored in the previous section. 
Suppose that the variables of a VAR are categorized into two groups, as represented 
by the (n1 x 1) vector y1, and the (n2 x 1) vector y2,. The VAR may then be 
written 

y 1, = c1 + A; x1, + A;x2, + e 1, 

Y2, = c2 + B;x 1, + B~x2 , + e2,. 

(11.3. I] 

[I 1.3.2) 

Here x11 is an (n1p x 1) vector containing lags of y1,, and the (n2p x I) vector 
x2, contains lags of Y2,: 

[
Y1.,-1] 

X '= Y1.,-2 
1, . 

Y1.1-,, 

[
Y2.,-1] 

X = Y2.1-2 
2, . • 

Y2.,-p 

The (n 1 x 1) and (n2 x 1) vectors c1 and c2 contain the constant terms of the 
VAR, while the matrices A,, A2 , 8 1, and B2 contain the autoregressive coefficients. 

The group of variables represented by y I is said to be block-exogenous in the 
time series sense with respect to the variables in y2 if the elements in y2 are of no 
help in improving a forecast of any variable contained in y 1 that is based on lagged 
values of all the elements of y 1 alone. In the system of [11.3.1] and (11.3.2], y 1 is 
block-exogenous when A2 = 0. To discuss estimation of the system subject to this 
constraint, we first note an alternative form in which the unrestricted likelihood 
can be calculated and maximized. 

"The reader may note thal for this example the correlation between y,, and y,_,_, is zero. However. 
there are nonzero correlations between (1) y 11 and y..,_, and (2) Y,.,-, and y,,-,, and these account 
for the conlribution of Y,.,-, to a forecast of y., that already includes y..,_ ,. 
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An Alternative Expression for the Likelihood Function 

Section 11.1 calculated the log likelihood function for a VAR using the pre
diction-error decomposition 

T 

!£(9) = ~ log/v,1x,(Y,lx,; 9), ,-1 
where y; = (y\,, yi,), x; = (y;_ 1, y;_2, ... , y;_,,), and 

Iog/v,1x,(y,lx,; 9) 

= - n1 + n2 log(21r) - ! log 10,, 0,21 
2 021 022 

- H(Y11 - c, - A;x,, - A2X2,)' (Y2, - C2 - e;x., - Bixu)'] 

X [011 012]- 1[Y1, - C1 - A:x1, - A~x2,]. 

Oi1 Oi2 Y2, - C2 - B1X11 - B2X2, 

(11.3.3) 

[11.3,4) 

Alternatively, the joint density in [11.3.4) could be written as the product of a 
marginal density of y1, with the conditional density of y2, given y.,: 

fv,1x,(Y,lx,; 9) = /v.,1x,(Y1,lx,; 8)·/v,.1v,,.x,(Y2,IY1,, x,; 9). [11.3.5) 

Conditional on x,, the density of y1, is 

/v,,1x,(Y1,lx,; 9) = (21r)-" 112I0 1tl- 112 

x exp[-!(y 1, - c1 - A;x1, - Aix2,)'0ii 1 [11.3.6) 

x (y 1, - c1 - A;x., - Aix2 ,)], 

while the conditional density of y2, given y 1, and x, is also Gaussian: 

/v,.1v,,,x,(Y21IY1,. x,; 9) = (21r)-"i2IHl- 112 (11.3.7) 
x exp[-½(y 2, - m2,)'H- 1(y2, - m2,)). 

The parameters of this conditional distribution can be calculated using the results 
from Section 4.6. The conditional variance is given by equation [4.6.6): 

H = 022 - 0210ii•012; 

while the conditional mean (m 21) can be calculated from [4.6.5]: 

m 2, = E(y 2,lx,) + 0 210ii 1[Yt, - E(y 1,lx,)J. 

Notice from [11.3.1) that 

while from (11.3.2), 
E(y 21lx,) = c2 + B\x1, + B2x21• 

Substituting these expressions into [11.3.8), 

(11.3.8) 

mu= (c2 + B\x1, + Bix2,) + 0210ii•[Y1, - (c1 + A;x1, + Aix21)] 

= d + o:1Y11 + Dix1, + Dix21, 
where 

d = C2 - 0210i"jlCl 

o:, = Oz10ii l 

o; = B; - 0 210,1 1A; 

Di= Bi - fii10ii1Az. 
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[11.3.10) 

[11.3.11) 
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The log of the joint density in [11.3.4) can thus equivalently be calculated as 
the sum of the logs of the marginal density [11.3.6) and the conditional density 
[11.3.7]: 

logfy,Jx,(Y,lx,; 8) = e,, + e2,, 

where 

e 11 = ( - n, 12) log(21r) - ! log I .nil I 
- H(y 1, - c 1 - A;x,, - A~x2,)'fl 111(y 11 - Cr 

e21 = ( - n2 /2) log(21r) - :! log I HI 
- HCY2, - d - D(,y,, - D;x" - D;x2,)'H- 1 

X (y2, - d - D(iY,, - D;x,, - D;x21)]. 

The sample log likelihood would then be expressed as 
T T 

~(8) = I e,, + I e2,· 
r=1 t= I 

[I 1.3.13] 

[11.3.15] 

[11.3.16] 

Equations [11.3.4] and [11.3.13] are two different expressions for the same 
magnitude. As long as the parameters in the second representation are related to 
those of the first as in [11.3.9] through (11.3.12], either calculation would produce 
the identical value for the likelihood. If (11.3.3] is maximized by choice of (c,, A,. 
A2, c 2 , 8 1, 8 2, fl 11, fl 12, fl 22), the same value for the likelihood will be achieved 
as by maximizing [11.3.16] by choice of (c,, A,, A2, d, D.,, D1, D2 , fl 11, H). 

The second maximization is as easy to achieve as the first. Since the parameters 
(c,, A1, A2) appear in [11.3.16] only through Li- 1 e,,, the MLEs of these parameters 
can be found by OLS regressions of the elements of y1, on a constant and lagged 
values of y, and y2 , that is, by OLS estimation of 

[11.3.17] 

The MLE of ,Oil is the sample variance-covariance matrix of the residuals from 
these regressions, 0 11 = (1/T)L;_, e,,e;,. Similarly, the parameters (d, D0 , D 1, 

D2) appear in [11.3.16] only through Li- 1 e2,, and so their MLEs are obtained from 
OLS regressions of the elements of y2, on a constant, current and lagged values of 
y1, and lagged values of y2 : 

[I 1.3.18] 

The MLE of His the sample variance-covariance matrix of the residuals from this 
second set of regressions, ii = (1/T) LT-1 v2,v;,. 

Note that the population residuals associated with the second set of regres
sions, v2,, are uncorrelated with the population residuals of the fitst regressions. 
This is because v2, = y21 - E(y 21!y1,, x,) is uncorrelated by construction with Yr, 
and x,, whereas Er, is a linear function of y11 and x,. Similarly, the OLS sample 
residuals associated with the second regressions, 

V2, =" Y21 - d - o;,Yr, - D[xr, - D~x2,, 

are orthogonal by construction to y 1,, a constant term, and x,. Since the OLS sample 
residuals associated with the first regressions, er,, are linear functions of these same 
elements, v2, is orthogonal by construction to e 1,. 

Maximum Likelihood Estimation of a VAR Characterized 
by Block Exogeneity 

Now consider maximum likelihood estimation of the system subject to the 
constraint that A2 = 0. Suppose we view (d, D0 , Dr, D2 , H) rather than (c2 , B 1, 

11.3. Estimation of Restricted Vector Autoregressions 311 



B2, 0 21, 0 22) as the parameters of interest for the second equation and take our 
objective to be to choose values for (c1, A1, 0 11, d, D0 , D1, D2 , H) so as to maximize 
the likelihood function. For this parameterization, the value of A2 does not affect 
the value of e2, in [I 1.3.15). Thus, the full-information maximum likelihood esti
mates of c1, A1, and 0 11 can be based solely on a restricted version of the regressions 
in [11.3.17], 

y 1, = c1 + A;x1, + £ 1,. [11.3.19] 

Let c1(0), A.1(0), fl, 1(0) denote the estimates from these restricted regressions. The 
maximum likelihood estimates of the other parameters of the system (d, D", D1, 

D2 , H) continue to be given by unrestricted OLS estimation of [11.3.18], with 
estimates denoted (d, D0 , D1, D2 , H). 

The maximum value achieved for the log likelihood function can be found 
by applying [11.1.32] to [11.3.13]: 

T T 

!£[8(0)] = L e1,[i:1(0), A1(0), 011(0)] + L e2,[d, Do, D1, D2, H] 
,-1 t=l 

= [-(Tn 1/2) log(21r) + (T/2) logl0 111(0)I - (Tn,/2)] 

+ [ -(Tn 2/2) log(21r) + (T/2) loglH- 1 I - (Tn2/2)]. 

[11.3.20] 

By contrast, when the system is estimated with no constraints on A2 , the value 
achieved for the log likelihood is 

T T 

!£(8}--= L e1,[c,, Ar, A.2, Ord + L e2,[d, Do, Dr, D2, HJ 
,-1 t= I 

= [-(Tn 1/2) log(21r) + (T/2) loglfl, 1 '1 - (Tn,/2)] [11.3.21] 

+ [-(Tn 2 /2) log(21r) + (T/2) loglH- 11 - (Tn2/2)], 

where (er, Ar, A2, fl, 1) denote estimates based on OLS estimation of[! 1.3.17]. A 
likelihood ratio test of the null hypothesis that A2 = 0 can thus be based on 

2{!£[8] - !£[8(0)]} = T{loglil 1-/I - loglfljj 1(0)I} 

= T{loglfl11(0)I - logl011I}. 
[11.3.22] 

This will have an asymptotic x 2 distribution with degrees of freedom equal to the 
number of restrictions. Since A2 is an (n 1 x n2p) matrix, the number of restrictions 
is n 1n2p. 

Thus, to test the null hypothesis that the n 1 variables represented by y 1 are 
block-exogenous with respect to the n2 variables represented by y2 , perform OLS 
regressions of each of the elements of y I on a constant, p lags of all of the elements 
of y1, and p lags of all of the elements of y2. Let £1, dfnote the (n 1 x 1) vector of 
sample residuals for date t from these regressions and 0 11 their variance-covariance 
matrix (011 = (1/T) Li= 1 E11E ;,). Next perform OLS regressions of each of the 
elements of y1 on a constant and p lags of all the elements of y 1. Let e1,(0) denote 
t_!le (n1 x 1) vector of sample residuals fn;im this second set of regressions and 
0 11(0) their variance-covariance matrix (0 11(0) = (1/T)L;_ 1 [i 1,(0)][e 1,(0)]'). 
If 

T{logl011(0)I - loglfl11n 

is greater than the 5% critical value for ax 2(n 1n2p) variable, then the null hypothesis 
is rejected, and the conclusion is that some of the elements of y2 are helpful in 
forecasting y 1. 

Thus, if our interest is in estimation of the parameters (c., A 1, 0 11, d, DIJ, 
D 1, D2 , H) or testing a hypothesis about block exogeneity, all that is necessary 
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is OLS regression on the affected equations. Suppose, however, that we wanted 
full-information maximum likelihood estimates of the parameters of the likelihood 
as originally parameterized (c1, A1, flu, c2, B., B2, fl 21, fin). For the parameters 
of the first block of equations (c., A1, fl 11), the MLEs continue to be given by 
OLS estimation of [11.3.19]. The parameters of the second block can be found 
from the OLS estimates by inverting equations [11.3.9] through [11.3.12):11 

021(0) = f>;,[011(0)] 

c2(0) =a+ [n2.comn11(0W'lc,(o)J 
[B,(0)]' = D; + [n21(0)l[O 11(0)]- 1[A,(0)]' 

[B2(0)]' = Di 
niieo> = 11 + r0i,comn •• co>1-•cn,ieo>1. 

Thus, the maximum likelihood estimates for the original parameterization of [11.3.2] 
are found from these equations by combining the OLS estimates from [11.3.19] 
and [11.3.18]. 

Geweke's Measure of Linear Dependence 

The previous subsection modeled the relation between an (n 1 x 1) vector y 1, 

and an (n2 x 1) vector y21 in terms of the pth-order VAR [11.3.1] and [11.3.2], 
where the innovations have a variance-covariance matrix given by 

£[E1,E:, E1,~] = [flu fl12]. 
E21E1, E21E21 fli1 fl22 

To test the null hypothesis that y I is block exogenous with respect to y2 • we proposed 
calculating the statistic in [11.3.22]. 

T{Iogjfl 11(0)I - logj0. 111},.. x2(n 1n2 p), [11.3.23] 

where 0 11 is the variance-covariance matrix of the residuals from OLS estimation 
of [11.3.1] and 0 11(0) is the variance-covariance matrix of the residuals from OLS 
estimation of [11.3.1] when lagged values of y2 are omitted from the regression 
(that is, when A2 = 0 in [11.3.1]). 

Clearly, to test the parallel null hypothesis that y2 is block-exogenous with 
respect to y1, we would calculate 

[11.3.24] 

where fli2 is the variance-covariance matrix of the residuals from OLS estimation 
of [11.3.2] and 022(0) is the variance-covariance matrix of the residuals from OLS 
estimation of [11.3.2] when lagged values of y1 are omitted from the regression 
(that is, when B1 = 0 in [11.3.2]). 

Finally, consider maximum likelihood estimation of the VAR subject to the 
restriction that there is no relation whatsoever between y1 and y2, that is, subject 

•To confirm that the resulting estimate 0(0) is symmeteric and positive definite, notice that 

il,.(O) ~ A + f>;4il11(0)Jf>. 
and so 

[ ~11(0) ~dO)] = [~', 0 ][il"(O) O]['", Du] 
0,,(0) 0,,(0) o:, 1,,, 0 Ji O I,., . 
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to the restrictions that A2 = 0, 8 1 = 0, and il 21 0. For this most restricted 
specification, the log likelihood becomes 

!£(8) = ,t {-(n 1/2) log(21r) - (1/2) loglil 11I 

- (l/2)(y 1, - c 1 - A;x1,)'ili, 1(y 1, - c1 - A;x,,)} 

+ t { -(nz/2) log(21r) - (1/2) loglilizl 

- (1/2)(Yz, - Cz - B2Xz,)'ili21(Y2, - Cz - 82X2,)} 

and the maximized value is 

!£(6(0)) = {-(Tn 1/2) log(21r) - (T/2) logln 11(0)I - (Tn,12)} 

+ {-(Tn 2 l2) log(21r) - (T/2) logJn 22(0)I - (Tn 2 /2)}. 

A likelihood ratio test of the null hypothesis of no relation at all between y 1 and 
y2 is thus given by 

2{!£(6) - !£(6(0))} 

= T {1ogJn 11(0)I + logln 22(0)I - log I~:: ~j }, 
[11.3.25] 

where n12 is the covariance matrix between the residuals from unrestricted OLS 
estimation of [11.3.1] and [11.3.2]. This null hypothesis imposed the (n1n2p) re
strictions that A2 = 0, the (n 2n 1p) restrictions that 8 1 = 0, and the (n2n 1) restric
tions that 0 21 = 0. Hence, the statistic in [11.3.25] has a x2 distribution with 
(111112) x (2p + 1) degrees of freedom. 

Geweke (1982) proposed (1/T) times the magnitude in [11.3.25] as a measure 
of the degree of linear dependence between y I and y2 • Note that [ I 1.3.25] can be 
expressed as the sum of three terms: 

{ • • In,, n,211 T logJil 11(0)I + loglil 22(0)I - log • • 
il2, il22 

= T{logJn11(0)I - logln,1!} + T{logln 2i(0)I - log!nzzl} [11.3.26] 

{ • • In" nl2ll + T log!il 11 I + log!ilzzl - log nz, fln . 
The first of these three terms, T{log!n 11(0)I - logln 1,I}, is a measure of the 
strength of the linear feedback from y, to y1 and is the x2(n 1n2p) statistic calculated 
in [11.3.23]. The second term, T{logl0. 22(0)! - logln 22!}, is an analogous measure 
of the strength of linear feedback from y1 to y2 and is the x2(n2n 1p) statistic in 
[ I 1.3.24]. The third term, 

{ • • jn1, n,21} T log!il 11! + log!~zl - log • • , 
il21 il22 

is a measure of instantaneous feedback. This corresponds to a likelihood ratio test 
of the null hypothesis that il 21 = 0 with A2 and 8 1 unrestricted and has a x2(n I n2) 

distribution under the null. 
Thus, [11.3.26] can be used to summarize the strength of any linear relation 

between y1 and y2 and identify the source of that relation. Geweke showed how 
these measures can be further decomposed by frequency. 
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Maximum Likelihood Estimation Under General 
Coefficient Constraints 

We now discuss maximum likelihood estimation of a vector autoregression 
in which there are constraints that cannot be expressed in a block-recursive form 
as in the previous example. A VAR subject to general exclusion restrictions can 
be viewed as a system of "seemingly unrelated regressions" as originally analyzed 
by Zellner (1962). 

Let x11 be a (k, x 1) vector containing a constant term and lags of the variables 
that appear in the first equation of the VAR: 

Similarly, let x2, denote a (k2 x 1) vector containing the explanatory variables for 
the second equation and x,., a (k,, x 1) vector containing the variables for the last 
equation. Hence, the VAR consists of the system of equations 

Y,, = x;,13, + e,, 
Yi, = x;1132 + e2, 

y,,, = x;uJJ,, + e,,,. 

[11.3.27] 

Let k = k, + k2 + · · · + k,, denote the total number of coefficients to be 
estimated, and collect these in a (k x 1) vector: 

13 = [~:]. 
13,, 

Then the system of equations in (11.3.27] can be written in vector form as 

y, = ::r;13 + e,, 

where ::r; is the following (n x k) matrix: 

[z'.'] lx:, :'f' = Z2, = 0 
I • • . . . . 

a::;,, O' 

:~, ::: :: ] 
O' x;,, 

(11.3.28] 

Thus, z;, is defined as a (1 x k) vector containing the k; explanatory variables for 
equation i, with zeros added so as to be conformable with the (k x 1) vector 13. 

The goal is to choose 13 and O so as to maximize the log likelihood function 

!£(13, 0) = (Tn/2) log(21r) + (T/2) logjO _, I 
T 

c112) I (y, - ::r;13)'0-1(y, - ~;13). 
,_ I 

This calls for choosing 13 so as to minimize 

T 

I (y, - ~;13)'0 - '(y, - ::r;13). ,_, 

(11.3.29] 

[11.3.30] 
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If 0. - 1 is written as L'L, this becomes 

T T 

L (y, - 1r;p)'0.-1(y, - ir;p) = L (Ly, - L!f;P)'(Ly, - U';p) 
1-1 l•I [11.3.3)] 

T 

= L <1, - t;p)'CY, - t;p), , .. 
where y, a Ly, and 

[ii] t; ELI?; & ? . 
x,,, 

But [11.3.31] is simply 

T 

L CY, - t;p)'(y, - t;p) 
,-1 

7 l~'' -~:,13]'~_1, -~j,PJ = L Y21 -. Z21P Y21 -. Z21P 
,-1 : : 

Ym - z;,,p ; 111 - z;,,p 
.,,,. 

- ~ [( - - • 12)2 (- - r 12)1 c- -• 12)2] - 41 Yi, - Xi,., + Y2, - Zz,., + · · · + y,,, - :r:,,,., , ,-1 

which is minimized by an OLS regression of ji;, on X;,, pooling all the equations 
(i = 1, 2, ... , n) into one big regression. Thus, the maximum likelihood estimate 
is given by 

{ 
T }-I i\ = L [(z1,x:,) + (z2,zi,) + · · · + (x,.,x:.,)J 

,-1 

x {f [(z.,y1,) + (z2,Ji21) + · · · + (x,,,y,,,)J}-
,~1 

[11.3.32] 

Noting that the variance of the residual of this pooled reiression is unity by 
construction, rn the asymptotic variance-covariance matrix of f3 can be calculated 
from 

{ 
T }-I 

E(ti - P)(Ji - p)' = I [(z1,x;,) + (~x~) + · · - + (x,,,x;,,)J ,-1 

Construction of the variables ji;, and X;, to use in this pooled OLS regression 
requires knowledge of Land hence 0.. The parameters in p and 0. can be estimated 
jointly by maximum likelihood through the following iterative procedure. From n 
OLS regressions of Y;, on X;,, form an initial estimate of the coefficient vector 

"'That is, 

E(y, - i;p)(y, - i;p)' = Ul.L' = L(L'L)· 'L' =- I,.. 
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~(0) = (b1 b~ · · · b~)'. Use this to form an initial estimate of the variance 
matrix, 

T 

0(0) = (1/T) L [y, - ~;f\(0))[y, - ~;13(0)]'. ,_, 
Find a matrix L(O) such that [L(0)']L(0) = [fl(OW 1, say, by Cholesky factor
ization, and form y,(0) = L(0)y, and i;(0) = L(0)~;. A pooled OLS regression 
of y;i(0) on X;,(0) combining i = 1, 2, ... , n then yields the new estimate ~(I), 
from which 0(1) = (1/T) L{_ i[y1 - ~;~(l))[y, - ~;f\(1)]'. Iterating in this 
manner will produce the maximum likelihood estimates (13, fl), though the esti
mate after just one iteration has the same asymptotic distribution as the final 
MLE (see Magnus, 1978). 

An alternative expression for the MLE in [11.3.32] is sometimes used. Notice 
that 

= tJ:; 
= ~,L'L~; 

[
x,, 0 

= 0 X21 

0 0 

[
cr11x,,x;, cr12x1,x~, · · · cr1"x,,x;,,l 

= u21x2,x;, u22X21X2' . . . u211x2,x:,, 

. u"1x,,,x;, cr"2~n,X~ • · · u'' 11x111x:,1 

where uii denotes the row i, column j element of n- 1• Similarly, 

[(:i:11.Y,,) + (:i:21.Y21) + · · · + (:i:m.Y111)) 

[
ji,,l 

x ] Yi, 
111 • 

_y,,, 
= ll',L'Ly, 

[

x,, 0 
= 0 X21 

0 0 

. . . O l [er' 1 cr
1
2 • • . er'"] [Y,,l . . . o cr21 cr22 • • • cr21' Yi, 

... : : : ... : : 

. . . x· ~,, ~2 • • • ~"' y· 
RI 111 

[

cr"x1,Y1, + CT12X11Y2, + 
_ CT21 Xz,Y 1, + CT22 X21Y2, + 

- CT''1Xn1Y11 + CT''2 x"'y~, + 

+ cr
1
"x1,Y111 l 

+ lT2uX21Y111 

+ a"nx,,,y,,, 

[t 1.3.33] 

[11.3.34) 
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Substituting [11.3.33) and [11.3.34) into [11.3.32], the ML£ satisfies 

~ = [

o-11 LX1,x;, u 12Lx1,x;, · · · u 111Lx1,x;11]- 1 

u21 Lx21x;, u22 LX21x;, · · · u2,'LX2,x;,, 
. . . . 

o-'112x,,,x~, u''2 ~x,11x:Z, tr'"Ix111x:,, 

X [:

(u 11x1,Y1, + CT12X1,Y21 + · · · + u 1"x1,Ym)l 
L(u21x2,Y1, + u22x2,Y2, + ... + u2nx2,Y11J 

L(u''ix,,,yi, + u''2x11,Y2, + + u'mx,,,y",) 

where L denotes summation overt = 1, 2, ... , T. 

[11.3.35] 

The result from Section 11.1 was that when there are no restrictions on the 
VAR, maximum likelihood estimation is achieved by OLS equation by equation. 
This result can be seen as a special case of (11.3.35] by setting x1, = x21 = 
x,,,, for then [11.3.35] becomes 

~ = [0- 1 ® (Lx,x;)]- 1L[(0- 1yi) ® x,] 

[o ® (Lx,x;)- 1]L[(0- 1y,) ® x,] 

[I"® (Lx,x;)- 1]L[y, ® x,] 

l(Lx,:x:. ;)-
1 

O (Lx,x;)- 1 

0 

0 llLY1,x,l 0 LY2,X, 

(Lx,~ ;)- 1 Ly'.,,x, 

as shown directly in Section 11.1. 
Maximum likelihood estimation with constraints on both the coefficients and 

the variance-covariance matrix was discussed by Magnus (1978). 

11.4. The Impulse-Response Function 

In equation [10.1.15) a VAR was written in vector MA(oo) form as 

y, = µ. + e, + v 1e,_ 1 + v 2e,_ 2 + 
Thus, the matrix "1_, has the interpretation 

[11.4.1] 

ay,.,..,. = v· [1142] 
ae; ·" · · 

that is, the row i, column j element of "1., identifies the consequences of a one
unit increase in the jth variable's innovation at date t (ei,) for the value of the ith 
variable at time t + s (y;_,.,..,), holding all other innovations at all dates constant. 

If we were told that the first element of e, changed by 151 at the same time 
that the second element changed by 152 , ••• , and the nth element by an, then the 
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combined effect of these changes on the value of the vector y,.., would be given 
by 

.6. = iJY,+, 8 + ay,+s J: + Y,+., ~ 1 a ui 
uE 1, Ezr 

where 6 = (81, 82 , ••• , 8.,)'. 

· · · + ay,+., 8,, = w.,6, 
dEn, 

[11.4.3] 

Several analytic characterizations of v., were given in Section 10.1. A simple 
way to find these dynamic multipliers numerically is by simulation. To implement 
the simulation, set y,_, = y,_ 2 = · · · = Y,-,, = 0. Set Ei, = 1 and all other elements 
of e, to zero, and simulate the system [11.1.1] for dates t, t + 1, t + 2, ... , with 
c and e,+ 1, e,+ 2 , .•• all zero. The value of the vector Yr+s at date t + s of this 
simulation corresponds to the jth column of the matrix v,. By doing a separate 
simulation for impulses to each of the innovations (j = 1, 2, ... , n), all of the 
columns of '1'., can be calculated. 

A plot of the row i, column j element of V_., 

ayl.t+s 
aejt , 

[11.4.4] 

as a function of s is called the impulse-response function. It describes the response 
of Yi.,+s to a one-time impulse in Yit with all other variables dated t or earlier held 
constant. 

Is there a sense in which this multiplier can be viewed as measuring the causal 
effect of Yi on y;? The discussion of Granger-causality tests suggests that we should 
be wary of such a claim. We are on surer ground with an atheoretical VAR if we 
confine ourselves to statements about forecasts. Consider, therefore, the following 
question. Let 

denote the information received about the system as of date t - l. Suppose we 
are then told that the date t value of the first variable in the autoregression, y ,,, 
was higher than expected, so that e 1, is positive. How does this cause us to revise 
our forecast of Yu+.,.? In other words, what is 

aE(y;.,+slY,,, x,-1)? 
0Y1, . 

[11.4.S] 

The answer to this question is given by [11.4.4] with j = 1 only in the special case 
when E(e,e;) = 0 is a diagonal matrix. In the more general case when the elements 
of e, are contemporaneously correlated with one another, the fact that e,, is positive 
gives us some useful new information about the values of e2,, ••• , e,,,. This in
formation has further implications for the value of Yi.,+.,· To summarize these 
implications, we need to calculate the vector 

iJ.E(e,IY11, x,-1) 
ay,, 

and then use [11.4.3] to calculate the effect of this change in all the elements of 
e, on the value of Yu+.1·· 

Yet another magnitude we might propose to measure is the forecast revision 
resulting from new information about, say, the second variable, y2,, beyond that 
contained in the first variable, Y1r· Thus, we might calculate 

aE(Yu+., I Yz,, Y11, x,-1) 
[11.4.6] 
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Similarly, for the variable designated number 3. we might seek 

at:(Y;., ... , I Y.,,, Y2,, Y,,, x, _ ,) 

and for variable 11, 

ayJ, 

at:(y1_, .. _, I y,,,, y,,_ ,_, .... , y,,. x,_ ,) 
ay,,, 

[11.4.7) 

[11.4.8) 

This last magnitude corresponds to the effect of E,, 1 with e 1, •••• , £,,_ 1_, constant 
and is given simply by the row i, column II element of \Jr_,. 

The recursive information ordering in (11.4.5) through [11.4.8] is quite com
monly used. For this ordering, the indicated multipliers can be calculated from the 
moving average coefficients (\Jr.,) and the variance-covariance matrix of e, (fl) by 
a simple algorithm. Recall from Section 4.4 that for any real symmetric positive 
definite matrix fl, there exists a unique lower triangular matrix A with ls along 
the principal diagonal and a unique diagonal matrix D with positive entries along 
the principal diagonal such that 

fl = ADA'. 

Using this matrix A we can construct an (11 x I) vector u, from 

u, =" A- 1e,. 

[11.4.9) 

(11.4.10] 

Notice that since e, is uncorrelated with its own lags or with lagged values of y, it 
follows thar u, is also uncorrelated with its own lags or with lagged values of y. 
The elements of u, are furthermore uncorrelated with each other: 

[A - ']E(e,e;)[A-']' 
[A- 1]0[A'J- 1 

[A-']ADA'[A'J-1 

D. 

(11.4.11] 

But D is a diagonal matrix, verifying that the elements of u, are mutually uncor
related. The (j, j) element of D gives the variance of u;,-

If both sides of [11.4.10] are premultiplied by A, the result is 

[11.4.12] 

Writing out the equations represented by [I 1.4.12] explicitly, 

(11.4.13] 

Thus, u 1, is simply e 1,. The jth row of [11.4.13] states that 

But since u;, is uncorrelated with u 1,, u1,, ..• , u;-1.1, it follows that u;, has the 
interpretation as the residual from a projection of E;, on u1,, u21, ••. , ui_ 1_,: 

E(E;,lu1,, u1,, •.. , u;-1.1) = ll;1U1, + a;2u2, + · · · + af.i_ 1u;-1.,- [11.4.14] 

The fact that the u;, are uncorrelated further implies that the coefficient on 
u 1, in a projection of E;, on (u 11, u2,, ••• , U;- r.,) is the same as the coefficient on 
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u1, in a projection of eit on u 1, alone: 

E(ei 1 lu1,) = ai1U1,· [11.4.15] 

Recalling from [11.4.13] that e 1, = u 1,. we see that new information about the 
value of e1, would cause us to revise our forecast of 15;, by the amount 

ii£( e;, I e 1,) 

iJe1, 

il£(ei1lu 11) 

ilu 1, 
[11.4.16] 

Now 1511 has the interpretation as y 1, - £(y 1, Ix, __ 1) and e11 has the interpretation 
as Y;, - E(Y;, Ix,_ 1). From the formula for updating a linear projection (4.5.14], 
the coefficient on y 11 in a linear projection of Yi, on y 11 and x,_ 1 is the same as the 
coefficient on e1, in a linear projection of e;, on e 1,_ 11 Hence, 

[11.4.17] 

Combining these equations for j = l. 2, ... , n into a vector, 

(11.4.18] 

where a 1 denotes the first column of A: 

l'] ll21 

a1 "" a;1 

ll111 

Substituting [ 11.4.18) into [ 11.4.3), the consequences for y, +., of new information 
about y 1, beyond that contained in x,_ 1 are given by 

iJE(y,+_,_I Y1,, x,_ 1) = W_,a
1
• 

0Y1, 

Similarly, the variable Uz, represents the new information in y2, beyond that 
contained in (y 1,, x,_ 1). This information would, of course, not cause us to change 
our assessment of 151, (which we know with certainty from y 1, and x,_ 1), but from 
(11.4.14] would cause us to revise our estimate of e;, for j = 2, 3, ... , 11 by 

oE(e;,luz,, U11) 
= a-2· OUz, I 

Substituting this into [11.4.3], we conclude that 

11That is 

ilE'(Y,+s I Y2t, Y1t, x,-1) ••• = .... ,a2, 
ayz, 

£°(Y1,IY,,, x,_,) = £°(y,,Jx,_,) 

+ Cov{[.Y;, - £°(y,,Jx,_,)], [y,, - £°(YulX.-,)]} 

x {Var[y., - £°(y,,lx,_1)]}- 1[y., - £°(y1,Jx,_1)] 

= £°(y,.Jx,_1) + Cov(ep, e,,)·{Var(s1r)}-1 -s,,. 
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where 

In general, 

0 
1 

a,,2 

all'(y,...,.IY;,, Y;-,.,, ···,Yi,, x,_,) [ 1 
a = w_,a;, 11.4.19 
'Y;, 

where a; denotes the jth column of the matrix A defined in [11.4.9]. 
The magnitude in [11.4.19] is a population moment, constructed from the 

population parameters v_, and .0 using [11.4.9]. For a given obse~ved sample of 
size T, we !'ould estimate the autoregressive coefficients ell 1, • • • , ell,, by O LS and 
construct "1, by sin'!ulating the estimated system. OLS estimation would also pro
vide the estimate .0 = (l/T) "i."{_ 1 t,t;, where the ith element of t, is the OLS 
sample resjdual for the ith equation in the VAR for qate t. Matrices A and b 
satisfying .0 = Af>A' could then be constructed from .0 using the. algorithm de
scribed in Section 4.4. Notice that th·e elements of the vector a, == A -•t, are then 
mutually orthogonal by construction: 

T T 
(1/r) L il,u; = (1/T) L A-1i,t;cA-1)' = A-1.acA-1)' = D. 

,-1 ,-1 
The sample estimate of [11.4.19] is then 

,i,_,i;, [11.4.20] 

where i; denotes the jth column of the matrix A. 
A plot of [11.4.20] as a function of s is known as an orthogonalized impulse

respo11se function. It is based on decomposing the original VAR innovations (e 1,, 

... , e,,,) into a set of uncorrelated components (u,,, ... , u111) and calculating 
the consequences for Yr+., of a unit impulse in u1,. These multipliers describe how 
new information about Y;, causes us to revise our forecast of y,.,._., though the implicit 
definition of "new" information is different for each variable j. 

What is the rationale for treating each variable differently? Clearly, if the 
VAR is being used as a purely atheoretical summary of the dynamics of a group 
of variables, there can be none-we could just as easily have labeled the second 
variable y 1, and the first variable y 21, in which case we would have obtained different 
dynamic multipliers. By choosing a particular recursive ordering of the variables, 
the researcher is implicitly asking a set of questions about forecasting of the form 
of [11.4.5] through [11.4.8]. Whether we should orthogonalize in this way and how 
the variables should be ordered would seem to depend on why we want to ask 
such questions about forecasting in the first place. We will explore this issue in 
more depth in Section 11.6. 

Before leaving the recursive orthogonalization, we note another popular form 
in which it is implemented and reported. Recall that D is a diagonal matrix whose 
(j, j) element is the variance of u;,· Let D112 denote the diagonal matrix whose 
(j, j) element is the standard deviation of u1,. Note that [11.4.9] could be written as 

.0 = AD 112D 112A' = PP', [11.4.21] 

where 
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Expression (11.4.21] is the Cholesky decomposition of the matrix 0. Note that, 
l_ike A, the (n x n) matrix P is lower triangular, though whereas A has ls along 
its principal diagonal, P has the standard deviation of u, along its principal diagonal. 

fn place of u, defined in (11.4. 10], some researchers use 

v,"" p-•E, = o- 112A - 1E, = o- 112u,. 

Thus, vi, is just ui, divided by its standard deviation ~- A one-unit increase in 
vi, is the same as a one-standard-deviation increase in ui,· 

In place of the dynamic multiplier rlJ;.,,..Jau;,, these researchers then report 
rlYu+ . .favi,· The relation between these multipliers is clearly 

ay, .. , = ay, .. _, V<T = v.a-W.. 
dV;1 aujl Ji ., I JI 

But a,~ is just the jth column of AD 112, which is the jth column of the Cholesky 
factor matrix P. Denoting the jth column of P by P;, we have 

ay,,._, - w 
, - .. Pi· 
uV; 1 

[ I 1.4.22] 

Expression (11.4.22] is just [11.4.19] multiplied by the constant v'Var(11i1). 

Expression (11.4.19] gives the consequences of a one-unit increase in y1,, where 
the units are those in which Yi, itself is measured. Expression (11.4.22] gives the 
consequences if Yi, were to increase by VVar(ui,) units. 

11.5. Variance Decomposition 
Equations [10.1.14] and [10.1.16] identify the error in forecasting a VAR s periods 
into the future as 

Y1+.• - Y1+sl1 = E,+., + W,E,+.,-1 + V2E,+.,-2 + ... + w.,-1E1+1· (11.5.1] 

The mean squared error of this s-period-ahead forecast is thus 

MSE(y,,.,1,) = E[(Y,+- - Y,+,i,)(Y,+, - Y, .. ,1,)') (11.5.2) 
= o + v1nv; + v2nw; + · · · + w .. _ 1nw:_ ,. 

where 

0 = E(e,e;). [I 1.5.3) 

Let us now consider how each of the orthogonalized disturbances (111,, . 
u,,,) contributes to this MSE. Write [11.4.12) as 

(11.5.4] 

where, as before, ai denotes the jth column of the matrix A given in [11.4.9]. 
Recalling that the u/s are uncorrelated, postmultiplying equation [11.5.4] by its 
transpose and taking expectations produces 

0 = E(e,e;) [ll.5.5] 
= a1a;·Var(u 11) + a2a2·Var(u 2,) + · · · + a,,a;,·Var(u,,i), 

where Var(ui,) is the row j, columnj element of the matrix Din [11.4.9]. Substituting 
(11.5.5] into (11.5.2], the MSE of the s-period-ahead forecast can be written as the 
sum of n terms, one arising from each of the disturbances ui,: 

" 
MSE(y, .. ,.1,) = L {Var(ui,)-[aia; + W 1aia;w; 

1- I [11.5.6] 
+ w 2a1a;w~ + - · · + w_,-,aja;w;_ 1]}. 
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With this expression, we can calculate the contribution of the jth orthogonalized 
innovation to the MSE of the s-period-ahead forecast: 

Var(ui1)·[a;aJ + W,a;a;w; + W2aiaJW 2 + · · · + W.,-ta;a;w.:_,J. 

Again, this magnitude in general depends on the ordering of the variables. 
Ass--> oc for a covariance-stationary VAR, MSE(Y, ... ,1,)-+ r0 , the uncon

ditional variance of the vector y,. Thus, [11.5.6] permits calculation of the portion 
of the total variance of Y; that is due to the disturbance u; by letting s become 
suitably large. 

Alternatively, recalling that &;· \!Var(u;,) is equal to p1, the jth column of 
the Cholesky factor P, result [11.5.6] can equivalently be written as 

" 
MSE(y, ... _,1,) = I [P;PJ + w,PiPJ w; + W2P;P;w; 

j- I 

+ · · · + 'lfr-1P;P1W;_,]. 

11.6. Vector Autoregressions and Structural 
Econometric Models 

Pitfalls in Estimating Dynamic Structural Models 

[11.5.7] 

The vec!or autoregression was introduced in Section 10.l as a statistical de
scription of the dynamic interrelations between n different variables contained in 
the vector y,. This description made no use of prior theoretical ideas about how 
these variables are expected to be related, and therefore cannot be used to test 
our theories or interpret the data in terms of economic principles. This section 
explores the relation between VARs and structural econometric models. 

Suppose that we would like to estimate a money demand function that ex
presses the public's willingness to hold cash as a function of the level of income 
and interest rates. The following specification was used by some early researchers: 

[ 11.6. l] 

Here, M, is the log of the nominal money balances held by the public at date t, P, 
is the log of the aggregate price level, Y, is the log of real GNP, and/, is a nominal 
interest rate. The parameters {31 and /32 represent the effect of income and interest 
rates on desired cash holdings. Part of the adjustment in money balances to a 
change in income is thought to take place immediately, with further adjustments 
coming in subsequent periods. The parameter {33 characterizes this partial adjust
ment. The disturbance vf represents factors other than income and interest rates 
that influence money demand. 

It was once common practice to estimate such a money demand equation 
with Cochrane-Orcutt adjustment for first-order serial correlation. The implicit 
assumption behind this procedure is that 

vf = pvf_, + uf, [11.6.2] 

where uf is white noise. Write equation [11.6.2] as (l - pL)v ,0 = uf and multiply 
both sides of [11.6.1] by (1 - pL): 

M, - P, = (l - p)/30 + /3,Y, - /3,pY,_, + {321, - f3zpl,_, [11.6.3] 

+ (/33 + p)(M,_, - P,_ 1) - f3~p(M,_2 - P,_2 ) + uf. 
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Equation [11.6.3] is a restricted version of 

M, - P, = au+ a1 Y, + a2Y,-1 + aJJ, + a4l,-1 

+ a5 (M,_, - P,_ 1) + a 6(M,_ 2 - P,_ 2) + uf. 
[11.6.4] 

where the seven parameters (a 0 , a,, ... , a 6) are restricted in [11.6.3] to be 
nonlinear functions of the underlying five parameters (p, /311, {31, {32 , /3:i)-The 
assumption of [11.6.2] can thus be tested by comparing the fit of [ 11.6.3] with that 
from unconstrained estimation of [11.6.4]. 

By definition, vf represents factors influencing money demand for which the 
researcher has no explicit theory. It therefore seems odd to place great confidence 
in a detailed specification of its dynamics such as [11.6.2] without testing this 
assumption against the data. For example, there do not seem to be clear theoretical 
grounds for ruling out a specification such as 

or, for that matter, a specification in which vf is correlated with lagged values of 
Yor I. 

Equation [11.6.1] further assumes that the dynamic multiplier relating money 
demand to income is proportional to that relating money demand to the interest 
rate: 

Again, it seems a good idea to test this assumption before imposing it, by comparing 
the fit of [ 11.6.1] with that of a more general dynamic model. Finally, inflation 
may have effects on money demand that are not captured by nominal interest rates. 
The specification in [11.6.1] incorporates very strong assumptions about the way 
nominal money demand responds to the price level. 

To summarize, a specification such as [11.6.1] and [11.6.2] implicitly imposes 
many restrictions on dynamics for which there is little or no justification on the 
basis of economic theory. Before relying on the inferences of [11.6.1] and [11.6.2], 
it seems a good idea to test that model against a more general specification such 
as 

M, = k1 + /3\~lP, + 13\'.{lY, + 13\~11, 
+ /3\1/M,_1 + /3\klP,_, + /3\~1Y,_, + /3\~l/,_1 [ I I.6.5] 
+ /3\~J M,-2 + /3\~J P,-2 + /3\V Y,-2 + /3\!1 J,-2 + 
+ /3\flM,_,, + 13\iip,_,, + 13\itY,_,, + /3\~lJ,_,, + uf. 

Like equation [11.6.1], the specification in [11.6.5] is regarded as a structural money 
demand equation; /3\~J and /3\~1 are interpreted as the effects of current income 
and the interest rate on desired money holdings, and uf represents factors influ
encing money demand other than inflation, income, and interest rates .. Compared 
with [11.6.1], the specification in [11.6.5] generalizes the dynamic behavior for the 
error term v P, the partial adjustment process, and the influence of the price level 
on desired money holdings. 
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Although (11.6.5] relaxes many of the dubious restrictions on the dynamics 
implied by (11.6.1], it is still not possible to estimate (11.6.5] by OLS, because of 
simultaneous equations bias. OLS estimation of (11.6.5] will summarize the cor
relation between money, the price level, income, and the interest rate. The public's 
money demand adjustments are one reason these variables will be correlated, but 
not the only one. For example, each period, the central bank may be adjusting 
the interest rate I, to a level consistent with its policy objectives, which may depend 
on current and lagged values of income, the interest rate, the price level, and the 
money supply: 

I,= k4 + M/IM, + {3~~1P, + {3~1Y, 

+ /3~\1M,_, + f3c:i1P,_, + {3~~1Y,-1 + (3<)}1,_1 (11.6.6] 
+ /3l~' M,-2 + (3<,ff} P,-2 + /3ii1 Y,-2 + {3'1} l,-2 + 
+ f3WM,_P + f31~1P,_P + {3~1Y,-p + /3~11,-,, + uf', 

Here, for example, f3i~> captures the effect of the current price level on the interest 
rate that the central bank tries to achieve. The disturbance uf captures changes 
in policy that cannot be described as a deterministic function of current and lagged 
money, the price level, income, and the interest rate. If the money demand dis
turbance uf is unusually large, this will make M, unusually large. If Mt' > 0, this 
would cause I, to be unusually large as well, in which case uf would be positively 
correlated with the explanatory variable I, in equation [11.6.5]. Thus, [11.6.5] 
cannot be estimated by OLS. 

Nor is central bank policy and endogeneity of I, the only reason to be con
cerned about simultaneous equations bias. Money demand disturbances and changes 
in central bank policy also have effects on aggregate output and the price level. so 
that Y, and P, in [11.6.5] are endogenous as well. An aggregate demand equation, 
for example, mig~t be postulated that relates the level of output to the money 
supply. price level, and interest rate: 

Y, = k~ + f31'(>M, + f3i~>p, + /3~~>/, 
+ f3WM,_, + f3i~>p,_, + /3k~>y,_, + f3il'I,_, 
+ /3~~1 M,-2 + {3~2,J P,-2 + /3~~1 Y,-2 + {3'/,.1 l,-2 + · · · 
+ /3W M,_,, + /3W P,-p + {3~' Y,-p + {3~11,-p + u':, 

[11.6.7] 

with uf representing other factors influencing aggregate demand. Similarly, an 
aggregate supply curve might relate the aggregate price level to the other variables 
being studied. The logical conclusion of such reasoning is that all of the date t 
explanatory variables in [11.6.5] should be treated as endogenous. 

Relation Between Dynamic Structural Models 
and Vector Autoregressions 

The system of equations (11.6.5] through (11.6.7] (along with an analogous 
aggregate supply equation describing P,) can be collected and written in vector 
form as 

Boy, = k + B,Y,-1 + B2Y,-2 + · · · + BpY,-p + u,, 
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where 

y, = (M,, P,, Y,, /,)' 

u, = (u[>, Ui\ u~, u}")' 

l-:\':' 
-{3\~> -13\'.!) -~\11 1 -13~'.!) -{3~~) 

Bu= 
-13~'? -{3~~) 1 -M!/ 
-f3i':) -f3i'? -13~1 1 

k = (k,, k2, k3, k4)' 

and B., is a (4 x 4) matrix whose row i, column j element is given by /3)? for s = 
I, 2, ... , p. A large class of structural models for an (n x 1) vector y, can be 
written in the form of (I 1.6.8]. 

Generalizing the argument in [ 11.6.3], it is assumed that a sufficient number 
of lags of p are included and the matrices B., are defined so that u, is vector white 
noise. If instead, say, u, followed an rth-order VAR, with 

u, = F 1u,_ 1 + F2u,_2 + · · · + F,u,_, + e,, 

then we could premultiply (11.6.8] by (I,, - F 1 LI - F2 L2 - · · · - F,.U) to arrive 
at a system of the same basic form as [11.6.8] with p replaced by (p + r) and with 
u, replaced by the white noise disturbance e,. 

If each side of [ 11.6.8] is premultiplied by B,, 1, the result is 

where 

Y, = C + <l>,Y,-1 + <l>2Y,-2 + · · . + <l>,,Y,-1, + E,, 

C = B,, 1k 

<1>., = B1, 1 B., 

E, = B,,'u,. 

for s = 1, 2, .... p 

(11.6.9] 

[ 11.6. IO] 

[11.6.ll] 

(11.6.12] 

Assuming that [ 11.6. 8] is parameterized sufficiently richly that u, is vector white 
noise, then E 1 will also be vector white noise and [ 11.6. 9] will be recognized as the 
vector autoregressive representation for the dynamic structural system [ I 1.6.8]. 
Thus, a VAR can be viewed as the reduced form of a general dynamic structural 
model. 

Interpreting Impulse-Response Functions 

In Section 11.4 we calculated the impulse-response function 

(11.6.13] 

This magnitude describes the effect of an innovation in the jth variable on future 
values of each of the variables in the system. According to [I 1.6.12], the VAR 
innovation e1, is a linear combination of the structural disturbances u,. For example, 
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it might turn out that 

e1, = 0.3uf -· 0.6uf + 0.luf - 0.5uf. 

In this case, if the cash held by the public is larger than would have been forecast 
using the VAR (e,, is positive), this might be because the public's demand for cash 
is higher than is normally associated with the current level of income and interest 
rate (that is, uf is positive). Alternatively, e1, might be positive because the central 
bank has chosen to ease credit (uf" is negative), or a variety of other factors. In 
general, e11 represents a combination of all the different influences that matter for 
any variables in the economy. Viewed this way, it is not clear why the magnitude 
[ 11.6.13] is of particular interest. 

By contrast, if we were able to calculate 

[11.6. 14] 

this would be of considerable interest. Expression [11.6.14] identifies the dynamic 
consequences for the economy if the central bank were to tighten credit more than 
usual and is a key magnitude for describing the effects of monetary policy on the 
economy. 

Section 11.4 also discussed calculation of an orthogonalized impulse-response 
function. For O = E(E,E;), we found a lower triangular matrix A and a diagonal 
matrix D such' that O = ADA'. We then constructed the vector A - •E, and calcu
lated the consequences of changes in each element of this vector for future values 
of y. 

Recall from [11.6.12] that the structural d_isturbances u, are related to the 
VAR innovations E, by 

[11.6.15] 

Suppose that it happened to be the case that the matrix of structural parameters 
Bi, was exactly equal to the matrix A - 1• Then the orthogonalized innovations would 
coincide with the true structural disturbances: 

u, = BuE, = A- 1E,. [11.6.16] 

In this case, the method described in Section 11.4 could be used to find the answers 
to important questions such as [11.6.14]. 

Is there any reason to hope that B0 and A - • would be the same matrix? Since 
A is lower triangular, this clearly requires B0 to be lower triangular. In the example 
(11.6.8], this would require that the current values of P, Y. and I do not influence 
money demand, that the current value of M but not that of Y or I enters into the 
aggregate supply curve, and so on. Such assumptions are rather unusual, though 
there may be another way to order the variables such that a recursive structure is 
more palatable. For example, a Keynesian might argue that prices respond to other 
economic variables only with a lag, so that the coefficients on current variables in 
the aggregate supply equation are all zero. Perhaps money and interest rates in
fluence aggregate demand only with a lag, so that their current values are excluded 
from the aggregate demand equation. One might try to argue further that the 
interest rate affects desired money holdings only with a lag as well. Because most 
central banks monitor current economic conditions quite carefully, perhaps all the 
current values should be included in the equation for I,. These assumptions suggest 
ordering the variables as y, = (P,, Y,, M,, /,)', for which the structural model would 

328 Chapter 11 I Vector Autoregressions 



be 

[' 0 0 

!] [?,] 
P, k1 (II) 

0 0 [f} ~} :;:, /3(0) 0 32 

I 4 /3(11) /3(11) t3<U) 
41 42 43 

[Pi:' 
/3( I) /3(1) Pi~] 12 13 l'~] /3( I) 13<1) 13<1) 13<1) 

+ 21 22 23 24 Y,-1 + ... [11.6.17] 
13<1) 13c I) 

/3W 
13<1) M,-1 

31 .12 34 
1,-1 

13<1) /3( I) {3( I) /3( I) 
41 42 43 44 

lPil' 
13111) /3(/1) 

P"''] 
12 13 14 p us 

13<1•) 13(/1) 13<11) f3(t') 1-11 I 

+ 21 22 23 

P~' [ii,~:] {H 13<11) 13<11) 13<11) 
31 .l2 '' 13<11) 13<11) 13(/1) 1,-11 u, 

13<111 
41 42 4.1 44 

Suppose there exists such an ordering of the variables for which B11 is lower 
triangular. Write the dynamic structural model [11.6.8] as 

Buy, = -rx, + u,, [11.6.18] 

where 

-r = [k B B 
111 X (//f' + I )I I 2 

... B11l 

l 1 l Y,-1 

l(111i+x/ix IJ = Y,;-2 · 

Y,-11 

Suppose, furthermore, that the disturbances in the structural equations are serially 
uncorrelated and uncorrelated with each other: 

E(u,u;) = {~ 
fort = T 

otherwise, 
[11.6.19) 

where Dis a diagonal matrix. The VAR is the reduced form of the dynamic structural 
model [11.6.18] and can be written as 

y, = II'x, + E,, 

where 

11' = -B 111f 

E, = B111u,. 

Letting O denote the variance-covariance matrix of e,, [11.6.22] implies 

[I l.6.20] 

[I 1.6.211 

[11.6.22] 

[11.6.23] 
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Note that if the only restrictions on the dynamic structural model are that B0 

is lower triangular with unit coefficients along the principal diagonal and that D is 
diagonal, then the structural model is just identified. To see this, note that these 
restrictions imply that B111 must also be lower triangular with unit coefficients along 
the principal diagonal. Recall from Section 4.4 that given any positive definite 
symmetric matrix 0, there exist a unique lower triangular matrix A with ls along 
the principal diagonal and a diagonal matrix D with positive entries along the 
principal diagonal such that O = ADA'. Thus, unique values B111 and D of the 
required form can always be found that satisfy [11.6.23). Moreover, any Bu matrix 
of this form is nonsingular, so that r in [11.6.21) can be calculated uniquely from 
B0 and Il as r = -Bull'. Thus, given any allowable values for the reduced-form 
parameters (11 and 0), there exist unique values for the structural parameters (Bu, 
r. and D) of the specified form, establishing that the structural model is just 
identified. 

Since the model is just identified, full-information maximum likelihood (FIML) 
estimates of (Bu, r. and D) can be obtained by first maximizing the likelihood 
function with respect to the reduced-form parameters (11 and 0) and then using 
the unique mapping from reduced-form parameters to find the structural param
eters. The maximum likelihood estimates of Il are found from OLS regressions of 
the elements of y, on x,. and the M LE of O is obtained from the variance-covariance 
matrix of the residuals from these regressions. The estimates 8111 and D are then 
found from the triangular factorization of 0. This, however, is precisely the pro
cedure described in calculating the orthogonalized innovations in Section 11.4. The 
estimate A &scribed there is thus the same as the FIML estimate of B,11• The 
vector of orthogonalized residuals u, = A - tE, would correspond to the vector of 
structural disturbances, and the orthogonalized impulse-response coefficients would 
give the dynamic consequences of the structural events represented by u,, provided 
that the structural model is lower triangular as in [11.6.17]. 

Nonrecursive Structural V ARs 

Even if the structural model cannot be written in lower triangular form, it 
may be possible to give a structural interpretation to a VAR using a similar idea 
to that in equation [11.6.23]. Specifically, a structural model specifies a set of 
restrictions on B11 and D. and we can try to find values satisfying these restrictions 
such that B111D{B111)' = 0. This point was developed by Bernanke (1986), Blan
chard and Watson (1986), and Sims (1986). 

For illustration, consider again the model of supply and demand discussed in 
equations [9.3.2] and [9.3.3]. In that specification, quantity (q,) and price (p,) were 
endogeneous variables and weather (w,) was exogenous, and it was assumed that 
both disturbances were i.i.d. The structural VAR approach to this model would 
allow quite general dynamics by adding p lags of all three variables to equations 
[9.3.2] and [9.3.3], as well as adding a third equation to describe the dynamic 
behavior of weather. Weather presumably docs not depend on the behavior of the 
market, so the third equation would for this example just be a univariate auto
regression. The model would then be 

q, = f3P, + /3\1/q,_, + f3\~1P,-, + f3Ww,_, 
+ /3\~>q,_2 + /3\~>P,-2 + f3Ww,-2 + · · · 
+ f3Wq,_,, + f3\~1P,-p + f3Ww,_,, + u1 
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q, = "IP, + hw, + f3Wq,-1 + f3WP,-, + /3~~1w,-1 
+ f3~~1q,-2 + f3WP,-2 + f3~~1w,~2 + · · · 
+ f3Y(1q,_,, + /3~1!/P,-,, + {3~~1w,_1, + u; 

w, = f3Ww,_, + f3Ww,_2 + · · · + {3~~1w,_,, + u;r. 

[11.6.25] 

[11.6.26] 

We could then take (uf, u;, u;•· )' to be a white noise vector with diagonal variance
covariance matrix given by D. This is an example of a structural model [11.6.18] 
in which 

[011 -{3 
Bu= -y 

0 
[11.6.27] 

There is no way to order the variables so as to make the matrix B0 lower 
triangular. However, equation [11.6.22] indicates that the structural disturbances 
u, are related to the VAR residuals E, by E, = B111u,. Thus, if Bu is estimated by 
maximum likelihood, then the impulse-response functions could be calculated as 
in Section 11.4 with A replaced by B111, and the results would give the effects of 
each of the structural disturbances on subsequent values of variables of the system. 
Specifically, 

aE, _ -I 
a ' - Bo , u, 

so that the effect on e, of the jth structural disturbance u1, is given by b1, the jth 
column of B111• Thus, we would calculate 

for 'Ir_, the (n x n) matrix of coefficients for the sth lag of the MA(oo) representation 
[11.4.1]. 

FIML Estimation of a Structural VAR 
with Unrestricted Dynamics 

FIML estimation is particularly simple if there are no restrictions on the 
coefficients r on lagged variables in [11.6.18]. For example, this would require 
including lagged values of P,-i and q,-i in the weather equation [11.6.26]. Using 
[11.6.23], the log likelihood function for the system [11.6.18] can be written as 

;l(B 0 , D, Il) = -(Tn/2) log(2'1T) - (T/2) logjB 111D(B0 1)'l 
T 

- (1/2) L [y, - Il'x,]'[Bc, 1D(B1, 1)']- 1[y, - Il'x,]. 
[11.6.28] 

,-, 

If there are no restrictions on lagged dynamics, this is maximized with respect to 
II by OLS regression of y, on x,. Substituting this estimate into [11.6.28] as in 
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(11.1.25] produces 

But 

;£(8.,, D, fl) = -(Tn/2) log(2'11') - (T/2) log/B1, 1D(B111)' I 
T 

(1/2) I t;[e,, 1oc0i,1rJ- 1t,. 
t=I 

T T 
I t;[B1, 1D(B1,1)'J- 1t, = L trace{t;(B1, 1D(B1,1)']- 1t,} 
1=l r= I 

T 

= L trace{[B1, 1D(B,1 1 )']- 1t,t;} ,_, 
trace{[B1, 1D(B1, 1)'J-1T· O} 
T x trace{[B1, 1D(B111)'J- 10} 
T x trace{(B/1D- 18 11)0}. 

Furthermore, 

(11.6.29] 

(1 l.6.30) 

log/B,, 1D(B1,1)'! = log{/B,,'l·IDl·IB,, 1!} = -log/Bo/ 2 + log/DI, (11.6.31] 

Substituting (1 l.6.31] and (11.6.30] into (11.6.29], F/ML estimates of the structural 
parameters are found by choosing 8 0 and D so as to maximize 

.'.e(B0 , D,11) = -(Tn/2) log(2'11') + (T/2) log/Bi,12 - (T/2) log/DI 

- (T/2) trace{(B;10- • B11)0}. 
[11.6.32) 

Using calculations similar to those used to analyze (11.1.25], one can show 
that if there exist unique matrices 8 0 and D of the required form satisfying 
B,, 1D(B,;-1)' = n, then maximization of (11.6.32] will produce estimates B11 and 
D satisfying 

(11.6.33] 

This is a nonlinear system of equations, and numerical maximization of (11.6.32] 
offers a conv_enient general approach to finding a solution to this system of 
equations. 

Identification of Structural V ARs 

The existence of a unique maximum of [11.6.32] requires both an order 
condition and a rank condition for identification. The order condition is that 8 0 

and D have no more unknown parameters than n. Since n is symmetric, it can 
be summarized by n(n + 1)/2 distinct values. lfD is diagonal, it requires 11 param
eters, meaning that 80 can have no more than 11(11 - 1)/2 free parameters. For the 
supply-and-demand example of (11.6.24] through (11.6.26), n = 3, and the matrix 
B0 in [11.6.27] has 3(3 - 1)/2 = 3 free parameters (/3, -y, and h). Thus, that example 
satisfies the order condition for identification. 

Even if the order condition is satisfied, the model may still not be identified. 
For example, suppose that 
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Even though this specification satisfies the order condition, it fails the rank con
dition, since the value of the likelihood function will be unchanged if {3 and -, are 
switched along with CT3 and er,. 

To characterize the rank condition, suppose that there are nB elements of 8 0 

that must be estimated; collect these in an (n8 x 1) vector 68 • The identifying 
assumptions can be represented as a known (n 2 x n8 ) matrix SB and a known 
(n 2 x 1) vector sB for which 

vec(B0) = S8 6B + s8 . [11.6.34} 

For example, for the dynamic model of supply and demand represented by (11.6.27], 

1 

vec(B 0) = 

1 
0 

-{3 
--, 
0 
0 

-h 
1 

0 
0 
0 

-1 
0 
0 
0 
0 
0 

0 
0 
0 
0 

-1 
0 
0 
0 
0 

0 
0 
0 
0 
0 
0 
0 

-1 
0 

1 
1 
0 
0 

Ss = 0 
0 
0 
0 
1 

Similarly, collect the unknown elements of Din an (n0 x 1) vector 60 , with 

vec(D) = S0 60 + s0 (11.6.35) 

for S0 an (n2 x n0 ) matrix and s0 an (n 2 x 1) vector. For the supply-and-demand 
example, 

CT~ 
0 
0 

vec(D) = 
0 [all CT2 60 = CTI s 

0 
0 

0-u, 

0 
CT2 w 

1 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 1 0 So= 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 1 0 
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Since [11.6.33] is an equation relating two symmetric matrices, there are 
n • a n(n + 1)/2 separate conditions, represented by 

vech(O) = vech([Bu(8 8 )J- 1[D(90 )]{[8 0(&8)J-1}'). [11.6.36] 

Denote the right side of [11.6.36] by £(98 , 90 ), where f: (IR"" x IR"1•)--+ R11*: 

vech(O) = £(98 , 90 ). [11.6.37] 

Appendix 11.B shows that the [11 • x (118 + 110 )] matrix of derivatives of this 
function is given by 

= [a vech(O) a vech(O)] 
J o&a a&o [11.6.38]_ 

= [[-2D,;(0(8)8 111)S11] 

where D,; is the (n* x n 2) matrix defined in [11.1.45]. 
Suppose that the columns of the matrix in [11.6.38] were linearly dependent; 

that is, suppose there exists a nonzero [(n8 + n0 ) x 1] vector A. such that J.>. = 0. 
This would mean that if a small multiple of A. were added to (&~. 90)'. the model 
would imply the same probability distribution for the data. We would have no basis 
for distinguishing between these alternative values for (&a, &o), meaning that the 
model would be unidentified. 

Thus, th~ rank condition for identification of a structural VAR requires that 
the (n8 + n0 ) columns of the matrix Jin [11.6.38] be linearly independent.'2 The 
order condition is that the number of rows of J (n * = n(n + 1 )/2) be at least as 
great as the number of columns. 

To check this condition in practice, the simplest approach is usually to make 
a guess as to the values of the structural parameters and check J numerically. 
Giannini (1992) derived an alternative expression for the rank condition and pro
vided computer software for checking it numerically. 

Structural VAR with Restrictions on Il 

The supply-and-demand example of [ 11.6.24] to [11.6.26] did not satisfy the 
assumptions behind the derivation of [ 11.6.32], because [11.6.26] imposed the 
restriction that lagged values of p and q did not belong in the weather equation. 
Where such restrictions are imposed, it is no longer that case that the FIML 
estimates of 11 are obtained by OLS, and system parameters would have to be 
estimated as described in Section 11.3. As an alternative, OLS estimation of [11.6.24] 
through [11.6.26] would still give consistent estimates of Il, and the variance
covariance matrix of the residuals from these regressions would provide a consistent 
estimate fi. One could still use this estimate in [11.6.32], and the resulting max
imization problem would give reasonable estimates of Be, and D. 

Structural VARs and Forward-Looking Behavior 

The supply-and-demand example assumed that lagged values of price and 
quantity did not appear in the equation for weather. The spirit of VARs is that 

"This condition characlerizes local identification; it may be that even if a model satisfies both the 
rank and the order condition, there are two noncontiguous values of (8 ;,. 8 ;,) for which the likelihood 
has the same value for all realizations of the data. See Rothenberg (1971, Theorem 6, p. Sil~). 
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such assumptions ought to be tested before being imposed. What should we con
clude if, contrary to our prior expectations, the price of oranges turned out to 
Granger-cause the weather in Florida? It certainly cannot be that the price is a 
cause of the weather. Instead, such a finding would suggest forward-looking be
havior on the part of buyers or sellers of oranges; for example, it may be that if 
buyers anticipate bad weather in the future, they bid up the price of oranges today. 
If this should prove to be the case, the identifying assumption in (11.6.24) that 
demand depends on the weather only through its effect on the current price needs 
to be reexamined. Proper modeling of forward-looking behavior can provide an 
alternative way to identify VA Rs, as explored by Flavin (1981), Hansen and Sargent 
(1981), and Keating (1990), among others. 

Other Approaches to Identifying Structural V ARs 

Identification was discussed in previous subsections primarily in terms of 
exclusion restrictions on the matrix of structural coefficients B0 . Blanchard and 
Diamond (1989, 1990) used a priori assumptions about the signs of structural 
parameters to identify a range of values of B0 consistent with the data. Shapiro 
and Watson (1988) and Blanchard and Quah (1989) used assumptions about long
run multipliers to achieve identification. 

A Critique of Structural V ARs 

Structural VA Rs have appeal for two different kinds of inquiry. The first 
potential user is someone who is primarily interested in estimating a structural 
equation such as the money demand function in [11.6.l]. If a model imposes 
restrictions on the dynamics of the relationship, it seems good practice to test these 
restrictions against a more general specification such as (1 l.6.5] before relying on 
the restricted model for inference. Furthermore, in order to estimate the dynamic 
consequences of, say, income on money demand, we have to take into account the 
fact that, historically, when income goes up, this has typically been associated with 
future changes in income and interest rates. What time path for these explanatory 
variables should be assumed in order to assess the consequences for money demand 
at time t + s of a change in income at time t? A VAR offers a framework for 
posing this question - we use the time path that would historically be predicted 
for those variables following an unanticipated change in income. 

A second potential user is someone who is interested in summarizing the 
dynamics of a vector y, while imposing as few restrictions as possible. Insofar as 
this summary includes calculation of impulse-response functions, we need some 
motivation for what the statictics mean. Suppose we find that there is a temporary 
rise in income following an innovation in money. One is tempted to interpret this 
finding as suggesting that expansionary monetary policy has a positive but tem
porary effect on output. However, such an interpretation implicitly assumes that 
the orthogonalized "money innovation" is the same as the disturbance term in a 
description of central bank policy. Insofar as impulse-response functions are used 
to make statements that are structural in nature, it seems reasonable to try to use 
an orthogonalization that represents our understanding of these relationships as 
well as possible. This point has been forcefully argued by Cooley and LeRoy (1985). 
Leamer (1985), Bernanke (1986), and Blanchard (1989), among others. 

Even so, it must be recognized that convincing identifying assumptions are 
hard to come by. For example, the ordering in [11.6.17] is clearly somewhat ar
bitrary, and the exclusion restrictions are difficult to defend. Indeed, if there were 
compelling identifying assumptions for such a system, the fierce debates among 
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macroeconomists would have been settled long ago! Simultaneous equations bias 
is very pervasive in the social sciences, and drawing structural inferences from 
observed correlations must always proceed with great care. We surely cannot always 
expect to find credible identifying assumptions to enable us to identify the causal 
relations among any arbitrary set of n variables on which we have data. 

11.7. Standard Errors for Impulse-Response Functions 

Standard Errors for Nonorthogonalized Impulse-Response 
Function Based on Analytical Derivatives 

Section 11.4 discussed how '\JI.,, the matrix of impulse-response coefficients 
at lag s, would be constructed from knowledge of the autoregressive coefficients: 
In practice, the autoregressive coefficients are not known with certainty but must 
be estimated by OLS regressions. When the estimated values of the autoregressive 
coefficients are used to calculate '\JI,, it is useful to report the implied standard 
errors for the estimates -.ir_, Y · 

Adopting the notation from Proposition 11.1, let k = np + 1 denote the 
number of coefficients in each equation of the VAR and let 1r a vec(D) denote 
the (nk x 1) vector of parameters for all the equations; the first k elements of 1r 
give the constant term and autoregressive coefficients for the first equation, the 
next k elements of Tr give the parameters for the second equation, and so on. Let 
If,,= vec('l'_;).,denote the (112 x 1) vector of moving average coefficients associated 
with lags. The first n elements of \JI.,· are given by the first row of '\JI_, and identify 
the response of Yi.,+., to e,. The next n elements of If,., are given by the second row 
of '\JI, and identify the response of Y2.r+., to e,, and so on. Given the values of the 
autoregressive coefficients in '", the VAR can be simulated to calculate Ifs.,. Thus, 
If,, could be regarded as a nonlinear function of 1T, represented by the function 
lfs_,(1r), \JI.,: R''k - R"'. 

The impulse-response coefficients are estimated by replacing 1T with the OLS 
estimates 'll"r, generating the estimate .j,_,.r = +,,('ll"r)-Recall that under the con
ditions of Proposition 11.1, \/T('ll"r - 1r) .!:. X, where 

X - N( 0, (0 (8) Q- 1)). [11.7.1) 

Standard errors for .j,, can then be calculated by applying Proposition 7.4: 

< 17'- A /. 

v T(IJl,.r - Ifs.,)- G.,X, 

where 

alf,,(1r) 
G., =-a-'. 

(11!x11k) -.. 
[11.7.2) 

That is, 

[11.7.3] 

Standard errors for an estimated impulse-response coefficient are given by the 

"Calculations related to those developed in this section appeared in Baillie ( 1987), Liitkepohl ( 1989, 
1990), and Giannini ( 1992). Giannini provided computer sortware for calculating some of the5C mag
nitudes. 
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square root of the associated diagonal element of (1/T)G,.r(Or® Qi ')G;.7', where 

G == in!,.{-rr) I 
s.T a'l'I'' 

n•-A-1' 

T 

Or = (1/T) L x,x;, 
t•I 

with x, and O.,. as defined in Proposition 11.1. 
To apply this result, we need an expression for the matrix G., in [l 1.7.2]. 

Appendix 11.B to this chapter establishes that the sequence {G.}.~:.1 can be cal· 
culated by iterating on 

G., = (I,, ® (0,,1 -q,_;_ I v.:-2 . . . v.:-p)] + (cl>, ® ln)G_,_, 

+ (cl>2 (8) In)Gs-2 + · · · + (cl>,. (8) I,,)G_,-,,· 
[11.7.4) 

Here 0111 denotes an (n x 1) vector of zeros. The iteration is initialized by setting 
G0 = G_ 1 = ··· = G-p+I = 011,_,,k· It is also understood that V 0 = 111 and 
v_, = 0,,,, for s < 0. Thus, for example, 

G1 = (I,, (8) (0,,1 I,, 0,,,, · · · 0,,,,)] 

G2 = [I,, (8) (0,,, '1'j I,, · · · 0,,,,)] + (c1>1 (8) I,,)G 1. 

A closed-form solution for (11.7.4) is given by 
·' 

G., = ~ ('1';-1 (8) (0,., '11,;-; V.!-1-1 · · · '11.!-;-,,+1)). [11.7.5] 
/• I 

Alternative Approaches to Calculating Standard Errors 
for Nonorthogonalized Impulse-Response Function 

The matrix of derivatives G_, can alternatively be calculated numerically as 
follows. First we use the OLS estimates fr to calculate lf,,(fr) for s = 1, 2, ... , 
m. We then increase the value of the ith element of 'ff by some small amount 11, 
holding all other elements constant, and evaluate lf,,.{-ir + e;6) for s = 1, 2, ... , 
m. where e1 denotes the ith column of I,,k. Then the (111 x 1) vector 

lfs.,(fr + e,11) - lfs.,(-fr) 
11 

gives an estimate of the ith column of G,,. By conducting separate evaluations of 
the sequence lf,,.(fr + e;6) for each i = 1, 2, ... , nk, all of the columns of G_, 
can be filled in. 

Monte Carlo methods can also be used to infer the distribution of lfs.,(fr). 
Here we would randomly generate an (nk x 1) vector drawn from a N(fr, 
(1/T)(O ® c}-1)) distribution. Denote this vector by '1'1'0>, and calculate lfs.,(1TC1>). 
Draw a second vector 1Tc2i from the same distribution and calculate If,.,( 'l'l'c2>). Repeat 
this for, say, 10,000 separate simulations. If 9500 of these simulations result in a 
value of the first element of Ifs, that is between t/1,1 and if,,i, then ( ,J,,1, if,,1) can be 
used as a 95% confidence interval for the first element of "'·· -

Runkle (1987) employed a related approach based on bootstrapping. The idea 
behind bootstrapping is to obtain an estimate of the small-sample distribution of 
fr without assuming that the innovations e, are Gaussian. To implement this pro
cedure, first estimate the VAR and save the coefficient estimates fr and· the fitted 
residuals {t 1, t 2 , ••• , tr)- Then consider an artificial random variable u that has 
probability (1/T) of taking on each of the particular values {€1, €2 , ••• , tr}. The 
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hope is that the distribution of u is similar to the distribution of the true population 
e's. Then take a random draw from this distribution (denoted u\ 11), and use this 
to construct the first innovation in an artificial sample; that is, set 

y\'1 = c + cl>,Yo + cl>2Y-1 + · · · + cl>pY-p+1 + u\11• 

where Yo, y _ 1, ... , and y _1, + 1 denote the presample values of y that were actually 
observed in the historical data. Taking a second draw u~1>, generate 

(I) - • + d. ( I) + d. + • • • + d. + (I) Y2 - C "¥1Y1 "¥2Yo ...,,,Y-p+2 Dz · 

Note that this second draw is with replacement; that is, there is a (1/T) chance 
that u\11 is exactly the same as u~11• Proceeding in this fashion, a full sample 
{y\ll, y~11, ••• , y~ 1} can be generated. A VAR can be fitted by OLS to these 
simulated data (again taking presample values of y as their historical values),. 
producing an estimate frCI>, From this estimate, the magnitude lf,,(fr(ll) can be 
calculated. Next, generate a second set of T draws from the distribution of u, 
denoted {u\21, u?1, ... , u~l}, fit frC21 to these data by OLS, and calculate 
lf,,(frC2>). A series of 10,000 such simulations could be undertaken, and a 95% 
confidence interval for if,,1 (fr) is then inferred from the range that includes 95% 
of the values for if,,1 (frCi>). 

Standard Errors for Parameters of a Structural VAR 

Recall f~om Proposition 11.2 and equation [11.1.48] that if the innovations 
are Gaussian; 

YT[vech(Or) - vech(O)] ~ N( 0, 2D,t(0 (8) O)(D,t)'). 

The estimates of the pa~ameters of a structural VAR (80 and D) are determined 
as implicit functions of O from 

n = n;,10(0;, 1)'. [11.1.6J 

As in equation [11.6.34], the unknown elements of 8 11 are summarized by an 
(n8 x 1) vector 08 with vec(B 0) = S 8 68 + S8 . Similarly, as in [11.6.35], it is 
assumed that vec(D) = S0 60 + s0 for 00 an (n0 x 1) vector. It then follows from 
Proposition 7 ;4 that 

\/'t(6 8 .r - 68 ) ~ N( 0, 2G 8 D,t(!l (8) O)(D,n'G~) [11.7.7] 

\/'t(6o.r - 00 ) ~ N( 0, 2GoD,t(O (8) O)(D,t)'Gb ), [11.7.8] 

where 

Ga 
a68 

[11.7.9] 
(118 x11•) a[vech(O)]' 

Go = aOo 
(11.7.10] 

(n 1.,xn•) a[vech(O)]' 
and n* = n(n + 1)/2. 

Equation [11.6.38] gave an expression for the [n* x (n8 + n 0 )] matrix: 

J = [a vech(!l) a vech(O)]. 
ao~ aOb 

We noted there that if the model is to be identified, the columns of this matrix 
must be linearly independent. In the just-identified case. n• = (n 8 + nn) and J- 1 
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exists, from which 

Standard Errors for Orthogonalized 
Impulse-Response Functions 

Section 11.6 described calculation of the following (11 x n) matrix: 

H, = V_,B,, 1• 

[11.7.11] 

[117.12] 

The row i, column j element of this matrix measures the effect of the jth structural 
disturbance (uj,) on the ith variable in the system (y 1_,+J after a lag of s periods. 
Collect these magnitudes in an (n 2 x I) vector h.,· "" vec(ff,). Thus, the first 11 

elements of h_,. give the effect of u, on Yi.,+" the next n elements give the effect of 
u, on y21 +., and so on. 

Si~c~ -4,, is a function of fr and since 80 is a function of vech(ll). the distri
butions of both the autoregressive coefficients and the variances affect the asymp
totic distribution of h.,. It follows from Proposition 11.2 that with Gaussian in
novations, 

V'TCh,.r - h,) 

.!:. N(o. [S.,.. [ 0 (8) Q- 1 o ] [-=:' ]) 
S.,J O 2D,;(O (8) O)(D,;)' ;: 

- N( 0, [S.,,(O (8) Q- 1)S~ -f 2:S.,.D,;(O (8) O)(D,;)'S:;,J), 

where Appendix 11.B demonstrates that 

'.=:., = ilh.Ja'Il'' = (I,, (8) (B(1)- 1JG, 

iih., _ -[ rv,, ( ')-'1 :Sa = a(vech(O)]' - H, ICI Bu S,1-Gn. 

(I 1.7.13) 

[ll.7.14! 

[11.7.15! 

Here G., is the matrix given in [11.7.5], G 8 is the matrix given in [ 11.7.11 j, and Sw 
is an (n 2 x n8 ) matrix that takes the elements of 81/ and puts them in the corre
sponding position to construct vec(B:,): 

vec(B(,) = Sll'8" + Sw, 

For the supply-and-demand examples of [11.6.24] to [11.6.26]. 

0 0 0 
-1 0 0 
0 0 0 
0 0 0 

SB' = 0 -1 0 
0 0 -1 
0 0 0 
0 0 0 
0 0 0 

~al Experience with Standard Errors 

In practice, the standard errors for dynamic inferences based on VARs often 
turn out to be disappointingly large (see Runkle, 1987, and Liitkepohl, 1990). 
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Although a VAR imposes few restrictions on the dynamics. the cost of this generality 
is that the inferences drawn are not too precise. To gain more precision, it is 
necessary to impose further restrictions. One approach is to fit the multivariate 
dynamics using a restricted model with far fewer parameters, provided that the 
data allow us to accept the restrictions. A second approach is to place greater 
reliance on prior expectations about the system dynamics. This second approach 
is explored in the next chapter. 

APPENDIX 11.A. Proofs of Chapter II Propositions 

• Proof of Proposition 11.1. The condition on the roots of (11.1.35) ensures that the MA(oo) 
representation is absolutely summable. Thus y, is ergodic for first moments, from Propo
sitions 10.2(b) and 10.5(a). and is also ergodic for second moments, from Proposition !0.2(d). 
This establishes result 11.l(a). 

The proofs of results (b) and (c) are virtually identical to those for a single OLS 
regression with stochastic regressors (results (8.2.5] and [8.2.12]). 

To verify result (d), notice that 

vT(ir,r - 'IT;)= [(1/T) t x,x;] .'[(1/v'i') t x,e,,] 

and so 
7 

Q,::' (1/V'T) L x,e,, ,-, 
T 

Qi ' ( 1/V'T) ~ x,e,, ,~, [11.A.l) 

T 

Qi'' (1/V'T) ~ x,e,., 
,=I 

where 

Q 1 = [ (1/T) ,t, x,x:]. 

Define ~' to be "the following (nk x I) vector: 

[
x,e,,l 

t • x,~.'.!,. 

x,~,,, 

Notice that ~, is a martingale difference sequence with finite fourth moments and variance 

[ 
E(x,x;)-E(er,) E(x,x;)·E(e,,e,,) · · · 

E(U;) = E(x,x;) /(e,,e1,) E(x,x;):· £(et) : : : 

E(x,x;)-E(e,,,e.,) E(x,x;)·E(e.,e,,) · · · 

E (x,x~) · E(e,,e,,,)l 
E (x,x,) · E ( e,,e.,,) 

E (x,x;) · E ( e;;,) 

[ 
E(er,) E(e,,e,,) E(e.,e,,,)l 

= E(et") E(ei) E(et,,) ® E(x,x;) 

E(e,.,e,,) E(e,.,e,,) E(e~,) 

= fl® Q. 

It can further be shown that 
T 

(1/T) L ~,~; !:c, fl® Q [11.A.2) 
,-1 
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(see Exercise 11. I). It follows from Proposition 7.9 that 

(INT) ,t, t.!:. N( o, (fi ® Q)). [11.A.3] 

Now, expression [I I.A.I] can be written 

T 

[

Q~, Qor' ::_ j 
v'T(fr7 - 'IT) = 

0 0 Q 7 I 

(Ilv'T) L x,e,, 
1-'-l .,. 

Wvfl r x,e,, '., 

T 

( II\IT) L X,E,,, 

' I 
7 

= (1,, ® Q,:'J(l/vTl r ~.-
,--=l 

But result (a) implies that Q7 1 ..!'... Q ·'.Thus, 

T 

vT(frr - ff)~ (1,, ® Q - 1)(11\IT) I ~ •. [11.A.4) 
<• I 

But from (1 l.A.3], this has a distribution that is Gaussian with mean O and variance 

(1,, ® Q ')(n ® Q)(I,, ® Q- ') = (1.,m,,) ® (Q- 'QQ- ') = n ® Q ·,, 

as claimed. • 

• Proof of Proposition 11.2. Define nr ':' (1/T) '2.,7., E,E: to be the estimate of n ba~ed 
on the true residuals. We first note that fi 7 has the same asymptotic distribution as nr 
To see this, observe that 

7 

n: = (l/T) L (y, - fi'x,)(y, - IT'x,)' 
'"'' 

7 

= (1/T) L (y, - n;.x, + (Dr - Il)'x,l[y, - n:~x. + (rI, - II)'x,]' 
'" I 

., "' ,. 

= (l/T) L (y, - II~x,)(y, - II~x,)' [11.A.5] 
' - I ·, 

+ (rI7 - II)'(l/T) L x,x;(n:, - II) 
,• I 

T 

= 0 7 + (Ilr - II)'(I/T) L x,x;(Il 7 - II), ,-, 
where cross-product terms were dropped in the thjrd equality on the right in the light of 
the OLS orthogonality condition (1/T):r;., (y, - II~x,)x; = 0. Equation (11.A.5] implies 
that 

T 

vT(fi} - fi 7) = (D7 - II)'(l/T) L x,x;[vf(D 7 - II)]. ,., 
But Proposition 11.1 established that (D7 - II)' ..!'... 0, (1/T)'LT~, x,x; ..!'... Q, and 
V'i"(Il7 - II) converges in distribution. Thus, from Proposition 7.3, VT(fl} - 07) ..!'... O 
meaning that v'T(fi ~ - 0) !'.., vT(!l 7 - 0). 

Recalling [11.A.4], 

VT(fr 7 - 'IT] 1, (I,,® Q-')(1/VT) L ~, 
[ 

T l 
[ YT[vech(!! 7) - vech(fi}]]-+ (1/YT) ,t. A,,., ' [11.A.6] 
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where t = E, ® x, and 

~

e1, - 0"11 
A = vech e~e1, - CT:!1 
' . 

e,,,e1, - CTn, 

E1,E11 - CT12 

Ei - CT21 

e,,,e21 - u,,z 

Ei,e,,, - 0-1], 
e~e,,, - u111 

e~, - u,m 

It is straightforward to show that (t;, >..;)' is a martingale difference sequence that satisfies 
the conditions of Proposition 7.9, from which 

[ (11\/T) f1 t,l ~ N([~]. [i:1 i'.~])' 
(11\/T) L >.., .I -,-, 

where 

Recall from the proof of Proposition 11.1 that 

I.11 = E(U:) = !l@Q. 

A typical element of Iie is of the form 

E(x,e,,)(e,,e;, - U;) = E(x,) · E(e,,eue1,) - u,( E(x,) · E(e 1,), 

which equals zero for all i, j, and/. Hence, [11.A.7] becomes 

[
(11\/T) t tl ..=, N([~]. [n r Q O ]) 
c110> I >.., Ir, • 

,- I 

and so. from [11.A.6), 

[ y'T[frr-'IT) J 1. ([OJ [!l@Q·I OJ) 
v'T[vech(!'!r) - vech(!l)J -> N O ' 0 I,, · 

[11.A.7] 

Hence, Proposition 11.2 will be established if we can show that £(11.,>..;) is given by the 
matrix I:,:, described in the proposition; that is, we must show that 

E(e;,E;, - CT;;)(e,,e,,,, - u,,,,) = u,-,Oj·,,, + cr,,,,Oj·, (11.A.8] 

for all i, j, I, and m. 
To derive [11. A.8], let n = PP' denote the Cholesky decomposition of n, and define 

v,=P- 1e,. (11.A.9] 

Then E(v,v;) = p- 1n(P- 1)' = I,,. Thus, Yu is Gaussian with zero mean, unit variance, and 
fourth moment given by E(vt,) = 3. Moreover, v;, is independent of v1, for i f j. 

Equation [11.A.9) implies 

E, = Pv,. [ll.A.10) 

Let p11 denote the row i, column j element of P. Then the ith row of [ll.A.1O] states that 

[11.A.ll) 

and 

e,,e1, = (p 11v1, + pllv,, + · · · + p1,,v,,,) X (p; 1v1, + p12v,, + · · · + p1,,v,,,). (11.A.12} 

Second moments of E, can be found by taking expectations of (11.A.12], recalling that 
E(v;,v;,) = 1 if i = j and is zero otherwise: 

E(e,,e,,) = P11P11 + PaPr-+ · · · + p,,,p1,,, (11.A.13] 
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Similarly. fourth moments can be found from 

E(E,,'<;,e,,e,,,,) = E((p,.v,, + p,,Ye, + · · · + p,.v,.,)(p;,v,, + p,.,_v,, + · · · + p,,,,,..,) 

X (p 11v1, + pi,v,, + · · · + p,,,v,,,)(p,,.,v,, + p,,.,v2, + · · · + p,,,.,v,,,)] 

= (3(p;ip;,P11Pm1 + Pa.P,,Pr-P,,,, + · · · + P,,,p;,,p,,.p,,,,.)) 
+ [(fJ;,P;,)(p,,p,,,, + p,,p,,,_, + · · · + P,,,p,,,,,) 

+ (p,-,_p,-,_)(P11Pm, + p,,p,,,, + · · · + /J,,.p..,,,) + 
+ (p,,,p;,J(P11P,,,, + p,,p,,,, + · · · + P,.,,. ,p..,_,, ,)] 

+ [(P11P")(P,-:eP,,,, + Ppp,,,., + · · · + P,,,p,,,,,) 
+ (p,-,_p,,)(p,,p,,,, + /J,,P..,, + ... + p,,,p,,,,,) + 
+ (p,,,p,,,)(P;1P,,,, + P1'"'!.Pm2 + • • • + P1.11 1Pm.,1 - 1)] 

+ ((p,.p,,,,)(fJ1eP12 + P,,p,, + · · · + /J;,,p,,,) 
+ (p,,p,,,,)(P;,P11 + PpP1.1 + · · · + P1uP,,,) + · · · 
+ (p,,,p,,,,,)(P11/J11 + /J;2P1e + · · · + P; ..... ,p,_,, ,)] 

= [(P11P11 + p,.,_p,.,_ + ... + P,,,p;,,)(P11P,,,, + p,,p,,,, + · · · + p,,,p,,..,)] 
+ [(p"p" + p.,p,, + · · · + /J,,,p,,,)(p"p,,,, + P,,/J,,,, + · · · + /J;,,/J,,,,,)j 
+ [(pilp,,,, + p,,p.,., + ... + p,,,p,,,,,)(p;,P11 + P;2/J11 + • •. + p,,,p,,,)I 

fl l.A.1-1] 

where the last line follows from (11.A.13). Then 

E[(e;,ej, - O';j)(e,,e,,,, - a,m)] = E(E11Ej,e,,e,,,,) - U;;U,,,, = a,,CT,,,, + CT;,,lF;t• 

as claimed in (11.A.8]. • 

• Proof of Proposition ll,3. First suppose that y fails to Granger-cause x, so that the 
process can be written as in [11.2.4]. Define v,, to be the residual from a projection of F,, 
on E,,, with b,, defined to be the projection coefficient: 

Thus, v,, and E 1, are uncorrelated, and, recalling that E, is white noise, v,, must be uncorrelated 
with e,T for all t f T as well. From the first row of (11.2.4], this means that v,, and xT are 
uncorrelated for all t and r. With this definition of v,,, the second row of [t t.2.4/ can be 
written as 

y, = µ., + 1/1,,(L)e,, + 1/1,,(L)[I',, + b,,t:,,]. [1 l.A.15] 

Furthermore, from the first row of [11.2.4), 

e·,, = [1/1,,(LW'(x, - µ.1). [11.A.lhl 

Substituting (ll.A.16] into [ll.A.15] gives 

Y, = C + b(L)x, + .,,,, [l l.A.17] 

where we have defined b(L) ""{(1/J:,,(L) + b.,I/J,JL)l[l/l11(L)J-'}, c = µ., - b(I)µ.,, and 
'1, = I/J,?(L)v2 ,. But 1),, being constructed from v,,, is uncorrelated with xT for all T. Fur
thermore, only current and lagged values of x, as summarized by the operator b(L), i1ppe<1r 
in equation [ll.A.17]. We have thus shown that if [11.2.4] holds, then d1 = 0 for all j in 
(11.2.5]. 

To prove the converse, suppose that d; = 0 for all j in [I 1 .2.5). Let 

X, = µ.1 + 1/111(L)E11 [ll.A.18] 

denote the univariate Wold representation for x,; thus, 1/1\';' = l. We will be using notation 
consistent with the form of [11.2.4) in anticipation of the final answer that will be derived; 
for now. the reader should view [ll.A.18) as a new definition of I/J11(L) in terms of the 
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univariate Wold representation for x. There also exists a univariate Wold representation 
for the error term in [11.2.5), denoted 

.,-,, = 1/1,,(L)v,,, (11.A.19] 

with 1/1~\1 = 1. Notice that .,-,, as defined in [11.2.5) is uncorrected with x., for all t ands. It 
follows that v21 is uncorrelated with x, or e ,, for all t and T. 

Substituting [11.A.18] and (ll.A.19) into (11.2.5), 

y, = c + b(l)µ., + b(L)c/111(L)e,, + 1/1-,..,_(L)v,,. [11.A.20] 

Define 

(ll.A.21) 

for b11 the coefficient on L" of b(L) and 

µ., =' C + b(l)µ. 1• (11.A.22] 

Observe that (e 1,, e,,)' is vector white noise. Substituting (ll.A.21] and (ll.A.22] into 
[ll.A.20) produces 

y, = µ., + [b(L)c/111(L) - b.,1/1,,(L))e,, + 1/1,e(L)e,,. [ll.A.23] 

Finally, define 

1/1,,(L)"' [b(L)c/1,,(L) - b0c/l,,(L)). 

noting that 1/1~:' = 0. Then, substituting this into (11.A.23) produces 

Y, = µ., + 1/1,,(L)e,, + c/lee(L)e,,. 

This combined with (ll.A.18) completes the demonstration that (11.2.5] implies [11.2.4]. • 

APPENDIX 11.B. Calcula.tion of Analytic Derivatives 

This appendix calculates the derivatives reported in Sections 11.6 and 11.7. 

• Derivation of [11.6.38]. Let the scalar { represent some particular element of 6n or 8,,, 
and let an.lag denote the (n' x n') matrix that results when each element of n is differ
entiated with respect toe, Thus, differentiating (11.6.33) with respect tog results in 

arnae. = (aB,,'/ae)D(B,,')' + B,, 1(aD1at)(B,, 1)' + (B,,')D[il(B,,')'/of]. [11.8.1) 

Define 

X e (dB,, 1/o{)D(B,, ')' [11.B.2) 

and notice that 

x' = (B,, ')D[il(B,, 1)'/a{], 

since Dis a variance-covariance matrix and must therefore be symmetric. Thus, (11.8.1) 
can be written 

arnae = x + B,, 1(an1ae)(B,;-1)' + x ·. 
Recall from Proposition 10.4 that 

vec(ABC) = (C' (8) A)· vec(B). 

Thus, if the vec operator is applied to (11.B.3], the result is 

a vec(il) 
_a_{_= vec(x + X') + [(B,11) (8) (B,, 1)] vec(iJD/ilfl. 

344 Chapter 11 I Vector Autoregressions 

[11.B.3] 

(11.B.4] 

(11.B.5] 



Let D,, denote the (n 1 x n*) duplication matrix introduced in (11.1.43]. Notice that 
for any (n x n) matrix x. the elements of o;, vec(x) are of the form X;; for diagonal elements 
of x and of the form (x11 + x11) for off-diagonal elements. Hence, o;, vec(x) = o;, vec(x'). 
If [11.B.5) is premultiplied by oi = (D;,D,,) 10;,, the result is thus 

a vech(O) + • _, _, 
il§ = 20., vec(x) + D" [(B11 ) ® (B0 )] vec(iJD/il~, [11.B.6] 

since from (11.1.46] D,; vec(O) = vech(O). 
Differentiating the identity B,; 1B0 = I,, with respect to § produces 

(iJB,, 1/il§)B11 + B,, '(iJB,JiJ§) = 0,,,. 

or 

iJB,11/iJ§ = -B 11 1(ilB.,/il§)B11 1• 

Thus, (11.B.2) can be written 

X = - B,, '(ilB0 /ilflB,11D(B0 1)' = - B., '(oB,./il§)O. 

Applying the vec operator as in (11.B.4] results in 

vec(x) = -(0 ® B,, ') iJ ve;;s.,). 

Substituting this expression into [ll.B.6] gives 

(11.B.7] 

a vech(O) _ -2D+(n 'x' B-') a vec(B0 ) + D'[(B ') 'x' (B-')] iJ vec(D) 
ae - " 'C:I " ae " " 'C:I " ae 

[11.B.8] 
a8 a8 

-2D,:(O ® B,,')Sn a[ +-D,;[(B,; 1) ® (B,,')]S,, ,it 
Expression [l l.B.8] is an (n * x 1) vector that gives the effect of a change in some 

element of 8n or 80 on each of the n • elements of vech(!l). If§ corresponds to the first 
element of 88 , then iJ88 /iJ§ = e,, the first column of the (n 8 X n8 ) identity matrix, and 
il8,,1ae = 0. If § corresponds to the second element of 8n, then il8n/il§ = e,. If we stack 
the vectors in (11.B.8] associated with§= On.,,§= 0,,_1 , • •. , §=On_.,. side by side, the 
result is 

[
;, vech(O) 

i/lJn.o 

a vech(!l) 

ilOn.2 

a vech(!l)] 

ilOn_,.,, [I I .B.9] 

= [ -20,:(n ® B,, ')Sn](e, e2 · • • e,,.J. 

That is, 

a vech(!l) , 
il8~ = [-2D,:(n ® B0 )S"]. [l 1.B.10) 

Similarly, letting the scalar §in [11.B.8] correspond to each of the elements of 80 in succession 
and stacking the resulting columns horizontally results in 

a vech(!l) _ + _, _, 

8, - D,, [(B11 ) ® (B0 ))S0 . 
a " 

Equation (11.6.38] then follows immediately from (11.B.10] and [ll.B.11). • 

• Derivation of [U.7.4). Recall from equation [10.1.19] that 

"'·· = Cll,'lr,_, + Cll,'lr,,_, + ... + Cll,,'11'_,_,,. 

Taking transposes, 

(11.B.llj 

[l l.B.12] 

[ll.B.13] 
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Let the scalar g denote some particular element of 'IT, and differentiate [11.8.13) with 
respect tog: 

aw; , a4>; , ae11: , ae11; ai" = w,_, ai" + w,-2 a{+ · · · + w,-p ai" 
aw' , aw· , aw;_p .,- ell' +_.!.=ell\ + ... + __ . - ell' 

+ ar I i) e . iJ{ I' 

ac'tae 
a4>;tae 

· · · ,i,;_,,] ae11;1ae 

a,i,;_, a,i,'_, a,i,_;_,, , 
+ ~4>; + a~ ·<11; + ... +~ell,, 

, w' 1 an = (0,,, 11'.: - I 11', 2 ' ' ' .,-,, ii§ 

a,i,· aw·_, a,i,;_p , 
+ at <11; + a~ -er,; + · · · + 7 4>,, · 

(11.8.14] 

Recall result (11.8.4], and note the special case when A is the (11 x 11) identity matrix, 
8 is an (11 x r) matrix, and C is an (r x q) matrix: 

vec(BC) =. (C' (8) 1,,) vec(B). [11.8.15] 

For example, 

vece:~-I e11;) = (ell, (8) 1.,) vec( 0~~-') = (<Ii, (8) l,.)(~t). [11.8.16] 

Another implication of [11.B.4] can be obtained by letting A be an (m x q) matrix. 
Ba (q x 11) matrix, and C the (n x 11) identity matrix: 

For example, 

vec(AB) = (I,. (8) A) vec(B). 

= [I,, (8) (0,., 

= [I,. (8) (0111 

w;_, 

'ii'_;_ I 

w· 1an) .,-,, ae 

'Ir' )] (ii vec(Il)) ' ,. ae 

,i,: -,,)] ( :; ) . 

[11.8.17] 

(11.8 18] 

Applying the vec operator to (11.B.14] and using [ l l.B.18] and [ I l. B.16] gives 

ill(,_, [ r.:;.. , 11'' 'Ir' )] (ii'IT) ~ = I,. '15, (O .. , W, __ , .,·-2 ' '' ,-,, ae 

+ (41> r.:;.. I ) (al(,, .. ,) + (41> 'x' I ) (iJlfi.,-2) I '1$, " iJ{ 0 \Cl " iJ{ (11.8.19] 

(al(,,-,,) + ... + (4>,, (8) I,.) ~ . 

Letting { successively represent each of the elements of 1T and stacking the resulting 
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equations horizontally as in (11.B.9] results in 

::: = [I,, ® (0,,, ,i,; - I ,i,; -2 • • • "''.-,,) l 

+ (ell, (8) I,,) [a:;~'] + · · · + (ell,, (8) 1,.) [il~~~''], 
as claimed in (11.7.4]. • 

• Derivation or [11.7.5]. Here the task is to verify that if G., is given by [11.7.5), then 
[11.7.4] holds: 

G, = [I,, (8) (0,,, ,i,_;_ 1 ,i,;_, 

Notice that for G, given by [11. 7 .5], 

'I';_")] + f (ell, (8) 1,,)G, ,. [ll.B.20] 
k~I 

f (ell, (8) 1,,)G,_, 
k•I 

= f (ell.® I,,) 'f ['I';_,® (0,,, ,i,;_._; '1'.'.-k-H . . . 'l'.:-H-1<+ ,)] 
k•I i-1 

JJ .,·-1.. 

= L L [ell,'l';_, ® (O,,, "''.-k-1 ,i,;_,_;_, •.' ,i,;_k-;-,,+1)]. 
k = I i>= I 

For any given value fork and i. define v = k + i. When i = l, then v = k + !; when 
i = 2. then v = k + 2; and so on: 

f (<Ii• (8) 1,,)G,_, = f ± [<1','l',._,_, (8) (0,,1 'I'_;_, 'I';_,._, · · · 'l';_,._1,. 1)]. 

1;; .. 1 k.-1 1·•k+I 

Recalling further that 'I',·-•-, = 0 for v = 2, 3, ...• k. we could equally well write ,, 
L (ell, ® l,,)G, ' 
Ii.• I 

w:_,._,,+ ,)1 
(11.B.21} 

± [(i ell,'l',._._,) (8) (0,., ,i,:_,, ,i,;_,,_, · · · ,i,:_,, ., .. ,)] 
1•=2 k = I 

·' 
= L ['I',._,® (O,,, ,i,;_,. w;_,._' .. - ,i,:_,._,,.,)J. 

1·;;;o:! 

by virtue of [ll.B.12]. If the first term on the right side of [ll.B.20] is added to [11.B.21], 
the result is 

(1,, ® (o,,, w;_, ,i,;_, · ·. w:_,,)J + f (<Ii,® 1,,)G,. , 
k-1 

= (I,,@(0,, 1 111_;_1 ,i,_;_1 ·•• W_; ,,) 

+ L'. fw,._, ® (o,,, ,i,;_,. ,i,;_,._, ... ,i,; , .. ,,,,)1 
,, ... 2 

±['I',,_,® (0,,, ,i,;_, ,i,;_,,_, 
,·•I 

which is indeed the expression for G, given in (ll.7.5). • 

• Derivation of [11,7.14] and [11.7.15]. Postmultiplying [11.7.12] by B11 and transposing 
results in 

[ll.B.22] 

Let the scalar, denote some element of 'IT or n, and differentiate [ll.B.22] with respect 
tof 

(ae:,1a,)u.: + B(,(au.:,a,) = a,i,;taf [11.B.23] 
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Applying the vec operator to fll.B.23] and using [Il.B.15] and [ll.B.17}, 

(H, ® I,,)(il vec(B,',)/ilf) + (1,, ® B,',)(a vec(H;)tae) = a vec('11;)1ae. 
implying that 

ilhJrif = -(I,,@ B;,) · '(H,@ l,,)(il vec(B;,)/il{) + (I,,@ B;,) 1 iil(,Jil{ 

= -[H, ® (B;,) · '](ii vec(B;,)/ilf) + [I,,® (B;,) '} illf,Jilf 
[l I.B.241 

Noticing that e;, does not depend on 'IT. if [ll.B.24} is stacked horizontally for f = "'· ?To, 

••• , 1T,, •• the result is 

ilh.,/ri'IT' = (1,. ® (B,',) · 'I illf,,/il'IT'. 

as claimed in (11.7.14]. Similarly. if f is an element of !l, then f has no effect on "1,. and 
its influence on B,', is given by 

a vec(B,',) = S , il8" 
ae fl ae. 

Stacking [t l.B.24] horizontally with { representing each of the elements of vech(!l) thus 
produces 

ah, _ _ [H 'x' (B ') 'JS il88 

illvech(!l)]' - 'IC:J " n· il[vech(fi)]' · 

as claimed in [ 11. 7 .15}. • 

Chapter 11 Exercises 

11.1. Verify result [11.A.2}. 

11.2. Consider the following three-variable VAR: 

Y11 = ay,.,_, + f3Y,.,-, + e,, 

Y,, = 'YY,.,-, + e" 

Y.1, = fY1.,-, + 0',.,-1 + T/Y.1.1 I + E,1,, 

(a) Is y 1, block-exogenous with respect to the vector (y,,. y 1,)"? 
(b) Is the vector (y ,,. y0,) block-exogenous with respect to y_,,? 
(c) Is y,, block-exogenous with respect to the vector (y 1,. y0,)'? 

11.3. Consider the following bivariate VAR: 

Y1, = a1Y1.,- 1 + a1Yu-1 + · · · + a,,Y1.1 -,, 

+ /3,Y,.,-, + /3,Y,., , + · · · + /3,.Y,., ,, + e., 

y,, = 'Y1Y1.,-I + -y,y,.,_, + .. ' + 'Y,,Y1., ,, 

+ 8,y,_, .. , + <'>,Yo.,-, + , , . + 8,,Y,.,-,, + E:,, 

{ [n" n'"] 
E(E,E;) = one, n,, for I = T 

otherwise. 

Use the results of Section 11.3 to write this in the form 

where 

Y,, = {;,y,.,_, + {;,y,.,_, + · ' ' + {;,,Y1.,-,, 

+ T/,Y,.,_ I + T/,Y,.,. ' + . , , + TJ,,Y,.,-,, + u,, 
y,, = A.,y,, + A,Y1., I + A,Y,.,_, + ... + A,,Y,.,-,, 

+ {,Y,.,_, + f,Y,.,-, + · · · + f,,Y,.,-,, + 11,,. 

{ [ a' 0] 
E(u,u;) = 

0 
Q

1 
u~ 

fort = T 

otherwise. 

What is the relation between the parameters of the first representation (a;, /3;, 'Y;, <'>;, !111) 

and those of the second representation ({;1, 7/;, Al' f;, a1)? What is the relation between E, 
and u,? 
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11.4. Write the result for Exercise 11.3 as 

or 

[ 
1 - C(L) 

-A 0 - A(L) 
-r,(L) ] [y"] [Ui,] 

I - ~(L) y,, u,, 

A(L)y, = u,. 

Premultiply this system by the adjoint of A(L), 

[ 1 - ~(L) r,(L) ] 
A*(L) = A0 + A(L) 1 - ((L) , 

to deduce that y,, and y 2, each admit a univariate ARMA(2p, p) representation. Show how 
the argument generalizes to establish that if the (n x 1) vector y, follows a pth-order 
autoregression, then each individual element Y;, follows an ARMA[np, (n - 1)p] process. 
(See Zellner and Palm, 1974). 

11.5. Consider the following bivariate VAR: 
Y1, = 0.3y,_, I + 0.8y,_,- I + E1, 

y,, = 0.9y1.,-1 + 0.4y,_,--1 + E:,,, 

with E(e,,e,,) = l fort= T and O otherwise, E(e,,e,,) = 2 fort = T and O otherwise, and 
E(e,,e,,) = 0 for all t and T. 

(a) Is this system covariance-stationary? 
(b) Calculate 1'., = ily,..,/ile; for s = 0, 1, and 2. What is the limit ass-" x,? 
(c) Calculate the fraction of the MSE of the two-period-ahead forecast error for 

variable l, 
E[y,.,., - l'(y,.,.,Jy,, Y,-,. - . ,))', 

that is due to e,,,. 1 and e1.,+e· 
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12 

Bayesian Analysis 

The previous chapter noted that because so many parameters are estimated in a 
vector autoregression, the standard errors for inferences can be large. The estimates 
can be improved if the analyst has any information about the parameters beyond 
that contained in the sample. Bayesian estimation provides a convenient framework 
for incorporating prior information with as much weight as the analyst feels it 
merits. 

Section 12.1 introduces the basic principles underlying Bayesian analysis and 
uses them to analyze a standard regression model or univariate autoregression. 
Vector autoregressions are discussed in Section 12.2. For the specifications in 
Sections 12.l and 12.2, the Bayesian estimators can be found analytically. Nu
merical methods that can be used to analyze more general statistical problems from 
a Bayesian framework are reviewed in Section 12.3. 

12.1. Introduction to Bayesian Analysis 
Let 6 be an (a x 1) vector of parameters to be estimated from a sample of 
observations. For example, if y, - i.i.d. N(µ,, a 2), then 8 = (µ,, a 2)' is to be 
estimated on the basis of y = (y i, y2, ..• , Yr)'. Much of the discussion up to this 
point in the text has been based on the classical statistical perspective that there 
exists some true value of 8. This true value is regarded as an unknown but fixed 
number. An estimator 6 is constructed from the data, and 6 is therefore a random 
variable. In classical statistics, the mean and plim of the random variable 6 are 
compared with the true value 6. The efficienc~ of the. estimator is judged by the 
mean squared error of the random variable, E(6 - 6)(6 - 6)'. A popular classical 
estimator is the value 6 that maximizes the sample likelihood, which for this example 
would be 

T 1 [-(y, _ µ,)2] 
/(y; 6) = fl , ;::;---.;2 2 exp 2 2 • 

r= I V L7T(T• CT 
[12.1.1] 

In Bayesian statistics, by contrast, 6 itself is regarded as a random variable. 
All inference about 8 takes the form of statements of probability, such as "there 
is only a 0.05 probability that 81 is greater than zero." The view is that the analyst 
will always have some uncertainty about 6, and the goal of statistical analysis is to 
describe this uncertainty in terms of a probability distribution. Any information 
the analyst had about 8 before observing the data is represented by a prior density 
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f(6). 1 Probability statements that the analyst might have made about 6 before 
observing the data can be expressed as integrals off (6); for example, the previous 
statement would be expressed as Ju /(01) d01 = 0.05 where [(01) = f':..x J':.x ... 
f'·-~ f(6) d02 d03 • • • d0". The sample likelihood [12.1.1] is viewed as the density 
of y conditional on the value of the random variable 6, denotedf(yl6). The product 
of the prior density and the sample likelihood gives the joint density of y and 6: 

f(y, 6) = f(yl6)·f(6). [12.1.2) 

Probability statements that would be made about 6 after the data y have been 
observed are based on the posterior density of 6, which is given by 

!(81 ) = f(y, 6) 
y f(y) . [12.1.3] 

Recalling [12.1.2] and the fact thatf(y) = f':..x f(y, 6) d6, equation (12.1.3] can 
be written as 

f(6ly) = "f(yl6)-f(6) , 

f_J(yl6)-f(6) d6 

[12.1.4] 

which is known as Bayes's law. In practice, the posterior density can sometimes 
be found simply by rearranging the elements in [12.1.2] as 

f(y, 6) = f(6ly)-f(y), 

where f(y) is'·a density that does not involve 6; the other factor, f(6ly), is then 
the posterior density. 

Estimating the Mean of a Gaussian Distribution 
with Known Variance 

To illustrate the Bayesian approach, let y, - i.i.d. N(µ,, CT2) as before and 
write the sample likelihood [12.1.1] as 

f (ylµ,; CT2) = 1, exp{[-J,](y - µ,-l)'(y - µ,-1)}, [12.1.5] 
. (21rCT-)712 2cr 

where 1 denotes a (T x 1) vector of ls. Hereµ, is regarded as a random variable. 
To keep the example simple, we will assume that the variance CT2 is known with 
certainty. Suppose that prior information about µ, is represented by the prior 
distributionµ, - N(m, CT2!v): 

f(µ,; CT2) = (21rCT~/11)112 exp[ -(;CT~vm)2]. [l 2.1.6] 

Here m and II are parameters that describe the nature and quality of prior infor
mation about µ,. The parameter m can be interpreted as the estimate of µ, the 
analyst would have made before observing y, with CT2/v the MSE of this estimate. 
Expressing this MSE as a multiple (1/11) of the variance of the distribution for y, 
turns out to simplify some of the expressions that follow. Greater confidence in 
the prior information would be represented by larger values of 11. 

'Throughout this chapter we will omit the subscript that indicates the random variable whose <.lcnsity 
is being described; for example./.,(9) will simply be denoted/(9). The random variable whose density 
is being described should always be clear from the context and the argument of/(·). 
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To make the idea of a prior distribution more concrete, suppose that before 
observing y the analyst had earlier obtained a sample of N separate observations 
{z;, i = 1, 2, · ... , N} from the N(µ,, o-2) distribution. It would then be natural to 
take m to be the mean of this earlier sample (m = z = (1/N)If_ 1z;) and o-2/11 to 
be the variance of z, that is, to take 11 = N. The larger this earlier sample (N), 
the greater the confidence in the prior information. 

The posterior distribution for µ, after observing the sample y is described by 
the foll@wing proposition. 

Proposition 12.1,: The product of [12.1.5] and (12.1.6] call be writtell i,i the form 
f(µ.ly; o-2) · f(y; o-2), where 

. _ 1 [-(µ. - m*) 2 ] 
f(µ.ly, o-2) - [2mt2/(v + T))112 exp 20-2/(v + T) [12.1.7] 

1 . 
f(y; o-2) = (21TCT2)Tf2 IIT + l · I'/111-112 

{ } 
(12.1.8] 

x exp [ -1/(2o- 2)](y - m · l)'{IT + I· l'/11)- 1(y - m · 1) 

(12.1.9] 
.T 

y = (1/T) Ly,. 
,-1 

In other words, the distributio,i ofµ, conditional on the data (y 1, Yz, ... , YT) 
is N(m•, o-2}{11 + T)), while the marginal distribution of y is N(m·l. 
o-2(1r + l·l'/11)). 

With a quadratic loss function, the Bayesian estimate ofµ, is the value µ, that 
minimizes E(µ. - µ.)2• Although this is the same expression as the classical MSE, 
its interpretation is different. From the Bayesian perspective.µ. is a random variable 
with respect to whose distribution the expectation is taken, and µ, is a candidate 
value for the estimate. The optimal value for µ, is the mean of the posterior 
distribution described in Proposition 12.1: 

, ( II ) · ( T )-
µ. = 11 + T m + 11 + T y. 

This is a weighted average of the estimate the classical statistician would use (Ji) 
and an estimate based on prior information alone (m). Larger values of" correspond 
to greater confidence in prior information, and this would make the Bayesian 
estimate c.:loser to m. On the other hand, as " approaches zero, tHe Bayesian 
estimate approaches the classical estimate Ji. The limit of [12.1.6] as 11-+ 0 is known 
as a diffuse or imprQper prior density. In this case, the quality of prior informa
tion is so poor that prior information is completely disregarded in forming the 
estimate p,. 

The uncertainty associated with the posterior estimate µ, is described by the 
variance of the posterior distribution. To use the data to evaluate the plausibility of 
the claim that µ.11 < µ, < µ.1, we simply calculate the probability f~'.f(µ.ly; o-2) dµ,. 
For example, the Bayesian would assert that the probability that µ. is within the 
rangeµ, ± -2ul'\/v+T is 0.95. 
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Estimating the Coefficients of a Regression Model 
with Known Variance 

Next, consider the linear regression model 

y, = x;jl + u,, 

where u, - i.i.d. N(O, er), x, is a (k x 1) vector of exogenous explanatory variables, 
and jl is a (k x 1) vector of coefficients. Let 

[
Y1] y = Yi 

(Txl) ;T [x'] I 

X = x; 
(Txk) X;~ • 

Treating jl as random but a-2 as known, we have the likelihood 

f(Yl13, X; a-2) = ,D1 c21r!2)112 exp{[-2~2JcY, - x:13)2} 

= (21t~2)Tl2 exp{[-2~2}Y - Xjl)'(y - Xjl)}. 

[12.1.10] 

Suppose that prior information about 13 is represented by a N(m, v-2M) distribution: 

!(13; v-2) = l . IMl-112 exp{[-~](ll - m)'M-l(jl - m)}. 
(27Tv-2l/2 2v--

[12. l.11] 

Thus, prior to observation of the sample, the analyst's best guess as to the value 
of 13 is represented by the (k x 1) vector m, and the confidence in this guess is 
summarized by the (k x k) matrix v-2M; less confidence is represented by larger 
diagonal elements of M. Knowledge about the exogenous variables X is presumed 
to have no effect on the prior distribution, so that [12.1.11] also describes 
f(lllX; v-2). 

Proposition 12.1 generalizes as follows. 

Proposition Ji2: The product of[l2.1.10] and [12.1.11] can be written in the form 
f{lllY, X; v-2) -f(y!X; er), where 

1 
f(ll I y, X; v-2) = (27Tv-2l/2 IM - I + X 'XI 1/2 

[12.1.12] 

x exp{[-l/(2v- 2)](jl- m*)'(M- 1 + X'X)(ll - m*)} 

1 
f(y!X; v-2) = (2 v-2)m 1Ir + XMX'l- 112 

1t [ 12.1.13] 

x exp{[-1/(2v- 2)]{y- Xm)'(Ir+ XMX')- 1{y- Xm)} 

m* = (M- 1 + X'X)- 1(M 1m + X'y). [12.1.14] 

In other words, the distribution of jl conditional on the observed data is 
N(m*, v-2(M- 1 + X'X)- 1) and the marginal distribution of y given X is 
N(Xm, v-2(1r + XMX')). 
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Poor prior information about 13 corresponds to a large variance M, or equiv
alently a small value for M- 1• The diffuse prior distribution for this problem is 
often represented by the limit as M- 1 -+ 0, for which the posterior mean [12.1.14] 
becomes m" = (X'X)- 1X'y, the OLS estimator. The variance of the posterior 
distribution becomes CT2(X 'X)- 1• Thus, classical regression inference is reproduced 
as a special case of Bayesian inference with a diffuse prior distribution. At the 
other extreme, if X'X = 0, the sample contains no information about 13 and the 
posterior distribution is N(m, o-2M). the same as the prior distribution. 

If the analyst's prior expectation is that all coefficients are zero (m = 0) and 
this claim is made with the same confidence for each coefficient (M- 1 = A·Ik for 
some A> 0), then the Bayesian estimator [12.1.14] is 

m* = (A·lk + X'X)- 1X'y, [12.1.15] 

which is the ridge regression estimator proposed by Hoerl and Kennard (1970). 
The effect of ridge regression is to shrink the parameter estimates toward zero. 

Bayesian Estimation of a Regression Model 
with Unknown Variance 

Propositions 12.1 and 12.2 assumed that the residual variance u 2 was known 
with certainty. Usually, both u 2 and 13 would be regarded as random variables, 
and Bayesian analysis requires a prior distribution for o-2. A convenient prior 
distribution for this application is provided by the gamma distribution. Let 
{Z;}r., 1 be a sequence of i.i.d. N(0, T2) variables. Then W = ~;':. 1 Z; is said to 
have a gamma distribution with N degrees of freedom and scale parameter A, 
indicated W - f(N, A), where A = llT2• Thus, W has the distribution of T 2 times 
a x2(N) variable. The mean of W is given by 

E(W) = N·E(Z'f) = NT2 = NIA, 

and the variance is 

£(W 2) - [E(W)F = N·{E(Z1) - (E(Z;)]2} 

= N·(3T 4 - T4) = 2NT4 = 2N/A2 • 

The density of W takes the form 

(A12r12wl(Nt 2>-I I exp[ - ,\ w/2] 
f(w) = r(N/2) , 

where f( ·) denotes the gamma function. If N is an even integer, then 

f(N/2) = 1·2·3 · · · [(N/2) - 1], 

with f(2/2) = 1; whereas if N is an odd integer, then 

f(N/2) = v'ir·!·!·! · · · [(N/2) - lj, 

with r(!) = v-rr. 

[12.1.16] 

(12. l.l 7] 

[12.1. 18] 

Following DeGroot (1970) and Leamer (1978), it is convenient to describe 
the prior distribution not in terms of the variance u 2 but rather in terms of the 
reciprocal of the variance, u- 2 , which is known as the precision. Thus, suppose 
that the prior distribution is specified as CT- 2 - r(N, A), where N and A are 
parameters that describe the analyst's prior information: 

_ 2 _ (A/2) Nl2u-21<N121- 11 exp[_ ACT-2/ 2] 
f(u IX) - f(N/2) . [12.1.19] 

12.1. Introduction to Bayesian Analysis 355 



Recalling [12.1.16], the ratio NIA is the value expected for u-- 2 on the basis of prior 
information. As we will see shortly in Proposition 12.3, if the prior information is 
based on an earlier sample of observations {z1, z2 , ••• , zN}, the parameter N 
turns out to describe the size of this earlier sample and A is the earlier sample's 
sum of squared residuals. For a given ratio of NIA, larger values for N imply greater 
confidence in the prior information. 

The prior distribution of JJ conditional on the value for u--2 is the same as in 
(12.1.11]: 

1 
f(JJlu-- 2 , X) = (2'7tu-2t/2 IMl- 112 

x exp{[- 2~ 2 ]cJJ - m)'M-1(JJ - m)}. 

[12.1.20] 

Thus, f(JJ, u--2 JX), the joint prior density for jl and u--2 , is given by the product 
of [12.1.19] and (12.1.20]. The posterior distribution f(JJ, u--2 1y, X) is described 
by the following proposition. 

Proposition 12.3: Let the prior density f(ll, u--2 JX) be given by the product of 
(12.1.19] and [12.1.20], and let the sample likelihood be 

f(yijl,u-- 2 ,X) = (21r:2)mexp{[- 2~ 2 ]cy- Xll)'(y - XJJ)}. [12.1.21] 

Then the following hold: 

(a) The joint posterior density of ll and u-- 2 is given by 

f(jl, u--2 Jy, X) = f(jljcr- 2 , y, X)-f(u-- 2 jy, X), [12.1.22] 

where the posterior distribution of jl conditional on u-- 2 is N(m*, u-2M*): 

f(jlJcr- 2, y, X) 

= (2~ 2l 12 IM*j -l/2 exp{ [- 2~ 2 ]<ll - m*)'(M*)- 1(jl - m*)}, 

[12.1.23] 

with 

m• = (M- 1 + X'X)- 1(M- 1m + X'y) 

M* = (M- 1 + X'X)- 1• 

[12.1.24] 

[12.1.25] 

Furthermore, the marginal posterior distribution of u-- 2 is r(N', A*): 

-2 _ u--21(N·tZ)-ll(A*/2)N•tz _ * -2 

f(u- jy, X) - f(N"/2) exp[ A u- 12], [12.1.26] 

with 

N* = N + T [12.1.27] 

A* = A + (y - Xb) I (y - Xb) 
+ (b - m)'M- 1(X'X + M- 1)- 1X'X(b - m) [12.1.28] 

for b = (X'X)- 1X'y the OLS estimator. 

(b) The marginal posterior distribution for jl is a k-dimensional t distribution with 
N* degrees of freedom, mean m*, and scale matrix (A*IN*)·M*: 
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f(f31Y, X) 

- { r[(k + N*)/2] I( */N"')M*j-112 
- (11N*)kt2f(N*/2) .\ [12.1.29] 

x [l + (1/N*)(P - m*)'[(.\ */N*)M*]- 1(P - m*)]-<k+N·112} • 

(c) Let R be a known (m x k) matrix with linearly independent rows, and define 

[R(f3 - m*))'[R(M- 1 + X'X)- 1R']- 1 ·[R{f3 - m*)]/m 
Q a .\ *IN* . [12.1.30] 

Then Q has a marginal posterior distribution that is F(m, N*): 

m"'f2(N·r· 12r[(N* + m)/2)ql(m/2)-I( 
f(qly, X) = f(m/2)f(N"/2)(N* + mq)l<N·+m>121 · 

[12.1.31] 

Recalling [12.1.16], result (a) implies that the Bayesian estimate of the pre
cision is 

E(u- 2 iy, X) = N*I.\*. [12.1.32] 

Diffuse prior information is sometimes represented as N = .\ = 0 and M- 1 = O. 
Substituting these values into (12.1.27] and [12.1.28] implies that N• = T and 
,\* = (y - Xb)'(y - Xb). For these values, the posterior mean [12.1.32] would 
be 

E(u- 2 ly, X) = T/(y - Xb)'{y - Xb), 

which is the maximum likelihood estimate of u- 2• This is the basis for the earlier 
claim that the parameter N for the prior distribution might be viewed as the number 
of presample observations on which the prior information is based and that .\ might 
be viewed as the sum of squared residuals for these observations. 

Result (b) implies that the Bayesian estimate of the coefficient vector is 

E(PIY, X) = m• = (M- 1 + X'X>-'(M- 1m + X'y), (12.1.33) 

which is identical to the estimate derived in Proposition 12.2 for the case where 
u2 is known. Again, for diffuse prior information, m• = b, the OLS estimate. 

Result {c)_describes the Bayesian perspective on a hypothesis about the value 
of RP, Where tlie matrix R characterizes which linear combinations of the elements 
of J are of interest. A classical statistician would test the hypothesis that Rf3 = r 
by calculating an OLS F statistic, 

{Rb - r)'[R(X'X)- 1R'J- 1(Rb - r)/m 
s2 

and evaluating the probability that an F(m, T - k) variable could equal or exceed 
this magnitude. This represents the probability that the estimated value of Rb could 
be as far as it is observed to be from r given that the true value of 13 satisfies 
Rf3 = r. By contrast, a Bayesian regards Rf3 as a random variable, the distribution 
for which is described in result {c). According to [12.1.30], the probability that RP 
would equal r is related to the probability that an F(m, N*) variable would assume 
the value 

(r - Rm")'[R(M- 1 + X'X)- 1R'J- 1(r - Rm*)/m 

.\*IN* 
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The probability that an F(m, N*) variable could exceed this magnitude represents 
the probability that the random variable RP might be as far from the posterior 
mean Rm* as is represented by the point RP = r. In the case of a diffuse prior 
distribution, the preceding expression simplifies to 

(r - Rb)'[R(X'X)- 1R')- 1(r - Rb)/m 
(y - Xb)'(y - Xb)/T 

which is to be compared in this case with an F(m, T) distribution. Recalling that 

s2 = (y - Xb)'(y - Xb)/(T - k), 

it appears that, apart from a minor difference in the denominator degrees of 
freedom, the classical statistician and the Bayesian with a diffuse prior distribution 
would essentially be calculating the identical test statistic and comparing it with· 
the same critical value in evaluating the plausibility of the hypothesis represented 
by RP = r. 

Bayesian Analysis of Regressions with Lagged 
Dependent Variables 

In describing the sample likelihood (expression [12.1.10] or [12.1.21)), the 
assumption was made that the vector of explanatory variables x, was strictly ex
ogenous. If x, contains lagged values of y, then as long as we are willing to treat 
presample val~es of y as deterministic, the algebra goes through exactly the same. 
The only changes needed are some slight adjustments in notation and in the de
scription of the results. For example, consider a pth-order autoregression with 
x, = (1, y,_ i, y,_ 2, ••• , Y,-p)'. In this case, the expression on the right side of 
[12.1.21) describes the likelihood of (y 1, y 2, ••• , Yr) conditional on Yo, y _ 1, ••• , 

y_,,+ 1; that is, it describes !(YIP, CT-2, x1). The prior distributions [12.1.19) and 
[12.1.20} are then presumed to describef(a-- 2 lx1) andf(Pla-- 2 , x1), and the pos
terior distributions are all as stated in Proposition 12.3. 

Note in particular that results (b) and (c) of Proposition 12.3 describe the 
exact small-sample posterior distributions, even when x, contains lagged dependent 
variables. By contrast, a classical statistician would consider the usual t and F tests 
to be valid on~y asymptotically. 

Calculation of the Posterior Distribution Using 
a GLS Regression 

It is sometimes convenient to describe the prior information in terms of certain 
linear combinations of coefficients, such as 

RIJICT-2 - N(r, CT2 V). [12.1.34) 

Here R denotes a known nonsingular (k x k) matrix whose rows represent linear 
combinations of p in terms of which it is convenient to describe the analyst's prior 
information. For example, if the prior expectation is that {11 = {12, then the first 
row of R could be (1, - 1, 0, ... , 0) and the first element of r would be zero. 
The (1, 1) element of V reflects the uncertainty of this prior information. If p -
N(m, CT2 M), then RP- N{Rm, CT2RMR'). Thus, the relation between the parameters 
for the prior distribution as expressed in (12.1.34} (R, r, and V) and the parameters 
for the prior distribution as expressed in [12.1.20] (m and M) is given by 

r = Rm 

V = RMR'. 
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Equation (12.1.36] implies 

[12.1.37) 

If equation [12.1.37) is premultiplied by R' and postmultiplied by R, the result is 

[12.1.38) 

Using equations [12.1.35] and [12.1.38), the posterior mean (12.1.33) can be re
written as 

[12.1.39] 

To obtain another perspective on [12.1.39], notice that the prior distribution 
[12.1.34] can be written 

r = RP + E, [12.1.40] 

where E - N(O, cr2 V). This is of the same form as the observation equations of 
the regression model, 

y=XP+u [12.1.41] 

with u - N(O, CT2l 7 ). The mixed estimation strategy described by Theil (1971, pp. 
347-49) thus regards the prior information as a set of k additional observations, 
with r; treated as if it were another observation on y, and the ith row of R corre
sponding to its vector of explanatory variables x;. Specifically, equations [12.1.40) 
and [12.1.41] are stacked to form the system 

where 

y* 
(T+k)X l 

y'=X*p+u", 

[;] x• 
(T+k)xk 

The GLS estimator for the stacked system is 

b = [X*'(V*)- 1X*J- 1[X*'(V*)- 1y*] 

[12.1.42] 

= [~] 

= {[R' X') [V;1 I07][~Jr1 
x {(R' X') [V;1 

107 ][;]} 

= (R'V- 1R + X'X)- 1(R'V- 1r + X'y). 

Thus the posterior mean [12.1.39] can be calculated by GLS estimation of [12.1.42). 
For known a-2 , the usual formula for the variance of the GLS estimator, 

gives a correct calculation of the variance of the Bayesian posterior distribution, 
cr2(M- 1 + X'X)- 1• 

The foregoing discussion assumed that R was a nonsingular (k x k) matrix. 
On some occasions the analyst might have valuable information about some linear 
combinations of coefficients but not others. Thus, suppose that the prior distribution 
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(12.1.34] is written as 

where R1 is an (m x k) matrix consisting of those linear combinations for which 
the prior information is good and R2 is a [(k - m) x k] matrix of the remaining 
linear combinations. Then diffuse prior information about those linear combina
tions described by R2 could be represented by the limit as V2 ' - 0, for which 

R'V- 1 = [R; Ri] [Vr V~,]-[R;V, 1 O]. 

The Bayesian estimate (12.1.39] then becomes 

(R;v ,'R, + X 1x)- 1(a;v ,-1r, + X'y}. 

which can be calculated from GLS estimation of a [(T + m) x 1] system of the 
form of [12.1.42] in which only the linear combinations for which there is useful 
prior information are added as observations. 

12.2. Bayesian Analysis of Vector Autoregressions 
,, 

Litterman's Prior Distribution for Estimation of an Equation 
ofa VAR 
This section discusses prior information that might help improve the estimates 

of a single equation of a VAR. Much of the early econometric research with dynamic 
relations was concerned with estimation of distributed lag relations of the form 

y, = C + CtloX, + "',x,_, + '• • + CtlpX1-p + u,. (12.2.1) 

For this specification, "'• has the interpretation as ay,lax, __ ,, and some have argued 
that this should be a smooth function of s; see Almon (1965) and Shiller (1973) 
for examples .. Whatever the merit of this view, it is hard to justify imposing a 
smoothness condition on the sequences {Ct1_,}f • 1 or {cf>.Jf_ 1 in a model with auto
regressive terms such as 

y, = C + 'P1Y,-1 + cf>2Y,-2 + ' ' ' + 'PpYt-p 

+ Ct10X1 + Ct11X,_ 1 + · · · + CtlpXr-p + u,, 

since here the dynamic multiplier ay,tax,_, is a complicated nonlinear function of 
the cf>'s and "''s. 

Litterman (1986) suggested an alternative representation of prior information 
based on the belief that the change in the series is impossible to forecast: 

Y, - Y,-1 = c + e,, [12.2.2) 

where e, is uncorrelated with lagged values of any variable. Economic theory 
predicts such behavior for many time series. For example, suppose that y, is the 
log of the real price of some asset at time t, that is, the price adjusted for inflation. 
Then y, - y,_, is approximately the real rate of return from buying the asset 
at t - 1 and selling it at t. In an extension of Fama's (1965} efficient markets 
argument described in Section 11.2, speculators would have bought more of the 
asset at time t - 1 if they had expected unusually high returns, driving y,_ 1 up in 
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relation to the anticipated value of y,. The time path for {y,} that results from such 
speculation would exhibit price changes that are unforecastable. Thus, we might 
expect the real prices of items such as stocks, real estate, or precious metals to 
satisfy [12.2.2]. Hall (1978) argued that the level of spending by consumers should 
also satisfy (12.2.2], while Barro (1979) and Mankiw (1987) developed related 
arguments for the taxes levied and new money issued by the government. Changes 
in foreign exchange rates are argued by many to be unpredictable as well; see the 
evidence reviewed in Diebold and Nason (1990). 

Write the ith equation in a VAR as 

J;, = C; + <P)i>Y1.,-I + <P)~>h,-I + ... + cpj,:>y,,_,_ I 

+ cpff'Yi.,-2 + <P/i'Yz.,-2 + ... + cp),;'y,,_,-2 + [12.2.3] 

+ <P)r>Y1.,-p + <PW1Yi.,-,, + ... + <Pl/.'1y,._,_,, + E;,, 

where cM;> gives the coefficient relating J;, to Jj.,-.,· The restriction [12.2.2] requires 
cp}/1 = 1 and all other <bl/' = 0. These values (0 or 1) then characterize the mean 
of the prior distribution for the coefficients. Litterman used a diffuse prior distri
bution for the constant term c;. 

Litterman took the variance-covariance matrix for the prior distribution to 
be diagonal, with -y denoting the standard deviation of the prior distribution 
for </Jl/ >: 

Although each equation i = l, 2, ... , 11 of the VAR is estimated separately, 
typically the same number -y is used for each i. A smaller value for -y represents 
greater confidence in the prior information and will force the parameter estimates 
to be closer to the values predicted in [12.2.2]. A value of -y = 0.20 means that, 
before seeing the data, the analyst had 95% confidence that </Jl/1 is no smaller than 
0.60 and no larger than 1.40. 

The coefficients relating Yu to further lags are predicted to be zero, and 
Litterman argued that the analyst should have more confidence in this prediction 
the greater the lag. He therefore suggested taking </J)l> - N(O, (-y/2)2}, 
cpj;11 - N(O, (-y/3)2), ... , and </J}/'1 - N(O, (-y/p)2), tightening the prior distribution 
with a harmonic series for the standard deviation as the lag increases. 

Note that the coefficients cp);<I are scale-invariant; if each value of J;, is mul
tiplied by 100, the values of cp);'1 will be the same. The same is not true of </J)/1 for 
i 4' j; if series i is multiplied by 100 but series j is not, then cp~'> will be multiplied 
by 100. Thus, in calculating the weight to be given the prior information about 
r/J);>, an adjustment for the units in which the data are measured is necessary. 
Litterman proposed using the following standard deviation of the prior distribution 
for r/J);<I: 

[12.2.4] 

Here ( f;lf 1) is a correction for the scale of series i compared with series j. Litterman 
suggested that f; could be estimated from the standard deviation of the residuals 
from an OLS regression of J;, on a constant and on p of its ow_n lagged values. 
Apart from this scale correction, [12.2.4] simply multiplies -y/s (which was the 
standard deviation for the prior distribution for cp)f>) by a parameter w. Common 
experience with many time series is that the own lagged values Y;.,-s are likely to 
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be of more help in forecasting J;, than will be values of other variables Yi.,-,. Hence 
we should have more confidence in the prior belief that ¢}j1 = 0 than the prior 
belief that f/Jli'' = 0, suggesting a value for w that is less than 1. Doan (1990) 
recommended a value of w = 0.5 in concert with 'Y = 0.20. 

Several cautions in employing this prior distribution should be noted. First, 
for some series the natural prior expectation might be that the series is white noise 
rather than an autoregression with unit coefficient. For example, if Yu is a series 
such as the change in stock prices, then the mean of¢}/' should be O rather than 1. 
Second, many economic series display seasonal behavior. In such cases, ¢}j> is likely 
to be nonzero for s = 12 and 24 with monthly data, for example. Litterman's prior 
distribution is not well suited for seasonal data, and some researchers suggest using 
seasonally adjusted data or including seasonal dummy variables in the regression 
before employing this prior distribution. Finally, the prior distribution is not wen 
suited for systems that exhibit cointegration, a topic discussed in detail in Chapter 
19. 

Full-Information Bayesian Estimation of a VAR 

Litterman's approach to Bayesian estimation of a VAR considered a single 
equation in isolation. It is possible to analyze all of the equations in a VAR together 
in a Bayesian framework. though the analytical results are somewhat more com
plicated than for the single-equation case; see Zellner (1971. Chapter 8) and Roth
enberg (1973,_pp. 139-44) for discussion. 

12.3. Numerical Bayesian Methods 
In the previous examples, the class of densities used to represent the prior infor
mation was carefully chosen in order to obtain a simple analytical characterization 
for the posterior distribution. For many specifications of interest. however, it may 
be impossible to find such a class. or the density that best reflects the analyst's 
prior information may not be possible to represent with this class. It is therefore 
useful to have computer-based methods to calculate or approximate posterior mo
ments for a q~ite general class of problems. 

Approximating the Posterior Mean by the Posterior Mode 

One option is to use the mode rather than the mean of the posterior distri
bution, that is, to take the Bayesian estimate 8 to be the value that maximizes 
/(Bly). For symmetric unimodal distributions, the mean and the mode will be the 
same, as turned out to be the case for the coefficient vector ll in Proposition 12.2. 
Where the mean and mode differ, with a quadratic loss function the mode is a 
suboptimal estimator, though typically the posterior mode will approach the pos
terior mean as the sample size grows (see DeGroot, 1970, p. 236). 

Recall from [12.1.2] and [12.1.3] that the posterior density is given by 

/(Bly) = f(y[;;;{'B). (12.3.1] 

and therefore the log of the posterior density is 

logf(Bly) = logf(y[B) + logf(B) - logf(y). [12.3.2] 

Note that if the goal is to maximize (12.3.2] with respect to B, it is not necessary 
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to calculate f(y), since this does not depend on 8. The posterior mode can thus be 
found by maximizing 

logf(8, y) = logf(yj8) + logf(8). [12.3.3] 

To evaluate [12.3.2], we need only to be able to calculate the likelihood function 
f(yj8) and the density that describes the prior information,f(8). Expression [12.3.2] 
can be maximized by numerical methods, and often the same particular algorithms 
that maximize the log likelihood will also maximize [12.3.2]. For example, the log 
likelihood for a Gaussian regression model such as [12.1.21) can be maximized by 
a GLS regression, just as the posterior mode [12.1.39) can be calculated with a 
GLS regression. 

Tierney and Kadane's Approximation 
for Posterior Moments 

Alternatively, Tierney and Kadane (1986) noted that the curvature of the 
likelihood surface can be used to estimate the distance of the posterior mode from 
the posterior mean. Suppose that the objective is to calculate 

E[g(8)jy] = f~g(8)-f(8jy)d8, (12.3.4) 

where 8 is an (a x 1) vector of parameters and g: IR"_. IR I is a function of interest. 
For example, if g(6) = 01, then [12.3.4] is the posterior mean of the first parameter, 
while g(8) = ef gives the second moment. Expression [12.3.1] can be used to write 
[12.3.4) as 

f x g(8)·f(yJO)·f(8) d8 

E[g(8)IY] = f(y) 

fxg{8)·f(yj8)·f{8) d8 

f J(y!0)·/(8) d8 

Define 

h(O) = (1/T) log{g(8) · f(yl8) · f(8)} 

and 

k(8) = (1/T) log{f(yj8)·f(8)}. 

This allows [12.3.5] to be written 

f X exp[T·h(8)) d8 

E[g(8)jy] = I~ . 
-x exp[T· k(8)] d6 

[12.3.5) 

[12.3.6] 

[12.3. 7] 

[12.3.8] 

Let 8* be the value that maximizes [12.3.6], and consider a second-order 
Taylor series approximation to h(8) around 8": 

h(6) = h(6') + ah(?) I . (8 _ a·) 
a6 e-e· 

+ ! (8 - 0·)· {a2h(8~ I } (8 - 8*). 
2 ao ao e-o· 

[12.3.9] 
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Assuming that 9* is an interior optimum of h( · ), the first derivative 
[ilh(9)/il9') l8 • 8 • is 0. Then [12.3.9] could be expressed as 

h(9) = h(9*) - {1/2)(9 - 8*)1(:t*)- 1(8 - 9*), [12.3.10) 

where 

I*'"' -[il2h{9)1 ]-1 
il9 il9' 8=8" 

[12.3.11) 

When [12.3.10] is substituted into the numerator of [12.3.8), the result is 

f x exp[T·h(9)] d9 

= r. exp{ T· h(9*) - (T/2)(9 - 9*)'(:t*)- 1(9 - 9*)} d9 

= exp[T·h(9")] fx exp{(-T/2)(9 - 9*)'(:t*)- 1(9 - 9*)} d9 

= exp[T·h(9*)) (21r)"'2j:I"ITj112 

X r. (21r)"l21~*1Tjli2 exp{-~ (9 - 8*)'(:t*/n- 1(8 - 9*)} d9 

= exp{T·h(9*)) (21r)"'2II*/Tl 112• 

[12.3.12] 

The last equafity follows because the expression being integrated is a N(9*, I*/D 
density and therefore integrates to unity. 

Similarly, the function k(9) can be approximated with an expansion around 
the posterior mode 9, 

k(9) = k(0> - ~ (9 - 0ri- 1(8 - 0>. 

where 9 maximizes [12.3.7] and 

:I = _ [il 2k(9~ I ]-I 
il9 il9 ff-ii 

The denominator in [12.3.8] is then approximated by 

f,. exp[T· k(9)) d9 = exp[T· k(9)) (21r)"l2j:I!Tj112• 

[12.3.13) 

[12.3.14) 

Tierney and Kadane 's approximation is obtained by substituting [12.3.12) and 
[12.3.14] i_nto [12.3.8): 

exp[T·h(9*)) (21r)0 ' 2 II*/Tl 112 

E[g( 9)IY) = exp[T· k(8)] (21T)a12lttTI "2 

II*l 112 
= 111112 exp{T·{h(9*) - k(9)]}. 

{12.3.15] 

To calculate this approximation to the posterior mean of g(9). we first find the 
value 9* that maximizes (1/T) · {log g(9) + log f(yl9) + log /(9)}. Then h(9*) in 
[12.3.15] is the maximum value attained for this function and I* is the negative 
of the inverse of the matrix of second derivatives of this function. Next we find 
the value 9 that maximizes (1/T) ·{logf(yl9) + logf(9)}, with k(8) the maximum 
value attained and i the negative of the inverse of the matrix of second derivatives. 
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The required maximization and second derivatives could be calculated analytically 
or numerically. Substituting the resulting values into [12.3.15] gives the Bayesian 
posterior estimate of g(6). 

Monte Carlo Estimation of Posterior Moments 

Posterior moments can alternatively be estimated using the Monte Carlo 
approach suggested by Hammersley and Handscomb (1964, Section 5.4) and Kloek 
and van Dijk (1978). Again, the objective is taken to be calculation of the posterior 
mean of g(8). Let /(8) be some density function defined on 8 with /(8) > 0 for all 
8. Then [12.3.5] can be written 

fxg(8)-{{yl8)-[(8) d6 
E[g(8) IYI = --x ----

f_J(yl8)-f(8) d6 

f x {g(8) -f(y I 8) -[(8)/ /(8)} /(8) d6 

f ~ {/(yl8)-f(8)/1(8)}/(8) d6 

[12.3.16] 

The numerator in [12.3.16) can be interpreted as the expectation of the random 
variable {g(8)-f(yl8)-f(8)//(8)}, where this expectation is taken with respect to 
the distribution implied by the density /(8). If /(8) is a known density such as 
multivariate Gaussian, it may be simple to generate N separate Monte Carlo draws 
from this distribution, denoted {8(1>, 8(2>, ... , 8<N>}. We can then calculate the 
average realized value of the random variable across these Monte Carlo draws: 

N 

L (IIN) · {g(8U>)-J(yl 8U1)-f(8<i))//(8U))}. [12.3.17] 
i= I 

From the law of large numbers, as N-> x, this will yield a consistent estimate of 

E,<oM(8) -/(YI 8)-[(8)//(8)} = f x {g(8)-f(yl 8)-[(8)//(8)}/(8) d6, [12.3.18] 

provided that the integral in (12.3.18) exists. The denominator of [12.3.16] is sim
ilarly estimated from 

N 

L (1/N) · {f(y I 8U>)-[(8U))//(8(i))}. 
i'!!l:!I 

The integral in [12.3.18] need not exist if the importance density /(8) goes 
to zero in the tails faster than the sample likelihood /(y I 8). Even if [12.3.18] does 
exist, the Monte Carlo average [12.3.17] may give a poor estimate of [12.3.18] for 
moderate N if /(8) is poorly chosen. Geweke (1989) provided advice on specifying 
/(8). If the set of allowable values for 8 forms a compact set, then letting /(8) be 
the density for the asymptotic distribution of the maximum likelihood estimator is 
usually a good approach. 

A nice illustration of the versatility of Bayesian Monte Carlo inethods for 
analyzing dynamic models is provided by Geweke (1988a). This approach was 
extended to multivariate dynamic systems in Geweke (1988b). 

12.3. Numerical Bayesian Methods 365 



APPENDIX 12.A. Proofs of Chapter 12 Propositions 

• Proof of Proposition 12.1. Note that the product of [12.1.5] and [12.1.6] can be written 

f(y, µ,; u-2) = (2'TT/r, 11,, III 112 exp{-ia'I •a}, [12.A.l] 

where 

[ µ,-m] a = 
(T+l)xl Y - µ,•} 

[ u-2/v O' ] 
I = . 

<r+ 11x<r+ 11 0 u:!Ir 

The goal is to rearrange a so thatµ, appears only in the first element. Define 

[
vl(v + T) -l'l(v + T)] · A _, 

(T+()x(T+I) 1 I,. . 

Since J'J = T and l'y = Ty, we have 

and 

Thus, 

Aa = [[vl(v + T)](µ, - m) - J'y/(v + T) + [T!(v + T)]µ] 
y - m·l 

[ JL - m•] 
= y-m·l 

= a* 

[
1/(v + T) -l'l(v + T)] [ v!(v + T) AIA' = ,,., 

1/v I7 -1/(v + T) 
l'] 
Ir 

[ u-'l(v + T) O' ] 

= 0 u-2(Jr + J · l'/v) 

""I•. 

[12.A.2] 

[12.A.3] 

[12.A.4] 

[12.A.5] 

[12.A.6] 

a'I- 1a = a'A'(A')- 1I- 1A- 1Aa = (Aa)'(AIA') '(Aa) = a*'(I*) 1a•. [12.A.7] 

Moreover. observe that A can be expressed as 

A = [l -1'/(v + T)] [t O']. 
0 Ir I Ir 

Each of these triangular matrices has ls along the principal diagonal and so has unit deter
minant, implying that JAi = 1. Hence, 

II*I = IAl·IIl·IA'I = III. [12.A.8] 

Substituting [12.A.5] through [12.A.8] into [12.A.l] gives 

f (y, µ,; u-') 

= 1 JI•!-"' exp{-!a*'(I*)- 1«•} (2'TT)<T+ I V2 2 

1 lu-'/(11 + T) O' 1-,,2 

= (2'TT)<r+ I )/2 0 CT2(lr + J • J '/v) 

{ 1 [µ, - m• ]'[u-'l(v + T) x exp --
2 y - m·l O 

[ JL - m• ]} 
X y - m·J 

O' ]-I 
u-'(Ir + l · l'lv) [12.A.9] 
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= (27r)\+1112 [,, :' r] "'. JCT,(I, + l·l'/v>J '" 

{ -(µ. - m•r (y - m·l)'(l, + l·l'/v)·· 1(y - m·l)} 
X exp 2CT"/( 1' + n - 2CT' , 

from which the factorization in Proposition 12.1 follows immediately. • 

• Proof of Proposition 12.2. The product of [12.1.10] and [12.1.11] can be written as 

!-( n IX· ') - 1 I"' I · "' { 1 '"' - , } y,.., 'CT - (21r)'T"'" ., exp -2 a., a 

with 

[ p - m] 
(T>~)x)"' y - xp 

[ CT'M O ] 
I "' . 

(Ttk)x(T+k) 0 cr2lr 

As in the proof of Proposition 12.1, define 

<r+k1~1r+k1 = [; -(M·> ~,X'X)·'X'] [~ 1:] 
= [(M-1 + :x)-1M-1 -(M·l ~TX"X)··x1 

Thus, A has unit determinant and 

[ p - m•] Aa -
y - Xm 

with 

AIA' = [
o-'(M - ' + X'X) 1 0 ] 

0 CT'(Ir + XMX') -

Thus, as in equation [12.A.9], 

. , _ 1 I u'(M- 1 + X'X)" 1 0 , - 11
, 

f(y, PIX, CT) - (27r)<r+k11, O a-'(1 7 + XMX') 

x ex {-! [p -m•J'[CT"(M· 1 + X'X) ' O ] '[p -m•]} • 
p 2 y - Xm O CT'(I-, + XMX') y - Xm · 

• Proof of Proposition 12.3(a). We have that 
f(y, p, CT-'IX) = !(YIP, CT-,, X)·f(PICT-,, X)·f(CT-,IX). [12.A.10] 

The first two terms on the right side are identical to [12. 1. 10] and [12.1.1 lj. Thus, Proposition 
12.2 can be used to write [12.A.10] as 

f(y, P, u- 0 1xJ 

= {- 1-, , IM'I 112 exp{[-~](P - m*)'(M*)-'(P - m•)}} (27TCT-)"- 2o--

X C27T~')m IIr + XMX'l- 11' [12.A.llJ 

x exp{[-1/(2CT')](y - Xm)'(Ir + XMX')-'(y - Xm)}} 

{ (A/2JN"CT-e1<N121-11 exp[ -ACT-'/2]} 
x f(N/2) . 
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Define 
A* a A+ (y - Xm)'(Ir + XMX')- 1(y - Xm); [12.A.l'.l] 

we will show later that this is the same as the value A• described in the proposition. For 
N* = N + T. the density [12.A.ll] can be written as 

f(y, 13, u- 2 JX) 

= {- 1-, .,IM*/- 112exp{[-~](l3 - m*)'(M*)-'(13 - m*)}} (21ru-)K 2u- , 

X {u-211N•121-11(A/2)N12 . ' _,,, [ A*u-2]} 
(27r)T"f(N/2) II, + XMX / - exp -- 2 -

[ I 2. A.13] 

= {- 1-, ., IM*I · "2 exp{[-~](P - m*)'(M*)-'(P - m*)}} (21ru-)k1- 2u-

{ u-21w121 · 'i(A*/2)wl! [ A*u-']} 
x f(N*/2) exp -- 2 -

{ l'(N*/2)(A/2)N" } 
X (21r)T"f(N/2)(A*/2)N"'" IIr + XMX'J-11, . 

The second term does not involve p, and the third term does not involve 13 or u-:,_ Thus, 
[12.A.13] provides the factorization 

f(y, P, u- 2JX) = {f(Plu ', y, X)Hf(u- 2 Jy. X)}·{f(yJX)}. 

where /(13/cr2, y, X) is a N(m*, u 2M*) density, f(u-'Jy, X) is a f(N*, A*) density. and 
/(YI X) can be written as 

X - { r(N*/2)(A/2) N12 ' - ,12} 
/(y/ ) - (27r)Tl2f(N/2)(A*/2)N'1211,. + XMX I 

_ { l'[(N + T)/2]AN"Jir + XMX'I "2 } 
- 1rr12r(N/2){A + (y - Xm)'(I, + XMX')- 1(y - Xm)}'N' T)le 

= c·{l + (I/N)(y - Xm)'[(A/N)(Ir+ XMX')]- 1(y - Xm)}-cN,rv,, 

where 
f[(N + T)/2]( 1/ N) Tl2/ (A/N)(Ir + XMX') I · "2 

C = ,rTl2f(N/2) . 

Thus, f(y!X) is a T-dimensional Student's t density with N degrees of freedom, mean 
Xm, and scale inatrix (A/N)(l 7 + XM'X'). Hence, the distributions of (13/u- 2, y, X) and 
(u- 2 /y, X) are as claimed in Proposition 12.3, provided that the magnitude A• defined in 
[12.A.12] is the same as the expression in [12.1.28]. To verify that this is indeed the case, 
notice that 

[12.A.14] 

as can be verified by premultiplying [12.A.14] by (Ir + XMX'): 

(h + XMX')[Ir - X(X'X + M- 1)- 'X'] 
= Ir + XMX' - X(X'X + M- ')- 'X' - XM(X'X)(X'X + M- 1) - 1x• 

=Ir+ x{M(X'X + M- 1) - I, - M(X'X)}(X'X + M_·,)-'X' 

= Ir. 
Using [12.A.14], we see that 

(y - Xm)'(Ir + XMX')- '(y - Xm) 

= (y - Xm)'[Ir - X(X'X + M- 1)- 1X'](y - Xm) 

= (y - Xb + Xb - Xm)'[l 7 - X(X'X + M- 1) 'X'](y - Xb + Xb - Xm) 

= (y - Xb)'(y - Xb) + (b - m)'X'[Ir - X(X'X + M- 1)- 1X'].X(b - m), 
[12.A.15] 
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where cross-product terms have disappeared because of the OLS orthogonality condition 
( y - Xb)'X = O'. Furthermore. 

X'[lr - X(X'X + M· 1)- 1X')X 
= [I. - (X'X}(X'X + M· 1)- 1)X'X 

· = [(X'X + M·')(X'X + M- 1)- 1 - (X'X)(X'X + M- 1)-- 1JX'X 
= M- 1(X'X + M·•)- 1X'X. 

This 1tllows f 12.A.1S]' to be written as 

(y - Xm)'(l,. + XMX')·'(y - Xm) 

= (y - Xb)'(y - Xb) + (b - m)'M '(X'X + M- ') 1X'X(b - m), 

establishing the equivalence of [12.A.121 and [12. 1.281, 

Proof or (b). The joint posterior density of p and u ' is given by 

f(P, u·'IY, X) 

= f(Plu->, Y, X) ·f(u-'IY, X) 

= {- 1-, jM•l-'"exp{[-~]<P - m•)'(M*)-'(P - m•>}} . (271"0'·)k11 2u-

{
u·lt(N'1:,1- II(>. */2)N"" _ 0 _ 2 } 

X f(N"/Z) exp[ A u 12) 

. ( -l(l(k+N')l:!l-11 {).* }(k+N")'-! 

= ;[(k + N*)/2) x 2 ·[1 + (P - m*)'(>.*M*)-1(!3 - m*)l 

x ex~- >-2• ·[l + (P - m•)'(>.*M•) 1(13 - m•)Ju- 0 }) 

x { f((k + N•)f2j IM*l-'"[l + (11 - m•)'(>.*M'')·•ca - m*)J·-lk+N'>"} 
. (>.*).t12'"•tef(N*/2) " ., 

= {f(u- 1 113, Y, X)}-{f(PIY, X)}. 

wheref(u- 1113, y, X) will be recognized as a f((k + N*), A*[l + (P - m*)'(>.*M*)-1 x 
(P - m•)l) density, while /(PIY, X) can be written as 

/( 111 X) = { r[(k + N*)/2] I( */N*)M*l • 11' 
" Y., (N•)k"'"•"f(N*/2) >. -

x [1 + (1/N*)(P - m")'[(>.*/N*)M*J- 1(f3 - m•)J-1HN'"'}· 

which is a k-<limensional t density with N* degrees of freedom, mean m•. and scale matrix 
(A*/N1M,*. 

Proo( Qf (e). Notice that conditional on y, X, and u 1 , the variable 

Z • [R(P - m*))'[u'R(M- 1 + X'X)- 1R']· 1·[R(l3 - m*)] 

is distributed x'(m), from Proposition 8.1. Tue variable Qin [12.1.301 is equal to Z · ulN*/ 
(m>.*), and so conditional on y, X, and u', the variable Q is distributed r(m, (mA")/(uW")): 

· _, _ [mA*/(2uW*)]"' 12qlf•Hl'lHI exp[-m>.*q/(2uW*)] 
f(qlu , y, X) - f(m/2) . [12.A.16) 
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The joint posterior density of q and u-- 2 is 

f(q, cr'IY, X) = f(qlCT-2, y, X)·f(CT- 2!y, X) 

= {(mA */(2CT2N*)]"'12q1<"'12'- 11 exp[ - mA *q/(2CT'N*)]} 
f(m/2) 

x {CT-21<N··121-•l(A*/2)w12 • _, } 
f(N*/2) exp( -A CT -/2] 

= {{(N* + mq) · [A */(2N*)]ll<N°+"1112i 

r[(N* + m)/2] 

x CT 211<•110 w1121- ,1 exp[-(N* + mq)(A*/N*)u- 2/2]} 

x {m"'"(N*)N" 12 1'[(N* + m)/2]qH,,,r.,, 'I} 
f(m/2)f(N·/2)(N* + mq)ICN° * mJ12I 

= {f(u-· 2 lq, Y, X)}-{f(q!y. X)}, 

[12.A.17] 

wheref(CT·'lq, y, X) is a r((m + N*), (N'' + mq)(A*/N*)) density and/(qly, X) is an 
F(m, N*) density. • 

Chapter 12 Exercise 

12.1. Deduce Proposition 12.1 as a special case of Proposition 12.2. 
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13 

The Kalman Filter 

This chapter introduces some very useful tools named for the contributions of 
R. E. Kalman (1960, 1963). The idea is to express a dynamic system in a particular 
form called the state-space representation. The Kalman filter is an algorithm for 
sequentially updating a linear projection for the system. Among other benefits, 
this algorithm provides a way to calculate exact finite-sample forecasts and the 
exact likelihood function for Gaussian ARMA processes, to factor matrix auto
covariance-generating functions or spectral densities, and to estimate vector au
toregressions with coefficients that change over time. 

Section 13.1 describes how a dynamic system can be written in a form that 
can be analyzed using the Kalman filter. The filter itself is derived in Section 13.2, 
and its use in forecasting is described in Section 13.3. Section 13.4 explains how 
to estimate the population parameters by maximum likelihood. Section 13.5 ana
lyzes the properties of the Kalman filter as the sample size grows, and explains 
how the Kalman filter is related in the limit to the Wold representation and factoring 
an autocovariance-generating function. Section 13.6 develops a smoothing algo
rithm, which is a way to use all the information in the sample to form the best 
inference about the unobserved state of the process at any historical date. Section 
13. 7 describes standard errors for smoothed inferences and forecasts. The use of 
the Kalman filter for estimating systems with time-varying parameters is investi
gated in Section 13.8. 

13 .1. The State-Space Representation 
of a Dynamic System 

Maintained Assumptions 

Let y, denote an (n x 1) vector of variables observed at date t. A rich class 
of dynamic models for y, can be described in terms of a possibly unobserved 
(r x 1) vector ~' known as the state vector. The state-space representation of the 
dynamics of y is given by the following system of equations: 

~1+1 = F~, + v,+1 

y, = A'x, + H'~, + w,, 

[13.1.1] 

[13.1.2) 

where F, A', and H' are matrices of parameters of dimension (r x r), (n x k), 
and (n x r), respectively, and x, is a (k x 1) vector of exogenous or predetermined 
variables. Equation [13.1.1] is known as the state equation, and [13.1.2] is known 
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as the observation equation. The (r x l) vector v, and the (n x 1) vector w, are 
vector white noise: 

E(v,v;) = {~ 
fort= T 

[13.1.3] 
otherwise 

, -{8 fort = T 
[13. l .4] E(w,wT) - 0 otherwise, 

where Q and Rare (r x r) and (n x 11) matrices, respectively. The disturbances 
v, and w, are assumed to be uncorrelated at all lags: 

E(v,w;) = 0 for all t and T. [13.1.5] 

The statement that x, is predetermined or exogenous means that x, provides no 
info~mation about ~r+s .or w,u for s = 0, 1, 2, ... beyond that contained in Y,- 1, 

Y,-z, ... , y1• Thus, for example, x, could include lagged values of y or variables 
that are uncorrelated with ~T and wT for all T. 

The system of [13.1.l] through [13.1.5] is typically used to describe a finite 
series of obseFVations {y1, y2, ••• , Yr} for which assumptions about the initial 
value of the state vector ~, are needed. We assume that ~, is uncorrelated with 
any realizations of v, or w,: 

E(v,~i) = 0 

E(w,~;) = 0 

fort = 1, 2, ... , T 

fort = 1, 2, ... , T. 

[13.1.6] 

[13.1.7] 

The stale equation [13.1.1] implies that t can be written as a linear function of 
(g., V2, V3, • , • , Y,): 

C, = v, + Fv,_, + F2v,-2 + · · · + F'- 2v2 + F1- 1~ 1 

for t = 2, 3, ... , T. 
[13.1.8] 

Thus, [13.1.6) and [13.1.3] imply that v, is uncorrelated with lagged values of~: 

Similarly, 

for T = t - } , t - 2, , . . , 1. 

E(w,~;) = 8 for T = 1, 2, ... , T 

E(w,y~) = E[w,(A'xT + H'~T + wT)'] 
= 0 for T = t - 1, t - 2, ... , 1 

E(v,y;) = 0 for T = t - 1, t - 2, ... , 1. 

[13.1.9] 

[13.1.10) 

[13.1.11] 

[13.1.12] 

The system ~f (13.1.1] through [13.1.7] is quite flexible, though it is straight
forward to generalize the results further to systems in which v, is correlated with 
w,. 1 Th¢ varic,ui,parameter matrices (F, Q, A, H, or R) could be functions of time, 
as will be discussed in Section 13.8. The presentation will be clearest, ~owever, if 
we focus on the basic form in [13.1.1] through (13.1.7]. 

'See. ·for example, Anderson and Moore: (1979, pp. 10S-8). 
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Examples of State-Space Representations 

Consider a univariate AR(p) process, 

Yr+I - /L = </Ji(Yr - µ) + 'P1.(Yr-l - µ) + · · · 

{
(T2 

E(ereT) = 0 
fort = T 

otherwise. 

This could be written in state-space form as follows: 
State Equation (r = p): 

[ 
Yr+ 1 - /L l 
Yr - /L 

Yr-,,+~ - µ 

n: 'Pp-I 
0 
0 

~'][ Yr - /L l [E,+1] O Y,-1 _- /L + ? 
6 Y,-,,+\ - µ ~ 

Observation Equation (11 = 1): 

[ 
y, - µ l 

y, = µ + [1 0 .. · OJ Y,-'=-µ . 

Yr-p+I - /L 

That is, we would specify 

[ y,-µ l 
=n 

'P2 "',,-1 
0 0 

~r = 
Yr-I - /L F 1 0 

Yr-,,+\ - /L 0 1 

= [Tl = Li' 
0 

u Q 
0 

v,+t 

0 

Yr= Yr A'=µ x, = 1 

H' = [1 0 ... OJ w, = 0 R = 0. 

I] 

[13.1.13] 

[13.1.14] 

[13.1.15] 

Note that the state equation here is simply the first-order vector difference equation 
introduced in equation [l.2.5J; Fis the same matrix appearing in equation [1.2.3]. 
The observation equation here is a trivial identity. Thus, we have already seen that 
the state-space representation [13.1.14) and [13.1.15J is just another way of sum
marizing the AR(p) process [13.1.13J. The reason for rewriting an AR(p) process 
in such a form was to obtain a convenient summary of the system's dynamics, and 
this is the basic reason to be interested in the state-space representation of any 
system. The analysis of a vector autoregression using equation [10.1.11] employed 
a similar state-space representation. 

As another example, consider a univariate MA(l) process, 

y, = µ + er + Ber-t· 
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This could be written in state-space form as follows: 
State Equation (r = 2): 

[e,+1] [O 0][ e, ] + [e,+1] 
e, 1 0 e,_ 1 0 [13.1.17] 

ObservaJion Equation (n = 1): 

y, = µ + [1 8][ e, ]; 
e,-1 

[13.1.18] 

that is, 

~, = [ /~ J F = [ ~ ~] V1+ 1 

Q -- [(Toz oo] y, = y, A' = µ x, = 1 

H' = (1 BJ w, = 0 R = 0. 

There are many ways to write a given system in state-space form. For example, 
the MA(l) process [13.1.16] can also be represented in this way: 
State EquaJion (r =· 2): 

[ e,+ Je: 
1 
Be,] = [ ~ ~] [ e, \:,e,_ 1] + [ ;;;+J [13.1.19] 

Observation EquaJion (n = 1): 

y, = µ + [I oJ[e, + Be,_1]. 
Oe, 

[13.1.20] 

Note that the original MA(l) representation of [13.1.161, the first state-space rep
resentation of [13.1.17] and [13.1.18], and the second state-space representation 
of [13.1.19] and [13.1.20] all characterize the same process. We will obtain the 
identical forecasts of the process or value for the likelihood function from any of 
the three representations and can feel free to work with whichever is most con
venient. 

More generally, a univariate ARMA(p, q) process can be written in state
space form by defining r = max{p, q + 1}: 

Y, - /L = cf>b,-1 - µ) + <f>zCY,-2 - µ) + · · · + </>,(Y,-, - µ) [13.1.21] 
+ e, + 81e,_ 1 + 82e,_ 2 + · · · + 0,_ 1e,_,+ 1, 

where we interpret cf>; = 0 for j > p and O; = 0 for j > q. Consider the following 
state-space representation; 
State EquaJion (r = max{p, q + l}): 

[

</>1 cf>z 
1 0 

~r+l = ! l <f>,-1 ,f>l [e l 0 0 1+1 
0 

0 0 ~, + . 
: : 0 
1 0 

[13.1.22] 

ObservaJwn Equation (n = 1 ): 

y, = µ + [1 01 02 ·.. 8,_ 1]~ 1• [13.1.23] 
To verify that [13.1.22) and [13.1.23] describe the same process as [13.1.21], let f;, 
denote the jth element of ~,. Thus, the second row of the state equation asserts 
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that 

The third row asserts that 

{3.t+ 1 = qz, = {1.1- l, 

and in general the jth row implies that 

{;.1+1 = Lf-lql.t+l· 

Thus, the first row of the state equation implies that 

{1.1+1 = (</J1 + </J2L + </J,L2 + · · · + </J,L'-1){11 + e1+1 
or 

The observation equation states that 
[13.1.24] 

y, = µ, + (1 + 91 L + 92 L2 + · · · + 9,_ 1 u- 1)t 11• [13.1.25] 
Multiplying [13.1.25] by (1 - <f,1L - <f,2L2 - · · · - <f,,L'") and using [13.1.24] 
gives 

(1 - </J, L - </J2L2 - · · · - <f,,L')(y, - µ,) 

"' (1 + 91L + IJ2L2 + · · · + 9,_ 1u- 1)e,, 
which indeed reproduces [ 13 .1. 21]. 

The state-space form can also be very convenient for modeling sums of sto
chastic processes or the consequences of measurement error. For example, Fama 
and Gibbons (1982) wanted to study the behavior of the ex ante real interest rate 
(the nominar"interest rate i1 minus the expected inflation rate 11"7). This variable is 
unobserved, because the econometrician does not have data on the rate of inflation 
anticipated by the bond market. Thus, the state variable for this application was 
the scalar !1 = i, - TTf - µ,, where µ, denotes the average ex ante real interest 
rate. Fama and Gibbons assumed that the ex ante real rate follows an AR(l) 
process: 

!1+1 = <f,{1 + v,+i- [13.1.26] 

The econometrician has observations on the ex post real rate (the nominal interest 
rate ( minus actual inflation 11J, which can be written as 

i1 - TT1 = (i1 - TTn + ( TT~ - TT) = /J, + q, + W1, [13.1.27] 

where w, = (TTf - TT1) is the error that people make in forecasting inflation. If 
people form these forecasts optimally, then w, should be uncorrelated with its own 
lagged values or with the ex ante real interest rate. Thus, [13.1.26] and [13.1.27] 
are the state equation and observation equation for a state-space model with r = 
n = l, F = </J, y,"' i, - TT1, A'x, = µ,, H = 1, and w, = (TTf - TT,). 

In another interesting application of the state-space framework, Stock and 
Watson (1991) postulated the existence of an unobserved scalar C, that represents 
the state of the business cycle. A set of n different observed macroeconomic var
iables (y 11, y2,, .•• , y,,,) are each assumed to be influenced by the business cycle 
and also to have an idiosyncratic component (denoted X;,) that is unrelated 
to movements in y1, for i -4= j. If the business cycle and each of the idiosyn
cratic components could be described by univariate AR(l) processes, then the 
[(n + 1) x 1] state vector would be 

le,] X1, 

t = xt 
x,., 

[13.1.28] 
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with state equation 

[ c,.,] 
U' 

0 0 OI] [''·] X1.,+1 r/>1 0 0 Xi, . V1.r+1 
X2.,+1 0 rf>z 0 X2, + V2,1+ 1 [13 .1.29) 

X11.~+I 0 0 ¢11 ;,,, V,,_~+ J 

and observation equation 

[Y1J [/J,J ['Yi 1 0 · · • ~ [C'] Y2, _ JJ,2 'Y2 0 I · · · 0 Xi, 
· - · + · . . . Xi, , 

y'.,, ~" ;,, o a : : : 1 ),, 
(13.1.30] 

Thus, 'Y; is a parameter that describes the sensitivity of the ith series to the business 
cycle. To allow for pth-order dynamics, Stock and Watson replaced C, and X;, in 
(13.1.28] with the (p X 1) vectors (C,, c,-1, ... 'c,-p+1)' and (x;,, Xu-1, ... ' 

Xu-p+iY so that t, is an ((n + l)p x 1) vector. The scalars r/>; in [13.1.29] are 
then replaced by (p x p) matrices F; with the structure of the matrix Fin (13.1.14], 
and [n x (p - 1)] blocks of zeros are added between the columns of H' in the 
observation equation (13.1.30]. 

13.2. Derivation of the Kalman Filter 

Overview of the Kalman Filter 

Consider the general state-space system [13.1.1] through (13.1.7], whose key 
equations are reproduced here for convenience: 

t,+1 = F·t, + v,+I [13.2.1] 
(rx I) (rXr)(rx I) (rx I) 

Y, = A' ·x, + H'·t, + w, [13.2.2] 
(nx I) (uXk)(kXI) (11Xr)(rX I) (,ix 1) 

E(v,v~) = {<l> fort = T 

otherwise 
(13.2.3] 

E(w,w;) = {<"!") fort= T 

otherwise. 
[13.2.4] 

The analyst is presumed to have observed y1, y2, ... , YT, x1, X2, .•. , Xr

One of the ultimate objectives may be to estimate the values of any unknown 
parameters in the system on the basis of these observations. For now, however, 
we will assume that the particular numerical values of F, Q, A, H, and Rare known 
with certainty; Section 13.4 will give details on how these parameters can be es
timated from the data. 

There are many uses of the Kalman filter. It is motivated here as an algorithm 
for calculating linear least squares forecasts of the state vector on the basis of data 
observed through date t, 

where 
~, = (y;, y;_1, ..• , y;, x;, x;_ 1, ••• , xi)' (13.2.5) 

and E(t,+il~,) denotes the linear projection of t1+i on~, and a constant. The 
Kalman filter calculates these forecasts recursively, generating ~110, ~211, ... , 
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tnT-i in succession. Associated with each of these forecasts is a mean squared 
error (MSE) matrix, represented by the following (r x r) matrix: 

P,+11, = E[(t,+1 - ~,..-11,)(t,+1 - t+11,)']. [13.2.6] 

Starting the Recursion 

The recursion begins with ti 10, which denotes a forecast of t 1 based on no 
observations of y or x. This is just the unconditional mean of t 1• 

ti10 = E(t1), 
with associated MSE 

P110 = E{[t, - E(t1)][t, - E(t1)]'}. 

For example, for the state-space representation of the MA(l) system given in 
[13.1.17) and [13.1.18], the state vector was 

t, = [/~J 
for which 

t,10 = £[ ::.] [ ~] [13.2.7] 

P,10 = E([:J [e1 Eo]) = [~ ~ l [13.2.8] 

where CT2 = £(en. 
More generally, if eigenvalues of F are all inside the unit circle, then the 

process fort, in [13.2.1] is covariance-stationary. The unconditional mean oft 
can be found by taking expectations of both sides of [13.2.1], producing 

E(t, ... 1) = F· E(t,), 

or, since t, is covariance-stationary, 

(I, - F) · E(t,) = 0. 

Since unity is not an eigenvalue of F, the matrix (I, - F) is nonsingular, and this 
equation has the unique solution E(t,) = 0. The unconditional variance oft can 
similarly be found by postmuttiplying [13.2.1] by its transpose and taking expec
tations: 

£(t, ... 1t; ... i) =£[(Ft,+ v, ... i)(t;F' + v; ... ,)] = F·E(t,t:)·F' + £(v,... 1v; ... 1). 

Cross-product terms have disappeared in light of [13.1.9}. Letting I denote the 
variance-covariance matrix of t. this equation implies 

l: = Fl:F' + Q, 
whose solution was seen in [10.2.18] to be given by 

vec(l:) = [I,, - (F (8) FW 1 • vec(Q). 

Thus, in general, provided that the eigenvalues of F are inside the unit circle, the 
Kalman filter iterations can be started with ti 10 = 0 and P1I0 the (r x r) matrix 
whose elements expressed as a column vector are given by 

vec(P 110) = [1,e - (F (8) FW 1 • vec(Q). 

If instead some eigenvalues of F are on or outside the unit circle, or if the 
initial state ~1 is not regarded as an arbitrary draw from the process implied by 
[13.2.1}, then ti10 can be replaced with the analyst's best guess as to the initial 
value of ~1• where P 1I0 is a positive definite matrix summarizing the confidence in 
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this guess. Larger values for the diagonal elements of P110 register greater uncer
tainty about the true value of ~1-

Forecasting y1 

Given starting values ti i<' and P 110. the next step is to calculate analogous 
magnitudes for the following date, t211 and P211• The calculations fort = 2, 3, 
... , Tall have the same basic form, so we will describe them in general terms 
for step t; given tr1,- 1 and Pr1,- i, the goal is to calculate tr+ 11, and P,+ 11,. 

First note that since we have assumed that x, contains no information about 
t beyond that contained in~,- 1, 

tc~,lx,, oy,-1) = .tc~,loy,_1) = t,,-1-
Next consider forecasting the value of y,: 

Y,1,-1 = £(y,lx,. ~,-1)
Notice from [13.2.2] that 

£(y,lx,, ~,) = A'x, + H'~,. 

and so, from the law of iterated projections, 

Y,1,-i = A'x, + H'·£(~ 1Jx,, ~,-1) = A'x, + H't,1,-1-
From [13.2.2], the error of this forecast is 

[13.2.9} 

y, - y,1,_ 1 = A'x, + H'~, + w, - A'x, - H't, 1,_ 1 = H'(~, - ti1,_ 1) + w, 
with MSE 

E[(y, - Y,1,-1)(y, - Y,11-1)'] 
= E[H'(~, - ti1,-1)(~, - t1,-1)'H] + E[w,w;]. [13-2-10] 

Cross-product terms have disappeared. since 

E[wi(~, - t,1,_ 1)'] = 0. [13.2.11} 

To justify (13.2.11], recall from [13.1.10] that w, is uncorrelated with t. Further
more, since t,1 ,- 1 is a linear function of ~,- i, by [ 13 .1.11] it too must be uncor
related with w,. 

Using [13.2.4] and [13.2.6], equation [13.2.10] can be written 

E((y, - Yi1,-1)(y, - Y,1,-1)'] = H'Pr1,-1H + R. [13.2.12] 

Updating the Inference About t 
Next the inference about the current value of~' is updated on the basis of 

the observation of y, to produce 

t 1, = £(~,IY,, x,, ~,-1) = E(tl~,)-
This can be evaluated using the formula for updating a linear projection, equation 
[4.5.30]:2 

ti,, = ti11-1 + {£[(~, - t1,- 1)(y, - Y,1,-1)')} [13.2. 13] 
X {E[(y, - Y,r,-1)(Y, - Yr1,-,)']}-1 X (y, - Yt1,-1), . 

'Here(, corresponds to Y,, y, corresponds to Y,. and (x;, <11;_,)' corresponds to Y, in equation 
(4.5.30]. 

13.2. Derivation of the Kalman Filter 379 



But 

E{(~, - ~tit- 1)(y, - Y ,i,- I)'} 

= E{[~, - t1,-1][H'(~, - t1,-1) + w,]'} 
= E[(~, - t1,-1)(~, - t1,- 1)'H) 

= P,1,-1H 

[13 .• 2.14) 

by virtue of [13.2.11) and [13.2.6). Substituting [13.2.14), [13.2.12], and.[13.2.9] 
into [13.2. 13] gives 

t1, = it1,-1 + P,i,-1H(H'P,1,- 1H + R)- 1(y, - A'x, - H'l,i,- 1). ·{13.2.15) 

The MSE associated with this updated projection, which is denoted P,1,, can 
be found from [4.5.31): 

P,i, 55 E[(~, - ~t1,)(t ~ it1,)'J 

= E[(~, - ~ti,-,)(~, - t1,- 1)'] 

- {E[(~, - ir1,-1)(y, - Y,1,-,)'J} [13.2.16) 

X {E[(Y, - Y,1,-1)(y, - Y,1,-1)']}-1 

X {E[(y, - Y,1,-1)(~, - t.1,-1)']} 

= P,1,_ 1 - P,1,_,H(H'P,i,-iH + R>- 1H'P,1,-i· 

Producing a Forecast of(,+ 1 

Next, the state equation [13.2.1] is used to forecast ~,+ 1: 

t+111 = £(~1+11~,) 

= F·E(~,I~,) + l(v1+1I~,) 

= Ft1, + 0. 

Substituting [13.2.15) into [13.2.17), 

[13.2.17) 

~t+llt = Ft.1,- 1 , -I , ,· {13.2.18) 
. + FPt1,- 1H(HP,1,-1H + R) (Y, - Ax, - Ht,1,-1), 

The coefficient matrix in [13.2.18] is known as the gain matrix and is denoted K,: 

K, 55 FP,1,-iH(H'Pt1,-iH + R)- 1, 

allowing [13.2.18] to be written 

{13.2.19] 

t+11, = Ft1,-• + K,(y, - A'x, - H't.1,- 1).. , [13.2.20) 

The MSE of this forecast can be found from [13.2.17) and the state,equation 
[13.2.1): 

P,+111 = E[(~,+I - t+111)(~1+l - t+11,)'] 

= E[(F~, + v,+ 1 - Ft,1,)(F~, + vi+ 1 - Ft,1,)'] 

= F·E[(t - ~t1,)C~, - t1,YJ·F' + E[V:,+1V:+11 

= FP,i,F' + Q, 

[13.2.21] 

with cross-product terms again clearly zero. Substituting [13.2.16) fnto [13.2.21) 
produces 

Pt+tl• = F[P,1,-i - P,1,-iH(H'P,1,-iH + R)- 1H'P,1,-i)F' + Q. '[13.2.22] 
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Summary and Remarks 

To summarize, the Kalman filter is started with the unconditional mean and 
variance of §1: 

tin= £(§1) 

Pqo = £{[§1 - £(§1)][§, - £(§1)]'}. 

Typically, these are given by t110 = 0 and vec(P 110) = [Ir, - (F (8) F)J- 1 · vec(Q). 
We then iterate on 

t+11, = Ft1,-1 
+ FP,i,-,H(H'P,i,- 1H + R)- 1(y, - A'x, - H't1,- 1) 

[13.2.23] 

and [13.2.22] for t = 1, 2, ... , T. The value t+ q, denotes the best forecast of 
ti+ 1 based on a constant and a linear function of (y,, y ,- 1, ... , y 1, x,, x, _ 1, ... , 
x1). The matrix P,+ 11, gives the MSE of this forecast. The forecast of Y,+ 1 is given 
by 

Y,+11, = E(Y,+1IX,+1• il,\/J = A'X,+1 + H't+11, 

with associated MSE 

[13.2.24) 

E[(Y,+1 - Y1+11,)CY1+1 - Y,+11,)'] = H'P,.,1,H + R. [13.2.25] 

It is worth noting that the recursion in [13.2.22] could be calculated without 
ever evaluating [13.2.23]. The values for P,1,_ 1 in [13.2.22] and K, in [13.2.19] are 
not functions of the data, but instead are determined entirely by the population 
parameters of the process. 

An alternative way of writing the recursion for P,+ 11, is sometimes useful. 
Subtracting the Kalman updating equation [13.2.20] from the state equation [ 13.2. I] 
produces 

ti+1 - t+11, = F(~, - t1,-1) - K,(y, - A'x, - H't1,- 1) + v,n [13.2.26] 

Further substituting the observation equation [13.2.2) into (13.2.261 results in 

t+1 - t+11, = (F - K,H')(§, - ti,-1) - K,w, + v,+I' [13.2.27] 

Postmultiplying [13.2.27] by its transpose and taking expectations, 

E[(ti+ 1 - t+ 11,)(§,+ 1 - t. 11,)'] 
= (F - K,H')E[(§, - t1,-,)(t, - t1,-1)'](F' - HK;) + K,RK; + Q; 

or, recalling the definition of P,+11, in equation [13.2.6], 

P,+ 11, = (F - K,H')P,i,- 1(F' - HK;) + K,RK; + Q. [13.2.28] 

Equation [13.2.28] along with the definition of K, in [13.2.19] will produce the 
same sequence generated by equation [13.2.22]. 

13.3. Forecasts Based on the State-Space 
Representation 
The Kalman filter computations in [13.2.22) through [13.2.25] are normally cal
culated by computer, using the known numerical values of F, Q, A, H, and R along 
with the actual data. To help make the ideas more concrete, however, we now 
explore analytically the outcome of these calculations for a simple example. 
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-Example- Using the Kalman Filter to Find Exact 
Finite-Sample Forecasts for an MA(l) Process 

Consider again a state-space representation for the MA(l) process: 

State Equation (r = 2): 

[e';,1] = [~ ~][e:~J + [et] 
Observation EquaJion (n = I): 

Y, = µ + [1 

~, = [e:~J 
F = [~ ~] 

V,+1 = [\;1] 
Q= [ ~2 ~] 

Y, = y, 

A'=µ 

x, = 1 

H' = [1 8] 

w, = 0 

R = 0. 

BJ [ e, ] 
e,-1 

[13.3.1] 

[13.3.2] 

[13.3.3] 

[13.3.4) 

[13.3.5) 

[13.3.6) 

[13.3.7) 

[13.3.8) 

[13.3.9) 

[13.3.IOJ 

[13.3.llJ 

[13.3.12) 

The starting values for the filter were described in [13.2.7) and [13.2.8]: 

t110 = [ ~] 

Pqo = [~2 i2]. 
Thus, from [13.2.24], the period 1 forecast is 

.9110 = /L + H't110 = /L, 

with MSE given by [13.2.25}: 

E(Y1 - .91111)2 = H'P110H + R = [1 Bi[ ~2 
~] [ ~] + 0 = o-2(1 + 82). 

These, of course, are just the unconditional mean and variance of y. 
To see the structure of the recursion fort = 2, 3, ... , T, consider the basic 

form of the updating equation [13.2.23). Notice that since the first row ofF consists 
entirely of zeros, the first element of the vector t+ 11, will always equal zero, for 
all t. We see why if we recall the meaning of the state vector in [13.3.3): 

• _ [i,+11,] 
~t+ lit - • . 

e,i, 
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Naturally, the forecast of the future white noise, e,+, 1,, is always zero. The forecast 
of Y,+, is given by [13,2.24]: 

• [l ][i,+11,] 9• Y,+ 11, = µ. + 9 • = µ. + e,,,. 
e,1, 

[13.3.14) 

The Kalman filter updating equation for the MSE, equation [13.2.21], for 
this example becomes 

, [o o] [o 1] P,+11, = FP,1,F + Q = 1 0 Pi1, 0 0 [cr2 OJ + 0 0 · [13.3.15] 

Thus, P,+ ,1, is a diagonal matrix of the[f~m 
O 

] 

P,+11,= 0 P1+I' 
[13.3.16) 

where the (2, 2) element of P,.,. 11, (which we have denoted by p,.,. 1) is the same as 
the (1, l) element of P,1,. Recalling [13.2.6) and [13.3.13), this term has the inter· 
pretation as the MSE of E,i,: 

p,.,., = E(e, - e,1,)2. [13.3.17) 

The (1, 1) element of P,.,. ,1, has the interpretation as the MSE of e,+, 1,. We have 
seen that this forecast is always zero, and its MSE in [13.3.16] is cr2 for all t. The 
fact that P,.,. 11, is a diagonal matrix means that the forecast error (e,.,. 1 - e,.,.11J is 
uncorrelated with (e, - e,1,). 

The MSE of the forecast of y,.,.1 is given by [13.2.25]: 

E(y,.,.1 - y,.,.11,) 2 = H'Pi+ 11,H + R 

= [ 1 oi[ ~2 
P,~ J [ ! ] + o [13.3.18) 

= cr2 + B2P,+1· 

Again, the intuition can be seen from the nature of the forecast in [13.3.14]: 

E(Y,+ l - .Y1+ 11,)2 = E[(µ. + e,.,. I + Be,) - (µ. + Be,1i>l2 

= E(r;f.,_ 1) + 92£(,;, - e,1,)2, 

which, from [13.3.17], reproduces [13.3.18). 
From [13.2.23], the series for e,1, is generated recursively from 

[e~J = [~ ~][e,-~,-J 
+ [~ ~][~ 2 iJ[~}l/[cr2 + B2p,)}·{y, - µ. - Be,_,11_,} 

or 

[13.3.19) 

starting from the initial value Eo/u = 0. Note that the value for e,i, differs from the 
approximation suggested in equations [4.2.36] and [ 4.3.2], 

e, = y, - µ. - 9€,_1 €11 = 0, 

in that [13.3.19) shrinks the inference e, toward zero to take account of the nonzero 
variance p, of e,_ 11,_ 1 around the true value e,_ 1. 

The gain matrix K, in equation [13.2.19] is given by 

K, = [ ~ ~] [ ~z iJ [!] (u2 } Bzp) = [ uZ/[crz O+ B2pi]]. [13.3.20] 

13.3. Forecasts Based on the State-Space Representation 383 



Finally, notice from [13.2.16] that 

[ <T1 O] ( I )[<T1 P,1, = 0 p, - <T1 + 02p, 0 0][1][l o}[(T2 o]. 
P, 8 0 P, 

The (1, 1) element of Pr1, (which we saw equals P,+ 1) is thus given by 
<T282p 

P = <T2 - {1/[<T2 + 82p ]}·<T4 = ' [13 3 21] 
t+ I r u2 + 9zp,' .. 

The recursion in [13.3.21] is started with p 1 = <Ti and thus has the solution 
(T2921 

Pr+ I = l + 92 + 04 + ... + o21· [13,3.22] 

It is interesting to note what happens to the filter as t becomes iarge. First 
consider the case when I Bl ::s 1. Then, from [13.3.22], 

Jim Pr+ I = 0, 

and so, from [13.3.17]. ,, 
Erlr--+ Er. 

Thus, given a sufficient number of observations on y, the Kalman fil-ter inference 
€,1, converges to the true value £ 1 , and the forecast [13.3.14] converges -to that of 
the Wold representation for the process. The Kalman gain in [13.3.20l converges 
to (0, 1)'. . 

Alternatively, consider the case when IBI > 1. From [13.3.22}, we have 
(T292rc1 - 02) <T2(1 - 02) . 

Pr+i= l-82(r+I) 9-21_92 

and 
<TZ(l - 02) 

limPr+i= _ 82 >0. 
,-x 

No matter how many observations are obtained, it will not be possible to know 
with certainty the value of the nonfundamental innovation er associated with date 
ton the basis of (y,, Yr-I• ... , y 1). The gain is given by 

(T2 (T2 1 
---+ 

(T2 + 92Pr (T2 - <TZ(l - 8") oz· 
and the recursion [13.3.19] approaches 

€,1, = (l/9 2) · (y, - /L - 8€,_ J/r-1) 
or 

9erlr = (118) · (Yr - µ, - 8€,-11,-1)
Recalling [13.3.14], we thus have 

J\+ 11, - /L = (1/9) · [(y, - µ,) - (.9,1,-1 - µ,)] 
or 

.Y1+1/r - /L = (1/0)·(yr - µ,) - (1/8)2·(yr-l - µ,) + (1/8)3·(yr-2.;.. µ) -
which again is the AR(oo) forecast associated with the invertible MA(l) represen
tation. Indeed, the forecasts of the Kalman filter with 8 replaced by 9- 1 and <T1 
replaced by 92<T2 will be identical for any t; see Exercise 13.5. 

Calculating s-Period-Ahead Forecasts 
with the Kalman Filter 

The forecast of y, calculated in [13.2.24] is an exact finite-sample forecast of 
y,on the basis ofx, and~r-t = (y;_ 1, y;_ 2, ••• , y;, x;_ 1, x;_ 2 , ••• , x;)'. Ifxr 
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is deterministic, it is also easy to use the Kalman filter to calculate exact finite-
sample s-period-ahead forecasts. · 

The state equation [13.2.1] can be solved by recursive substitution to yield 
~,+., = F·'~, + F'- 1v,+ 1 + F"- 2v,+ 2 + · · · + F 1v,+ .. -J + v,+., 

for s = 1, 2, .... 
The projection oft+., on ~, and "Y, is given by 

£(~1+,I~,. "Y,) = F-'~,. 
From the law of iterated projections, 

[13.3.23] 

[13.3.24] 

t+,11 = £(~,+.l"Y,) = F-'t1,· [13.3.25] 
Thus, from [13.3.23) the s-period-ahead forecast error for the state vector is 

~,+., - t+.,1, = F·'(t, - ~,i,) + F··- 1V,+ J + F··- 1 v,+2 

·+ · · · + F 1v,+.<-J + v,+.,· 
[13.3.26} 

with MSE 
P,+,1, = F'P,1,(F')" + F'- 1Q(F')•- I + F' ·2Q(F')•- 2 [13.3.27) 

+ · · · + FQF' + Q. 
To forecast the observed vector y, +n recall from the observation equation 

that 
Y,+., = A'x,+., + H'~,+., + w,+.,· [13.3.28] 

There are advantages if the state vector is defined in such a way that x, is deter
ministic, so that the dynamics of any exogenous variables can be represented 
through ~,. If x, is deterministic, the s-period-ahead forecast of y is 

Y,+..1, = E'(y,+-<l"Y,) = A'x,+, + H't+.,1,· [13.3.29] 
The forecast error is 

Y,+s - Y1+sl1 = (A'x,u + H'~1+., + w,.,.,) - (A'x,+., + H'tu1,) 

H'(~i+.,· - t+.,1,) + w,u 
with MSE 

[13.3.30) 

13.4. Maximum Likelihood Estimation of Parameters 

Using the Kalman Filter to Evaluate 
the Likelihood Function 

The Kalman filter was motivated in Section 13.2 in terms of linear projections. 
The forecasts ~,i,- i and Y,i,-i are thus optimal within the set of forecasts that are 
linear in (x,, "Y,_1), where "Y,_1 = (y;_ 1, y;_2 , ••• , y;, x;_ 1, x;_2 , ••• , x;)'. If 
the initial state ~1 and the innovations {w,, v,};=1 are multivariate Gaussian, then 
we can make the stronger claim that the forecasts t 1,_ 1 and y,1,_ 1 calculated by 
the Kalman filter are optimal among any functions of (x,, "Y,_ 1). Moreover, if~ 1 

and {w,, v,};_ 1 are Gaussian, then the distribution of y, conditional on (x,, "Y,_ i) 
is Gaussian with mean given by [13.2.24] and variance given by [13.2.25]: 

y,jx,, "Y,_1 - N((A'x, + H't1,_ 1), (H'P111 _ 1H + R)); 
that is, 

f Y,IX,.'11,- ,(y,lx,, IJY,-1) 

(271')-"'2iH'P,i,-1H + Rl-112 

x exp{-!(y, - A'x, - H't 1,_ 1)'(H'P,i,-iH + R)- 1 

x (y, - A'x, - H'~,i,- 1)} fort= 1, 2, ... , T. 

[13.4.1] 
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From [13.4.1], it is a simple matter to construct the sample log likelihood, 
T 

2 log/v,1x..•,-,(Y,lx,, "1,_,). [13.4.2] 
t=I 

Expression [13.4.2] can then be maximized numerically with respect to the unknown 
parameters in the matrices F, Q, A, H, and R; see Burmeister and Wall (1982) for 
an illustrative application. 

As stressed by Harvey and Phillips (1979), this representation of the likelihood 
is particularly convenient for estimating regressions involving moving average terms. 
Moreover, [13.4.2] gives the exact log likelihood function, regardless of whether 
the moving average representation is invertible. 

As an illustrative example, suppose we wanted to estimate a bivariate regres
sion model whose equations were 

y 1, = 8;x, + u1, 

Y2, = 8zX, + "2,, 
where x, is a (k x 1) vector of exogenous explanatory variables and 8 1 and 82 are 
(k x 1) vectors of coefficients; if the two regressions have different explanatory 
variables, the variables from both regressions are included in x, with zeros appro
priately imposed on a1 and a2 • Suppose that the disturbance vector follows a bi-
variate MA(l) process: · 

[ :;:] = [ =~:] + [ ~: ::] [ ::::=:J. 
with (e1,, e21)' - i.i.d. N(O, fi). This model can be written in state-space form by 
defining 

[ ,,, l 
F -[! 0 o ol [''"'] ~I= 

6,, 0 0 0 V = E2.1+I 

81.,-1 0 0 0 t+I Q 

82.,-1 1 0 0 0 

[u" u., o ol [:l] Q = 0'21 0'22 0 0 A' = 0 0 0 0 
0 0 0 0 

H' = [ 1 0 811 
0 1 821 

8,2] 
ll,_2 

R = 0, 

where o-1; = E(e 1,e;,)- The Kalman filter iteration is started from 

t,0 = r~oo] P,111 = [:i: :i: I J2]· 
0 0 O'z1 0'22 

Maximization of [13.4.2] is started by making an initial guess as to the nu
merical values of the unknown parameters. One obvious way to do this is to regress 
y 1, on the elements of x, that appear in the first equation to get an initial guess for 
8 1. A similar OLS regression for y2 yields a guess for 8 2. Setting 811 = 812 = 
Bi, = 11,_a = 0 initially, a first guess for n could be the estimated variance-covariance 
matrix of the residuals from these two OLS regressions. For these initial numerical 
values for the population parameters, we could construct F, Q, A, H, and R from 
the expressions just given and iterate on [13.2.22] through [13.2.25) fort = 1, 2, 
... , T- 1. The sequences {t 1,_ 1};. 1 and {P,11_ 1};. 1 resulting_from these iter-
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ations could then be used in [13.4.1) and [13.4.2} to calculate the value for the log 
likelihood function that results from these initial parameter values. The numerical 
optimization methods described in Section 5.7 can then be employed to make better 
guesses as to the value of the unknown parameters until [13.4.2} is maximized. As 
noted in Section 5.9, the numerical search will be better behaved if n is param
eterized in terms of its Cholesky factorization. 

As a second example, consider a scalar Gaussian ARMA(l, I) process, 

Y, - /J, = t/>(Y,-1 - µ,) + E, + 8E,-1, 

withe, - i.i.d. N(O, a2). This can be written in state-space form as in [13.1.22] 
and [13.1.23} with r = 2 and 

F = [f ~] _ [E,+1] 
V,+L - 0 

A' = µ, H' = [l 8) 

This value for P 110 was obtained by recognizing that the state equation [13.1.22] 
describes the behavior oft = (z,. z,_ 1, ••• , z,_,+ 1)'. where z, = 4>1z 1 _ 1 + 
,f,2z,_ 2 + · · · + ,f,,.z,_r + e, follows an AR(r) process. For this example, r = 2, 
so that P,10 is the variance-covariance matrix of two consecutive draws from an 
AR(2) process with parameters ,j,1 = ,f, and t/>i = 0. The expressions just given 
for F, Q, A, H, and Rare then used in the Kalman filter iterations. Thus, expression 
[13.4.2} allows easy computation of the exact likelihood function for an ARMA(p, q) 
process. This computation is valid regardless of whether the moving average pa
rameters satisfy the invertibility condition. Similarly, expression [13.3.29} gives the 
exact finite-samples-period-ahead forecast for the process and [13.3.30] its MSE, 
again regardless of whether the invertible representation is used. 

Typically, numerical search procedures for maximizing [13.4.2] require the 
derivatives of the log likelihood. These can be calculated numerically or analytically. 
To characterize the analytical derivatives of [13.4.2], collect the unknown param
eters to be estimated in a vector 9, and write F(9), Q(9), A(8), H(9), and R(8). 
Implicitly, then, t 1,_ 1 (9) and P,1,_ 1 (8) will be functions of 8 as well, and the 
derivative of the log of [13.4.1] with respect to the ith element of 9 wilt involve 
at1,_ 1 (8)/il8; and iJP t1,- 1(9)/il8;. These derivatives can also be generated recur
sively by differentiating the Kalman filter recursion, [13.2.22] and [13.2.23]. with 
respect to 8;; see Caines (1988, pp. 585-86) for illustration. 

For many state-space models, the EM algorithm of Dempster, Laird, and 
Rubin (1977) offers a particularly convenient means for maximizing [13.4.2], as 
developed by Shumway and Stoffer (1982) and Watson and Engle (1983). 

Identification 

Although the state-space representation gives a very convenient way to cal
culate the exact likelihood function, a word of caution should be given. In the 
absence of restrictions on F, Q, A, H, and R, the parameters of the _state-space 
representation are unidentified-more than one set of values for the parameters 
can give rise to the identical value of the likelihood function, and the data give us 
no guide for choosing among these. A trivial example is the following system: 
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State Equation (r = 2): 

~t+I = [E1.1+1] 
E2.1+ l 

[13.4.3) 

Observation Equation (n = 1): 

Yr= E11 + Ez,. [13.4.4) 

Here, F = 0, Q = [ ~T i~], A' = 0, H' = [1 1], and R = 0. This model asserts 

that y, is white noise, with mean zero and variance given by (ur + u~)- The reader 
is invited to confirm in Exercise 13.4 that the log of the likelihood function from 
[13.4.1] and [13.4.2) simplifies to 

logfv,.v,_, ..... v,(YT, Yr-1, · · ·, Y,) 
T [13.4.5) 

= - (T/2) log(27r) - (T/2) log(ur + o-D - L yfl[2(u"f + uD). t=I 
Clearly, any values for ur and u~ that sum to a given constant will produce the 
identical value for the likelihood function. 

The MA(l) process explored in Section 13.3 provides a second example of 
an unidentified state-space representation. As the reader may verify in Exercise 
13.5, the identical value for the log likelihood function [13.4.2] would result if 8 
is replaced by 9- 1 and u 2 by 82u 2• 

These two examples illustrate two basic forms in which absence of identifi
cation can occur. Following Rothenberg (1971), a model is said to be globally 
identified at a particular parameter value 80 if for any value of 8 there exists a 
possible realization ~ T for which the value of the likelihood at 8 is different from 
the value of the likelihood at 80 • A model is said to be locally identified at 811 if 
there exists a o > 0 such that for any value of 8 satisfying (8 - 80)'(8 - 80) < o, 
there exists a possible realization of~ T for which the value of the likelihood at 8 
is different from the value of the likelihood at 80 • Thus, global identification implies 
local identification. The first example, [13.4.3] and [13.4.4], is neither globally nor 
locally identified, while the MA(l) example is locally identified but globally un
identified. 

Local identification is much easier to test for than global identification. Roth
enberg (1971) showed that a model is locally identified at 80 if and only if the 
information matrix is nonsingular in a neighborhood around 9<1• Thus, a common 
symptom of trying to estimate an unidentified model is difficulty with inverting the 
matrix of second derivatives of the log likelihood function. One approach to check
ing for local identification is to translate the state-space representation back into 
a vector ARMA model and check for satisfaction of the conditions in Hannan 
(1971); see Hamilton (1985) for an example of this approach. A second approach 
is to work directly with the state-space representation, as is done in Gevers and 
Wertz (1984) and Wall (1987). For an illustration of the second approach, see 
Burmeister, Wall, and Hamilton (1986). 

Asymptotic Properties of Maximum Likelihood Estimates 

If certain regularity conditions are satisfied, then Caines (1988. Chapter 7) 
showed that the maximum likelihood estimate OT based on a sample of size Tis 
consistent and asymptotically normal. These conditions include the following: (1) 
the model must be identified; (2) eigenvalues of Fare all inside the unit circle; (3) 
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apart from a constant term. the variables x, behave asymptotically like a full-rank 
linearly indeterministic covariance-stationary process; and (4) the true value of 8 
does not fall on a boundary of the allowable parameter space. Pagan (1980, Theo
rem 4) and Ghosh (1989) examined special cases of state-space models for which 

VT.9i}'8. rCOr - 80 ) ~ N(O, I,,), [13.4.6] 

where a is the number of elements of 8 and 3iw.r is the (a x a) information matrix 
for a sample of size T as calculated from second derivatives of the log likelihood 
function: 

[13.4.7] 

A common practice is to assume that the limit of 3i20 _ r as T- co is the same as 
the plim of 

• __ .!_ :/;:, rJ'logf(y,lx,,"Y,_1;8)1 
3iw. T - L, 8 8 , , [13.4.8] 

T ,-1 il a o-li-,. 

which can be calculated analytically or numerically by differentiating [13.4.2]. 
Reported standard errors for Or are then square roots of diagonal elements of 
(1/T)(9'zv.r)- I. 

Quasi-Maximum Likelihood Estimation 

Even if the disturbances v, and w, are non-Gaussian, the Kalman filter can 
still be used to calculate the linear projection ofy,+, on past observables. Moreover, 
we can form the function [ 13.4.2] and maximize it with respect to 8 even for non
Gaussian systems. This procedure will still yield consistent and asymptotically Nor
mal estimates of the elements of F, Q, A, H, and R, with the variance-covariance 
matrix constructed as described in equation [5.8. 7). Watson (1989, Theorem 2) 
presented conditions under which the quasi-maximum likelihood estimates satisfy 

VT(OT - 80) ~ N(O, [3iw3io~.9>w]-1), [13.4.9] 

where .9>20 is the plim of [13.4.8] when evaluated at the true value 80 and 3in,. is 
the outer-product estimate of the information matrix. 

T 

3iol' = plim (l/T) L [h(8o, "Y,)l[h(80 , "Y,)]', 
r=I 

where 

h(8 "Y) = iJ logf(y,lx,, "Y,-1; 8)1 
(}, / iJ8 . 

e-eo 

13.5. The Steady-State Kalman Filter 

Convergence Properties of the Kalman Filter 

Section 13.3 applied the Kalman filter to an MA(l) process and found that 
when IBI 5: 1, 

Jim P,+11, = 
,-~ 
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• : 

whereas when I Bl > 1, 

limP,+ 11, = 
i-x 

lim K, = 

It turns out to be a property of a broad class of state-space models that the sequences 
{P,+ 11,}T.1 and {K,}T. 1 converge to fixed matrices, as the following proposition 
shows. 

Proposition 13.1: Let F be an (r x r) matrix whose eigenvalues are all inside the 
unit circle, let H' denote an arbitrary (n x r) matrix, and let Q and R be positive· 
semidefinite symmetric (r x r) and (n x n) matrices, respectively. Let {P,+1I,};. 1 

be the sequence of MSE matrices calculated by the Kalman filter, 

P, .. 11, = F[P,i,- 1 - P,1,-iH(H'P,1,-iH + R)- 1H'P,1,-iJF' + Q, [13.5.1] 
where iteration on [13.5.1] is initialized by letti11g P11u be the positive semidefinite 
(r x r) matrix satisfying 

vec(P110) = [I,, - (F (8) F)J- 1 · vec(Q). [13.5.2] 
Then {P,+ 11,}T.1 is a monotonically nonincreasing sequence and converges as T- cc 
co a steady-state marrix P satisfying 

P = F[P - PH(H'PH + R)- 1H'P]F' + Q. [13.5.3) 
Moreover, the steady-state value for the Kalman gain matrix, defined by 

K = FPH(H'PH + R)- 1, [13.5.4] 
has the property that the eigenvalues of (F - KH ') all lie on or inside the unit circle. 

The claim in Proposition 13.1 that P, .. 11, ::s P,11_ 1 means that for any real 
(r x 1) vector h, the scalar inequality h 'P, .. 11,h :S h'P,i,-ih holds. 

Proposition 13.1 assumes that the Kalman filter is started with P1I0 equal to 
the unconditional variance-covariance matrix of the state vector ~- Although the 
sequence {P, .. 11,} converges to a matrix P, the solution to [13.5.3) need not be 
unique; a different starting value for P110 might produce a sequence that converges 
to a different matrix P satisfying [13.5.3). Under the slightly stronger assumption 
that eitherQ orR is strictly positive definite, then iteration on [13.5.1) will converge 
to a unique solution to [13.5.3), where the starting value for the iteration P110 can 
be any positive semidefinite symmetric matrix. 

Proposition 13.2: Let F be an (r x r) matrix whose eigenvalues are all inside the 
unit circle, let H' denote an arbitrary (n x r) matrix, and let Q and R be positive 
semidefinite symmetric (r x r) and (n x n) matrices, respectively, with either Q or 
R strictly positive definite. Then the sequence of Kalman MSE matrices {P,+11,}T. 1 

determined by [13.5.1) converges to a unique positive semidefinite steady-state matrix 
P satisfying [13.5.3), where the value of Pis the same for any positive semidefinite 
symmetric starting value for P1I0 • Moreover, the steady-state value for the Kalman 
gain matrix K in [13.5.4] has the property that the eigenvalues of (F - KH') are all 
stricdy inside the unit circle. 

We next discuss the relevance of the results in Propositions 13.1 and 13.2 
concerning the eigenvalues of (F - KH'). 
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Using the Kalman Filter to Find the Wold Representation 
and Factor an Autocovariance-Generating Function 

Consider a system in which the explanatory variables (x,) consist solely of a 
constant term. Without loss of generality, we simplify the notation by assuming 
that A 'x, a 0. For such systems, the Kalman filter forecast of the state vector can 
be written as in [13.2.20]: 

t.+11, = Ft,1,-1 + K,(y, - H't1,- 1). [13.5.5) 

The linear projection of Y,+ 1 on the observed finite sample of its own lagged values 
is then calculated from 

t,+11, = E(Y,+.IY,, Y,-1, ... , Y1) = H't+111, 

with MSE given by [13.2.25]: 

[13.5.6] 

E[(Yr+I - t,..q,)(Y,+1 - t,+11,)'J = H'P,+11,H + R. [13.5.7] 
Consider the result from applying the Kalman filter to a covariance-stationary 

process that started up at a time arbitrarily distant in the past. From Proposition 
13.1, the difference equation [13.5.5] will converge to 

t+11, = Ft1,-1 + K(y, - H't1,-1), [13.5.8] 
with K given by [13.5.4]. The forecast [13.5.6) will approach the forecast of y,, 1 
based on the infinite history of its own lagged values: 

E(Yt+1IY,, Y,-1, ... ) = H't+llt· [13.5.9] 

The MSE of this forecast is given by the limiting value of [13.5.7), 

E{[Y,+1 - t(Y,+.IY,, Y,-1, · · .)][Y,+1 - E(Y1+1IY,, Y,-1, • • .)]'} 
= H'PH + R, [13.5.10) 

where Pis given by [13.5.3). 
Equation [13.5.8] can be written 

t+11, = (F - KH')Lt+11, + Ky, [13.5.ll) 
for L the lag operator. Provided that the eigenvalues of (F - KH') are all inside 
the unit circle, [13.5.11) can be expressed as 

t+11, = [I, - (F - KH')LJ- 1Ky1 

= [I,+ (F - KH')L + (F - KH') 2L2 + (F - KH')·'L·' + · · · )Ky,. 

[13.5.12) 

Substituting [13.5.12) into [13.5.9] gives a steady-state rule for forecasting y, + 1 as 
a linear function of its lagged values: 

E(Y,+.IY,, y,_ 1, •• • ) = H'[I, - (F - KH')LJ- 1Ky,. [13.5.13] 

Expression [13.5.13] implies a VAR(oo) representation for y, of the form 

Y,+1 = H'[l, - (F - KH'}LJ- 1Ky, + E,+i• [13.5.14) 

where 

Et+I "= Yr+I - t(Y1+.IY,, Y,-h ... ). [13.5.15] 

Thus, E,+ 1 is the fundamental innovation for Yr+l· Since E,+ 1 is uncorrelated with 
Y,-iforanyj-a:.O,itisalsouncorrelatedwithe,_ 1 = Y,-i - E'(Y,-ilY,-,-1,Y,-i-2• 
... ) for any j -a:. O. The variance-covariance matrix of E1+ 1 can be calculated using 
[13.5.15] and [13.5.10)): 

E(E,+1E:+1) = E{[Y,+1 - E(Y,+1IY,, Y,-,. · • .)) 

X [Y,-H - E'(Y,+i!Y,, Y,-1, ... )]'} [13.5.16) 

= H'PH + R. 
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Note that [13.5.14] can be written as 

{I,, - H'[I, - (F - KH')LJ- 1KL}y,+I = E,+I• [13.5.17] 

The following result helps to rewrite the VAR(00 ) representation [13.5.17] in the 
Wold MA(oo) form. 

Proposition 13.3: Let F, H', and K be matrices of dimension (r x r), (n x r), and 
(r x n), respectively, such that eigenvalues of F and of (F - KH') are all inside 
the unit circle, and let z be a scalar on the complex unit circle. Then 

{I,, + H'(I, - Fz)- 1Kz}{I,, - H'[I, - (F - KH')zJ- 1Kz} = I.,. 

Applying Proposition 13.3, if both sides of [13.5.17] are premultiplied by 
(I,. + H'(I, - FL)- 1KL), the result is the Wold representation for y: · 

Yt+I ={I,,+ H'(I, - FL)- 1KL}E1+1· [13.5.18) 

To summarize, the Wold representation can be found by iterating on [13.5.1] 
until convergence. The steady-state value for P is then used to construct K in 
[13.5.4]. If the eigenvalues of (F - KH') are all inside the unit circle, then the 
Wold representation is given by [13.5.18]. 

The task of finding the Wold representation is sometimes alternatively posed 
as the question of factoring the autocovariance-generating function of y. Applying 
result [10.3.7] to [13.5.16] and [13.5.18], we would anticipate that the autocovar
iance-generating function of y can be written in the form 

. Gv(z) = {I,, + H'(I, - Fz)- 1Kz}{H'PH + R} 

x {I,. + K'(I, - F'z- 1)- 1Hz- 1}. 
[13.5.19] 

Compare [13.5.19] with the autocovariance-generating function that we would have 
written down directly from the structure of the state-space model. From [10.3.5), 
the autocovariance-generating function of ~ is given by 

G,(z) = [I, - FzJ- 1Q[I, - F'z-lJ- 1, 

while from [10.3.6) the autocovariance-generating function of y, = H'~, + w, is 

Gv(z) = H'[I, - FzJ- 1Q[I, - F'z- 1J- 1H + R. [13.5.20] 

Comparing [13.5.19] with [13.5.20) suggests that the limiting values for the Kalman 
gain and MSE·matrices Kand P can be used to factor an autocovariance-generating 
function. The following proposition gives a formal statement of this result. 

Proposition 13.4: Let F denote an (r x r) matrix whose eigenvalues are all inside the 
unit circle; let Q and R denote symmetric positive semidefinite matrices of dimension 
(r x r) and (n x n), respectively; and let H' denote an arbitrary (n x r) matrix. Let 
P be a positive semidefinite matrix satisfying [13.5.3) and let K be given by [13.5.4). 
Suppose that eigenvalues of (F - KH') are all inside the unit circle. Then 

H'[I, - FzJ- 1Q[I, - F'z- 1J-1H + R 

={I,.+ H'(I, - Fz)- 1Kz}{H'PH + R}{I,, + K'(I, - F'z- 1)- 1Hz- 1}. 
[13.5.21] 

A direct demonstration of this claim is provided in Appendix 13.A at the end 
of this chapter. 

As an example of using these results, consider observations on a univariate 
AR(l) process subject to white noise measurement error, such as the state-space 
system of [13.1.26] and [13.1.27] with µ = 0. For this system, F = rt,, Q = u~. 
A = 0, H = 1, and R = ui. The conditions of Proposition 13.2 are satisfied as 
long as l<fil < 1, establishing that IF - KHI = 14' - Kl < 1. From equation 
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[13.5.14), the AR(co) representation for this process can be found from 

Yr+l = [1 - (,f, - K)LJ- 1Ky, + Er+l• 
which can be written 

[1 - (<f, - K)LJYr+I =Ky,+ [1 - (</, - K)L]E,+1 
or 

Y,+1 = ,f,y, + £1+1 - (</> - K)e,. [13.5.22] 
This is an ARMA(l, 1) process with AR parameter given by ,f, and MA parameter 
given by - (,f, - K). The variance of the innovation for this process can be cal
culated from [13.5.16]: 

E(e'f + 1) = o-~ + P. [13.5.23] 
The value of P can be found by iterating on [13.5.1): 

P,+ 11, = </>2[ P,1,-1 - P;1,-1/(0-~ + P,1,-1)] + o-t 

= <f,ZP,1,-10-~/(o-1 + P,i,-1) + o-i,, 
[13.5.24] 

starting from P 110 = o-t,/(1 - ,f,2), until convergence. The steady-state Kalman 
gain is given by [13.5.4]: 

K = ,f,Pl(o-t, + P). [13.5.25] 

As a second example, consider adding an MA(q 1) process to an MA(q 2) 

process with which the first process is uncorrelated at all leads and lags. This could 
be represented in state-space form as follows: 
StateEquatlon(r = q, + q, + 2): 

u,+1 
u, 

!] ["' 
0 O' 

u,-r,1+1 II/, 0 0 
Y,+ I O' 0 O' 
v, 0 0 Iq, 
: 

V,-q~ + I 
(q1 + </! + 2) X (</1 + </e + 2) 

Ob1,n,ation Equation (n = 1): 

u, 
u,_, 

u,_"• + v, 
v,-1 

v,-q, 

ll,+1 
0 

0 
v,...,1 

0 

0 

u, 
u,-1 

u,-q, 
v, 

v,-1 

v,-q, 

[13.5.26) 

[13.5.27] 

Note that all eigenvalues of F are equal to zero. Write equation [13.5.18] in the 
form 

Y,+1 ={In+ H'(I, - FL)- 1KL}e,+1 [13.5.28] 
={I,,+ H'(I, +FL+ F2L2 + F3L3 + · · ·)KL}e,+1: 

Let q • max{q1 , q2}, and notice from the structure of F that Fq+i = 0 for j = 1, 
2, .... Furthermore, from [13.5.4], FqK = Fq+lpff(H'PH + R)- 1 = 0. Thus 
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(13.5.28] takes the form 

Y,+ 1 = {l + H'(I, + FL + F2L 2 + F3L 3 

+ · · · + F"- 1L"- 1)KL}e,+1 

= {1 + o,L + 82L2 + ... + o,,Lq}e,+I• 

where 
O; = H'Fi- 1K for j = 1, 2, ... , q. 

(13.5.29] 

This provides a constructive demonstration of the claim that an MA(q 1) process 
plus an MA(q 2) process with which it is uncorrelated can be described as an 
MA(max{q1, q2 }) process. 

The Kalman filter thus provides a general algorithm for finding the Wold 
representation or factoring an autocovariance-generating function-we simply it-_ 
erate on (13.5.1] until convergence, and then use the steady-state gain from (13.5.4] 
either in (13.5.14] (for the AR(oo) form) or in (13.5.18] (for the MA(oo) form). 

Although the convergent values provide the Wold representation, for any 
finite t the Kalman filter forecasts have the advantage of calculating the exact 
optimal forecast of Yr+ 1 based on a linear function of {y,. y,_ 1, ... , y 1}. 

13.6. Smoothing 
The Kalman filter was motivated in Section 13.2 as an algorithm for calculating a 
forecast of the state vector ~, as a linear function of previous observations, 

t1,-1 = £(~,I~,-1), (13.6.lJ 

where ~,- 1 = (y;_ 1, y;_2 , ••• , y;, x;_ 1, x;_2 , ••• , x1)'. The matrix P,1,_ 1 rep
resented the MSE of this forecast: 

P,i,-1 = £((~, - tr1,-1)(~, - t1,-1)'J, (13.6.2] 
For many uses of the Kalman filter these are the natural magnitudes of interest. 
In some settings, however, the state vector~, is given a structural interpretation, 
in which case the value of this unobserved variable might be of interest for its own 
sake. For example, in the model of the business cycle by Stock and Watson, it 
would be helpful to know the state of the business cycle at any historical date t. 
A goal might then be to form an inference about the value of t, based on the full 
set of data collected, including observations on y,, Yr+I• ... , Yr, x,, X.+i, ... , 
xr, Such an inference is called the smoothed estimate oft,. denoted 

t1r = £(~,l~r), (13.6.3] 
For example, data on GNP from 1954 through 1990 might be used to estimate the 
value that t took on in 1960. The MS£ of this smoothed estimate is denoted 

P,1r '= £((~, - t1r)(t, - t1r)']. (13.6.4] 

In general, P,i, denotes the MSE of an estimate of~' that is based on observations 
of y and x through date -r. 

For the reader's convenience, we reproduce here the key equations for the 
Kalman filter: 

tr1, = t1,-1 + P,1,_ 1H(H'P,1,-iH + R)- 1(y, - A'x, - H't 1,_ 1) 

t+111 = Ft1, 

P,1, = P,1,-i - P,1,-iH(H'P,1,-iH + R)- 1H'P,1,-i 

P,+11, = FP,i,F' + Q. 
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Consider the estimate of~' based on observations through date t, t 1,. Suppose 
we were subsequently told the true value of t+ 1. From the formula for updating 
a linear projection, equation (4.5.30], the new estimate oft could be expressed 
as3 

E(tl~,+1, ~,) = t,, + {£((~, - ti1,)(~1+1 - t+11,YH 

x {ElC~,+' - t+,1,)C~,+' - t+,,,rn-, (13.6.9J 

X (~1+ I - t+ t1,). 

The first term in the product on the right side of (13.6.9] can be written 

£((~, - t1,)(~1+1 - t+q,)'] = £((~, - t1,)(F~, + v,+1 - Ft1,)'], 

by virtue of (13.2.1] and (13.6.6]. Furthermore, v,+ 1 is uncorrelated with ~' and 
t 1,. Thus, 

£((~, - t1,)(~1+ 1 - €r+ q,)'] = £((~, - t1,)(~, - t1, )'F'] = P,1,F'. (13.6. IO] 

Substituting (13.6.10] and the definition of P,+ 11, into (13.6.9] produces 

£(~,l~1+l• ~,) = t,, + P,1,F'P,~'11,(~,+I - t+11,), 

Defining 

J, = P,1,F'P,~111,, (13.6.11] 

we have 

[13.6.12] 

Now, the linear projection in (13.6.12] turns out to be the same as 

[13.6.13] 

that is, knowledge of Y,+i or x,+i for j > 0 would be of no added value if we already 
knew the value of ~i+I· To see this, note that Y,+; can be written as 

Y1+i = A'x,+i + H'(Fi-I~r+I + Fi- 2v,+z + F 1- 3v,+_1 + · · · + v,+;)+ w,+j· 

But the error 

(13.6.14] 

is uncorrelated with~,+ 1, by the definition of a linear projection, and uncorrelated 
with x,+;• w,+J• v,+i• v,+;-,, ... , v,+z under the maintained assumptions. Thus, 
the error [13.6.14] is uncorrelated with Yr+/ or x,+; for j > 0, meaning that (13.6.13] 
and [13.6.12] are the same, as claimed: 

. E(~,l~1+t• ~r) = t1, + J,(~r+I - t+11,), (13.6.15] 

It follows from the law of iterated projections that the smoothed estimate, 
E(~,l~r), can be obtained by projecting [13.6.15] on ~r- In calculating this pro
jection, we need to think carefully about the nature of the magnitudes in (13.6.15]. 
The first term, t,i,, indicates a particular exact linear function of~,; the coefficients 
of this function are constructed from population moments, and these coefficients 
should be viewed as deterministic constants from the point of view of performing 
a subsequent projection. The projection of t 1, on ~r is thus still t[,, this same 

'Here, Y, = ~" Y2 = t+i• and Y, = "'·· 
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linear function ofllY,-we can't improve on a perfect fit!4 The term J1 in (13.6.11] 
is also a function of population moments, and so is again treated as deterministic 
for purposes of any linear projection. The term t+, 11 is another exact linearfunction 
of IJY,. Thus, projecting (13.6.15] on oY7 turns out to be trivial: 

l:(~,loYr) = t1, + J,(£(~1+ 1 lllYr) - ti+ 11il, 
or 

(13.6.16] 

Thus, the sequence of smoothed estimates {t 17}T= 1 is calculated as follows. 
First, the Kalman filter, (13.6.5] to (13.6.8], is calculated and the sequences 
{t1,}T..1, {t+i1,}T-ii, {P,1,}T=i• and {P1+ 11,}/~--;,1 are stored.1:he smoothed estimate 
for the final date in the sample, trir, is just the last entry in {~11,}f_ 1. Next, (13.6.11] 
is used to generate {J,}T--r From this, (13.6.16] is used fort= T - 1 to calculate. 

tr-Jlr = tr-11r-1 + Jr-1(tr1r - trir-1)-
Now that tr-llr has been calculated, (13.6.16] can be used fort = T - 2 to 
evaluate 

tr-21r = tr-211·-2 + Jr-iCtr-Jlr - tr-11r-2)-
Proceeding backward through the sample in this fashion permits calculation of the 
full Set Of smoothed estimates, {ti r} ;=I. 

Next, consider the mean squared error associated with the smoothed estimate. 
Subtracting both sides of (13.6.16] from t, produces 

t, - t1r = t, - t1, - J,t+JIT + J,t+llt 
or 

t, - t1r + J1t+11r = t - t11 + J,t+Ilr· 
Multiplying this equation by its transpose and taking expectations, 

£[(',;, - t1r)(t - tr1r)'] + J,£[Ct+11rt+11r)JJ; 

= £[(',;, - t,i,)(',;, - ti,)'] + J,£((t+Ilrt+11,)]J;. 
(13.6.17] 

The cross-product terms have disappeared from the left side because t+ llT is a 
linear function of "&7 and so is uncorrelated with the projection error I,;, - t 17. 

Similarly, on the right side, t+ 11, is uncorrelated with I,;, - tr1,. 
· Equation [13.6.17] states that 

P,1r = P,1, + J,{-E[Ct+wt+Ilr)] + E[Ct+11,t+11,)]}J;. (13.6.18] 

'The law of iterated projections states that 

£(~,1'11,l = £[£(~.1'11,ll'll,J. 

The law of iteraled projections thus allows us to go from a larger information set to a smaller. Of 
course, the same operation does not work in reverse: 

E(tl'II,) ic- £[£(~,1'11,)l~,l 

We cannot go from a smaller information set to a larger. 
An example may clarify this point. Let y, be an i.i.d. zero-mean sequence with 

e, = ,,, + y,, ,. 

Then 

t:(t, I y,) = ,,, 
and 

E[E(f,IY,)IY,, y,.,I = E[µ,ly,. y,.,1 = µ,. 
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The bracketed term in (13.6.18) can be expressed as 

-E((t+11rt+11r)] + E[Ct+11,t+11,)] 

= {E[(t,+1t:+1)] - E[Ct+11rt+11r)]} - {E[(t,+1t:+i>l - E[Ct+11,~:+11,)]} 

= {E[(t,+1 - t+11r)(t,+1 - t+11r>'H - {E[(t,+1 - t+11,)(t,+1 - t+11,)']} 

= P,+IIT - P,+11,. 

The second-to-last equality used the fact that 

E[t+1t+11r] = E[(t,+1 - t+11r + t+11r)t+11rl 

= E[(t+1 - t+11r)t+11rl + E[t+11rt+11rl 

= E[t+11rt+qr), 

(13.6.19) 

since the projection error (t,+ 1 - t+ 1 p·) is uncorrelated with t + 11 r- Similarly. 
E(t+ it+ 11,) = E(t+ 11,t+ 11,). Substituting (13.6.19] into [13.6.18] establishes that 
the smoothed estimate ~ti r has MSE given by 

P,1r = P,1, + J,(P,+11r - P,+q,)J;. (13.6.20) 
Again, this sequence is generated by moving through the sample backward starting 
with t = T - 1. 

13. 7. Statistical Inference with the Kalman Filter 
The calculation of the mean squared error 

PT1I = E((~T - t1,)(tT - t,,)'] 
described earlier assumed that the parameters of the matrices F, Q, A, H, and R 
were known with certainty. Section 13.4 showed how these parameters could be 
estimated from the data by maximum likelihood. There would then be some sam
pling uncertainty about the true values of these parameters, and the calculation of 
PT1, would need to be modified to obtain the true mean squared errors of the 
smoothed estimates and forecasts. 5 

Suppose the unknown parameters are collected in a vector 8. For any given 
value of 8, the matrices F(O), Q(O), A(O), H(O), and R(O) could be used to construct 
t 1r(8) and PT1r(8) in the formulas presented earlier; for -r :s; T, these are the 
smoothed estimate and MSE given in (13.6.16) and [13.6.20], respectively; while 
for -r > T, these are the forecast and its MSE in [13.3.25] and [13.3.27). Let 
'!Ir a (Yr, Yr-1• • , • , Y;, Xr, Xr-1, • • • , X D' denote the observed data, and let 
80 denote the true value of 8. The earlier derivations assumed that the true value 
of 8 was used to construct t 1r(8 0) and PT1r(80). 

Recall that the formulas for updating a linear projection and its MSE, (4.5.30) 
and [4.5.31], yield the conditional mean and conditional MSE when applied to 
Gaussian vectors; see equation [4.6.7). Thus, if {v ,}, {w,}, and t 1 are truly Gaussian, 
then the linear projection ~T1r(8 0) has the interpretation as the expectation of tT 
conditional on the data, 

(13.7.11 
while PT1r(8 0) can be described as the conditional MSE: 

PT1r(80) = E{[tT - lT1r(8o)][t, - lT1r(8o)]'l~r}- [13.7.2) 
Let 8 denote an estimate of 8 based on llYr, and let t 1 r(O) denote the estimate 

that results from using 8 to construct the smoothed inference or forecast in (13.6.16] 

'This discussion is based on Hamilton (1986). 
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or [13.3.25]. The conditional mean squared error of this estimate is 

E{[~T - t1r(8)@T - t1r(8)J'loYr} 

= E{[~T - t1r(80) + t1r(80) - t1r(8)] 

X [~T - t1r(80) + t1r(8,1) - t1r(8)J'loYr} 

= E@T - t1r(8o)][~T - t1r(8u)]'loYr} 

+ E{[t,r(8o) - t1 r(8)](t1r(80) - t1r(8)]' l~r}

Cross-product terms have disappeared from (13.7.3], since 

E{[t1r(80) - t1r(8)][~T - t1r(8o)]'loYr} 

= [t1r(80) - t1r(8)] X E{[~T - tT1r(8o)J'l~r} 

= [t1r(80) - t1r(8)] x O'. 

(13.7.3] 

The first equality follows because t 17(811) and tT1r(8) are known nonstochastic 
functions of ~r, and the second equality is implied by (13. 7 .1 ]. Substituting (13. 7.2] 
into [13.7.3] results in 

E{[~T - t1r(8)][~T - t1r(8)J'loYr} 
= PT1r(80) + E{[t1r(80) - t1r(O)](t1r(80) - t1rC8)]'loYr}. [l 3-7.4] 

Equation (13. 7.4] decomposes the mean squared error into two components. 
The first component, PT17(80), might be described as the "filter uncertainty." This 
is the term calculated from the smoothing iteration (13.6.20] or forecast MSE 
[ 13.3.27] and represents uncertainty about ~T that would be present even if the 
true value 911\vere known with certainty. The second term in (13.7.4], 

E{[t,r(8o) - t1r(O)][t1r(80) - t1r(8)]'}, 

might be called "parameter uncertainty." It reflects the fact that in a typical sample, 
8 will differ from the true value 80 . 

A simple way to estimate the size of each source of uncertainty is by Monte 
Carlo integration. Suppose we adopt the Bayesian perspective that 8 itself is a 
random variable. From this perspective, (13. 7.4) describes the MSE conditional on 
8 = 80 . Suppose that the posterior distribution of 8 conditional on the data oY7 is 
known; the asymptotic distribution for the MLE in (13.4.6] suggests that 8 loYr 
might be regarded as approximately distributed N(8, (1/T) · J - 1), where 8 denotes 
the MLE. We might then generate a large number of values of 8. say, 
9(11, 9<21, ... , 9<2•m1, drawn from a N(9, (1/T) · J - ') distribution. For each draw 
(j), we could calculate the smoothed estimate or forecast t 1r(8<il). The devia
tions of these estimates across Monte Carlo draws from the estimate t 1r(8) 
can be used to describe how sensitive the estimate t 17(8) is to parameter uncer
tainty about 8: 

2000
1 2f1 rnT17-(8<i1) - t1r(O)][t1r(8Ul) - t1r(8)]'. [13.7.5] 

1= l 

This affords an estimate of 

E{[t1r(8) - t1r(O)][t1r(8) - t1r(8)J'loYr}, 
where this expectation is understood to be with respect to the distribution of 8 
conditional on oYr. 

For each Monte Carlo realization O<i>, we can also calculate PT17(8Ul) from 
(13.6.20] or (13.3.27]. Its average value across Monte Carlo draws, 

(13.7.6] 
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provides an estimate of the filter uncertainty in [13.7 .. 4], 

E[P,.1 r(8) l't#r]-
Again, this expectation is with respect to the distribution of 8 l't#r. 

The sum of (13. 7.5] and [13. 7 .6] is then proposed as an MSE for the estimate 
~. 17(8) around the true value 4;,.. 

13.8. Time-Varying Parameters 

State-Space Model with Stochastically Varying Coefficients 

Up to this point we have been assuming that the matrices F, Q, A, H. and 
R were all constant. The Kalman filter can also be adapted for more general state
space models in which the values of these matrices depend on the exogenous or 
lagged dependent variables included in the vector x,. Consider 

~,+ 1 = F(x,)~, + v,+ 1 

y, = a(x,) + [H(x,)]'~, + w,. 

(13.8.1] 

(13.8.2] 

Here F(x,) denotes an (r x r) matrix whose elements are functions of x,; a(x,) 
similarly describes an (n x 1) vector-valued function. and H(x,) an (r x n) matrix
valued function. It is assumed that conditional on x, and on data observed through 
date t - 1. denoted 

CW,-1 = (y;_t, y;_2, ... , y;, x;_ 1, x;_2, ... , x~)', 
the vector (v;+I• w;)' has the Gaussian distribution 

[ v,+1 j ~ ]- N([o] [Q(x,) o ]) 
w, x,, ,-, 0 ' 0 R(x,) . [13.8.3] 

Note that although [ 13.8.1] to (13.8.3] generalize the earlier framework by allowing 
for stochastically varying parameters. it is more restrictive in that a Gaussian dis
tribution is assumed in (13.8.3]; the role of the Gaussian requirement will be 
explained shortly. 

Suppose it is taken as given that 4;,I~,-• - N(t 1,_ 1, P,1,_ 1 ). Assuming as 
before that x, contains only strictly exogenous variables or lagged values of y, this 
also describes the distribution of 4;,I x,, "6,_ 1• It follows from the assumptions in 
(13.8.1) to (13.8.3) that 

[!:Ix,. ~,-·J 
_ N([ t1,-1 ] [ P,1,-1 

a(x,) + [H(x,))'{,i,- 1 ' H'(x,)P,1,-i 
P,1,-,H(x,) ]) 

[H(x,))'P, 1,_ 1H(x,) + R(x,) . 
(13.8.4) 

Conditional on x,, the terms a(x,). H(x,), and R(x,) can all be treated as deter
ministic. Thus, the formula for the conditional distribution of Gaussian vectors 
(4.6.7) can be used to deduce that 6 

4;,IY,, x,, 'ti,_, E ~,1"6, - N(t1,, P,i,), (13.8.5] 

•Here Y, • y,. Y, = !;,. p.1 = a(x,) + [H(x,)]'t,1,. 1, p.z "' t,,_,, 0 11 = {[H(x,))'P,1,-,H(x,) + 
R(x,)}, n,, .. P,1,.,. and o,. = P,1, .• H(x,). 
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where 

t1, = ~,i,-1 + { P,i,-1H(x,)[(H(x,)]'P,1,-iH(x 1) + R(x,)]- 1 

} 
(13.8.6) 

x [y, - a(x,) - (H(x,)J't1,-1] 

P,1, = P,1,-1 - {P,1,-1H(x,) 
[13.8.7] 

x [(H(x,))'P,1,_ 1H(x,) + R(x1)]- 1[H(x1))'P,i,-i }· 

It then follows from (13.8.1] ~nd (13.8.3] that~,+ ii~, - N(t+ 11,. P,+ 11,). where 

t+111 = F(x,)~,i, [13.8.8) 
P,+11, = F(x,)P,1,(F(x,)]' + Q(x,). [13.8.9)" 

Equations (13.8.6] through (13.8.9] are just the Kalman filter equations [13.2.15], 
(13.2.16], [13.2.17], and (13.2.21] with the parameter matrices F, Q, A, H, and R 
replaced by their time-varying analogs. Thus, as long as we are willing to treat the 
initial state ~1 as N(~110, P110). the Kalman filter iterations go through the same as 
before. The obvious generalization of (13.4. 1) can continue to be used to evaluate 
the likelihood function. 

Note, however, that unlike the constant-parameter case, the inference (13.8.6) 
is a nonlinear function of x,. This means that although [13.8.6) gives the optimal 
inference if the disturbances and initial state are Gaussian, it cannot be interpreted 
as the linear projection of ~, on ~, with non-Gau~sian disturbances. 

Linear Regression Models with Time-Varying Coefficients 

One important application of the state-space model with stochastically varying 
parameters is a regression in which the coefficient vector changes over time. Con
sider 

Y, = x;p, + w,, (13.8.10) 

where x, is a (k x 1) vector that can include lagged values of y or variables that 
are independent of the regression disturbance wT for all -r. The parameters of the 
coefficient vec~or are presumed to evolve over time according to 

(fl,+1 - ii)= F(p, - ii)+ V1+1· [13.8.11) 

If the eigenvalues of the (k x k) matrix F are all inside the unit circle, then p has 
the interpretation as the average or steady-state value for the coefficient vector. 
If it is further assumed that 

[13.8.12) 

then [13.8.10) to (13.8.12) will be recognized as a state-space model of the form 
of [13.8.1) to [13.8.3) with state vector~, = P, - p. The regression in [13.8.10) 
can be written as 

y, = x;ji + x;~, + w,, [13.8.13] 

which is an observation equation of the form of [13.8.2) with a(x,) = x;p, 
H(x,) = x,, and R(x,) = u 2 • These values are then used in the Kalman filter 
iterations [13.8.6) to [13.8.9). A one-period-ahead forecast for [13.8.10) can be 
calculated from [13.8.4) as 

E(y,lx,, ~,- 1) = x;ii + x;~11,_ 1 , 
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where {t 1,_ 1 };'_ 1 is calculated from [13.8.6] and (13.8.8]. The MSE of this forecast 
can also be inferred from (13.8.4]: 

E[(y, - x;ii - x;t1,-1)2lx,, ~,-il = x:P,i,- 1x, + CT2, 

where {P,1,_ 1 };_ 1 is calculated from [13.8.7] and (13.8.9]. The sample log likelihood 
is therefore 

T T 

L logf(y,lx,, ~,- 1) -(T/2) log(27r) - (1/2) I log(x;P,1,_ 1x, + u 2) 
,- I ,-1 

T 

- (l/2) I (y, - x;ii -c x;t 1,_ i)2/(x;P,1,_ 1x, + u 2). 
t= I 

The specification in [13.8.11] can easily be generalized to allow for a pth-
order VAR for the coefficient vector P, by defining~;""' [(P, - ii)', (P,- 1 - ii)', 
... , (P,-,,+1 - ii)'] and replacing (13.8.11) with llf) I lf)2 • • • cfJ,, - I If)]/ 

lk O · · · 0 0 
0 Ik · · · 0 0 t, + . . . . . . . . . . . . . . . 

0 0 · · · lk 0 rn 
Estimation of a VAR with Time-Varying Coefficients 

Section 12.2 described Litterman's approach to Bayesian estimation of an 
equation of a vector autoregression with constant but unknown coefficients. A 
related approach to estimating a VAR with time-varying coefficients was developed 
by Doan, Litterman, and Sims (1984). Although efficiency might be improved by 
estimating all the equations of the VAR jointly, their proposal was to infer the 
parameters for each equation in isolation from the others. 

Suppose for illustration that equation (13.8.10] describes the first equation 
from a VAR, so that the dependent variable (y,) is y 1, and the (k x I) vector of 
explanatoryvariablesisx, = (l,y;_1,Y;_ 2, ... , y;_,,)', wherey, = (Y1,,Yi,,. 
y,,,)' and k = np + 1. The coefficient vector is 

P, = (cu, cfJ\11'.,, cfJ\~'.,, · · · , cfJ\;,>_,, cfJ\~'.,, 4'\t, · · · , cfJ\;/.,, · · · , 
cfJ\t. cp\~_(, ... 'cp\;;•,)'' 

where ct,\"?, is the coefficient relating y 1, to Y;J-s' This coefficient is allowed to be 
different for each date t in the sample. 

Doan, Litterman, and Sims specified a Bayesian prior distribution for the 
initial value of the coefficient vector at date 1: 

P1 - N(ii, P110)- (13.8.14] 
The prior distribution is independent across coefficients, so that P110 is a diagonal 
matrix. The mean of the prior distribution, p, is that used by Litterman (1986) for 
a constant-coefficient VAR. This prior distribution holds that changes in y 1, are 
probably difficult to forecast, so that the coefficient on y 1_,_ 1 is likely to be near 
unity and all other coefficients are expected to be near zero: 

ii= (0, 1,0,0, ... ,0)'. (13.8.15] 
As in Section 12.2, let 'Y characterize the analyst's confidence in the prediction that 
ct,\\'.1 is near unity: 

cp\\\ - N(l, -y2 ). 

Smaller values of 'Y imply more confidence in the prior conviction that cfJ\1i'.1 is near 
unity. 

The coefficient cfJ\'/.1 relates the value of variable 1 at date 1 to its own value 
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s periods earlier. Doan, Litterman, and Sims had more confidence in the prior 
conviction that <!>W., is zero the greater the lag, or the larger the value of s. They 
represented this with a harmonic series for the variance, 

<I>\'?., - N(0, y 2/s) for s = 2, 3, ... , p. 
The prior distribution for the coefficient relating variable 1 to lags of other 

variables was taken to be 

<!>\?, - N( o, wz~-~/1) ! : i'.;: : : : : ; . [13.8.16) 

As in expression [12.2.4], this includes a correction (-rrlf}) for the scale of y 1, 

relative to Yir• where fJ is the estimated variance of the residuals for a univariate 
fixed-coefficient AR(p) process fitted to series j. The variance in [13.8.16) also 
includes a factor w2 < 1 representing the prior expectation that lagged values of 
Yi for j ,/:. 1 are less likely to be of help in forecasting y 1 than would be the lagged 
values of y 1 itself; hence, a tighter prior is used to set coefficients on Y; to zero. 

Finally, let g describe the variance of the prior distribution for the constant 
term: 

C1.1 - N(0, g·fT). 
To summarize, the matrix P110 is specified to be 

P,10 = [g~ff O' ] 
(B (8) C) , 

[13.8.17) 

where 

' 0 0 0 r 
0 y2/2 0 0 

B 0 0 y2/3 0 
(p Xf>) 

0 0 0 y2/p 

1 0 0 0 

0 w2ff /f~ 0 0 

C 0 0 w2ff/fj 0 
(nXn) 

0 0 0 w2ff /f~ 
For typical economic time series, Doan, Litterman, and Sims recommended using 
y2 = 0.07, w2 = 1n4, and g = 630. This last value ensures that very little weight 
is given to the prior expectation that the constant term is zero. 

Each of the coefficients in the VAR is then presumed to evolve over time 
according to a first-order autoregression: 

13,+1 = 7Ts"f3, + (1 - 7Ts)·P + V1+1· [13.8.18) 

Thus, the same scalar 1r8 is used to describe a univariate AR(l) process for each 
element of fl,; Doan, Litterman, and Sims recommended a value of 1r8 = 0.999. 
The disturbance v, is assumed to have a diagonal variance-covariance matrix: 

E(v,v;) = Q. [13.8.19) 

For all coefficients except the constant term, the variance of the ith element of v, 
was assumed to be proportional to the corresponding element of P110• Thus, for 
i = 2, 3, ... , k, the row i, column i element of Q is taken to be 7T7 times the row 
i, column i element of P, 10• The (1, 1) element of Q is taken to be 1r7 times the 
(2, 2) element of Pq0 • This adjustment is used because the (1, 1) element of P110 
represents an effectively infinite variance corresponding to prior ignorance about 
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the value for the constant term. Doan, Litterman, and Sims recommended 71"7 = 
10- 7 as a suitable value for the constant of proportionality. 

Equation (13.8.18] can be viewed as a state equation of the form 

~,+, = F~, + v,+ 1, (13.8.20] 
where the state vector is given by t, = (13, - jj) and F = 71"8 • lk. The observation 
equation is 

Y1r = x;j3 + x; t, + W1r· [13.8.21] 
The one parameter yet to be specified is the variance of w 1,, the residual in the 
VAR. Doan, Litterman. and Sims suggested taking this to be 0.9 times fr. 

Thus. the sequence of estimated state vectors {t1,} T~ 1 is found by iterating 
on [13.8.6] through [13.8.9] starting from ~, 1~ = 0 a'!_d P 110 given by [13.8.17], with 
F(xr) = 71", • Ik, Q(x,) = 71"7 • P110, a(x,) = x;l3 with 13 given by (13.8.15], H(x,) = 
x,. and R(x,) = 0.9 · Tf. The estimated coefficient vector is then ~, 1, = j3 + tr1,· 
Optimal one-period-ahead forecasts are given by y,_,+Jlr = x;p,1,. 

Optimal s-period-ahead forecasts are difficult to calculate. However, Doan, 
Litterman, and Sims suggested a simple approximation. The approximation takes 
the optimal one-period-ahead forecasts for each of the n variables in the VAR, 
y, + 1 Ir, and then treats these forecasts as if they were actual observations on y, + 1• 

Then £(y,+ 2 1Yr, Yr-I• ... , y1) is approximated by £(Y,+ 2 IY,+ 1• y,, ... , y 1) eval
uated at Y,+1 = E(Y,+ilY,. y,_ 1, ••• , y 1). The law of iterated expectations does 
not apply here, since E(Yr+zlY,+ 1, Yr, ...• y 1) is a nonlinear function of Yr+1· 
However, Doan, Litterman, and Sims argued that this simple approach gives a 
good approximation to the optimal forecast. 

APPENDIX 13.A. Proofs of Chapter 13 Propositions 

• Proof of Proposition 13.1.7 RecaH that P,. ,1, has the interpretation as the MSE of the 
linear projection of~,., on ~r"' (y;, y; ,, ... , y;, x;. x;_,, ... , x:)', 

P,.,1, = MS£(£(L,I~.)]. [13.A.l] 
Suppose for some reason we instead tried to forecast~,., using only observations 2, 3 .... , 
/, discarding the observation for date I = I. Thus, define ~; ,. (y;, y; _,, ... , y;. x;, 
x;_ 1 , ••• , x;)', and let 

P;.,1,"' MSE[E(L,l~:)J. (13.A.2] 
Then dearly, (13.A.2) cannot be smaller than [13.A.1), since the linear projection 
E(t. 1 I~,) made optimal use of~: along with the added information in (y;, x ;)'. Specif
ically. if his any (r x 1) vector, the linear projection of z,., = h't., on~, has MSE given 
by 

E[z,., - e'(z,.,l~,)P = E[h'~,., - h'·E(L.l~,)F 
= h'·E{[L, - E(L,l~r)l[L, - E(L,l~,)l'}·h 
= h'P,., 1,h. 

Similarly, the linear projection of z,., on lllJ; has MSE h'P;'., 1,h, with 
h'P,. 11,h s h'P,•. 11,h. (13.A.3) 

But for a system of the form of [13.2.1) and [13.2.2] with eigenvalues of F inside the unit 
circle and time-invariant coefficients, it will be the case that 
MSE[E(~,+, Jy,, Yr-,, · · . , Y2, Xr, X,_,, · · · , X2)] 

= MSE[E(tlY,-,, y,_2, ••• , y,, x,_ ,, xr-,, ... , x,)J, 
that is, 

Hence, (13.A.3] implies that 
h'Pr. 11,h s h'P,1,_ 1h 

'The arguments in the proofs of Propositions 13.1 and 13.2 are adapted from Anderson and Moore 
(1979, pp. 76-82). 
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for any (r x l) vector h. The sequence of scalars {h'P,, 11,h},7~, is thus monotonically 
nonincreasing and is bounded below by zero. It therefore converges to some fixed non
negative value. Since this is true for any (r X l) vector hand since the matrix P,, , 1, is symmet
ric, it follows that the sequence {P,, , 1,}; , converges to some fixed positive semidefinite ma
trix P. 

To verify the claims about the eigenvalues of the matrix (F - KH'), note that if Pis 
a fixed point of [13.5.3], then it must also be a fixed point of the equivalent difference 
equation f 13.2.28]: 

P = (F - KH')P(F - KH')' + KRK' + Q. 
Let x denote an eigenvector of (F - KH')' and A its eigenvalue: 

(F - KH')'x = Ax. 

[13.A4] 

[13.A.5] 

Although F, K, and Hare all real, the eigenvalue ,\ and eigenvector x could be complex. 
If x11 denotes the conjugate transpose of x. then 

x11(F - KH')P(F - KH')'x = [(F - KH')'x]"P[(F - KH')'x] 
= [Ax]11P[Ax] 
= IAl'x 11Px. 

Thus. if [13.A.4] is premultiplied by x 11 and postmultiplied by x, the result is 

x"Px = IAl'x 11Px + x"(KRK' + Q)x. 
or 

(l - IAl')x"Px = x"(KRK' + Q)x. 113.A.6] 

Now, (KRK' + Q) is positive semidefinite, so the right side of [13.A.6] is nonnegative. 
Likewise, P is positive semidefinite, so x"Px is nonnegative. Expression [13.A.6] then 
requires I A I s 1. meaning that any eigenvalue of (F - KH') must be on or inside the unit 
circle. as claimed. • 

• Proof of Proposition 13.2. First we establish the final claim of the proposition, concerning 
the eigenvalues of (F - KH'). Let P denote any positive semidefinite matrix that satisFies 
[ 13.A.4], and let K be given by f 13.5.4]. Notice that if Q is positive definite. then the right 
side of [13.A.6] is strictly positive for any nonzero x, meaning from the left side off 13.A.6] 
that any eigenvalue A of (F - KH') is strictly inside the unit circle. Alternatively, if R is 
positive definite, then the only way that the right side of [13.A.6] could fail to be strictly 
positive would be if K'x = 0. But from [13.A.5]. this would imply that F'x = Ax, that is, 
that x is an eigenvector and A is an eigenvnlue of F'. This, in turn, means that A is an 
eigenvalue of F, in which case IAI < l. by the assumption of stability of F. Thus. there 
cannot be an eigenvector x of (F - KH')' associated with an eigenvalue whose modulus is 
greater than or equal to unity if R is positive definite. 

Turning next to the rest of Proposition 13.2. let {P,, 11,} denote the sequence that 
results from iterating on [13.5.1] starting from an arbitrary positive semidefinite initial value 
P1111. We wil! show that there exist two other sequences of matrices. to be denoted 
{f, , 11,} and {P, , , 1,}. such that 

fi+ 11, s P,, 11, s P,. 11, for all 1, 

where 
~i~ f,. 11, = lim ii,. 11, = P 

and where P does not depend on P1111• The conclusion wiU then be that {P,+ 11,} converges 
to P regardless of the value of P,1,,. 

To construct the matrix f,. 11, that is to be offered as a lower bound on P,, 11,. 

consider the sequence {f,. 11,} that results from iterating on [13.5. l] starting from the 
initial value f, 1,, = O. This would correspond to treating the intial state ~' as if known 
with certainty: 

f,,, 1, = MS£[£(~" 1 I~ .. ~.)). [13.A.7) 
Note that y, and x, are correlated with~,. 1 for I= I, 2, ... only through the value of~,. 
which means that we could equally well write 

f,. 1 I• = MSE[E(~,., I~,·. ~.)]. [13.A.8] 
where~; "" (y;, y; 1, ••• , y;, x;, x;_ , ..... x;)'. Added knowledge about ~2 could not 
hurt the forecast: 

MS£[£(~,.,IGY;. ~2• ~.)] :S MS£[£(~ •• ,I~;'. ~.)], 
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and indeed, ~, is correlated with ~,+ 1 for t = 2, 3, ... only through the value of~,: 

MS£(£(~.+1I~:. ~,. ~,)] = MSE(E(~, e1I~,·. ~,)]. (13A 10] 

Because coefficients are time-invariant, 

MSE(E(t.,I~;'. ~,)] = MSE[E(~,I~,-,, ~,)] = r,1,-1· (13.A.ll] 

Thus, (13.A. !OJ and (13.A. 11] establish that the left side of [13.A.9] is the same as r,1, 1 , 

while from (13.A.8] the right side of (13.A.9] is the same as '.'.,+w Thus, (13.A.9] states 
that 

~dr-1 :5 ~1+llt• 

so that {f,. 11,} is a monotonically nondecreasing sequence; the farther in the past is the 
perfect information about ~1• the less value it is for forecasting t. 1. 

Furthermore, a forecast based on perfect information about ( 1• for which f,, 11, 
gives the MSE, must be better than one based on imperfect information about ~1• for which 
P,, 11, gives the MSE: 

for all t. 

Thus. f,, 11, puts a lower bound on P,, 11,. as claimed. Moreover, since the sequence 
{~,, 11,} is monotonically nondecreasing and bounded from above, it converges to a fixed 
value P satisfying f 13.5.3] and [13.A.4]. _ 
_ To construct an upper bound on P,, 11,, consider a sequence {P,, 11,} that begins with 
P11,, = P11,,, the same starting yalue that was used to construct {P,. 11,}. RecaU that P,. 11, 

gave the MSE of the sequence~., 11, described in equation (13.2.20]: 

t' '1, = F~,i, ' + K,(Y, - A'x, - H't1,-· i)-

Imagine instead using a sequence of suboptimal inferences {t. 11,}defined by the recursion 

t, 11, = F§,i, , + K(y, - A'x, - H'~,i,- 1), f 13.A.12] 

where K is the value calculated from ( 13.5.4] in which the steady-stat_e value for Pis taken 
to be the limit of the sequence {r,,, 1,}. Note that the magnitude ~,,, 1, so defined is a 
linear function of~, and so must have a greater MSE than the optimal inference ~" 11,: 

P,+11, = Ef(t.1 - t,-11,)(t" - ~" 11,)'] 2: P,.,1,· 

Thus. we have established that 

f,..,,, S p1+l11 S P,+llr 
and that r,, ,1,-,. P. The proof will be complete if we can furtltt:r show that P,, 11, ·-> P. 
ParaUel calculations to those leading to [ 13.2.28] reveal that 

P,,,1, = (F- KH')P,
1

,_ 1(F- KH')' + KRK' + Q. (13.A.13] 

Apply the vec operator to both sides of [13.A.13] and recall Proposition 10.4: 

vec(P,. 11,) = II vec(P, 1, 1) + c = (I,.,+ II+ II'+ ·· · + 111-1], + 91\' vec(P 1i,i), 

where 
II = (F - KH') ® (F - KU') 
c"" vec(KRK' + Q). 

Recall further that since either R or Q is positive definite, the value of K has the 
property that all eigenvalues of (F - KH') are strictly less than unity in modulus. Thus, all 
eigenvalues of 91\ are also strictly less than unity in modulus, implying that 

:".1vec(P,. 11,) = (I,, - 11)-•c, 

the same value regardles_s of the starting value for P 1111• In particular, if the iteration on 
(13._A.13] is started with P11., = P, this being a fixed pomt of the iteration, the result would 
be P,. 11, = P for all 1. Thus, · 

:n.i P,.,1, = P. 

regardless of the value of P,111 = P, 111 from which the iteration for P,.,1, is started. • 
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• Proof of Proposition 13.3. Observe that 
{I,,+ H'(I, - Fz)- 1Kz}{I. - H'[I, - (F - KH')zJ- 1Kz} 

= I,, - H'[I, - (F - KH')zJ- 1Kz + H'(I, - Fz)- 1Kz 

- {H'(I, - Fz)- 1Kz}{H'[I, - (F - KH')z]- 1Kz} 

= I,,+ H'{-[I, - (F - KH')zJ-' + [I, - FzJ-• 

- [I, - FzJ- 1KH'z[I, - (F - KH')zJ-•}Kz. 

[13.A.14) 

The term in curly braces in the last line of [13.A.14) is indeed zero, as may be verified by 
taking the identity 

-[I, - Fz] + [I, - (F - KH')z) - KH'z = 0 

and premultiplying by [I, - FzJ- 1 and postmultiplying by [I, - (F - KH')zJ- 1: 

-[I, - (F - KH')zJ- 1 + [I, - FzJ- 1 

- [I, - FzJ- 1KH'z[I, - (F - KH')zJ- 1 = 0. • 

• Proof of Proposition 13.4. Notice that 
{I,,+ H'(I, - Fz)-'Kz}{H'PH + R}{I,, + K'(I, - F'z- 1)- 1Hz- 1} 

= {H'PH + R} + H'(I, - Fz)- 1K{H'PH + R}z 
+ {H'PH + R}K'(I, - F'z- 1)- 1Hz-' 

+ H'(I, - Fz)- 1K{H'PH + R}K'(I, - F'z- 1)- 1H. 

Now [13.5.4) r;quires that 
. K{H'PH + R} = FPH 

{H'PH + R}K' = H'PF' 
K{H'PH + R}K' = FPH{H'PH + R}- 'H'PF' 

= FPF' - P + Q, 

[13.A.15] 

[13.A.16] 

[13.A.17) 
[13.A.18] 

[13.A.19] 

with the last equality following from [13.5.3]. Substituting [13.A.17) through [13.A.19) into 
[13.A.16) results in 

{I,,+ H'(I, - Fz)-'Kz}{H'PH + R}{I,, + K'(I, - F'z-•)- 1Hz- 1} 

= {H'PH + R} + H'(I, - Fz)- 1FPHz + H'PF'(I, - F'z- 1)-'Hz-' 

+ H'(I,. - F z)- '{FPF' - P + Q}(I, - F'z- 1)- 1H 

= R +-H'{P + (I, - Fz)- 1FPz + PF'(I, - F'z- 1)- 1z- 1 

+ (I, - Fz)- 1{FPF' - P + Q}(I,. - F'z- 1)- 1}H. 

The result in Proposition 13.4 follows provided that 
P + (I, - Fz)-'FPz + PF'(I, - F'z- 1)-•z-• 

+ (I, - Fz)- 1{FPF' - P}(I, - F'z- 1)- 1 = 0. 

To verify that [13.A.21] is true, start from the identity 
(I, - Fz)P(I, - F'z- 1) + FPz(I, - F'z-') 

+ (I, - Fz)PF'z- 1 + FPF' - P = 0. 

[13.A.20) 

[13.A.21] 

[13.A.22) 

Premultiplying [13.A.22] by (I, - Fz)- 1 and postmultiplying by (I, - F'z- 1)- 1 confirms 
[13.A.21). Substituting [13.A.21) into [13.A.20) produces the claim in Proposition 13.4. • 

Chapter 13 Exercises 

13.1. Suppose we have a noisy indicator y on an underlying unobserved random variable 
f: 

y = f + E. 
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Suppose moreover that the measurement error (e) is N(O, -r2), while the true value t is 
N(,,. u'), with e uncorrelated with f Show that the optimal estimate oft is given by 

u2 
E(t!y) = µ. + -r' + u' (y - µ.) 

with associated MS£ 
U~T'2 

E[t - E(t/y)F = -,--,. 
r· + er-

Discuss the intuition for these results as r 2 - 00 and r 2 ---+ 0. 
13.2. Deduce the state-space representation for an AR(p) model in [13.1.14) and [13.1.15] 
and the state-space representation for an MA(l) model given in [13.1.17] and [13.1.18] as 
special cases of that for the ARMA(r, r - 1) model of [13.1.22) and [13.1.23]. 
13.3. Is the fo((owing a valid state-space representation of an MA(l) process? 
State Equation: 

Observation Equation: 

y, - µ. = [l 8) [ E, ] 
E,-1 

13.4. Derive equation [13.4.5] as a special case of [13.4.1] and [13.4.2] for the model 
specified in [13.4.3] and [13.4.4) by analysis of the Kalman filter recursion for this case. 

13.5. Consider a particular MA(l) representation of the form of[l3.3.l) through (13.3.12) 
parameterized by ( 8, u 2) with I 8/ < l. The noninvertible representation for the same process 
is parameterized by (ii, u') with jj = l/8 and c't2 = 82u'. The forecast generated by the 
Kalman filter using the noninvertible representation satisfies 

.9,.,1, = A'x,+ 1 + H'~,.11, = µ. + 9i,i,, 
where i, 1, = {a"/[a-2 + ii"p,]}·{y, - µ. - iii,_ 11,_ 1}. The MS£ of this forecast is 

E(y,,, - Y,+ 11,f = H'P, "''" + R = a-' + O'fi,+,, 
where p,., = (o-'0'')/(1 + 0' + ii• + · · · + 0''). Show that this forecast and MS£ are 
identical to those for the process as parameterized using the invertible representation 
(Ii. u'). Deduce that the likelih_ood function given by f 13.4.1) and [ 13.4.2) takes on the same 
value at ( Ii. u') as it does at ( 8, u'). 
13.6. Show that e, in equation [13.5.22] is fundamental for y,. What principle of the Kalman 
filter ensures that this will be the case? Show that the first autocovariance of the implied 
MA(I) error process is given by 

-(</> - K)E(e;) = - <J>ur., 
while the variance is 

[1 + (r/> - K) 2)£(t:n = (1 + <l>')u'/v + u'i,. 
Derive these expressions independently, using the approach to sums of ARMA processes 
in Section 4. 7. 
13.7. Consider again the invertible MA(l) of equations [13.3.1] to [13.3.12). We found 
that the steady-state value of P,1,_, is given by 

[ er o] p = 0 0 . 

From this, deduce that the steady-state value of P,i,.., = 0 for s = 0, 1, 2, .... Give the 
intuition for this result. 
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14 

Generalized Method 
of Moments 

Suppose we have a set of observations on a variable y, whose probability Jaw 
depends on an unknown vector of parameters O. One general approach to es ti ma tin~ 
0 is based on the principle of maximum likelihood-we choose as the estimate 0 
the value for which the data would be most likely to have been observed. A 
drawback of this approach is that it requires us to specify the form of the likelihood 
function. 

This chapter explores an alternative principle for parameter estimation known 
as generalized method of moments (GMM). Although versions of this approach 
have been used for a long time, the general statement of GMM on which this 
chapter is based was only recently developed by Hansen (1982). The key advantage 
of GMM is that it requires specification only of certain moment conditions rather 
than the full density. This can also be a drawback, in that GMM often does not 
make efficient use of all the information in the sample. 

Section 14.1 introduces the ideas behind GMM estimation and derives some 
of the key results. Section 14.2 shows how various other estimators can be viewed 
as special cases of GMM, including ordinary least squares, instrumental variable 
estimation, two-stage least squares, estimators for systems of nonlinear simulta
neous equations, and estimators for dynamic rational expectations models. Exten
sions and further discussion are provided in Section 14.3. In many cases, even 
maximum likelihood estimation can be viewed as a special case of GMM. Section 
14.4 explores this analogy and uses it to derive some general asymptotic properties 
of maximum likelihood and quasi-maximum likelihood estimation. 

14.1. Estimation by the Generalized Method 
of Moments 

Classical Method of Moments 

It will be helpful to introduce the ideas behind GMM with a concrete example. 
Consider a random variable Y, drawn from a standard t distribution with v degrees 
of freedom, so that its density is 

. ) _ r[(v + 1)/2] [ ( 2 )J-<•+ll/2 
fy,(y,, v - (1rv)112f(,,/Z) 1 + y,lv , (14.1.1] 

where f( ·) is the gamma function. Suppose we have an i.i.d. sample of size T (Yi, 
y2 , ••• , Yr) and want to estimate the degrees of freedom parameter v. One 
approach is to estimate v by maximum likelihood. This approach calculates the 
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sample log likelihood 
r 

;t(v) = L logfy,(y,; v) 
,-1 

and chooses as the estimate f, the value for which ;t(v) is largest. 
An alternative principle on which estimation of v might be based reasons as 

follows. Provided that v > 2, a standard t variable has population mean zero and 
variance given by 

I-L2 = E(Y;) = vl(v - 2). [14.1.2] 

As the degrees of freedom parameter (v) goes to infinity, the variance [14.1.2] 
approaches unity and the density [14.1.1] approaches that of a standard N(O. 1) 
variable. Let ii-,,,r denote the average squared value of y observed in the actual 
sample: · 

T 

ii-,,.T =' (1/T) L y;. [14.1.3) 
t=I 

For large T, the sample moment (µ.u) should be close to the population moment 
(1-L2): 

• p 
/.L2.r- /.L2, 

Recalling [14.1.2], this suggests that a consistent estimate of v can be obtained by 
finding a solution to 

11/(11 - 2) = fl2.r [14.1.4] 
or 

2 • 
• · /.L2.r [ ] 
vr = . I' 14.1.5 

/.L2.r -
This estimate exists provided that fl2.r > 1, that is, provided that the sample seems 
to exhibit more variability than the N(O, 1) distribution. If we instead observed 
µ2.T :s; 1, the estimate of the degrees of freedom would be infinity-a N(O, 1) 
distribution fits the sample second moment better than any member of the t family. 

The estimator derived from [14.1.4] is known as a classical method of moments 
estimator. A general description of this approach is as follows. Given an unknown 
(a x 1) vector of parameters 9 that characterizes the density of an observed variable 
y,, suppose that a distinct population moments of the random variable can be 
calculated as functions of 9, such as 

[14.1.6] 

The classical method of moments estimate of 9 is the value Or for which these 
population moments are equated to the observed sample moments; that is, Or is 
the value for which 

r 
/.L;(Or) = (1/T) L y/ 

,-1 
An early example of this approach was provided by Pearson (1894). 

Generalized Method of Moments 

In the example of the t distribution just discussed, a single sample moment 
('1u) was used to estimate a single population parameter (v). We might also have 
made use of other moments. For example, if v > 4, the population fourth moment 
of a standard t variable is 

3,,2 
/.L4 = E(Y1) = (v - 2)(v - 4)' 

410 Chapter 14 I Generalized Method of Moments 



and we might expect this to be close to the sample fourth moment, 
T 

/J,4_7 = (1/T) L Y1. 
,-1 

We cannot choose the single parameter v so as to match both the sample second 
moment and the sample fourth moment. However, we might try to choose v so as 
to be as close as possible to both, by minimizing a criterion function such as 

Q(v; Yr, Yr-1, ... , yi) = g'Wg, [14.1.7] 

where 

[14. l.8] 

Here W is a (2 x 2) positive definite symmetric weighting matrix reflecting the 
importance given to matching each of the moments. The larger is the (1, 1) element 
ofW, the greater is the importance of being as close as possible to satisfying [14.1 .4]. 

An estimate based on minimization of an expression such as [14.1.7] was 
called a "minimum chi-square" estimator by Cramer (1946, p. 425), Ferguson 
(1958), and Rothenberg (1973) and a "minimum distance estimator" by Malinvaud 
(1970). Hansen (1982) provided the most general characterization of this approach 
and derived the asymptotic properties for serially dependent processes. Most of 
the results reported in this section were developed by Hansen (1982), who described 
this as estimation by the "generalized method of moments." 

Hansen's formulation of the estimation problem is as follows. Let w, be an 
(h x 1) vector of variables that are observed at date t, let 9 denote an unknown 
(a x 1) vector of coefficients, and let h(9, w,) be an (r x 1) vector-valued function, 
h: (IR• x IR")-+ IR'. Since w, is a random variable, so is h(9, w,). Let 911 denote 
the true value of 9, and suppose this true value is characterized by the property 
that 

E{h(90 , w,)} = 0. [14.1.9] 

The, rows of the vector equation [14.1.9] are sometimes described as orthogonality 
conditions. Let 0!/7 = (w~. w~_ 1, .•. , w;)' be a (Th X 1) vector containing all 
the observations in a sample of size T, and let the (r x 1) vector-valued function 
g(9; 0!/7) denote the sample average of h(9, w,): 

T 

g(9; O!lr) = (1/T) L h(9, w,). [14.1.10] 
t= I 

Notice that g: IR" -+ W. The idea behind GMM is to choose 9 so as to make the 
sample moment g(9; 0!/7 ) as close as possible to the population moment of zero; 
that is, the GMM estimator 97 is the value of 9 that minimizes the scalar 

Q(9; oyr) = [g(9; O!lr)J'Wr[g(9; 0!/7 )], [14.1.11] 

where {W 7 }'7= 1 is a sequence of (r x r) positive definite weighting matrices which 
may be a function of the data 0!/7 . Often, this minimization is achieved numerically 
using the methods described in Section 5.7. 

The classical method of moments estimator of v given in [14.1.5] is a special 
case of this formulation with w, = y,, 9 = v, W7 = 1, and 

h(9, w,) = y; - v/(v - 2) 
T 

g(9; O!lr) = (1/T) L y; - v/(v - 2). 
1=1 
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Here, r = a = 1 and the objective function [14.1.11) becomes 

Q(8; ayr> = {cvn f Y: - 111(11 - 2>}
2

-,-1 
The smallest value that can be achieved for Q( ·) is zero, which obtains when 11 is 
the magnitude given in [14.1.5]. 

The estimate of 11 obtained by minimizing [14.1.7] is also a GMM estimator 
with r = 2 and 

[ 
{y'f--"} ] II - 2 

h{8. w,) = {y4 - 3112 } • 

I (11 - 2)(11 - 4) 

Here, g(8; ayr) and Wr would be as described in [14.1.7] and [14.1.8]. 
A variety of other estimators can also be viewed as examples of GMM, 

including ordinary least squares, instrumental variable estimation, two-stage least 
squares, nonlinear simultaneous equations estimators, estimators for dynamic ra
tional expectations models, and in many cases even maximum likelihood. These 
applications will be discussed in Sections 14.2 through 14.4. 

If the number of parameters to be estimated (a) is the same as the number 
of orthogonality conditions (r), then typically the objective function [14. 1.11] will 
be minimized by setting 

<' 

[14.1.12) 

If a = r, then the GMM estimator is the value &r that satisfies these r equations. 
If instead there are more orthogonality conditions than parameters to estimate 
(r > a), then [14.1.12] will not hold exactly. How close the ith element of 
g(Or; ON r) is to zero depends on how much weight the ith orthogonality condition 
is given by the weighting matrix Wr, 

For any value of 8, the magnitude of the (r x 1) vector g(9; GYr) is the sample 
mean of T realizations of the (r x 1) random vector h(8, w,). If w, is strictly 
stationary and h{ ·) is continuous, then it is reasonable to expect the law of large 
numbers to hold: 

p 

g(&; ayr)-+ E{b(8, w,)}. 
The expression E{h(9, w,)} denotes a population magnitude that depends on the 
value of 8 and on the probability law of w,. Suppose that this function is continuous 
in 9 and that 80 is the only value of 9 that satisfies [14.1.9]. Then, under fairly 
general stationarity, continuity, and moment conditions, the value of &r that min
imizes (14.1.11] offers a consistent estimate of 90 ; see Hansen (1982), Gallant and 
White (1988), and Andrews and Fair (1988) for details. 

Optimal Weighting Matrix 

Suppose that when evaluated at the true value 80, the process {h(80 , w,)}~- -x 

is strictly stationary with mean zero and vth autocovariance matrix given by 

f,. = E{[h(80 , w,)][h(8 0, w,_,))'}. [14.1.13) 

Assuming that these autocovariances are absolutely summable, define .. 
s= Lr, .. [14.1.14) 

,,--z 
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Recall from the discussion in Section 10.5 that S is the asymptotic variance of the 
sample mean of h(90 , w,): 

S = Jim T·E{[g(9 0 ; ~r)][g(9 0 ; llYr)]'}. 
-,:.........~ 

The optimal value for the weighting matrix Wr in [14.1.11] turns out to be 
given by S - 1, the inverse of the asymptotic variance matrix. That is, the minimum 
asymptotic variance for the GMM estimator fir is obtained when fir is chosen to 
minimize 

Q(9; ~r) = [g(9: ~r)J'S- 1[g(8; llYr)]. [14.1.15] 

To see the intuition behind this claim, consider a simple linear model in which we 
haver different observations (y 1, y2, ••• , y,) with a different population mean 
for each observation (µ 1, µ 2 , ••• , µ,). For example, y 1 might denote the sample 
mean in a sample of T, observations on some variable, y2 the sample mean from 
a second sample, and so on. In the absence of restrictions, the estimates would 
simply be (I,; = J; for i = 1, 2, ... , r. In the presence of linear restrictions across 
the µ.'s, the best estimates that are linear functions of the y's would be obtained 
by generalized least squares. Recall that the GLS estimate of µ is the value that 
minimizes 

(y - µ.)'fi-l(y - µ.), [14.1.16] 

where y = (y 1, y2 , ••• , y,)', µ. = (µ.1, µ.2 , ••• , µ,)', and n is the variance
covariance matrix of y - µ.: 

n = E[(y - µ.)(y - µ.)']. 

The optimal weighting matrix to use with the quadratic form in [14.1.16] is given 
by n- 1• Just as n in [14.1.16] is the variance of (y - µ.), so Sin [14.1.15] is the 
asymptotic variance of VT· g( · ). 

If the vector process {h(90 , w,)} ;_ -x were serially uncorrelated, then the ma
trix S could be consistently estimated by 

T 

Sf= (1/T) L [h(90 , w,)J[h(8 0 , w,)]'. [14.1.17] 
1=1 

Calculating this magnitude requires knowledge of 90 , though it often also turns out 
that 

r 
Sr"" (1/T) L [h(Or, w,)][h(0r, w,)]' .!:.,. S (14.1.18] 

t=I 

for 07 any consistent estimate of 90 , assuming that h(90 , w,) is serially uncorrelated. 
Note that this description of the optimal weighting matrix is somewhat cir

cular-before we can estimate 9, we need an estimate of the matrix S, and before 
we can estimate the matrix S, we need an estimate of 9. The practical procedure 
used in GMM is as follows. An initial estimate o<;!> is obtained by minimizing 
[14.1.11] with an arbitrary weighting matrix such as Wr = I,. This estimate of 9 
is then used in [14.1.18] to produce an initial estimate sr>. Expression [14.1.11] 
is then minimized with Wr = (sr>J-1 to arrive at a new GMM estimate avl. This 
process can be iterated until ey) S! air 'l, though the estimate based on a single 
iteration ov) has the same asymptotic distribution as that based on an arbitrarily 
large number of iterations. Iterating nevertheless offers the practical advantage 
that the resulting estimates are invariant with respect to the scale of the data and 
to the initial weighting matrix for W r· 

On the other hand, if the vector process {h(90 , w,)} ;_-xis serially correlated, 
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the Newey-West (1987) estimate of S could be used: 

Sr = f'o.r + f {1 - [vl(q + l)]}(f', .. r + t:,.r), [14.1.19] 
1••1 

where 
r 

f', .. r = (1/T) L (h(&, w,)][h(&, w,_r)]', [14.1.20] 
t=i•+I 

with 6 again an initial consistent estimate of 011. Alternatively, the estimators 
proposed by Gallant (1987), Andrews (1991), or Andrews and Monahan (1992) 
that were discussed in Section 10.5 could also be applied in this context. 

Asymptotic Distribution of the GMM Estimates 

Let 97 be the value that minimizes 

[g(9; 'W r)J'S r 1(g(9; 'W r)J, [14.1.21] 

with Sr regarded as fixed with respect to O and S7 -1!+ S. Assuming an interior 
optimum, this minimization is achieved by setting the derivative of [14.1.21] with 
respect to 9 to zero. Thus, the GMM estimate &r is typically a solution to the 
following system of nonlinear equations: 

{°g(~~~r) I . }' x Sr 1 x (g(&r; ayr)l = 0. 
1.. 8 =-8r '--v--' ~ .....,... 

(14.1.22] 

(axr) (rxr) {rx I) {flX J) 

Here [ilg(9; 'W7 )/il9 '] I 8 • 8,. denotes the (r x a) matrix of derivatives of the function 
g(9; 'Wr), where these derivatives are evaluated at the GMM estimate 97 . 

Since g(90 ; 'W7 ) is the sample mean of a process whose population mean is 
zero, g( ·) should satisfy the central limit theorem given conditions such as strict 
stationarity of w,, continuity of h(O, w, ), and restrictions on higher moments. Thus, 
in many instances it should be the case that 

VT·g(Oo; 'Wr) ~ N(O, S). 

Not much more than this is needed to conclude that the GMM estimator 87 is 
asymptotically. Gaussian and to calculate its asymptotic variance. The following 
proposition, adapted from Hansen (1982), is proved in Appendix 14.A at the end 
of this chapter. 

Proposition 14.1: Let g(O; 'W7 ) be differentiable in O for all 'W1 , and let 97 be the 
GMM estimator satisfying [14.1.22] with r ~ a. Let {Sr}'r. 1 be a sequence of positive 
definite (r X r) matrices such that S7 ~ S, with S positive definite. Suppose, further, 
that the following hold: 

. ,, 
(a) 07 --+ 00 ; 

L 
(b) \/T·g(O.,; 'W7 )--+ N(O, S); and 

(c) for any sequence {OHr-, satisfying o; .!., 9o, it is the case that 

plim{ilg(O; ~r) I } = plim{ilg(O; ~r) I } = D' , (14.1.23] 
ao u~u',· ao e-e.. (rxu) 

with the columns of D' linearly independent. 
Then 

• L 
vf(Or - 00 )--+ N(O, V), (14.1.24) 
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where 

Proposition 14.1 implies that we can treat Or approximately as 

Or""' N(8 0 , 'Vr!T), 
where 

V r = {DrS r I D r }-1• 

The estimate Sr can be constructed as in [14.1.18] or [14.1.19], while 

0, _ ag(9; ayr) I 
T - I • 

(rxa) a8 ff•&r 

Testing the Overidentifying Restrictions 

[14.1.25] 

When the number of orthogonality conditions exceeds the number of param
eters to be estimated (r > a), the model is overidentified, in that more orthogonality 
conditions were used than are needed to estimate 9. In this case, Hansen (1982) 
suggested a test of whether all of the sample moments represented by g(Or; 11Yr) 
are as close to zero as would be expected if the corresponding population moments 
£{h(911, w,)} were truly zero. 

From Proposition 8.1 and condition (b) in Proposition 14.1, notice that if the 
population orthogonality conditions in [14.1.9] were all true, then 

[\/T·g(9 0 ; ayr)J'S- 1[\/T·g(80; ayr)J ~ x2(r). [14.1.26] 

In [14.1.26], the sample moment function g(8; ayr) is evaluated at the true value 
of 90 • One's first guess might be that condition [14.1.26] also holds when [14.1.26] 
is evaluated at the GMM estimate 9r, However, this is not the case. The reason 
is that [14.1.22] implies that a different linear combinations of the (r x 1) vector 
g(Or; ayr) are identically zero·, these being the a linear combinations obtained when 
g(Or; ayr) is premultiplied by the (a X r) matrix 

{ ag(8; "Yr)' }' X s-1. 
a8' • r e-e, 

For example, when a = r, all linear combinations of g(9r; ayr) are identically zero, 
and if 80 were replaced by Or, the magnitude in [ 14.1.26] would simply equal zero 
in all samples. 

Since the vector g(Or; 11Yr) contains (r - a) nondegenerate random variables, 
it turns out that a correct test of the overidentifying restrictions for the case when 
r > a can be based on the fact that 

• • • L 
[VT·g(8r; ayr)]'Si 1[\/T·g(8r; 11Yr)l- x2(r - a). [14.1.27] 

Moreover, this test statistic is trivial to calculate, for it is simply the sample size T 
times the value attained for the objective function [14.1.21] at the GMM estimate 
Or. 

Unfortunately, Hansen's x 2 test based on [14.1.27] can easily fail to detect a 
misspecified model (Newey, 1985). It is therefore often advisable to supplement 
this test with others described in Section 14.3. 

14.2. Examples 
This section shows how properties of a variety of different estimators can be ob
tained as special cases of Hansen's results for generalized method of moments 
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estimation. To facilitate this discussion, we first summarize the results of the pre
ceding section. 

Summary of GMM 

The statistical model is assumed to imply a set of r orthogonality conditions 
of the form 

E{h(0 0 , w,)} = 0, [14.2.1] 
(r X 1) (r x I) 

where w, is a strictly stationary vector of variables observed at date t, 011 is the true 
value of an unknown (a x 1) vector of parameters, and h( ·) is a differentiable 
,-dimensional vector-valued function with , 2: a. The GMM estimate Or is the 
value of O that minimizes 

[g(O; ~r)]'Sr 1 [g(O; ~r)], [14.2.2] 
(IXr) (rXr) (rXI} 

where 
r 

g(O; ~r) = (1/T) L h(9, wr) [14.2.3] 
(,·x I) t= I (rx l) 

and Sr is an estimate of 1 

r X 

S = lim (1/T) L L E{[h(90 , wr)][h(00 , w,_,,)]'}. [14.2.4] 
(rxr) r-x t= I v=-::ie (rx I) (I Xr) 

The GMM estimate can be treated as if 

Br == N(9 0 , V rlT), [14.2,5] 
(aX I) (IIX I) (axr1) 

where 

Vr = {Dr ·Sr'-o;..)}- 1 [14.2.6] 
(axn) (ttXr) (rXr) (rxa) 

and 

(rx a) 

= ilg(O; ~T) I .· 
ao u-ti, 

[14.2.7] 

We now explore how these results would be applied in various special cases. 

Ordinary Least Squares 

Consider the standard linear regression model, 

y, = x;13 + u,, [14.2.8] 

for x, a (k X 1) vector of explanatory variables. The critical assumption needed 
to justify OLS regression is that the regression residual u, is uncorrelated with the 
explanatory variables: 

E(x,u,) = 0. [14.2.9) 

'Under strict stationarity, the magnitude 

£{[h(9u, w,)][h(9,,, w, ,.)]'} = r, 
does not depend on I. The expression in the text is more general than necessary under the stated 
assumptions. This expression is appropriate for a characterization of GMM that does not assume strict 
stationarity. The expression in the text is also helpful in suggesting estimates of S that can be used in 
various special cases described later in this section. 
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In other words, the true value 130 is assumed to satisfy the condition 

E[x,(y, - x;l3o)] = 0. [14.2.10] 

Expression [14.2.10] describes k orthogonality conditions of the form of (14.2.1], 
in which w, = (y,, x;)', 9 = 13, and 

h(9, w,} = x,(y, - x;13). [14.2.11] 

The number of orthogonality conditions is the same as the number of unknown 
parameters in 13, so that r = a = k. Hence, the standard regression model could 
be viewed as a just-identified GMM specification. Since it is just identified, the 
GMM estimate of 13 is the value that sets the sample average value for [14.2.11] 
equal to zero: 

T 

0 = g(81; ~r) = (1/T) L x,(y, - x;l3r), (14.2.12] 
,-1 

Rearranging [14.2.12] results in 

f x,y, = {£ x,x;}l3r 
t=I 1-I 

or 

[14.2.13] 

which is the usual OLS estimator. Hence, OLS is a special case of GMM. 
Note that in deriving the GMM estimator in [14.2.13] we assumed that the 

residual u, was uncorrelated with the explanatory variables, but we did not make 
any other assumptions about heteroskedasticity or serial correlation of the residuals. 
In the presence of heteroskedasticity or serial correlation, OLS is not as efficient 
as GLS. Because GMM uses the OLS estimate even in the presence of hetero
skedasticity or serial correlation, GM M in general is not efficient. However, recall 
from Section 8.2 that one can still use OLS in the presence of heteroskedasticity 
or serial correlation. As long as condition (14.2.9) is satisfied, OLS yields a con
sistent estimate of 13, though the formulas for standard errors have to be adjusted 
to take account of the heteroskedasticity or autocorrelation. 

The GMM expression for the variance of 137 is given by [14.2.6). Differen
tiating [14.2.11], we see that 

i>;.. = ag(9; ~ 7 ) I 
a& e=o, 

= (1/T) £ ax,(y, -, x;13) I [14.2.14] 
t=I ajJ 13-j3r 

T 

= -(1/T) L x,x;. 
t=I 

Substituting [14.2.11] into [14.2.4] results in 
T 

S = lim (1/T) L I E{u,u,-,.x,x;_,.}. [14.2.15] 
7:_,,_ '""' I 1·= _,,.. 

Suppose that u, is regarded as conditionally homoskedastic and serially un
correlated: 

{
a 2E(x x') 

E{u,u,_,,x,x;_,.} = 0 ' ' 
for V = 0 

for V ef= 0. 
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In this case the matrix in [14.2.15] should be consistently estimated by 
T 

Sr = o-} (1/T) L x,x;, 
t•I 

where 
r 

d-} = (1/T) L ar l•l 

[14.2.16] 

for u, = y, - x; Pr the O LS residual. Substituting [14.2.14] and [14.2.16] into 
[14.2.6] produces a variance-covariance matrix: for the OLS estimate Pr of 

{ 
T [ T ]-l T }-l 

(l/T)VT = (l/T) (1/T) 
1
~

1 
x,x; o-}(l/T) ~ x,x; (1/T) ,~ x,x; 

[ r ]-l 
= a~ L x,x; 

t=I 

Apart from the estimate of u 2 , this is the usual expression for the variance of the 
OLS estimator under these conditions. 

On the other hand, suppose that u, is conditionally heteroskedastic and serially 
correlated. In this case. the estimate of S proposed in [14.1.19] would be 

q 

Sr= to.T + L {l - [vl(q + l)]}(f', .. T + r: .. r), 
, ... J 

where 
T 

t ... r = (l/T) L a,a,_,.x,x;_, .. 
t•,•+I 

Under these assumptions, the GMM approximation for the variance-covariance 
matrix of Pr would be 

{ 
T T }-l 

E[(Pr - ll)(Pr - ll)'] ~ (1/T) (1/T) ,?i x,x; Sr' (1/T) l~I x,x: 

[ T ]-I [T ]-I 
= T L x,x; Sr L x,x; , 

t=l t=l 

which is the expression derived earlier in equation (10.5.21]. White's (1980) het
eroskedasticity-consistent standard errors in [8.2.35] are obtained as a special case 
when q = 0. 

Instrumental Variable Estimation 

Consider again a linear model 

Y, = z; ll + u,, (14.2.17] 
where z, is a (k x 1) vector of explanatory variables. Suppose now that some of 
the explanatory variables are endogenous, so that E(z,u,) "F 0. Let x, be an 
(r x 1) vector of predetermined explanatory variables that are correlated with z, 
but uncorrelated with u,: 

E(x,u,) = 0. 

The r orthogonality conditions are now 

E[x,(y, - z; llu)] = 0. [14.2.18] 

This again will be recognized as a special case of the GMM framework in which 
w, = (y,,z;,x;)',8 = ll,a = k,and 

h(8, w,) = x,(y, - z;t3). (14.2.19] 
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Suppose that the number of parameters to be estimated equals the number 
of orthogonality conditions (a = k = r). Then the model is just identified, and 
the GMM estimator satisfies 

T 

0 = g(8r; 'fir) = (1/T) L x,(Y, - z; ~r) [14.2.20] 
1-1 

or 

~T = {f x,z;}-'{f x,y,}, 
/:. l /= l 

which is the usual instrumental variable estimator for this model. To calculate the 
standard errors implied by Hansen's (1982) general results, we differentiate [14.2.19] 
to find 

0~ = ag(O; ~r) I 
ao s=i11 

= (1/T) f ax,(\-, z; ~) I 
,_, ~ 13-lh 

(14.2.21] 

T 

= -(1/T) L x,z;. 
/= I 

The requirement in Proposition 14.1 that the plim of this matrix have linearly 
independent columns is the same condition that was needed to establish consistency 
of the IV estimator in Chapter 9, namely. the condition that the rows of E(z,x;) 
be linearly independent. The GMM variance for ~r is seen from [14.2.6] to be 

(1/T)V.,. = (1/T){[ (1/T) ,t z,x; ]s:r 1 [ (1/T) ,t x,z; ]}-I, (14.2.22] 

where S-r is an estimate of 
T X 

S = lim (1/T) L L E{u,u,_,.x,x;_,.}. [14.2.23] 
7,_,._ t=I 1·--x 

If the regression residuals {u,} are serially uncorrelated and homoskedastic with 
variance a 2 , the natural estimate of Sis 

T 

s.,. = 6-}· (1/T) L x,x; [14.2.24] 
,- I 

for 6-} = (1/T) "i.;= 1 (y, - z; ~.,.)2. Substituting this estimate into [14.2.22] yields 

E[(~r - ~)(~r - ~)'] =' a}{[f z,x:][f x,x;]-'[f x,z:]}- 1 

t=l t=l t=l 

[ T ]-l[r ][T ]-l = O"} L x,z; L x,x; L z,x; , ,-1 ,-1 ,-1 
the same result derived earlier in [9.2.30]. On the other hand, a heteroskedasticity
and autocorrelation-consistent variance-covariance matrix for IV estimation is given 
by 

[
T ]-I [T ]-I 

E[(~r - ~)(~r - ~)'] =' T L x,z; S.,. L z,x; , 
,-1 ,-1 

[14.2.25) 
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where 
q 

Sr = i'u.T + L {l - [v/(q + l})}(r, .. T + t: .. r), [14.2.26] 
··-· T r...r = (l/T) ~ a,a,_,.x,x;_,, 

1•1•+1 

a,= y, - z:~r-

Two-Stage Least Squares 

Consider again the linear model of [14.2. 17] and [14.2.18], but suppose now 
that the number of valid instruments r exceeds the number of explanatory variables· 
k. For this overidentified model, GMM will no longer set all the sample orthog
onality conditions to zero asin [14.2.20), but instead will be the solution to [14.1.22], 

0 = eg(~~~r) l&=&J x Sr 1 x [g(ir; ~r)l 
[14.2.27) 

= {-(1/T) t z,x;}sr1{(1/T) t x,(y, - z;~r)}. 

with the last line following from [14.2.21] and [14.2.20). Again, if u, is serially 
uncorrelated iµid homoskedastic with variance u2 , a natural estimate of S is given 
by [14.2.24]. Using this estimate, [14.2.27] becomes 

(1/ol) x {f z,x;} {f x,x;}-1{f x,(y, - z;~r)} = 0. [14.2.28] 
,-1 t=I t=-1 

As in expression [9.2.5], define 

6' = {f z,x;} {f x,x;}-1 

t== l ,-1 

Thus, 6' is a (k x r) matrix whose ith row represents the coefficients from an 
OLS regression of z1, on x,. Let 

i, !E 6'x, 
be the (k x 1) vector of fitted values from these regressions of z, on x,. Then 
[14.2.28] implies that 

T 

L i,(y, - z;~r) = 0 
t=I 

or 

~T = {f z,z;}-l{f z,y,}. 
,-1 ,-1 

Thus, the GMM estimator for this case is simply the two-stage least squares esti
mator as written in [9.2.8]. The variance given in [14.2.6] would be 

(1/T)t r = (l/T) {[ (1/T) t. z,x; ]sr { (l/T) t x,z;] r 1 

= u}{[f z,x;] [f x,x;]-1[f x,z;]}-1
• 

, .. 1 ,-1 ,-1 
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as earlier derived in expression [9.2.25). A test of the overidentifying assumptions 
embodied in the model in [14.2.17] and [14.2.18] is given by 

T[g(&r; ~r))'S:r 1[g(8r; 'fir)] 

{ 
T }'{ r }-1 T (1/T) ,?1 x,(y, - z; ~ r) a}· (1/T) ,~, x,x; 

X {(1/T) t x,(y, - z;Pr)} 

= crf 2 {f a,x:}{f x,x;}-'{f x,a,}. 
r=I t= I t=l 

This magnitude will have an asymptotic x 2 distribution with (, - k) degrees of 
freedom if the model is correctly specified. 

Alternatively, to allow for heteroskedasticity and autocorrelation for the re
siduals u,, the estimate Sr in [14.2.24) would be replaced by [14.2.26]. Recall the 
first-order condition [14.2.27]: 

{(1/T) t z,x;}sr 1{(1/T) t, xr(Y, - z;~r)} = 0. [14.2.29] 

If we now define 
Zr= 6'x, 

6' = {(1/T) -f zrx;} Sr 1, 
,-1 

then [14.2.29] implies that the GMM estimator for this case is given by 

Pr= {f z,z;}-'{f z,y,}. ,-1 ,-1 
This characterization of Pr is circular-in order to calculate ~r• we need to know 
z, and thus Sr, whereas to construct Sr from [14.2.26] we first need to know 13,. 
The solution is first to estimate 13 using a suboptimal weighting matrix such as 
Sr = (1/T)r;r_ 1 x,x;, and then to use this estimate of S to reestimate 13. The 
asymptotic variance of the GMM estimator is given by 

£[(Pr - 13)(~r - 13)'] = T {[t Zrx: ]sr {t Xrz; ]}- I 

Nonlinear Systems of Simultaneous Equations 

Hansen's (1982) GMM also provides a convenient framework for estimating 
the nonlinear systems of simultaneous equations analyzed by Amemiya (1974), 
Jorgenson and Laffont (1974), and Gallant (1977). Suppose that the goal is to 
estimate a system of n nonlinear equations of the form 

Y, = f(9, z,) + Ur 

for Zr a (k x 1) vector of explanatory variables and 9 an (a x 1) vector ofunknown 
parameters. Let x1, denote a vector of instruments that are uncorrelated with the 
ith element of u,. The r orthogonality conditions for this model are 

[
[Yu - f,(9, z,)]x1r] 

b(&, w,) = [Y2, - /2~8, z,)]x21 , 

[y,,, - f,,(9, z,)]x,,, 
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where/ 1(9, z,) denotes the ith element of f(9, z,) and w, = (y;, z;, x;)'. The 
GMM estimate of 9 is the value that minimizes 

Q(9; 'Wr) = [(VT)± h(9, w,)]'s:;:1[(1/T) f h(9, w,)], [14.2.30) ,-1 ,-1 
where an estimate of S that could be used with heteroskedasticity and serial cor
relation of u, is given by 

q 

Sr= fo.r + L {1-[v/(q + l)]}(f,,.r + f~_r) 
t•=l 

r 
i',,.r = (1/T) L [h(O, w,)][h(O, w,_1,))'. 

r=v+l 

Minimization of [14.2.30) can be achieved numerically. Again, in order to evaluate 
[14.2.30), we first need an initial estimate of S. One approach is to first minimize 
[14.2.30) with Sr = I,, use the resulting estimate 9 to construct a better estimate 
of Sr, and recalculate 9; the procedure can be iterated further, if desired. Iden
tification requires an order condition (r ~ a) and the rank condition that the columns 
of the plim of Dr be linearly independent, where 

Dr = (1/T) f ilh(9, ,w,) I . 
,-1 a& o-&r 

Standard errors for Or are then readily calculated from [14.2.5) and [14.2.6). 

Estimation of Dynamic Rational Expectation Models 

People's behavior is often influenced by their expectations about the future. 
Unfortunately, we typically do not have direct observations on these expectations. 
However, it is still possible to estimate and test behavioral models if people's 
expectations are formed rationally in the sense that the errors they make in fore
casting are uncorrelated with information they had available at the time of the 
forecast. As long as the econometrician observes a subset of the information people 
have actually used, the rational expectations hypothesis suggests orthogonality 
conditions that can be used in the GMM framework. 

For illustration, we consider the study of portfolio decisions by Hansen and 
Singleton (1982). Let c, denote the overall level of spending on consumption goods 
by a particular stockholder during period t. The satisfaction or utility that the 
stockholder receives from this spending is represented by a function u(c,), where 
it is assumed that 

au(c,) > 0 il2u(~,) < O. 
ac, ac, 

The stockholder is presumed to want to maximize 
% 

L /3'E{u(c1+,)lxn. [14.2.31) 
,-o 

where x; is a vector representing all the information available to the stockholder 
at date t and /3 is a parameter satisfying O < /3 < 1. Smaller values of /3 mean that 
the stockholder places a smaller weight on future events. At date t, the stockholder 
contemplates purchasing any of m different assets, where a dollar invested in asset 
i at date twill yield a gross return of (1 + ru+ 1) at date t + 1; in general this rate 
of return is not known for certain at date t. Assuming that the stockholder takes 
a position in each of these m assets, the stockholder's optimal portfolio will satisfy 

u'(c,) = {3£{(1 + ru+du'(c,+.>lxn for i = 1, 2, ... , m, [14.2.32) 
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where u'(c,) = au/ac,. To see the intuition behind this claim, suppose that condition 
[14.2.32] failed to hold. Say, for example, that the left side were smaller than the 
right. Suppose the stockholder were to save one more dollar at date t and invest 
the dollar in asset i, using the returns to boost period t + 1 consumption. Following 
this strategy would cause consumption at date t to fall by one dollar (reducing 
[14.2.31] by an amount given by the left side of [14.2.32]), while consumption at 
date t + 1 would rise by (1 + r,.r+ 1) dollars (increasing [14.2.31] by an amount 
given by the right side of [14.2.32]). If the left side of [14.2.32] were less than the 
right side of [14.2.32], then the stockholder's objective [14.2.31] would be improved 
under this change. Only when [14.2.32] is satisfied is the stockholder as well off 
as possible. 2 

Suppose that the utility function is parameterized as I c/--r 

u(c,) = 1 - 'Y 

log c, 

for -y > 0 and -y -4= 1 

for -y = l. 

The parameter -y is known as the coefficient of relative risk aversion, which for this 
class of utility functions is a constant. For this function, [14.2.32] becomes 

c,--r = ,8£{(1 + rl.t+ 1 )c;~~ jx:}. [14.2.33] 

Dividing both sides of [14.2.33] by c,--r results in 

1 = ,BE{(l + r;_,+.)(c,+1/c,)--rjx:}, [14.2.34] 

where c, could be moved inside the conditional expectation operator, since it rep
resents a decision based solely on the information contained in x;. Expression 
[14.2.34] requires that the random variable described by 

1 - ,B{(l + ru+d(c,+ 1/c,)--r} [14.2.35] 

be uncorrelated with any variable contained in the information set x; for any asset 
i that the stockholder holds. It should therefore be the case that 

E{[l - ,B{(l + ru,,)(c,+ 1/c,)--r}]x,} = 0, [14.2.36] 

where x, is any subset of the stockholder's information set x;' that the econome
trician is also able to observe. 

Let 8 = (,8, -y)' denote the unknown parameters that are to be estimated, 
and let w, = (r1.1+ 1 , r2_,+ 1, ••• , r,,,_,+ 1 , c,+ 1/c,, x; )' denote the vector of variables 
that are observed by the econometrician for date t. Stacking the equations in 
[14.2.36] for i = 1, 2, ... , m produces a set of r orthogonality conditions that 
can be used to estimate 0: l[l - ,B{(l + r 1_,+1)(c,+ 1lc1)--r}]x,l 

h(O, w,) = [l - ,B{(l + r2_,~ 1)(c,+1lc,)--r}]x, . 
(rX l) • 

[l - /3{(1 + r,,,_,+1)(c,+ 1/c,)--r}]x, 

The sample average value of h(O, w,) is 
T 

g(O; ~r) = (1/T) :Z: h(O, w,), ,-1 
and the GMM objective function is 

Q(O) = [g(O; ~r)]'Si 1[g(8; ~r)]. 
This expression can then be minimized numerically with respect to 8. 

[14.2.37] 

[14.2.38] 

According to the theory, the magnitude in [14.2.35] should be uncorrelated 
with any information the stockholder has available at time t, which would include 

'For further details, see Sargent (1987). 
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lagged values of (14.2.35]. Hence, the vector in [14.2.37] should be uncorrelated 
with its own lagged values, suggesting that S can be consistently estimated by 

r 
Sr = (1/T) L {[h(fl, w,)][h(fl, w,)]'}, 

r•l 

where fl is an initial consistent estimate. This initial estimate fl could be obtained 
by minimizing (14.2.38] with Sr = I,. 

Hansen and Singleton (1982) estimated such a model using real consumption 
expenditures for the aggregate United States divided by the U.S. population as 
their measure of c,. For r1,, they used the inflation-adjusted return that an investor 
would earn if one dollar was invested in every stock listed on the New York Stock 
Exchange, while r21 was a value-weighted inflation-adjusted return corresponding 
to the return an investor would earn if the investor owned the entire stock of each. 
company listed on the exchange. Hansen and Singleton's instruments consisted of 
a constant term, lagged consumption growth rates, and lagged rates of return: 

x, = (1, c,lc,_ 1 , c,_ 1/c,_2 , .•• , c,-r+ 1lc,_c, r1,, r,.,_ 1 , ... , 

r1.,-r+1, r2.n r2.,-1,. · ·, r2.1-c+1Y· 

When e lags are used, there are 3e + 1 elements in x,, and thus, = 2(3e + 1) 
separate orthogonality conditions are represented by [14.2.37]. Since a = 2 pa
rameters are estimated, the x2 statistic in [14.1.27] has 6i degrees of freedom. 

14.3. Ext{:nsions 

GMM with Nonstationary Data 

The maintained assumption throughout this chapter has been that the (h x 1) 
vector of observed variables w, is strictly stationary. Even if the raw data appear 
to be trending over time, sometimes the model can be transformed or reparame
terized so that stationarity of the transformed system is a reasonable assumption. 
For example, the consumption series {c,} used in Hansen and Singleton's study 
(1982) is increasing over time. However, it was possible to write the equation to be 
estimated [14.2.36] in such a form that only the consumption growth rate (er+ 1 le,) 
appeared, for which the stationarity assumption is much more plausible. Alter
natively, suppose that some of the elements of the observed vector w, are presumed 
to grow deterministically over time according to 

w, = o: + 6·t + w:, [14.3.1] 

where o: and 6 are (h x 1) vectors of constants and w: is strictly stationary with 
mean zero. Suppose that the orthogonality conditions can be expressed in terms 
of w; as 

E{f(80 ,w:)} = 0. 
Then Ogaki (1993) recommended jointly estimating 9, o: and 6 using 

h(9, w,) = [r(&~~~ _o: o:-:t6tJ 

to construct the moment condition in (14.2.3]. 

Testing for Structural Stability 

Suppose we want to test the hypothesis that the (a x 1) parameter vector 9 
that characterizes the first T0 observations in the sample is different from the value 
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that characterizes the last T - T;, observations, where .T0 is a known change point. 
One approach is to obtain an estimate 81. Tu based solely on the first T0 observations, 
minimizing 

[ 
7i, ] ' [ To, ] = (1/T0) :Z: b(8 1, w,) S;:}., (1/T0 ) L h(8 1, w,) , 

,-1 ,-1 

where, for example, if {h{80 , w,)} is serially uncorrelated, 
Tu 

SI.To = (117;1) L [h(81.To• w,)][h(81.To, w,)]'. 
l=I 

Proposition 14.1 implies that 
.t7r• L v I 0(81.T,, - 81)-+ N(O, V1) 

as T0 -+ oo, where V I can be estimated from 

v,To = {D1.T0Si:toi>;_To}-1 

for 

[14.3.2] 

(14.3.3] 

Similarly, a separate estimate 82. T-Tn can be based on the last T - T0 observa(ions, 
with analogous measures S2 .r-rc,, Yi.T-Tu• D2_r-ru• and 

• r,;:---;;. • L 
V l - l11(82.T-Tu - 82)-+ N(O, V2) [14.3.4] 

as T - T0 -+ oo. Let 1r = T;i/ T denote the fraction of observations contained in 
the first subsample. Then (14.3.3] and [14.3.4] state that 

• L 
\IT(0._ To - 81)-+ N(0, V /1r) 

VT(8u-rc, - 82) .!::. N(o, V2/(l - 1r)) 

as T -+ 00 • Andrews and Fair (1988) suggested using a Wald test of the null 
hypothesis that 81 = 82, exploiting the fact that under the stationarity conditions 
needed to justify Proposition 14.1, 81 is asymptotically independent of 82: 

Ar= T(8 1.r,, - 82.r-ro)' 

X {1r- 1 ·V1.ru + (1 - 1r)- 1·V2.r-rcJ- 1(81.r11 - 82.r-r,,)-

Then Ar.!::. x2(a) under the null hypothesis that 81 = 82• 

One can further test for structural change at a variety of different possible 
dates, repeating the foregoing test for all T0 between, say, 0.15T and 0.85T and 
choosing the largest value for the resulting test statistic A7 . Andrews (1993) de
scribed the asymptotic distribution of such a test. 

Another simple test associates separate moment conditions with the obser
vations before and after T0 and uses the x2 test suggested in [14.1.27] to test the 
validity of the separate sets of conditions. Specifically, let 

{
1 for t =5 T0 

d1r = 0 fort> To, 

If b(8, w,) is an (r x 1) vector whose population mean is zero at 80 , define 

b*(&, w,, d,,) 5 [ h(8, w,)·d 1, ]. 

(2rxl) b(8, w,)·(l - d11) 

The a elements of 8 can then be estimated by using the 2r orthogonality conditions 
given by E{h*(8 0 , w,, d11)} = 0 fort = 1, 2, ... , T, by simply replacing h(8, w,) 
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in [14.2.3] with h*(9, w,, d1,) and minimizing [14.2.2] in the usual way. Hansen's 
x2 test statistic described in [14.1.27] based on the h*( ·) moment conditions could 
then be compared with a x2(2r - a) critical value to provide a test of the hypothesis 
that 81 = 82. 

A number of other tests for structural change have been proposed by Andrews 
and Fair (1988) and Ghysels and Hall (1990a, b). 

GMM and Econometric Identification 

For the portfolio decision model [14.2.34], it was argued that any variable 
would be valid to include in the instrument vector x,, as long as that variable was 
known to investors at date t and their expectations were formed rationally. Essen
tially, [14.2.34] represents an asset demand curve. In the light of the discussion of 
simultaneous equations bias in Section 9.1, one might be troubled by the claim 
that it is possible to estimate a demand curve without needing to think about the 
way that variables may affect the demand and supply of assets in different ways. 

As stressed by Garber and King (1984), the portfolio choice model avoids 
simultaneous equations bias because it postulates that equation [14.2.32] holds 
exactly, with no error term. The model as written claims that if the econometrician 
had the same information x; used by investors, then investors' behavior could be 
predicted with an R2 of unity. If there were no error term in the demand for oranges 
equation [9.1.1], or if the error in the demand for oranges equation were negligible 
compared wit)l the error term in the supply equation, then we would not have had 
to worry about simultaneous equations bias in that example, either. 

It is hard to take seriously the suggestion that the observed data are exactly 
described by [14.2.32] with no error. There are substantial difficulties in measuring 
aggregate consumption, population, and rates of return on assets. Even if these 
aggregates could in some sense be measured perfectly, it is questionable whether 
they are the appropriate values to be using to test a theory about individual investor 
preferences. And even if we had available a perfect measure of the consumption 
of an individual investor, the notion that the investor's utility could be represented 
by a function of this precise parametric form with y constant across time is surely 
hard to defend. 

Once we acknowledge that an error term reasonably ought to be included in 
[14.2.32], then it is no longer satisfactory to say that any variable dated tor earlier 
is a valid instrument. The difficulties with estimation are compounded by the 
nonlinearity of the equations of interest. If one wants to take seriously the possibility 
of an error term in [14.2.32] and its correlation with other variables, the best 
approach currently available appears to be to linearize the dynamic rational ex
pectations model. Any variable uncorrelated with both the forecast error people 
make and the specification error in the model could then be used as a valid in
strument for traditional instrumental variable estimation; see Sill (1992) for an 
illustration of this approach. 

Optimal Choice of Instruments 

If one does subscribe to the view that any variable dated t or earlier is a valid 
instrument for estimation of [14.2.32], this suggests a virtually infinite set of possible 
variables that could be used. One's first thought might be that, the more orthog
onality conditions used, the better the resulting estimates might be. However, 
Monte Carlo simulations by Tauchen (1986) and Kocherlakota (1990) strongly 
suggest that one should be quite parsimonious in the selection of x,. Nelson and 
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Startz (1990) in particular stress that in the linear simultaneous equations model 
y, = z;jJ + u,, a good instrument not only must be uncorrelated with u,, but must 
also be strongly correlated with z,. See Bates and White (1988), Hall (1993), and 
Gallant and Tauchen (1992) for further discussion on instrument selection. 

14.4. GMM and Maximum Likelihood Estimation 
In many cases the maximum likelihood estimate of O can also be viewed as a GMM 
estimate. This section explores this analogy and shows how asymptotic properties 
of maximum likelihood estimation and quasi-maximum likelihood can be obtained 
from the previous general results about GMM estimation. 

The Score and Its Population Properties 

Let y, denote an (n x 1) vector of variables observed at date t, and let~, "" 
(y;, y;_" ... , yi)' denote the full set of data observed through date t. Suppose 
that the conditional density of the tth observation is given by 

f(y,j~,-1; 0). [14.4.1] 

Since [14.4.1] is a density, it must integrate to unity: 

Lt(Y,l~,-1; 0) dy, = 1, [14.4.2] 

where Sil denotes the set of possible values that y, could take on and I dy, denotes 
multiple integration: 

I h(y,) dy, "'= I I ·' · I h(y,,, Y21, · . • , Ym) dy,, dy2, · • · dy111• 

Since (14.4.2] holds for all admissible values of 0, we can differentiate both sides 
with respect to O to conclude that 

r af(y,j~,-1; 9) d = 0. 
J"' ao Y, 

[14.4.3] 

The conditions under which the order of differentiation and integration can be 
reversed as assumed in arriving at [14.4.3] and the equations to follow are known 
as "regularity conditions" and are detailed in Cramer (1946). Assuming that these 
hold, we can multiply and divide the integrand in [14.4.3] by the conditional density 
of y,: 

f af(Y,l~,-1; 9) 1 /( 1~ . 0 d _ 
"' a& f(y,j~,-,; 0) Y, ,-1, ) y, - O, 

or 

J a log f(y,l~,-1; 9) f( I"'' . O) d = 0 "' ao Y, -.,,,_,, Y, · [14.4.4] 

Let h(9, ~,) denote the derivative of the log of the conditional density of the 
tth observation: 

h(& ~) = illogf(y,j~,-1; O)_ 
' ' ao [14.4.5] 

If there are a elements in 0, then [14.4.5] describes an (a x l)vector for each 
date t that is known as the score of the tth observation. Since the score is a function 
of~,, it is a random variable. Moreover, substitution of (14.4.5] into [14.4.4] reveals 
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that 

f h(9, ay,)f(y,lay,_,; 9) dy, = 0. 
·" 

[14.4.6) 

Equation (14.4.6) indicates that if the data were really generated by the density 
(14.4.1], then the expected value of the score conditional on information observed 
through date t - l should be zero: 

(14.4.7] 

In other words, the score vectors {h(9, ay,)}~= 1 should form a martingale difference 
sequence. This observation prompted White (1987) to suggest a general specifi
cation test for models estimated by maximum likelihood based on whether the 
sample scores appear to be serially correlated. Expression (14.4.7] further implies 
that the score has unconditional expectation of zero, provided that the uncondi
tional first moment exists: 

E{h(9, ay,)} = 0. (14.4.8) 

Maximum Likelihood and GMM 

Expression (14.4.8) can be viewed as a set of a orthogonality conditions that 
could be used to estimate the a unknown elements of 9. The GMM principle 
suggests using as an estimate of 9 the solution to 

7 

0 = (1/T) L h(9, ay,). [14.4.9) 
r=l 

But this is also the characterization of the maximum likelihood estimate, which is 
based on maximization of 

7 

!e(o) I 1ogf(y,lay1-1;0). 
,-1 

the first-order conditions for which are 

[14.4.10] 

assuming an interior maximum. Recalling (14.4.5), observe that [14.4.10) and [14.4.9] 
are identical conditions-the MLE is the same as the GMM estimator based on 
the orthogonality conditions in [14.4.8). 

The GMM formula (14.2.6] suggests that the variance-covariance matrix of 
the MLE can be approximated by 

£[(67 - 80)(67 - Oo)'l = (1/T){D7Sr 1D;..}-1, [14.4.11] 

where 

o;.. = iJg(9; ~7) I 
(axa) iJ9 e-ir 

= (l/T) :f iJh(9, lay,) I 
1- 1 iJO e-ilr 

[14.4.12] 

= (VT) :f iJ2 logf(Y,l~,-1;8)1 . 
,_ 1 iJ9 iJ9 e-ilr 
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Moreover, the observation in [14.4.7] that the scores are serially uncorrelated 
suggests estimating S by 

r 
sr = (VT) I [h(o, CJYr)][h(O, CJYJ]'. [14.4.13] 

r-1 

The Information Matrix Equality 

Expression (14.4.12] will be recognized as - l times the second derivative 
estimate of the information matrix. Similarly, expression [14.4.13) is the outer
product estimate of the information matrix. That these two expressions are indeed 
estimating the same matrix if the model is correctly specified can be seen from 
calculations similar to those that produced (14.4.6]. Differentiating both sides of 
(14.4.6] with respect to 8' reveals that 

o = f ah(8, <JY,)f( ICJY . 8) d + f h(8 CJY) af(y,ICJY,-1; 8) d 
_.4 a8 , Yr r-1, Yr "' , r a8' Yr 

= J.. ah(:~.<JY,) f(y,ICJY,_ i; 8) dy, 

+ f h(8 ay) a Iogf(y,ICJYt-1; 8) f( ICJY . 8) d 
"' , I a8' y, 1-1, Yr 

or 

f [h(8, CJYr)l[h(8, ayr)l'f(y,ICJY,_1; 8) dyr = -f ah( 8~,ay,) /(y,lay,_ 1; 8) dy,. 
~ ~ a 

This equation implies that if the model is correctly specified, the expected value 
of the outer product of the vector of first derivatives of the log likelihood is equal 
to the negative of the expected value of the matrix of second derivatives: 

{ [ a log f(y,ICJYr-1; 8)] [a log f(y,ICJY,_ 1; 8)] I ay } 
E a0 a8' ,-, 

= _ E{a2 log f(y,ICJY,_ 1; 8) I ay } [ I a8 a8, ,_ 1 14.4.14 

= J,. 
Expression (14.4.14] is known as the information matrix equality. Assuming that 
(1/T) "2:-;= 1 J, ~ J, a positive definite matrix, we can reasonably expect that for 
many models, the estimate Sr in [14.4.13] converges in probability to the infor
mation matrix J and the estimate 0 7 in (14.4.12] converges in probability to 
-J. Thus, result (14.4.11] suggests that if the data are stationary and the estimates 
do not fall on the boundaries of the allowable parameter space, it will often be the 
case that 

[14.4.15] 

where the information matrix J can be estimated consistently from either - 0 7 in 
(14.4.12] or Sr in [14.4.13]. 

In small samples, the estimates -o;.. and Sr will differ, though if they differ 
too greatly this suggests that the model may be misspecified. White (1982) devel
oped an alternative specification test based on comparing these two magnitudes. 

The Wald Test for Maximum Likelihood Estimates 

Result [14.4.15] suggests a general approach to testing hypotheses about the 
value of a parameter vector 8 that has been estimated by maximum likelihood. 
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Consider a null hypothesis involving m restrictions on 9 represented as g(9) = O 
where g: R0 --+ R"' is a known differentiable function. The Wald test of this hy
pothesis is given by 

T(g(&r)l'{[ag(~)I _ ]j:;:•[ag(~)I _ ]'}-
1
(g(8r)l, (14.4.16) 

ae 8=8-r ae 8•8,-

(lxmJ (111Xt1) (tlXff) c«xm) (mXI} 

which converges in distribution to a x2(m) variable under the null hypothesis. 
Again, the estimate of the information matrix jr could be based on either -Di
in (14.4.12] or Sr in (14.4.13). 

The Lagrange Multiplier Test 

We have seen that if the model is correctly specified, the scores 
{h(911, ~,)};';. 1 often form a martingale difference sequence. Expression (14.4.14] 
indicates that the conditional variance-covariance matrix of the tth score is given 
by fl,. Hence, typically, 

r[(l/T) f h(90 , CJY,)]
1

j:;: 1[(1/T) f h(90 , CJY,)J ~ x2(a). (14.4.17) ,-1 ,-1 
Expression (14.4.17) does not.hold when 911 is replaced by &r, since, from (14.4.9], 
this would cause (14.4.17) to be identically zero. 

Suppose-, however, that the likelihood function is maximized subject to m 
constraints on 9, and let Or denote the restricted estimate of 9. Then, as in the 
GMM test for overidentifying restrictions (14.1.27), we would expect that 

r[(l/T) :f h(Or, ~,)]
1

,:;: 1[(1/T) f h(&r, ~.>] ~ x2(m). (14.4.18) ,-1 ,-1 
The magnitude in (14.4.18] was called the efficient score statistic by Rao (1948) 
and the Lagrange multiplier test by Aitchison and Silvey (1958). It provides an 
extremely useful class of diagnostic tests, enabling one to estimate a restricted 
model and test it against a more general specification without having to estimate 
the more general model. Breusch and Pagan (1980), Engle (1984), and Godfrey 
(1988) illustrated applications of the usefulness of the Lagrange multiplier principle. 

Quasi-Maximum Likelihood Estimation 

Even if the data were not generated by the density f(y, I~,- 1; 9), the or
thogonality conditions (14.4.8) might still provide a useful description of the pa
rameter vector of interest. For example, suppose that we incorrectly specified that 
a scalar series y, came from a Gaussian AR(l) process: 

logf(y,ICJY,_,; 9) = -½ log(21T) - ½ log(o-2) - (y, - cf,y,_1)2/(2u2), 

with 9 "" (cf,, o-2)'. The score vector is then 

[ (y, - cf,J,-1)Y,-1lu2 ] 

h(9, ~,) = -1/(20"2) + (y,- cf,y,_,)2/(2u4) • 

which has expectation zero whenever 

E[(y, - cf,J,-1)Y,-1] = 0 (14.4.19) 

(14.4.20) 
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The value of the parameter cf> that satisfies [14.4.19) corresponds to the coefficient 
of a linear projection of y, on y,_ 1 regardless of the time series process followed 
by y,, while u 2 in [14.4.20) is a general characterization of the mean squared error 
of this linear projection. Hence, the moment conditions in (14.4.8) hold for a broad 
class of possible processes, and the estimates obtained by maximizing a Gaussian 
likelihood function (that is, the values satisfying [14.4.91) should give reasonable 
estimates of the linear projection coefficient and its mean squared error for a fairly 
general class of possible data-generating mechanisms. 

However, if the data were not generated by a Gaussian AR(l) process. then 
the information matrix equality no longer need hold. As long as the score vector 
is serially uncorrelated, the variance-covariance matrix of the resulting estimates 
could be obtained from [14.4.11]. Proceeding in this fashion-maximizing the like
lihood function in the usual way, but using (14.4.11] rather than [14.4.15) to cal
culate standard errors-was first proposed by White (1982), who described this 
approach as quasi-maximum likelihood estimation.3 

APPENDIX 14.A. Proof of Chapter 14 Proposition 

• Proof of Proposition 14.1. Let g,(9; "!17) denote the ith element of g(9; "!17), so that 
g,: l'il"--+ l'il'. By the mean-value theorem, 

g,(9T; "!IT) = g,(9.,; "!Ir) + (d,(9~r; "llr)]'(Or - 811), [14.A.1] 
where 

Stacking the equations in (14.A.1) in an (r x 1) vector produces 

g(9,; "!Ir) = g(9u; "!Ir) + DH8r - 811), 
If both sides of (14.A.3] are premultiplied by the (a x r) matrix 

{ag(~~,"llT) 1._J' x S;:', 

the result is 

{ ag(~~r) I . }' x S;:' x [g(9r; "llr)l 
B""Or 

= {ag(~~~r) I . }' X S,:1 X (g(911; "!Ir)] 
a-or 

+ {ag(8;lflr)I }' X s-1 X D'(9 - 9). 
dff' &•Or T T T O 

(14.A.2] 

(14.A.3] 

(14.A.4] 

'For further discussion, see Gourieroux, Monfort, and Trognon (1984), Gallant and White (1988), 
and Wooldridge (1991a, b). 
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But equation [14.1.22] implies that the left side of [14.A.4] is zero, so that 

(97 - 80) = -[{ dg(:~~T) I o~tiJ X Sr I X D~ r 1 

[14.A.5] 

x {dg(B;"llr)I }' x s-1 x [g(O ·"!I)] 
a8' &=Or T (I' T • 

Now, a:T in (14.A.l] is between II., and 87, so that 8tT.: 80 for each i. Thus, condition 
(c) ensures that each row of D~ converges in probability to the corresponding row of D'. 
Then (14.A.5] implies that 

Define 
c .. -{os- 10'} 1 x os-•, 

so that [14.A.6] becomes 

v'T(9T - 80).: CVT·g(O.,; "YT). 

Recall from condition (b) of the proposition that 

vT·g(8.,; "!Ir)_!:. N(8, S). 
It follows as in Example 7.5 of Chapter 7 that 

VT(&r - 11.,)-.!:. N(O, V), 

where 
v = csc = {os- 1D'}- 1os- 1 x s x s 'D'{os- 1D'}- 1 = {os- 10'}- 1, 

as claimed. • 

Chapter 14 Exercise 

14.1. Consider the Gaussian linear regression model, 

Y, = x;13 + u,, 

(14.A.6] 

[14.A.7] 

with u, - i.i.d. N(O, u 2) and u, independent of x, for all t and r. Define 8 .. (13', u')'. The 
log of the likelihood of (y,, y2 , ••• , YT) conditional on (x,, x,, ... , x7 ) is given by 

r 
.;f(8) = -(T/2) log(2,r) - (T/2) log(u 2) - I (y, - x; 13)2/(2u 2). 

t=I 

(a) Show that the estimate i>; in (14.4.12] is given by 

[ 

1 f '/ "' -r ,=I X,X, O''j· 

i>;. = 
O' 

where u,"" (y, - x;~-,) and ~rand u} denote the maximum likelihood estimates. 

(b) Show that the estimate Sr in [14.4.13] is given by 

lt ,t, fl;x,x;tu} ½, ,t, {~:;} ] 
Sr= , 

.!_ f {fl;'x;} .!_ f { fl; __ 1_}-· 
T ,- , 26-} T ,~, 2o-j. 26-} 

(c) Show that plim(Sr) = -plim(Dr) = j, where 

j = [ Qt' 1/(;u,J 
for Q = plim(l/T) z.;_, x,x;. 
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( d) Consider a set of m linear restrictions on P of the form RP =. r for R a known 
(111 x k) matrix and r a known (m x l) vector. Show that for 9T = -DT, the Wald test 
statistic given in (14.4.16] is identical to the Wald form of the OLS x2 test in [8.2.23] with 
the OLS estimate of the variances} in (8.2.23] replaced by the MLE o-}. 

(e) Show that when the lower left and upper right blocks of ST are set to their plim 
of zero, then the quasi-maximum likelihood Wald test of RP = r is identical to the hetero
skedasticity-consistent form of the O LS x2 test given in [8.2.36]. 
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15 
Models 
of Nonstationary 
Time Series 

Up to this point our analysis has typically been confined to stationary processes. 
This chapter introduces several approaches to modeling nonstationary time series 
and analyzes the dynamic properties of different models of nonstationarity. Con
sequences of nonstationarity for statistical inference are investigated in subsequent 
chapters. 

15.1. Introduction 
Chapters 3 and 4 discussed univariate time series models that can be written in the 
form 

Y, = µ. + e, + 1/1,e,_, + l/f2e,-2 + · · · = µ. + 1/f(L)e,, [15.1.1] 

where ~i-oll/lil < 00 , roots of 1/f(z) = 0 are outside the unit circle, and {e,} is a 
white noise sequence with mean zero and variance u 2 • Two features of such proc
esses merit repeating here. First, the unconditional expectation of the variable is 
a constant, independent of the date of the observation: 

E(y,) = µ.. 

Second, as one tries to forecast the series farther into the future, the forecast 
.9,+,1,"" E(y,+,IY,, y,_ 1, ••• ) converges to the unconditional mean: 

lim .Y1+,1, = µ.. 
~·-x 

These can be quite unappealing assumptions for many of the economic and 
financial time series encountered in practice. For example, Figure 15.1 plots the 
level of nominal gross national product for the United States since World War II. 
There is no doubt that this series has trended upward over time, and this upward 
trend should be incorporated in any forecasts of this series. 

There are two popular approaches to describing such trends. The first is to 
include a deterministic time trend: 

y, = a + lit + 1/f(L)e,. [15.1.2] 

Thus, the mean µ. of the stationary' process [ 15 .1.1) is replaced by a linear function 
of the date t. Such a process is sometimes described as trend-stationary, because if 
one subtracts the trend a + lit from [15.1.2), the result is a stationary process. 

The second specification is a unit root process, 

(1 - L)y, = li + 1/f(L)e,, [15.1.3] 

'Recall that "stationary·· is taken to mean --covariance-stationary." 
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FIGURE 15.l U.S. nominal GNP, 1947-87. 

where tf,(1) 4:-0. For a unit root process, a stationary representation of the form 
of [15.1.1) describes changes in the series. For reasons that will become clear 
shortly, the mean of (1 - L)y, is denoted 8 rather thanµ. 

The first-difference operator (1 - L) will come up sufficiently often that a 
special symbol (the Greek letter~) is reserv.ed for it: 

~Y, == Y, - Y,-,. 

The prototypical example of a unit root process is obtained by setting tf,(L) 
equal to 1 in [15.1.3): 

Y, = Y,-1 + 8 + t:,. [15.1.4) 

This process is known as a random walk with drift 8. 
In the definition of the unit root process in [15.1.3), it was assumed that tf,(l) 

is nonzero, where tf,(l) denotes the polynomial 

tf,(z) = 1 + t/J1Z1 + t/J2Z2 + • • · 
evaluated at z = 1. To see why such a restriction must be part of the definition 
of a unit root process, suppose that the original series y, is in fact stationary with 
a representation of the form 

y, = µ + x(L)t:,. 

If such a stationary series is differenced, the result is 

(1 - L)y, = (1 - L)x(L)t:, = tf,(L)E,, 

where ifr(L) = (1 - L)x(L). This representation is in the form of [15.1.3)-if the 
original series y, is stationary, then so is ~y,. However, the moving average operator 
tf,(L) that characterizes ~Y, has the property that ifr(l) = (1 - 1) · x(l) = 0. When 
we stipulated that tf,(1) 4:-0 in [15.1.3], we were thus ruling out the possibility 
that the original series y, is stationary. 

It is sometimes convenient to work with a slightly different representation of 
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the unit root process (15.1.3). Consider the following specification: 

Y, = a+ 8t + u,, (15.1.5) 

where u, follows a zero-mean ARMA process: 

(1 - </J, L - </)2L2 - · · · - </J,,LP)u, 
0 (15 .1.6) = (1 + 0,L + 02 L- + · · · + 0qLq)c, 

and where the moving average operator (1 + 0,L + 02 L2 + · · · + 0qLq) is 
invertible. Suppose that the autoregressive operator in (15.1.6) is factored as in 
equation (2.4.3): 

(1 - </J,L - </J2 L2 - · · · - </J,,U) = (1 - A1L)(l - A2 L) · · · (1 - \,L). 

If all of the eigenvalues A,, A2, ••• , A,, are inside the unit circle, then (15.1.6) can 
be expressed as 

1 + 01L + 02 L2 + · · · + 0qLq 
u, = (1 - A,L)(l - A2 L) · · · (1 - A,,L) 13' = iµ(L)e,, 

with L/~ol ifr;I < oo and roots of iµ(z) = 0 outside the unit circle. Thus, when 
I A;I < 1 for all i, the process [15.1.5) would just be a special case of the trend
stationary process of [15.1.2]. 

Suppose instead that A1 = 1 and JA;I < 1 for i = 2, 3, ... , p. Then (15.1.6) 
would state that 

(1 - L)(l - A2 L)(l - A,L) · · · (1 - A,,L)u, 
= (1 + 0,L + 02 L 2 + · · · + 0qL")e,, 

(15.1.7) 

implying that 

_ _ 1 + 01L + 02 L2 + · · · + 0,,L" - • 
(l L)u, - (1 - A2 L)(l - A3 L) · · · (1 - A1,L) 13' - IP (L)e,, 

with L;'-olifril < oo and roots of ifr*(z) = 0 outside the unit circle. Thus, if [15.1.5) 
is first-differenced, the result is 

(1 - L)y, = (1 - L)a + (8t - .S(t - 1)] + (1 - L)u, = 0 + 8 + iµ•(L)e,, 

which is of the form of the unit root process [15.1.3). 
The representation in [15. 1.5) explains the use of the term "unit root process." 

One of the roots or eigenvalues (Ai) of the autoregressive polynomial in [15.1.6) 
is unity, and all other eigenvalues are inside the unit circle. 

Another expression that is sometimes used is that the process (15.1.3) is 
integrated of order 1. This is indicated as y, - /(1). The term "integrated" comes 
from calculus; if dy/dt = x, then y is the integral of x. In discrete time series, if 
fly, = x,, then y might also be viewed as the integral, or sum overt, of x. 

If a process written in the form of (15.1.5] and (15.1.6) has two eigenvalues 
Ai and A2 that are both equal to unity with the others all iriside the unit circle, 
then second differences of the data have to be taken before arriving at a stationary 
time series: 

(1 - L)2y, = K + iµ(L)e,. 

Such a process is said to be integrated of order 2, denoted y, - 1(2). 
A general process written in the form of [15.1.5] and [15.1.6) is called an 

autoregressive integrated moving average process, denoted ARJMA(p, d, q). The 
first parameter (p) refers to the number of autoregressive lags (not counting the 
unit roots), the second parameter (d) refers to the order of integration, and the 
third parameter ( q) gives the number of moving average lags. Taking dth differences 
of an ARIMA(p, d, q) produces a stationary ARMA(p, q) process. 
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15.2. Why Linear Time Trends and Unit Roots? 
One might wonder why, for the trend-stationary specification ( 15 .1. 2]. the trend 
is specified to be a linear function of time (8t) rather than a quadratic function 
(8t + -yt2) or exponential (e6'). Indeed, the GNP series in Figure 15.1, like many 
economic and financial time series, seems better characterized by an exponential 
trend than a linear trend. An exponential tre.nd exhibits constant proportional 
growth; that is, if 

[15.2.1] 

then dyldt = 8 · y,. Proportional growth in the population would arise if the number 
of children born were a constant fraction of the current population. Proportional 
growth in prices (or constant inflation) would arise if the government were trying· 
to collect a constant level of real revenues from printing money. Such stories are 
often an appealing starting point for thinking about the sources of time trends, and 
exponential growth is often confirmed by the visual appearance of the series as in 
Figure 15.1. For this reason, many economists simply assume that growth is of the 
exponential form. 

Notice that if we take the natural log of the exponential trend [15.2.1), the 
result is a linear trend, 

log(y,) = 8t. 

Thus, it is COll)mon to take logs of the data before attempting to describe them 
with the model in (15.1.2). 

Similar arguments suggest taking natural logs before applying [15.1.3). For 
small changes, the first difference of the log of a variable is approximately the same 
as the percentage change in the variable: 

(1 - L) log(y,) = log(y,ly,- 1) 

= log{l + [(y, - Y,-1)/y,_ 1H 

="' (y, - Y,-1)/y,-1, 

where we have used the fact that for x close to zero, log(l + x) :ae x. 2 Thus, if the 
logs of a variable are specified to follow a unit root process, the assumption is that 
the rate of growth of the series is a stationary stochastic process. The same argu
ments used to justify taking logs before applying (15.1.2) also suggest taking logs 
before applying (15.1.3]. 

Often the units are slightly more convenient if log(y,) is multiplied by 100. 
Then changes are measured directly in units of percentage change. For example, 
if (1 - L)[lOO x log(y,)) = 1.0, then y, is 1% higher than y,_ 1. 

15.3. Comparison of Trend-Stationary 
and Unit Root Processes 
This section compares a trend-stationary process [15.1.2] with a unit root process 
(15.1.3) in terms of forecasts of the series, variance of the forecast error, dynamic 
multipliers, and transformations needed to achieve stationarity. 

'See result [A.3.36] in the Mathematical Review (Appendix A) at the end of the book. 
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Comparison of Forecasts 

To forecast a trend-stationary process [15.1.2), the known deterministic com
ponent (ex + 8t) is simply added to the forecast of the stationary stochastic com
ponent: 

.Yt+slt = a + 8(t + s) + 1/J,e, + o/s+ 1E,-1 + o/s+2E,-2 + · · · . [15.3.1] 

Here .9,+sl, denotes the linear projection of Y,+s on a constant and y,, y,_ i, •••• 

Note that for nonstationary processes, we will follow the convention that the "con
stant" term in a linear projection, in this case a + 8(t + s), can be different for 
each date t + s. As the forecast horizon (s) grows large, absolute summability of 
{I/I;} implies that this forecast converges in mean square to the time trend: 

E[.9,+slr - a - 8(t + s))2 ._ 0 as s- oo. 

To forecast the unit root process [15.1.3], recall that the change !!t.y, is a 
stationary process that can be forecast using the standard formula: 

!!t.yH·slr = E[(Y,+., - Y1+.,-1) IY,, Y,- I• • • • ] 

= 8 + I/J.,.E1 + o/.,·+1E,-1 + o/s+2E,-2 + 
[15.3.2] 

The level of the variable at date t + s is simply the sum of the changes between t 
and t + s: 

Yr+s = (Yr+., - Y,+.,-1) + (Y,+,·-I - Y,+.,-2) + 
+ (Y,+1 - Y,) + y, [15.3.3] 

= !!t.y,+s + !!t.Y,+.,-1 + · · · + !!t.y,+ 1 + Y,-

Taking the linear projection of [15.3.3] on a constant and y,, y,_ 1, ••• and sub
stituting from [15.3.2] gives 

or 

.Yr+slt = !!t.f,+slr + !!t.f,+s-llr + ' ' ' + !!t...9,+ lit + Yr 

= {8 + 1/J,E, + o/s+ 1E1- L + o/s+2E1-2 + . ' ·} 
+ {8 + o/,-1E1 + I/J,Er-1 + o/...+1E1-2 + '' ·} 
+ ' ' ' + {8 + o/1E, + I/J2E1-l + o/JEr-2 + ' . ·} + Yr 

.Yt+slt = s8 + y, + (1/1, + o/s- l + ... + 1/11k, 
+ (I/ls+ I + 1/1, + · · · + l/lz)E,-1 + · · · · 

[15.3.4] 

Further insight into the forecast of a unit root process is obtained by analyzing 
some special cases. Consider first the random walk with drift [15.1.4], in which 
lj,1 = lj,2 = · · · = 0. Then [15.3.4] becomes 

.Yt+slt = s8 + y,. 

A random walk with drift 8 is expected to grow at the constant rate of 8 per period 
from whatever its current value y, happens to be. 

Consider next an ARJMA(O, 1, 1) specification (1/11 = 0, lj,2 = lj,3 = · · · 
= 0). Then 

Yr+slt = s8 + Y, + 0e,. [15.3.5] 

Here, the current level of the series y, along with the current innovation e, again 
defines a base from which the variable is expected to grow at the constant rate 8. 
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Notice that e, is the one-period-ahead forecast error: 

e, = Y, - Yt1,-1· 

It follows from [15.3.5) that for 8 = 0 ands = 1, 

Y,+ 11, = y, + 0(y, - Y,1,-1) 
or 

(15.3.6) 

Yt+, 1, = (1 + 0)y, - 09,1,_ 1. (15.3.7) 

Equation (15.3. 7) takes the form of a simple first-order difference equation, relating 
Yi+ 11, to its own lagged value and to the input variable (1 + 0) y,. Provided that 
101 < 1, expression [15.3.7] can be written using result [2.2.9) as 

Y,+ 11, = [(1 + 0)y,] + ( - 0)[(1 + 0)y,_ ,l 
+ (-0)2((1 + 0)Y,-2] + (-0) 3[(1 + 0)y,_ 3] + · · · (15.3.8] 

" 
(1 + 0) I (-0)iy,-j· 

J=O 

Expression [15.3.7) is sometimes described as adaptive expectations, and its impli
cation (15.3.8] is referred to as exponential smoothing; typical applications assume 
that - 1 < 0 < 0. Letting y, denote income, Friedman (1957) used exponential 
smoothing to construct one of his measures of permanent income. Muth (1960) 
noted that adaptive expectations or exponential smoothing corresponds to a rational 
forecast of future income only if y, follows an ARIMA(O, 1, 1) process and the 
smoothing weight ( - 0) is chosen to equal the negative of the moving average 
coefficient of the differenced data (0). 

For an ARIMA(O, 1, q) process, the value of y, and the q most recent values 
of e, influence the forecasts Y,+ 11,, Y,+21,, •.• , J1+qlt• but thereafter the series is 
expected to grow at the rate 8. For an ARJMA(p, 1, q), the forecast growth rate 
asymptotically approaches 8. 

Thus, the parameter 8 in the unit root process [15.1.3] plays a similar role to 
that of 8 in the deterministic time trend (15.1.2). With either specification, the 
forecast Y,+sJ, in (15.3.1) or (15.3.4] converges to a linear function of the forecast 
horizon s with slope 8; see Figure 15.2. The key difference is in the intercept of 
the line. For a trend-stationary process, the forecast converges to a line whose 
intercept is the same regardless of the value of y,. By contrast, the intercept of the 
limiting forecast for a unit root process is continually changing with each new 
observation on y. 

Comparison of Forecast Errors 

The trend-stationary and unit root specifications are also very different in 
their implications for the variance of the forecast error. For the trend-stationary 
process (15.1.2], the s-period-ahead forecast error is 

Yr+s - Y1+slt = {a + 8(t + s) + E1+s + I/J1E1+s-l + I/J2E1+s-2 + · · · 
+ l/l,-1e,+1 + 1/J,e, + IP..+1e,-1 + · · ·} 
- {a+ 8(t + s) + 1/,,e, + l/ls+1e,-1 + l/l,+2e,_2 + · · ·} 
Et+s + I/J1E1+s-l + 'P2E1+s-2 + · · · + 'Ps-1E1+I· 
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The mean squared error (MSE) of this forecast is 

£[yl+S - .Yt+slt]2 = {1 + o/I + 1/J~ + · · · + 1/J;_ 1}CT2 • 

The MSE increases with the forecasting horizons, though ass becomes large, the 
added uncertainty from forecasting farther into the future becomes negligible: 

lim E[y,+s - .Y1+s1,J2 = {1 + I/Ii + 1/1~ + · · ·}a-2. 
•-" 

Note that the limiting MSE is just the unconditional variance of the stationary 
component 1/f(L)E,. 

By contrast, for the unit root process [15.1.3], the s-period-ahead forecast 
error is 

.---············ ....... 
..... -···· 

............ -4" 

............. 
___ .......... -····· 

................... -·· 

951 confidence interval 

Time 

(a) Trend-stationary process 

•••••••• I' .... ---·· 

···········•···•••··· 

·•··•·•·•···•·•·•····•···•·······•· 

Time 
(b) Unit root process 

FIGURE 15.2 Forecasts and 95% confidence intervals. 
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Yr+s - Yr+slt = {~Yt+s + ~Yr+s-1 + · · · + ~Yr+ l + Y,} 

with MSE 

- {~.Yt+slr + ~.Yr+s-llt + · · · + ~Yr+llt + y,} 

= {Er+s + t/J1Er+s-l + • '' + t/J,-1E1+1} 

+ {e,+.,-l + t/11Er+s-2 + · · · + t/l,-2e,+1} + · · · + {e,+ ,} 

Er+s + {1 + 1/1,}e,+,-I + {l + 1/11 + t/J2}er+s-2 + 
+ {1 + 1/11 + 1/12 + • .. + t/J,-1}E,+1• 

E(Y,+s - .Yr+.rlrJ2 = {l + (1 + 1/1,)2 + (1 + t/11 + 1/12)2 + · · · 
+ (1 + 1/11 + 1/12 + ... + t/l,-1)2}a-2. 

The MSE again increases with the length of the forecasting horizon s, though in 
contrast to the trend-stationary case, the MSE does not converge to any fixed value 
ass goes to infinity. Instead, it asymptotically approaches a linear function of s 
with slope (1 + 1/J, + ljl 2 + · · ·)2a-2. For example, for an ARIMA(O, 1, 1) process, 

E[y,+s - .Yr+s1,J2 = {1 + (s - 1)(1 + 0)2}a-2. (15.3.9] 

To summarize, for a trend-stationary process the MSE reaches a finite bound 
as the forecast horizon becomes large, whereas for a unit root process the MSE 
eventually grows linearly with the forecast horizon. This result is again illustrated 
in Figure 15.2. 

Note that since the MSE grows linearly with the forecast horizon s, the 
standard deviation of the forecast error grows with the square root of s. On the 
other hand, if 8 > 0, then the forecast itself grows linearly in s. Thus, a 95% 
confidence interval for Yr+, expands more slowly than the level of the series, 
meaning that data from a unit root process with positive drift are certain to exhibit 
an upward trend if observed for a sufficiently long period. In this sense the trend 
introduced by a nonzero drift 8 asymptotically dominates the increasing variability 
arising over time due to the unit root component. This result is very important for 
understanding the asymptotic statistical results to be presented in Chapters 17 and 
18. 

Figure 15.3 plots realizations of a Gaussian random walk without drift and 
with drift. The random walk without drift, shown in panel (a), shows no tendency 
to return to its starting value or any unconditional mean. The random walk with 
drift, shown in panel (b), shows no tendency to return to a fixed deterministic 
trend line, though the series is asymptotically dominated by the positive drift term. 

Comparison of Dynamic Multipliers 

Another difference between trend-stationary and unit root processes is the 
persistence of innovations. Consider the consequences for Yi+s if e, were to increase 
by one unit with e's for all other dates unaffected. For the trend-stationary process 
(15.1.2], this dynamic multiplier is given by 

ay,+s = 1/1 
ae, s• 

For a trend-stationary process, then, the effect of any stochastic disturbance even
tually wears off: 

I. ay,+, 0 1m -- = . 
s-~ ae, 
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(a) Random walk without drift 
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(b) Random walk with drift 

FIGURE 15.3 Sample realizations from Gaussian unit root processes. 

By contrast, for a unit root process, the effect of e, on Y,+s is seen from [15.3.4] 
to be3 

ay,+- ay, 
--· = - + "'· + 1/1,-1 + ... + 1/1, = 1 + "'' + "'2 + ... + "'·· ae, ae, 

An innovation e, has a permanent effect on the level of y that is captured by 

l. 0Yr+s 1 (1) [ 5 3 10] Im -- = + lj,1 + o/2 + • · ' = 1/J . 1 .. 
s-x ae, 

'lbis, of course, contrasts with the multiplier that describes the effect of E, on the change between 
y,., and y,., _,, which is given by 

15.3. Comparison of Trend-Stationary and Unit Root Processes 443 



As an illustration of calculating such a multiplier, the following AR/MA( 4, 
1, 0) model was estimated for y, equal to 100 times the log of quarterly U.S. real 
GNP (t = 1952:II to 1984:IV): 

!1y, = 0.555 + 0.312 /1y,-l + 0.122 11Y,-2 - 0.116 /1y,_3 - 0.081 !:i.y,_4 + E,. 

For this specification, the permanent effect of a one-unit change in e, on the level 
of real GNP is estimated to be 

l/,(1) = 1/cf,(1) = 1/(1 - 0.312 - 0.122 + 0.116 + 0.081) = 1.31. 

Transformations to Achieve Stationarity 

A final difference between trend-stationary and unit root processes that de- . 
serves comment is the transformation of the data needed to generate a stationary 
time series. If the process is really trend stationary as in [15.1.2], the appropriate 
treatment is to subtract 8t from y, to produce a stationary representation of the 
form of [15.1.1]. By contrast, if the data were really generated by the unit root 
process [15.1.3), subtracting 8t from y, would succeed in removing the time-de
pendence of the mean but not the variance. For example, if the data were generated 
by [15.1.4), the random walk with drift, then 

y, - 8t = Yo + (e 1 + e2 + · · · + E,) '= Yo + u,. 

The variance of the residual u, is t<T2; it grows with the date of the observation. 
Thus, subtracting a time trend from a unit root process is not sufficient to produce 
a stationary time series. 

The correct treatment for a unit root process is to difference the series, and 
for this reason a process described by (15.1.3) is sometimes called a difference
stationary process. Note, however, that if one were to try to difference a trend
stationary process (15.1.2], the result would be 

!:i.y, = 8 + (1 - L)l/f(L)e,. 

This is a stationary time series, but a unit root has been introduced into the moving 
average representation. Thus, the result would be a noninvertible process subject 
to the potential difficulties discussed in Chapters 3 through 5. 

15.4. The Meaning of Tests for Unit Roots 
Knowing whether nonstationarity in the data is due to a deterministic time trend 
or a unit root would seem to be a very important question. For example, mac
roeconomists are very interested in knowing whether economic recessions have 
permanent consequences for the level of future GNP, or instead represent tem
porary downturns with the lost output eventually made up during the recovery. 
Nelson and Plosser (1982) argued that many economic series are better character
ized by unit roots than by deterministic time trends. A number of economists have 
tried to measure the size of the permanent consequences by estimating l/,(1) for 
various time series representations of GNP growth. 4 

Although it might be very interesting to know whether a time series has a 
unit root, several recent papers have argued that the question is inherently un-

'See, for example, Watson (1986). Clark (1987), Campbell and Mankiw (1987a, b), Cochrane (1988), 
Gagnon (1988), Stock and Watson (1988), Durlauf (1989), and Hamilton (1989). 
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answerable on the basis of a finite sample of observati_ons.5 The argument takes 
the form of two observations. 

The first observation is that for any unit root process there exists a stationary 
process that will be impossible to distinguish from the unit root representation for 
any given sample size T. Such a stationary process is found easily enough by setting 
one of the eigenvalues close to but not quite equal to unity. For example, suppose 
the sample consists of T = 10,000 observations that were really generated by a 
driftless random walk: 

y, = y,_ 1 + e, true model (unit root). [15.4.1) 

Consider trying to distinguish this from the following stationary process: 

y, = cpy,_ 1 + e, lc/,I < 1 false model (stationary). (15.4.2) 

The s-period-ahead forecast of [15.4.1) is 

Y,+s1, = y, [15.4.3) 
with MSE 

E(y,+. - Y,+.1,)2 = su2. 

The corresponding forecast of (15.4.2) is 

.Yt+slt = 4"Y, 
with MSE 

[15.4.4) 

[15.4.5) 

E(y,+s - Yr+,1,)2 = (1 + cf,2 + cp• + ... + cp2<s-1)) · a-2. [15.4.6) 

Clearly there exists a value of cf, sufficiently close to unity such that the observable 
implications of the stationary representation ([15.4.5) and (15.4.6)) are arbitrarily 
close to those of the unit root process ([15.4.3) and (15.4.4)) in a sample of size 
10,000. 

More formally, the conditional likelihood function for a Gaussian process 
characterized by [15.1.7] is continuous in the parameter A1• Hence, given any fixed 
sample size T, any small numbers 11 and e, and any unit root specification with 
A1 = 1, there exists a stationary specification with ,\1 < 1 with the property that 
the probability is less than e that one would observe a sample of size T for which 
the value of the likelihood implied by the unit root representation differs by more 
than 11 from the value of the likelihood implied by the stationary representation. 

The converse proposition is also true-for any stationary process and a given 
sample size T, there exists a unit root process that will be impossible to distinguish 
from the unit root representation. Again, consider a simple example. Suppose the 
true process is white noise: 

y, = e, true model (stationary). [15.4. 7] 

Consider trying to distinguish this from 

(1 - L)y, = (1 + BL)e, !Bl< 1 false model (unit root) [15.4.8) 

Yo= en= 0. 

The s-period-ahead forecast of (15.4.7) is 

Y,+.1, = o 
with MSE 

'See Blough (1992a, b), Cochrane (1991), Christiano and Eic:henbaum (1990), Stock (1990), and 
Sims (1989). The sharpest statement of this view, and the perspective on whic:h the remarks in the text 
are based, is that of Blough. 
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The forecast of [15.4.8] is obtained from [15.3.5]: 

Y,+-1, = y, + Be, 

= {6.y, + 6.y,_ 1 + · · · + 6Y2 + Y1} + Be, 

= {(e, + 8e,_1) + (e,_ 1 + 0e,_2) + · · · + (e2 + Bet) + (et)}+ Be, 

= (1 + B){e, + e,_ 1 + · · · + e1}-

From [15.3.9], the MSE of the s-period-ahead forecast is 

E(Y1+s - .Y1+sl1)2 = {1 + (s - 1)(1 + 8)2}a-2• 

Again, clearly, given any fixed sample size T, there exists a value of 0 sufficiently 
close to -1 that the unit root process [15.4.8] will have virtually the identical 
observable implications to those of the stationary process [15.4.7]. 

Unit root and stationary processes differ in their implications at infinite time · 
horizons, but for any given finite number of observations on the time series, there 
is a representative from either class of models that could account for all the observed 
features of the data. We therefore need to be careful with our choice of wording
testing whether a particular time series "contains a unit root," or testing whether 
innovations "have a permanent effect on the level of the series,'' however inter
esting, is simply impossible to do. 

Another way to express this is as follows. For a unit root process given by 
[15.1.3), the autocovariance-generating function of (1 - L)y, is 

gH(z) = ,t,(z)a-2,t,(z- 1). 

The autocovariance-generating function evaluated at z = 1 is then 

[15.4.9] 

Recalling that the population spectrum of 6.y at frequency w is defined by 

sH(w) = 2~ g6 y(e-i"'), 

expression [15.4.9] can alternatively be described as 2'lT times the spectrum at 
frequency zero: 

By contrast, if the true process is the trend-stationary specification [15.1.2], 
the autocovariance-generating function of 6.y can be calculated from [3.6.15] as 

K.6v(z) = (1 - z),t,(z)a-2,t,(z- 1)(1 - z- 1), 

which evaluated at z = 1 is zero. Thus, if the true process is trend-stationary, the 
population spectrum of 6.y at frequency zero is zero, whereas if the true process 
is characterized by a unit root, the population spectrum of 6.y at frequency zero 
is positive. 

The question of whether y, follows a unit root process can thus equivalently 
be expressed as a question of whether the population spectrum of 6.y at frequency 
zero is zero. However, there is no information in a sample of size T about cycles 
with period greater than T, just as there is no information in a sample of size T 
about the dynamic multiplier for a horizon s > T. 

These observations notwithstanding, there are several closely related and very 
interesting questions that are answerable. Given enough data, we certainly can ask 
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whether innovations have a significant effect on the level of the series over a 
specified finite horizon. For a fixed time horizon (say, s = 3 years), there exists 
a sample size (say, the half century of observations since World War 11) such that 
we can meaningfully inquire whether i!Y,+.Ji!e, is close to zero. We cannot tell 
whether the data were really generated by (15.4.1] or a close relative of the form 
of [15.4.2], but we can measure whether innovations have much persistence over 
a fixed interval (as in [15.4.1] or [15.4.2]) or very little persistence over that interval 
(as in (15.4. 7] or (15.4.8]). 

We can also arrive at a testable hypothesis if we are willing to restrict further 
the class of processes considered. Suppose the dynamics of a given sample {y1, 

...• YT} are to be modeled using an autoregression of fixed, known order p. For 
example, suppose we are committed to using an AR(l) process: 

Y, = cf>Y,-1 + e,. (15.4.10] 

Within this class of models, the restriction 

H0 : cf>= 1 

is certainly testable. While it is true that there exist local alternatives (such as 
cf, = 0.99999) against which a test would have essentially no power, this is true of 
most hypothesis tests. There are also alternatives (such as cf> = 0.3) that would 
lead to certain rejection of H0 given enough observations. The hypothesis "{y,} is 
an AR(l) process with a unit root" is potentially refutable; the hypothesis "{y,} is 
a general unit root process of the form (15.1.3]" is not. 

There may be good reasons to restrict ourselves to consider only low-order 
autoregressive representations. Parsimonious models often perform best, and au
toregressions are much easier to estimate and forecast than moving average proc
esses, particularly moving average processes with a root near unity. 

If we are indeed committed to describing the data with a low-order auto
regression, knowing whether the further restriction of a unit root should be imposed 
can clearly be important for two reasons. The first involves a familiar trade-off 
between efficiency and consistency. If a restriction (in this case, a unit root) is 
true, more efficient estimates result from imposing it. Estimates of the other coef
ficients and dynamic multipliers will be more accurate, and forecasts will be better. 
If the restriction is false, the estimates are unreliable no matter how large the 
sample. Researchers differ in their advice on how to deal with this trade-off. One 
practical guide is to estimate the model both with and without the unit root imposed. 
If the key inferences are similar, so much the better. If the inferences differ, some 
attempt at explaining the conflicting findings (as in Christiano and Ljungqvist, 
1988, or Stock and Watson, 1989) may be desirable. 

In addition to the familiar trade-off between efficiency and consistency, the 
decision whether or not to impose unit roots on an autoregression also raises issues 
involving the asymptotic distribution theory one uses to test hypotheses about the 
process. This issue is explored in detail in later chapters. 

15.5. Other Approaches to Trended Time Series 
Although most of the analysis of nonstationarity in this book will be devoted to 
unit roots and time trends, this section briefly discusses two alternative approaches 
to modeling nonstationarity: fractionally integrated processes and processes with 
occasional, discrete shifts in the time trend. 
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Fractional Integration 
Recall that an integrated process of order d can be represented in the form 

(1 - Lyty, = ip(L)e,, [15.5.1] 

with 2-j~o lifri I< co. The normal assumption is that d = 1, or that the first difference 
of the series is stationary. Occasionally one finds a series for which d = 2 might 
be a better choice. 

Granger and Joyeux (1980) and Hosking (1981) suggested that noninteger 
values of din [15.5.1] might also be useful. To understand the meaning of [15.5.1] 
for noninteger d, consider the MA(ao) representation implied by [15.5.1]. It will 
be shown shortly that the inverse of the operator (1 - L)" exists provided that 
d <!.Multiplying both sides of [15.5.1] by (1 - L)-" results in 

y, = (1 - L)-"ip(L)e,. 

For z a scalar, define the function 

f(z) "' (1 - z)-". 

This function has derivatives given by 

~ = d·(l - z)-"- 1 

i!z 
ay· - = (d + l)·d·(l - z)-, 1- 2 
i!z2 

i!3f 
i!z3 = (d + 2)·(d + l)·d·(l - z)-,,- 3 

iJif 
iJzi = (d + j - l)·(d + j - 2) · · · (d + l)·d·(l - z)-a-,_ 

A power series expansion for f(z) around z = 0 is thus given by 

i!fl 1 iJ2fl 1 iJ3f I (1-z)-d"'f(O)+- ·z+ 1 ---:; ·z 2 + 1 , ·z 3 +··· 
i!z ,-o 2. i!z- ,-o 3. i!z· ,-o 

[15.5.2] 

= 1 + dz + (l/2!)(d + l)dz 2 + (l/3!)(d + 2)(d + l)dz 3 + · · · . 

This suggests that the operator (1 - L)-d might be represented by the filter 

(1 - L)-" = 1 + dL + (1/2!)(d + l)dU 
+ (1/3!)(d + 2)(d + l)dL3 + · · · (15.5.3] 

X 

= I hju, 
j-Cl 

where h0 = 1 and 

hi= (1/j!)(d + j - l)(d + j - 2)(d + j - 3) · · · (d + l)(d). (15.5.4] 

Appendix 15.A to this chapter establishes that if d < 1, h; can be approximated 
for large j by 

[15.5.5] 
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Thus, the time series model 

[15.5.6) 

describes an MA(oo) representation in which the impulse-response coefficient hi 
behaves for large j like (j + it- 1• For comparison, recall that the impulse-response 
coefficient associated with the AR(!) process y, = (1 - <f>L)-1E, is given by <f>'. 
The impulse-response coefficients for a stationary ARMA process decay geomet
rically, in contrast to the slower decay implied by [15.5.5]. Because of this slower 
rate of decay, Granger and Joyeux proposed the fractionally integrated process as 
an approach to modeling long memories in a time series. 

In a finite sample, this long memory could be approximated arbitrarily well 
with a suitably large-order ARMA representation. The goal of the fractional-dif
ference specification is to capture parsimoniously long-run multipliers that decay 
very slowly. 

The sequence of limiting moving average coefficients {h)J'-o given in [15.5.4] 
can be shown to be square-summable provided that d < !:6 

I 111 < CXl ford<!. 
j=O 

Thus, [15.5.6] defines a covariance-stationary process provided that d < !. If d > 
!, the proposal is to difference the process before describing it by [15.5.2]. For 
example, if d = 0.7, the process of [15.5.1] implies 

(1 - L)- 03 (1 - L)y, = 1/l(l)e,; 

that is, liy, is fractionally integrated with parameter d = - 0.3 < !. 
Conditions under which fractional integration could arise from aggregation 

of other processes were described by Granger ( 1980). Geweke and Porter-Hudak 
(1983) and Sowell (1992) proposed techniques for estimating d. Diebold and Ru
debusch (1989) analyzed GNP data and the persistence of business cycle fluctuations 
using this approach, while Lo (1991) provided an interesting investigation of the 
persistence of movements in stock prices. 

Occasional Breaks in Trend 

According to the unit root specification [15.1.3], events are occurring all the 
time that permanently affect the course of y. Perron (1989) and Rappoport and 
Reichlin (1989) have argued that economic events that have large. permanent effects 

6Reasoning as in Appendix 3.A to Chapter 3. 

Nil (j + l)l(d-1) = ± j2(d-l) 

,-o 1-1 

< 1 + f.N xl(d-1) tfx 

= 1 + (l/(2d - 1)]x24 - 11~-, 
= 1 + [I/(2d - l)]·[Nu-, - 1], 

which converges to 1 - [1/(2d - 1)] as N-+ oo, provided that d < ¼. 
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are relatively rare. The idea can be illustrated with the following model, in which 
y, is stationary around a trend with a single break: 

{
a 1 + 8t + e, 

y, = 
a 2 + Bt + e, 

fort< T0 

fort 2: To, 
[15.5.7] 

The finding is that such series would appear to exhibit unit root nonstationarity 
on the basis of the tests to be discussed in Chapter 17. 

Another way of thinking about the process in [15.5.7] is as follows: 

ay, = e, + [j + E1 - E,-1, [15.5.8] 

where g, = (a 2 - a 1) when t = T0 and is zero otherwise. Suppose g, is viewed as 
a random variable with some probability distribution-say, 

with probability p 

with probability 1 - p. 

Evidently, p must be quite small to represent the idea that this is a relatively rare 
event. Equation [15.5.8] could then be rewritten as 

ay, = µ, + r-,,, [15.5. 9] 

where 

µ, = p(a 2 - a 1) + 8 

11, = e, - p(a2 - a1) + E1 - E,-1· 

But 11, is the sum of a zero-mean white noise process [' - p(a 1 - a 1)] and an 
independent MA(l) process [e, - e,_ 1]. Therefore, an MA(l) representation for 
11, exists·. From this perspective, [15.5.9] could be viewed as an ARJMA(0, 1, 1) 
process, 

L\y, = µ, + v, + 8v,_1 , 

with a non-Gaussian distribution for the innovations ~·,: 

v, = y, - l°(Y,IY,-1, Y,-2, • • '). 

The optimal linear forecasting rule, 

E'(Y,+.,IY,, Y,-1,,, ,) = µ,s + Y, + 8v,. 

puts a nonvanishing weight on each date's innovation. This weight does not dis
appear as s-+ co, because each period essentially provides a new observation on 
the variable g, and the realization of e, has permanent consequences for the level 
of the series. From this perspective, a time series satisfying [15.5.7] could be 
described as a unit root process with non-Gaussian innovations. 

Lam (1990) estimated a model closely related to [15.5.7] where shifts in the 
slope of the trend line were assumed to follow a Markov chain and where U.S. 
real GNP was allowed to follow a stationary third-order autoregression around this 
trend. Results of his maximum likelihood estimation are reported in Figure 15.4. 
These findings are very interesting for the question of the long-run consequences 
of economic recessions. According to this specification, events that permanently 
changed the level of GNP coincided with the recessions of 1957, 1973, and 1980. 
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FIGURE 15.4 Discrete trend shifts estimated for U.S. real GNP, 1952-84 (Lam, 
1990). 

APPENDIX 15.A. Derivation of Selected Equations for Chapter l 5 

• Derivation of Equation (15.5.5]. Write [ 15.5.4) as 

h;""' (1/j!)(d + j - l)(d + j - 2)(d + j - 3) · · · (d + l)(d) 

=[d+:,-1][d;!~2][d;!;3] .. -[T][T] 
= [j + ~ - 1] [j - l_ + d - '] [j - 2_ + d - [] X ... 

J J - 1 / - 2 

[ j - (j - 2) + d - l] [j - (j - 1) + d - l] 115.A.JI 
X j - (j - 2) j - (j - 1) 

= [1 + ~] [1 + ~] [1 + ~] X .. · 
J 1-I 1-2 

X [ l + j -\7 ~ 2)] [ I + j -\7 ~ lJ 
For large j, we have the approximation 

(15.A.2) 

To justify this formally, consider the function g(x) = (1 + x)"- '. Taylor's theorem states 
that 

iJgl liJ2gl , (l+x)d-•=g(O)+- ·x+--c; ·x-
. iix .,-u 2 ax- .,·-· 

= I + (d - l)x + .!. (d - l)(d - 2)(1 + i5)'Hx2 
2 

[15.A.3] 
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for some 15 between zero and x. For x > -1 and d < 1, equation [15.A.3] implies that 

(1 + x)''- 1 2: 1 + (d - l)x. 

Letting x = 1/ j gives 

1 + d 7 1 ~ [1 + n,-, = [i ~ Ir-· [15.A.4] 

for all j > 0 and d < 1, with the approximation [15.A.2] improving as j---> oo. Substituting 
[15.A.4] into [15.A.1] implies that 

_ [j + l]d-1[ j ]"-'[j _ 1]'1-1 [3]''-'[2]"- 1 . _ 
h, = -.- -. -I -. -2 ... -2 -1 = (/ + l)" '. 

J J - J -
[15.A.5] 

• 
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16 
Processes 
with Deterministic 
Time Trends 

The coefficients of regression models involving unit roots or deterministic time 
trends are typically estimated by ordinary least squares. However, the asymptotic 
distributions of the coefficient estimates cannot be calculated in the same way as 
are those for regression models involving stationary variables. Among other dif
ficulties, the estimates of different parameters will in general have different asymp
totic rates of convergence. This chapter introduces the idea of different rates of 
convergence and develops a general approach to obtaining asymptotic distributions 
suggested by Sims, Stock, and Watson (1990).1 This chapter deals exclusively with 
processes invQlving deterministic time trends but no unit roots. One of the results 
for such processes will be that the usual OLS t and F statistics, calculated in the 
usual way, have the same asymptotic distributions as they do for stationary regres
sions. Although the limiting distributions are standard, the techniques used to verify 
these limiting distributions are different from those used in Chapter 8. These 
techniques will also be used to develop the asymptotic distributions for processes 
including unit roots in Chapters 17 and 18. 

This chapter begins with the simplest example of i.i.d. innovations around a 
deterministic time trend. Section 16.1 derives the asymptotic distributions of the 
coefficient estimates for this model and illustrates a rescaling of variables that is 
necessary to accommodate different asymptotic rates of convergence. Section 16.2 
shows that despite the different asymptotic rates of convergence, the standard OLS 
t and F statistics have the usual limiting distributions for this model. Section 16.3 
develops analogous results for a covariance-stationary autoregression around a 
deterministic time trend. That section also introduces the Sims, Stock, and Watson 
technique of transforming the regression model into a canonical form for which 
the asymptotic distribution is simpler to describe. 

16.1. Asymptotic Distribution of OLS Estimates 
of the Simple Time Trend Model 
This section considers OLS estimation of the parameters of a simple time trend, 

y, = a + 6t + e,, [16.1.1] 

fore, a white noise process. If e, - N(O, u 2), then the model [16.1.1] satisfies the 
classical regression assumptions2 and the standard OLS tor F statistics in equations 

'A simpler version of this tlieme appeared in the analysis of a univariate process with unit roots by 
Fuller (1976). 

"See Assumption 8.1 in Chapter 8. 
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[8.1.26] and [8.1.32] would have exact small-sample t or F distributions. On the 
other hand, if e, is non-Gaussian, then a slightly different technique for finding the 
asymptotic distributions of the OLS estimates of a and 8 would have to be used 
from that employed for stationary regressions in Chapter 8. This chapter introduces 
this technique, which will prove useful not only for studying time trends but also 
for analyzing estimators for a variety of nonstationary processes in Chapters 17 
and 18.3 

Recall the approach used to find asymptotic distributions for regressions with 
stationary explanatory variables in Chapter 8. Write [16.1.1] in the form of the 
standard regression model, 

y, = x;l3 + E1 , [16.1.2} 

where 

x; !E [1 t] [16.1.3] 
(I x2) 

(2~1) EE [:]-
[16.1.4] 

Let h7 denote the OLS estimate of 13 based on a sample of size T: 

h7 =' [~r] = [f x,x;]-
1[f x,y,]. 

ijT t• I I• I 
[16.1.5] 

Recall from equation [8.2.3] that the deviation of the OLS estimate from the true 
value can be expressed as 

[ 
T ]-·I[ T ] (hr - 13) = L x,x; L x,e, . ,-1 ,-1 

[16. 1.6] 

To find the limiting distribution for a regression with stationary explanatory var
iables, the approach in Chapter 8 was to multiply [16.1.6) by VT. resulting in 

VT(br - P) = [(1/T) f x,x;]-
1[(1/VT) f x,e,]. ,-1 ,-1 [16. 1.7) 

The usual assumption was that ( 1/T) "i.[.1 x,x; converged in probability to a non
singular matrix Q while (1/VT) "i.;_ 1 x,e, converged in distribution to a N(O. u 2Q) 
random variable, implying that v'T(h7 - 13) ..!; N(O, u2Q- 1). 

To see why this same argument cannot be used for a deterministic time trend, 
note that for x, and p given in equations [16.1.3] and [16.1.4], expression [16.1.6] 
would be 

[ ] [ ]-I[ ] <l7 - a "f.l "f.t "f.e, 
87 - i5 = "i.t "i.t2 "i.te, ' 

[16. 1.8) 

'The general approach in these chapte1S follows Sims, Stock, and Watson (1990). 
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where ~ denotes summation fort = 1 through T. It is straightforward to show by 
induction that4 

T 

L t = T(T + 1)/2 ,_, 
T 

L t 2 = T(T + 1)(2 T + 1)/6. 
t=I 

Thus, the leading term in ~i= 1 tis T2/2; that is, 

T 

[16.1.9] 

[16.1.10] 

(1/T2) L t = (1/T2)[(T 2/2) + (T/2)] = 1/2 + 1/(2T)-+ 1/2. [16.1.11] 
t=I 

Similarly, the leading term in ~;.. 1 t2 is T"/3: 

T 

(1/T3) L t 2 = (1/T")[(2T3/6) + (3T2/6) + T/6] 
/=I 

= 1/3 + 1/(2T) + 1/(6T2) 
-+ 1/3. 

[16.1.12] 

For future reference, we note here the general pattern-the leading term in 
~;= 1 t•· is p+ 1/(v + 1): 

T 

(1/T 1'+ 1) L t''-+1/(v + 1). [16.1.13] 
t=I 

To verify (16.1.13], note that 

T T 

(1/T 1·+ 1) I t'' = (1/T) I (t/T)''. [16.1.14] 
t=I t=I 

The right side of [16.1.14] can be viewed as an approximation to the area under 
the curve 

f(r) = r'' 

for r between zero and unity. To see this, notice that (1/T) · (t/T)'" represents 
the area of a rectangle with width (1/T) and height r•· evaluated at r = t/T (see 
Figure 16.1). Thus, [16.1.14] is the sum of the area of these rectangles evaluated 

'Clearly, [16.1.9] and [16.1.10] hold for T = I. Given that [16.1.9] holds for T, 

1'+ I 7' 

L 1 = L I + (T + I) = T(T + 1)/2 + (T + I) = (T + l)[(T/2) + IJ = (T + l)(T + 2)12, ,., ,.,.. 

establishing that [16.1.9] holds for T + I. Similarly, given that [16.1.10] holds for T, 

T+ I 

L ,, = T(T + 1)(2T + 1)/6 + (T + I)' ,., 
= (T + l){[T(2T + 1)/6] + (T + 1)} 
= (T + 1)(2T' + 7T + 6)/6 
= (T + l)(T + 2)[2(T + I) + 1]/6, 

establishing that [16.1.10] holds for T + I. 
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FIGURE 16.1 Demonstration that (1/T) '2:-T., 1 (t!T)''-+ fl,,,. dr = 1/(v + 1). 

at r = 1/T, 2/T, ... , 1. As T-+ co, this sum converges to the area under the 
curve f(r): 

r ii (1/T) L (t/T)''-+ r''dr = ,•·+11(v + l)l~=o = 1/(v + 1). 
r=I 0 

For x, given in [16.1.3], results [16.1.9] and [16.1.10] imply that 

r ['2:-1 '2:-t] [ T T(T + 1)/2 ] 
,~ x,x; = '2:-t '2:.t2 = T(T + 1)/2 T(T + 1)(2T + 1)/6 . 

[16.1.15] 

[16.1.16] 

In contrast to the usual result for stationary regressions, for the matrix in [16.1.16], 
(1/T) '2:-;. 1 x,x; diverges. To obtain a convergent matrix, [16.1.16] would have to 
be divided by T3 rather than T: 

T 3 .f , [O OJ - L., x,x, -+ O ½ . 
/=I . 

Unfortunately, this limiting matrix cannot be inverted, as (1/T) '2:-T., 1 x,x; can be 
in the usual case. Hence, a different approach from that in the stationary case will 
be needed to calculate the asymptotic distribution of hr, 

It turns out that the OLS estimates ar and 6r have different asymptotic rates 
of convergence. To arrive at nondegenerate limiting distributions, ar is multiplied 
by VT, whereas Br must be multiplied by T312! We can think of this adjustment 
as premultiplying [16.1.6] or [16.1.8] by the matrix 

[VT o] 
Yr= 0 TJ/2 ' [16.1.17] 
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resulting in 

[i~~: = ;;] = v{i, x,x;rlt x,e,] 
= v{t x,x;r1Y7Yr1[,i, x,e,] [16.1.18] 

= {vr{i, x,x;]Yr'r1{Yr1[t x,e,]}. 
Consider the first term in the last expression of (16.1.18]. Substituting from 

[16.1.17] and (16.1.16], 

0 ][Ll 
T-·312 Lt 

Lt ] [ T - 112 O ] } 
Lt 1 0 T- 312 

T- 2Lt] 
T-3Lt2 . 

Thus, it follows from [16.1.11] and [16.1.12] that 

where 

Turning next to the second term in [16.1.18], 

_ 1[ 7 ] _ [T-112 o ][Le,] _ [ (1/\/T)Le, ] y T r~l x,e, - 0 T- 311 Lte, - (1/\/T)L(t/T)e, . 

[16.1.19] 

[16.1.20] 

[16.1.21] 

Under standard assumptions about e,, this vector will be asymptotically Gaussian. 
For example, suppose that ,c,;1 is i.i.d. with mean zero, variance cr2, and finite fourth 
moment. Then the first element of the vector in (16.1.21] satisfies 

T 

(1/v'i) L e, ..!:; N(O, cr2), 
l=l 

by the central limit theorem. 
For the second element of the vector in (16.1.21], observe that {(t/T)i;,} is a 

martingale difference sequence that satisfies the conditions of Proposition 7.8. 
Specifically, its variance is 

er; == E[(t/T)e,]2 = cr2 • (t 2/T 2), 

where 

7' T 

(1/T) ,I u; = cr2(1/T3) L t2 -+ cr2/3. 
,..,,, I r-t 
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Furthermore, (1/T) ~i= 1 [(t/T)e,]2 ~ cr2/3. To verify tl:iis last claim, notice that 

£( (1/T) ,t, [(t/T)e,]2 - (1/T) t crlr 

= £( (1/T) t [(t/T)e,]2 - (1/T) t (t/T)2cr2 r 
= £((1/T) f (t/T)2(el - cr2))

2 

l=I 
T 

= (1/T)2 L (t/T)4£(e: - cr2)2. 
1=1 

But from [16.1.13], T times the magnitude in [16.1.22] converges to 
T 

(1/T) L (t/T) 4E(e: - cr2)2-+ (1/S)·E(el - cr2)2, 
t=I 

meaning that [16.1.22] itself converges to zero: 
T T 

(1/T) L [(t/T)e,]2 - (1/T) L er:~-0. 
t=I t=l 

But this implies that 
T 

(1/T) L [(t/T)e,]2 ~ cr2/3, 
t=I 

[16.1.22] 

as claimed. Hence, from Proposition 7.8, (1/v'f) ~i-1 (tlT)e, satisfies the central 
limit theorem: 

T 

(1/v'f) L (t/T)e, -4-N(O, cr2/3). 
t=I 

Finally, consider the joint distribution of the two elements in the (2 x 1) 
vector described by [16.1.21]. Any linear combination of these elements takes the 
form 

T 

(1/v'f) L [A1 + Ai(t/T)Je,. 
/s( 

Then [A1 + Ai(t/T)]e, is also a martingale difference sequence with positive variance' 
given by cr2[A T + 2A1Ai{t/T) + Ai(t/T)2J satisfying 

T 

(1/T) L cr2[Af + 2A1Ai(t/T) + Ai(t/T)2]-+ cr2[Af + 2A1Ai(½) + AiO)] ,-1 
= cr2A.'QA. 

for A.= (A1, A2)' and Q the matrix in [16.1.20]. Furthermore, 

T 

(1/T) L [A, + A2(t/T)]2ef ~ cr2A.'QA.; [16.1.23] 
I= I 

see Exercise 16.1. Thus any linear combination of the two elements in the vector 
in [16.1.21] is asymptotically Gaussian, implying a limiting bivariate Gaussian dis-

'More accurately. a given nonzero ,\ 1 and A, will produce a zero variance for [A, + A,(1/n]e, for 
at most a single value oft, which does not affect the validity of the asymptotic claim. 

16.1. OLS Estimates of the Simple Time Trend Model 459 



tribution: 

[ (1/v"f)~e, ] ,. 
(1/v"f)~(t/T)e, ....... N(O, 1T2Q). [16.1.24] 

From [16.1.19] and [16.1.24], the asymptotic distribution of [16.1.18] can be 
calculated as in Example 7.5 of Chapter 7: 

[ ~~~ = ;;] .!:.,, N(O, [Q- 1 ·1T2Q·Q- 1]) = N(O, 1T2Q- 1). [16.1.25] 

These results can be summarized as follows. 

Proposition 16.1: Let y, be generated according to the simple deterministic time 
trend [16.1.1] where e, is i.i.d. with E(e~) = 1T2 and E(e1) < oo. Then 

[VT(ar - a)] .!:.,, N([O] 2[1 ½]-') 
T312(8r - 5) 0 ' IT ½ ½ • 

[16.1.26] 

Note that the resulting estimate of the coefficient on the time trend (8r) is 
superconsistent-not only does Br.!+ 5, but even when multiplied by T, we still 
have 

T(8r - 5) ~ O; [16.1.27] 

see Exercise 16.2. 
Different rates of convergence are sometimes described in terms of order in 

probability. A"sequence of random variables {XrH·= 1 is said to be OP(T- 112) if for 
every e > 0, there exists an M > 0 such that 

P{IXrl > MIVT} < e [16.1.28] 

for all T; in other words, the random variable YT· X T is almost certain to fall within 
± M for any T. Most of the estimators encountered for stationary time series are 
O1,(T- 112). For example, suppose that Xr represents the mean of a sample of size T, 

r 
Xr = (1/T) Ly,, ,-1 

where {y,} is i.i.d. with mean zero and variance 1T2• Then the variance of Xr is 
1T2IT. But Che.byshev's inequality implies that 

1T2/T 
P{IXrl > Mlv"f} :S M 2/T = (1T/M)2 

for any M. By choosing M so that (ITIM)2 < e, condition [16.1.28] is guaranteed. 
Since the standard deviation of the estimator is 1T!YT, by choosing M to be a 
suitable multiple of IT, the band Xr ± MIYT can include as much of the density 
as desired. 

As another example, the estimator ixr in [16.1.26] would also be said to be 
Op(T- 112). Since YT times (cir - a) is asymptotically Gaussian, there exists a band 
± MIYT around etr that contains as much of the probability distribution as desired. 

In general, a sequence of random variables {~ Jr- 1 is said to be O p(T- k) if 
for every e > 0 there exists an M > 0 such that 

P{IXrl > M/(Tk)} < e. [16.1.29] 

Thus, for example,.the estimator Brin [16.1.26] is Op(T- 312), since there exists a band 
± M around T3'2( 5r - 5) that contains as much of the probability distribution as 
desired. 
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16.2. Hypothesis Testing for the Simple Time 
Trend Model 
If the innovations e, for the simple time trend (16.1.1) are Gaussian, then the OLS 
estimates a7 and B7 are Gaussian and the usual OLS t and F tests have exact small
sam!)le t and F distributions for all sample sizes T. Thus, despite the fact that a7 

and B7 have different asymptotic rates of convergence, the standard errors u&r and 
o-;,,. evidently have offsetting asymptotic behavior so that the statistics such as 
(57 - 60)/th,. are asymptotically N(O, 1) when the innovations are Gaussian. We 
might thus conjecture that the usual t and F tests are asymptotically valid for non
Gaussian innovations as well. This conjecture is indeed correct, as we now verify. 

First consider the OLS t test of the null hypothesis a = a 0 , which can be 
written as 

tr= {s}[l O](X7X7)-1[~Jr2
• 

(16.2.1) 

Here sl denotes the OLS estimate of u 2: 

T 

s} = [1/(T - 2)) L (y, - aT - 8rt)2; [16.2.2) 
,-1 

and (X7X7 ) = ~;. 1 x,x; denotes the matrix in equation [16.1.16). The numerator 
and denominator of (16.2.1) can further be multiplied by YT, resulting in 

VT( Ot.r - ao) 

Note further from [16.1.17) that 

[vT OJ = [1 O)Y T• 

Substituting [16.2.4) into [16.2.3), 

VT( ar - Cl(,) 
~= . 

{s}[l O)Y r(XrX 7 )- 1Y r[ ~]} 112 

But recall from [16.1.19) that 

Yr(X;..Xr)- 1Yr = [Yi=1(X7X7 )Yi=1]- 1 -+ Q- 1• 

[16.2.3] 

(16.2.4] 

[16.2.5) 

[16.2.6) 

It is straightforward to show that s+ .!. u2• Recall further that YT( a.7 - a 0) ..!:. 
N(O, crq 11) for q II the (1, 1) element of Q- 1• Hence, from [16.2.5), 

p YT(ar - Cl(,) VT(ar - a:i,) 
tr-+-------= 

{ cr[l O)Q -{ ~]} 
112 

[16.2.7) 

But this is an asymptotically Gaussian variable divided by the square root of its 
variance, and so asymptotically it has a N(O, 1) distribution. Thus, the usual OLS 
t test of a = Cl(, will give an asymptotically valid inference. 

Similarly, consider the usual OLS t test of 6 = Bo: 
ST - &, tr = -----''----''-----. 

{s}[O l)(X~Xr>-1[ ~]} 
112 
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Multiplying numerator and denominator by 7="2 , 

P 12(Sr - Bu) 
tr= -----~------

{sHO T312](X1-Xr)-'[ T~,2]}
112 

{sHO l]Y r(X~Xr)- 1Y { ~]} 
112 

p T312(Sr - 00 ) 

-+ ,,-,;,; ' 
CT V q22 

which again is asymptotically a N(O, 1) variable. Thus, although &rand Sr converge 
at different rates, the corresponding standard errors 6-.;,. and a-6r also incorporate 
different orders of T, with the result that the usual OLS t tests are asymptotically 
valid. 

It is interesting also to consider a test of a single hypothesis involving both 
a and o, 

where r 1, r2 , and rare parameters that describe the hypothesis. At test of H0 can 
be obtained from the square root of the OLS F test (expression [8.1.32]): 6 

Cr1&r + r2Sr - r) tr = ---'-'---'----''---'---'---. 

{s}[r 1 r2](X~XT)- 1[;J}'12 

In this case we multiply numerator and denominator by VT, the slower rate of 
convergence among the two estimators ar and Sr: 

where 

VT(r1ar + r2Sr - r) 
tr= --------------

{s}VT[r1 r2](X~Xr)- 1[;:]VT}'12 

VT(r1&r + r2ST - r) 

{s}VT[r1 r2]Yr 1Y r(X~Xr)- 1Y r Yr'[;:]VT}'12 

VTCr1ar + r2Sr - r) 

Similarly, recall from [16.1.27] that Sr is superconsistent, implying that 

VT(r,&r + r2Sr - r) ~ VT(r 1ar + r2o - r), 

[16.2.8] 

[16.2.9] 

''With a single linear restriction as here, m = I and expression [8.1.32] describes an F(I, T - k) 
variable when the innovations are Gaussian. But an F(l, T - k) variable is the square of a t(T - k) 
variable. The test is described here in terms of a t test rather than an F test in order to facilitate 
comparison with the earlier results in this section. 
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where o is the true population value for the time trend parameter. Again applying 
[16.2.6), it follows that 

p VT(r1aT + rzO - r) VT(r1Ctr + rzO - r) 

t-r-> { cr[r1 OJQ-'[~Jr2 = {du2q11}112 . 

But notice that 

VT(r16:r + r20 - r) = VT[r 1(a:r - a) + r 1a + r2o - r] 

= \/'r[,i(a:r - a)] 

under the null hypothesis. Hence, under the null, 

,, VT[r1(6:-r - a)) VT(a:r - a) 
tr-+ Vfu2q11}112 = {u2q11p12 , 

[16.2.10) 

which asymptotically has a N(O, 1) distribution. Thus, again, the usual OLS t test 
of Hu is valid asymptotically. 

This last example illustrates the following general principle: A test involving 
a single restriction across parameters with different rates of convergence is dom
inated asymptotically by the parameters with the slowest rates of convergence. 
This means that a test involving both a and o that employs the estimated value of 
o would have the same asymptotic properties under the null as a test that employs 
the true value of o. 

Finally, consider a joint test of separate hypotheses about a and o, 

or, in vector form, 

13 = Po-

The Wald form of the OLS x2 test of H11 is found from [8.2.23] by taking R = 12: 

x} = (hr - Po)'[s}(X~X-r)- 1]- 1(hr - 130) 

= (hr - Po)'YT[YTs}(X~Xr)- 1YrJ- 1Yr(br - 130) 

~ [Y T(h-r - Po)]'[u2Q-1J-1[Y T(bT ~ Po)]. 

Recalling [16.1.25], this is a quadratic form in a two-dimensional Gaussian vector 
of the sort considered in Proposition 8.1, from which 

x} ~ x2(2). 

Thus, again, the usual OLS test is asymptotically valid. 

16.3. Asymptotic Inference for an Autoregressive Process 
Around a Deterministic Time Trend 
The same principles can be used to study a general autoregressive process around 
a deterministic time trend: 

Y, = a + 5t + c/>1Y,-1 + c/>zY,-z + · · · + c/>,,Y,-,, + e,. (16.3.1] 
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It is assumed throughout this section that e1 is i.i.d. with mean zero, variance rr2 , 

and finite fourth moment, and that roots of 

lie outside the unit circle. Consider a sample of T + p observations on y. {y _ 1, + 1, 

Y-p+2, ••• , y-r}, and let &-r, Sr, <!>1,-r, ... , <l>,,,-r denote coefficient estimates based 
on ordinary least squares estimation of [16.3.1] fort = 1, 2, ... , T. 

A Useful Transformation of the Regressors 

By adding and subtracting cf>;[a + 5(t - j)] for j = 1, 2, ... , p on the right_ 
side, the regression model [16.3.1] can equivalently be written as 

y, = a(l + c/>1 + c/>2 + · · · + </>p) + 5(1 + </>1 + </>2 + · · · + c/>p)t 

- 5(c/>1 + 2cf>2 + · · · + Pel>,,) + </>1[Y,-1 - a - 5(t - l)] [16.3.2] 
+ </>2[y,_2 - a - 5(t - 2)] + · · · 
+ cf>,,[Y,-v - a - 5(t - p)] + e, 

or 

y, = a* + 5*t + cf>'tY,*-1 + c/>iY,*-2 + · · · + <l>;Yi-p + E,, [16.3.3] 

where 

a• = [a(l + c/>1 + </>2 + · · · + c/>p) - 5(</>1 + 2</>2 + · · · + p</>p)] 
5* = 5(1 + c/>1 + c/>i + ... + c/>p) 

for j = 1, 2, ... , p 

and 

Yi-;= Y,-; - a - 5(t - j) for j = 1, 2, ... , p. [16.3 .4] 

The idea of transforming the regression into a form such as [16.3.3] is due 
to Sims, Stock, and Watson (1990). 7 The objective is to rewrite the regressors of 
[16.3.1] in terms of zero-mean covariance-stationary random variables (the terms 
Yi-/ for j = 1, 2, ... , p), a constant term, and a time trend. Transforming the 
regressors in this way isolates components of the OLS coefficient vector with 
different rates of convergence and provides a general technique for finding the 
asymptotic distribution of regressions involving nonstationary variables. A general 
result is that. if such a transformed equation were estimated by O LS, the coefficients 
on zero-mean covariance-stationary random variables (in this case, <l>f.r, <!>tr, 
... , ef>/';. r) would converge at rate YT' to a Gaussian distribution. The coefficients 
af and 5} from OLS estimation of [16.3.3] turn out to behave asymptotically 
exactly like &r and Sr for the simple time trend model analyzed in Section 16.1 
and are asymptotically independent of the ef>*'s. 

It is helpful to describe this transformation in more general notation that will 
also apply to more complicated models in the chapters that follow. The original 
regression model [16.3.1] can be written 

y, = x;13 + e,, (16.3.5] 

7 A simpler version of this theme appeared in the analysis of a univariate process with unit roots by 
Fuller ( 1976). 
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where 

Y,-1 </>1 

Y,-2 </>2 

", = 13 = [16.3.6] 
(p+2)X I Y,-p (p+2)X I </>p 

1 a 
5 

The algebraic transformation in arriving at (16.3.3) could then be described as 
rewriting [16.3.5] in the form 

y, = x;G'[G'J-113 + e, = [x,*]'13* + e,, [16.3.7) 
where 

[ I 

0 
0 1 

G' = 

-a:°+ 5 
0 (p+2)X(p+2) 

-a+ 25 
-5 -5 

0 0 

~] 0 0 

1 0 
-a+ p5 1 

-5 0 

[16.3.8] 

1 0 0 0 0 
0 1 0 0 0 

[G'J-1 = 
(p+2)X(p+2) 0 0 0 0 

a - 5 a - 25 a - p5 1 0 
5 5 5 0 1 

x1 = Gx, = 
Yi-p 

1 

[16.3. 9) 

<1>; 
[16.3.10] 

a• 
5" 

The system of [16.3.7] is just an algebraically equivalent representation of 
the regression model [16.3.5]. Notice that the estimate of 13• based on an OLS 
regression of y, on x: is given by 

b* = [f x:[x:]']-1[f x,*y,] 
t=I r=I 

[ G(t x,x;)G'r1G(t x,y,) 

= [G'J-1(± x,x;)-1G-1G(f x,y,) 
,-1 t=l 

[16.3.11] 

= [G'J-1 (t x,x;) -i (,t x,y,) 
= (G'J-1b, 
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where b denotes the estimated coefficient vector from an OLS regression of y, on 
x,. Thus, the coefficient estimate for the transformed regression (b*) is a simple 
linear transformation of the coefficient estimate for the original system (b). The 
fitted value for date t associated with the transformed regression is 

[x7]'b* = [Gx,]'[G'J- 1b = x;b. 

Thus, the fitted values for the transformed regression are numerically identical to 
the fitted values from the original regression. 

Of course, given data only on {y,}, we could not actually estimate the trans
formed regression by OLS, because construction ofx1 from x, requires knowledge 
of the true values of the parameters a and 6. It is nevertheless helpful to summarize 
the properties of hypothetical OLS estimation of [16.3.7], because [16.3.7] is easier 
to analyze than [16.3.5]. Moreover, once we find the asymptotic distribution ofb'", 
the asymptotic distribution of b can be inferred by inverting [16.3.11]: 

b = G'b*. 

The Asymptotic Distribution of OLS Estimates 
for the Transformed Regression 

Appendix 16.A to this chapter demonstrates that 

Y 7 (bt - P*) ~ N(O, u 2[Q*J-1). 

where 

VT 0 0 0 0 
0 vr 0 0 0 

Yr 0 0 0 vr 0 (p+2)X(p+2) 

0 0 0 0 VT 
0 0 0 0 0 

'Y,t 'Yr -y; 'Y:-1 
'Yf 'Y~ 'Yf 'Y:-2 

Q* 
'Y:-1 -r:-2 'Y:-3 'Y,r (p+2)X(p+2) 

0 0 0 0 
0 0 0 0 

[16.3.12] 

[16.3.13] 

0 
0 

0 
[16.3.14] 

0 
TJ12 

0 0 
0 0 

0 0 
[16.3.15] 

1 I 
! 

! ½ 

for 'Y! • E(y 1Y ,*_1). In other words, the OLS estimate b* is asymptotically Gauss
ian, with the coefficient on the time trend (&*) converging at rate T312 and all other 
coefficients converging at rate VT. The earlier result [16.1.26] is a special case of 
(16.3.13] with p = 0. 

The Asymptotic Distribution of OLS Estimates 
for the Original Regression 

What does this result imply about the asymptotic· distribution of b, the esti
mated coefficient vector for the OLS regression that is actually estimated? Writing 
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out [16.3.12] explicitly using (16.3.8], we have 

c/>1 1 0 0 0 0 J> i 
J>2 0 1 0 0 0 <l>! 

c/>p 0 0 0 0 <111~ 
(16.3.16] 

a -a+ 8 -a+ 2/l -a+ p8 1 0 a• 
s -8 -8 -ll 0 1 s• 

The OLS estimates </)1 of the untransformed regression are identical to the corre
sponding coefficients of the transformed regression J>;, so the asymptotic distri
bution of ef>i is given immediately by [16.3.13]. The estimate aT is a linear com
bination of variables that converge to a Gaussian distribution at rate vT, and so 
a-r behaves the same way. Specifically, aT = g~b}, where 

g~ = ( -a + ll -a + 28 · · · -a + pll 1 OJ, 

and so, from (16.3.13]. 

VT(&T - a).!::.. N(O, u 2g;,[Q*J-1g,.). [16.3.17] 

Finally, the estimate ST is a linear combination of variables converging at different 
rates: 

where 

g~=[-8 -8 ... -8 0 ~-

Its asymptotic distribution is governed by the variables with the slowest rate of 
convergence: 

vTCS-r - 8) = vrcs} + gahf - 8* - g~13·> 
~ \!TW + g6b} - 8* - g.;13•) 
= g~v"i(b} - 13*) 
.!::., N(O, u2gi\[Q*J-1gB)-

Thus, each of the elements of b-r individually is asymptotically Gaussian and 
o,,(T- 112). The asymptotic distribution of the full vector VT(b-r - 13) is multi
variate Gaussian, though with a singular variance-covariance matrix. Specifically, 
the particular linear combination of the elements of b-r that recovers Sj'., the time 
trend coefficient of the hypothetical regression, 

S} = -g~b;. + ST= 8,i>I.T + 8ef>2.T + · · · + 8ef>p.T + S-r, 

converges to a point mass around 8* even when scaled by YT-: 
\!T(S} - 8*) .!+ o. 

However, (16.3.13] establishes that 

T312(S} - 8*) !::.. N(O, u 2(q*)P+ 2-P+2) 

for (q*)P+ 2-P+2 the bottom right element of [Q*J- 1. 

Hypothesis Tests 

The preceding analysis described the asymptotic distribution of b in terms of 
the properties of the transformed regression estimates b*. This might seem to imply 
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that knowledge of the transformation matrix G in [16.3.8] is necessary in order to 
conduct hypothesis tests. Fortunately, this is not the case. The results of Section 
16.2 turn out to apply equally well to the general model [16.3.1]-the usual t and 
F tests about p calculated in the usual way on the untransformed system are all 
asymptotically valid. 

Consider the following null hypothesis about the parameters of the untrans
formed system: 

H0 : RP = r. (16.3.18] 

Here R is a known (m x (p + 2)] matrix, r is a known (m x 1) vector, and m 
is the number of restrictions. The Wald form of the OLS x2 test of H0 (expression 
(8.2.23]) is 

[ (T )-1 ]-I 
x} = (Rb., - r)' s}R 

1
~

1 
x,x; R' (Rb., - r). (16.3.l.9] 

Here hr is the OLS estimate of p based on observation of {Y-p+ 1 , Y-p+ 2 , ••• , 

Yo, Yi, ... , Yr} ands}= (1/(T - p - 2)) If=t (y, - x;h.,)2. 
Under the null hypothesis [16.3.18], expression (16.3.19) can be rewritten 

[ (T )-1 ]-I 
x} = [R(br - P)]' s}R ,~ 1 x,x; R' [R(b., - P)] 

= (RG'(G')- 1(b., - P)J' 

x ls}RG'(G')- 1 (t x,x;)-'cG)- 1GR'r
1
(RG'(G')- 1(b., - p)]. 

(16.3.20) 
Notice that 

(T )-1 [ (T ) ]-I (T )-1 (G')- 1 L x,x; (G)- 1 = G L x,x; G' = L x:[x:J' 
l•l l•I t=I 

for x,• given by (16.3.9). Similarly, from (16.3.10] and (16.3.11), 

(b} - P*) = (G')- 1(hr - P). 
Defining 

R* • RG', 

expression (16.3.20) can be written 

x} = [R*(b} - P*)]'[s}R'{t
1 
x:[x:J')-1 

(R*)'r
1 

X (R*(b} - p•)]. 
(16.3.21] 

Expression (16.3.21] will be recognized as the x2 test that would be calculated 
if we had estimated the transformed system and wanted to test the hypothesis that 
R*P* = r (recall that the fitted values for the transformed and untransformed 
regressions are identical, so thats} will be the same value for either representation). 
Observe that the transformed regression does not actually have to be estimated in 
order to calculate this statistic, since (16.3.21] is numerically identical to the x2 

statistic [16.3.20] that is calculated from the untransformed system in the usual 
way. Nevertheless, expression [16.3.21] gives us another way of thinking about the 
distribution of the statistic as actually calculated in [16.3.20]. 
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Expression (16.3.21] can be further rewritten as 

x} = [R'Yi- 'Y 7 (b} - 13*))' 

X [s}R*Yi-1Yr(,t x;[x:T)-1
YrYi- 1[R*)'r

1 

x [R*Yi 1Y 7 (b} - 13*)) 

[16.3.22) 

for Y 7 the matrix in [16.3.14). Recall the insight from Section 16.2 that hypothesis 
tests involving coefficients with different rates of convergence will be dominated 
by the variables with the slowest rate of convergence. This means that some of the 
elements of R* may be irrelevant asymptotically, so that [16.3.22) has the same 
asymptotic distribution as a simpler expression. To describe this expression, con
sider two possibilities. 

Case 1. Each of the m Hypotheses Represented 
by R*J3* = r Involves a Parameter that Converges 
at Rate VT 
Of course, we could trivially rewrite any system of restrictions so as to involve 

O,,(T- 112) parameters in every equation. For example, the null hypothesis 

li* = 0 [16.3.23] 

could be rewritten as 

[16.3.24) 

which seems to include <jJ:j_ in each restriction. For purposes of implementing a 
test of H0 , it does not matter which representation of H0 is used, since either 
will produce the identical value for the test statistic. H For purposes of analyzing 
the properties of the test, we distinguish a hypothesis such as [16.3.23) from a 
hypothesis involving only</;; and <jJj. For this distinction to be meaningful, we 
will assume that H0 would be written in the form of [16.3.23) rather than (16.3.24). 

"More generally, let H be any nonsingular (m x m) matrix. Then the null hypothesis R!l ~ r can 
equivalently be written as R!l = i-. where R - HR and i: = Hr. The x' statistic constructed from the 
second parameterization is 

x' = (Rb - rl'[s~-R(,t, x,x;f1t·r (Rb - rl 
= (Rb - r)'H'{H'J-•[siR(,t, x,x;) _,R'r

1
H- 1H(Rb - r) 

= (Rb - r)'[siR(,t x,x;) _,RJ1(Rb - r), 

which is identical to the x' statistic constructed from the first parameterization. The representation 
[16.3.24] is an example of such a transformation of [16.3.23]. with · 

H=[_\ n 
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In general terms, this means that R* is "upper triangular. " 9 "Case 1" describes 
the situation in which the first p + 1 elements of the last row of R • are not all 
zero. 

For case 1, even though some of the hypotheses may involve At, a test of the 
null hypothesis will be asymptotically equivalent to a test that treated t;• as if known 
with certainty. This is a consequence of At being superconsistent. To develop this 
result rigorously, notice that 

and define 

r'jzf\/T 
r!2'\/T 

Yr = \/TI,,, 
(mXm) 

rf.p+1I\/T 
ri.,,+ 11\/T 

r!1.p+1I\/T 

r• /T 3f2] l.p+2 

ri.P +2/Tm 
. ' 

r,~,.,,+·2'T312 

l'(,p+I 
l'i,p + I ri.p+ 2IT [

rf1 

R}= T 
,,,,. ,:,2 r:,.p+I 

rf.p+2IT] 

r!,.p~2/T . 

These matrices were chosen so that 

The matrix Rt has the further property that 

Rf-+ R*, 

(16.3.25) 

[16.3.26) 

where R" involves only those restrictions that affect the asymptotic distribution: 

[,f, rt2 rt.p+I 

n R* = T r~ ri.p+ I 

,:,2 r:..p+I I'm( 

'"Upper triangular" means that If the set of restrictions in H0 involves parameters f3:,. (31, •••• , 
f3,: with i, < i, < · · · < i.,, then elements of a• in rows 2 through m and columns l through i1 are all 
zero. This is simply a normalization-any hypothesis a•p• = r can be written in such a form by 
selecting a restriction involving (3 ~ to be the first row of a• and then multiplying the first row of this 
system of equations by a suitable constant and subtracting it from each of the following rows. If the 
system of restrictions represented by rows 2 through m of the resulting matrix involves parameters 
(3:,. f31,, . • . , (3 h with j 1 < j, < · · · < j 1, then it is assumed that the elements in rows 3 through m and 
columns 1 through j, are all zero. An example of an upper triangular system is 

··{ 
rt,. rr_,2 0 0 ,. l 0 0 r• ,;.,, f. i.1, 

0 0 0 r• r• m,k:-1 m.kz 
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r 
Substituting [16.3.25] into [16.3.22], 

x} = lYi'R}YT(b} - 13*)]' 

[ (T )-1 ]-I 
x s}Yi'RtYT 

1
~

1 
x:[x:J' YT[Y.;:1R}]' [Yi'RtYT(bt - 13*)] 

= [R}Y,(b} - 13*)]'Yi' 

X Yr[s}RfYT(t x,'[x,*]')-1Yr[R~]'r
1
YTYi'[R}Yr(b} - Jl*)J' 

= [R}Yr(br - 13*)]' 

X [s}R}YT(,tl x:[x;•1·)-
1
Yr[RH'r

1
(R}YT(b} - 13*)) 

.!+ [R"Yr(bj- - 13'')]'[cr2R*[Q*J- 1[R']']- 1[R*YT(b} - 13*)] [16.3.27] 

by virtue of [16.3.26] and [16.A.4). 
Now [16.3.13] implies that 

R*YAbr - 13*) .!::c. N(O. R*cr2[Q*J- 1(R*]'), 

and so (16.3.27) is a quadratic form in an asymptotically Gaussian variable of the 
kind covered in Proposition 8.1. It is therefore asymptotically x2(m). Since [16.3.27) 
is numerically identical to (16.3. 19], the Wald form of the OLS x1 test, calculated 
in the usual way from the untransformed regression [16.3.1), has the usual x1 (m) 
distribution. 

Case 2. One of the Hypotheses involves Only 
the Time Trend Parameter 6 * 

Again assuming for purposes of discussion that R * is upper triangular, for 
case 2 the hypothesis about 8* will be the sole entry in the mth row of R*: 

For this case, define 

and 

r!,-1.2 
0 

0 
v'T 

0 
0 

,r,,+, 
r!_p + I 

,,~1- l.p+ 1 

0 

0 
0 

v'T 
0 

rT_p+ I 

ri.P +' 
r,~,- l.p+1 

0 

rtp+2 J r!.p+2 

r,~,;:·!'+2 . 
r,,,_p+2 

1] 
rf.p+ 2IT j 
rl_p+2IT 

r!,-,;.p+zlT 
rm.p+2 
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Notice that these matrices again satisfy (16.3.25] and (16.3.26] with 

i• = [ ;f ;~ ;i::: ~ ] 
r!,0-1.1 r!,0-1.2 r;,_;_p+I ~ · 

0 r!..p+i 

The analysis of[l6.3.27] thus goes through for this case as well with no change. 

Summary 

Any standard OLS x2 test of the null hypothesis Rl3 = r for the regression. 
model (16.3.1] can be calculated and interpreted in the usual way. The test is 
asymptotically valid for any hypothesis about any subset of the parameters in 13. 
The elements of R do not have to be ordered or expressed in any particular form 
for this to be true. 

APPENDIX 16.A. Derivation of Selected Equations for Chapter 16 

• Derivation of (16.3.13]. As in [16.1.6], 

b~ - 13• = [f x;'[x:J']-1[£ x:e,], ,-1 ,-, [16.A.1] 

since the population residuals e, are identical for the transformed and untransformed rep
resentations. As in [16.1.18], pre multiply by Yr to write 

Y.,.(b} - 13*) = {v.;:1 ± x:[x:]'Y.;:1}-
1 {v.;:1 ±x:e,}. [16.A.2] 

/=I ,-1 

From [16.3.9], 

I(Yi- 1r 

Iy:_,y,"_, 
T 

L x:[x:]' = 
Iy,•_,,y,•_, t• I 

Iy:_, 

Ity;_, 

and 

T 

y-• ~ x*[x"]'Y-1 
T ~ I I T ,-1 

7-•I(Yi-iT 7-•IYi-1Yi-2 

7- 1I.y,"_,y,._ I 7-•I(y:_,) 2 

7- 1Iy,"_py,•_ 1 7- •Iy,"_,,y,"_2 

7-II,y,._ 1 7- •Iy i-2 
7- 2Ity,"_ 1 7- 2Ity."-2 

Iy:_,y:_, Iy:-1Yi-p Iy:_, 

I(y:_2)' Iy,._,Yi-p Iy:_, 

Iy."-pY,0-2 I(y,"-p)' IYi-p 

Iy,•-2 IYi-p Il 

Ity,•_, Ity:-p It 

7-•Iy:-1Y:-,, 7-•Iy,._ 1 

7-•Iy."-2Yi-p 7- 1Iy:_ 2 

7-II,(Yi-µ}2 7-•Iy,"_p 

7- 1Iy,•_1, 7-,.7 

7->I,tyi-p 7- 2 - It 
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I1y:_ 1 

Ity:_, 

Ity,"_p 

It 

It 2 

7-~tYi-1 

7- 2Iry:_ 2 

7- 2I1y:-p 

7- 2-I.t 
7-,,I,2 

[16.A.3] 



For the first p rows and columns, the row i, column j element of this matrix is 
T 

T -1 "" • • -"' y ,-,Y ,-r 
t=J 

But y; follows a zero-mean stationary AR(p) process satisfying the conditions of Exercise 
7.7. Thus, these terms converge in probability to 'Yl~-,I· The first p elements of row p + 1 
(or the first p elements of column p + 1) are of the form 

T 

T-• LY:-;, ,-, 
which converge in probability to zero. The first p elements of row p + 2 (or the first p 
elements of column p + 2) are of the form 

T 

T- 1 I (tlT)r:-;, ,_, 
which can be shown to converge in probability to zero with a ready adaptation of the 
techniques in Chapter 7 (see Exercise 16.3). Finally, the (2 x 2) matrix in the bottom right 
comer of (16.A.3] converges to 

Thus 
T 

Y;:1 L x:[x:]'Y;:' ~ Q* 
,- I 

forQ* the matrix in [16.3.15]. 
Turning next to the second term in [16.A.2], 

T 

Yrl L x:c, = ,. , 

where 

T- 112°2,y ,._' E, 

T- 1~y,•_2E, 

T- 111"2:.y:_1,e, 

r-,,1Ls, 

T- 1122.(t/T)e, 

yi .. 1 s, 

y:_ 18, 

Yi-,,6 , 

E, 

(t!T)e, 

But t is a martingale difference sequence with variance 

E(U;) = u'Q:. 
where 

'Yi~ 'Yr y; 'Y,~-1 

yf y,t 'Yr 'Y,~-~ 

Q,* = 
'Y:-, 'Y,!-2 'Y:-) y,t 

0 0 0 0 

0 0 0 0 

T 

T-lfO Lt,, 
,- I 

0 0 

0 0 

0 0 

1 t/T 

t/T t'IP 

[16.A.4] 

[16.A.5] 
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and 
T 

(IIT) L Q; _,. Q*. ,_, 
Applying the arguments used in Exercise 8.3 and in [16.1.24), it can be shown that 

T 

Yi-' I x,*e, ~ N(0, u 2 Q*). 
,- I 

It follows from [16.A.4], [16.A.6), and [16.A.2) that 

Yr(b} - ll*)~ N(O, [Q*J- 1u2Q*[Q*J- 1) = N(O, u'[Q*J- 1), 

as claimed in (16.3.13]. • 

Chapter 16 Exercises 

16.l. Verify result [16.1.23]. 

16.2. Verify expression [16.1.27]. 

[16.A.6J 

16.3. Let y, be covariance-stationary with mean zero and absolutely summable autoco
variances: 

for y, = E(y,y,. ,). Adapting the argument in expression (7.2.6]. show that 
T 

T ' 2-'. (t!T)y, ·~ 0. 
,,..,1 
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17 

Univariate Processes 
with Unit Roots 

This chapter discusses statistical inference for univariate processes containing a 
unit root. Section 17.1 gives a brief explanation of why the asymptotic distributions 
and rates of convergence for the estima,ed coefficients of unit root processes differ 
from those for stationary processes. The asymptotic distributions for unit root 
processes can be described in terms of functionals on Brownian motion. The basic 
idea behind Brownian motion is introduced in Section 17.2. The technical tools 
used to establish that the asymptotic distributions of certain statistics involving unit 
root processes can be represented in terms of such functionals are developed in 
Section 17.3, though it is not necessary to master these tools in order to read 
Sections 17.4 through 17.9. Section 17.4 derives the asymptotic distribution of the 
estimated coefficient for a first-order autoregression when the true process is a 
random walk. This distribution turns out to depend on whether a constant or time 
trend is included in the estimated regression and whether the true random walk is 
characterized by nonzero drift. 

Section 17.5 extends the results of Section 17.3 to cover unit root processes 
whose differences exhibit general serial correlation. These results can be used to 
develop two different classes of tests for unit roots. One approach, due to Phillips 
and Perron (1988), adjusts the statistics calculated from a simple first-order au
toregression to account for serial correlation of the differenced data. The second 
approach, due to Dickey and Fuller (1979), adds lags to the autoregression. These 
approaches are reviewed in Sections 17.6and 17.7, respectively. Section 17.7further 
derives the properties of all of the estimated coefficients for a pth-order auto
regression when one of the roots is unity. 

Readers interested solely in how these results are applied in practice may 
want to begin with the summaries in Table 17 .2 or Table 17.3 and with the empirical 
applications described in Examples 17.6 through 17.9. 

17 .1. Introduction 
Consider OLS estimation of a Gaussian AR(l} process, 

Y, = PY,-1 + u,, [17.1.1] 

where u, - i.i.d. N(O, u 2), and y0 = 0. The OLS estimate of pis given by 

T 

L Y,-1Y, Pr=_,-..,,~---
L Y~-1 ,-1 

[l?.1.2] 
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We saw in Chapter 8 that if the true value of p is less than 1 in absolute value, 
then 

v'T(fJ-r - p) ~ N(0, (1 - p 2)). [17.1.3] 

If [17.1.3] were also valid for the case when p = 1, it would seem to claim that 
VT(/Jr - p) has zero variance, or that the distribution collapses to a point mass 
at zero: 

vT<fir - 1) ~ 0. [17.1.4) 

As we shall see shortly, [17.1.4) is indeed a valid statement for unit root processes, 
but it obviously is not very helpful for hypothesis tests. To obtain a nondegenerate 
asymptotic distribution for Pr in the unit root case, it turns out that we have to 
multiply Pr by T rather than by v'f. Thus, the unit root coefficient converges at 
a faster rate (T) than a coefficient for a stationary regression (which converges at 
VT), but at a slower rate than the coefficient on a time trend in the regressions 
analyzed in the previous chapter (which converged at T312). 

To get a better sense of why scaling by T is necessary when the true value 
of pis unity, recall that the difference between the estimate Pr and the true value 
can be expressed as in equation [8.2.3]: 1 

r 
L Y,-1u, 

(Pr - 1) = -'~~~-- [17.1.5) 

L Y?-1 ,-1 
so that 

r 

(1/T) L Y,-,u, 
T(Pr - 1) = ,=~ [17.1.6) 

(1/T2) L Y?--1 ,-1 

Consider first the numerator in (17.1.6). When the true value of pis unity, equation 
[17.1.1] describes a random walk with 

Yr = U1 + u,-1 + · ' · + U1, 

since Yo = 0. It follows from [17.1.7) that 

y, - N(0, CT2t). 

Note further that for a random walk, 

yf = (Y,-1 + u,)2 = Yf-1 + 2Y,-1u, + u;, 

implying that 

Y,- 1 u, = ( l/2){y; - Y7-1 - ut}. 

If [17 .1. 9] is summed over t = 1, 2, ... , T, the result is 
T T 

L Y,- 1 u, = (l/2){y} - yii} - (1/2) L u;. 
t=I t-1 

Recalling that y0 = 0, equation [17.1.10) establishes that 
T r 

(1/T) L y,_ 1u1 = (1/2)·(1/T)y} - (1/2)·(1/T) Lu;, 
/=I 1-l 

'This discussion is based on Fuller ( 1976. p. 369). 

416 Chapter 17 I Univariate Processes with Unit Roots 

[17. 1.7] 

[17.1.8) 

[17.1.9) 

[17.1.10) 

[17.1.11) 



and if each side of [17. l.11] is divided by u 2, the resul~ is 

()T) ,t Y,-1u, = (l)(o-VTY (2~2)(½)·,t u;. (17.1.12] 

But (17.1.8) implies that Yrl(uVT) is a N(O, 1) variable, so that its square is x2(1): 

[Yrl(0'\11'))2 - x2(1). [17.1.13] 

Also, If_ 1 u7 is the sum of T i.i.d. random variables, each with mean u 2, and so, 
by the law of large numbers, 

T 

(1/T)·}: u:.!. u 2• , .. 
Using [17.1.13] and [17.1.14}. it follows from (17.1.12) that 

T 

[l/(u 2T)l}: y,_ 1u,~ (1/2)·(X - 1), 
,-1 

where X - x2(1). 
Turning next to the denominator of (17.1.6), consider 

T 

}: yf_,. 
,-1 

(17.1.14] 

[17.1.15) 

[17.1.16) 

Recall from [17.1.8) that y,_ 1 - N{O, u 2(t - 1)), so E(y;_ 1) = u 2(t - 1). Consider 
the mean of (17.1.16), ' 

E[f yf_,] = o-2 :f (t - 1) = u 2(T - l)T/2. ,-1 ,_, 
In order to construct a random variable that could have a convergent distribution, 
the quantity in (17.1.16) will have to be divided by T 2, as was done in the denom
inator of (17.1.6). 

To summarize, if the true process is a random walk, then the deviation of 
the OLS estimate from the true value (/Jr - 1) must be multiplied by T rather 
than VT to obtain a variable with a useful asymptotic distribution. Moreover. this 
asymptotic distribution is not the usual Gaussian distribution but instead is a ratio 
involving a x2(1) variable in the numerator and a separate, nonstandard distribution 
in the denominator. 

The asymptotic distribution of TCfJ.r - 1) will be fully characterized in Sec
tion 17.4. In preparation for this, the idea of Brownian motion is introduced in 
Section 17.2, followed by a discussion of the functional central limit theorem in 
Section 17.3. 

17.2. Brownian Motion 
Consider a random walk, 

y, = Y,-1 + 6,, 

in which the innovations are standard Normal variables: 

6 1 - i.i.d N(O, 1). 

(17.2.1) 

If the process is started with Yo = 0, then it follows as in (17.1.7) and [F,1.8) that 

y, = 61 + 62 + ' ' ' + 6, 

y, - N(O, t). 
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Moreover, the change in the value of y between dates t and s, 

Y., - Yr = Er+ I + Er+2 + ... + Es, 

is itself N(O, (s - t)) and is independent of the change between dates rand q for 
any dates t < s < r < q. 

Consider the change between y,_ 1 and y,. This innovation e, was taken to be 
N(O, 1). Suppose we view E1 as the sum of two independent Gaussian variables: 

with e;r - i.i.d. N(O, ½). We might then associate e1r with the change between y,_, 
and the value of y at some interim point (say, Y,-(112)), 

Y,-c112l - Y,-1 == e1,, 

and e2r with the change between Yr-pt2 ) and Yr: 

Yr - Y,-(1/2) = ez,. 

(17.2.2] 

(17.2.3) 

Sampled at integer dates t = 1, 2, ... , the process of [17.2.2] and [17.2.3) will 
have exactly the same properties as [17.2.1), since 

y, - Y,- 1 == e1, + e2, - i.i.d. N(O, 1). 

In addition, the process of [17.2.2] and [17.2.3] is defined also at the noninteger 
dates {t + ½};:,.0 and retains the property for both integer and noninteger dates that 
y, - y, - N(O, s - t) with Ys - y, independent of the change over any other 
nonoverlapping interval. 

By the same reasoning, we could imagine partitioning the change between 
t - 1 and t into N separate subperiods: 

Y, - Y,- 1 = e1, + e2, + · · · + eN,, 

with e,r - i.i.d. N(O, 1/N). The result would be a process with all the same properties 
as [17.2.1], defined at a finer and finer grid of dates as we increase N. The limit 
as N - oo is a continuous-time process known as standard Brownian motion. The 
value of this process at date t is denoted W(t). 2 A continuous-time process is a 
random variable that takes on a value for any nonnegative real number t, as distinct 
from a discrete-time process, which is only defined at integer values of t. To 
emphasize the distinction, we will put the date in parentheses when describing the 
value of a continuous-time variable at date t (as in W(t)) and use subscripts for a 
discrete-time variable (as in Yr)- A discrete-time process was represented as a 
countable sequence of random variables, denoted {y,};:_1• A realization of a con
tinuous-time process can be viewed as a stochastic function, denoted W( ·),where 
W: t E [O, "")- IR1• 

A particular realization of Brownian motion turns out to be a continuous 
function oft. To see why it would be continuous, recall that the change between 
t and t + I::,, is distributed N(O, A). Such a change is essentially certain to be 
arbitrarily small as the interval I::,, goes to zero. 

Definition: Standard Brownian motion W( ·) is a continuous-time stochastic proc
ess, associating each date t E [O, 1] with the scalar W(t) such that: 

(a) W(O) = O; 

'Brownian motion is sometimes also referred to as a Wiener process. 
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(b) For any dates O s t1 < t2 < · · · < tk s 1, the changes (W(t2) - W(t1)J, 
[W(t3) - W(t 2)J, . .. , (W(tk) - W(tk- 1)) are independent multivariate Gauss
ian with [W(s) - W(t)) - N(O, s - t); 

(c) For any given realization, W(t) is continuous in t with probability 1. 

There are advantages to restricting the analysis to dates t within a closed 
interval. All of the results in this text relate to the behavior of Brownian motion 
for dates within the unit interval (t E [O, 11), and in anticipation of this we have 
simply defined W( ·) to be a function mapping t E [O, 1 J into IR1• 

Other continuous-time processes can be generated from standard Brownian 
motion. For example, the process 

Z(t) = er W(t) 

has independent increments and is distributed N(O, <T2t) across realizations. Such 
a process is described as Brownian motion with variance <T2• Thus, standard Brown
ian motion could also be described as Brownian motion with unit variance. 

As another example, 

Z(t) = [W(t))2 [17.2.4) 

would be distributed as t times a x2(1) variable across realizations. 
Although W(t) is continuous int, it cannot be differentiated using standard 

calculus; the direction of change at t is likely to be completely different from that 
at t + A, no matter how small we make A.3 

17.3. The Functional Central Limit Theorem 
One of the uses of Brownian motion is to permit more general statements of the 
central limit theorem than those in Chapter 7. Recall the simplest version of the 
central limit theorem: if u, - i.i.d. with mean zero and variance <T2, then the sample 
mean 1i-r"" (1/T)L?~, u, satisfies 

v'fu 7 ..!:.. N(O, <T2). 

Consider now an estimator based on the following principle: When given a 
sample of size T, we calculate the mean of the first half of the sample and throw 
out the rest of the observations: · 

[T/2)' 

il1r121• = (l/[T/2]*) ~ u,. ,-1 
Here [T/2]* denotes the largest integer that is less than or equal to T/2; that is, 
[T/2)* = T/2 for T even and [T/2]* = (T - 1)/2 for Todd. This strange estimator 
would also satisfy the central limit theorem: 

L 
Y[T/2J*u1mi•-:;:::: N(O, <T2). [17.3.1) 

Moreover, this estimator would be independent of an estimator that uses only the 
second half of the sample. 

More generally, we can construct a variable X 7 (r) from the sample mean of 

'For an introduction to differentiation and integration of Brownian motion, see Malliaris and Brock 
( 1982, Chapter 2). 
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the first rth fraction of observations, r E [O, 1), defined by 

1~· 
Xr(r) • (1/T) 2, u,. ,-1 

For any given realization, X r(r) is a step function in r, with 

Then 

0 for O :S r < l!T 

for 1/T :s: r < 2/T 

for 2/T :s: r < 3/T 

(u 1 + u2 + · · · + ur)IT for r = 1. 

[Trj" (Tr(* 

[17.3.2) 

(17.3.3) 

VT·Xr(r) = (1/v'T) L u, = ("v'(Tr]*/V'T)(l/V[Trf) }: u,. [17.3.4) 
t=I 1=1 

But 
(Tri' 

(11\/'[Trj*) L u, ~ N(O. cr2), ,-1 
by the central limit theorem as in [17.3.1], while (\/[Trftv'T)--+ Yr. Hence, the 
asymptotic distribution of V'T·Xr(r} in [17.3.4) is that of Yr times a N(O, cr2) 

random variable, or 

and 

v'T·(Xr(r)/cr] ~ N(O, r). (17.3.5) 

If we were similarly to consider the behavior of a sample mean based on 
observations [Tri]* through [Tr2)* for r2 > r 1, we would conclude that this too is 
asymptotically Normal. 

\/T· [X r(rz) - X.,(r 1))/o-/4 N(O, r2 - r 1), 

and is independent of the estimator in [17.3.5), provided that r < r 1• It thus should 
not be surprising that the sequence of stochastic functions {V'T· Xr( · )/ofj._ 1 

has an asymptotic probability law that is described by standard Brownian motion 
W(·): 

v'T·Xr(·)tu.!:+ W(·). (17.3.6) 

Note the difference between the claims in (17.3.5) and (17.3.6). The expression 
Xr( ·) denotes a random function while Xr(r) denotes the value that function 
assumes at date r; thus, Xr( ·) is a function, while Xr(r) is a random variable. 

Result [17.3.6) is known as the functional central limit theorem. The derivation 
here assumed that u, was i.i.d. A more general statement will be provided in Section 
17.5. 

Evaluated at r = 1, the function Xr(r) in [17.3.2] is just the sample mean: 
T 

Xr(l) = (1/T) L u,. ,_, 
Thus, when the functions in (17.3.6) are evaluated at r = 1, the conventional 
central limit theorem (7.1.6] obtains as a special case of (17.3.6): 

T 

v'TXr(l)!u = [1/(uv'T)]}: u,.!:+ W(l) - N(O, 1). 
,-1 (17.3.7) 
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We earlier defined convergence in law for random variables, and now we 
need to extend the definition to cover random functions. Let S( ·) represent a 
continuous-time stochastic process with S(r) representing its value at some date r 
for r E [O, 1). Suppose, further, that for any given realization, S( ·) is a continuous 
function of r with probability 1. For {ST(· Hr= 1 a sequence of such continuous 
functions, we say that ST(·) -!::+ S( ·) if all of the following hold:4 

(a) For any finite collection of k particular dates, 

0 s r 1 < r 1 < · · · < rk s 1, 

the sequence of k-dimensional random vectors {y;}r_ 1 converges in distri
bution to the vector y, where 

(b) For each e > 0, the probability that ST(r1) differs from Sr(r 2) for any 
dates r 1 and r2 within 8 of each other goes to zero uniformly in T as 8 - O; 

(c) P{ISr(O)I >A}"' 0 uniformly in T as A - "'.'· 

This definition applies to sequences of continuous functions, though the func
tion in (17.3.21 is a discontinuous step function. Fortunately, the discontinuities 
occur at a countable set of points. Formally, Sr(·) can be replaced with a similar 
continuous function, interpolating between the steps (as in Hall and Heyde, 1980). 
Alternatively, the definition of convergence of random functions can be generalized 
to allow for discontinuities of the type in [17.3.21 (as in Chapter 3 of Billingsley, 
1968). 

It will also be helpful to extend the earlier definition of convergence in prob
ability to sequences of random functions. Let {Sr(. Hr-I and {Vr(. Hr-I denote 
sequences of random continuous functions with Sr: r E [O, 11- IR1 and Vr: r E 
[O, 11- IR1• Let the scalar Yr represent the largest amount by which ST(r) differs 
from V T(r) for any r: 

Yr= sup IST(r) - Vr(r)I. 
rElO,!j 

Thus, {Y r}T= 1 is a sequence of random variables, and we could talk about its 
probability limit using the standard. definition given in [7.l.21. If the sequence of 
scalars {Y T}T= 1 converges in probability to zero, then we say that the sequence of 
functions Sr(·) converges in probability to VT(·). That is, the expression 

Sr(-).!+ Vr(·) 

is interpreted to mean that 

sup I Sr(r) - V T(r) I .!+ 0. 
rElO,!j 

With this definition, result (a) of Proposition 7.3 can be generalized to apply 

'The sequence or probability measures induced by {S,.( · )};._ 1 weakly conv~rges (in the sense of 
Billingsley, 1968) to the probability measure induced by S( ·) if and only if conditions (a) through (c) 
hold; see Theorem A.2, p. 275, in Hall and Heyde (1980). 
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to sequences of functions. Specifically, if {Sr(· )}7• 1 and {V r( · )}7= 1 are sequences 
of continuous functions with Vr( ·) .E. Sr(·) and Sr(·) 4 S( ·) for S( ·) a con
tinuous function, then Vr( ·) 4 S( · ); see, for example, Stinchcombe and White 
(1993). 

Example 17.1 
Let {xr}7• 1 be a sequence of random scalars with xr .E. 0, and let {Sr(· )}7• 1 

be a sequence of random continuous functions, Sr: r E (0, 1) --+ R1 with 
Sr(·) 4 S(-). Then the sequence of functions {Vr( · )}7= 1 defined by V7 (r) = 
Sr(r) + Xr has the property that Vr( ·) 4 S( · ). To see this, note that 
Vr(r) - Sr(r) = xr for all r, so that 

sup JSr(r) - Vr(r)J = JxrJ. 
,e10.11 

which converges in probability to zero. Hence, V r( ·) -4 Sr(·), and therefore 
Vr(·)4S(·). 

Example 17.2 
Let T/, be a strictly stationary time series with finite fourth moment, and let 
Sr(r) = (1/VT) · T/tr,J·· Then Sr(·) .E. 0. To see this, note that 

P{ sup ISr(r) I > li} 
rEfO,lf 

., = P{[I (1/\/T) 'T/i I > li] or [I (ll\/7') · '1121 > li] or 

or [I (1/\/T) · T/rl > li]} 
s T· P{I (1/\/T) · T/,I > li]} 

E {(1/\/T) · T/,}4 

ST•----- t,4 

= E(T/1) 
Tt,4 , 

where the next-to-last line follows from Chebyshev's inequality. Since E(Tf,) 
is finite, this probability goes to zero as T--+ '"'· establishing that Sr(·) -4 0, 
as claimed. 

Continuous Mapping Theorem 

In Chapter 7 we saw that if {xr}7• 1 is a sequence of random variables with 
xr4 x and if g: R1 --+ R1 is a continuous function, then g(xr) 4 g(x). A similar 
result holds for sequences of random functions. Here, the analog to the function 
g( ·) is a continuous functional, which could associate a real random variable y 
with the stochastic function S( · ). For example, y = fd S(r) dr and y = f 1\ (S(r)]2 dr 
represent continuous functionals.5 The continuous mapping theorem6 states that if 
Sr(·) 4 S( ·) and g( ·) is a continuous functional, then g(Sr( · )) 4 g(S( · )). 

·'Continuity of a functional g( ·) in this context means that for any e > 0, there exists a 8 > 0 such 
that if h(r) and k(r) are any continuous bounded functions on [O, !], h: [O, lJ -+ R' and k: [O, 1)-+ 
R'. such that )h(r) - k(r)I < l! for all r E [O, I], then 

)g[h( · )] - g[k( · ))I < e. 

•See, for example, Theorem A.3 on p. Z76 in Hall and Heyde (1980). 
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The continuous mapping theorem also applies to a continuous functional g( ·) 
that maps a continuous bounded function on (0, 1] into another continuous bounded 
function on (0, 1]. For example, the function whose value at r is a positive constant 
u times h(r) represents the result of applying the continuous functional g(h(.)] = 
u·h( ·) to h( · ).7 Thus, it follows from [17.3.6] that 

v"t·Xr( ·) ~ cr· W( ·). (17.3.8] 

Recalling that W(r) - N(0, r), result (17.3.8] implies that VT· Xr(r) = N(O, u 2r). 
As another example, consider the function Sr(·) whose value at r is given 

by 
Sr(r) = [v"t·Xr(r)F. 

Since VT· Xr( ·)-.!:+ er· W( ·),it follows that 
L 

Sr(·) - u 2(W( · )]2. 

(17.3.9] 

(17.3.10] 

In other words, if the value W(r) from a realization of standard Brownian motion 
at every dater is squared and then multiplied by u 2, the resulting continuous-time 
process would follow essentially the same probability law as does the continuous
time process defined by Sr(r) in (17.3.9) for T sufficiently large. 

Applications to Unit Root Processes 

The use of the functional central limit theorem to calculate the asymptotic 
distribution of statistics constructed from unit root processes was pioneered by 
Phillips (1986, 1987). 8 The simplest illustration of Phillips's approach is provided 
by a random walk, 

Y, = Y,-1 + u,, [17.3.11] 

where {u,} is an i.i.d. sequence with mean zero and variance u 2• If y11 = 0, then 
[17.3.11] implies that 

Y, = U1 + uz + ... + u,. [17.3.12] 

Equation (17.3.12] can be used to express the stochastic function Xr(r) defined in 
[17.3.3] as 

[ 

0 

Y1IT 

Xr(r) = Yi:T 
YrlT 

for Os r < 1/T 

for 1/T :S r < 2/T 

for 2/T s r < 3/T 

for r = 1. 

[17.3.13) 

Figure 17.l plots Xr(r) as a function of r. Note that the area under this step function 

7Here continuity of the functional g( ·) means that £or any e > 0, there exists a lJ > 0 such thut if 
h(r) and k(r) are any continuous bounded functions on (0, lj, h: (0, l]--+ R' and k: (0, I]--+ R', such 
that lh(r) - k(r)I < I! for all r E (0, 1], then 

lg(h(r)] - g[k(r)JI < e 

for all r E [O, l]. 
"Result [ 17.4. 7J in the next section for the case with i.i.d. errors was first derived by White ( 1958). 

Phillips (1986, 1987) developed the general derivation presented here based on the functional central 
limit theorem and the continuous mapping theorem. Other important contributions include Dickey and 
Fuller (1979), Chan and Wei (1988), Park and Phillips (1988. 1989), Sims, Stock, and Watson (1990), 
and Phillips and Solo ( 1992). 
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FIGURE 17.1 Plot of Xr(r) as a function of r. 

r 

is the sum of7 rectangles. The tth rectangle has width 1/T and height y,_ 1 IT, and 
therefore has area y,_ 1 /T2. The integral of Xr(r) is thus equivalent to 

(' Xr(r) dr = Yi IT 2 + Y2IT2 + · · · + YT-ifT2. [17.3.14) Jo 
Multiplying both sides of [17.3.14) by VT establishes that 

ll T 

v'T·Xr(r) dr = r- 312 L Yr-I· 
0 ,-1 

[17.3.15) 

But we know from [17.3.8) and the continuous mapping theorem that as T-+ '"'• 

(' v'T·Xr(r) dr.!:.. u· (' W(r) dr, Jo Jo 
implying from [17.3.15) that 

r- 312 f y,_,.:.. u· (' W(r) dr. 
,-1 Jo [17.3.16) 

It is also instructive to derive [17.3.16) from first principles. From [17.3.12], 
we can write 

T 

7- 312 L y,_ 1 = T- 312[u1 + (u1 + "2) + (u1 + u2 + u3) + · · · 
tml 

+ (u 1 + u2 + u3 + · · · + Ur-,)] 

= T- 312[(T - l)u 1 + (T - 2)"2 + (T - 3)u3 + · · · 
+ [T - (T - l)Jur-1] [17.3.17) 

T 

= r- 312 L (T - t)u, 
t=I 

T T 
= r-112 L u, - r-312 L tu,. 

/=l ,-1 
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Recall from [16.1.24) that 

[17.3.18) 

Thus, [17.3.17) implies that T- 312 Li-i y,_ 1 is asymptotically Gaussian with mean 
zero and variance equal to 

er2{1 - 2 · ( 1/2) + 1/3} = er2/3. 

Evidently, er· f,\ W(r) dr in [17.3.16) describes a random variable that has a 
N(0, er2/3) distribution. 

Thus, if y, is a driftless random walk, the sample mean T- 1 L;_ 1 y, diverges 
but T-·"2 L;_ 1 y, converges to a Gaussian random variable whose distribution can 
be described as the integral of the realization of Brownian motion with variance 

Expression [ 17.3.17) also gives us a way to describe the asymptotic distribution 
of T-·" 2 L;_ 1 tu, in terms of functionals on Brownian motion: 

T T T 
T- 312 °" tu = T- 112 °" u - T- 312 °" y LJ I LJ r LJ t-1 

r•l , .. I t• l [17.3.19) 

L I.I -+ er· W(l) - er· W(r) dr, 
0 

with the last line following from [17.3.7) and [17.3.16). Recalling [17.3.18), the 
random variable on the right side of [17.3.19) evidently has a N(0, er2/3) distribution. 

A similar argument to that in [17.3.15) can be used to describe the asymptotic 
distribution of the sum of squares of a random walk. The statistic ST(r) defined in 
[17.3.9), 

SAr)"" T·[XT(r))2, 

can be written using [17.3.13) as 

[ 

~f/T 

ST(r) = y~='T 

y?,!T 

for 0 s r < 1/T 

for 1/T s r < 2/T 

for 2/T s r < 3/T 

for r = 1. 

It follows that 

Thus, from [17.3.10) and the continuous mapping theorem, 

T L I.I 
T- 2 ~ yf_1 -+ er2 • [W(r)J2 dr. 

ta I 0 

Two other useful results are 

T T L I.I 
T-sn ~ ty,_ 1 = r- 312 ~ (t!T)y,_ 1 -+ er· rW(r) dr 

,-1 ,-1 0 

[17.3.20) 

[17.3.21) 

[17.3.22] 

[17.3.23] 
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for r = t/T and 

T T ii 
T- 3 L lYt-1 = T- 2 L (t/T)y:_ 1 ..!:. a 2 • r·(W(r)]2 dr. 

1-1 ,-1 0 
[17.3.24] 

As yet another useful application, consider the statistic in [17 .1.11]: 
T T 

T- 1 L Y,-1u, = (1/2)·(1/T)y} - (1/2)·(1/T) Lu~. 
r- l t•1 

Recalling [17.3.21], this can be written 
T T 

T- 1 L Y,-1u, = (1/2)Sr(l) - (1/2)(1/T) L ur (17 .3.25) 
,-1 ,-1 

But (1/T) };;=1 u'f -4 a 2, by the law of large numbers, and Sr(l) .1:.. a 2[W(1)]2, 
by [17.3.10). It thus follows from [17.3.25] that 

T l 
T- 1 L Y,- 1U1 - (l/2)a 2[W(1)]2 - (l/2)a 2• [17.3.26] ,-1 

Recall that W(l), the value of standard Brownian motion at date r = 1, has a 
N(O, 1) distribution, meaning that [W(1)]2 has a x2(1) distribution. Result [17.3.26] 
is therefore just another way to express the earlier result [17.1.15] using a functional 
on Brownian motion instead of the x2 distribution. 

17.4. Asymptotic Properties of a First-Order 
Autoregression when the True Coefficient Is Unity 
We are now in a position to calculate the asymptotic distribution of some simple 
regressions involving unit roots. For convenience, the results from Section 17 .3 are 
collected in the form of a proposition. 

Proposition 17.1: Suppose that t,follows a random walk without drift, 

g, = t,-1 + u,, 
where tu = 0 and {u,} is an i.i.d. sequence with mean zero and variance a 2 . Then 

T 

(a) T- 112 L. u, ..!:. a· W(l) (17.3.7); 
t• I 

(b) 
T 

T- 1 L g,_1u,..!:. (1/2)a 2{(W(1)]2 - l} 
,- I 

[17.3.26]; 

T l ii (c) T-~ 12 L tu, - a· W(l) - a· W(r) dr [17.3.19]; 
1=! 0 

(d) T l f r-Yl L t,-1 - a· W(r) dr 
t=I 0 

[17.3.16]; 

T f (e) T- 2 L t'!-1 ..!:. a 2· [W(r)]2 dr [17.3.22]; 
,_, 0 

T f (f) 
-, l 

T- 01- L 1g,_1 - a· rW(r) dr [17.3.23]; 
r=I 0 

T l ii (g) T-~ L ,e-1-,. a 2· r·[W(r)]2 dr [17.3.24]; 
t•I o 

T 

(h) T-h·+ 1> L t'' - 1/(v + 1) ,-, for v = 0, 1, ... [16.1.15]. 
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The expressions in brackets indicate where the stated result was earlier de
rived. Though the earlier derivations assumed that the initial value ~1 was equal 
to zero, the same results are obtained when g0 is any fixed value or drawn from a 
specified distribution as in Phillips ( 1987). 

The asymptotic distributions in Proposition 17 .1 are all written in terms of 
functionals on standard Brownian motion, denoted W(r). Note that this is the same 
Brownian motion W(r) in each result '(a) through (g), so that in general the mag
nitudes in Proposition 17.1 are all correlated. If we are not interested in capturing 
these correlations, then there are simpler ways to describe the asymptotic distri
butions. For example, we have seen that (a) is just a N(O, u2) distribution, (b) is 
(1/2)u2 • [x2(1) - 1], and (c) and (d) are N(O, u 2/3). Exercise 17.1 gives an example 
of one approach to calculating the covariances among random variables described 
by these functionals on Brownian motion. 

Proposition 17.1 can be used to calculate the asymptotic distributions of 
statistics from a number of simple regressions involving unit roots. This section 
discusses several key cases. 

Case 1. No Constant Term or Time Trend in the Regression; 
True Process Is a Random Walk 

Consider first OLS estimation of p based on an AR(l) regression, 

Y, = PY,-1 + Ui, [17.4.l] 

where u, is i.i.d. with mean zero and variance u 2• We are interested in the properties 
of the OLS estimate 

T 

L Y,-1Y, 
Pr = :..:'-°";'----

L Yf-1 ,-1 

[l 7.4.2] 

when the true value of pis unity. From [17.1.6], the deviation of the OLS estimate 
from the true value is characterized by 

T(fir - 1) [17.4.3] 

If the true value of pis unity, then 

Y, = Yo + Ui + Uz + · · · + u,. [17.4.4] 

Apart from the initial term Yo (which does not affect any of the asymptotic distri
butions), the variable y, is the same as the quantity labeled g, in Proposition 17.1. 
From result (b) of that proposition, 

T L 

T- 1 I Y1-1U, - (l/2)u 2 {[W(1)]2 - l}, [17.4.5] 
I= I 

while from result (e), 

T L il r- 2 L y:_ 1 - u 2 • [W(r)]2 dr. ,-1 () [17.4.6] 

Since [17.4.3] is a continuous function of [17.4.5] and [17.4.6], it follows from 
Proposition 7.3(c) that under the null hypothesis that p = 1, the OLS estimate 
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Pr is characterized by 

T({JT _ 1) .!:,. (l/2)/[W(1)]2 - l}_ 

( [W(r)l2 dr Jo 
[17.4.7] 

Recall that [W(1)]2 is a x2(1) variable. The probability that a x2(1) variable 
is less than unity is 0.68, and since the denominator of [17.4.7] must be positive, 
the probability that Pr - 1 is negative approaches 0.68 as T becomes large. In 
other words, in two-thirds of the samples generated by a random walk, the estimate 
Pr will be less than the true value of unity. Moreover, in those samples for which 
[W(1)]2 is large, the denominator of [17.4.7] will be large as well. The result is that 
the limiting distribution of T(pr - 1) is skewed to the left. 

Recall that in the stationary case when IP! < 1, the estimate Pr is downward
biased in small samples. Even so, in the stationary case the limiting distribution 
of VT(pr - p) is symmetric around zero. By contrast, when the true value of p 
is unity, even the limiting distribution of T(pr - 1) is asymmetric, with negative 
values twice as likely as positive values. 

In practice, critical values for the random variable in [17.4.7] are found by 
calculating the exact small-sample distribution of T(pr - 1) for given T, assuming 
that the innovations {u,} are Gaussian. This can be done either by Monte Carlo, as 
in the critical values reported in Fuller (1976), or by using exact numerical pro
cedures described in Evans and Savin (1981). Sample percentiles for TCfJr - 1) 
are reported in the section labeled Case 1 in Table B.5 of Appendix B. For finite 
T, these are 'exact only under the assumption of Gaussian innovations. As T be
comes large, these values also describe the asymptotic distribution for non-Gaussian 
innovations. 

It follows from [17.4. 7] that Pr is a superconsistent estimate of the true value 
(p = 1). This is easily seen by dividing [17.4.3] by VT: 

v'f(Pr - 1) 

T 

T --312 '°' L.., Y,-1 u, ,-1 
T 

T -2 '°' 2 L.., Y,-1 ,-1 

[17.4.8] 

From Proposition 17 .1 (b), the numerator in [17.4.8] converges to T- 112(1/2)u 2 times 
(X - 1), where X is a x2(1) random variable. Since a x2(1) variable has finite 
variance, the variance of the numerator in [17.4.8] is of order 1/T, meaning that 
the numerator converges in probability to zero. Hence, 

v'f(fir - 1) ~ 0. 

Result [17.4.7] allows the point estimate Pr to be used by itself to test the 
null hypothesis of a unit root, without needing to calculate its standard error. 
Another popular statistic for testing the null hypothesis that p = 1 is based on the 
usual OLS t test of this hypothesis, 

(Pr - 1) 
tr= 

(Pr - 1) 

{s} + f Y7-1}112
, ,-1 

[17.4.9] 

where ur,7 is the usual OLS standard error for the estimated coefficient, 

CT'fir = {s} + f Y;-1}1/2, ,-1 
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ands} denotes the OLS estimate of the residual variance: 

r 
s} = I (y, - PrY,-Yl(T - 1). 

t=l 

Although the t statistic [17.4.9] is calculated in the usual way, it does not have a 
limiting Gaussian distribution when the true process is characterized by p = l. To 
find the appropriate limiting distribution, note that [17.4.9] can equivalently be 
expressed as 

[17.4.10} 

or, substituting from [17.4.3], 
r 

T-1 L Y,-iu, 
tr = ____ , ___ , --,12---

{ T-2 f y;_ 1} {s}}112 

,-1 

[17.4.11] 

As in Section 8.2, consistency of /Jr implies s} ..!:,. u 2 • It follows from [17.4.5] and 
[17.4.6} that as T---> oo, 

L (l/2)u 2{[W(1)]2 - l} (l/2){[W(l)]2 - l} 
tr---> 112 = 112 . [17.4.12] 

{ u 2 J.' [W(r)]2 dr} {u2} 112 {L' [W(r)}2 dr} 

Statistical tables for the distribution of [17.4.11] for various sample sizes Tare 
reported in the section labeled Case 1 in Table B.6; again, the small-sample results 
assume Gaussian innovations. 

Example 17 .3 
The following AR(l) process for the nominal three-month U.S. Treasury bill 
rate was fitted by OLS regression to quarterly data, t = 1947:11 to 1989:l: 

i, = 0.99694 i,_ 1, 
(0.0l0592) 

with the standard error of fJ in parentheses. Here T = 168 and 

T(p -· 1) = (168)(0.99694 - 1) = -0.51. 

[17.4.13] 

The distribution of this statistic was calculated in [ 17 .4. 7] under the assumption 
that the true value of p is unity. The null hypothesis is therefore that p = l, 
and the alternative is that p < 1. From Table B.5, in a sample of this size, 
95% of the time when there really is a unit root, the statistic T(p - 1) will 
be above -7.9. The observed value (-0.51) is well above this, and so the null 
hypothesis is accepted at the 5% level and we should conclude that these data 
might well be described by a random walk. 

In order to have rejected the null hypothesis for a sample of this size, 
the estimated autoregressive coefficient fJ would have to be less than 0.95: 

168(0.95 - 1) = -8.4. 

The OLS t test of H0 : p = l is 

t = (0.99694 - 1)/0.010592 = -0.29. 

This is well above the 5% critical value from Table B.6 of -1.95, so the null 
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I hypothesis that the Treasury bill rate follows a random walk is also accepted 
by this test. 

The test statistics [17.4.7] and (17.4.12] are examples of the Dickey-Fuller test 
for unit roots, named for the general battery of tests proposed by Dickey and Fuller 
(1979). 

Case 2. Constant Term but No Time Trend Included 
in the Regression; True Process Is a Random Walk 

For case 2, we continue to assume, as in case 1, that the data are generated 
by a random walk: 

Y, = Y,-, + u,, 

with u, i.i.d. with mean zero and variance u2• Although the true model is the same 
as in case 1, suppose now that a constant term is included in the AR(l) specification 
that is to be estimated by OLS: 

Y, = a + PY,- 1 + u,. [17.4.14} 

The task now is to describe the properties of the OLS estimates, 

[cir] _ [ T Iy,_ 1]-i[ Iy, ] 
Pr - IY,-1 Iyf-1 iY,-1Y, ' 

(17.4.15} 

under the null hypothesis that a = 0 and p = 1 (here I indicates summation over 
t = 1, 2, ... , T). Recall the familiar characterization in [8.2.3} of the deviation 
of an estimated OLS coefficient vector (br) from the true value (IJ), 

[T ]-l[T ] br - IJ = L x,x; L x,u, , 
r•l t=I 

[17.4.16} 

or. in this case, 

[ ] [ ]-I[ ] &r _ T Iy,_ 1 Iu, 
Pr - 1 - Iy,_ 1 Iy~_ 1 Iy,_ 1U, · 

[17.4.17} 

As in case 1, y, has the same properties as the variable g, described in Prop
osition 17.1 under the maintained hypothesis. Thus, result (d) of that proposition 
establishes that the sum Iy,_ 1 must be divided by T312 before obtaining a random 
variable that converges in distribution: 

L i' T- 312Iy,_ 1 -+ u· W(r) dr. 
(I 

Jn other words, 

IY,-1 = Op(T3!2). 

Similarly, results [17.4.5] and (17 .4.6] establish that 

Iy,_ 1U, = Op(T) 

Iy~- 1 = Op(T2), 

and from Proposition 17.l(a), 

Iu, = Op(T112). 
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Thus, the order in probability of the individual terms in (17.4.17] is as follows: 

[17.4.19) 

It is clear from [17.4.19) that the estimates ar and Pr have different rates 
of convergence, and as in the previous chapter, a scaling matrix Yr is helpful in 
describing their limiting distributions. Recall from (16.1.18] that this rescaling is 
achieved by premultiplying [17.4.16] by Yr and writing the result as 

Yr(br - 13) = v{t x,x;r\rYr{t x,u,] 
[17.4.20) 

= {vr{t x,x;]Yr1}-
1{Yr{t x,u,]}. 

From [17.4.19], for this application Yr should be specified to be the following 
matrix: 

[
7112 OJ 

Yr= 0 T , [17.4.21) 

for which [17.4.20] becomes 

[71
12 OJ [ &r ] = {[7-112 O ] [ T 

0 7 Pr - 1 O r- 1 Iy,_ 1 

x {[T~112 
7~ 1] [ Iu, ]} 

Iy,_ 1u, 

or 

[ T'~Jl2&rl)] = [ 1 r-312Iy,-l]-I[ r-1J2Iu, ]. [17.4.22) 
\JIT - T- 312Iy,_, r- 2Iy;_, T-i-2,Y,-1u, 

Consider the first term on the right side of [17.4.22]. Results [17.4.6] and 
(17.4.18] establish that 

L [ 1 u· f W(r) dr l 
-+ u· f W(r) dr u 2 • f [W(r)]2 dr 

[17.4.23) 

= [l 0] [ 1 J W(r) dr ] [1 o] 
O u f W(r) dr f [W(r)]2 dr O u ' 

where the integral sign denotes integration over r from Oto 1. Similarly, result (a) 
of Proposition 17.1 along with (17.4.5] determines the asymptotic distribution of 
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the second term in [17.4.22): 

[ T- 112~u, J L [ u·W(l) J 
T- 1~y,_ 1u, - (1/2)u 2{[W(1)]2 - l} 

[1 OJ [ W(l) J 
= u O u (1/2){[W(1)]2 - l} . 

[17.4.24] 

Substituting [17.4.23] and [17.4.24] into (17.4.22] establishes 

[ Tl12&r J L [1 OJ-I[ l f W(r) dr l-l 
T(pr - 1) - u· O u f W(r) dr f [W(r)]2 dr 

[1 OJ-1[1 OJ [ W(l) J 
X O u O u (l/2){[W(l)j2 - l} 

[ OJ [ 1 f W(r) dr l-l 

~ 1 f W(r) dr f [W(r)]2 dr 

[17.4.25] 

[ W(l) J 
X (l/2){[W(l)]2 - l} . 

Notice that 

[ 
1 f W(r) dr ]-i [I [W(r)]2 dr 

f W(r) dr f [W(r)]2 dr = !!,. - i - f W(r) dr 
[17.4.26] 

where 

!!,. s f [W(r)]2 dr - [f W(r) dr r [17.4.27] 

Thus, the second element in the vector expression in [17.4.25] states that 

!{[W(1)]2 - l} - W(l)· f W(r) dr 
• L 

T(pr - 1)- i 

J [W(r)]2 dr - [f W(r) dr] 

[17.4.28] 

Neither estimate 6:7 nor f>r has a limiting Gaussian distribution. Moreover, 
the asymptotic distribution of the estimate of pin [17.4.28] is not the same as the 
asymptotic distribution in [17.4.7)-when a constant term is included in the dis
tribution, a different table of critical values must be used. 

The second section of Table B.S records percentiles for the distribution of 
T(f>r - 1) for case 2. As in case 1, the calculations assume Gaussian innovations, 
though as T becomes large, these are valid for non-Gaussian innovations as well. 
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Notice that this distribution is even more strongly skewed than that for case 1, so 
that when a constant term is included in the regression, the estimated coefficient 
on y ,_ 1 must be farther from unity in order to reject the null hypothesis of a unit 
root. Indeed, for T > 25, 95% of the time the estimated value Pr will be less than 
unity. For example, if the estimated value Pr is 0.999 in a sample of size T = 100, 
the null hypothesis of p = 1 would be rejected in favor of the alternative that 
p > 1! If the true value of p is unity, we would not expect to obtain an estimate 
as large as 0.999. 

Dickey and Fuller also proposed an alternative test based on the OLS t test 
of the null hypothesis that p = 1: 

[17.4.291 

where 

&t = s}[o 11[ T Z:y,_,]-'[o] Z:y,_, Z:y;_ 1 1 
[ 17.4.301 

r 
s} = (T - 2)- 1 I (y, - &r - PrY,-,)2. 

t=I 

Notice that if both sides of [17.4.30] are multiplied by T 2 , the result can be written 
as 

T2 • aJ, = s}[0 I[ T 2Y,-1]-'[o] 
T Z:y,_, Z:y;_, T 

= s}[0 IIYr[ T Z:y~_,]-'vr[o] Z:y,_1 Z:y,_1 1 

for Yr the matrix in [17.4.21]. Recall from [17.4.23] that 

y T 2y,_ 1 y [ ]

-I 

r 2Y,-l 2Y7-l r 

y-1 { [ 
T 

r 2Y,-t 

[ T- 3' 2~Y,-1 

Z:y,_,]v-1}-1 
2Y7-I r 

3/2~ ]-l T- -"'Y,-1 
T-2z:y;_, 

[ ]
- 1 [ 1 J W(r) dr l-t [ ]- 1 

~ ~ ~ J W(r) dr f [W(r)]2 dr ~ ~ 
Thus, from [17.4.31], 

T-·6-2 .!,. s2[0 ~-,- r [ 
1 J W(r) dr l-i [ 0 ] 

u-'J f W(r) dr f [W(r)l2 dr u-l . 

It is also easy to show that 

[17.4.311 

[17.4.321 

[17.4.331 

[17.4.341 
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from which (17.4.33] becomes 

[ 1 f W(r) dr l -t [OJ 
l] f W(r) dr f [W(r)]2 dr 1 

[17.4.35] 
1 

= r f [W(r)]2 dr - [f W(r) dr] 

Thus, the asymptotic distribution of the OLS t test in [17.4.29] is 

T(pr - 1) ,, • {f [ ' [f ]2}112 
tr = {T2. 6-l,Y'2 -+ T(Pr - 1) X W(r)J- dr - W(r) dr 

L !{[W(1)]2 - l} - W(l) · f W(r) dr 
[17.4.36] 

-+ 2 112· {f [W(r)]2 dr - [f W(r) dr] } 

Sample percentiles for the OLS t test of p = 1 are reported for case 2 in the 
second section of Table B.6. As T grows large, these approach the distribution in 
the last line of [17.4.36]. 

Example 17.4 
When a constant term is included in the estimated autoregression for the 
interest rate data from Example 17.3, the result is 

i, = 0.211 + O.9669li,-1, [17.4.37] 
(0.112) (0.Ol913J) 

with standard errors reported in parentheses. The Dickey-Fuller test based on 
the estimated value of p for this specification is 

T(p - 1) = (168)(0.96691 - 1) = - 5.56. 

From Table B.5, the 5% critical value is found by interpolation to be -13.8. 
Since -5;56 > -13.8, the null hypothesis of a unit root (p = 1) is accepted 
at the 5% level based on the Dickey-Fuller p test. The OLS t statistic is 

(0.96691 - 1)/0.019133 = -1.73, 

which from Table B.6 is to be compared with -2.89. Since -1.73 > -2.89, 
the null hypothesis of a unit root is again accepted. 

These statistics test the null hypothesis that p = 1. However, a maintained 
assumption on which the derivation of [17.4.25] was based is that the true value 
of a is zero. Thus, it might seem more natural to test for a unit root in this 
specification by testing the joint hypothesis that a = 0 and p = 1. Dickey and 
Fuller (1981) used Monte Carlo to calculate the distribution of the Wald form of 
the OLS F test of this hypothesis (expression [8.1.32] or [8.1.37]). Their values 
are reported under the heading Case 2 in Table B.7. 

Example 17.5 
The OLS Wald F statistic for testing the joint hypothesis that a = 0 and p = 1 
for the regression in [17.4.37] is 1.81. Under the classical regression assump-
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tions, this would have an F(2, 166) distribution. In this case, however, the 
usual statistic is to be compared with the values under Case 2 in Table B. 7, 
for which the 5% critical value is found by interpolation to be 4.67. Since 1.81 
< 4.67, the joint null hypothesis that a = 0 and p = 1 is accepted at the 5% 
level. 

Case 3. Constant Term but No Time Trend Included 
in the Regression; True Process Is Random Walk with Drift 

In case 3, the same regression [17.4.14} is estimated as in case 2, though now 
it is supposed that the true process is a random walk with drift: 

Yr = a + Yr- I + Ur, [17.4.38] 

where the true value of a is not zero. Although this might seem like a minor change, 
it has a radical effect on the asymptotic distribution of a and p. To see why, note 
that [17.4.38} implies that 

Yr = Yo + at + (u 1 + u2 + · · · + llr) = Yo + at + Sr, [17.4.39] 

where 

fort = 1, 2, ... , T 

with so"" 0. 
Consider the behavior of the sum 

T T 

L Y,-1 = L [Yo+ a(t - 1) + Sr-1], [17.4.40] 
,-1 ,-1 

The first term in [17.4.40} is just Ty0 , and if this is divided by T, the result will be 
a fixed value. The second term, La(t - 1), must be divided by T2 in order to 
converge: 

T 

T- 2 L a(t - 1)-+ a/2, ,_, 
by virtue of Proposition 17.l(h). The third term converges when divided by T312: 

T L f' T- 312 L Sr-I-+ a-· W(r) dr, 
t=I 0 

from Proposition 17 .1( d). The order in probability of the three individual terms in 
[17.4.40} is thus 

T T T T 

L Y,-1 L Yo+ L a(t - 1) + L S,-1· 
r-1 t=l ,_, ,-l 

'-.--' '---.---' 
o,<n o,<T'> o,,<r"'> 

The time trend a(t - 1) asymptotically dominates the other two components: 

T- 2 f y,_, = T- 1y0 + T- 2 ± a(t - 1) + T- 112{T- 312 ± Sr-i} 
r=l r-1 t=l [17.4.41} 

..!:+ 0 + a/2 + 0. 
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Similarly, we have that 

r r 
L Yf-1 = L [Yo+ a(t - 1) + t,-1F 
r=l r=l 

r r r 
= L yf, + L a 2C1 - 1)2 + L ff_, 

t= I ,-1 t=l 
'--,----' -----~-~ '---,,--I 

o,(T) o,cr-'> 

T r r 
+ L 2yoa(t - 1) + L 2y"t,-, + L 2a(t - 1)~,- ,. 

t= I t= I ,-1 

O,,(T') o,,ff'''> o,,<T"'> 

When divided by T', the only term that does not vanish asymptotically is that due 
to the time trend a 2(t - J )2: 

r 
T--' L y;_, /4 a 2/3. [17.4.42] 

,_ I 

Finally, observe that 

r r 
L Y,-1u, = L [Yo+ a(t - 1) + t,-.Ju, 
I= I t-1 

r r T 

= Yo Lu,+ L a(t - l)u, + I g,_1u,, 
r-l t-1 t=I 

Or(T) 

from which 

r r 
T-,/2 L Y,-,u, /4 r-,/2 L a(t - l)u,. [17.4.43] 

t=I ,-1 

Results [17.4.41] through [17.4.43] imply that when the true process is a 
random walk with drift, the estimated OLS coefficients in [17.4.15] satisfy 

Thus, for this case, the Sims, Stock, and Watson scaling matrix would be 

[ T 112 O ] Yr= 0 T312, 

for which [17.4.20] becomes 

[ T 112 O ] [&r - a] 
0 T312 Pr - 1 

= { [ r- 112 O ] [ T 
0 r-312 ~Y,-1 

~y,_,] [T~112 T~ 312]}-i ~y;_, 

{[ r-112 o ] [ ~u, ]} 
x o r-312 ~Y,- ru, 
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or 

[17.4.44) 

From [17.4.41) and (17.4.42), the first term in [17.4.44) converges to 

[17.4.45) 

From [17.4.43) and [17.3.18], the second term in (17.4.44) satisfies 

~ N([i]. a 2 [~ :~]) [17.4.46) 

= N(O, a-2Q). 

Combining [17.4.44) through [17.4.46), it follows that 

[ T1'2(& - a)] L 
TJll(p~ - 1) --+ N(O, Q-'·a-2Q·Q-1) = N(O, a-2Q-•). [17.4.47) 

Thus, for case 3, both estimated coefficients are asymptotically Gaussian. In 
fact, the asymptotic properties of a7 and pr are exactly the same as those for o:7 

and A7 in the deterministic time trend regression analyzed in Chapter 16. The 
reason for this correspondence is very simple: the regressor y,_ 1 is asymptotically 
dominated by the time trend a· (t - 1). In large samples, it is as if the explanatory 
variable y,_ 1 were replaced by the time trend a· (t - 1). Recalling the analysis of 
Section 16.2, it follows that for case 3, the standard OLS t and F statistics can be 
calculated in the usual way and compared with the standard tables (Tables B.3 and 
B.4, respectively). 

Case 4. Constant Term and Time Trend Included 
in the Regression; True Process ls Random Walk· 
With or Without Drift 

Suppose, as in the previous case, that the true model is 

Y, = a + Y,- t + u,, 

where u, is i.i.d. with mean zero and variance a-2. For this case, the true value of 
a turns out not to matter for the asymptotic distribution. In contrast to the previous 
case, we now assume that a time trend is included in the regression that is actually 
estimated by OLS: 

y, = a + py,_1 + 8t + u,. L17.4.48J 

If a :/:-0, y,_ 1 would be asymptotically equivalent to a time trend. Since a time 
trend is already included as a separate variable in the regression, this would make 
the explanatory variables collinear in large samples. Describing the asymptotic 
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distribution of the estimates therefore requires not just a rescaling of variables but 
also a rotation of the kind introduced in Section 16.3. 

Note that the regression model of [17.4.48] can equivalently be written as 

Y, = (1 - p)a + P[Y,-1 - a(t - 1)] + (8 + pa)t + u, 

= a* + p•g,-l + 8·t + u,, 
[17.4.49] 

where a*= (1 - p)a, p* = p, 8* = (8 + pa), and g, = Yr - at. Moreover, under 
the null hypothesis that p = 1 and 8 = 0, 

g, = Yo + U 1 + U2 + • • · + u,; 

that is, g, is the random walk described in Proposition 17.1. Consider, as in Section 
16.3, a hypothetical regression of y, on a constant, g,_ 1, and a time trend, producing 
the OLS estimates 

[ 
&} l [ T ~j = }:gr- I 

8} Lt 

}:g,_, 
}:g~_ I 

Ltg,_, 

(17.4.50] 

The maintained hypothesis is that a = a 0 , p = 1, and 6 = 0, which in the 
transformed system would mean a* = 0, p* = 1, and 8* = a 0 • The deviations of 
the OLS estimates from these true values are given by 

}:g,_ I 

}:gf_, 
Ltg,_1 

[17.4.51] 

Consulting the rates of convergence in Proposition 17.1, in this case the scaling 
matrix should be 

[
T~112 

Yr= 0 OJ T O , 
0 r312 

and [17.4.20] would be 

[Tt ,t] [ ,. l 0 ar 

T f>t - 1 
0 8} - a 11 

{[ T~" 
0 

~ ] [,L, T-' 

0 T-312 Lt 

[Tt 0 Tqr X T-1 

0 

498 Chapter 17 I Univariate Processes with Unit Roots 

Ig,-1 
}:gf _, 

2tf,-1 



or 

[ 
1 T ll 2Lt,- I 

7- 312"it,-1 r- 2Ltf-1 
T- 2Lt T-51'1Ltt,-1 

[ 
7-112"iu, l 

X r- IIt,-1u, 
r--112"itu, 

[17.4.52] 

The asymptotic distribution can then be found from Proposition 17.1: 

u·f W(r) dr 

-I 

I 
l 

L 
u· f W(r) dr u 2 • f [W(r)]2 dr u· f rW(r) dr -+ 

½ u· f rW(r) dr I 
1 

l u· W(l) ] 

x -!u2{[W(l)]2 - l} 

u·{W(l) - f W(r) dr} 

f W(r) dr 

-I 

1 

f W(r) dr f [W(r)]2 dr f rW(r) dr [17.4.53] 

½ f rW(r) dr 

~] !{(W(l)J' - 1) l W(l) ] 

W(l) - f W(r) dr 

f W(r) dr 

-I 

1 ! 

f W(r) dr f [W(r)]2 dr f rW(r) dr 

I f rW(r) dr * ~ 

l W(l) ] 
x H[W(1)]2 - l} . 

W(l) - f W(r) dr 
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Note that {>}, the OLS estimate of p based on [17.4.49}, is identical to Pr, 
the OLS estimate of p based on [17.4.48}. Thus, the asymptotic distribution of 
T(f>r - 1) is given by the middle row of (17.4.53}. Note that this distribution does 
not depend on either u or a; in particular, it does not matter whether or not the 
true value of a is zero. 

The asymptotic distribution of 6-~7 , the OLS standard error for Pr, can be 
found using similar calculations to those in [17.4.31} and [17.4.32}. Notice that 

TLul, = T2 ·sHO 1 O][}:L1 !!~='. }::,~1,]-
1 
[~] 

}:( }:tg,_ I }:( 2 Q 

- •HO 1 {i" i ,t] 
}:t,-1 
}:tf-1 
}:tt,-1 

}:t i-t [T112 o 
}:t,-1t O T 

}:t2 0 0 Tt] [!] 
= sHO 1 OJ 

X .,, [T -:v2l}: .e ~,-1 
r- 2}:, 

..'. •'[O 1 •{! 
1 

X f W(r) dr 

I 
l 

T-·" 2}:t,-1 
r- 2}:t~-I 

T-,12}:tt,- t 

Q Q~ -I 

u 0 
0 1 

f W(r) dr 

f [W(r)}2 dr 

f rW(r) dr 

½ 

f rW(r) dr 

! 

1 f W(r) dr 

-l 

~ 
½ 

= [O 1 OJ f W(r) dr f [W(r)]2 dr f rW(r) dr 

½ f rW(r) dr 1 
3 

=Q. 

[17.4.54} 

0 rm u 
0 

-I 

m 
From this result it follows that the asymptotic distribution of the OLS t test 

of the hypothesis that p = 1 is given by 

tr = T(f>r - 1) + (T2 · 6-~1 ) 112 ~ TCf>r - 1) + VQ. (17.4.55} 
Again, this distribution does not depend on a or u. The small-sample distribution 
of the OLS t statistic under the assumption of Gaussian disturbances is presented 
under case 4 in Table B.6. If this distribution were truly t, then a value below -2.0 
would be sufficient to reject the null hypothesis. However, Table B.6 reveals that, 
because of the nonstandard distribution, the t statistic must be below -3.4 before 
the null hypothesis of a unit root could be rejected. 
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The assumption that the true value of 6 is equal to zero is again an auxiliary 
hypothesis upon which the asymptotic properties of the test depend. Thus, as in 
case 2, it is natural to consider the OLS F test of the joint null hypothesis that 
6 == 0 and p = 1. Though this F test is calculated in the usual way, its asymptotic 
distribution is nonstandard, and the calculated F statistic should be compared with 
the value under case 4 in Table 8.7. 

Summary of Dickey-Fuller Tests in the Absence 
of Serial Correlation 

We have seen that the asymptotic properties of the OLS estimate Pr when 
the true value of p is unity depend on whether or not a constant term or a time 
trend is included in the regression that is estimated and on whether or not the 
random walk that describes the true process for y, includes a drift term. These 
results are summarized in Table 17.1. 

Which is the "correct" case to use to test the null hypothesis of a unit root? 
The answer depends on why we are interested in testing for a unit root. If the 
analyst has a specific null hypothesis about the process that generated the data, 
then obviously this would guide the choice of test. In the absence of such guidance, 
one general principle would be to fit a specification that is a plausible description 
of the data under both the null hypothesis and the alternative. This principle would 
suggest using the case 4 test for a series with an obvious trend and the case 2 test 
for series without a significant trend. 

For example, Figure 17.2 plots the nominal interest rate series used in the 
examples in this section. Although this series has tended upward over this sample 
period, there is nothing in economic theory to suggest that nominal interest rates 
should exhibit a deterministic time trend, and so a natural null hypothesis is that 
the true process is a random walk without trend. In terms of framing a plausible 
alternative, it is difficult to maintain that these data could have been generated by 
i, = pi,_ 1 + u, with IPI significantly less than 1. If these data were to be described 
by a stationary process, surely the process would have a positive mean. This argues 
for including a constant term in the estimated regression, even though under the 
null hypothesis the true process does not contain a constant term. Thus, case 2 is 
a sensible approach for these data, as analyzed in Examples 17.4 and 17.S. 

As a second example, Figure 17.3 plots quarterly real GNP for the United 
States from 1947:I to 1989:I. Given a growing population and technological im
provements, such a series would certainly be expected to exhibit a persistent upward 
trend, and this trend is unmistakable in the figure. The question is whether this 
trend arises from the positive drift term of a random walk: 

Ho: Y, = a + Y,-, + u, a> 0, 

or from a deterministic time trend added to a stationary AR(l): 

HA:y, =a+ 6t + py,_ 1 + u, IPI < 1. 

Thus, the recommended test statistics for this case are those described in case 4. 
The following model for 100 times the log of real GNP (denoted y,) was 

estimated by OLS regression: 

y, = 27.24 + 0.96252 y,_ 1 + 0.02753 t. 
(13.53) (11.0193041 (O.Ol52l) 

[17.4.56] 

(standard errors in parentheses). The sample size is T = 168. The Dickey-Fuller 
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p test is 

T(p - 1) = 168(0.96252 - 1.0) = -6.3. 

Since -6.3 > -21.0, the null hypothesis that GNP is characterized by a random 
walk with possible drift is accepted at the 5% level. The Dickey-Fuller t test, 

= 0.96252 - 1.0 = -194 
t 0.019304 . ' 

exceeds the 5% critical value of - 3.44, so that the null hypothesis of a unit root 
is accepted by this test as well. Finally, the F test of the joint null hypothesis that 
o = 0 and p = 1 is 2.44. Since this is less than the 5% critical value of 6.42 from 
Table B.7, this null hypothesis is again accepted. 

TABLE 17.1 
Summary of Dickey-Fuller Tests for Unit Roots in the Abseuce 
ofSerialCorreladon 

Case l: 

Estimated regression: y, = PY,-i + u, 
True process: y, = y,_ 1 + u, u, - i.i.d. N(0, o-2) 

T(fir - 1) has the distribution described under the heading Case 1 in Table 
B.S. 

(fir - Wup1 has the distribution described under Case 1 in Table B.6. 

Case 2: 

Estimated regression: y, = a + py,_ 1 + u, 
True process: y, = y,_ 1 + u, u, - i.i.d. N(0, o-2) 

T(fir - 1) has the distribution described under Case 2 in Table B.5. 
(pr - 1)/o-117 has the distribution described under Case 2 in Table B.6. 
OLS F test of joint hypothesis that a = 0 and p = 1 has the distribution 

described under Case 2 in Table B.7. 

Case 3: 

Estimated regression: y, = a + py,_ 1 + u, 
True process: y_, = a + y,_ 1 + u, a ::I= 0, u, - i.i.d. (0, o-2) 

(Pr - 1)/o-11,. ~ N(0, 1) 

Case 4: 

Estimated regression: y, = a + py,_ 1 + Bt + u, 
True process: y, = a + y,_ 1 + u, a any, u, - i.i.d. N(0, o-2) 

T(p 7 - 1) has the distribution described under Case 4 in Table B.5. 
(fir - 1)/o-11,. has the distribution described under Case 4 in Table B.6. 
OLS F test of joint hypothesis that p = 1 and B = 0 has the distribution 

described under Case 4 in Table B.7. 

Notes to Table 17.I 
Estimated regression indicates the form in which the regression is estimated. using observations 

t = l, 2, ... , T and conditioning on observation t = 0. 
True process describes the null hypothesis under which the distribution is calculated. 
Pr is the OLS estimate of p from the indicated regression based on a sample of size T. 
(/,.,. - 1)/6-p,. is the OLS t test of p = l. 
OLS F test of a hypothesis involving two restrictions is given by expression [17.7.39]. 
If u, - i.i.d. N(O, u'), then Tables B.5 through B.7 give Monte Carlo estimates of the exact 

small-sample distribution. The tables are also valid for large T when u, is non-Gaussian i.i.d. as well 
as for certain heterogeneously distributed serially uncorrelated processes. For serially correlated 11,. see 
Table 17.2 or 17.3. 
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FIGURE 17 .2 U.S. nominal interest rate on 3-month Treasury bills, data sampled 
quarterly but quoted at an annual rate, 1947:1 to 1989:1. 
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FIGURE 17.3 U.S. real GNP, data sampled quarterly but quoted at an annual 
rate in billions of 1982 dollars, 1947:1 to 1989:1. 
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Of the tests discussed so far, those developed for case 2 seem appropriate 
for the interest rate data and the tests developed for case 4 seem best for the GNP 
data. However, more general tests presented in Sections 17.6 and 17.7 are to be 
preferred for describing either of these series. This is because the maintained 
assumption throughout this section has been that the disturbance term u, in the 
regression is i.i.d. There is no strong reason to expect this for either of these time 
series. The next section develops results that can be used to test for unit roots in 
serially correlated processes. 

17.5. Asymp_totic Results for Unit Root Processes 
with General Serial Correlation 
This section generalizes Proposition 17.1 to allow for serial correlation. The fol
lowing preliminary result is quite helpful. 

Proposition 17.2: Let 

where 

Then 

" 
111 = -t,(L)81 = 2:; ¢18,-1, 

E(8,) = 0 

{
a2 

E(8,e.,) = O 

X 

L j·l"1,I < 00 -
1-0 

/•ll 

fort= T 

otherwise 

[17.5.1) 

(17.5.2) 

u1 + u2 + · · · + u, = -t,(1) · (81 + 82 + · · · + 8,) + 71, - 7'/o, [17.5.3) 

where ¢(1) 55 Ij. 0 ¢1, 711 = "2.j=0 a18,-;, a1 = -('PJ+t + ¢1+2 + ¢1+ 3 + ···),and 
2i~ula,I < 00 , • 

The condition in [17 .5.2) is slightly stronger than absolute summability, though 
it is satisfied by any stationary ARMA process. 

Notice that if y, is an 1(1) process y, whose first difference is given by u,, or 

D.y, = u,, 

then 

Y, = U1 + U2 + · · · + u, + Yo = -t,(l) · (81 + 82 + · · · + 8,) + 7'/, - TJo + Yo· 

Proposition 17.2 thus states that any 1(1) process whose first difference satisfies 
[17.5.1] and [17.5.2) can be written as the sum of a random walk (-t,(1) · (81 + 
82 + · · · + 81)), initial conditions (Yu - 710), and a stationary process (71,). This 
observation was first made by Beveridge and Nelson (1981), and [17.5.3) is some
times referred to as the Beveridge-Nelson decomposition. 

Notice that 71, is a stationary process. An important implication of this is that 
if [17.5.3) is divided by Vt, only the first term (lM)-t,(1)·(8 1 + 82 + · · · + 8,) 
should matter for the distribution of (lNt) · (u1 + u2 + · · · + u,) as t-+ oo, 

As an example of how this result can be used, suppose that Xr(r) is defined 

504 Chapter 17 I Univariate Processes with Unit Roots 



as in (17.3.2]: 

[Tr[• 

Xr(r) = (1/T) L u,, 
,-1 

[17.5.4] 

where u, satisfies the conditions of Proposition 17.2 withe, i.i.d. and E(e1) < oo. 

Then the continuous-time process YT· Xr(r) converges to u· ¢(1) times standard 
Brownian motion: 

(17.5.5] 

To derive (17.5.5], note from Proposition 17.2 that 

(Tr(" 

vT·Xr(r) = (1/vT)· L u, 
,-1 

[TrJ• 

= ¢(1)·(1/vT)· L e, + (1/vT)·(7JrrrJ' - 7)0 ) (17.5.6} ,-1 
!Trj• 

= -f,(1)·(1/vT)· L e, + Sr(r), ,-1 
where we have defined Sr(r) = (ltVT) · ( 11,nr· - 110). Notice as in Example 17 .2 
that 

Sr(·)~ 0 

as T-+ oo. Furthermore, from [17.3.8], 
[Tr[• 

(1/VT) · L e, .!:,. u· W(r). 
t• I 

Substituting [17.5.7] and (17.5.8] into [17.5.6] produces [17.5.5]. 

(17 .5.7} 

(17.5.8} 

Another implication is found by evaluating the functions in [17.5.5} at 
r = 1: 

T L 
(1/vT) L u,-+ u· -f,(l) · W(l). 

t• I 

Since W(l) is distributed N(0, 1), result [17.5.9] states that 

T 

(1/vT) L u,.!:,. N(0, a-2[-t,(1)]2), 
,-1 

which is the usual central limit theorem of Proposition 7.11. 

(17.5.9] 

The following proposition uses this basic idea to generalize the other results 
from Proposition 17.1; for details on the proofs, see Appendix 17.A. 

Proposition 17.3: Let u, = -t,(L)e, = "2.;"".0 -t,ie,_1, where "2.7_0 j- I ¢ii < oo and {e,} 
is an i.i.d. sequence with mean zero, variance a-2, and finite fourth moment. Define 

" 
'Yi = E(u,u,_j) = a-2 L .,,_,.,,_r+/ 

,-o 
" 

A = u L -t,1 = u· ¢(1) 
/•O 

for j = 0, 1, 2, ... 

t, = u1 + u2 + · · · + u, fort = 1, 2, ... , T 

with {0 "" 0. Then 

[17.5.10] 

[17.5.11] 
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(a) 
T L 

r- 112 L u,-+ A· W(l); 
,-1 

T 

(b) r- 112 L u,_1e, .!:. N(0, o-2y0) for j = 1, 2, ... ; 
,-1 
T 

(c) r- 1 L uµ,_1~ Yi for j = 0, 1, 2, ... ; 

(d) 

(e) 

r•l 

T L r- 1 L ,,_,e,--+ (1/2)o-·A·{[W(l))2 - 1}; 
,-1 

T 

r-1 L ,,_ 1u,-1 
,-1 

t. {(l/2){A2 • [W(l)] 2 - Yu} for j = 0 
-+ (1/2){A2 ·[W(1)]2 - Yo}+ Yo+ Y1 + Y2 + · · · + Y;-1 

for j = I, 2, ... ; 

(/) T- 312 f f,_ 1 _!:. A· ( 1 W(r) dr; 
r• t Jo 

(g) r- 312 f tu,-i.!:.A-{W(l) - f' W(r)dr} ,-1 Jo for j = 0, 1, 2, ... ; 

(h) r- 2 fA:-1 .!:. A2 • r• [W(r))2 dr; 
,-1 Jo 

T L ll (i) r-Yl L tf,_1 -+ A· rW(r) dr; 
l•l II 

(i) r- 3 f ,e-1.f:. A2· f• r·[W(r))2 dr; ,-1 Jo 
T 

(k) r-<•·+ I) L t''--+ 1/(v + 1) for v = 0, 1, .... 
1=1 

Again, there are simpler ways to describe individual results; for example, (a) 
is a N(0, A2) .distribution, (d) is (1/2)o-A · [x2(1} - 1), and (f} and (g) are both 
N(0, A2/3) distributions. 

These results can be used to construct unit root tests for serially correlated 
observations in two ways. One approach, due to Phillips (1987) and Phillips and 
Perron (1988), is to continue to estimate the regressions in exactly the form indi
cated in Table 17.1. but to adjust the test statistics to take account of serial cor
relation and potential heteroskedasticity in the disturbances. This approach is de
scribed in Section 17.6. The second approach, due to Dickey and Fuller (1979), is 
to add lagged changes of y as explanatory variables in the regressions in Table 
17.1. This is described in Section 17.7. 

17.6. Phillips-Perron Tests for Unit Roots 

Asymptotic Distribution for Case 2 Assumptions with Serially 
Correlated Disturbances 

To illustrate the basic idea behind the Phillips (1987) and Phillips and Perron 
(1988) tests for unit roots, we will discuss in detail the treatment they propose for 
the analog of case 2 of Section 17.4. After this case has been reviewed, similar 
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results will be stated for case 1 and case 4, with details developed in exercises at 
the end of the chapter. 

Case 2 of Section 17.4 considered OLS estimation of a and pin the regression 
model 

Y, = a + PY,-1 + u, [17.6.1) 
under the assumption that the true a = O, p = 1, and u, is i.i.d. Phillips and Perron 
(1988) generalized these results to the case when u, is serially correlated and possibly 
heteroskedastic as well. For now we will assume that the true process is 

Y, - Y1-1 = U1 = i/l(L)e,, 

where ,J,(L) and e, satisfy the conditions of Proposition 17.3. More general con
ditions under which the same techniques are valid will be discussed at the end of 
this section. 

If [17.6.1] were a stationary autoregression with IPI < 1, the OLS estimate 
p rin [17.4.15) would not give a consistent estimate of p when u, is serially correlated. 
However, if pis equal to l, the rate T convergence of Pr turns out to ensure that 
Pr!:+ 1 even when u, is serially correlated. Phillips and Perron (1988) therefore 
proposed estimating [17.6.1) by OLS even when u1 is serially correlated and then 
modifying the statistics in Section 17.4 to take account of the serial correlation. 

Let &rand Pr be the OLS estimates based on [17.6.1] without any correction 
for serial correlation; that is, &rand Pr are the magnitudes defined in [17.4.15]. 
If the true values are a = 0 and p = 1, then, as in [17.4.22], 

[ T 112&.1 ] [ 1 
T(Pr - 1) = T- 312"'1.y,_ 1 

[17 .6.2] 

where 2. denotes summation over t from 1 to T. Also, under the null hypothesis 
that a = 0 and p = 1, it follows as in [17.4.4] that 

Y, = Yo + U1 + U2 + · · · + u,. 
lf u, = ,J,(L)e, as in Proposition 17.3, then y1 is the variable labeled{, in Proposition 
17.3, plus the inconsequential value y0 • Using results (f) and (h) of that proposi
tion, 

[ T-J12~y 
t-1 

L [ 1 A· f W(r) dr l 1 

- A· f W(r) dr A2 · J [W(r)f dr 
[17.6.3] 

-1 1 W(r)dr -1 [ I l-1 

[~ ~] f W(r) dr J [W(r))2dr [~ ~] ' 

where the integral sign denotes integration over r from O to 1. Similarly, results 
(a) and (e) of Proposition 17.3 give 

[ T-1 122.u, ] L [ A· W(l) ] 

T- 12-Y1-1U1 - HA2[W(1)]2 - y,J 

[ A· W(l) ] [ 0 ] 
= ½A2{[W(1)]2 - l} + HA2 - 'Yo} 

[17.6.4] 

OJ [ W(l) ] [ 0 ] 
A !{[W(l)]2 - l} + !{A2 - 'Yo} · 
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Substituting [17.6.3] and [17.6.4] into [17.6.2] produces 

[ 
TU2fLr ] L [1 OJ-I[ 1 f W(r) dr ]_, 

T(f>r - 1) --> 0 ,\ f W(r) dr f [W(r)]2 dr 

x [~ ~r1

{ A[~ ~J [H[W~~~ - l}] + [!{,\2 ~ 'YJ} 

[,\ OJ [ 1 f W(r) dr ]_,[ W(l) ] 

= O 1 f W(r) dr f [W(r)]2 dr H[W(1)]2 - l} 

{[l OJ [ 1 J W(r)dr l-i[ O J} 
+ O ,\- I f W(r) dr f [W(r)]2 dr HA2 - 'Yo}/,\ . 

The second element of this vector states that 

T(f>r - 1) 

~[O 1) [ 
1 

f W(r) dr 

J W(r) dr l-i[ W(l) ] 

f [W(r)J2 dr H[W(l)]2 - l} 

[ f l-1 

, 1 W(r) dr 
+ (1/2) {A· ~ 'Yo} [O 1) [OJ ,\ f W(r) dr f [W(rff dr 1 

!{[W(1))2 - 1} - W(l) f W(r) dr 

[17.6.5] 

[17.6.6] 

(1/2) · (,\2 - 'Yo) -----------,-+ '. 
f [W(r)]2 dr - [f W(r) d,r A2 {J [W(r)]2 dr - [f W(r) d,r} 

The first term of the last equality in [17.6.6] is the same as [17.4.28], which 
described the asymptotic distribution that T(p,. - 1) would have if u, were i.i.d. 
The final term in [17.6.6) is a correction for serial correlation. Notice that if u, is 
serially uncorrelated, then I/Jo = 1 and I/Ji = 0 for j = 1, 2, .... Thus, if u, is 
serially uncorrelated, then A2 = a-2 ·[1/1(1)]2 = a-2 and 'Yo= E(u~) = a-2 • Hence 
[17.6.6] includes the earlier result [17.4.28] as a special case when u, is serially 
uncorrelated. 

It is easy to use 6-,;7 , the OLS standard error for Pr, to construct a sample statistic 
that can be used to estimate the correction for serial correlation. Let Yr be the matrix 
defined in [17.4.21], and lets} be the OLS estimate of the variance of u,: 

T 

s} = (T - 2)- 1 r (y, - &r - f>rY,-1)2. 
t=l 

Then the asymptotic distribution of T2 • o-j7 can be found using the same approach 
as in [17.4.31] through [17.4.33]: 
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=sHO l]Y 7 Y,-i Y7 O [ T I ]-I [] 
Iy,_, LY~-1 1 

~s}[O [1 oJ-1[ 1 J W(r)dr 1-1[1 o]-1[0] 
l] O A I W(r) dr I [W(r)] 2 dr O A 1 

= (s}/A2)[0 1] [ 1 J W(r)dr 1-1[0] 
J W(r) dr J [W(r)]2 dr 1 

[17.6.7] 

1 
= (s}I A2) 2· 

f [W(r)]2dr- [I W(r)dr] 

It follows from [17.6.6] that 

T(p7 - 1) - ½(T2 ·o-~,. + s~)(A2 - -y0) 

~T(/Jr-1)-~(~) l 2 (A2 -Yo) 

f [W(r)]2 dr - [I W(r) dr] [17.6.8] 

1. H[W(l)P - l} - W(l) J W(r) dr - I [W(r)]2 dr - [I W(r) drr . 

Thus, the statistic in [17.6.8] has the same asymptotic distribution [17.4.28] as the 
variable tabulated under the heading Case 2 in Table B.5. 

Result [17.6.8] can also be used to find the asymptotic distribution of the 
OLS t test of p = 1: 

(/Jr - 1) 
t.,.=--"

Up,. 

T(p.,. - 1) 
{T2·uj,.}"2 

.!:., 2 + !(T 2 ·oJ,/sj.)·(A2 - -y0) (
H[W(l)J 2 - I} - W(l) f W(r) dr l 
f [W(r)]2 dr - [f W(r) dr] 

+ {T2•o-jT}l/2 

H[W(1)]2 - l} - W(l) f W(r) dr 
----------~2 - + {T2. a-~,Jl12 

J [W(r)]2 dr - [I W(r) dr] 

+ {(l/2)(1/s7 )(A2 - -y0)} x {T2·6-~r + s}}112 
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~ {H[W(1)]2 - l} - W(l) f W(r)
2 
dr} (::)'n 

f [W(r)]2 dr - [I W(r) dr] r 

x {f [W(r)]2 dr - [f W(r) dr ]Tn 
+ {(1/2)(1/sr)(A2 - y0)} x {T2·ol. -i- sH112 [17.6.9] 

with the last convergence following from [17.6.7]. Moreover, 
r 

s} = (T- 2)- 1 r (y, - &r - fJrY,- 1) 2 ~ E(u;) = 'Yo· [17.6.10] 
t=l 

Hence, [17.6.9] implies that 

!{[W(l)F - 1} - W(l) f W(r) dr 

(yo/A2) 112·tr~ 2 1n 

{J (W(r)]2 dr - [I W(r) dr] } l17.6.11] 

+ {½(A2 - -y0)/A} X {T·6-,;,. + Sr}, 

Thus, 

(-y0 /A2) 1n·t 7 -"{!(A 2 - y0)/A} X {T·6-,;,. -i- Sr} 

L H[W(1)]2 - l} - W(l} f W(r) dr [17.6.12] 

-+ {J [W(r)]2 dr - [I W(r) dr ]Tn• 
which is the same limiting distribution [17.4.36] obtained for the random variable 
tabulated for case 2 in Table B.6. 

The statistics in [17.6.8] and [17.6.12] require knowledge of the population 
parameters 'Yo and A2 • Although these moments are unknown, they are easy to 
estimate consistently. Since 'Yo = E(u;), one consistent estimate is given by 

r 
A _ r-1 'I:' •2 'Yo - L., u,, 

/= I 
[17 .6.13] 

where a, = y, - cir - PTY,-i is the OLS sample residual. Phillips and Perron 
(1988) instead used the standard OLS estimate -Yo= (T - 2)- 1lu; = s}. Similarly, 
from result (a) of Proposition 17.3, A2 is the asymptotic variance of the sample 
mean of u: 

r L 
vT·ii = r- 112 r u,-+N(O,A 2). [17.6.14] 

t=I 

Recalling the discussion of the variance of the sample mean in Sections 7 .2 and 
10.5, this magnitude can equivalently be described as 

~ 

A2 = <T2 ·[1/J(l)]2 = 'Yo+ 2 r 'Yi= 21Ts.,(O), 
j=I 

[17.6.15] 

where 'Yi is the jth autocovariance of.u, and s,,(O) is the population spectrum of u, 
at frequency zero. Thus, any of the estimates of this magnitude proposed in Section 
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10.5 might be used. For example, if only the first q autocovariances are deemed 
relevant, the Newey-West estimator could be used: 

l/ 

12 = to + 2 I r1 - jt(q + 1)Jtj, [17.6.16] 
i- I 

where 
T 

,,j = r-1 L a,a,-j 
r=j+ I 

[17.6.17] 

and a,= y, - dr - PTY,-,. 
To summarize, under the null hypothesis that the first difference of y, is a 

zero-mean covariance-stationary process, the Phillips and Perron 9 approach is 
to estimate equation [17.6.1] by OLS and use the standard OLS formulas to cal
culate p and its standard error u,i along with the standard error of the regression 
s. The jth autocovariance of Ct, = y, - a - py,_ 1 is then calculated from [17.6.17]. 
The resulting estimates -Yo and A2 are then used in [17.6.8] to construct a statistic 
that has the same asymptotic distribution as does the variable tabulated in the case 
2 section of Table B.5. The analogous adjustments to the standard OLS t test of 
p = l described in [17 .6.12] produce a statistic that can be compared with the case 
2 section of Table B.6 

Example 17.6 
Let a, denote the OLS sample residual for the interest rate regression [17.4.37] 
of Example 17.4: 

a, aaa i, - 0.211 - 0.96691 i,_, fort = 1, 2, ... , 168. 
(0.112) (().019133) 

The estimated autocovariances of these OLS residuals are 
T T 

to = (1/T) I a; = o.630 (1/T) L a,a,_, = 0.114 
t=l ,-2 

T T 

t2 = (VT) L a,a,-2 = -0.162 o/3 = (1/T) I 11,u,_3 0.064 
t=J 1•4 

T 

i\ = (1/T) 2, uA-4 = 0.047. 
,-5 

''The procedure recommended by Phillips and Perron differs slightly from that in the text. To see 
the relation. write the first line of [!7.6.7] as 

P·ui,. + s} = [o t][ .1 T~:'IY:-•]-'[o] 
r-"-I;y,_1 T ·Iy,_1 I 

l 

= r-•ir-·~(y,_, - y .. ,)1]' 

where ji_1 = r- 1:?;y,_1 and the last equality follows from (4.A.5]. Instead of this expression. Phillips 
and Perron used 

The advanlage of the formula in lhe text is that it is trivial to calculate from the output produced by 
standard regression packages and the identical formula can be used for cases 1, 2, and 4. 
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Thus, if the serial correlation of u, is to be described with q = 4 autocovariances, 

i..2 = 0.630 + 2(~)(0.114) + 2(~)(-0.162) + 20)(0.064) + 20)(0.047) 
= 0.688. 

The usual OLS fonnula for the variance of the residuals from this regression 
is 

T 

s2 = (T - 2r 1 L a~ = 0.63760. 
/ml 

Hence, the Phillips-Perron p statistic is 

T(j, - 1) - (1/2)·(T 2 ·uj/s 2)·(A2 - -y0) 

= 168(0.96691 - 1) - ½{[(168)(0.019133)12/(0.63760)}(0.688 - 0.630)· 
= -6.03. 

Comparing this with the 5% critical value for case 2 of Table B.5, we see that 
-6.03 > -13.8. We thus accept the null hypothesis that the interest rate data 
could plausibly have been generated by a simple unit root process. 

Similarly, the adjustment to the t statistic from Example 17.4 described 
in [17.6.12] is 

(-rutA2),12t - {!(A2 - 'Yo)(T· Iris) + >..} 

= {(0.630)/(0.688)}1'2(0.96691 - 1)/0.019133 
-{t1t2)(0.688 - o.630)([<168)(0.019133)/v''-=co....,.,_63=160=) J + vco.688)} 

= -1.80. 

Since - 1.80 > -2.89, the null hypothesis of a unit root is again accepted at 
the 5% level. 

Phillips-Perron Tests for Cases 1 and 4 

The asymptotic distributions in [17.6.8] and [17.6.12] were derived under the 
assumption that the true process for the first difference of y, is serially correlated 
with mean zero. Even though the true unit root process exhibited no drift, it was 
assumed that the estimated OLS regression included a constant term as in case 2 
of Section 17.4. 

The same ideas can be used to generalize case 1 or case 4 of Section 17.4, 
and the statistics [17.6.8] and [17.6.12] can be compared in each case with the 
corresponding values in Tables B.5 and B.6. These results are summarized in Table 
17.2. The reader is invited to confirm these claims in exercises at the end of the 
chapter. 

Example 17.7 
The residuals from the GNP regression [17.4.56] have the following estimated 
autocovariances: 

from which 

'Yo = 1.136 

'Y3 = 0.006 

;,, = 0.424 h = 0.285 

·h = -0.110, 

>..2 = 1.136 + 2U(0.424) + i(0.285) + i(0.006) - ¼(0.110)} = 2.111. 
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Also, s2 = 1.15627. Thus, for these data the Phillips-Perron p test is 

T(p - 1) - ½(T2-aps 2)(A2 - -y0) 

= 168(0.96252 - 1) - ½{[(l6S~~~:;;~04>J2}(2.117 - 1.136) 

= -10.76. 

Since - 10.76 > -21.0, the null hypothesis that log GNP follows a unit root 
process with or without drift is accepted at the 5% level. 

The Phillips-Perron t test is 

(yO/A2) 112t - {½(A2 - -y11)(T·o-,;fs) + A} 

= {(l.136)/(2.117)}112(0.96252 - 1)/0.019304 
- {½(2.117 - l.136)[[(168)(0.019304)]/\lr.-1.T,:15=62=1)] + V(2]1i)} 

= -2.44. 

Since - 2.44 > - 3.44, the null hypothesis of a unit root is again accepted. 

More General Processes for u1 

The Newey-West estimator A2 in [17.6.16} can provide a consistent estimate 
of ,\2 for an MA(oo) process, provided that q, the lag truncation parameter, goes 
to infinity as the sample size T grows, and provided that q grows sufficiently slowly 
relative to T. Phillips (1987) established such consistency assuming that qr-+ 00 

and qr!T 114-+ 0; for example, qr = A· T 1'~ satisfies this requirement. Phillips's 
results warrant using a larger value of q with a larger data set, though they do not 
tell us exactly how large to choose q in practice. Monte Carlo investigations have 
been provided by Phillips and Perron (1988), Schwert (1989), and Kim and Schmidt 
(1990), though no simple rule emerges from these studies. Andrews's (1991) pro
cedures might be used in this context. 

Asymptotic results can also be obtained under weaker assumptions about u, 
than those in Proposition 17.3. For example, the reader may note from the proof 
of result 17.3(e) that the parameter -Yo appears because it is the plim of r- 1 x 
"i.;,. 1 ur Under the conditions of the proposition, the law of large numbers ensures 
that this plim is just the expected value of u7, which expected value was denoted 
-y0• However, even if the data are heterogeneously distributed with E(u;) = -y0 _,, 

it may still be the case that r- 1 "J.;_ 1 'Yo., converges to some constant. If 
r-• "i.;= 1 uf also converges to this constant, then this constant plays the role of -Yo 
in a generalization of result 17 .3 ( e). 

Similarly, let Ur denote the sample mean from some heterogeneously dis
tributed process with population mean zero: 

r 
u = r-• ..._., u · T LJ r, ,-1 

and let A} denote T times the variance of Ur: 

A}= T·Var(ur) ·= r- 1,£(u1 + U2 + "'' + ur>2-
The sample mean Ur may still satisfy the central limit theorem: 

T 

r- 112 I u, .!:+ N(O, A2) 
t=I 
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TABLE 17.2 
Summary of Phillips-Perron Tests for Unit Roots 

Case 1: 

Estimated regression: y, = py,_, + u, 
True process: y, = y,_ 1 + u, 
ZP has the same asymptotic distribution as the variable described under the 

heading Case 1 in Table 8.5. 
Z, has the same asymptotic distribution as the variable described under Case 

1 in Table 8.6. 

Case 2: 

Estimated regression: y, = a + PY,-, + u, 
True process: y, = y,_, + u, 
ZP has the same asymptotic distribution as the variable described under Case 

2 in Table B.5. 
Z, has the same asymptotic distribution as the variable described under Case 

2 in Table B.6. 

Case 4: 

Estimated regression: y, = a + py,_, + St + u, 
True process: y, = a + y,_, + u, a any 
ZP has the same asymptotic distribution as the variable described under Case 

4 in Table B.5. 
Z, has {he same asymptotic distribution as the variable described under Case 

4 in Table B.6. 
Notes 10 Table 17.2 

Estimated regression indicates the form in which the regression is estimated, using observations 
1 = l. 2, ... , T and conditioning on observation 1 = 0. 

True process describes lhe null hypothesis under which the distribution is calculated. In each 
ca~e. u, is assumed to have mean zero but can be heterogeneously distributed and serially correlated 
with 

where 

.,. 
lim T-· L E(u;) = 11, 
r-.... ,-1 

lim T-'E(u, + u, + ··· + u.,.)' = A' . .,.__ ... 

z,, is the following statistic: 

z, a T(p.,. - I) - (l/2){T'·6-~r + s~-l(A} - "%.r), 

T 

t;.r = T- • I a,a,-; 
l•j+ I 

u, = OLS sample residual from 1he estimated regression 

A}= 1'11.1' + 2· f [I - jl(q + l)]i';.T 
i- I 

1" 

sj = (T - k)-' I u; ,., 
k = number of parameters in estimated regression 

<Tp7 = OLS standard error for{,. 

Z, is the following statistic: 

z, .. (t 11_,.!A}J'"·(f,-, - l)lup.,. 

- (1/2)(A~-- i'o,r)(l!Ar){T·o-p.,.-;- s.,.}. 
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or 
T 

r- 112 Lu,~ A-W(l), 
,-1 

where 

A2 = lim A}, [17.6.18] 
r-x 

providing a basis for generalizing result 17.3(a). 
If u, were a covariance-stationary process with absolutely summable auto

covariances, then Proposition 7.5(b) would imply that limr-x A} = "'J.j~ -x -Y;· 
Recalling [7.2.8], expression (17.6.18] would in this case just be another way to 
describe the parameter A2 in Proposition 17.3. 

Thus, the parameters Yo and ,\2 in (17.6.8] and [17.6.12] can more generally 
be defined as 

T 

-Yo= lim r- 1 L E(u;) 
T-x 1-1 

A2 = lim T- 1 -E(u, + u2 + · · · + ur>2-
r-x 

[17.6.19] 

[17.6.20] 

Phillips (1987) and Perron and Phillips (1988) derived (17.6.8] and (17.6.12] as
suming that u, is a zero-mean but otherwise heterogeneously distributed process 
satisfying certain restrictions on the serial dependence and higher moments. From 
this perspective, expressions (17.6.19] and [17.6.20] can be used as the definitions 
of the parameters -y0 and A2 • Clearly, the estimators [17.6.13] and [17.6.16] continue 
to be appropriate for this alternative interpretation. 

On the Observational Equivalence of Unit Root 
and Covariance-Stationary Processes 

We saw in Section 15.4 that given any /(0) process for y, and any finite sample 
size T, there exists an /(1) process that will be impossible to distinguish from the 
/(0) representation on the basis of the first and second sample moments of y. Yet 
the Phillips and Perron procedures seem to offer a way to test the null hypothesis 
that the sample was generated from an arbitrary /(1) process. What does it mean 
if the test leads us to reject the null hypothesis that y, is /(1) when we know that 
there exists an /(1) process that describes the sample arbitrarily well? 

Some insight into this question can be gained by considering the example in 
equation (15.4.8], 

(1 - L)y, = (1 + 0L)e,, (17.6.21] 

where 0 is slightly larger than -1 and e, is i.i.d. with mean zero and variance a-2• 

The model (17.6.21] implies that 

y, = (e, + 0e,_1) + (e,_ 1 + Oe,-2) + · · · + (e, + Oen) + Yo 

where 

= e, + (1 + 0)e,_ 1 + (1 + 0)e,_2 + · · · + (1 + 0)e1 + 0eo + Yo 

= e, + (1 + O)f,-1 + 0eo + Yo, 

f,-1 = Ei + Ez + · · · + e,_1• 
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For large t, the variable y, is dominated by the unit root component, (1 + O)t-i, 
and the asymptotic results are all governed by this term. However, if 8 is close to 
-1, then in a finite sample y, would behave essentially like the white noise series 
e, plus a constant (8e0 + y0). In such a case the Phillips-Perron test is likely to 
reject the null hypothesis of a unit root in finite samples even though it is true. m 
For example, Schwert (1989) generated Monte Carlo samples of size T = 1,000 
according to the unit root model [17.6.21] with 9 = -0.8. The Phillips-Perron test 
that is supposed to reject only 5% of the time actually rejected the null hypothesis 
in virtually every sample, even though the null hypothesis is true! Similar results 
were reported by Phillips and Perron (1988) and Kim and Schmidt (1990). 

Campbell and Perron (1991) argued that such false rejections are not nec
essarily a bad thing. If 9 is near - 1, then for many purposes an I(O) model may 
provide a more useful description of the process in [17.6.21] than does the true 
/(1) model. In support of this claim, they generated samples from the process 
[17.6.21] and estimated by OLS both an autoregressive process in levels, 

Y, = c + 'P1Y,-1 + 'P2Y1-2 + · · · + 'PpYr-p + e,, 

and an autoregressive process in differences, 

t:.y, = a + ?1t:.Y,-1 + ?2t:.Y,-2 + · · · + (pt:.Y,-p + e,. 

They found that for 8 close to -1, forecasts based on the levels y, tended to 
perform better than those based on the differences t:.y,, even though the true data
generating process was /(1). 

A related issue, of course, arises with false acceptances. Clearly, if the true 
model is 

Y, = PY,-1 + e, [17.6.22] 

with p slightly below 1, then the null hypothesis that p = 1 is likely to be accepted 
in small samples, even though it is false. The value of accepting a false null hy
pothesis in this case is that imposing the condition p = 1 may produce a better 
forecast than one based on an estimated pr, particularly given the small-sample 
downward bias of p7 • Furthermore, when pis close to 1, the values in Table 8.6 
might give a better small-sample approximation to the distribution of (f,7 - 1) + 
6-,;,. than the traditional t tables. 11 

This discussion underscores that the goal of unit root tests is to find a par
simonious representation that gives a reasonable approximation to the true process, 
as opposed to determining whether or not the true process is literally I(l). 

17.7. Asymptotic Properties of a pth-Order 
Autoregression and the Augmented 
Dickey-Fuller Tests for Unit Roots 
The Phillips-Perron tests were based on simple OLS regressions of y, on its own 
lagged value and possibly a constant or time trend as well. Corrections for serial 
correlation were then made to the standard OLS coefficient and t statistics. This 
section discusses an alternative approach, due to Dickey and Fuller (1979), which 
controls for serial correlation by including higher-order autoregressive terms in the 
regression. 

"'For more de1ailed discussion, see Phillips and Perron (1988, p. 344). 

"See Evans and Savin {1981, 1984) for a description of the small-sample distributions. 
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An Alternative Representation of an AR(p) Process 

Suppose that the data were really generated from an AR(p) process, 

[17.7.1) 

where {e,} is an i.i.d. sequence with mean zero, variance cr2, and finite fourth 
moment. It is helpful to write the autoregression [17.7.1) in a slightly different 
form. To do so, define 

p = </>, + <P2 + ... + 'Pp 
tj 5 -[</>j+l + 'Pj+2 + ... + <Pµ] 

[17.7.2] 
for j = 1, 2, ... , p - 1. [17.7.3) 

Notice that for any values of q,1, q,2 , .•• , f/>µ, the following polynomials in L are 
equivalent: 

(1 - pl) - ail + t2L2 + · · · + t 1,-1u- 1)(1 - L) 

= 1 - pl - (,L + t,L2 - t2l 2 + t2L3 - · · · - {µ_,u,- 1 + {1,_,U' 

= 1 - (p + (,)L - CC2 - (1)L2 - ((3 - t2)L3 - ... 

- (lp-1 - tp-2)U'- 1 - (-tµ-1)U' 

= 1 - [(</>, + <P2 + · · · + </>p) - (</>2 + </,3 + · · · + <Pp)]L 
- [-(</,3 + </,4 + ... + <Pp) + (f/J2 + f/,3 + • .. + 'Pp)]L2 - ... 

- [-(q,p) + (f/Jp-1 + </>µ)JU-I - ('Pµ)U 

= 1 - f/J1L - </>2L2 - · · · - 'Pµ-,u- 1 - q,PU'. [17.7.4] 

Thus, the autoregression [17.7.1] can equivalently be written 

{(1 - pL) - (t1L + t2U + · · · + t/J_,u- 1)(1 - l)}y, = e, [17.7.sJ 

or 

Y, = PYt-1 + (,~Y,-1 + (/lJ,-2 + ... + (p-1~Yt-{J+I + E,. [17.7.6] 

Suppose that the process that generated y, contains a single unit root; that 
is, suppose one root of 

[17.7.7] 

is unity, 

1 - "'' - 'P2 - ... - 'Pp = 0, [17.7.8] 

and all other roots of[l7. 7.7] are outside the unit circle. Notice that [17.7.8) implies 
that the coefficient pin [17.7.2] is unity. Moreover, when p = I, expression [17.7.4] 
would imply 

(] - fP1Z - fP2Z2 - • •• - f/JpzP) 
[17.7.9] 

= (1 - (1z - (2z 2 - · · · - {P_ 1zP- 1)(l - z). 

Of the p values of z that make the left side of [17.7.9] zero, one is z "'.' 1 and all 
other roots are presumed to be outside the unit circle. The same must be true of 
the right side as well, meaning that all roots of 

(1 - ( 1z - ( 2z2 - • • • - (p_ 1zP- 1) = 0 
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lie outside the unit circle. Under the null hypothesis that p = 1, expression [17.7.5] 
could then be written as 

or 

[17.7.10] 

where 

Equation [17.7.10] indicates that y, behaves like the variable~' described in Prop-
osition 17.3, with · 

One of the advantages of writing the autoregression of [17.7.1] in the equiv
alent form of [17.7.6] is that only one of the regressors in [17.7.6), namely, y,_., 
is /(1), whereas all of the other regressors (ay,_ 1, ay,_2 , •.• , ay,-p+ 1) are 
stationary. Thus, [17.7.6) is the Sims, Stock, and Watson (1990) canonical form, 
originally proposed for this problem by Fuller (1976). Since no knowledge of 
any population parameters is needed to write the model in this canonical form, 
in this case i~ is convenient to estimate the parameters by direct OLS estimation of 
[17.7.6]. 

Results generalizing those for case 1 in Section 17.4 are obtained when the 
regression is estimated as written in [17.7.6] without a constant term. Cases 2 and 
3 are generalized by including a constant term in [17.7.6], while case 4 is generalized 
by including a constant term and a time trend in [17.7.6]. For illustration, the case 
2 regression is discussed in detail. Comparable results for case 1, case 3, and case 
4 will be summarized in Table 17.3 later in this section, with details developed in 
exercises at the end of the chapter. 

Case 2. The Estimated Autoregression Includes a Constant 
Term, but the Data Were Really Generated by a Unit Root 
Autoregression with No Drift 

Following the usual notational convention for OLS estimation of autoregres
sions, we assume that the initial sample is of size T + p, with observations numbered 
{Y-p+I• Y-µ+i• ... , Jr}. and condition on the firstp observations. We are inter
ested in the properties of OLS estimation of 

Y, = (1dY,-1 + (2dY,-2 + · · · + 6,,-1dJ,-p+ 1 + a + PY,-1 + e, 

'= x;p + E,, 
[17.7.11] 

where p '= (( 1, ( 2 , ••• , (µ-i, a, p)' and x, '= (ay,_1, ay,_2 , ••• , dJ,-p+t• 1, 
y,_ 1)'. The deviation of the OLS estimate br from the true value pis given by 

br - P = [f x,x;]-
1[f x,a,].' 

,-1 t=l 
[17.7.12] 
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Letting u, = y, - y,_ 1, the individual terms in [17.7.12] are 

T 

'<;'xx'= L.J I I 
1= I 

LU~-1 
Lll,-211,_ 1 

Lu,_,,+ 1111_, 

LU,-1 

LY,- 1U1-I 

LU,_1U,-2 
Lu?_2 

LU,_1U,-11+l 
Lu,_ ,u,_P + 1 

LU,-1 

LU,-2 

Lu,_,,+ 1u,_2 

LU,-2 

LY,- 1U,-2 

LU;_p+I LUr-p+l 
LUr-p+ I 

LY,-1u,-p+1 

T 

I X,E, = ,-1 LUi-p+1e, 
Le, 

LY,-1e, 

T 

LY,-1 

with L denoting summation overt = 1, 2, ... , T. 

LU,-1Y,-1 
LU,-2Y,-1 

LU1-p+ ,Y,-1 

LY,-1 

LY?-1 

[17.7.13] 

[17.7.14] 

Under the null hypothesis that a = 0 and p = 1, we saw in [17.7.10] that y, 
behaves like g, = u1 + Uz + · · · + u, in Proposition 17.3. Consulting the rates 
of convergence in Proposition 17.3, for this case the scaling matrix should be 

[V: Sr ::: ~ 
(/J+~~>+I) = 6 6 ::: Jr 

0 0 ... 0 n [17.7.15] 

Premultiplying (17.7.12] by Y,. as in [17.4.20] results in 

Y,.(h,. - P) = {vi{t 1 x,x;]Yi1r1{Yr{t x,s,]}. [17.7.16] 

Consider the matrix Y71Lx,x;Y71• Elements in the upper left (p x p) block of 
Lx,x; are divided by T, the first p elements of the (p + l)th row or (p + l)th 
column are divided by T 312, and the row (p + 1), column (p + 1) element of 
Lx,x; is divided by T2. Moreover, 

r- 12u,-;u,_i _!, 'Yli-il from result (c) of Proposition 17.3 

r- 1Lu,_i .!+ E(u,-) = 0 from the law of large numbers 

r- 3122y,_ 1u,_i.!. 0 from Proposition 17.3(e) 

r- 3'2Ly,_ 1 ~ A· J W(r) dr from Proposition 17.3(f) 

r- 2Ly?_ 1 ~ A 2 • J [W(r)]2 dr from Proposition 17.3(h), 

where 

'Y1 = E{(~y,)(~Y,-1)} 

,\ = u·iJ,(1) = a-/(1 (1 - ?2 - · • · - (p_i) [17.7.17] 

u 2 = E(e?) 
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and the integral sign denotes integration over r from O to 1. Thus, 

Yr 1[Lx,x;]Y7 1 

'Yo 'YI 'Y,,-2 0 0 

'Y1 'Yo 'Y,,-3 0 0 

L 
-+ 

'Y,,-2 'Y,,-3 'Yo 0 0 

0 0 0 1 A· f W(r) dr 

0 0 0 A· f W(r) dr A 2 • f [W(r)]2 dr 

= [! g]. 
where l Yo 

'YI ... 
Y,-'J 

V = 'Y1 'Yo ... 'Yp-3 

'Y p:-2 'Yp-3 'Yo 

[ 
1 A· f W(r) dr l 

Q = A· f W(r) dr A2 • f [W(r)]2 dr 

Next, consider the second term in [17.7.16], 

r- 112Lu,-1e, 
T-ll2'X,u,_2E1 

r- 112Lu,-p+1E, 
r- 112Le, 

r-1LY,-1e, 

[17.7.18] 

[17.7.19] 

[17.7.20] 

[17.7.21] 

The first p - 1 elements of this vector are VT times the sample mean of a martin
gale difference sequence whose variance-covariance matrix is 

u,_2e, • · · u,-p+ 1e,] 

[ ~ 'Yi ,,_,] 
= 172 ~I 'Yo 'Yp-3 

'Yp-2 'Yp-3 'Yo 

[17.7.22] 

= 172V. 
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Thus, the firstp - 1 terms in [17.7.21) satisfy the usual central limit theorem, 

[17.7.23] 

The distribution of the last two elements in [17.7.21] can be obtained from results 
(a) and (d) of Proposition 17.3: 

[ T- 112Li:, ] L [ CT· W(l) ] 
T- 1Ly,_ 1E1 - h2 - !<TA·{[W(1}]2 - l} · 

(17.7.24] 

Substituting [17.7.18] through [17.7.24] into [17.7.16] results in 

y T(bT - fl)~ [: ~rl:J = [~=:::]. [17.7.25] 

Coefficients on dY,-i 
The first p - 1 elements of fl are ( 1, ( 2 , ••• , (p- 1, which are the coefficients 

on zero-mean stationary regressors (ti.y,_ 1, ti.y,_2 , ••• , ti.y,-p+ 1). The block con
sisting of the first p - 1 elements in [17.7.25] states that 

[ 
?1.T - (1 l 

VT . lu :- (2 ~ v-1h,. 

(p-1.T - ~,-1 

(17.7.26] 

Recalling from [17.7.23] that h 1 - N(O, ~V), it follows that v- 1h 1 - N(O, <T2V- 1), 

or 

where 'Yi = E{(ti.y,)(ti.y,_;)}. . 
This means that a null hypothesis involving the coefficients on the stationary 

regressors ((i, ( 2 , ••• , ( 1,_ 1) in [17.7.11] can be tested in the usual way, with the 
standard t and F statistics asymptotically valid. To see this, suppose that the null 
hypothesis is H0 : RJl = r for Ra known [m x· (p + 1)1 matrix where mis the 
number of restrictions. The Wald form of the O LS x2 test [8.2.23] is given by 

x} = (RbT - r)'{s}R[,i 1 x,x; r1
R'}-\RbT - r) 

= [RVT(bT - Jl)]'{s}R·VTLt x,x;r'VT·R'rl. [17.7.28] 

x [R·VT(bT - 13)], 
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where 
T 

s} = [T - (p + l)J- 1 L (y, - (1.rt..Y,-1 - C2.rilY,-2 - · · · ,-1 
- (p-1.rilY,-p+1 - lir - PrY,-1)2 

~ E(e~) = u 2• 

[17.7.29] 

If none of the restrictions involves a or p, then the last two columns of R contain 
all zeros: 

R = [ R1 0 ]. 
(mx(p+l)I tmx(p-l)! (mx2) 

[17.7.30] 

In this case, Rv'T = RY r for Yr the matrix in [17.7.15], so that [17.7.28) can be 
written as 

x} = [RYr(br - P)]'{s}RY{t. x,x;r1
YrR'}-

1
[RYr(br - P)]. 

From [17.7.18), [17.7.25], [17.7.29), and [17.7.30], this converges to 

[17.7.31] 

= [R1V- 1h1]'[u2R1V- 1R;J- 1[R1V- 1hi). 

But since h1 - N(O, u 2V), it follows that the (m x 1) vector[R 1v- 1hi) is distributed 
N(O, [u2R1V- 1R;]). Hence, expression [17.7.31) is a quadratic form in a Gaussian 
vector that satisfies the conditions of Proposition 8.1: 

I. 
x}-+ x2(m). 

This verifies that the usual t or F tests applied to any subset of the coefficients 
(i, (2 , ••• , (p- I have the standard limiting distributions. 

Note, moreover, that [17.7.27) is exactly the same asymptotic distribution 
that would be obtained if the data were differenced before estimating the auto
regression: 

t..y, = (1t..Y,-1 + (26.Y,-2 + · · · + (p-1ilY,-p+1 + a+ e,. 

Thus, if the goal is to estimate ( 1, ( 2, ••• , (p- i or test hypotheses about these 
coefficients, there is no need based on asymptotic distribution theory for differ
encing the data before estimating the autoregression. Many researchers do rec
ommend differencing the data first, but the reason is to reduce the small-sample 
bias and small-sample mean squared errors of the estimates, not to change the 
asymptotic distribution. 

Coefficients on Constant Term and y1_ 1 

The last two elements of p are a and p, which are coefficients on the constant 
term and the /(1) regressor, y,_ 1• From [17.7.25], [17.7.20], and [17.7.24), their 
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limiting distribution is given by 

[ T112 OJ [. &r J 
0 T PT - 1 

L [ 1 A·J W(r)dr i-·[ CT·W(l) J 
-+ A· J W(r) dr A2 • f [W(r)]2 dr l<TA ·{[W(1)]2 - l} 

[ J-•[ 1 Jw(r)dr]-'[ J-1 
= CT ~ ~ f W(r) dr f [W(r)]2 dr ~ ~ [17.7.32] 

[ 1 OJ [ W(l) J 
x O A H[W(1)]2 - 1} 

[
CT O J [ 1 J W(r) dr i-•[ W(l) J 

= O CT/ A J W(r) dr J [W(r)]2 dr H[W(l)]2 - l} · 

The second element of this vector implies that (A/CT) times T(p7 - 1) has the same 
asymptotic distribution as [17.4.28], which described the estimate of pin a regression 
without lagged t:J..y and with serially uncorrelated disturbances: 

• L H[W(1)]2 - 1} - W(l) · f W(r) dr 
T·(Al<T)-(Pr - 1)-+ 2 [17.7.33) 

{J [W(r)]2 dr - [I W(r) dr J } 
Recall from [ 17. 7 .17] that 

A/CT= (1 - (1 - (2 - "• • - (,,_,)-I. [17.7.34] 

This magnitude is clearly estimated consistently by 

(1 - {1.T - {2.T - • • • - {p-1.T)-I, 

where~- 7 denotes the estimate of(; based on the OLS regression [17. 7.11]. Thus, 
the generalization of the Dickey-Fuller p test when lagged changes in y are included 
in the regression is 

L H[W(1)]2 - l} - W(l) · J W(r) dr 
T·(p 7 - l) 

--.---. ~-~-.---+ 

l - ?1.r- (2.7- ... - (p-1.T I [W(r)]2 dr - [I W(r) dr r 
This is to be compared with the case 2 section of Table B.5. 

Consider next an OLS t test of the null hypothesis that p = 1: 

[17.7.35] 

_ (/JT - 1) 
tT - { 2 , (°"' ')-I }l/2' [17.7.36] 

S7·ep+I • ..t..X,x, ·ep+I 

where ep+ 1 denotes a [(p + 1) x 1] vector with unity in the last position and zeros 
elsewhere. Multiplying the numerator and denominator of [17.7.36] by T re-
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suits in 

[17.7.37) 

But 

1 =------------
A2·U [W(r)J2dr-[J W(r)drr} 

by virtue of [17.7.18) and [17.7.20). Hence, from [17.7.37) and [17.7.33), 

L H[W(l)] 2 - l} - W(l) · f W(r} dr 
tr-+(u/A) 2 

,, J [W(r)]2 dr - [I W(r) dr] 

+ { A'{J (W(,)]' d, ~ [J W(,) d, n r [17.7.38) 

H[W(1}]2 - 1} - W(l)·J W(r) dr 

{J [W(r)] 2 dr - [I W(r) dr rrn· 
This is the same distribution as in [17.4.36). Thus, the usual t test of p = 1 for 
OLS estimation of [17.7.11] can be compared with the case 2 section of Table 8.6 
without any corrections for the fact that lagged values of l:l.y are included in the 
regression. 

A similar result applies to the Dickey-Fuller F test of the joint hypothesis 
that a = 0 and p = 1. This null hypothesis can be represented as RP = r, where 

l2x(!+l)) = L2x(:-IJI (2~2J 
and r = (0, l)'. The F test is then 

Fr= (br - P)'R'{s}·R(Ix,x;)- 1R'r1
R(br - P)fl. 

Define Yr to be the following (2 x 2) matrix: 

- [7112 oJ Yr= 0 T . 
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Notice that [17.7.39] can be written 

Fr= (br - P)'R'Yr{s}·YrR(Ix,x;)- 1R'Yrr
1 

X Y rR(br - P)/2. 

The matrix in [17.7.40] has the property that 

YrR = RYr 

[17.7.41] 

forR = [O 12] and Yr the (p + 1) x (p + 1) matrix in [17.7.15]. From [17.7.25], 
RY r(br - P) 4 Q- 1h2• Thus, [17.7.41] implies that 

Fr= (br - P)'(RYr)'{s}·RYr(:rx,x;)- 1Y7 R'}-
1
RY7 (br - P)/2 

..=. (Q-1h2)'{u2Q-•J-'(Q-'h2)/2 

= hiQ- 1h2 /(2u2 ) 

= [11(2u2)] [ u· W(l) ½uA{[W(1)]2 - 1}] 

X [ A J ;(,) d, 
A·JW(r)dr]-•[ u·W(l) ] 

A2· J [W(r)]2 dr ½uA{[W(l)P - l} 

= (2~ 2)u2 [ W(l) ~ {[W(1))2 - 1}] [ ~ ~] 

X [ ]-I[ 1 J W(r) dr ]-I[ ]-1 
~ ~ J W(r) dr J [W(r)]2 dr ~ ~ 

x [~ ~] [H[W~~~ - lJ 
= ½ [ W(l) H[W(l)F - l}] 

x [ 1 J W(r) dr l-1[ W(l) ] 

f W(r) dr J [W(r)]2 dr H[W(l)]2 - 1} . 

[17.7.42] 

This is identical to the asymptotic distribution of the F test when the regression 
does not include lagged l!,,.y and the disturbances are i.i.d. Thus, the F statistic in 
[17.7.41] based on OLS estimation of [17.7.11] can be compared with the case 2 
section of Table B.7 without corrections. 

Finally, consider a hypothesis test involving a restriction 12 across'" , 2, ••• , 

{p-l and p, 

"Since the maintained assumption is that p =-1, this is a slightly unnatural way to write a hypothesis. 
Nevertheless, framing the hypothesis this way will shortly prove userut in deriving the asymptotic 
distribution of an autoregression estimated in the usual form without the Dickey-Fuller transformation. 
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or 

r'l3 = r. [17.7.43) 

The distribution of the t test of this hypothesis will be dominated asymptotically 
by the parameters with the slowest rate of convergence, namely, l., (2, ••• , (p- 1• 

Since these are asymptotically Gaussian, the test statistic is asymptotically Gaussian 
and so can be compared with the usual t tables. To demonstrate this formally, note 
that the usual t statistic for testing this hypothesis is 

r'br - r T112(r'br - r) 
tr= 112 = 112. [17.7.44) 

{ s~r'(~x,x;)- 1r} { s} T112r'(~x,x;)- 1rT112} 

Define tr to be the vector that results when the last element of r is replaced by 
rp+ 1IVT, 

[17.7.45) 

and notice that 

[17.7.46) 

for Yr the matrix in [17.7.15). Using [17.7.46) and the null hypothesis that r = 
r'l3, expression [17.7.44] can be written 

r;.Y r(br - 13) 
tr= 112. [17.7.47] 

{ s}f~Y r(~x,x;)- 1Y rtr} 
Notice from [17.7.45] that 

where 

t' = [r1 r2 • • • rp-l O 0]. 

Using this result along with [17.7.18] and [17.7.25) in [17.7.47] produces 

_, [v-1h,] 
L r Q-'h2 

tr-+---------

{ 2_, [v- 1 o J-}112 
u r O Q-l r 

[17.7.48] 

[r1 r2 ... 'p-i1v-1h1 =----.;;__.;__ __ ..__.;;_ ____ _ 
{u2[r1 r2 •.. rp_ ,Jv-1[r, '2 ... 

Since h1 - N(O, u 2 V), it follows that 

[r1 r2 • • • rp_1Jv-1h1 - N(O, h}, 

where 

h = u 2[r1 r2 ... rp-11v- 1[r1 '2 ... rp_,]'. 

Thus, the limiting distribution in [17. 7.48] is that of a Gaussian scalar divided by 
its standard deviation and is therefore N(O, 1). This confirms the claim that the t 
test of r'l3 = r can be compared with the usual t tables. 
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One interesting implication of this last result concerns the asymptotic prop
erties of the estimated coefficients if the autoregression is estimated in the usual 
levels form rather than the transformed regression [17.7.11]. Thus, suppose that 
the following specification is estimated by OLS: 

Y, = a + 4'1Y,-1 + 4'2Y,-2 + · · · + t/>pY,-p + e, [17.7.49] 

for some p.?: 2. Recalling [17.7.2] and [17.7.3], the relation between the estim~tes a,. !2, , , , , 'p-1• p) investigated previously and estimates (4'1, ef>2, ... , ef>p) 
based on OLS estimation of [17.7.49) is 

c1,p = -,p-1 

cl,; = i; - l;-1 for j = 2, 3, ... , p - 1 

~. = p + l°1• 
Thus, each of the coefficients ,i,1, ef,2, ••• , cl,P is a linear combination of the elements 
of{t 1, ! 2, ••• , lp-l• p). The analysis of[l7.7.43] establishes that any individual 
estimate ef>; converges at rate YT to a Gaussian random variable. Recalling the 
discussion of [16.3.20] and [16.3.21], an OLS t or F test based on [17.7.49] is 
numerically identical to the equivalent t or F test expressed in terms of the rep
resentation in [17.7.11]. Thus, the usual t tests associated with hypotheses about 
any individual coefficients cl,1, ef,2 , ••• , cl,P in [17.7.49] can be compared with 
standard tor N(O, 1) tables. Indeed, any hypothesis about linear combinations of 
the tf,'s other than the sum tf,1 + tf,2 + · · · + t/>p satisfies the standard conditions. 
The sum ef,1 + ef>z + · · · + 4,p, of course, has the nonstandard distribution of the 
estimate p described in [17.7.33]. 

Summary of Asymptotic Results for an Estimated 
Autoregression That Includes a Constant Term 

The preceding analysis applies to OLS estimation of 

Y, = l,LlY,-1 + f2LlY,-2 + · · · + (p-1LlY,-p+ 1 + a + PY,-1 + e, 

under the assumption that the true value of a is zero and the true value of p is 1. 
The other maintained assumptions were that e, is i.i.d. with mean zero, variance 
u 2 , and finite fourth moment and that roots of 

(1 - f1z - f2z2 - · · · - (p_,zP- 1) = 0 

are outside the unit circle. It was seen that the estimates! 1, !2, ••• , lp-I converge 
at rate VT to Gaussian variates, and standard tor F tests for hypotheses about 
these coefficients have the usual limiting Gaussian or x2 distributions. The estimates 
a and p converge at rates VT and T, respectively, to nonstandard distributions. 
If the difference between the OLS estimate p and the hypothesized true value of 
unity is multiplied by the sample size and divided by (1 - ! 1 - ( 2 - • • • - (p- 1), 

the resulting statistic has the same asymptotic distribution as the variable tabulated 
in the case 2 section of Table B.5. The usual t statistic of the hypothesis p = 1 
does not need to be adjusted for sample size or serial correlation and has the same 
asymptotic distribution as the variable tabulated in the case 2 section of Table B.6. 
The usual F statistic of the joint hypothesis a = 0 and p = 1 likewise does not 
have to be adjusted for sample size or serial correlation and has the same distri
bution as the variable tabulated in the case 2 section of Table B.7. 

When the autoregression includes lagged changes as here, tests for a unit root 
based on the value of p, t tests, or F tests are described as augmented Dickey-Fuller 
tests. 
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Example 17.8 
The following model was estimated by OLS for the interest rate data described 
in Example 17.3 (standard errors in parentheses): 

i, = 0.335 t:i.i,_, - 0.388 !:i.i,-2 + 0.276 t:i.i,_3 
((l.()788) (0.0808) (0,0800) 

- 0.107 t:i.i,_4 + 0.195 + 0.96904 i,_,. 
(0.0794) (0. 109) (0.018604) 

Dates t = 1948:11 through 1989:1 were used for estimation, so in this case the 
sample size is T = 164. For these estimates, the augmented Dickey-Fuller p 

· test [17.7.35] would be 

164 
1 - 0.335 + 0.388 - 0.276 + 0.107 <0·96904 - l) = - 5-74· 

Since -5.74 > -13.8, the null hypothesis that the Treasury bill rate follows 
a fifth-order autoregression with no constant term, and a single unit root, is 
accepted at the 5% level. The OLS t test for this same hypothesis is 

(0.96904 - 1)/(0.018604) = -1.66. 

Since -1.66 > -2.89, the null hypothesis of a unit root is accepted by the 
augmented Dickey-Fuller t test as well. Finally, the OLS F test of the joint 
null hypothesis that p = 1 and a = 0 is 1.65. Since this is less than 4.68, the 
null hypothesis is again accepted. 

The,·null hypothesis that the autoregression in levels requires only four 
lags is based on the OLS t test of (4 = 0: 

-0.107/0.0794 = - 1.35. 

From Table B.3, the 5% two-sided critical value for a tvariable with 158 degrees 
of freedom is -1.98. Since -1.35 > -1.98, the null hypothesis that only four 
lags are needed for the autoregression in levels is accepted. 

Asymptotic Results for Other Autoregressions 

Up to this point in this section, we have considered an autoregression that is 
a generalization of case 2 of Section 17.4-a constant is included in the estimated 
regression, though the population process is presumed to exhibit no drift. Parallel 
generalizations for cases 1, 3, and 4 can be obtained in the same fashion. The 
reader is invited to derive these generalizations in exercises at the end of the chapter. 
The key results are summarized in Table 17.3. 

TABLE 17.3 
Summary of Asymptotic Results for Autoregressions Containing a Unit Root 

Case 1: 

Estimated regression: 

Y, = (,t:i.y,_, + (2!:i.Y,-2 + · · · + (p-1!:i.Y,-p+1 + PY,-1 + e, 
True process: same specification as estimated regression with p = 1 
Any tor F test involving (i, ( 2 , ••• , (p- l can be compared with the usual t 

or F tables for an asymptotically valid test. 
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TABLE 17.3 (continued) 

Z 0 F has the same asymptotic distribution as the variable described under the 
heading Case I in Table B.5. 

OLS t test of p = 1 has the same asymptotic distribution as the variable 
described under Case 1 in Table B.6. 
Case 2: 

Estimated regression: 

Y, = (,t:i.y,_, + (2!:i.Y,-2 + · · · + (,,-16.Y,--p+1 +a+ PY,-, + e, 
True process: same specification as estimated regression with a O and 

p = 1 
Any tor F test involving ( 1, ( 2 , • ••• ?:,,-, can be compared with the usual t 

or F tables for an asymptotically valid test. 
ZoF has the same asymptotic distribution as the variable described under Case 

2 in Table B.5. 
OLS t test of p = 1 has the same asymptotic distribution as the variable 

described under Case 2 in Table B.6. 
OLS F test of joint hypothesis that a = 0 and p = 1 has the same asymptotic 

distribution as the variable described under Case 2 in Table B.7. 

Case 3: 
Estimated regression: 

Y, = ?:,t.y,_, + (2!:i.Y,-2 + · · · + ?:p-1!:i.Y,-p+, + a + PY,-1 + e, 
True process: same specification as estimated regression with a ,/= 0 and 

p = 1 
Pr converges at rate T 312 to a Gaussian variable; all other estimated coeffi

cients converge at rate T 112 to Gaussian variables. 
Any tor Ftest involving any coefficients from the regression can be compared 

with the usual tor F tables for an asymptotically valid test. 

Case 4: 
Estimated regression: 

Y, = (,t.y,_, + (26.Y,-2 + · · · + (,,_,t:i.y,-,,+1 +a+ PY,-1 + 8t + e, 
True process: same specification as estimated regression with a any value, 

p = 1, and 8 = 0 · 
Any tor F test involving ( 1, ( 2 , ••• , ?:"-1 can be compared with the usual t 

or F tables for an asymptotically valid test. 
ZoF has the same asymptotic distribution as the variable described under Case 

4 in Table B.5. 
OLS t test of p = 1 has the same asymptotic distribution as the variable 

described under Case 4 in Table B.6. 
OLS Ftest of joint hypothesis that p = 1 and 8 = 0 has the same asymptotic 

distribution as the variable described under Case 4 in Table B.7. 
Notes to Table 17.3 

Estimated regression indicates the form in which the regression is estimated, using observations 
t = I. 2, ... , T and conditioning on observations t = 0, - I, ... , -p + I. 

True process describes the null hypothesis under which the distribution is calculated. In each 
case it is assumed that roots of 

(1 - C,z - (2 z2 - · · • - (,,_,zP- 1) = O 
are all outside the unit circle and that e, is i.i.d. with mean zero, variance u 2 , and finite fourth moment. 

Z0 ,. in each case is the following statistic: 
Zm-"" T(fir - 1)/(l - C,.r - (2.T - ... - (p-1.1·), 

where Pr, Co.r, {2.r, ... , (p-o.r are the OLS estimates from the indicated regression. 
OLS t test of p = 1 is (fir - l)td-,r, where a-,r is the OLS standard error of fir-
OLS F test of a hypothesis involving two restrictions is given by expression (17.7.39]. 
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Example 17.9 
The following autoregression was estimated by OLS for the GNP data in Figure 
17.3 (standard errors in parentheses): 

y, = 0.329 t:..y,-1 + 0.209 t:..J,-2 - 0.084 t:..y,-3 
(Cl.0777) (O.OHl3) (0.(11118) 

- 0.075 t:..y,_4 + 35.92 + 0.94969 y,_ 1 + 0.0378 t. 
(0.07HH) (1357) (0.019386) (0.11152) 

Here, T = 164 and the augmented Dickey-Fuller p test is 

1 - 0.329 - 0.2~:\ 0.084 + 0,075 (0,94969 - l) = - 13·3· 

Since -13.3 > -21.0, the null hypothesis that the log of GNP is ARIMA(4, 
1, 0) with possible drift is accepted at the 5% level. The augmented Dickey
Fuller t test also accepts this hypothesis: 

(0.94969 - 1)/(0.019386) = -2.60 > -3.44. 

The OLS F test of the joint null hypothesis that p = 1 and 8 = 0 is 3.74 < 
6.42, and so the augmented Dickey-Fuller F test is also consistent with the unit 
root specification. 

Unit Root AR(p) Processes with p Unknown 

Various suggestions have been proposed for how to proceed when the process 
is regarded as ARIMA(p, 1, 0) with p unknown but finite. One simple approach 
is to estimate [17. 7.11) with p taken to be some prespecified upper bound p. The 
OLS t test of(;;- i = 0 can then be compared with the usual critical value for a t 
statistic from Table B.3. If the null hypothesis is accepted, the OLS F test of the 
joint null hypothesis that both (;;_ 1 = 0 and (;;_2 = 0 can be compared with the 
usual F(2, T - k) distribution in Table B.4. The procedure continues sequentially 
until the joint null hypothesis that(;;-, = 0, (;;-z = 0, ... , (;;-c = 0 is rejected 
for some e. The recommended regression is then 

Y, = (16.Y,-1 + (26.Y,-2 + · · · + (;;-ct:..Y,-;;+t + a + PY,-1 + 8t. 

If no value of e leads to rejection, the simple Dickey-Fuller test of Table 17.1 is 
used. Hall (1991) discussed a variety of alternative strategies for estimating p. 

Just as in the Phillips-Perron consideration of the MA(oo) case, the researcher 
might want to choose bigger values for p, the autoregressive lag length, the larger 
is the sample size T. Said and Dickey (1984) showed that as long as p goes to 
infinity sufficiently slowly relative to T, then the OLS t test of p = 1 can continue 
to be compared with the Dickey-Fuller values in Table B.6. 

Again, it is worthwhile to keep in mind that there always exists a p such 
that an ARIMA(p, 1, 0) representation can describe a stationary process arbi
trarily well for a given sample. The Said-Dickey test of p = 1 might therefore 
best be viewed as follows. For a given fixed p, we can certainly ask whether an 
ARIMA(p - 1, 1, 0) describes the data nearly as well as an ARIMA(p, 0, 0). 
Imposing p = 1 when the true value of p is close to unity may improve forecasts 
and small-sample estimates of the other parameters. The Said-Dickey result permits 
the researcher to use a larger value of p on which to base this comparison the 
larger is the sample size T. 
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17.8. Other Approaches to Testing for Unit Roots 
This section briefly describes some alternative approaches to testing for unit roots. 

Variance Ratio Tests 

Let 

where 

!iy, = a + u,, 

= 
u, = I 1/J;c,_; = 1/J(L)e, 

j=O 

fore, a white noise sequence with variance u 2 • Recall from expression [15.3.10] 
that the permanent effect of c, on the level of Y,+s is given by 

lim iJY,+s = 1/1(1). 
s-::,;; ac-, 

If y, is stationary or stationary around a deterministic time trend, an innovation e, 
has no permanent effect on y, requiring 1/1(1) = 0. 

Cochrane (1988) and Lo and MacKinlay (1988) proposed a test for unit roots 
that exploits this property. Consider the change in y overs periods, 

Yi+• - Y, = as + u,+s + u,+.,-1 + · · · + u,+ 1, 

and notice that 

(Y,+s - Y,)ls = a + s -1(u,+,· + u,+s- I + ... + u,+ ,). 

[17.8.1] 

[17.8.2] 

The second term in [17.8.2] could be viewed as the sample mean of s observations 
drawn from the process followed by u. Thus, Proposition 7.5(b) and result [7.2.8] 
imply that 

lim s·Var[s- 1(u1+., + u,+.-I + · · · + u,+ 1)] = u 2·[i/1(1)]2. [17.8.3] 

Let &r denote the average change in y in a sample of T observations: 

T 

tir = T-1 I (y, - y,_,). 
t=I 

Consider the following estimate of the variance of the change in y over its value s 
periods earlier: 

T-s 

lr(s) = r- 1 I (y,+> - y, - ars)2. [17.8.4] 
,-o 

This should converge in probability to 

J(s) = E(Y,+s - Y, - as)2 = E(u,+., + u,+s-1 + ... + u,+Y [17.8.5] 

as the sample size T becomes large. Comparing this expression with [17.8.3], 

Jim S- 1 ·J(s) = u 2 ·[i/J(l)]2. 
s-= 

Cochrane (1988) therefore proposed calculating [17.8.4] as a function of s. If 
the true process for y, is stationary or stationary around a deterministic time trend, 
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this statistic should go to zero for large s. If the true process for y, is /(1), this 
statistic gives a measure of the quantitative importance of permanent effects of e 
as reflected in the long-run multiplier 1/,(1). However, the statistic in [17.8.4) is 
not reliable unless s is much smaller than T. 

If the data truly followed a random walk so that ,J,(L) = 1, then J(s) in 
[17.8.5] would equals· CT2 for any s, where CT2 is the variance of u,. Lo and MacKinlay 
(1988) exploited this property to suggest tests of the random walk hypothesis based 
on alternative values of s. See Lo and MacKinlay (1989) and Cecchetti and Lam 
(1991) for evidence on the small-sample properties of these tests. 

Other Tests for Unit Roots 

The Phillips-Perron approach was based on an MA(oo) representation for ~y,, 
while the Said-Dickey approach was based on an AR(oo) representation. Tests based 
on a finite ARMA(p, q) representation for ~Y, have been explored by Said and 
Dickey (1985), Hall (1989), Said (1991), and Pantula and Hall (1991). 

A number of other approaches to testing for unit roots have been proposed, 
including Sargan and Bhargava (1983), Solo (1984), Bhargava (1986), Dickey and 
Pantula (1987), Park and Choi (1988), Schmidt and Phillips (1992), Stock (1991), 
and Kwiatkowski, Phillips, Schmidt, and Shin (1992). See Stock (1993) for an 
excellent survey. Asymptotic inference for processes with near unit root behavior 
has been discussed by Chan and Wei (1987), Phillips (1988), and Sowell (1990). 

17.9. Bayesian Analysis and Unit Roots 
Up to this point in the chapter we have adopted a classical statistical perspective, 
calculating the distribution of p conditional on a particular value of p such as p = 1. 
This section considers the Bayesian perspective, in which the true value of p is 
regarded as a random variable and the goal is to describe the distribution of this 
random variable conditional on the data. 

Recall from Proposition 12.3 that if the prior density for the vector of unknown 
coefficients 13 and innovation precision CT- 2 is of the Normal-gamma form of [12.1.19] 
and [12.1.20), then the posterior distribution of 13 conditional on the data is mul
tivariate t. This result holds exactly for any finite sample and holds regardless of 
whether the process is stationary. Thus, in the case of the diffuse prior distribution 
represented by N = A = 0 and M- 1 = 0, a Bayesian would essentially use the 
usual t and F statistics in the standard way. 

How can the classical distribution of p be strongly skewed while the Bayesian 
distribution of pis that of a symmetric t variable? Sims (1988) and Sims and Uhlig 
(1991) provided a detailed discussion of this question. The classical test of the null 
hypothesis p = 1 is based only on the distribution of p when the true value of p 
is unity. By contrast, the Bayesian inference is based on the distribution of PIP for 
all the possible values of p, with the distribution of PIP weighted according to the 
prior probability for p. If the distribution of p Ip had the same skew and dispersion 
for every pas it does at p = 1, then we would conclude that, having observed any 
particular p, the true value of pis probably somewhat higher. However, the dis
tribution of PIP changes with p-the lower the true value of p, the smaller the 
skew and the greater the dispersion, since from [17.1.3) the variance of VT(p - p) 
is approximately (1 - p 2). Because lower values of pimply greater dispersion for 
p, in the absence of skew we would suspect that a given observation p = 0.95 was 
more likely to have been generated by a distribution centered at p = 0.90 with 
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large dispersion than by a distribution centered at p == 1 with small dispersion. 
The effects of skew and dispersion turn out to cancel, so that with a uniform prior 
distribution for the value of p, having observed p = 0.95, it is just as likely that 
the true value of pis greater than 0.95 as that the true value of pis less than 0.95. 

Example 17.10 
For the GNP regression in Example 17.9, the probability that p 2': 1 conditional 
on the data is the probability that at variable with T = 164 degrees of freedom 13 

exceeds (1 - 0.94969)/0.019386 = 2.60. From Table B.3, this probability is 
around 0.005. Hence, although the value of p must be large, it is unlikely to 
be as big as unity. 

The contrast between the Bayesian inference in Example 17 .10 and the clas
sical inference in Example 17.9 is one of the reasons given by Sims (1988) and 
Sims and Uhlig (1991) for preferring Bayesian methods. Note that the probability 
calculated in Example 17 .10 will be less than 0.025 if and only if a classical 95% 
confidence interval around the point estimate p does not contain unity. Thus, an 
alternative way of describing the finding of Example 17.10 is that the standard 
asymptotic classical confidence region around p does not include p = 1. Even so, 
Example 17.9 showed that the null hypothesis of a unit root is accepted by the 
augmented Dickey-Fuller test. The classical asymptotic confidence region centered 
at p = p seems inconsistent with a unit root, while the classical asymptotic con
fidence region centered at p = 1 supports a unit root. Such disconnected confidence 
regions resulting from the classical approach may seem somewhat troublesome and 
counterintuitive. 14 By contrast, the Bayesian has a single, consistent summary of 
the plausibility of different values of p, which is that implied by the posterior 
distribution of p conditional on the data. 

One could, of course, use a prior distribution that reflected more confidence 
in the prior information about the value of p. As long as the prior distribution was 
in the Normal-gamma class, this would cause us to shift the point estimate 0.94969 
in the direction of the prior mean and reduce the standard error and increase the 
degrees of freedom as warranted by the prior information, but a t distribution 
would still be used to interpret the resulting statistic. 

Although the Normal-gamma class is convenient to work with, it might not 
be sufficiently flexible to reflect the researcher's true prior beliefs. Sims (1988, p. 
470) discussed Bayesian inference in which a point mass with positive probability 
is placed on the possibility that p = 1. Delong and Whiteman (1991) used numerical 
methods to calculate posterior distributions under a range of prior distributions 
defined numerically and concluded that the evidence for unit roots in many key 
economic time series is quite weak. 

Phillips (1991a) noted that there is a prior distribution for which the Bayesian 
inference mimics the classical approach. He argued that the diffuse prior distri
bution of Proposition 12.3 is actually highly informative in a time series regression 
and suggested instead a prior distribution due to Jeffreys (1946). Although this 
prior distribution has some theoretical arguments on its behalf, it has the unusual 
property in this application that the prior distribution is a function of the sample 
size T-Phillips would propose using a different prior distribution for /(p) when 

"Recall from Proposition 12.3(b) that the degrees of freedom are given by N* =· N. + T. Thus, 
the Bayesian interpretation is not quite identical to the classical t statistic, whose degrees of freedom 
would be T - k. 

"Stock ( 1991) has recently proposed a solution to this problem from the classical perspective. 
Another approach is to rely on the exact small-sample distribution, as advocated by Andrews (1993). 
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the analyst is going to obtain a sample of size 50 than when the analyst is going to 
obtain a sample of size 100. This would not be appropriate if the prior distribution 
is intended to represent the actual information available to the analyst before seeing 
the data. Phillips (1991b, pp. 468-69) argued that, in order to be truly uninfor
mative, a prior distribution in this context would have this property, since the larger 
the true value of p, the more rapidly information about p contained in the sample 
{y 1, y2, ••• , y 7 } is going to accumulate with the sample size T. Certainly the 
concept of what it means for a prior distribution to be "uninformative" can be 
difficult and controversial. 15 

The potential difficulty in persuading others of the validity of one's prior 
beliefs has always been the key weakness of Bayesian statistics, and it seems 
unavoidable here. The best a Bayesian can do may be to take an explicit stand on 
the nature and strength of prior information and defend it as best as possible." If 
the nature of the prior information is that all values of p are equally likely, then 
it is satisfactory to use the standard OLS t and F tests in the usual way. If one is 
unwilling to take such a stand, then Sims and Uhlig urged that investigators report 
both the classical hypothesis test of p = 1 and the classical confidence region 
around p and let the reader interpret the results as he or she sees fit. 

APPENDIX 17 .A. Proofs of Chapter 17 Propositions 

• Proof of P,;oposition 17 .2. Observe that 

± u_, = ± ± ,f,1£,-1 
.t•I :r=lj=O 

= {,f,,,e, + i/1,e,_, + ,f,2E,-e + ··· + ,f,,e,, + ,f,,+1E-1 + ···} 
+ {,t,,,E,_, + ,f,,s,_, + ,f,2£, __ , + ... + ,f,,_1Eo + ,f,,e_, + ···} 

+ {,f,oE,-e + ,f,,e, _ _, + ,f,,E,_, + · · · + ,f,,_2£0 + ,f,,_,e_, + · · ·} 
+ ... + {,f,11£1 + ,f,,£11 + ,t,,s_, + ···} 

= ,f,116, + (,f,u + ,f,,)e,_, + (,f,o + ,{,, + ,f,,)E, .. , + ··· 

+ (,f,o + ,{,, + ,{,, + · · · + ,f,,_ ,)e, + (,{,, + ,f,2 + · · · + ,f,,)e,, 

+ (,f,2 + ,t,_, + ··· + ,f,,+o)e_, + ··· 
· = (,f,o + ,{,, + ,f,2 + ···)£, - (,f,, + ,{,, + ,{,., + ···)£, 

+ (,f,o + ,{,, + ,{,, + ···)e,_ 1 - (,f,1 + ,{,_. + ···)e,_, 

+ (,f,o + ,{,, + ,{,, + ···)£,_, - (,{,3 + ,{,, + ···)e,-2 + ··· 

+ (,f,o + ,f,1 + i/12 + ···)s, - (if,,+ i/1,+1 + ···)£, 

+(if,,+ ,t,, + ,t, .. + ···)£., - (i/1,+1 +"'I+'+···)£., 

+ (,{,, + ,{,3 + "'· + .. • )£ - I - (,{,1+2 + ,{,,+.1 + . • • )£ - I + . •. 

or 

where 

:± u_, = ,f,(1) · ± £_, + T/, - "'lo, 
s•I s•l 

11, "" - ( ,{,, + ,f,2 + ,t,., + · · · )e, - ( ,f,2 + ,{,, + ,{,, + · · · )e,_ 1 
- ( t/1, + ,{,, + ,fl, + ... )e, _, - ... 

"'lo= -(,{,, + t/12 + ,f,., + ···)£11 - (of,,+ ,t,., + ,{,, + ···)13_, 

- ("'3 + "'· + ,{,, + . ")6-2 - .... 

"See the many comments accompanying Phillips (1991a). 
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Notice that 711 = !.;" .. 11a1e,_1, where a, = -(i/ti+I + t/J;+e + ... ), with {a1}/:.., absolutely 
summable: 

I I a;! = I t/1, + t/1, + t/J, + · · · I + I t/1, + t/J, + "'· + · · · I + I t/1, + "'· + t/J, + · ··I + · · · 
i=U 

:s{Jt/1,I +It/Jal+ lt/1,I +···}+Ht/Joi+ lt/1,1 + lt/1,I + ···} 

+ {lt/1,I + lt/1,I + lt/1,I + ···} + ··· 

= li/t,I + 2lt/l,I + 3lt/l,I + ·· · 

= Ii·lt/JA, 
j-11 

which is bounded by the assumptions in Proposition 17.2. • 

• Proof of Proposition 17.3. 

(a) This was shown in (17.5.9). 
(b) This follows from (7 .2.17] and the fact that E ( u;) = -y0• 

(c) This is implied by [7.2.14]. 
(d) Since,, = !.;_ ,u_., Proposition 17.2 asserts that 

,, = t/J(l) ± e_, + 1/, - 1/o· 
.,-1 

Hence, 

7- 1 ,t, ,,_1e, = 7-i t (t/1(1) :i: e_, + 71,_1 - 710)e, 
T 

= tjJ(l)· 7- 1 L (e 1 + e2 + ··· + E,-1)£, 
,-! 

T 

+ 7-i L (11,-, - 1/u)e,. 
,-2 

But [17.3.26) established that 

T 

7-, L (E 1 + E, + ··· + E,_ 1)£,~ (1/2)u 2 ·{[W(l)F - 1}. 
,=2 

(17.A.2] 

(17.A.3] 

(17.A.4J 

Furthermore, Proposition 17.2 ensures that {(71,_ 1 - 7111)e,},':., is a martingale difference 
sequence with finite variance, and so, from Example 7.11, 

1' 

7- i L ( 1/,-, - 710 )e, ..'.:. 0. 
,-2 

Substituting (17.A.4] and (17.A.5] into [17.A.3] yields 

T 

7- 1 .L ,,_1e, ~ (112)u2 • [t/J(l)] ·{[W(1)]2 - l}, 
,-1 

as claimed in (d). 
(e) For j = 0 we have from [17.1.11] that 

T 

7- 1 L ,,-,u, = (1/2)7- 1,} - (1/2)7-'(ur + u~ + ... + u}). ,_, 
But 

7- 1,} = (7- 112(u, + U, + "· · + Ur)]2 ~ A2 • [W(l)]2 

from result (a). Also, 

7-l(Ui + Ui + ... + U}) _!,. 'Yo 

[17.A.5] 

[17.A.6] 

[17.A.7] 

· (17.A.8] 
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from result (c). Thus, [17.A.7] converges to 

T 

T- 1 L L,u,-'=. (1/2){A'·[W(l)]' - Yo}, ,-, 
which establishes result (e) for j = 0. 

For j > 0, observe that 

t,-1 = t,-1-1 + u,- 1 + u,-;+1 + ··· + u1-1, 

implying that 

T T 

r-• :z; ,,-,u,-; = r- 1 2: <,,_,_, + u,-; + u,-;., + ... + u,_,)u,-; 
t•j+ I 1•/+ I 

T 

(17.A.9] 

r-• L ,,-;-,u,_; (17.A.10] 

But 

,-j+ I 

T 

+ 7-• L (u,-; + u,-;+i + ... + u,_,)u,-;· 
1-J+ I 

T T-J 

7-t L ,,-;-,U,-; = [(7 - j)/7]·(7 - n-12:,,-,u,.!:. (1/2){,\'·[W(l)F - Yt,}. 
1-J+ I ,,,,, I 

as in (17.A.9). Also, 

T 

r-•,•2: (u,-j + U,-j+I + "' + U,_,)U,-;.!:. 'Yo+ 'Y1 + 'Yz + "' + 'Y;-1, 
, ... ;+ I 

from result (c). This, (17.A.10] converges to 

T 

r-• L ,,_,11,-;-'=. (1/2){A'·[W(1)]2 - 'Yul+ {"Yu+ 'Y, + 'Yz + ... + 'Y;--1}, 
t•j+I 

Clearly, r- 1 ~T-1 ,,_ 1u,-; has the same asymptotic distribution, since 

(f) From the definition of,, in [17.5.11] and Xr(r) in (17.5.4], it follows as in (17.3.15) 
that 

ii T 

v't·Xr(r) dr = r- 312 L ,,_,. 
0 f,::r;: l 

Result (f) then follows immediately from [17.5.5]. 
(g) First notice that 

T T 
r-J/ 2 :z; tu,_1 = 7- 312 2: <r - i + nu,_1, 

t=I l•I 

where j· 7 ·"' ~;,., u,_1 .!:. 0. Hence, 

T T T 

T-J/2 L tu,-;.!:. 7-312 L (t - j)u,-j.!:. r-312 L tu,. 
, .. , ,... ,-1 

But from (17.3.19], 

T- 312 i: tu,= 7- 112 i: u, - 7- 312 i: f,-, .!:, A· W(I) - A· ( 1 W(r) dr, 
,-1 ,-1 ,-1 Jo 

by virtue of (a) and (f). 
(h) Using the same analysis as in (17.3.20] through (17.3.22), for,, defined in (17.5.11] 
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and Xr(r) defined in (17.5.4J, we have 

11 L l' T- '{,f/T + g;/T + · · · + ,}_ /T} = [vT· X,(r)J2 dr--. (a· ,t,(l)J' · [W(r)J2 dr, 
- 0 rt 

by virtue of (17.5.5]. 

(i) As in (17.3.23J, 

T 

T"' L (t/T) · (,,. , IT2) 
1•1 

T 112f1 {([TrJ* + 1)/T}·{(u, + u, + ··· + u1,, 1.)IT}dr 
" 

= T"' ('{([Tr)*+ 1)/T}·Xr(r) dr Jo 
L (' 

--. a·,{,(1) · j 0 rW(r) dr, 

from (17.5.5] and the continuous mapping theorem. 
(j) From the same argument as in (i), 

T T 

r-· L 1e_, = L (11r)m-11r 2) 
t= I 1=1 

= Tl' {((Tr]* + 1)/T} · {(u, + u, + · · · + u11, 1• )IT}' dr 
0 

= T f.' {([Tr]* + 1)/T}·[X 7 (r)J' dr 
" 

.!:. [a·,f,(l)J'·f' r[W(r)]' dr. 
0 

(k) This is identical to result (h) from Proposition 17.1, repeated in this proposition 
for the reader's convenience. • 

Chapter 17 Exercises 

17.1. Let {u,} be an i.i.d. sequence with mean zero and variance u', and let y, = u, + 
u, + ... + u, with y0 = 0. Deduce from (17.3.17] and [17.3.18) that 

[ r- •r-:ru, ] .!:. N([o] ,[1 !]) 
r:v~Y,-1 0 ,a!½ , 

where L indicates summation overt from 1 to T. Comparing this result with Proposition 
17. 1, argue that 

where the integral sign denotes integration over r from O to 1. 

17.2. Phillips (1987) generalization of case I. Suppose that data are generated from the 
processy, = y,_, + u,, where u, = ,f,(L)s,, L/~0 j-l,t,;I < oo, and e, is i.i.d. with mean zero, 
variance u', and finite fourth moment. Consider OLS estimation of the autoregression y, 
= PY,-, + u,. Let Pr= (LYl-,)-'(LY,-iY,) be the OLS estimate of p, sr, = (T - 1)- 1 x 
Lli~ the OLS estimate of the variance of the regression error, uj, = s~- (Ly,2_ 1)- 1 the OLS 
estimate of the variance of Pr, and tr = (Pr - 1)/6-Pr the OLS t test of p = 1, and define 
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A• u·lf,(1). Use Proposition 17.3 to show that 

(a) T(pr - 1) ..!-+ !{A2· (W(1))2 - 'Yu}; 

..\2 • f (W(r)]2 dr 

(b) r2•6-j,. ~ 'Yo ; 
A2.J [W(,)12 dr 

(c) ,,-S (A'i>J'" {r7::::i, ~ i~ + ,,(f ~:(~))~bl+ 
(d) T(/>r - 1) - ½(T2·ujT + st)(A 2 - 'Yu)~ H[W(l)P - l}; f [W(r)P dr 

, I. !{[W(1)]2 - 1} 
(e) (-y,,IA2)'r.,·tr - H(A· - 'Yu)IA} X {T·up,. + Sr}-. { }112' f [W(r)P dr 

Suggest estimates of 'Yu and A' that could be used to construct the statistics in (d) and (e), 
and indicate where one could find critical values for these statistics. 

17.3. Phillips and Perron (1988) generalization of case 4. Suppose that data are generated 
from the process y, = a + y,., + u,, where u, = lf,(L)e,. I/:oi'IV'A < co, and e, is i.i.d. 
with mean zero, variance u 2, and finite fourth moment, and where a can be any value, 
including zero. Consider OLS estimation of 

y, = a + py,_, + 8t + u,. 

As in (17.4.49], note that the fitted values and estimate of p from this regression are identical 
to those from an OLS regression of y, on a constant, time trend, and f,-, - y,_ 1 - a(t - 1): 

y, = a* + p*f,- 1 + 8*t + u,. 

where. under the a~umed data-generating process, f, satisfies the assumptions of Proposition 
17.3. Let (a;, r,i, 8;.)' be the OLS estimates given by equation [17.4.50], si = (T- 3)- 1 x 
l:Q~ the OLS estimate of the variance of the regression error, ul;, the OLS estimate of 
the variance of,,;. given in (17.4.54], and ,;. = (p; - 1)/d'p;. the OLS t test of p = l. 
Recall further that p}, u}.,, and ,;. are numerically identical to the analogous magnitudes 
for the original regression, Pr, u~r and tr. Finally, define A• u· y,(l). Use Proposition 17.3 
to show that 

[ 1 T--"'l:f,_, 7-,,-., ] 
(a) r-"'If,-, r- 2If~- I r-~ 121:f,-1, 

r-,1:r r-Y2Itf,-1 r--'l:r 2 

:] [r w:,) m 

f W(r) dr 
!Q ] [" I ,W(,)M G 0 :} ~ 0 A f [W(r)]2 dr ,\ 

0 0 J rW(r) dr 
0 

1/2 1/3 

[T--,J -a,[: 0 OJ [ W(l) l (b) r- 1Ie,-1u, ,\ O H[W(1)]2 - (-y0/,V}} ·; 
T· 312Itu, 0 1 W(l) - J W(r) dr 
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1/2 f W(r) dr 

f [W(r)]2 dr 

J rW(r) dr 

J
-1 

f rW(r) dr 

1/3 

x [½{(W(l);~)(Yo/A')}]: 

{ W(l) - J W(r) dr} 

(d) T'·>),-". (,;JA')(O I 0) If W;,) d, 

t 112 

f W(r) dr 

f [W(r)F dr 

f rW(r) dr 

"' (s}/A 2) • Q; 

(e) tr.!:. (A2/y11)'"· T(fJr - 1)/vQ; 

(f) T(fJr - 1) - HF·uir + s})W - 'Yu) 

f W(r) d, 

r OJ~ W;,) d, 

1/2 

-!:+(o 1 f [W(r)P dr f rW(r) dr 

1/2 f rW(r) dr 1/3 

x [ !{[W~)\:) - l} l 
W(l) - f W(r) dj 

""V; 

(g) ('Yo/A2)' 12 ·tr - {½(A2 - "Yo)IA} X {T·uPr + Sr}!:+ V + \IQ. 
Suggest estimates of 'Yo and A' that could be used to construct the statistics in (f) and (g), 
and indicate where one could find critical values for these statistics. 

17.4. Generalization of case I forautoreg,ession. Consider OLS estimation of 

Y, = (,Ay,_, + (,t.y,_, + ... + (,,-,t..Y,-r+1 + PY,-, + s,. 
where E, is i.i.d. with mean zero, variance u 2 , and finite fourth moment and the roots 
of (1 - (,z - (,z' - · · · - (p- ,z"- ') = 0 are outside .the u'!it ci.rcle. Defi'!e A • 
a-/(1 - (, - (, - ... - (r- 1) and 'Y; = E{(t.y,)(t.y,-;)}. Let tr'"' ((1.n (,.r, ... , (,,-1.1)' 
be the (p - 1) X 1 vector of estimated OLS coefficients on the lagged changes in y, and 
let t be the corresponding true value. Show that if the true value of pis unity, then 

[r;::' --1~)]-!:+ [: A'· f [:(r)P dJ'LuA{[W~
1
)]2 - 1J 

whereVisthe ((p - 1) x (p - 1)] matrix defined in (17.7.19] andh 1 -N(O, u 2 V). Deduce 
from this that 

(a) T"'(t, - t)-!:+ N(O, u 2 V- 1); 

• • • • L H(W(l)]' - 1} 
(b) T(p 7 - 1)/(1 - (,.r - (,.r - · · · - (p- 1.r)-+ J ; 

[W(r)J' dr 



• • L H(W(l)F - l} 
(c) (pr-1)/cr/Jr-.{I }'r.,· 

[W(r}]2 dr 

Where could you find critical values for the statistics in (b) and (c)? 

17.5. Generalization of case 3 for autoregression. Consider OLS estimation of 

Y, = ?,tiy,_, + ?,ll.Y,-2 + ... + ?,,-1/l.y,.,,,, +a+ py,_, + E,, 

where e, is i.i.d. with mean zero, variance u 2 , and finite fourth moment and the roots of 
(1 - (,z - ( 2 z' - ... - (,,_,z,,- 1) = 0 are outside the unit circle. 

(a) Show that the fitted values for this regression are identical to those for the following 
transformed specification: 

y, = (,u,_, + ?,u,_2 + ... + (,,-,u,_,,+, +µ.+PY,-, + E,, 

where u,"' ll.y, - µ.andµ.= a/(1 - (, - (, - · .. - (,,- 1). 

(b) Suppose that the true value of p is 1 and the true value of a is nonzero. Show 
that under these assumptions, 

where 

u, = (1/(1 - (,L - (,U - ... - (µ. ,L"-')]E, 

Y,-, = µ.(t - 1) + t,-,, 

t,-, '"'Yo+ 111 + u, + ... + 11,_,. 

Conclude that for fixed y0 , the variables u, and €, satisfy the assumptions of Proposition 17 .3 
and that y, is dominated asymptotically by a time trend. 

(c) Let 'Y; = E(11,u,_1), and let tr = (( 1.r, (2.r, ... , ?,,-1.rY be the (p - 1) X 1 
vector of estimated OLS coefficients on (11,_ 1, u,_2 , ••• , 111_ 1>+ ,); these, of course, are 
identical to the coefficients on (ll.y,_ ,, ll.y,_2 , ••• , fl.y,-,,+ ,) in the original regression. Show 
that if p = l and a c/= 0, 

[
T'"(tr - t)~ [V 
T"'(flr - µ.) ~ O' 

T'"({J-r - 1) O' 

where 

0 0 ]-'[h'] 1 µ./2 h, , 

µ./2 µ. 2/3 h ·' 

0 
1 

µ.12 

and Vis the matrix in (17.7.19]. Conclude as in the analysis of Section 16.3 that any OLS 
t or F test on the original regression can be compared with the standard t and F tables to 
give an asymptotically valid inference. 

17.6. Generalization of case 4 for autoregression. Consider OLS estimation of 

y, = (1/l.y,_, + (,ll.y,_ 2 + ··• + (,,_,fl.y,_,,+1 +a+ PY,-,+ at+ e,, 

where e, is i.i.d. with mean zero, variance u2, and finite fourth moment and then roots of 
(1 - (,z - (2 z' - ... - (,,_,z 1•- 1) = 0 are outside the unit circle. 

(a) Show that the fitted values of this regression are numerically identical to those of 
the following specification: 

y, = (1u,_ 1 + (211,-2 + .. • + (,,_ 1U,-p+ 1 + µ.• + pg,_, + o•t + E,, 

where 11, = t:..y, - µ., µ. = a/(1 - ( 1 - ( 2 - ••• - (,,_,), µ.* :' (1 - p)µ., [,_, = y,_, 
µ.(t - 1), and o* "'li + pµ.. Note that the estimated coefficients tr and Pr and their standard 
errors will be identical for the two regressions. 

(b) Suppose that the true value of pis 1 and the true value of o i; 0. Show that under 
these assumptions, 

u, = (1/(1 - (,L - (,L2 - ... - (,,_,U- 1)]e, 

g,_, =y 0 + u, + u2 + ··· + 111 _,. 
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Conclude that for fixed Yo, the variables u, and {, satisfy the assumptions of Proposition 
17.3. 

(c) Again let p = 1 and 8 = 0, and define 'Yi • E(u,u,_ 1) and 

A= u/(1 - C, - f2 - ••• - Cp-,). 
Show that 

V 0 0 

O' >.· f W(r) dr 

0 

1/2 [r9t,-o] 7112/1} ~ 

T(j,T - 1) O' A·f W(r)dr J.l. f (W(r)P dr A·f rW(r) dr 
7-"l(~} - 8*) 

O' 1/2 A· f rW(r) dr 

[ b, ] 
u· W(l) 

X !o-A{[W(l)P - 1} 

u·{ W(l) - f W(r) d,} 

where h, - N(O, u 2 V) and Vis as defined in (17.7.19]. 
(d) Deduce from answer (c) that 

T'"(fr - t) ~ N(O, u 2v- 1); 

T(fir - 1)/(1 - (,.r - (,.r - ·· · - (p-1,r) 

1/3 

_, 

l:+ [O 1 

f W(r) dr 

f [W(r)]' dr 

f rW(r) dr 

f rW(r) dr H[W(l)]' - l} 
1/2 ]-,[ W(l) l 
1/3 W(l) - f W(r) dr 

"'V; 
(fir - 1)/crp7 ~ V + \IQ, 

where 

Q • (O 1 OJ [r W:,)d, 
1/2 

f W(r) dr 

f [W(r)]' dr 

f rW(r) dr 

]

-I 

1/2 

f rW(r) dr m 
1/3 

Notice that the distribution of Vis the same as the asymptotic distribution of the variable 
tabulated for case 4 in Table B.5, while the distribution of VIYQ is the same as the asymptotic 
distribution of the variable tabulated for case 4 in Table B.6. 
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18 
Unit Roots 
in Multivariate 
Time Series 

The previous chapter investigated statistical inference for univariate processes con
taining unit roots. This chapter develops comparable results for vector processes. 
The first section develops a vector version of the functional central limit theorem. 
Section 18.2 uses these results to generalize the analysis of Section 17.7 to vector 
autoregressions. Section 18.3 discusses an important problem, known as spurious 
regression, that can arise if the error term in a regression is /(1). One should be 
concerned about the possibility of a spurious regression whenever all the variables 
in a regressi_?n are 1(1) and no lags of the dependent variable are included in the 
regression. 

18.1. Asymptotic Results 
for Nonstationary Vector Processes 
Section 17.2 described univariate standard Brownian motion W(r) as a scalar con
tinuous-time process (W: r E [O, 1] - IR1). The variable W(r) has a N(O, r) dis
tribution across realizations, and for any given realization, W(r) is a continuous 
function of the date r with independent increments. If a set of n such independent 
processes, denoted W1(r), W2(r), ... , W.,(r), are collected in an (n x 1) vector 
W(r), the result is n-dimensional Standard Brownian motion. 

Definition: n-dimensional standard Brownian motion W(·) is a continuous-time 
process associating each date r E [O, 1] with the (n x 1) vector W(r) satisfying the 
following: 
(a) W(O) = O; 
(b) For any dates O :5 r 1 < r2 < · · · < rk :5 1, the changes [W(r 2) - W(r1)], 

[W(r3) - W(r2)], . .. , [W(rk) - W(rk_ 1)] are independent multivariate Gaus
sian with (W(s) - W(r)} - N( 0, (s - r)· I.,); 

(c) For any given realization, W(r) is continuous in r with probability 1. 

Suppose that {v,};"=1 is a univariate i.i.d. discrete-time process with mean zero 
and unit variance, and let 

.X}(r) = T- 1(v1 + V2 + · · · + V1:rr1•), 

where [ Tr)* denotes the largest integer that is less than or equal to Tr. The func-
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tional central limit theorem states that as T---,. oo, 
.l"'f- L vT·X}(-)---,. W(·). 

This readily generalizes. Suppose that {v,};'..1 is an n-dimensional i.i.d. vector proc
ess with E(v,) = 0 and E(v,v;) = In, and let 

XHr) = T- 1(v1 + V2 + ... + V[Tr]•). 

Then 
.l"'f- L 
vT·XH-)---,. W(-). [18.1.1] 

Next, consider an i.i.d. n-dimensional process {E,};"-1 with mean zero and 
variance-covariance matrix given by fl. Let P be any matrix such that 

fl= PP'; [18.1.2) 

for example, P might be the Cholesky factor of n. We could think of E, as having 
been generated from 

E, = Pv,, [18.1.3) 

for v, i.i.d. with mean zero and variance In. To see why, notice that [18.1.3) implies 
that E, is i.i.d. with mean zero and variance given by 

Let 

E(E,E;) = P·E(v,v;)·P' = P·In·P' = fl. 

Xt-(r) E T- 1(E1 + E2 + - " " + E[Tr(•) 

= P·T- 1(v1 + V2 + · · · + Vcr,r) 

= P·X}(r). 

It then follows from [18.1.1) and the continuous mapping theorem that 

vT·XK)-=+ P·W(-). [18.1.4] 

For given r, the variable P·W(r) represents P times a N(O, r·I,.) vector and so has 
a N(O, r·PP') = N(O, r·fl) distribution. The process P·W(r) is described as 
n-dimensional Brownian motion with variance matrix fl. 

The functional central limit theorem can also be applied to serially dependent 
vector processes using a generalization of Proposition 17 .2. 1 Suppose that 

., 

Ur = L 'llsEc-.n 
,-o 

where if iJ,}1> denotes the row i, column j element of '11,. 
., 
L s·lifr}?I < 00 

,-o 

[18.1.5] 

for each i, j = 1, 2, ... , n. Then algebra virtually identical to that in Proposition 
17.2 can be used to show that 

' r 
L u, = '11(1)· L E, + 11, - 110, [18.1.6] 

a=l s•l 

where '11(1) "" ('llo + '111 + '112 + • · ·) and 11, = ~:-o «,E,_, for a, = 

'This is the approach used by Phillips and Solo (1992). 
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-('lfr,+ 1 + 'lfr.+2 + 'lfr,+3 + · · ·), and {a,}.;'.0 is absolutely summable. Expression 
[18.1.6] provides a multivariate generalization of the Beveridge-Nelson decom
position. 

If u, satisfies [18.1.5] where £ 1 is i.i.d. with mean zero, variance given by 
fi = PP', and finite fourth moments, then it is straightforward to generalize to 
vector process the statements in Proposition 17.3 about univariate processes. For 
example, if we define 

[~· 

Xr(r) - (1/T) 2., u" 
s•l 

then it follows from [18.1.6] that 

( [~· ) 
V'T·Xr(r) = r- 112 'lfr(l) 2., e, + 11crrr - 110 · 

s•I 

As in Example 17 .2, one can show that 

T -1,21 I p o sup 1);,(Tr)' - 1);,o -+ · 
rE(0,1) 

i""'-1,2, ... ,n 

It then follows from [18.1.4] that 
,Pi p ,Pi - L v T·Xr(·)-+ 'lft(l)·P· v T-XH·)--> 'lfr(l)·P·W(·), 

[18.1.7] 

[18.1.8] 

where 'lfr(l)·P· W(r) is distributed N( 0, r['lft(l)]-O·['lfr(l)]') across realizations. Fur
thermore, for~.,.. u1 + u2 + · · · + u1, we have as in [17.3.15] that .. 

T il L ll r- 312 L ~,-t = V'T·Xr(r) dr-+ 'lft(l)·P· W(r) dr, 
,-1 0 0 

[18.1.9] 

which generalizes result (f) of Proposition 17.3. 
Generalizing result ( e) of Proposition 17 .3 requires a little more care. Consider 

for illustration the simplest case, where v, is an i.i.d. (n x 1) vector with mean 
zero and E(v,v;) = I •. Define 

{
Vt + V2 + · · · + V, 

~: - 0 
for t = 1, 2, . . . , T 

fort= O; 

we use the symbols v1 and ~i here in place of u1 and ~' to emphasize that v1 is i.i.d. 
with variance matrix given by I •. For the scalar i.i.d. unit variance case (n = 1, 
.\ = 'Yo = 1), result (e) of Proposition 17.3 stated that 

T 

r- 1 L [,*-iv,~ ½{[W(1)]2 - 1}. [18.1.10] 
,-1 

The corresponding generalization for the i.i.d. unit variance vector case (n > 1) 
turns out to be 

T 

T- 1 L {~:-1v; + v,t:..'.1}~ [W(l)l[W(l)]' - In; [18.1.11] 
1-1 

see result (d) of Proposition 18.1, to follow. Expression [18.1.11] generalizes the 
scalar result [18.1.10] to an (n x n) matrix. The row i, column i diagonal element 
of this matrix expression states that 

T 

r- 1 L {tt,-1v,, + V;,[i.,-1}~ [W;(l)] 2 - 1, [18.1.12] ,-1 
where g;, v1,, and W,(r) denote the ith elements of the vectors ~:, v., and W(r), 
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respectively. The row i, column j off-diagonal element of [18.1.11] asserts that 
T 

r- 1 L {tt.,-1v;, + vit{i,,-1} ~ [W;(l)]·[W;(l)] for i "F j. [18.1.13] 
t=l 

Thus, the sum of the random variables r- 1!,'{_1{1.,-iv;, and r- 12.;..1 v;,{j,,_1 

converges in distribution to the product of two independent standard Normal variables. 
It is sometimes convenient to describe the asymptotic distribution of 

r- 1!.;.. 1{1.,-iv;, alone. It turns out that 

T L LI r- 1 L tt.,-1v1,-. W;(r) dW;(r). 
t•l 0 

[18.1.14] 

This expression makes use of the differential of Brownian motion, denoted dWj(r). 
A formal definition of the differential dW1(r) and derivation of [18.1.14] are some
what involved-see Phillips (1988) for details. For our purposes, we will simply 
regard the right side of [18.1.14] as a compact notation for indicating the limiting 
distribution of the sequence represented by the left side. In practice, this distribution 
is constructed by Monte Carlo generation of the statistic on the left side of [18.1.14] 
for suitably large T. 

It is evident from [18.1.13] and [18.1.14] that 

L1 W;(r) dW;(r) + I: W1(r) dW;(r) = W;(l)· Wj(l) for i -4' j, 

whereas comparing [18.1.14] with [18.1.12] reveals that 

L1 W;(r) dW;(r) = H[W;(1)]2 - l}. [18.1.15] 

The expressions in [18.1.14] can be collected for i, j = 1, 2, ... , n in an 
(n x n) matrix: 

T II r- 1 L ~;-_1v; ~ [W(r)] [dW(r)]'. 
t=I O 

[18.1.16] 

The following proposition summarizes the multivariate convergence results 
that will be used in this chapter. 2 

Proposition 18.1: Let u, be an (n x 1) vector with 

"' 
u, = 11r(L)e, = L 11',.e,_,, 

s-0 

where {s·11',}:-o is absolutely summable, that is, !.;'_0 s·II/Jl;ll < co for each i, j = 1, 
2, ... , n for "1};> the row i, column j element of 11',. Suppose that {e,} is an i.i.d. 
sequence with mean zero, finite fourth moments, and E( e,e;) = 0 a positive definite 
matrix. Let O = PP' denote the Cholesky factorization of 0, and define 

<r;; = E(B;,'o;,) = row i, column j element of 0 

"' 
r, = E(u,u;_,) = L 11',+,011'~ for s = 0, 1, 2, ... 

(nxn) v-0 

[
U,-11. u,-2 

z, = . 
(nvX l) ; 

u,-v 

for arbitrary v 2: 1 [18.1.17] 

"These or similar results were derived by Phillips and Durlauf (1986), Park and Phillips (1988, 1989), 
Sims, Stock, and Watson (1990), and Phillips and Solo (1992). 
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[ 
ro 
r -1 

V "" E(z,z;) = . 
(,uix,ui) : 

r-,+1 r-,+2 

· · · r,-1] ... r.-2 
. . . . 

ro 
A • ,P(l)·P = (,P0 + ,q,1 + ,q,2 + · · ·)·P 

(n><n) 

«;, "" u1 + u2 + · · , + u, fort = 1, 2, ... , T 
(n><l) 

with «;0 • 0. Then 

T l. 
(a) T- 112 }: u,-. A·W(l); ,-1 

T l. 
(b) T- 112 }: z,s"-. N(O, u,;"V) for i = 1, 2, ... , n; 

,-1 
T 

Cc) T- 1 }: u,u;_, 2'.. r, tors = o, 1, 2, ... ; ,-1 
T 

(d) T- 1 }: («;,-10;_, + u,_,«;;_1) ,-1 
> 

{
A·[W(l)]·[W(l)]'·A' - r0 

.:. A·[W(l)]·[W(l)]' ·A' + •• 't+r• 
/ors= 0 

for s = 1, 2, ... ; 

(e) T- 1 }: «;,_1u;.:. A·{ f1 [W(r)] [dW(r)]'}·A' + i r;; 
,-1 Jo ... 1 

(/) T- 1 }: «;,_1e; _!;. A·{ f1 [W(r)] [dW(r)]'}·P'; ,-1 lo 

f l. it 
(g) T- 312 L «;,-1-+ A· W(r) dr; 

,-1 0 

[18.1.18] 

[18.1.19] 

(h) T- 312 f tu,_,.:. A·{W(l) - f1 W(r) dr} for s = 0, 1, 2, ... ; 
,-1 Jo 

(i) T- 2 :f «;,_1«;;_1 _!;. A·{ f1 [W(r)]·[W(r)]' dr}·A'; ,-1 lo 

T L ll (j) T-S/2 L t«;,_1 -+ A· rW(r) dr; 
,-1 0 

(k) T- 3 f t(,_ 1(;_1.:. A·{ f1 ~[W(r)]·[W(r)]' dr}·A'; 
1-1 lo 

T 

(l) r-<•+l) L ,. -+ 1/(v + 1) for v = 0, 1, 2, .... 
,-1 
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18.2. Vector Autoregressions Containing Unit Roots 
Suppose that a vector y, could be described by a vector autoregression in the 
differences Ay,. This section presents results developed by Park and Phillips (1988, 
1989) and Sims, Stock, and Watson (1990) for the consequences of estimating the 
VAR in levels. We begin by generalizing the Dickey-Fuller variable transformation 
that was used in analyzing a univariate autoregression. 

An Alternative Representation of a V AR(p) Process 

Let y, be an (n x 1) vector satisfying 

(ln - 4'1L - i/!2L2 - · · · - il!pLP)y, = a + e,, [18.2.1] 

where ii!, denotes an (n x n) matrix for s = 1, 2, ... , p and a and e, are 
(n x 1) vectors. The scalar algebra in [17.7.4] works perfectly well for matrices, 
establishing that for any values of il!i, i/!2, ... , il!p, the following polynomials 
are equivalent: 

(In - il!1L - il!2L2 - · · · - il!pLP) 
[18.2.2) 

= (In - pL) - (t1L + t2L2 + · · · + tP_ 1U- 1)(l - L), 

where 

p = •1 + •2 + ... + .p [18.2.3] 

t, = -[il!,+ 1 + • •• 2 + · · · + il!p] for s = 1, 2, ... , p - 1. [18.2.4) 

It follows that any VAR(p) process [18.2.1) can always be written in the form 

(In - pL)y, - (t1L + t2L2 + · · · + tp-1U- 1)(l - L)y, = a + e, 

or 

y, = t1AY,-1 + t2AY,-2 + · · · + tp-1AY1-p+1 +a+ PY,-1 + e,. [18.2.5) 

The null hypothesis considered throughout this section is that the first dif
ference of y follows a V AR(p - 1) process; 

Ay, = t1AY,-1 + t2AY,-2 + · · · + tp-1AY1-p+1 + a + e,, [18.2.6) 

requiring from [18.2.5) that 

[18.2.7] 

or, from [18.2.3], 

ff,1 + i/!2+ · · · + i/!p = ln· [18.2.8) 

Recalling Proposition 10.1, the vector autoregression [18.2.1) will be said to 
contain at least one unit root if the following determinant is zero: 

[18.2.9) 

Note that (18.2.8] implies [18.2.9] but [18.2.9] does not imply [18.2.8]. Thus, this 
section is considering only a subset of the class of vector autoregressions .containing 
a unit root, namely, the class described by [18.2.8). Vector autoregressions for 
which [18.2.9) holds but [18.2.8) does not will be considered in Chapter 19. 

This section begins with a vector generalization of case 2 from Chapter 17. 

18.2. Vector Autoregressi()ns Containing Unit Roots 549 



A Vector Autoregression with No Drift in Any 
of the Variables 

Here we assume that the VAR [18.2.1] satisfies [18.2.8] along with a = 0 
and consider the consequences of estimating each equation in levels by OLS using 
observations t = l, 2, ... , T and conditioning on Yo, y _ 1, .•• , y -p + 1• A constant 
term is assumed to be included in each regression. Under the maintained hypothesis 
[18.2.8], the data-generating process can be described as 

Assuming that all values of z_satisfying 

IIn - t1z - t2z2 - · · · - tp-tzP-lj = 0 

lie outside the unit circle, [18.2.10] implies that 

6.y, = u,, 

where 

[18.2.10] 

[18.2.11] 

If e, is i.i.d. with mean zero, positive definite variance-covariance matrix O = 
PP', and finite fourth moments, then u, satisfies the conditions of Proposition 18.1 
with 

'lfr(L) = (In - t1L - t2L2 - · · · - tp-tu- 1)- 1. [18.2.12] 

Also from [18.2.11], we have 

Y, = Yo + U 1 + u2 + · · · + u,, 

so that y, will have the same asymptotic behavior as t, in Proposition 18.1. 
Recall that the fitted values of a VAR estimated in levels [18.2.1] are identical 

to the fitted values for a VAR estimated in the form of [18.2.5]. Consider the ith 
equation in [18.2.5], which we write as 

y,, = t:1u,_1 + tnu,-2 + · · · + t:.p-1u,-p+1 +a,+ p;Y,-1 + e1,, [18.2.13] 

where u, = 6.y, and t~ denotes the ith row oft., for s = l, 2, ... , p - l. Similarly, 
p; denotes the ith row of p. Under the null hypothesis [18.2.7], p; = e;, where 
e; is the ith row of the (n X n) identity matrix. Recall the usual expression [8.2.3] 
for the deviation of the OLS estimate br from its hypothesized true value: 

hr - J3 = (~x,x;)- 1(~x,e,), [18.2.14] 

where ~ denotes summation over t = 1 through T. In the case of OLS estimation 
of [18.2.13], 

hr - 13 = 
t.p-1 - t,p-1 

a, 
Pi - e, 
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Ix,x; 

Iu,_ 1u;_ 1 Iu,_ 1u;_2 
Iu,_ 2u;_ 1 Iu,_ 2u;_2 

= 
Iu,-p+tu;_ 1 ~Ur-p+1ll:-2 

~11;_1 2.0;_2 

LY,-10;_1 LY,-10;_2 

Ix,e, = 

Iu,_ 1u;_p+t 

Iu,_ 2u;_p+t 

Iu,-p+ 1u;_p+1 

Iu;_p+t 

LY,-1u;_p+1 

Iu,~ 1Eu 

Iu,_ 2e;, 

LU1_p+1B; 1 

LB;, 

LY,-1e;, 

Iu,_ 1 

Iu,_ 2 

Iu,-1Y:-1 

l:u,-2Y:-1 

2.u,-p+l Lllr-p+1Y:-1 
T Iy;_I 

IY,-1 IY,-1Y:-1 
[18.2.16) 

[18.2.17) 

Our earlier convention would append a subscript T to the estimated coeffi
cients t,;, in [18.2.15). For this discussion, the subscript Twill be suppressed to 
avoid excessively cumbersome notation. 

Define Yr to be the following matrix: 

[
T112. In<P-t> 

Yr = O' 
(np + I) x (np+ !) O 

0 
r112 

0 
0 l O' 

T-ln 

[18.2.18) 

Premultiplying [18.2.14) by Yr and rearranging as in [17.4.20) results in 

Y7 (br - J3) = (Y 7 1Ix,x;Y 7 1)- 1(Y 7 12.x,e,). [18.2.19) 

Using results (a), (c), (d), (g), and (i) of Proposition 18.1, we find 

r- 1Iu,_ 1u;_1 

r- 12.11,-20:_1 

r-12.u,_p+lu;_l 

r- 1Iu;_l 

T- 312IY,-1u;_1 

T- 1Iu,_ 1u;_2 

r- 1Iu,_ 2u;_2 

r-12.u,_p+1U:-2 
r- 1Iu;_ 2 

r-~Y,-111:-2 

r- 1Iu,-1u:-p+t 
T- 1Iu,_ 2u;_p+t 

T- 1Iu,_ 1 

r- 1Iu,-2 

T- 1Iu,-p+ 1u;_p+l 
r-12.u;_p+l 

r- 312IY,-1u:-p+1 

~ [V OJ 
0 Q ' 

T- 1Iu,-p+t 

1 
r- 312Iy,_ 1 

T-3t2Iu,-1Y:-1 
r-3i22,u,_2y;_ 1 

r-312Iu,_p+1Y:-1 
r-3122.y;_1 

T- 2Iy,_ 1Y:-1 

[18.2.20] 
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where 

V = [ ;~ 1 

(n(p -1) x n(p -1)) 

r-p+2 r-p+J 

r, = E(Ay,)(Ay,_,)' 

Q -[ (n + I) X (n + I) J 
A· W(r) dr 

1 [J W(r) dr r A' l 
A·{J[w(r)]·[W(r)]' dr}·A' J 

Also, the integral sign denotes integration over r from O to 1, and 

A"" (In - t1 - t2 - · ' ' - tp-1)-IP 

[18.2.21] 

[18.2.22] 

[18.2.23] 

with E(e,e;) = PP'. Similarly, applying results (a), (b), and (f) from Proposition 
18.1 to the second term in [18.2.19] reveals 

where 

(Y;: 1Lx,e,) = 

r- 112Lu,-1E;, 
r-1,2Lu,-2e;, 

r- 112Lu,_p+1E;, 

r- 112Le;, 

r- 1LY,-1e;, 

h1 - N(O, (J'iiV) 
[n(p-1) X 1] 

(]';; = E(er,) 

[ 
e; PW(l) l 

[(n+~~XIJ = A·{J[w(r)] [dW(r)]lP'e; 

[18.2.24] 

fore; the ith column of In. Results [18.2. 19], [18.2.20], and [18.2.24] establish that 

[ v- 1h] 
Y r(br - 13) ~ Q-lh: . [18.2.25] 

The first n(p - 1) elements of [18.2.25] imply that the coefficients on Ay,_ 1, 

Ay,_ 2 , ••• , AY,-p+l converge at rate yT'to Gaussian variables: 

[ 
t11 - t,1 J 

• IT ta - t,2 L -I _1 
V' • ~ -+ 1/ h1 - N(O, (J';;'V ). 

ti,p-1 ti,p-1 

[18.2.26] 

This means that the Wald form of the OLS x2 test of any linear hypothesis that 
involves only the coefficients on Ay,_, has the usual asymptotic x 2 distribution, as 
the reader is invited to confirm in Exercise 18.1. 
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Notice that [18.2.26) is identical to the asymptotic distribution that would 
characterize the estimates if the VAR were estimated in differences: 

Ay,, =a,+ ti1 AY,-1 + tiiAY,-2 + · · · + ti,p-1 Ay,-p+i + e;,. [18.2.27) 

Thus, as in the case of a univariate autoregression, if the goal is to estimate the 
parameters t 11, t,2, ... , t,,p-i or test hypotheses about these coefficients, there 
is no need based on the asymptotic distributions for estimating the VAR in the 
difference form [18.2.27) rather than in the levels form, 

Yi, = ti1AY,-1 + tiiAy,-2 + · · · + tf,p-1AY,-p+1 
+ a, + PiY,-1 + e,,. 

[18.2.28) 

Nevertheless, the small-sample distributions may well be improved by estimating 
the VAR in differences, assuming that the restriction [18.2.8) is valid. 

Although the asymptotic distribution of the coefficient on y,_1 is non-Gaussian, 
the fact that this estimate converges at rate T means that a hypothesis test involving 
a single linear combination of p, and t11, t,'2, ... , t,,p-i will be dominated asymp
totically by the coefficients with the slower rate of convergence, namely, tit, t,'2, 
... , ti,p- 1 , and indeed will have the same asymptotic distribution as if the true 
value of p = In were used. For example, if the VAR is estimated in levels form 
[18.2.1], the individual coefficient matrices flJ, are related to the coefficients for 
the transformed VAR [18.2.5) by .p = -tp-1 

•. = L - L-1 
4'1 = p + t1-

for s = 2, 3, ... , p - 1 

[18.2.29) 

[18.2.30) 

[18.2.31) 

Since v7'Jt,- t,) is asymptotically Gaussian and since p is Op(T- 1), it follows 
that \17'(4J, - flJ,) is asymptotically Gaussian for s = 1, 2, ... , p assuming that 
p 2:: 2. This means that if the VAR is estimated in levels in the standard way, any 
individual autoregressive coefficient converges at rate \IT to a Gaussian variable 
and the usual t test of a hypothesis involving that coefficient is asymptotically valid. 
Moreover, an F test involving a linear combination other than 4J1 + 4J2 + · · · + 
• P has the usual asymptotic distribution. 

Another important example is testing the null hypothesis that the data follow 
a VAR(p 0) withp 0 2:: 1 against the alternative of a VAR(p) withp > p0 • Consider 
OLS estimation of the ith equation of the VAR as represented in levels, 

Y11 = a, + •:1Y,-1 + •aY,-2 + ... + •:pYt-p + B;,, (18.2.32) 

where·~ denotes the ith row of flJ,. Consider the null hypothesis 

[18.2.33] 

The Wald form of the OLS x2 test of this hypothesis will be numerically identical 
to the test of 

Ho: ti.p0 = l,Po+l = ' · · = t,p-1 = 0 
for OLS estimation of 

Y11 = ti1AY,-1 + taAY,-2 + · · · + t:.p-1AY1-p+1 
+ a, + P;Y,-1 + e,,. 

[18.2.34] 

[18.2.35] 

Since we have seen that the usual F test of [18.2.34] is asymptotically valid and 
since a test of [18.2.33) is based on the identical test statistic, it follows that the 
usual Wald test for assessing the number of lags to include in the regression is 
perfectly appropriate when the regression is estimated in levels form as in [18.2.32]. 
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Of course, some hypothesis tests based on a VAR estimated in levels will not 
have the usual asymptotic distribution. An important example is a Granger-causality 
test of the null hypothesis that some of the variables in y, do not appear in the 
regression explaining Y1t· Partition y, = (yl,, yi,)', where y2, denotes the subset of 
variables that do not affect y1, under the null hypothesis. Write the regression in 
levels as 

Yit = W~Yl,t-1 + A.~Y2.,-1 + W2Y1,,-2 + A.2Y2,1-2 + •.. 

+ w;Y1,,-p + A.;Y2,1-p + a, + 8;, 

and the transformed regression as 

Y1, = PiAY1.,-1 + 'YlAY2.r-1 + P2AY1,1-2 + y~AY2,1-2 + · · · 

+ P;-1AY1,1-p+1 + 'Y;-1AY2,1-p+1 + a, + 1J1Y1,,-1 

+ 8'Y2.,-1 + 8;,, 

[18.2.36] 

[18.2.37] 

The F test of the null hypothesis A.1 = A.i = · · · = A.p = 0 based on O LS estimation 
of [18.2.36] is numerically identical to the F test of the null hypothesis 'Yi = y2 = 
· · · = 'Yp-l = 8 = 0 based on OLS estimation of [18.2.37]. Since~ has a non
standard limiting distribution, a test for Granger-causality based on a VAR esti
mated in levels typically does not have the usual limiting x2 distribution (see Ex
ercise 18.2 and Toda and Phillips, 1993b, for further discussion). Monte Carlo 
simulations by Ohanian (1988), for example, found that if an independent random 
walk is added to a vector autoregression, the random walk might spuriously appear 
to Granger-Clluse the other variables in 20% of the samples if the 5% critical value 
for a x2 variable is mistakenly used to interpret the test statistic. Toda and Phillips 
(1993a) have an analytical treatment of this issue. 

A Vector Autoregression with Drift in Some of the Variables 

Here we again consider estimation of a VAR written in the form 

Y, = t1AY,-1 + t2AY,-2 + · · · + tp-1AY1-p+1 +a+ PY,-1 + e,. [18.2.38] 

As before, it is assumed that roots of 

II,, - t1z - t2z 2 - · · · - t,,-1zp- 1I = 0 

are outside the unit circle, that e, is i.i.d. with mean zero, positive definite variance 
0, and finite fourth moments, and that the true value of pis the (n x n) identity 
matrix. These assumptions imply that 

where 

Ay, = 8 + u, 

6 = (In - t1 - t2 - ' · ' - tp-1)-la 

u, = 11r(L)e, 

11r(L) = (In - t1L - t2L2 - · · · - ti,_1LP- 1)- 1 . 

[18.2.39] 

[18.2.40] 

[18.2.41] 

In contrast to the previous case, in which it was assumed that 8 = 0, here we 
suppose that at least one and possibly all of the elements of 8 are nonzero. 

Since this is a vector generalization of case 3 for the univariate autoregression 
considered in Chapter 17, one's first thought might be that, because of the nonzero 
drift in the /(1) regressors, if all of the elements of 8 are nonzero, then all the 
coefficients will have the usual Gaussian limiting distribution. However, this turns 
out not to be the case. Any individual element y1, of the vector y, is dominated by 
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a deterministic time trend, and if Yir appeared alone in the;: regression, the asymptotic 
results would be the same as if Yi, were replaced by the time trend t. Indeed, as 
noted by West (1988), in a regression in which there is a single /(1) regressor with 
nonzero drift and in which all other regressors are /(0), all of the coefficients would 
be asymptotically Gaussian and F tests would have their usual limiting distribution. 
This can be shown using essentially the same algebra as in the univariate auto
regression analyzed in case 3 in Chapter 17. However, as noted by Sims, Stock, 
and Watson (1990), in [18.2.38] there are n different /(1) regressors (then elements 
of y,_ 1), and if each of these were replaced by l3;(t - 1), the resulting regressors 
would be perfectly collinear. OLS will fit n separate linear combinations of y, so 
as to try to minimize the sum of squared residuals, and while one of these will 
indeed pick up the deterministic time trend t, the other linear combinations cor
respond to /(1) driftless variables. 

To develop the correct asymptotic distribution, it is convenient to work with 
a transformation of [18.2.38] that isolates these different linear combinations. Note 
that the difference equation (18.2.39] implies that 

Yr = Yo + 6·t + U 1 + u2 + · · · + u,. (18.2.42] 

Suppose for illustration that the nth variable in the system exhibits nonzero drift 
(8n -4:-0); whether in addition 8; "F 0 for i = 1, 2, ... , n - 1 then turns out to 
be irrelevant, assuming that [18.2.8] holds. Define 

Yi, = Y1r - (81/lJn)Ynr 

Yit = Y2t - (82/lJn)Ynr 

Y:-1.r = Yn-1,t - (l,n-1/lJn)Ynr 

Y:, "'Ynr· 

Thus, for i = 1, 2, ... , n - 1, 

Yit = [Y;o + l3;t + uil + u,'2 + · · · + U;,] 
- (8/8,,)[y,,o + 8,,t + U,,1 + u,,2 + · · · + Unr] 

""Y,il + {t,, 
where we have defined 

g:, - u~ + u,; + · · · + u:, 
Uft = U;, - (8;18n)Unr• 

Collecting ut,, ut,, ... , u:_ 1,, in an [(n - 1) x 1] vector u:, it follows from 
[18.2.41] that 

u:' = 'lr*(L)e,, 

where 'lr*(L) denotes the following [(n - 1) x n] matrix polynomial: 

'lr*(L) E H·'lr(L) 
for 

H = l~ ~ ; : : : ; 
[(n-l)xn] ~ ~ ~ ~ 

-(/3/lJn) ] 
-(82/lJn) 

-(l,n~/l,n) • 
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Since {s·'llr,};'.0 is absolutely summable, so is {s·'llr:l:'.0 • Hence, the [(n - 1) 
x 1] vector Yi a (yt,, yf,, ... , Yi-i,,)' has the same asymptotic properties as 
the vector~, in Proposition 18.1 with the matrix '11'(1) in Proposition 18.1 replaced 
by 9'*(1). 

If we had direct observations on Yi and u,, the fitted values of the VAR as 
estimated from [18.2.38] would clearly be identical to those from estimation of 

Y, = t1u,-1 + ~u,-2 + · · · + l;;,,-1U,_p+1 + a* 
+ P*Yi-1 + 'Y'Yn,1-1 + e,, 

[18.2.43] 

where p"' denotes an (n x (n - 1)] matrix of coefficients while 'Y is an (n x 1) 
vector of coefficients. This representation separates the zero-mean stationary re
gressors (u,_, = t:i.y,_, - 6), the constant term (a*), the driftless /(0) regressofS 
(Yi-t), and a term dominated asymptotically by a time trend (Yn,,- 1). As in Section 
16.3, once the hypothetical VAR [18.2.43] is analyzed, we can infer the properties 
of the VAR as actually estimated ([18.2.38] or [18.2.1]) from the relation between 
the fitted values for the different representations. 

Consider the ith equation in [18.2.43], 

Yu = t:10,-1 + t;u,-2 + · · · + ti.p-1u,_p+1 + at 
+ Pt'Yi-1 + 'Y;Yn,1-1 + B11, 

where ti, denotes the ith row oft,. and p:' is the ith row of p*. Define 

.,.. xi = (u;_i, u:-2, , .. , u;_p+t, 1, yj_.:._1, Yn,r-1)' 
[(np+l)X!] 

[

T112·In(p-JJ O O O ] 
O' T112 O' 0 

(Cnp+1~!np+1>J - 0 0 T·In-t 0 
O' 0 O' T3'2 

A• = 'i'*(l)·P, 
[(n-l)xn] 

where E(e,e;) = PP'. Then, from Proposition 18.1, 

V 0 0 0 

0' 1 [I W(r) drl-A*' 6,/2 
L 

[18.2.44] 

[18.2.45] 

[18.2.46] 

- A*-f W(r) dr A··U [W(r)]·[W(r)]' dr}·A*' 6n·A*·f rW(r) dr ' 0 

O' 6nl2 6n-[f rW(r) drl-A*' 6~/3 

where 

ro r1 ... r,~,] 
r _1 ro ... rp-3 

V ~[ [18.2.47] 
[n(p-1) x n(p -1)] 

r-p+2 r-p+3 .... ro 

556 Chapter 18 I Unit Roots in Multivariate Time Series 



and W(r) denotes n-dimensional standard Brownian motion while the integral sign 
indicates integration over r from Oto 1. Similarly, · 

[h1] 1 T * L h2 Yr L x,eit-+ ' ,-1 h3 

h4 

[18.2.48) 

where h1 - N(O, u1;V). The variables h2 and h4 are also Gaussian, though h3 is 
non-Gaussian. If we define ca> to be the vector of coefficients on lagged 6.y, 

.., - mlt th, ... , t:.n-1>'. 
then the preceding results imply that 

Y (b* _ a•> = [;;~~; = :,~)] ~ [v-1h1] 

T T .. T(MT - pt) Q-,i ' 

TJ'2( 'Yt,T - 'Y1) 

[18.2.49) 

where 11 • (h2, h3, h4)' and Q is the [(n + 1) x (n + 1)) lower right block of the 
matrix in [18.2.46). Thus, as usual, the coefficients on u,_, in [18.2.43) are asymp
totically Gaussian: 

v'l'(w;,T - ..,,) ~ N(o, u11V-1). 

These coefficients are, of course, numerically identical to the coefficients on 6.y,_, 
in [18.2.38). Any F tests involving just these coefficients are also identical for the 
two parameterizations. Hence, an F test about t1t t2 , ••• , t,,_1 in [18.2.38) has 
the usual limiting x2 distribution. This is the same asymptotic distribution as if 
[18.2.38) were estimated with p = I,, imposed; that is, it is the same asymptotic 
distribution whether the regression is estimated in levels or in differences. 

Since M· and 'YT converge at a faster rate than ii>r, the asymptotic distribution 
ofa linear combination of wr, M, and 'YT that puts nonzero weight on ca>r has the 
same asymptotic distribution as a linear combination that uses the true values for 
p and 'Y. This means, for example, that the original coefficients clJ, of the VAR 
estimated in levels as in [18.2.1) are all individually Gaussian and can be interpreted 
using the usual t tests. A Wald test of the null hypothesis of p0 ~ 1 lag against the 
alternative of p > p0 lags again has the usual x2 distribution. However, Granger
causality tests typically have nonstandard distributions. 

18.3. Spurious Regressions 
Consider a regression of the form 

Y, = x;p + u,, 
for which elements of y, and x, might be nonstationary. If there does not exist some 
population value for p for which the residual u, = y, - x;p is /(0), then OLS is 
quite likely to produce spurious results. This phenomenon was first discovered in 
Monte Carlo experimentation by Granger and Newbold (1974) and later explained 
theoretically by Phillips (1986). · 

A general statement of the spurious regression problem can be made as 
follows. Let y, be an _(n x 1) vector of /(1) variables. Define g = (n - 1), and 
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partition y, as 

y, = [Y11], 
Y2, 

where y2, denotes a (g x 1) vector. Consider the consequences of an O LS regression 
of the first variable on the others and a constant, 

Yi, = a + 'Y1Y2, + u,. [18.3.1) 

The OLS coefficient estimates for a sample of size Tare given by 

[dr] [ T LY~ ]-t[ LY1, ] 
'Yr = Lyz, LY2rY21 LY21Y1, ' 

[18.3.2) 

where L indicates summation over t from 1 to T. It turns out that even if y1, 1s 
completely unrelated to y21, the estimated value of 'Y is likely to appear to be 
statistically significantly different from zero. Indeed, consider any null hypothesis 
of the form H0 : R'Y = r where R is a known (m x g) matrix representing m 
separate hypotheses involving 'Y and r is a known (m X 1) vector. The OLS F test 
of this null hypothesis is 

F7 = {R-yr - r}'{s}·[O R][ T 
LY2, [18.3.3) 

X {R'Yr - r} -;. m, 

where 
T 

s}= (T - n)- 1 L ar [18.3.4) 
,-1 

Unless there is some value for 'Y such thaty 1, - -y'y2, is stationary, the OLS estimate 
'Yr will appear to be spuriously precise in the sense that the F test is virtually certain 
to reject any null hypothesis if the sample size is sufficiently large, even though 
'Yr does not provide a consistent estimate of any well-defined population constant! 

The following proposition, adapted from Phillips (1986), provides the formal 
basis for these statements. 

Proposition 18.2: Consider an (n x 1) vector y, whose first difference is described 
by 

A.y, = 'lr(L)e, = L 'lr,e,_, 
,-o 

fore, an i.i.d. (n x 1) vector with mean zero, variance E(e,e;) = PP', and finite 
fourth moments and where {s·'lr,};'_0 is absolutely summable. Let g = (n - 1) and 
A - 'lr(l)·P. Partition y, as y, = (Yii, y21)', and partition AA' as 

[ 
Ln 

AA' = (lX!) 

(nxn) }; 21 
(gx I) 

Suppose that AA' is nonsingular, and define 

L21] (! Xg) • 

L22 
(gxg) 

(CTff s (Lu - Ii1I2z1I21)-

[18.3.5) 

[18.3.6) 

Let I.ii denote the Cholesky factor of Iii, 1; that is, L22 is the lower triangular matrix 
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satisfying 

[18.3.7] 
Then the following hold. 

(a) The OLS estimates &rand 'Yr in [18.3.2] are characterized by 

[18.3.8] 

where 

[
h] [ 1 J [W!(r)]' dr l-i 
h: ,.. f W!(r) dr f [W!(r)]·[W:1'(r)]' dr [18.3.9] 

[ f Wl'(r) dr l 
x J W!(r)· Wi' (r) dr 

and the integral sign indicates integration over r from O to 1, WT (r) denotes 
scalar standard Brownian motion, and W ! (r) denotes g-dimensional standard 
Brownian motion with W!(r) independent of Wl'(r). 

(b) The sum of squared residuals RSS r from OLS estimation o/[18.3.1] satisfies 

T- 2 -RSS 7 .!:.. (ut)2·H, [18.3.10] 

where 

H ~ I [WI(,)]' d, - { [I Wt(,) d, I [W((,)]·[WH,)]' d, l 
[ 

1 f [W!(r)]' dr ]-'[ f Wt (r) dr l} 
x J W:1'(r) dr J [WJ(r)]·[W!(r)]' dr f [W!(r)]·[Wf (r)] dr . 

[18.3.11] 
(c) The OLS F test [18.3.3] satisfies 

T·'·Fr-', {ut·R'h, - r'}' X {c•t)'·H{O R'] 

[ 
1 j[W!(r)]'dr l-i[O'J}-i 

X J f [18.3.12] 
W!(r) dr [W:1'(,)]·[Wl(r)]' dr R*' 

x {ui'-R*h2 - r*} -.- m, 

where 

R* ""R·Ln 

r• "" r - IU:221:r21. 
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The simplest illustration of Proposition 18.2 is provided when y 11 and y21 are 
scalars following totally unrelated random walks: 

Y1, = Y1,,-1 + 81, [18.3.13] 

[18.3.14] 

where 6 1, is i.i.d. with mean zero and variance o-f, 82, is i.i.d. with mean zero and 
variance a-~, and 6 1, is independent of 8 2~ for all t and -r. For y, = (y 1,, y21)', this 
specification implies 

· L22 = 1/0-2. 

Result (a) then claims that an OLS regression of Yu on y21 and a constant, 

Y 1, = a + 'YY21 + u,, 

produces estimates &rand 'Yr characterized by 

[r-;:ar] ~ [(a-~~:)\J 

[18.3.15] 

Note the contrast between this result and any previous asymptotic distribution 
analyzed. Usually, the OLS estimates are consistent with br -4 0 and must be 
multiplied by some increasing function of T in order to obtain a nondegenerate 
asymptotic distribution. Here, however, neither estimate is consistent-different 
arbitrarily large samples will have randomly differing estimates 'Yr· Indeed, the 
estimate of the constant term &r actually diverges, and must be divided by T 112 to 
obtain a random variable with a well-specified distribution-the estimate &r itself 
is likely to get farther and farther from the true value of zero as the sample size 
T increases. 

Result (b) implies that the usual OLS estimate of the variance of u,, 

s} = (T - n)- 1·RSSr, 

again diverges as T- oo. To obtain an estimate that does not grow with the sample 
size, the residual sum of squares has to be divided by T2 rather than T. In this 
respect, the residuals a, from a spurious regression behave like a unit root process; 
if€, is a scalar /(1) series, then T- 1"};f~ diverges and r- 2"};f~ converges. To see 
why a, behaves like an /(1) series, notice that the OLS residual is given by 

tl, = Y11 - &r - i;..Y21, 
from which 

_ii-] [AY1,] .!-. [ l 
Ay2, 

-hr]Ay,, [1~.3.16] 

where h! • In1l:21 + a-tl.nh 2 • This is a random vector [1 - hr] times the /(0) 
vector Ay,. 
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Result (c) means that any OLS tor F test based on the spurious regression 
[18.3.1] .also diverges; the OLS F statistic [18.3.3] must be divided by T to obtain 
a variable that does not grow with the sample size. Since an F test of a single 
restriction is the square of the corresponding t test, any t statistic would have to 
be divided by T112 to obtain a convergent variable. Thus, as the sample size T 
becomes larger, it becomes increasingly likely that the absolute value of an O LS 
t test will exceed any arbitrary finite value (such as the usual critical value of 
t = 2). For example, in the regression of (18.3.15], it will appear that y 1, and Y2c 
are significantly related whereas in reality they are completely independent. 

In more general regressions of the form of [18.3.1], Ay1, and Ay21 may be 
dynamically related through nonzero off-diagonal elements of P and 'lr(L). While 
such correlations will influence the values of the nuisance parameters CTi, Iii, and 
~ 22, provided that the conditions of Proposition 18.2 are satisfied, these correlations 
do not affect the overall nature of the results or rates of convergence for any of 
the statistics. Note that since Wf (r) and Wi(r) are standard Brownian motion, the 
distributions of h1, h2 , and Hin Proposition 18.2 depend only on the number of 
variables in the regression and not on their dynamic relations. 

The condition in Proposition 18.2 that A·A' is nonsingular might appear 
innocuous but is actually quite important. In the case of a single variable (y, = y1, 

with Ay1, = i/J(L)e1,), the matrix A·A' would just be the scalar [i/J(l)·CTi]2 and the 
condition that A· A' is nonsingular would come down to the requirement that t/1(1) 
be ·nonzero. To understand what this means, suppose that y1, were actually sta
tionary with Wold representation: 

Y1, = e1r + C1e1,,-i + C2e1,,-2 + · · · = C(L)e1,· 

Then the first difference Ay1, would be described by 

Ay1, = (1 - L)C(L)e,,"" i/J(L)e11, 

where 1/J(L) a (1 - L)C(L), meaning 1/J(l) = (1 - l)·C{l) = 0. Thus, if Y1r were 
actually /(0) rather than /(1), the condition that A·A' is nonsingular would not be. 
satisfied. 

For the more general case in which y, is an (n x 1) vector, the condition that 
A·A' is nonsingular will not be satisfied if some explanatory variable Y1r is /(0) or 
if some linear combination of the elements of y, is /(0). If y, is an /(1) vector but 
some linear combination of y, is /(0), then the elements of y, are said to be coin
tegrated. Thus, Proposition 18.2 describes the consequences of OLS estimation of 
[18.3.1] only when all of the elements of y, are /{l) with zero drift and when the 
vector y, is not cointegrated. A regression is spurious only when the residual u, is 
nonstationary for all possible values of the coefficient vector. 

Cures for Spurious Regressions 

There are three ways in which the problems associated with spurious regres
sions can be avoided. The first approach is to include lagged values of both the 
dependent and independent variable in the regression. For example, consider the 
following model as an alternative to [18.3.15]: 

Yi, = a + "1Y1,1-1 + 'YY2t + 8J2,,-1 + u,. [18.3.17] 

This regression does not satisfy the conditions of Proposition 18.1, because there 
exist values for the coefficients, specifically cf, = 1 and 'Y = 8 = 0, for which 
the error term u, is /(0). It can be shown that OLS estimation of [1~.3.17] 
yields consistent estimates of all of the parameters. The coefficients Yr and 8r each 
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individually converge at rate VT' to a Gaussian distribution, and the t test of the 
hypothesis that 'Y = 0 is asymptotically N(O, 1), as is the t test of the hypothesis 
that li = 0. However, an F test of the joint null hypothesis that 'Y and li are both 
zero has a nonstandard limiting distribution; see Exercise 18.3. Hence, including 
lagged values in the regression is sufficient to solve many of the problems associated 
with spurious regressions, although tests of some hypotheses will still involve non
standard distributions. 

A second approach is to difference the data before estimating the relation, 
as in 

AY11 = a + yAy 21 + u,. [18.3.18) 

Clearly, since the regressors and error term u, are all 1(0) for this regression under 
the null hypothesis, d 7 and 'Yr both converge at rate VT' to Gaussian variables-. 
Any tor F test based on [18.3.18) has the usual limiting Gaussian or x2 distribution. 

A third approach, analyzed by Blough (1992), is to estimate [18.3.15) with 
Cochrane-Orcutt adjustment for first-order serial correlation of the residuals. We 
will see in Proposition 19.4 in the following chapter that if a, denotes the sample 
residual from OLS estimation of [18.3.15), then the estimated autoregressive coef
ficient Pr from an OLS regression of a, on Ct,_1 converges in probability to unity. 
Blough showed that the Cochrane-Orcutt GLS regression is then asymptotically 
equivalent to the differenced regression [18.3.18). 

Because the specification [18.3.18) avoids the spurious regression problem as 
well as the nonstandard distributions for certain hypotheses associated with the 
levels regres~ion [18.3.15), many researchers recommend routinely differencing 
apparently nonstationary variables before estimating regressions. While this is the 
ideal cure for the problem discussed in this section, there are two different situations 
in which it might be inappropriate. First, if the data are really stationary (for 
example, if the true value of cf, in [18.3.17) is 0.9 rather than than unity), then 
differencing the data can result in a misspecified regression. Second, even if both 
y1, and y 21 are truly 1(1) processes, there is an interesting class of models for which 
the bivariate dynamic relation between y 1 and y2 will be misspecified if the re
searcher simply differences both y 1 and y2 • This class of models, known as coin
tegrated processes, is discussed in the following chapter. 

APPENDIX 18.A. Proofs of Chapter 18 Propositions 

• Proof of Proposition 18.1. 

(a) This follows from [18.1.7] and [18.1.8) with r = I. 
(b) The derivation is identical to that in [11.A.3). 
(c) This follows from Proposition 10.2(d). 
(d) Note first in a generalization of [17.1.10) and [17.1.11] that 

T T T 

L t~: = L (~1-1 + u1)(t., + u,)' = L (~1-1~;_, + ~1-1u; + u,~;_, + u,u;), 
r•t t•I ,-1 

so that 
T T T T 

L (~,-,u; + u,~;_,) = L u; - L (~,_,~;_,) - L (u,u;) 
,-1 ,-1 ,-1 ,-1 

T 

= ~T~~ - M~ - L (u,u;) [IS.A.I) ,_, 
T 

= ~T~~ - L (u,u;). 
t•I 
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Dividing by T, 
T T 

r- 1 L (t_,u; + u,t:-,) = T-'trt~ - T- 1 L u,u:. [18.A.2) 
t=I ,..,,1 

But from [18.1.7), tr= T·Xr(l). Hence, from [18.1.8) and the continuous mapping theorem, 

T-'~rt~ = [VT·Xr(l)) [VT·Xr(l)]' ~ A·[W(l)]·[W(l))'·A'. [18.A.3) 

Substituting this along with result (c) into [18.A.2) produces 
T 

T- 1 L (~,-,u: + u,~;_,) ~ A·[W(l)]·[W(l)]'·A' - ro, [18.A.4) ,., 
which establishes result ( d) for s = 0. 

Fors > 0, we have 
T 

r- 1 L <t,_,u;_, + u,_,~;_,) 
t=s+t 

T 

= T- 1 L [(t-,-, + u,_, + u,-,+ 1 + · · · + u,_,)u;_, 
r-s+I 

+ u,-.,(t; _ _, -1 + u;_., + u;_s+ 1 + · · · + u;_ 1)] 

T 

= T-• L (t_,_,u; __ , + u,_,t;-,_ 1) 

r=s+l 

T 

+ r-• L [(u,_,u;_,) + (u,_,+ 1u;_,) + · · · + (u,_,u;_,) 
,-s+I 

+ (u,_,u;_,) + (u,_,u;_,+ 1) + · · · + (u,_,u;_ 1)] 

~ A·[W(l))·[W(l))'·A' - r11 

+fro+ r, + ... + r,_, + ro + r_, + ... + r_,.,,), 
by virtue of [18.A.4) and result (c). 

(e) See Phillips (1988). 
(f) Define t: e E1 + E2 + · · · + E, and £(2,2;) = PP'. Notice that result (e) 

implies that 

T- 1 f t;_,i::; ~ P·{l' [W(r)) [dW(r)]'}·P'. 
,-t 0 

l!8.A.5] 

Fort, s u, + u2 + · · · + u,, equation [18.1.6) establishes that 
T T 

T- 1 L t,_12; = T-• L {'l'(lH:-, + 1) 1_ 1 - 1) 0 }·1!; 
,-1 t=l [18.A.6] 

T T 

= 'l'(l)·T- 1 L t;_,2; + T- 1 L (1J,-1 - 1Jo)·E;. 
,-1 ,-1 

But each column of {(11,-, - 11o)·2;};_1 is a martingale difference sequence with finite 
variance, and so, from Example 7.11 of Chapter 7, 

T 

T- 1 L (1J,-t - 1Jo)·2; .!+ 0. ,_, 

Substituting [18.A.5] and [18.A.7] into [18.A.6] produces 

T- 1 f t,_,2; ~ 'l'(l)·P·{l' [W(r)] [dW(r)]'}·P', 
,-1 0 

as claimed. 
(g) This was shown in [18.1.9]. 
(h) As in [17.3.17~, we have 

T T T 

T- 312 L t-, = T-•n. Lu, - T- 312 L tu, 
t•l ,-1 ,-1 

[18.A.7] 
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or 

T- 312 f tu, = T- 112 f u, - r- 312 f ~,-,-!:. A·W(l} - A· f' W(r) dr, [18.A.8) 
,.1 ,-1 ,-1 Jo 

from results (a) and (g). This establishes result (h) for s = 0. The asymptotic distribution 
is the same for any s, from simple adaptation of the proof of Proposition 17.3(g). 

(i) As in [17.3.22), 

-!:. A·{L' [W(r))·[W(r)]' dr}·A'. 

(j), (k), and (1) parallel Proposition 17.3(i), (j), and (k). • 

• Proof of Proposition 18.2. The asymptotic distributions are easier to calculate if we work 
with the following transformed variables: 

YT, & y,, - l:i,l:ii'Y2, 
yt = L;2Y2,· 

[18.A.9) 

[18.A.10] 

Note that the inverses l:ii', (ur}- 1, and L2,' all exist, since AA' is symmetric positive 
definite. An OLS regression of yf, on a constant and Y1, 

YT, = a• + -y*'y1 + u;, [18.A.11) 

would yield estimates 

[18.A.12) 

Clearly, the residuals from OLS estimation of [18.A.11) are identical to those from OLS 
estimation of [18.3.1]: 

Yi, - &T - 'Y~Y2r = yt, - a~ - i}'yt 
= (y" - l::i,l::ii'Y2,) - ci} - tnLi,y,,) 

= Yu - ci} - {-y;'L22 + l::i,l:ii1}y,,. 

The OLS estimates for the transformed regression [18.A.11) are thus related to those of 
the original regression [18.3.1] by 

implying that 

&r = O:} 

'Yr = L22i} + l:;;'l:,,, 

'Y} = L;;'ir - L;;'l:;;'l:,, 

= L221'Yr - L;;,1(L22Lb)l:21 

= L;;'ir - Lbl:2,-

The usefulness of this transformation is as follows. Notice that 

[yf,l:T] = [(1/uT) (-1/uT)?i,l:ii'] [y''] .., L'y, 
y,, 0 L22 y,, 

for 

L' .. [(1/ut} (-1/ut)·l: 2,l:;;']. 
0 Lie 
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r 

Moreover, 

L'AA'L = 

But [18.3. 7) implies that 

from which 

Li,~ 22L22 = Li,{(Lk)- 1L:ii1}L22 = 11 . 

Substituting this and [18.3.6) into [18.A.15) results in 

L'AA'L = I". 

[18.A.15} 

[18.A.16) 

One of the implications is that if W(r) is n-dimensional standard Brownian motion, 
then then-dimensional process W*(r) defined by 

W*(r) a L'A·W(r) [18.A.17} 

is Brownian motion with variance matrix L'AA'L = I". In other words, W*(r) could also 
be described as standard Brownian motion. Since result (g) of Proposition 18.1 implies that 

T ll y- 312 Ly,.!:+ A· W(r) dr, 
,-1 0 

it follows that 

= y- 312 L L'y, ~ L' A· W(r) dr = W*(r) dr. [ T- 312'i:yr/uT] r l' i' 
r-mry;, ,_, 0 O 

Similarly, result (i) of Proposition 18.1 gives 

[
T- 2'i:(yt,)2/(un 2 r- 2~yt,y;.' tur] 

T- 2Iytyi/ui T- 2Iyi,yi,' 

T 

= L'·T- 2 L y,y;·L ,_, 

~ L'A·{f [W(r)]·[W(r)]' dr}-A'L 

= f [W•(r)J·[W*(r))' dr. 

It is now straightforward to prove the claims in Proposition 18.2. 

Proof of (a). If [18.A.12) is divided by uf and premultiplied by the matrix 

[
y-112 O'] 

0 1. ' 

[18.A.18] 

[18.A.19} 
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the result is 

[
T-112 O'] [~:/u~] 

0 18 "frlu 1 

[ T- 112 O'][ T Iyt' ]-'[r-312 O' ]-'[r-312 0' ][ Iyf,lul' ] 
0 I, Iy!, Iy!,Yt' 0 T-21, 0 T-21, Iytyl',/uf 
T- 312 O' T Ly;',' T112 O' T- 312 O' Lyttut ( ][ [ ])-1([ ][ ]) 

[ 0 T-21, Iyt Lyty;:] 0 18 0 T-21, Lytyf.luf 

or 

[18.A.20) 

Partition W*(r) as 

[
Wl'(r)l (lxl) 

W*(r) = · 
,,.xi) Wi(r) 

(Bx I) 

Applying [18.A.18) and [18.A.19) to [18.A.20) results in 

[T-uza}lut-·] L [ 
1 

-y}/uf -+ f W!(r) dr 

f [W!(r))' dr ]-'[ f Wl'(r) dr l 
f [W;(r)]·[W;(r)]'dr f w;(r)·Wf(r)dr [18.A.21] 

= [~J 
Recalling the relation between the transformed estimates and the original estimates given 
in [18.A.14), this establishes that 

Premultiplying by 

O' ] 
ufL22 

and recalling (18.3.7) produces (18.3.8). 

Proof of (b). Again we exploit the fact that OLS estimation of [18.A.ll] would produce 
the identical residuals that would result from OLS estimation of [18.3.1). Recall the expres
sion for the residual sum of squares in [4.A.6): 

=I(yf,)2-{[Iyf, Iyf,yt')[T~12 :J 
x ([T~312 /:1J[I~t I~r;J[T~12 :J)-'[T;312 r\J[I~f~t]l 

[18.A.22) 
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If both sides of [18.A.22] are divided by (T·ut) 2, the result is 

T- 2-RSSrl(ur) 2 

= T-2I(yf,/ut) 2 - {[T-ll2l:(yj/ut) T- 2I(yi,lu;")yt') 

[ 1 T-ll2l:y*' ]-t[ T-312Iy*/u• ]} 
X T-ll2l:yt T-2Iy;_,y:,• T- 2Iyt;11,;i 

-'; J [WI(,)]' "' - [ [J Wt(,) "' f !Wr(,)]·IWMI' "'l 

X [Jw::,) d, JJ:::.:;(:]' dl[Jiw!c:::.:)] ,,]) 
Proof of (c), Note that an F test of the hypothesis H0 : R-y = r for the original regression 
[18.3.1] would produce exactly the same value as an Ftest of R*-y* = r• for OLSestimation 
of [18.A.ll], where, from [18.A.13), 

R-y - r = R{L22-v• + I;i21I 21} - r = R *-y• - r• 

for 

R' = R·L22 

r• "" r - RI;i21I 21 • 

The OLS F test of R •-y• = r* is given by 

Fr = {R *•H - r*}' 

[18.A.23) 

[18.A.24] 

x {rs}]2·[0 R·i[I~t I:I;~ .. rl:~.]}-1
{R*y} - r*} + m, 

from which 

T- 1·Fr = {R *i} - r"}' 

[ ][ ]}
-I 

T112 O' O' 
X O T·I• R*' {R*-y} - r*} + m [18.A.25) 

= {R*i} - r*}'{ T- 1-[s}P·[O R*) 

X 21 *"'*- •..:.. [ 1 T-""Iy*' ]-'[ O' ]}-I 
T- 312Iyt T-2Iytyt' R*' {R 'Yr r } · m. 

But 

r r 
[s})2 = (T - n)- 1 ~ (12n2 = (T - n)- 1 ~ 12~, 

,-1 t•l 
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and so, from result (b), 

T- 1·[siJ2 = [T/(T - n)]·T- 2•RSSr.!-. (crt}2•H. 

Moreover, [18.A.18] and [18.A.19] imply that 

l T-312l:yt' -t L 1 [W!(r)]' dr [ I ] -I 

[T- 312Iyt T- 2Iytyt'] "' J Wf(r) dr J [W;(r)]·[W;(r)]' dr ' 

while from [18.A.21], 

Snbstituting [18.A.26] through [18.A.28] into [18.A.25], we conclude that 

T- 1·Fr.!-. {cr:'·R*h2 - r*}' x { (crr}2 ·H[O R*] 

[18.A.26] 

[18.A.27] 

[18.A.28] 

[ 
1 Jrw;(r)]' dr i-i[ 0, ]}- 1 

x J J ., {crl'·R*h2 - r*} + m. • 
Wt(r) dr [W!(r)]·[Wi(r)]' dr R 

,. 

Chapter 18 Exercises 

18.1. Consider OLS estimation of 

y,, • ,ndY,-1 + c;,ay,_, + • • • + c:.p-t&y,_,,+I + a, + p;Y,-1 + e,,, 
where y11 is the ith element of the (n x 1) vector y, and e1, is the ith element of the 
(n x 1) vector B,. Assume that B, is i.i.d. with mean zero, positive definite variance 0, and 
finite fourth moments and that &y, = 'll(L)B,, where the sequence of (n x n) matrices 
{s·'l[l,};".0 is asolutely summable and '11(1) is nonsingular. Let k = np + 1 denote the number 
of regressors, and define 

Xr = (&y;_lt &y;_2, • • •, t1.y:-p+1, 1, Y:-1)1. 

Let br denote the (k x 1) vector of estimated coefficients: 

br = (}:x,x;)- 1~,y,,), 

where I denotes summation over t from 1 to T. Consider any null hypothesis H 0 : RP = r 
that involves only the coefficients on &y,_,-that is, R is of the form 

(m!k) = [[mx~-l)J [mx~+oJ 
Let x} be the Wald form of the OLS x2 test of H0 : 

x}"" (Rbr - r)'[s}R(Ix,x;)- 1R'J- 1(Rbr - r), 
where 

s},.. (T - k)- 1I(y 1, - b~x,)2• 

Under the maintained hypothesis that a, = 0 and p; = e/ (where e; denotes the ith row 
of In), show that x}-!. x2(m). 

18.2. Suppose that the regression model 

y,, = ,ndY,-1 + c;,ay,_, + • • • + ,:.p-tay,_,,+1 + a, + PIY,-t + e,, 
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satisfies the conditions of Exercise 18.1. Partition this regression as in [18.2.37]: 

Y1, = p;ay,,,-1 + 'Y;ay,.,-1 + Piay,,,-2 + 'YiaY,.r-2 + • . • 

+ p;_,ay,,,-p+t + 'Y;-,aY,,-p+I +a,+ 11'Y1,-1 

+ 6'Y2.,-1 + e,,, 
where y1, is an (n1 x 1) vector and y,., is an (n2 x 1) vector with n1 + n2 = n. Consider 
the null hypothesis 'Y, = '1'2 = · · · = 'Yp-i = 6 = 0. Describe the asymptotic distribution 
of the Wald form of the OLS x' test of this null hypothesis. 

18.3. Consider OLS estimation of 

Y,, = ;,ayi, + a + <PY1,,-1 + '11Y2.,-1 + u,, 

where y 1, and y 21 are independent random walks as specified in [18.3.13] and [18.3.14]. Note 
that the fitted valnes of this regression are identical to those for [18.3.17] with &r, 'Yr, and 
,J,r the same for both regressions and Br = fir - 'Yr· 

(a) Show that 

where v,.-N(0, cr,/cr,) and (v2, v3, v4)' has a nonstandard limiting distribution. Conclude that 
'Yr, &r, <Pr, and T/r are consistent estimates of 0, 0, 1, and 0, respectively, meaning that all 
of the estimated coefficients in [18.3.17] are consistent. 

(b) Show that the t test of the null hypothesis that ;, = 0 is asymptotically 
N(0, 1). 

(c) Show that the t test of the null hypothesis that li = 0 in the regression model of 
[18.3.17] is also asymptotically N(0, 1). 
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19 

Co integration 

This chapter discusses a particular class of vector unit root processes known as 
cointegrated processes. Such specifications were implicit in the "error-correction" 
models advocated by Davidson, Hendry, Srba, and Yeo (1978). However, a formal 
development of the key concepts did not come until the work of Granger (1983) 
and Engle and Granger (1987). 

Section 19.1 introduces the concept of cointegration and develops several 
alternative representations of a cointegrated system. Section 19.2 discusses tests of 
whether a vector process is cointegrated. These tests are summarized in Table 19.1. 
Single-equation methods for estimating a cointegrating vector and testing a hy
pothesis about its value are presented in Section 19.3. Full-information maximum 
likelihood estimation is discussed in Chapter 20. 

19.1. Introduction 

Description of Cointegration 

An (n x 1) vector time series y, is said to be cointegrated if each of the series 
taken individually is /(1), that is, nonstationary with a unit root, while some linear 
combination of the series a'y, is stationary, or /(0), for some nonzero (n x 1) 
vector a. A simple example of a cointegrated vector process is the following bi
variate system: 

Y1, = 'YYi, + Uu 

Y2t = Yi,,- I + U2t, 

[19.1.1] 

[19.1.2] 

with u1, and u21 uncorrelated white noise processes. The univariate representation 
for y2, is a random walk, 

[19.1.3] 

while differencing [19.1.1] results in 

~y 11 = 'Y~Y2t + ~u,, = -yu2, + u11 - u1,,_ 1. [19.1.4] 

Recall from Section 4.7 that the right side of [19.1.4] has an MA(l) representation: 

~y 1, = v, + 8v,_ 1 , [19.1.5] 

where v, is a white noise process and 9 -4= -1 as long as 'Y -4= 0 and E(ut) 
> 0. Thus, both Y1t and y21 are /(1) processes, though the linear combination 
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(y 11 - yy2,) is stationary. Hence, we would say that y, = (Y1r, y 21)' is cointegrated 
with a' = (1, -y). 

Figure 19.1 plots a sample realization of [19.1.1] and [19.1.2] for y = 1 and 
u1, and u21 independent N(O, 1) variables. Note that either series (y1, or y21) will 
wander arbitrarily far from the starting value, though Y1t should remain within a 
fixed distance of yy21, with this distance determined by the standard deviation of 

Cointegration means that although many developments can cause permanent 
changes in the individual elements of y,, there is some long-run equilibrium relation 
tying the individual components together, represented by the linear combination 
a'y,. An example of such a system is the model of consumption spending proposed 
by Davidson, Hendry, Srba, and Yeo (1978). Their results suggest that although 
both consumption and income exhibit a unit root, over the long run consumption · 
tends to be a roughly constant proportion of income, so that the difference between 
the log of consumption and the log of income appears to be a stationary process. 

Another example of an economic hypothesis that lends itself naturally to a 
cointegration interpretation is the theory of purchasing power parity. This theory 
holds that, apart from transportation costs, goods should sell for the same effective 
price in two countries. Let P, denote an index of the price level in the United States 
(in dollars per good), P; a price index for Italy (in lire per good), and S, the rate 
of exchange between the currencies (in dollars per lira). Then purchasing power 
parity holds that 

P, = s,r:, 
or, taking logarithms, 

P, = s, + Pi, 
where p, = log P,, s, = log S,, and pi = log P:. In practice, errors in measuring 
prices, transportation costs, and differences in quality prevent purchasing·power 
parity from holding exactly at every date t. A weaker version of the hypothesis is 
that the variable z, defined by 

z, = p, - s, - Pi 

FIGURE 19.1 Sample realization of cointegrated series. 
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is stationary, even though the individual elements (p" s,, or p:) are all /(1). 
Empirical tests of this version of the puchasing power parity hypothesis have been 
explored by Baillie and Selover (1987) and Corbae and Ouliaris (1988). 

Many other interesting applications of the idea of cointegration have been 
investigated. Kremers (1989) suggested that governments are forced politically to 
maintain their debt at a roughly constant multiple of GNP, so that log(debt) -
log(GNP) is stationary even though each component individually is not. Campbell 
and Shiller (1988a, b) noted that if y2, is 1(1) and y 1, is a rational forecast of future 
values of Y2, then y 1 and y2 will be cointegrated. Other interesting applications 
include King, Plosser, Stock, and Watson (1991), Ogaki (1992), Ogaki and Park 
(1992), and Clarida (1991). 

It was asserted in the previous chapter that if y, is cointegrated, then it is not 
correct to fit a vector autoregression to the differenced data. We now verify this 
claim for the particular example of [19.1.1] and [19.1.2). The issues will then be 
discussed in terms of a general cointegrated system involving n different variables. 

Discussion of the Example of[l9.l.l] and [19.1.2] 

Returning to the example in (19.1.1) and [19.1.2], notice that e2, = u2, is the 
error in forecasting y 21 on the basis of lagged values of y 1 and Yi while e1, -

yu 21 + u 1, is the error in forecasting y 1,. The right side of [19.1.4) can be written 

('Yll21 + u,,) - u1,1-1 = e1, - (t:1.,-1 - 'YE2,r-1) = (1 - L)e1, + yLe2,. 

Substituting this into [19.1.4) and stacking it in a vector system along with [19.1.3] 
produces the vector moving average representation for (t1y1t, l1J2t)', 

[ l1Y1,] = '1T(L)[t:11], [19.1.7] 
£1Ji, E2, 

where 

[ 1 - L yL] 
'1T(L)"" 0 1 . 

A VAR for the differenced data, if it existed, would take the form 

4>(L)t1y, = E,, 

[19.1.8) 

where ct>(L) = [W(L)J-1• But the matrix polynomial associated with the moving 
average operator for this process, '11'(z), has a root at unity, 

1'11'(1)1 = I (l ~ l) ;J = o. 

Hence the matrix moving average operator is noninvertible, and no finite-order 
vector autoregression could describe £1y,. 

The reason a finite-order VAR in differences affords a poor approximation 
to the cointegrated system of [19.1.1] and [19.1.2] is that the level of Yz contains 
information that is useful for forecasting y 1 beyond that contained in a finite number 
of lagged changes in y2 alone. 

If we are willing to modify the VAR by including lagged levels along with 
lagged changes, a stationary representation similar to a VAR for £1y, is easy to find. 
Recalling that u1,,_ 1 = y 1,,_ 1 - -yy2,,_ 1 , notice that [19.1.4] and [19.1.3) can be 
written as 

[ t1y11] = [-1 'Y][Y1,,-1] + ['Yll2,u+2, u,,]. 
t1y2, 0 0 Y2.,-1 [19.1.9] 
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The general principle of which [19.1.9] provides an illustration is that with a 
cointegrated system, one should include lagged levels along with lagged differences 
in a vector autoregression explaining fly,. The lagged levels will appear in the form 
of those linear combinations of y that are stationary. 

General Characterization of the Cointegrating Vector 

Recall that an (n x 1) vector y, is said to be cointegrated if each of its elements 
individually is /(1) and if there exists a nonzero (n x 1) vector a such that a'y, is 
stationary. When this is the case, a is called a cointegrating vector. 

Clearly, the cointegrating vector a is not unique, for if a'y, is stationary, then 
so is ba'y, for any nonzero scalar b; if a is a cointegrating vector, then so is ba. In 
speaking of the value of the cointegrating vector, an arbitrary normalization must· 
be made, such as that the first element of a is unity. 

If there are more than two variables contained in y,, then there may be two 
nonzero (n x 1) vectors a1 and a2 such that a~y, and a~, are both stationary, where 
a1 and a2 are linearly independent (that is, there does not exist a scalar b such that 
a2 = ba 1). Indeed, there may be h < n linearly independent (n x 1) vectors (a1, 

a2 , • •• , ah) such that A'y, is a stationary (h x 1) vector, where A' is the following 
(h x n) matrix: 1 

[19.1.10] 

Again, the vectors (ai, &i, ... , ah) are not unique; if A'y, is stationary, then for 
any nonzero (1 x h) vector b', the scalar b' A'y, is also stationary. Then the 
(n x 1) vector TI" given by TI"' = b' A' could also be described as a cointegrating 
vector. 

Suppose that there exists an (h x n) matrix A' whose rows are linearly 
independent such that A'y, is a stationary (h x 1) vector. Suppose further that if 
c' is any (1 x n) vector that is linearly independent of the rows of A', then c'y, is 
a nonstationary scalar. Then we say that there are exactly h cointegrating relations 
among the elements of y, and that (a1, a2 , •.• , ah) form a basis for the space of 
cointegrating vectors. 

Implications of Cointegration 
for the Vector Moving Average Representation 

We now discuss the general implications of cointegration for the moving 
average and vector autoregressive representations of a vector system. 2 Since it is 
assumed that fly, is stationary, let 6 = E(fly,) and define 

u, = fly, - 6. [19.1.11] 

Suppose that u, has the Wold representation 

u, = E, + 1Jl1E1-1 + W2E,-2 + ' ' ' = 1Jt(L)E,, 

'If h = n such linearly independent vectors existed, then y, would itself be /(0). This claim will 
become apparent in the triangular representation of a cointegrated system developed in [19.1.20) and 
[19.1.21). 

'These results were first derived by Engle and Granger (1987). 
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where E(e,) = 0 and 

E(e,e;) = {~ 
fort= T 

otherwise. 

Let 1Jt(l) denote the (n x n) matrix polynomial 1Jt(z) evaluated at z = 1; that is, 

1Jt(l) = In + W1 + W2 + 1Jt3 + 

We first claim that if A'y, is stationary, then 

A'1Jt(l) = 0. [19.1.12] 

To verify this claim, note that as long as {s·1Jt,}:'-o is absolutely summable, the 
difference equation [19.1.11] implies that 

Y, = Yo + 6·t + U1 + D2 + · · · + u, 

= Yo + 6·t + 1Jt(l)·(e 1 + t:2 + · · · + t:1) + TJ, - 1Jo, 
[19.1.13] 

where the last line follows from [18.1.6] for TJ, a stationary process. Premultiplying 
[19.1.13] by A' results in 

A'y, = A'(y0 - TJo) + A'6·t + A'1Jt(l)·(e 1 + e2 + · · · + e,) + A'TJ,. [19.1.14] 

If E(e,e;) is nonsingular, then c'(e 1 + t:2 + · · · + e,) is /(1) for every nonzero 
(n x 1) vector c. However, in order for y, to be cointegrated with cointegrating 
vectors given by the rows of A', expression [19.1.14] is required to be stationary. 
This could occur only if A'1Jt(l) = 0. Thus, [19.1.12] is a necessary condition for 
cointegration, as claimed. 

As emphasized by Engle and Yoo (1987) and Ogaki and Park (1992), con
dition [19.1.12] is not by itself sufficient to ensure that A'y, is stationary. From 
[19.1.14], stationarity further requires that 

A'6 = 0. (19.1.15] 

If some of the series exhibit nonzero drift (6 'F 0), then unless the drift across 
series satisfies the restriction of [19.1.15], the linear combination A'y, will grow 
deterministically at rate A'6. Thus, if the underlying hypothesis suggesting the 
possibility of cointegration is that certain linear combinations of y, are stable, this 
requires that both [19.1.12] and [19.1.15] hold. 

Note that [19.1.12] implies that certain linear combinations of the rows of 
1Jt(l), such as ai1Jt(l), are zero, meaning that the determinant IW(z)I = 0 at 
z = 1. This in turn means that the matrix operator 1Jt(L) is noninvertible. Thus, 
a cointegrated system can never be represented by a finite-order vector auto
regression in the differenced data fly,. 

and 

For the example of (19.1.1] and [19.1.2], we saw in (19.1.7] and [19.1.8] that 

[ 1 -
0 

Z -y
1
z] 

1Jt(z) = 

1Jt(l) = [~ ;]. 

This is a singular matrix with A'1Jt(l) = 0 for A' = [1 - -y]. 
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Phillips's Triangular Representation 

Another convenient representation for a cointegrated system was introduced 
by Phillips (1991). Suppose that the rows of the (h x n) matrix A' form a basis 
for the space of cointegrating vectors. If the (1, 1) element of A' is nonzero, we 
can conveniently normalize it to unity. If, instead, the (1, 1) element of A' is zero, 
we can reorder the elements of y, so that y 1, is included in the first cointegrating 
relation. Hence, without loss of generality, we take 

A' [~l [•'., :: ::: : : :: l 
ahj ah1 ah2 ah3 ahnj 

If a21 times the first row of A' is subtracted from the second row, the resulting row 
is a new cointegrating vector that is still linearly independent of a1 , a3 , ••. , an.3 

Similarly we can subtract a31 times the first row of A' from the third row, and ah1 
times the first row from the hth row, to deduce that the rows of the following 
matrix also constitute a basis for the space of cointegrating vectors: 

[j 
a12 a13 ·~] a!2 at a2,. 

A~ . . 
ai.2 ai.3 a;.,. 

Next, suppose that a;2 is nonzero; if ati = 0, we can again switch y21 with some 
variable y3,, y 41 , ••• , Ym that does appear in the second cointegrating relation. 
Divide the second row of A~ by a;2 • The resulting row can then be multiplied by 
a12 and subtracted from the first row. Similarly, aj2 times the second row of A~ can 
be subtracted from the third row, and ai.2 times the second row can be subtracted 
from the hth. Thus, the space of cointegrating vectors can also be represented by 

Ai = loo;~ o :t: :g] 
ai,3* · · · a;.: 

3Since the first and second moments of the ( h x 1) vector 

do not depend on time, neither will the first and second moments of 

[ 
a; l •2 - ~1a~ 
: y,. 

a~ 

Furthermore, the assumption that a,, a2 , ••• , a. are linearly independent means that no linear com
bination of a,. a,, ... , a. is zero, and so no linear combination of a,, a, - a21a 1, •.• , a,. can be zero 
either. Hence a,. 11:z - a21a,. ... , a. also constitute a basis for the space of cointegrating vectors. 
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Proceeding through each of the h rows of A' in this fashion, it follows that 
given any (n x 1) vector y, that is characterized by exactly h cointegrating relations, 
it is possible to order the variables (y 11, y 21, ••• , Ync) in such a way that the 
cointegrating relations can be represented by an (h x n) matrix A' of the form 

-[j 
0 0 -'Yl,h+ I - 'Yl,h+2 

-y., l 1 0 -'Y2,h + I -12,h+2 -~2,n A' 
(19.1.16] 

0 1 -'Yh,h+l -'Yh,h+2 -'Yh,n 

= [l1, -r'], 

where r' is an (h x g) matrix of coefficients for g = n - h. 
Let z, denote the residuals associated with the set of cointegrating relations: 

z, = A'y,. 
(hx I) 

Since z, is stationary, the mean µj = E(z,) exists, and we can define 

z: = z, - µj. 

Partition y, as 

[ Yi,] (lrx I) 
y = . 

Cn ,:1> Y2, 
(g XI) 

Substituting (19.1.16], [19.1.18], and [19.1.19) into [19.1.17] results in 

or 

-r'J[Y11] 
Y2, 

Y1, = f' · Y2, + µf + z: . 
(hxl) (lrxg) (gxl) (hXI) (hxl) 

A representation for y2, is given by the last grows of (19.1.11]: 

/::i.y2, = 62 + Uz, , 
(gxl) (gxl) (gxl) 

(19.1.17) 

[19.1.18] 

(19.1.19] 

(19.1.20] 

(19.1.21] 

where 6z and u2, represent the last g elements of the (n x 1) vectors 6 and u,, 
respectively. Equations (19.1.20) and [19.1.21) constitute Phillips's (1991) triangular 
representation of a system with exactly h cointegrating relations. Note that z: and 
u21 represent zero-mean stationary disturbances in this representation. 

If a vector y, is characterized by exactly h cointegrating relations with the 
variables ordered so that (19.1.20] and (19.1.21] hold, then the (g x 1) vector y2, 

is 1(1) with no cointegrating relations. To verify this last claim, notice that if some 
linear combination c'y 2, were stationary, this would mean that (O', c')y, would be 
stationary or that (O', c') would be a cointegrating vector for y,. But (O', c') is 
linearly independent of the rows of A' in [19.1.16], and by the assumption that the 
rows of A' constitute a basis for the space of cointegrating vectors, the linear 
combination (0', c')y, cannot be stationary. · 

Expressions [19.1.1] and [19.1.2] are a simple example of a cointegrated 
system expressed in triangular form. For the purchasing power parity example 
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[19.1.6), the triangular representation would be 

Pt = 'Y1S, + 'Y2P: + µ.t + z: 
!:i.s, = 8,+ u., 

t:i.p: = 8p• + Up•,r, 

where the hypothesized values are y1 = y2 = 1. 

The Stock-Watson Common Trends Representation 

Another useful representation for any cointegrated system was proposed by 
Stock and Watson (1988). Suppose that an (n x 1) vector y, is characterized Qy 
exactly h cointegrating relations with g • n - h. We have seen that it is possible 
to order the elements of y, in such a way that a triangular representation of the 
form of [19.1.20) and [19.1.21) exists with (z:', u21)' a stationary (n x 1) vector 
with zero mean. Suppose that 

z, _ L ,e,_, [ *] " [H ] 
U21 r•O J,e,_, 

for e, an (n x 1) white noise process, with {s·H,}:'=o and {s·J,};. 0 absolutely 
summable sequences of (h x n) and (g x n) matrices, respectively. Adapting the 
result in [18_.1.6), equation [19.1.21) implies that 

t 

Y2, = Y2,o + 62·t + L U:z, 
.r=l [19.1.22) 

= Y2,o + 62·t + J(l)·(E1 + 22 + · · · + e,) + 1J2r - 1J2.o, 

where J(l) • (J0 + J1 + J2 + · · · ), 112, a i;. 0"2,e,_,, and Ot:z."" -(Js+ 1 + 
Js+2 + Js+3 + · · · ). Since the (n x 1) vector e, is white noise, the (g x 1) vector 
J(l) · e, is also white noise, implying that each element of the (g x 1) vector b 
defined by 

~2t E J(l)·(t:1 + £2+ ''' + E,} 

is described by a random walk. 
Substituting [19.1.23) into [19.1.22) results in 

Y2t = ii-2 + Sz·t + ~21+ 1J2r 

for ii,2 • (Y2,0 - 1)2,o)-Substituting [19.1.24) into [19.1.20) produces 

Y1, = tl1 + f'(62·t + i2r) + ii1t 

for P,1 - JJ,i + r 'tlz and 'qlt E z: + f'1J2t• 

[19.1.23) 

[19.1.24) 

[19.1.25) 

Equations [19.1.24) and [19.1.25) give Stock and Watson's (1988) common 
trends representation. These equations show that the vector y, can be described as 
a stationary component, 

[~] + [::]. 

plus linear combinations of up to g common deterministic trends, as described by 
the (g x 1) vector 82 • t, and linear combinations of g common random walk variables 
as described by the (g x 1) vector ~21• 
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Implications of Cointegration 
for the Vector Autoregressive Representation 

Although a VAR in differences is not consistent with a cointegrated system, 
a VAR in levels could be. Suppose that the level of y, can be represented as a 
nonstationary pth-order vector autoregression: 

y, = Ot + <l>1Y,-1 + <l>:zY,-2 + . • • + <l>pYt-p + E,, 

or 

<l>(L)y, = (l[ + E,, 

where 

<l>(L) = I,, - <1>1L - <l>2L2 - · · · - <l>PV. 

Suppose that fly, has the Wold representation 

(1 - L)y, = 6 + lJt(L)E,. 

Premultiplying [19.1.29] by <l>(L) results in 

(1 - L)<l>(L)y, = <1>(1)6 + <l>(L)lJl(L)E1. 

Substituting [19.1.27] into [19.1.30], we have 

(1 - L)E, = <1>(1)6 + <l>(L)lJl(L)E,, 

[19.1.26] 

[19.1.27] 

[19.1.28] 

[19 .1.29) 

[19.1.30) 

[19.1.31) 

since (1 - L)a = O. Now, equation [19.1.31) has to hold for all realizations of E,, 

which requires that 

<1>(1)6 = 0 [19.1.32) 

and that (1 - L)I,, and <l>(L)lJl(L) represent the identical polynomials in L. This 
means that 

(1 - z)I,, = <l>(z)lJl(z) [19.1.33) 

for all values of z. In particular, for z = 1, equation [19.1.33) implies that 

<l>(l)lJt(l) = o. [19.1.34] 

Let 'If' denote any row of <1>(1). Then [ 19.1.34) and [19.1.32) state that 'lf'lJt(l) 
O' and 'lf'6 = 0. Recalling [19.1.12) and [19.1.15J, this means that 1T is a 

cointegrating vector. If a1 , a2 , .•• , ah form a basis for the space of cointegrating 
vectors, then it must be possible to express 'If as a linear combination of a1 , a2 , 

... , ah-that is, there exists an (h x 1) vector b such that 

'If = [a1 a2 · · · ah)b 

or 

'If'= b'A' 

for A' the (h x n) matrix whose ith row is a;. Applying this reasoning to each of 
the rows of <1>(1), it follows that there exists an (n x h) matrix B such that 

<1>(1) = BA'. [19.1.35) 

Note that [19.1.34) implies that <l>(l) is a singular (n x n) matrix-linear 
combinations of the columns of <1>(1) of the form <l>(l)x are zero for x any column 
of lJt(l). Thus, the determinant l<I>(z)I contains a unit root: 

II - <I> z 1 - <I> z 2 - • • • - <I> zPI = 0 n I 2 p at z = l. 
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Indeed, in the light of the Stock-Watson common trends representation in [19.1.24) 
and [19.1.25), we could say that ff>(z) contains g = n - h unit roots. 

Error-Correction Representation 
A final representation for a cointegrated system is obtained by recalling from 

equation [18.2.5) that any VAR in the form of [19.1.26) can equivalently be written 
as 

Y, = t1iiY,-1 + t2iiY,-2 + · · · + tp-1iiY1-p+1 +a+ PY,-1 + £,, [19.1.36) 

where 

p 5 4>1 + 4>2 + ' ' • + ff>p 

t,"" -[ff>,+1 + ff>s+2 + · · · + ff>p] fors = 1, 2, ... ,p - 1. 

Subtracting y,_ 1 from both sides of [19.1.36) produces 

.:iy, = t1iiY,-1 + t2iiY,-2 + · · · + tp-1iiY,-p+1 +a+ toY,-1 + e,, 

where 

[19.1.3"?) 

[19.1.38) 

[19.1.39) 

Co= P - In = -(In - 4>1 - 4>2 - ·' · - ff>p} = -4>(1). [19.1.40) 

Note that if y, hash cointegrating relations, then substitution of [19.1.35) and 
[19.1.40] into [19.1.39) results in 

.:iy, = t1 liy,'~1 + t2 liY,-2 + · · · + tp-1 liY,-p+1 + a - BA'Y,-1 + e,. [19.1.41) 

Define z, = A'y,, noticing that z, is a stationary (h x 1) vector. Then [19.1.41) can 
be written 

.:iy, = t1iiY,-1 + t 21iY,-2 + · · · + tp-1iiY,-p+1 + a - Bz,-1 + e,. [19.1.42) 

Expression [19.1.42) is known as the error-co"ection representation of the 
cointegrated system. For example, the first equation takes the form 

iiY11 = (WiiY1,1-l + (WiiY2,,-l + · · ' + (i~iiYn,t-l 

+ (i;>.:iyl,t-2 + (WiiY2,,-2 + · ' · + (\2,:iiyn,t-2 + · · · 
· + (¥;-ll,:iyl,t-p+l + (i~-ll,:iy2,t-p+l + · · · + (~:-l)dYn,1-p+l 

+ a1 - b11Z1,1-1 - b12Z2,,-1 - . ' " - b1hZh,t-l + elt, 

where (/P indicates the row i, column j element of the matrix t,., bq indicates the 
row i, column j element of the matrix B, and z1, represents the ith element of z,. 
Thus, in the error-correction form, changes in each variable are regressed on a 
constant, (p - 1) lags of the variable's own changes, (p - 1) lags of changes in 
each of the other variables, and the levels of each of the h elements of z,_ 1 • 

For example, recall from [19.1.9] that the system of [19.1.1) and [19.1.2) can 
be written in the form 

[!~:] = [ ~ 1 ;] [~:::=J + [ yu21u: u11
]. 

Note that this is a special case of [19.1.39) with p = 1, 

to=[~l ;], 

e11 = yu21 + u11; e21 = u21, and all other parameters in [19.1.39) equal to zero. 
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The error-correction form is 

[ !1Y11] = [- lJ [eu] A Q z,-1 + ' 
'-'Y21 e2, 

where z, == y 11 - 'YY21· 
An economic interpretation of an error-correction representation was pro

posed by Davidson, Hendry, Srba, and Yeo (1978), who examined a relation 
between the log of consumption spending (denoted c,) and the log of income (y,) 
of the form 

(1 - L4)c, = /31(1 - L 4)y, + {3i(1 - L4)Y,-1 + {3J(c,-4 - Y,-4) + u,. [19.1.43) 

This equation was fitted to quarterly data, so that (1 - L 4}c, denotes the percentage 
change in consumption over its value in the comparable quarter of the preceding 
year. The authors argued that seasonal differences (1 - L 4) provided a better 
description of the data than would simple quarterly differences (1 - L). Their 
claim was that seasonally differenced consumption ( 1 - L 4)c, could not be de
scribed using only its own lags or those of seasonally differenced in
come. In addition to these factors, (19.1.43) includes the "error-correction" term 
{3J(c1_ 4 - y,_ 4). One could argue that there is a long run, historical average ratio 
of consumption to income, in which case the difference between the logs of con
sumption and income, c, - y,, would be a stationary random variable, even though 
log consumption or log income viewed by itself exhibits a unit root. For {33 < 0, 
equation [19.1.43] asserts that if consumption had previously been a larger-than
normal share of income (so that c,_ 4 - y,_ 4 is larger than normal), then that causes 
c, to be lower for any given values of the other explanatory variables. The term 
(c,_4 - y,_ 4) is viewed as the "error" from the long-run equilibrium relation, and 
{33 gives the "correction" to c, caused by this error. 

Restrictions on the Constant Term 
in the VAR Representation 

Notice that all the variables appearing in the error-correction representation 
[19.1.42) are stationary. Taking expectations of both sides of that equation results 
in 

(In - t1 - t2 - · · · - tp- 1)6 = or. - Bµl', 

where 6 = E(!ly,) and µl' = E(z,). Assuming that the roots of 

Jin - t1z - t2z 2 - · · · - tp-1zP- 1J "'0 

[19.1.44] 

are all outside the unit circle, the matrix (In - t1 - t2 - · • · - tp-i) is nonsingular. 
Thus, in order to represent a system in which there is no drift in any of the variables 
(6 = 0), we would have to impose the restriction 

or.= Bµl', [19.1.45] 

In the absence of any restriction on or., the system of [19.1.42] implies that there 
are g separate time trends that account for the trend in y,. 

Granger Representation Theorem 
For convenience, some of the preceding results are now summarized in the 

form of a proposition. 
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Proposition 19.1: (Granger representation theorem). Consider an (n x 1) vector 
y, where fly, satisfies [19.1.29] for E1 white noise with positive definite variance
covariance matrix and {s · '1T ,}.;' _ 0 absolutely summable. Suppose that there are exactly 
h cointegrating relations among the elements of y,. Then there exists ~ (h x n) 
matrix A' whose rows are linearly independent such that the (h x 1) vector z, defined 
by 

z, s A'y, 

is stationary. The matrix A' has the property that 

A''11'(1) = 0. 

If, moreover, the process can be represented as the pth-order VAR in levels as in 
equation [19.1.26], then there exists an (n x h) matrix B such that 

«1>(1) = BA', 

and there further exist (n X n) matrices ti, t 2, ... , tp-l such that 

fly, = t1flY,-1 + t2flY,-2 + · · · + tp-1flY,-p+1 + a - Bz,-1 + E,. 

19.2. Testing the Null Hypothesis 
of No Cointegration 
This section discusses tests for cointegration. The approach will be to test the null 
hypothesis that there is no cointegration among the elements of an (n x 1) 
vector y,; rejection of the null is then taken as evidence of cointegration. 

Testing for Cointegration When 
the Cointegrating Vector Is Known 

Often when theoretical considerations suggest that certain variables will be 
cointegrated, or that a'y, is stationary for some (n x 1) cointegrating vector a, the 
theory is based on a particular known value for a. In the purchasing power parity 
example [19.1.6], a = (1, -1, -1)'. The Davidson, Hendry, Srba, and Yeo 
hypothesis (1978) that consumption is a stable fraction of income implies a co
integrating vector of a = (1, -1)', as did Kremers's assertion (1989) that govern
ment debt is a stable multiple of GNP. 

If the interest in cointegration is motivated by the possibility of a particular 
known cointegrating vector a, then by far the best method is to use this value 
directly to construct a test for cointegration. To implement this approach, we first 
test whether each of the elements of y, is individually /(1). This can be done using 
any of the tests discussed in Chapter 17. Assuming that the null hypothesis of a 
unit root in each series individually is accepted, we next construct the scalar z, = 
a'y,. Notice that if a is truly a cointegrating vector, then a'y, will be /(0). If a is 
not a cointegrating vector, then a'y, will be /(1). Thus, a test of the null hypothesis 
that z, is /(1) is equivalent to a test of the null hypothesis that y, is not cointegrated. 
If the null hypothesis that z, is I(l) is rejected, we would conclude that z, = a'y, 
is stationary, or that y, is cointegrated with cointegrating vector a. The null hy
pothesis that z, is /(1) can also be tested using any of the approaches in Chap
ter 17. 

For example, Figure 19.2 plots monthly data from 1973:1 to 1989:10 for the 
consumer price indexes for the United States (p,) and Italy (p:), along with the 
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FIGURE 19.2 One hundred times the log of the price level in the United States 
(p,), the dollar-lira exchange rate (s,), and the price level in Italy (pi), monthly, 
1973-89. Key: ---- p,; --- s,; ---p:. 

exchange rate (s,), wheres, is in terms of the number of U.S. dollars needed to 
purchase an Italian lira. Natural logs of the raw data were taken and multiplied 
by 100, and the initial value for 1973:1 was then subtracted, as in 

p, = lO0·[log(P,) - log(P 1973:1)]. 

The purpose of subtracting the constant log(P 1973:1) from each observation is to 
normalize each series to be zero for 1973:1 so that the graph is easier to read. 
Multiplying the log by 100 means that p, is approximately the percentage difference 
between P, and its starting value P1973,1 • The graph shows that Italy experienced 
about twice the average inflation rate of the United States over this period and 
that the lira dropped in value relative to the dollar (that is, s, fell) by roughly this 
same proportion. 

Figure 19.3 plots the real exchange rate, 

z, = p, - s, - Pi· 

It appears that the trends are eliminated by this transformation, though deviations 
of the real exchange rate from its historical mean can persist for several years. 

To test for cointegration, we first verify thatp,,p:, and s,are each individually 
/(1). Certainly, we anticipate the average inflation rate to be positive (E(lip,) > 
0), so that the natural null hypothesis is that p, is a unit root process with positive 
drift, while the alternative is thatp, is stationary around a deterministic time trend. 
With monthly data it is a good idea to include at least twelve lags in the regression. 
Thus, the following model was estimated by OLS for the U.S. data fort= 1974:2 
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FIGURE 19.3 The real dollar-lira exchange rate, monthly, 1973-89. 

through 1989:10 (standard errors in parentheses): 

p, = 0.55,Ap,_ 1 - 0.06 Ap,_ 2 + 0.07 Ap,_3 + 0.06 Ap,_4 
(0.08) (0.09) (0.88) (0.08) 

- 0.08 Ap,_5 - 0.05 Ap,_ 6 + 0.17 Ap,_7 - 0.07 Ap,_ 8 
(0.08) (0.07) (0.07) (0.07) [19.2.1) 

+ 0.24 Ap,_ 9 - 0.11 Ap,_ 10 + 0.12 Ap,_11 + 0.05 Ap,_ 12 
(0.07) (0.07) (0.07) (0.07) 

+ 0.14 + 0.99400 p,_ 1 + 0.0029 t. 
. (0.09) (0.00307) (0.0018) 

The t statistic for testing the null hypothesis that p (the coefficient on p,_ 1) is unity 
is 

t = (0.99400 - 1.0)/(0.00307) = -1.95. 

Comparing this with the 5% crtical value from the case 4 section of Table B.6 for 
a sample ofsize T = 189, we see that -1.95 > -3.44. Thus, the null hypothesis 
of a unit root is accepted. The F test of the joint null hypothesis that p = 1 and 
8 = 0 (for p the coefficient onp,_ 1 and 8 the coefficient on the time trend) is 2.41. 
Comparing this with the critical value of 6.40 from the case 4 section of Table B. 7, 
the null hypothesis is again accepted, further confirming the impression that U.S. 
prices follow a unit root process with drift. 

lfp, in [19.2.1) is replaced by Pi, the augmented Dickey-Fuller t and Ftests 
are calculated to be -0.13 and 4.25, respectively, so that the null hypothesis that 
the Italian price level follows an /(1) process is again accepted. When p, in [19.2.1) 
is replaced bys,, the t and F tests are -1.58 and 1.49, so that the exchange rate 
likewise admits an ARIMA(12, 1, 0) representation. Thus, each of the three series 
individually could reasonably be described as a unit root process with drift. 
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The next step is to test whether z, = p, - s, - Pi is stationary. According 
to the theory, there should not be any trend in z,, and none appears evident in 
Figure 19.3. Thus, the augmented Dickey-Fuller test without trend might be used. 
The following estimates were obtained by O LS: 

z, = 0.32 dz,_ 1 - 0.01 dz,_ 2 + 0.01 dz,_ 3 + 0.02 &z,_4 
(0.07) (0.08) (0.08) (0.08) 

+ 0.08 dz,_ 5 - 0.00 &z,_6 + 0.03 &z,_7 + 0.08 &z,_8 
(0.08) (0.08) (0.08) (0.08) [19.2.2) 

- 0.05 dz,_ 9 + 0.08 &z,_10 + 0.05 &z,_11 - 0.01 &z,_12 
(0.08) (0.08) (D.08) (0.08) 

+ 0.00 + 0.97124 z,_1• 
(0.18) (0.01410) 

Here the augmented Dickey-Fuller t test is 

t = (0.97124 - 1.0)/(0.01410) = -2.04. 

Comparing this with the 5% critical value for case 2 of Table B.6, we see that 
-2.04 > -2.88, and so the null hypothesis of a unit root is accepted. The F test 
of the joint null hypothesis that p = 1 and that the constant term is zero is 2.19 
< 4.66, which is again accepted. Thus, we could accept the null hypothesis that 
the series are not cointegrated. 

Alternatively, the null hypothesis that z, is nonstationary could be tested using 
the Phillips-Perron tests. OLS estimation gives 

z, = -0.030 + 0.98654 z,_1 + a, 
(0.178) (0.01275) 

with 

T 

s2 = (T - 2)- 1 L a? = (2.49116)2 
,-1 

T 

ci = r- 1 L a{',_1 
t•/+l 

c0 = 6.144 
12 

A2 = Co + 2· L [1 - (j/13))c, = 13.031. 
/•1 

The Phillips-Perron ZP test is then 

Zp = T(p - 1) - ½{T·o-,, + s}2(A2 - c0) 

= (201)(0.98654 - 1) 
-½{(201)(0.01275) + (2.49116)}2(13.031 - 6.144) 

= -6.35. 

Since - 6.35 > -13.9, the null hypothesis of no cointegration is again accepted. 
Similarly, the Phillips-Perron Z, test is 

Z, = (eo/A2)1/2.(p - l)lu,, - ½{T·ct-,, + s}(A2 - c0)/A 

= (6.144/13.031)1/2.(0.98654 - 1)/(0.01275) 
-½{(201)(0.01275) + (2.49116)}(13.031 - 6.144)/(13.031)112 

= -1.71, 

which, since - 1.71 > -2.88, gives the same conclusion as the other tests. 
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Clearly, the comments about the observational equivalence of 1(0) and 1(1) 
processes are also applicable to testing for cointegration. There exist both 1(0) and 
1(1) representations that are perfectly capable of describing the observed data for 
z, plotted in Figure 19.3. Another way of describing the results is to calculate how 
long a deviation from purchasing power parity is likely to persist. The regression 
of [19.2.2] implies an autoregression in levels of the form 

z, = a + <P1Z,-1 + <P2Z,-2 + ' ' . + </J13Z,-13 + e,, 

for which the impulse-response function, 

_ az,+i 
,J,i - a , e, 

can be calculated using the methods described in Chapter 1. Figure 19.4 plots the 
estimated impulse-response coefficients as a function of j. An unanticipated increase 
in z, would cause us to revise upward our forecast of z,+1 by 25% even 3 years into 
the future (,J,36 = 0.27). Hence, any forces that restore z, to its historical value 
must operate relatively slowly. The same conclusion might have been gleaned from 
Figure 19.3 directly, in that it is clear that deviations of z, from its historical norm 
can persist for a number of years. 

Estimating the Cointegrating Vector 

If the theoretical model of the system dynamics does not suggest a particular 
value for the cointegrating vector a, then one approach to testing for cointegration 
is first to estimate a by OLS. To see why this produces a reasonable initial estimate, 

0 6 12 18 21 30 36 12 18 51 60 66 

FIGURE 19.4 Impulse-response function for the real dollar-lira exchange rate. 
Graph shows ,J,i = a(p,+1 - s,+J - Pt+;)le, as a function of j. 
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note that if z, = a'y, is stationary and ergodic for second moments, then 

T T 

r- 1 L z; = r- 1 L (a'y,)2 .!+ E(zD. [19.2.3] 
t-1 ,-1 

By contrast, if a is not a cointegrating vector, then z, = a'y, is /(1), and so, from 
result (h) of Proposition 17.3, 

T L il r-2 L (a'y,)2-> A2 • [W(r)]2 dr, 
r-1 0 

[19.2.4] 

where W(r) is standard Brownian motion and A is a parameter determined by the 
autocovariances of (1 - L)z,. Hence, if a is not a cointegrating vector, the statistic 
in [19.2.3] would diverge to +co. 

This suggests that we can obtain a consistent estimate of a cointegrating vector 
by choosing a so as to minimize [19.2.3] subject to some normalization condition 
on a. Indeed, such an estimator turns out to be superconsistent, converging at rate 
T rather than 1'112• 

If it is known for certain that the cointegrating vector has a nonzero coefficient 
for the first element of y, (a1 #- 0), then a particularly convenient normalization 
is to set a1 = 1 and represent subsequent entries of a (a2 , a3, ••• , an) as the 
negatives of a set of unknown parameters (-y2 , -y3 , .•. , 'Yn): 

1 

[19.2.5] 

--yn 

In this case, the objective is to choose ( -y2, -y3, ... , 'Yn) so as to minimize 

T T 

y-t L (a'y,)2 = y-i L (Yi, - 'Y2Y2t - 'Y3Y3r - ' ' • - 'YnYn,)2, [19.2.6] 
,-1 t=l 

This minimization is, of course, achieved by an O LS regression of the first element 
of y, on all of the others: 

Y11 = 'Y2Y2r + 'Y3Y3t + ' ' • + 'YnYnt + u,. [19.2. 7] 

Consistent estimates of -y2 , -y3 , ••• , -y,. are also obtained when a constant term is 
included in [19.2.7], as in 

Y11 = a + 'Y2Y2, + 'Y3Y3c + · · · + 'YnYnt + u, [19.2.8] 

or 

Y11 = a + 'Y1Y2, + u,, 

where 'Y' "" ( 'Y2, 'Y3, •.. , 'Yn) and Yu = (Y21> y3,, ... , Yn,)'. 
These points were first analyzed by Phillips and Durlauf (1986) and Stock 

(1987) and are formally summarized in the following proposition. 

Proposition 19.2: Let y 11 be a scalar and Yu be a (g X 1) vector. Let n = g + l, 
and suppose that the (n x 1) vector (y 1,, y~)' is characterized by exactly one 
cointegrating relation (h = 1) that has a nonzero coefficient on y1,. Let the triangular 
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representation for the system be 

Suppose that 

Yi, = a + y'y 21 + Zi 
/J..yi, = U2,. 

[Zi] = V*(L)e,, 
Uz, 

[19.2.9) 

[19.2.10) 

[19.2.11] 

where e, is an (n x 1) i.i.d. vector with mean zero, finite fourth moments, and 
positive definite variance-covariance matrix E(e,e;) = PP'. Suppose further that the 
sequence of (n X n) matrices {s·v:};'_ 0 is absolutely summable and that the rows 
of V*(l) are linearly independent. Let &T and 'YT be estimates based on OLS estj
mation of [19.2. 9], 

[aT] [ T Iyi, ]-i[ 2:Ji, ] 
'YT = LYi, LYz,Y21 LY2JY11 ' 

[19.2.12] 

where L indicates summation over t from 1 to T. Partition V*(l) · P as 

[ 
}I,*' ] 

V*(l) · P = <1 l;> . 
(n xn) A2 

(gxn) 

Then 

T112(aT - a) L 1 [ , ] l 1 {f [W(r)]' dr} · At 1-i[h ] 
T('YT - y) - M · f W(r) dr At· {I [W(r)]"[W(r)]' dr} · A;' hz , 

[19.2.13] 

where W(r) is n-dimensional standard Brownian motion, the integral sign denotes 
integration over r from O to l, and 

h1 = -'-:"·W(l) 

h2 "" At·{f [W(r)] (dW(r)]'}·-'-i + vta E(Ui,Zi+J-

Note that the OLS estimate of the cointegrating vector is consistent even 
though the error term u, in [19.2.8] may be serially correlated and correlated with 
/J..y21, /J..y3,, ••• , /J..y.,. The latter correlation would contribute a bias in the limiting 
distribution of T('YT - y), for then the random variable h2 would not have mean 
zero. However, the bias in 'YT is Op(T- 1). 

Since the OLS estimates are consistent, the average squared sample residual 
converges to 

T 

r- 1 "" a2 ~ E(u2) Li t,T t , ,-1 

whereas the sample variance of y1,, 

T 

r- 1 I (Y11 - Y1>2, ,-1 
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diverges to +"'. Hence, the R2 for the regression of [19.2.8] will converge to unity 
as the sample size grows. · 

Cointegration can be viewed as a structural assumption under which certain 
behavioral relations of interest can be estimated from the data by OLS. Consider 
the supply-and-demand example in equations [9.1.2] and [9.1.1]: 

it, = "IP, + 6: (19.2.14] 

q~ = {3p, + f;~. (19.2.15] 

We noted in equation [9.1.6] that if ef and e; are i.i.d. with Var(e:) finite, then 
as the variance of ef goes to infinity, OLS estimation of [19.2.14] produces a 
consistent estimate of the supply elasticity -y despite the potential simultaneous 
equations bias. This is because the large shifts in the demand curve effectively trace 
out the supply curve in the sample; see Figure 9.3. More generally, if 6; is 1(0) 
and e~ is 1(1), then [19.2.14] and (19.2.15] imply that (q,, p,)' is cointegrated with 
cointegrating vector (1, - -y)'. In this case the cointegrating vector can be consis
tently estimated by OLS for essentially the same reason as in Figure 9.3. The 
hypothesis that a certain structural relation involving 1(1) variables is characterized 
by an 1(0) disturbance amounts to a structural assumption that can help identify 
the parameters of the structural relation. 

Although the estimates based on [19.2.8] are consistent, there often exist 
alternative estimates that are superior. These will be discussed in Section 19.3. 
OLS estimation of (19.2.8] is proposed only as a quick way to obtain an initial 
estimate of the cointegrating vector. 

It was assumed in Proposition 19.2 that l:ly21 had mean zero. If, instead, 
E(/:1y21) = 62 , it is straightforward to generalize Proposition 19.2 using a rotation 
of variables as in (18.2.43]; for details, see Hansen (1992). As long as there is no 
time trend in the true cointegrating relation [19.2.9], the estimate 'Yr based on OLS 
estimation of [19.2.8] will be superconsistent regardless of whether the 1(1) vector 
y21 includes a deterministic time trend or not. 

The Role of Normalization 

The OLS estimate of the cointegrating vector was obtained by normalizing 
the first element of the cointegrating vector a to be unity. The proposal was then 
to regress the first element of y, on the others. For example, with n = 2, we would 
regress y 1, on y21: 

Y1t = a + 'YY2t + u,. 

Obviously, we might equally well have normalized a2 

argument to suggest a regression of Yu on y 1,: 

Y2t = 0 + ~Y1t + v,. 

1 and used the same 

The OLS estimate~ is not simply the inverse of 1, meaning that these two regres
sions will give different estimates of the cointegrating vector: 

Only in the limiting case where the R2 is 1 would the two estimates coincide. 
Thus, choosing which variable to call y1 and which to call y2 might end up 

making a material difference for the estimate of a as well as for the evidence one 
finds for cointegration among the series. One approach that avoids this normali-
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zation problem is the full-information maximum likelihood estimate proposed by 
Johansen (1988, 1991). This will be discussed in detail in Chapter 20. 

What Is the Regression Estimating When There Is More 
Than One Cointegrating Relation? 

The limiting distribution of the OLS estimate in Proposition 19.2 was derived 
under the assumption that there is just one cointegrating relation (h = 1). In the 
more general case with h > 1, OLS estimation of [19.2.8) should still provide a 
consistent estimate of a cointegrating vector by virtue of the argument given in 
[19.2.3) and [19.2.4]. But which cointegrating vector is it? 

Consider the general triangular representation for a vector with h cointe-
grating relations given in [19.1.20] and (19.1.21]: · 

Y1, = JJ-i + f'Yi, + z: 
/J,.y2, = 62 + Ui,, 

[19.2.16] 

(19.2.17) 

where the (h X 1) vector Y1r contains the first h elements of y, and y21 contains the 
remaining g elements. Since z7 = (zf,, z;,, ... , zZ,)' is covariance-stationary with 
mean zero, we can define {32 , {33, ... , f3h to be the population coefficients asso
ciated with a linear projection of zf, on zi,, z;,, ... , zZ,: 

[19.2.18] 

where u, by construction has mean zero and is uncorrelated with z;,, z;,, ... , 
zZ,. 

The following proposition, adapted from Wooldridge (1991), shows that the 
sample residual t2, resulting from OLS estimation of [19.2.8] converges in proba
bility to the population residual u, associated with the linear projection in [19.2.18). 
In other words, among the set of possible cointegrating relations, OLS estimation 
of [19.2.8) selects the relation whose residuals are uncorrelated with any other /(1) 
linear combinations of (y 2,, YJr, ... , Yn,)-

Proposition 19.3: Let y, = (yt,, yi,)' satisfy [19.2.16] and [19.2.17] with y11 an 
(h X 1) vector with h > 1, and let {3z, {33, ..• , {3h denote the linear projection 
coefficients in (19.2.18]. Suppose that 

where {s-'l{r:}_;'_0 is absolutely summable and E, is an i.i.d. (n x 1) vector with mean 
zero, variance PP', and finite fourth moments. Suppose further that the rows of 
'l{r*(l) · P are linearly independent. Then the coefficient estimates associated with 
OLS estimation of 

Yi, = a + 'Y2Y2t + 'Y3Y3, + · · · + 'YnYn, + u, 

converge in probability to 

where 
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and 

l~il~ [~J [19.2.21] 

'Yn.T 

where 

[ 1 ] ··12 == r . 
(gxl) -J\ 

Proposition 19.3 establishes that the sample residuals associated with OLS 
estimation of [19.2.19] converge in probability to 

Y11 - aT - 'Yi,TY21 - 'Y3,TY3t - - 'Yn,TYnt 

-'> y,, - [I -WJ~t -PJ;:]-[I -P'Jfg:~] 
lYht l Ynr 

= [1 -P'HY1, - µt - r'Y2,} 

= [1 -P']·z:, 

with the last equality following from [19.2.16]. But from [19.2.18] these are the 
same as the population residuals associated with the linear projection of zr, on 
z!,, zr,, ... ' zt,. 

This is an illustration of a general property observed by Wooldridge (1991). 
Consider a regression model of the form 

Y, = a + x;p + u,. [19.2.22] 

If y, and x, are 1(0), then a + x;p was said to be the linear projection of y, on x, 
and a constant if the population residual u, = y, - a - x; p has mean zero and 
is uncorrelated with x,. We saw that in such a case OLS estimation of [19.2.22] 
would typically yield consistent estimates of these linear projection coefficients. In 
the more general case where y, can be /(0) or /(1) and elements of x, can be /(0) 
or /(1), the analogous condition is that the residual u, = y, - a - x; ll is a zero
mean stationary process that is uncorrelated with all 1(0) linear combinations of 
x,. Then a + x; ll can be viewed as the /(1) generalization of a population linear 
projection of y, on a constant and x,. As long as there is some value for p such 
that y, - x;p is /(0), such a linear projection a + x;p exists, and OLS estimation 
of [19.2.22] should give a consistent estimate of this projection. 

What Is the Regression Estimating When There Is No 
Cointegrating Relation? 

We have seen that if there is at least one cointegrating relation involving y 1,, 

then OLS estimation of [19.2.19] gives a consistent estimate of a cointegrating 
vector. Let us now consider the properties of OLS estimation when there is no 
cointegrating relation. Then [19.2.19] is a regression of an /(1) variable on a set 
of (n - 1) /(1) variables for which no coefficients produce an /(0) error term. The 
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regression is therefore subject to the spurious regression problem described in 
Section 18.3. The coefficients &rand 'Yr do not provide consistent estimates of any 
population parameters, and the OLS sample residuals a, will be nonstationary. 
However, this last property can be exploited to test for cointegration. If there is 
no cointegration, then a regression of a, on u,_1 should yield a unit coefficient. If 
there is cointegration, then a regression of a, on a,_1 should yield a coefficient that 
is less than 1. 

The proposal is thus to estimate (19.2.19] by OLS and then construct one of 
the standard unit root tests on the estimated residuals, such as the augmented 
Dickey-Fuller t test or the Phillips ZP or Z, test. Although these test statistics are 
constructed in the same way as when they are applied to an individual series y,, 
when the tests are applied to the residuals u, from a spurious regression, the critical 
values that are used to interpret the test statistics are different from those employed 
in Chapter 17. 

Specifically, let y, be an (n x 1) vector partitioned as 

[ 
Y1,] (1 X [) 

y = 
(n:1i Y2t 

(gx 1) 

[19.2.23] 

for g = (n - 1). Consider the regression 

Y1, = a + 'Y1Y21 + u,. [19.2.24] 

Let a, be the sample residual associated with OLS estimation of [19.2.24] in a 
sample of size T: 

a, = Yi, - ar - i'~Y2, fort = 1, 2, ... , T, (19.2.25] 

where 

and where L indicates summation over t from 1 to T. The residual a, can then be 
regressed on i_ts own lagged value u,_ 1 without a constant term: 

a, = pu,-1 + e, 

yielding the estimate 

for t = 2, 3, ... , T, 

T 

L a,-1a, 
PT = -'-~;~--

L af-1 ,-2 

[19.2.26] 

(19.2.27] 

Lets} be the OLS estimate of the variance of e, for the regression of [19.2.26]: 

T 

i - (T - 2)-1 "' (u - • • )2 Sr - L, t PrU,-1 , (19.2.28] ,-2 

and let ftr,r be the standard error of fir as calculated by the usual OLS formula: 

~r = s} + {f a~-1}· ,-2 [19.2.29] 
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Finally, let i:i,T be the jth sample autocovariance of the estimated residuals asso
ciated with [19.2.26]: 

T 

i:j.T = (T - 1)- 1 I e,e,-j for j = 0, 1, 2, ... , T - 2 [19.2.30] 
r-j+2 

fore,"= a, - PTa,-1; and let the square of f._T be given by 
q 

f.} = Co,T + 2· L [1 - jl(q + l)]c/,T, 
;- 1 

[19.2.31] 

where q is the number of autocovariances to be used. Phillips's ZP statistic (1987) 
can be calculated just as in [17.6.8): 

zp.T = (T- l)(PT - 1) - (1/2)·{(T- 1)2 -~T-;- sH·{A}- Co,T}. [19.2.32] 

However, the asymptotic distribution of this statistic is not the expression in [ 17. 6. 8] 
but instead is a distribution that will be described in Proposition 19 .4. 

If the vector y, is not cointegrated, then (19.2.24] will be a spurious regression 
and PT should be near 1. On the other hand, if we find that PT is well below 1-
that is, if calculation of [19.2.32] yields a negative number that is sufficiently large 
in absolute value-then the null hypothesis that [19.2.24] is a spurious regression 
should be rejected, and we would conclude that the variables are cointegrated. 

Similarly, Phillips's Z, statistic associated with the residual autoregression 
[19.2.26] would be 

z,,T = (co.Tlf.})112·tT - (l/2) ·{(T - 1) ·ir.,T -;- sT}-{f.} - Co,T}/AT [19.2.33] 

for tT the usual OLS t statistic for testing the hypothesis p = 1: 

tT = (PT - l)lir,,T. 

Alternatively, lagged changes in the "residuals could be added to the regression of 
[19.2.26) as in the augmented Dickey-Fuller test with no constant term: 

a, = (1t:.a,_l + (zt:.U,_z + ... + (p-lt:.a,_p+I + pu,-1 + e,. [19.2.34] 

Again, this is estimated by OLS fort = p + 1, p + 2, ... , T, and the OLS t 
test of p = 1 is calculated using the standard O LS formula [8.1.26]. If this t statistic 
or the Z, statistic in [19.2.33] is negative and sufficiently large in absolute value, 
this again casts doubt on the null hypothesis of no cointegration. 

The following proposition, adapted from Phillips and Ouliaris (1990), provides 
a formal statement of the asymptotic distributions of these three test statistics. 

Proposition 19.4: Consider an (n x 1) vector y, such that 

" 
t:.y, = I w,e,_, 

,-o 

fore, an i.i.d. sequence with mean zero, variance E(e,e;) = PP', and finite fourth 
moments, and where {s·'l',};'. 0 is absolutely summable. Let g = n - l and A a 

'l'(l)·P. Suppose that the (n X n) matrix AA' is nonsingular, and let L denote the 
Cholesky factor of (AA')- 1: 

(AA')- 1 = LL'. [19.2.35] 
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Then the following hold: 

(a) The statistic PT defined in [19.2.27] satisfies 

(T - 1 J(,>r - 1) --', { ~ { [1 - h;]'[W'(l ))·[W'(l) ]' [ _1.J} 
- h1[W*(l))'[ l ] [19.2.36) 

-hz 

- ~ [I -haL'{E(Ay,)(Ay;J)L[ _'.,]} + H,. 

Here, W*(r) denotes n-dimensional standard Brownian motion partitioned 
as 

[
Wf(r)] W*(r) = (lxl) ; 

(nxl) WHr) 
(gx 1) 

h1 is a scalar and h2 a (g x 1) vector given by 

[hi] t[ 1 f [WHr))' dr l-i[ f Wt(r) dr ] 

h2 "" f W!(r)dr f [WHr))·[W!(r))'dr f W!(r)·Wt(r)dr' 

where the integral sign indicates integration over r from O to 1; and 

Hn"" f [Wt(r))2 dr - [I W[(r) dr f [Wt(r)]·[W!(r)]' dr][:J 

(b) If q - co as T- co but q!T- 0, then the statistic zp.T in [19.2.32) satisfies 
L 

zp,T- Zn, [19.2.37) 

where 

z. ~ { H [I - ·~ ·[W'(l )]'[W'(l )]'[ _',.,]} 

- h,[W'(l)]'[ _1
1.J -~ (I + hlh,)} + H,. 

[19.2.38) 

(c) If q - co as T- co but q!T- 0, then the statistic Z,,T in [19.2.33) satisfies 

z,,T.!:+ Zn·v'lf:. + (1 + bih2)112• [19.2.39) 

(d) If, in addition to the preceding assumptions, Jiy,follows a zero-mean stationary 
vector ARMA process and if p- co as T- co but p/T 113- 0, then the augmented 
Dickey-Fuller t test associated with [19.2.34] has the same limiting distribution 
Zn as the test statistic Zp,T described in [19.2.37]. 

Result (a) implies that PT.!+ 1. Hence, when the estimated "cointegrating" 
regression [19.2.24] is spurious, the estimated residuals from this regression behave 
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like a unit root process in the sense that if a, is regressed on u,_1, the estimated 
coefficient should tend to unity as the sample size grows. No linear combination 
of y, is stationary, and so the residuals from the spurious regression cannot be 
stationary. 

Note that since W[(r) and Wi{r) are standard Brownian motion, the distri
butions of the terms hi, h2 , Hn, and Zn in Proposition 19.4 depend only on the 
number of stochastic explanatory variables included in the cointegrating regression 
(n - 1) and on whether a constant term appears in that regression but are not 
affected by the variances, correlations, and dynamics of !J.y,. 

In the special case when fly, is i.i.d., then 11T(L) = In and the matrix AA' = 
E[(/ly,)(lly;)]. Since LL' = (AA')- 1 , it follows that (AA') = (L')- 1(L)- 1. Hence, 
for this special case, 

L'{E[(ll.y,)(/l.y:))}L = L'(AA')L = L'{(L')- 1(L)- 1}L = In. [19.2.40) 

If [19.2.40) is substituted into [19.2.36), the result is that when !J.y, is i.i.d., 

(T - l)(Pr - 1) ~ Zn 

for Zn defined in [19.2.38]. 
In the more general case when !J.y, is serially correlated, the limiting distri

bution of T(Pr - 1) depends on the nature of this correlation as captured by the 
elements of L. However, the corrections for autocorrelation implicit in Phillips's 
ZP and Z, statistics or the augmented Dickey-Fuller t test turn out to generate 
variables whose distributions do not depend on any nuisance parameters. 

Although the distributions of Zp, Z,, and the augmented Dickey-Fuller t test 
do not depend on nuisance parameters, the distributions when these statistics are 
calculated from the residuals a, are not the same as the distributions these statistics 
would have if calculated from the raw data y,. Moreover, different values for n - l 
(the number of stochastic explanatory variables in the cointegrating regression of 
[19.2.241) imply different characterizations of the limiting statistics h1, h2 , Hn, and 
Zn, meaning that a different critical value must be used to interpret ZP for each 
value of n - 1. Similarly, the asymptotic distributions of h2 , H., and z. are different 
depending on whether a constant term is included in the cointegrating regression 
[19.2.24). 

The section labeled Case 1 in Table B.8 refers to the case when the cointe
grating regression is estimated without a constant term: 

Y1t = 'Y2Y21 + 'Y3Y3t + ... + 'YnYnt + u,. (19.2.41) 

The table reports Monte Carlo estimates of the critical values for the test statistic 
ZP described in [19.2.32), for a, the date tresidual from OLS estimation of [19.2.41]. 
The values were calculated by generating a sample of size T = 500 for y 11, y21, 

... , y., independent Gaussian random walks, estimating [19.2.41) and (19.2.26] 
by OLS, and tabulating the distribution of (T - l)(pr - 1). For example, the 
table indicates that if we were to regress a random walk y 1, on three other random 
walks (Y:i,, y3,, and y41), then in 95% of the samples, (T - 1)(.or - 1) would be 
greater than -27.9, that is, Pr should exceed 0.94 in a sample of size T = 500. If 
the estimate Pr is below 0.94, then this might be taken as evidence that the series 
are cointegrated. 

The section labeled Case 2 in Table B.8 gives critical values for ZP,T when a 
constant term is included in the cointegrating regression: 

Y1t = a + 'Y2Y21 + 'Y3Y3z + · · · + 'YnYn, + u,. [19.2.42] 

For this case, [19.2.26] is estimated with a, now interpreted as the residual from 
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OLS estimation of [19.2.42]. Note that the different cases (1 and 2) refer to whether 
a constant term is included in the cointegrating regression (19.2.42) and not to 
whether a constant term is included in the residual regression [19.2.26]. In each 
case, the autoregression for the residuals is estimated in the form of (19.2.26) with 
no constant term. 

Critical values for the Z, statistic or the augmented Dickey-Fuller t statistic 
are reported in Table B.9. Again, if no constant term is included in the cointegrating 
regression as in [19.2.41), the case 1 entries are appropriate, whereas if a constant 
term is included in the cointegrating regression as in [19.2.42], the case 2 entries 
should be used. If the value for the Z, or augmented Dickey-Fuller t statistic is 
negative and large in absolute value, this is evidence against the null hypothesis 
that y, is not cointegrated. 

When the corrections for serial correlation implicit in the Zp, Z,, or augmented 
Dickey-Fuller test are used, the justification for using the critical values in Table 
B.8 or B.9 is asymptotic, and accordingly these tables describe only the large
sample distribution. Small-sample critical values tabulated by Engle and Yoo (1987) 
and Haug (1992) can differ somewhat from the large-sample critical values. 

Testing for Cointegration Among Trending Series 
It was assumed in Proposition 19.4 that E(Ay,) = 0, in which case none of 

the series would exhibit nonzero drift. Bruce Hansen (1992) described how the 
results change if instead E(t1y,) contains one or more nonzero elements. 

Consider first the case n = 2, a regression of one scalar on another: 

Yi, = a + 'YY2t + u,. [19.2.43] 

Suppose that 

l1y2, = ~ + "21 

with ~ .,/::. O. Then 
t 

Y2, = Y2.o + ~-t + L U2.r, 
s•l 

which is asymptotically dominated by the deterministic time trend ~-t. Thus, 
estimates cir and 'Yr based on O LS estimation of [19.2.43] have the same asymptotic 
distribution as the coefficients in a regression of an /(1) series on a constant and 
a time trend. If 

f1ylt = 61 + U1, 

(where 61 may be zero), then the OLS estimate 'Yr based on [19.2.43] gives a 
consistent estimate of (61/62), and the first difference of the residuals from that 
regression converges to u1, - (61/~)u 21; see Exercise 19.1. 

If, in fact, [19.2.43] were a simple time trend regression of the form 

Yu = a + -yt + u,, 
then an augmented Dickey-Fuller test on the residuals, 

a, = C1'1r2,_1 + C2t1a,_2 + · · · + lp-1aa,_p+1 + pa,-1 + e,, ·(19.2.44] 

would be asymptotically equivalent to an augmented Dickey-Fuller test on the 
original series y11 that included a constant term and a time trend: 

Yu = l1'1Y1.r-1 + l2'1Y1.r-2 + · · · + lp-1'1Y1,,-p+1 
+ a + PY1,,-1 + 6t + u,. 
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Since the residuals from OLS estimation of [19.2.43) behave like the residuals from 
a regression of [y11 - (81/c¾)y21] on a time trend, Hansen (1992) showed that when 
y21 has a nonzero trend, the t test of p = 1 in [19.2.44] for a, the residual from 
OLS estimation of [19.2.43) has the same asymptotic distribution as the usual 
augmented Dickey-Fuller t test for a regression of the form of [19.2.45] with y 11 

replaced by [y1, - (81/82)Y2t]-Thus, if the cointegrating regression involves a single 
variable Y2t with nonzero drift, we estimate the regression [19.2.43] and calculate 
the Z, or augmented Dickey-Fuller t statistic in exactly the same manner that was 
specified in equation [19.2.33] or [19.2.34]. However, rather than compare these 
statistics with the (n - 1) = 1 entry for case 2 from Table B.9, we instead compare 
these statistics with the case 4 section of Table B.6. 

For convenience, the values for a sample of size T = 500 for the univariate 
case 4 section of Table B.6 are reproduced in the (n - 1) = 1 row of the section 
labeled Case 3 in Table B.9. This is described as case 3 in the multivariate tabu
lations for the following reason. In the univariate analysis, "case 3" referred to a 
regression in which the single variable y, had a nonzero trend but no trend term 
was included in the regression. The multivariate generalization obtains when the 
explanatory variable y 21 has a nonzero trend but no trend is included in the regres
sion [19.2.43]. The asymptotic distribution that describes the residuals from that 
regression is the same as that for a univariate regression in which a trend is included. 

Similarly, if Y2t has a nonzero trend, we can estimate [19.2.43] by OLS and 
construct Phillips's ZP statistic exactly as in equation [19.2.32] and compare this 
with the values tabulated in the case 4 portion of Table B.5. These numbers are 
reproduced in row (n - 1) = 1 of the case 3 section of Table B.8. 

More generally, consider a regression involving n - 1 stochastic explanatory 
variables of the form of [19.2.42). Let 8; denote the trend in the ith variable: 

E(Ay;,) = 8;. 

Suppose that at least one of the explanatory variables has a nonzero trend com
ponent; for illustration, call this the nth variable: 

,Sn "F 0. 

Whether or not other explanatory variables or the dependent variable also have 
nonzero trends turns out not to matter for the asymptotic distribution; that is, the 
values of 81 , 8z, ... , .Sn-I are irrelevant given that 8" -4= 0. 

Note that the fitted values of [19.2.42] are identical to the fitted values from 
OLS estimation of 

Yi,= a* + 'YiYit + 'Y!Yt + · · · + 'Y:-1Y:-1., + 'Y:Yn, + u,, [19.2.46] 

where 
Yt = Y;, - (8/8n)Yn, for i = 1, 2, ... , n - l. 

As in the analysis of [18.2.44], moments involving Yn, are dominated by the time 
trend 8nt, while they; are driftless /(1) variables for i = 1, 2, ... , n - 1. Thus, 
the residuals from [19.2.46] have the same asymptotic properties as the residuals 
from OLS estimation of 

Yit = a* + 'YiYi, + 'YjYj, + · · · + 'Y:-1Y:-1.1 + -y:8nt + u,. [19.2.47] 

The appropriate critical values for statistics constructed when a, denotes the residual 
from OLS estimation of [19.2.42] can therefore be calculated from those for an 
OLS regression of an /(1) variable on a constant, (n - 2) other /(1) variables, and 
a time trend. The appropriate critical values are tabulated under the heading Case 
3 in Tables B.8 and B.9. 
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Of course, we could instead imagine including a time trend directly in the 
regression, as in 

Y1, = a + 'Y2Y2,+ 'Y3Y3t + · · · + 'YnYn, + lit + u,. [19.2.48] 

Since [19.2.48] is in the same form as the regression of [19.2.47], critical values for 
such a regression could be found by treating this as if it were a regression involving 
(n + 1) variables and looking in the case 3 section of Table B.8 or B.9 for the 
critical values that would be appropriate if we actually had (n + 1) rather than n 
total variables. Clearly, the specification in [19.2.42] has more power to reject a 
false null hypothesis than [19.2.48], since we would use the same table of critical 
values for (19.2.42] or [19.2.48) with one more degree of freedom used up by 
[19.2.48]. Conceivably, we might still want to estimate the regression in the form 
of (19.2.48] to cover the case when we are not sure whether any of the elements 
of y, have a nonzero trend or not. 

Summary of Residual-Based Tests for Cointegration 

The Phillips-Ouliaris-Hansen procedure for testing for cointegration is sum
marized in Table 19.1. 

To illustrate this approach, consider again the purchasing power parity ex
ample where p, is the log of the U.S. price level, s, is the log of the dollar-lira 
exchange rate, and Pi is the log of the Italian price level. We have already seen 
that the vector a = (1, -1, -1)' does not appear to be a cointegrating vector for 
y, = (p,, s,, p:) '. Let us now ask whether there is any cointegrating relation among 
these variables. 

The following regression was estimated by OLS fort = 1973:1 to 1989:10 
(standard errors in parentheses): 

p, = 2.71 + 0.051 s, + 0.5300 Pi + tl,. [19.2.49] 
(0.37) (0.012) (0.0067) 

The number of observations used to estimate [19.2.49] is T = 202. When the 
sample residuals a, are regressed on their own lagged values, the result is 

a, = o.98331 a,_ 1 + e, 
(0.01172) 

T 

s2 = (T - 2)- 1 I et = (0.40374)2 

,-2 
c0 = 0.1622 

T 

ci = (T - 1)- 1 I e,e,_1 
r-;+2 

12 

A2 = Co + 2· L [1 - (j/13)]cj = 0.4082. 
J-1 

The Phillips-Ouliaris ZP test is 

Zp = (T - l)(p - 1) - (1/2){(T - l)·up + s}2(A2 - c0) 

= (201)(0.98331 - 1) 

- ½{(201)(0.01172) + (0.40374)}2(0.4082 - 0.1622) 

= -7.54. 

Given the evidence of nonzero drift in the explanatory variables, this is to be 
compared with the case 3 section of Table B.8. For (n - 1) = 2, the 5% critical 
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TABLE 19.1 
Summary of Phillips-Ouliaris-Hansen Tests for Cointegration 

Case 1: 
Estimated cointegrating regression: 

Yi, = 'Y2Y2t + 'Y3Y3, + · · · + -y,.y,., + u, 

True process for y, = (Y1" Yu, ... , y,.,)': 

t:i.y, = L w,e,_, 
,-o 

ZP has the same asymptotic distribution as the variable described under the 
heading Case 1 in Table B.8. 

Z, and the augmented Dickey-Fuller t test have the same asymptotic distri
bution as the variable described under Case 1 in Table B.9. 

Case 2: 
Estimated cointegrating regression: 

Y1t = a + 'Y2Y2t + 'Y3Y3, + 
True process for y, = (y1,, Y2,, ... , y,.,)': 

., 

+ -y,.y,., + u, 

t:i.y, = L w,e,_, 
,-o 

ZP has the same asymptotic distribution as the variable described under Case 
2 in Table B.8. 

Z, and the augmented Dickey-Fuller t test have the same asymptotic distri
bution as the variable described under Case 2 in Table B.9. 

Case 3: 
Estimated cointegrating regression: 

Y1, = a + 'Y2Y2t + 'Y3Y3, + 
True process for y, = (Y1,, Y2t, · · · , y,.,)': 

· + 'YnYnt + U, 

t:i.y, = 6 + L w,e,_, 
,-o 

with at least one element of~.~ •... , 8,. nonzero. 
ZP has the same asymptotic distribution as the variable described under Case 

3 in Table B.8. 
Z, and the augmented Dickey-Fuller t test have the same asymptotic distri

bution as the variable described under Case 3 in Table B.9. 

Notes to Table 19.J 
Estimated cointegrating regression indicates the form in which the regression that could describe 

the cointegrating relation is estimated, using observations t = 1, 2, ... , T. 
True process describes the null hypothesis under which the distribution is calculated. In each 

case, e, is assumed to be i.i.d. with mean zero, positive definite variance-covariance matrix, and finite 
fourth moments, and the sequence {s-1(1,};'.0 is absolutely summable. The matrix 1(1(1) is assumed to 
be nonsingular, meaning that the vector y, is not cointegrated under the null hypothesis. If the test 
statistic is below the indicated critical value (that is, if z., Z,, or t is negative and sufficiently large in 
absolute value), then the null hypothesis of no cointegration is rejected. 

z. is the following statistic, 

z. • (T - l)(pr - 1) - (1/2){(T - 1)2·6-~T + s½}(A~ - e •. T), 

where Pris the estimate of p based on OLSestimation of a, = pa,_, + e,fora, the OLSsample residual 
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value for ZP is - 27 .1. Since - 7 .54 > - 27 .1, the null hypothesis of no cointegration 
is accepted. Similarly, the Phillips-Ouliaris Z, statistic is 

Z, = (cof A2 ) 112(fi - 1)/&,, - (1/2){(T - 1)·6-,, + s}(A.2 - c0)/A 
= {(0.1622)/(0.4082)}112(0.98331 - 1)/(0.01172) 

- ½{(201)(0.01172) + (0.40374)}(0.4082 - 0.1622)/(0.4082) 112 

= - 2.02. 

Comparing this with the case 3 section of Table B.9, we see that - 2.02 > -3.80, 
so that the null hypothesis of no cointegration is also accepted by this test. An 
OLS regression of a, on 12,_1 and twelve lags of ll.u,_i produces an OLS t test of 
p = 1 of -2. 73, which is again above - 3.80. We thus find little evidence that p,, 
s,, and Pi are cointegrated. Indeed, the regression (19.2.49] displays the classic 
symptoms of a spurious regression-the estimated standard errors are small relative 
to the coefficient estimates, and the estimated first-order autocorrelation of the 
residuals is near unity. 

As a second example, Figure 19.5 plots 100 times the logs of real quarterly 
aggregate personal disposable income (y,) and personal consumption expenditures 
(c,) for the United States over 1947:1 to 1989:III. In a regression of y, on a constant, 
a time trend,y,_ 1 , andll.y,_Jorj = 1, 2, ... , 6, the OLSttest that the coefficient 
on y,_ 1 is unity is -1.28. Similarly, in a regression of c, on a constant, a time 
trend, c,_1 , and Ac,_i for j = 1, 2, ... , 6, the OLS t test that the coefficient on 
c,_ 1 is unity is -1.88. Thus, both processes might well be described as /(1) with 
positive drift. 

The OLS estimate of the cointegrating relation is 

c, = 0.67 + 0.9865 y, + u,. [19.2.50] 
(2.35) (0.0032) 

A first-order autoregression fitted to the residuals produces 

a, = o.782 a,_ 1 + 21, 
(0.048) 

Notes to Table 19.1 (continued). 

from the estimated regression. Here, 
T 

s} = (T - 2)-• L e'f, , .. 
where e, = 12, - /Jr12,_ 1 is the sample residual from the autoregression describing 12, and u-r is the 
standard error for f>r as calculated by the usual OLS formula: 

Also, 
T 

C;,T = (T - 1)- 1 L t.e,-1 
t•/+2 

A} = eo.T + 2· f [1 - jl(q + l)Jt1.T· 1-• 
Z, is the following statistic: 

z,"' (fo.AW12·({>r - 1)/u,T - (1/2)(.i.} - eo,r)(l/Ar){(T - l)·u-T + Sr}, 

Augmented Dickey-Fuller t statistic is the OLS t test of the null hypothesis that p = 1 in the 
regression 

12, = &ttlllr-t + ,,t.12,-2 + ' ' ' + 'p-1tll2,-p+I + pll,-1 + e,. 
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FIGURE 19.S One hundred times the log of personal consumption expenditures 
(c,) and personal disposable income (y,) for the United States in billions of 1982 
dollars, quarterly, 1947-89. Key: --- c,; ---- y,. 

for which the corresponding ZP and Z, statistics for q = 6 are -32.0 and -4.28. 
Since there is again ample evidence that y, has positive drift, these are to be 
compared with the case 3 sections of Tables B.8 and B.9, respectively. Since 
-32.0 < -21.5 and -4.28 < -3.42, in each case the null hypothesis of no 
cointegration is rejected at the 5% level. Thus consumption and income appear to 
be cointegrated. 

Other Tests for Cointegration 

The tests that have been discussed in this section are based on the residuals 
from an OLS regression of y 11 on (y 21, y3,, ••• , Yn1). Since these are not the same 
as the residuals from a regression of y2, on (y 11, y3,, ••• , Yn,), the tests can give 
different answers depending on which variable is labeled y 1 • Important tests for 
cointegration that are invariant to the ordering of variables are the full-information 
maximum likelihood test of Johansen (1988, 1991) and the related tests of Stock 
and Watson (1988) and Ahn and Reinsel (1990). These will be discussed in Chapter 
20. Other useful tests for cointegration have been proposed by Phillips and Ouliaris 
(1990), Park, Ouliaris, and Choi (1988), Stock (1990), and Hansen (1990). 

19.3. Testing Hypotheses About the Cointegrating Vector 
The previous section described some ways to test whether a vector y, is cointegra ted. 
It was noted that if y, is cointegrated, then a consistent estimate of the cointegrating 
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vector can be obtained by O LS. This section explores further the distribution theory 
of this estimate and proposes several alternative estimates that simplify hypothesis 
testing. 

Distribution of the OLS Estimate for a Special Case 

Let y 11 be a scalar and y21 be a (g X 1) vector satisfying 

Y11 = a + 'Y1Y2t + z; 
Y21 = Y2.1-1 + U2,· 

[19.3.1] 

[19.3.2] 

If y 11 and y21 are both /(1) but z: and u,., are /(0), then, for n = (g + l), the n
dimensional vector (y 11, y2,)' is cointegrated with cointegrating relation [19.3.1]. 

Consider the special case of a Gaussian system for which y21 follows a random 
walk and for which z: is white noise and uncorrelated with u2T for all t and T: 

[19.3.3) 

Then [19.3.1] describes a regression in which the explanatory variables (y21) are 
independent of the error term (z:) for all t and T. The regression thus satisfies 
Assumption 8.2 in Chapter 8. There it was seen that conditional on (y21 , y22, ... , 
y27 ), the OLS estimates have a Gaussian distribution: 

[ (aT - ~a)I ] [ T }:y 21 ]- 1
[ }:z,• ] 

(
A ) (Y21, Y22, · · · , Y2T) = ~ L , '<' * 
'YT - 'Y "'Y2l Y2,Y2t L.,y,.,z, [19.3.4] 

N([O] 2 [ T LY2, ]-t) 
- 0 ' ul LY2t LY2,Y2t ' 

where L indicates summation over t from 1 to T. 
Recall further from Chapter 8 that this conditional Gaussian distribution is 

all that is needed to justify small-sample application of the usual OLS tor F tests. 
Consider a hypothesis test involving m restrictions on a and 'Y of the form 

Raa + Ry"'/ = r, 

where Ra and r are known (m x 1) vectors and RY is a known (m x g) matrix 
describing the restrictions. The Wald form of the OLS Ftest of the null hypothesis 
is 

(RaaT + Ry'YT - r)' {sHRa R 1[ T ~Y2t ]-l[R~]}-l 
Y LY2, ~Y2tY2, R; [19.3.5] 

where 

T 

s} = (T - n)-l I (Yi, - &r - 'YrYz,)2. 
1-1 

Result (19.3.4] implies that conditional on (y2i, y22, ... , y2r), under the null 
hypothesis the vector (Ra&r + Ry'YT - r) has a Gaussian distribution with mean 
0 and variance 
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It follows that conditional on (y21, y22, ••. , Yzr), the term 

(Raar + Ryir - r)' { crr(Ra Ry][}::i, }:!:t:i,rl:tn-l 
(19.3.6] 

X (RaaT + RyiT - r) 

is a quadratic form in a Gaussian vector. Proposition 8.1 establishes that conditional 
on (y21 , y22 , ••• , y2r), the magnitude in [19.3.6] has a x2(m) distribution. Thus, 
conditional on (y21 , y22 , . .. , y2r), the OLS Ftest (19.3.5] could be viewed as the 
ratio of a x2(m) variable to the independent x 2(T - n) variable (T - n)s}lcry, 
with numerator and denominator each divided by its degree of freedom. The OLS 
F test thus has an exact F(m, T - n) conditional distribution. Since this is the 
same distribution for all realizations of (y21 , y22 , ••• , Yzr), it follows that [19.3.5] 
has an unconditional F(m, T - n) distribution as well. Hence, despite the /(1) 
regressors and complications of cointegration, the correct approach for this example 
would be to estimate [19.3.1] by OLS and use standard tor F statistics to test any 
hypotheses about the cointegrating vector. No special procedures are needed to 
estimate the cointegrating vector, and no unusual critical values need be consulted 
to test a hypothesis about its value. 

We now seek to make an analogous statement in terms of the corresponding 
asymptotic distributions. To do so it will be helpful to rescale the results in [19.3.4] 
and [19.3.5] so that they define sequences of statistics with nondegenerate asymp
totic distributions. If (19.3.4] is premultiplied by the matrix 

[r;n /~,l 
the implication is that the distribution of the OLS estimates conditional on (Yw 
Y22, .. , , Y2r) is given by 

[ T1n(ar - a) I ] 
T(ir _ 'Y) (Y21, Y22, · · · , Y2r) 

([OJ {[T1n O' ][ T }:y:i, ]-
1[T1n O' ]}) 

- N O ' CTI O T·I, }:yi, LfaY2t O T·lg 
[19.3.7] 

To analyze the asymptotic distribution, notice that [19.3.1] through [19.3.3] 
are a special case of the system analyzed in Proposition 19.2 with 11T*(L) = In and 

P= [
(Tl 

0 
O'] 
Pn' 

where P22 is the Cholesky factor of 0 22: 

022 = P22P22· 

For this special case, 

11f*(l)·P = [CT1 0' ]. 
0 P22 

[19.3.8] 
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The terms >.t and A! referred to in Proposition 19.2 would then be given by 

>.t _ [ U1 0' ] 
(lxn) - (lxl) (1><1) 

A! - [ 0 P22] 
(gxn) - (gxl) (g><1) • 

Thus, result (19.2.13] of Proposition 19.2 establishes that 

[ T'12(&7 - a)] [ 1 r- 312"2.y;, ]- 1
[ y-1122.z:] 

T(·h - 'Y) = r- 3'2"2-y21 r- 2'z.Y21Yh r-1"Zy2,Zi 

L [ 1 {J [W(r)]' dr}[:J l-l 
- [O P22] J W(r) dr (0 ~221{f [W(r)]·[W(r)]' dr }[:J 

[ 
[a-1 O']W(l) l 

x [O P22]{J [W(r)][dW(r)]'}[ ~] , [l9.3-9] 

where the integral sign indicates integration over r from O to 1. If then-dimensional 
standard B,rownian motion W(r) is partitioned as 

W(r) = [~~(i{], 
(nxl) Wz(r) 

(gx 1) 

[19.3.10] 

[19.3.11] 
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Since W1(-) is independent of Wi{-), the distribution of (vi, vi)' conditional 
on Wi(-) is found by treating W2(r) as a deterministic function of rand leaving the 
process W1(-) unaffected. Then f[Wi(r)) dW1(r) has a simple Gaussian distribution, 
and [19.3.11] describes a Gaussian vector. In particular, the exact finite-sample 
result for Gaussian disturbances [19.3.7] implied that 

T112(ar - a) 1 T- 312Iy21 r- 1121:z: [ I ] [ ]-1[ ] 
T(ir - 'Y) (Y2i, Y22, ... 'Y:zr) = r-312Iy:z, r-2LY:z,Y~ r-1IY2,z: 

-N([~]. ut[T-~LY:z, :-~;:::J-). 
Comparing this with the limiting distribution [19.3.10], it appears that the vector 
(vi, v2)' has distribution conditional on W2(·) that could be described as 

[;:jw2<·>] 

-im.[Pnf :WT Pnd~::::::t:,},J)-(19.3.1~ 

Expression [19.3.12] allows the argument that was used to motivate the usual 
OLS t and Ftests on the system of [19.3.1] and [19.3.2] with Gaussian disturbances 
satisfying [19.3.3] to give an asymptotic justification for these same tests in a system 
with non-Gaussian disturbances whose means and autocovariances are as assumed 
in [19. 3 .3]. Consider for illustration a hypothesis that involves only the cointegrating 
vector, so that Ra = 0. Then, under the null hypothesis, m times the F test in 
[19.3.5] becomes 

m·Fr = [R.,(ir - 'Y)]'{s}[O R.,][I~:z, I!:;J-
1
[:J}-\R.,(ir - 'Y)] 

= [R.,· T(ir - 'Y)]{s}[O R.,·T][I~:z, I~:,;J-
1

[/~]}-

1 

X [R.,· T(ir - -y)J 

{ ([ T112 O' ]-i 
= [R.,·T(ir - -y)]'(s})-1 [O R.,] 0 T·Ig 

:.~J_) _l~]}-\R.,-T(ir- -y)] 
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~ (<r,/~)[ll,•J{ [O R,] 

X [,nJ ~,(,)d, 

[19.3.13] 

Result [19.3.12] implies that conditional on Wk), the vector R,.v2 has a Gaussian 
distribution with mean O and variance · 

(O [ 1 {f [W2(r)]' dr }Ph 1-• [ W l 
R,.] P22 f W2(r) dr P22{f [W2(r)J·[Wi(r)]' dr }P:i.2 R.'., . 

Since .s} provides a consistent estimate of ut, the limiting distribution of m· FT 
conditional on W2(-) is thus x2(m), and so the unconditional distribution is x2(m) 
as well. This means that OLS tor F tests involving the cointegrating vector have 
their standard asymptotic Gaussian or x2 distributions. 

It is also straightforward to adapt the methods in Section 16.3 to show that 
the OLS x2 test of a hypothesis involving just a, or that for a joint hypothesis 
involving both a and..,, also has a limiting x2 distribution. 

The analysis to this point applies in the special case when y 1, and y21 follow 
random walks. The analysis is easily extended to allow for serial correlation in 
z: or u2,, as long as the critical condition that z: is uncorrelated with 11z.,, for all 
t and 'T' is maintained. In particular, suppose that the dynamic process for 
(z:, u21)' is given by 

with {s·•:};.0 absolutely summable, E(a,) = 0, E(a,a;) = PP' if t= 'T' and 0 
otherwise, and fourth moments of a, finite. In order for z: to be uncorrelated with 
u2T for all t and 'T', both ,(r*(L) and P must be block-diagonal: 

'lfr*(L) = [if,t.(L) O' ] 
0 'IITML) 

p = [ ~l :J. 
implying that the matrix 'lfr*(l) ·Pis also block-diagonal: 

'lfr*(l)·P = [0'11/JMl) O' ] 
0 ,(r~(l)·P22. [19.3.14) 

[
,\* 

!5 1 

0 
O' ]. 

A~ 
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I 

Noting the parallel between (19.3.14] and (19.3.8], it is easy to confirm that if 
At ef= 0 and the rows of M'2 are linearly independent, then the analysis of (19.3.10] 
continues to hold, with a-1 replaced by Af and P22 replaced by A~: 

(19.3.15] 

Conditional on W i(-), this again describes a Gaussian vector with mean zero and 
variance 

The same calculations as in (19.3.13] further indicate that m times the OLS Ftest 
of m restrictions involving a or -y converges to (At)2/s} times a variable that is 
x2(m) conditional on Wi(-). Since this distribution does not depend on Wi(-), the 
unconditional distribution is also ((AT)2/s}] · x2(m). 

Note that the OLS estimates} provides a consistent estimate of the variance 
of z;: 

T 

S4-a (T - n)-l L (Y11 - &r - 'YrY21)2 ~ E(z,*)2. 
1=! 

However, if z,• is serially correlated, this is not the same magnitude as (Ai)2 • 

Fortunately, this is simple to correct for. For example, s} in the usual formula for 
the F test (19.3.5] could be replaced with 

q 

(At_r)2 = f:o,r + 2· L (1 - j/(q + l)]c\r 
j•l 

(19.3.16] 

for 
T 

• - T-1 ,;;;, •• c1,r = L, u,u,_1 
t•j+I 

(19.3.17] 

with 12, = (Y1r - ay - i'i-Y2t) the sample residual resulting from OLS estimation 
• p 

of [19.3.1]. If q -+ oo but q/T-+ 0, then Ai,r-+ At, It then follows that the test 
statistic given by 

{ [ T Ly' ]- 1[R']}-i (R.,ar + Ryh - r)' (At,T)2[Ra Ry] "'Y2t 2t a 
,._, ~Y2tY~ R;. 

X (R.,&r + R .. 1yy - r) 

has an asymptotic x2(m) distribution. 

[19.3.18] 
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The difficulties with nonstandard distributions for hypothesis tests about the 
cointegrating vector are thus due to the possibility of nonzero correlations between 
z: and u2T. The basic approach to constructing hypothesis tests will therefore be 
to transform the regression or the estimates so as to eliminate the effects of this 
correlation. 

-Correcting for Correlation by Adding Leads 
and Lags of l:::.y2 

One correction for the correlation between z: and u2T, suggested by Saikkonen 
(1991), Phillips and Loretan (1991), Stock and Watson (1993), and Wooldridge 
(1991), is to augment [19.3.1] with leads and lags of ~y,.,. Specifically, since z: and 
u21 are stationary, we can define t, to be the residual from a linear projection of 
z: on {~,1-p, ~.1-p+l> , , , , U2,1-1, U:z,, U2,1+1> • • , , U2,1+p}: 

.s•-p 

where z, by construction is uncorrelated with u2,,_, for s = -p, -p + 1, ... , 
p. Recalling from [19.3.2] that u2, = ~y,.,, equation [19.3.1] then can be written 

Y1, = a + "f 1Y21 + i p;~Y2.,-• + i,. [19.3.19] 
,--p 

If we are willing to assume that the correlation between z: and u2.,_, is zero for 
M > p, then an Ftest about the true value of "I that has an asymptotic x2 distribution 
is easy to construct using the same approach adopted in [19.3.18]. 

For a more formal statement, let y 11 and y21 satisfy [19.3.19] and [19.3.2] with 

where {s·'P,};'.0 is an absolutely summable sequence of (n x n) matrices and 
{E,}~. _,. is an i.i.d. sequence of (n x 1) vectors with mean zero, variance PP', and 
finite fourth moments and with ,i,(1) · P nonsingular. Suppose that z, is uncorre
lated with u2T for all t and T, so that 

P = [0-1 O' ] [19.3.20] 
0 P22 

·"·(L) = [!fru(L) - O' ] [19 3 21] 
-r O 9' 22(L) ' .. 

where P22 and 'P22(L) are (g x g) matrices for g • n - 1. Define 

w, • (ul,1-p, u2,,-p+t, ... , u:Z,,-1' u2,0 ui,+1, ... , utr+p)' 
P • (p;, P;-1, ... , P'...p)', 

so that the regression model [19.3.19] can be written 

Y11 = P'w, + a + "f'y21 + t,. [19.3.22] 

The reader is invited to confirm in Exercise 19.2 that the OLS estimates of [19.3.22] 
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satisfy 

[19.3.23] 

L • • 
where Q = E(w,w;), T- 112"2.w,t,-+ h1 , A11 = o-1 • if,11(1), and 

Here A22 = ,i,22(1)·P 22 , W1(r) is univariate standard Brownian motfon, Wz(r) is 
g-dimensional standard Brownian motion that is independent of W1(-), and the 
integral sign denotes integration over r from Oto 1. Hence, as in [19.3.12], 

[19.3.24] 

Moreover, the Wald form of the OLS x2 test of the null hypothesis R.,;y = r, 
where R.,. is an (m x g) matrix and r is an (m x 1) vector, can be shown to satisfy 

X {R.,.-y7 - r} 

[
"2.w,w; 

0 R.,.] "2.w; 
"2.yz,w; 

, -1 l-1 "2.w, "2.w,y2, 0 

T "2.y2, 0' Sy, Sy,J [RJ 

[19.3.25] 
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see Exercise 19.3. But result [19 .3.24) implies that conditional on W 2( • ), the expres
sion in [19.3.25) is (A.fi/s}) times a x2(m) variable. Since this distribution is the 
same for all Wl(-), it follows that the unconditional distribution also satisfies 

x}-4 (Xf,/s})·x 2(m). [19.3.26] 

Result [19.3.26] establishes that in order to test a hypothesis about the value 
of the cointegrating vector 'Y, we can estimate [19.3.19] by OLS and calculate a 
standard F test of the hypothesis that Ry"( = r using the usual formula. We need 
only to multiply the OLS F statistic by a consistent estimate of (s}/At1), and the 
F statistic can be compared with the usual F(m, T - k) tables for k the number 
of parameters estimated in [19.3.19] for an asymptotically valid test. Similarly, the 
OLS t statistic could be multiplied by (sJ,l.\}1) 112 and compared with the standard 
t tables. -

A consistent estimate of Al is easy to obtain. Recall ·that .\11 = o-1 • ef/11(1), 
where z, = ,i,11(L)e1, and E(ef,) = uf. Suppose we approximate ,i,,i(L) by an 
AR(p) process, and let 12, denote the sample residual resulting from OLS estimation 
of [19.3.19]. If 121 is regressed on p of its own lags: 

12, = cf,,Ct,_, + "'212,-2 + ... + cpp121-p + e,, 

then a natural estimate of A11 is 

,t = u,1(1 - rb, - <Pi - · · · - <Pp), 

where 
T 

01 = (T - p)-I L ~t 
t•p+I 

[19.3.27] 

and where T indicates the number of observations actually used to estimate [19.3.19]. 
Alternatively, if the dynamics implied by ii,11(L) were to be approximated on the 
basis of q autocovariances, the Newey-West estimator could be used: 

h = co + 2· f [1 - j/(q + l)]c1, [19.3.28) 
/•I 

where 
T 

c; = r- 1 I 12/J,-;· 
t•J+I 

These results were derived under the assumption that there were no drift 
terms in any of the elements of y21• However, it is not hard to show that the same 
procedure works in exactly the same way when some or all of the elements of y21 

involve deterministic time trends. In addition, there is no problem with adding a 
time trend to the regression of [19.3.19) and testing a hypothesis about its value 
using this same factor applied to the usual F test. This allows testing separately 
the hypotheses that (1) Yll - 'Y'Y21 has no time trend and (2) y11 - 'Y'Yu is 1(0), 
that is, testing separately the restrictions [19.1.15] and [19.1.12]. The reader is 
invited to verify these claims in Exercises 19.4 and 19.5. 

Illustration-Testing Hypotheses About the Cointegrating 
Relation Between Consumption and Income 

As an illustration of this approach, consider again the relation between con
sumption c, and income y1, for which evidence of cointegration was found earlier. 
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I 

The following regression was estimated fort = 1948:_II to 1988:III by OLS, with 
the usual OLS formulas for standard deviations given in parentheses: 

c, = -4.52 + 0.99216 y, + 0.15 11yt+4 + 0.29 '1yt+3 + 0.26 '1y,+2 
(2.34) (0.00306) (0.12) (0.12) (0.11) 

+ 0.49 '1y,+1 - 0.24 '1y, - 0.01 '1y,_1 + 0.07 '1y,_2 
(0.12) (0.12) (0.11) (0.11) [19.3.29] 

+ 0.04 '1y,_3 + 0.02 '1y,_4 + a, 
(0.11) (0.11) 

T 

s2 = (T - 11)- 1 I a; = '(1.516)2• 
t•l 

Here T, the number of observations actually used to estimate [19.3.29), is 162. To 
test the null hypothesis that the cointegrating vector is a = (1, -1)', we start with 
the usual OLS t test of this hypothesis, 

t = (0.99216 - 1)/0.00306 = -2.562. 

A second-order autoregression fitted to the residuals of [19.3.29] by OLS produced 

a, = o.7180 a,_1 + 0.2057 a,_2 + e,, [19.3.30) 

where 

T 

di = (T - 2)- 1 I e; = 0.38092. 
t•3 

Thus, the estimate of i\11 suggested in [19.3.27] is 

f 11 = (0.38092)112/(1 - 0.7180 - 0.2057) = 8.089. 

Hence, a test of the null hypothesis that a = (1, -1)' can be based on 

t·(sli\ 11) = (-2.562)(1.516)/(8.089) = -0.48. 

Since -0.48 is above the 5% critical value of -1.96 for a N(O, 1) variable, we 
accept the null hypothesis that a = (1, -1)'. 

To test the restrictions implied by cointegration for the time trend and sto
chastic component separately, the regression of [19.3.29) was reestimated with a 
time trend included: 

c, = 198.9 + 0.6812 y, + 0.2690 t + 0.03 '1y,+4 + 0.17 '1y,+3 
(15.0) (0.0229) (0.0197) (0.08) (0.08) 

+ 0.15 '1y,+2 + 0.40 '1y,+1 - 0.05 '1y, + 0.13 AY,-1 
(0.08) (0.08) (0.08) (0.08) [19.3.31] 

+ 0.23 '1y,_2 + 0.20 '1y,_3 + 0.19 '1y,_4 + ll, 
(0.08) (0.08) (0.07) 

, T 

s2 = (T - 12)- 1 I a; = (1.017)2• 
,-1 

A second-order autoregression fitted to the residuals of [19.3.31] produced 

a, = o.6872 a,-1 + 0.1292 a,-2 + e,, 
where 

T 

uf = (T - 2)- 1 I e~ = 0.34395 
1•3 

and 

f 11 = (0.34395)112/(1 - 0.6872 - 0.1292) = 3.194. 
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A test of the hypothesis that the time trend does not contribute to [19.3.31] is thus 
given by 

[(0.2690)/(0.0197)] · [(1.017)/(3.194)] = 4.35. 

Since 4.35 > 1.96, we reject the null hypothesis that the coefficient on the time 
trend is zero. 

The OLS results in [19.3.29] are certainly consistent with the hypothesis that 
consumption and income are cointegrated with cointegrating vector a = (1, -1)'. 
However, [19.3.31] indicates that this result is dominated by the deterministic time 
trend common to c, and y,. It appears that while a = (1, -1)' is sufficient to 
eliminate the trend components of c, and y,, the residual c, - y, contains a stochastic 
component that could be viewed as /(1). Figure 19.6 provides a plot of c,- y,. It 
is indeed the case that this transformation seems to have eliminated the trend, 
though stochastic shocks to c, - y, do not appear to die out within a period as 
short as 2 years. 

Further Remarks and Extensions 

It was assumed throughout the derivations in this section that i, is /(0), so 
that y, is cointegrated with the cointegrating vector having a nonzero coefficient 
on y 1,. If y, were not cointegrated, then [19.3.19] would be a spurious regression 
and the tests that were described would not be valid. For this reason estimation 
of [19.3.19] w.ould usually be undertaken after an initial investigation suggested 
the presence of a cointegrating relation. 

17 SI 55 59 63 67 71 75 79 83 87 

FIGURE 19.6 One hundred times the difference between the log of personal 
consumption expenditures (c,) and the log of personal disposable income (y,) for 
the United States, quarterly, 1947-89. 
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It was also assumed that A22 is nonsingular, meaning that there are no coin
tegrating relations among the variables in Yu· Suppose instead that we are interested 
in estimating h > l different cointegrating vectors, as represented by a system of 
the form 

Yu = r• · Yu + fJ.i + z't' 
(hxl) (hxg) (gxl) (hXI) (hXI) 

ay21 = 62 + Ui, 
(gxi) (gxl) (gxl) 

with 

[Zi] = '{r*(L)E, 
U2, 

[19.3.32} 

[19.3.33} 

and '{r*(l) nonsingular. Here the generalization of the previous approach would 
be to augment [19.3.32] with leads and lags of aYu: 

[19.3.34] 
~- -p 

where B; denotes an (h x g) matrix of coefficients and it is assumed that z, is 
uncorrelated with u2T for all t and T. Expression [19.3.34] describes a set of h 
equations. The ith equation regresses Y;, on a constant, on the current value of all 
the elements of y2,, and on past, present, and future changes of all the elements 
of y21• This equation could be estimated by OLS, with the usual F statistics mul
tiplied by [s¥>tWlJ2, wheres¥> is the standard error of the regression and XW could 
be estimated from the autocovariances of the residuals 2;, for the regression. 

The approach just described estimated the relation in [19.3.19] by OLS and 
made adjustments to the usual tor F statistics so that they could be compared with 
the standard t and F tables. Stock and Watson (1993) also suggested the more 
efficient approach of first estimating [19.3.19] by OLS, then using the residuals to 
construct a consistent estimate of the autocorrelation of u, as in [19.3.27] or [19.3.28], 
and finally reestimating the equation by generalized least squares. The resulting 
GLS standard errors could be used to construct asymptotically x2 hypothesis tests. 

Phillips and Loretan (1991, p. 424) suggested that instead autocorrelation of 
the residuals of [19 .3.19] could be handled by including lagged values of the residual 
of the cointegrating relation in the form of 

Y1t = a + •y'yi, + i 13;aY2,,-s + i <MY1,,-s - "Y1Y2,,-,) + Eu- [19.3.35] 
s- -p s-1 

Their proposal was to estimate the parameters in [19.3.35] by numerical minimi
zation of the sum of squared residuals. 

Phillips and Hansen's Fully Modified OLS Estimates 

A related approach was suggested by Phillips and Hansen (1990). Consider 
again a system with a single cointegrating relation written in the form 

Yu = a + "Y1Y2, + Zi 

[:] = '{r*(L)e, 

E(e,e;) = PP', 

[19.3.36} 

[19.3.37} 
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where y21 is a (g x 1) vector and e, is an (n x 1) i.i.d. zero-mean vector for 
n = (g + 1). Define 

A• = 'llt•(l) · P 

I* • A*·[A*]' ... [cf~h <!~!>], [19.3.38] 
~x~ ~ll ~n 

C,xl) C,><11) 

with A* as always assumed to be a nonsingular matrix. 
Recall from equation [10.3.4] that the autocovariance-generating function for 

(z:, u21)' is given by 

G( ~ [E(z:z:'-,) E(z:uL-,)] 
z) E LJ z• · 

,- -z E(nuz:-,) E(nuui.,-,) 
= ['llt•(z)] · PP'['llt•(z- 1)]'. 

Thus, I• could alternatively be described as the autocovariance-generating function 
G(z) evaluated at z = 1: 

[It1 It;] = f [E(z:'z:_,) E(z:'ut,-.>]. 
l:¾'1 Ii2. •- -z E(u:z.Z:'-v) E(nuu2,,-v) 

[19.3.39] 

The difference between the general distribution for the estimated cointe
grating vector described in Proposition 19.2 and the convenient special case in
vestigated in ["19.3.15] is due to two factors. The first is the possibility of a nonzero 
value for l:f 1 , and the second is the constant term that might appear in the variable 
h2 described in Proposition 19.2 arising from a nonzero value for 

z 

X 5 ~ E(u21zi+-). 
v-0 

[19.3.40] 

The first issue can be addressed by subtracting I;; (Iti)- 1 dy21 from both sides 
of [19.3.36], arriving at 

Yi,= a + 'Y'Y21 + zi, 
where 

y!, = Y1, - l:f{(I!2)-\iy21 

zl = z: - l:f{(Itr 1ay21. 

Notice that since dy21 = u21, the vector (zl, u21)' can be written as 

for 

[19.3.41] 

[19.3.42] 

[19.3.43] 

Suppose we were to estimate a and.., with an OLS regression of Yi, on a constant 
and Y21: 

'<' , ]-1[ '<' t ] -"Y2t ~Yu . 
Iy:z,Yi, IY21YL . 

[19.3.44] 
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The distribution of the resulting estimates is readily found from Proposition 19.2. 
Note that the vector A.t' used in Proposition 19.2 can be written as ejA* for ei the 
first row of In, while the matrix A:i in Proposition 19 .2 can be written as l,iA * for 
Li the last grows of L'. The asymptotic distribution of the estimates in [19.3.44] 
is found by writing A:i in [19 .2.13] as 1,iA *, replacing A.t' = eiA • in [19.2.13) with 
liA *, and replacing E(u21z:+>) with E(nuz]+-): 

[ 7'112(&} - a)] [ 1 T- 312Iy 21 ]- 1[ T- 112Iz]] 
T(i} - -y) = T- 312Iy 21 T- 2Iy 2,y21 T- 1Iy2rzi 

L j 1 {J [W(r)]' dr}A*'L2 ]-l 
-+ lLiA* f W(r) dr L;A•{J [W(r)]·[W(r)]' dr}A*'L2 

[ 
liA*W(l) l 

x L2A*{J [W(r)][dW(r)]'}A*'l 1 +Kt' 

[19.3.45] 

where W(r) denotes n-dimensional standard Brownian motion and 
z 

Kt= L E(u21Zl+v) 
•-0 

z 

= L E{u2r[z:+v - I:i{(I:i2>-1u2,1+vU [19.3.46] 
v-o 

= to E{u2,[z:+. u:i.,+,]}[ _(l::!:zl)-1I:iJ 

Now, consider the (n x 1) vector process defined by 

B(r) = [:DA*·W(r). [19.3.47] 

From [19.3.43] and [19.3.38], this is Brownian motion with variance matrix 

E{[B(l)]·[B(l)]'} = [~i]A*A*'[l 1 L2] 

= [1 -I:i{(I22)- 1][Iti I:i{] [ 1 0'] 
O I, I:i 1 I:!:z -(I:i 2 )- 1I:i1 I, 

= [<uD2 O'] 
0 I~' 

[19.3.48] 

where 

[19.3.49] 

Partition B(r) as 

[Bi(r)] [liA*W(r)] B(r) = (lxl) = . 
(nxl) Bz(r) LiA*W(r) 

(.rxl) 
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Then [19.3.48) implies that B 1(r) is scalar Brownian motion with variance (uI) 2 

while Bi(r) is g-dimensional Brownian motion with variance matrix l':i'2, with Bi(·) 
independent of Bi(-). The process B(r) in turn can be viewed as generated by a 
different standard Brownian motion Wt(r), where 

for P;;Pf = l':t the Cholesky factorization of l':!2 . The result [19.3.45) can then 
equivalently be expressed as 

[ 1'1'2(&} - a)] 
T(-y} - -y) -1 

L [ 1 {J [W1(r)}' dr }P!:l l 
-+ f {J } [19.3.50] P!2 Wi(r) dr P;t2 [W1(r)]·[W!(r)]' dr P;ti 

[ 
ut · wt(l) ] 

x Pt{J Wi{r; d;I(r) }ut + W · 

If it were not for the presence of the constant Kt, the distribution in [19.3.50] 
would be of the form of [19.3.11), from which it would follow that conditional on 
W1(·), the variable in [19.3.50] would be Gaussian and test statistics that are 
asymptotically x2 could be generated as before. 

Recalling [19.3.39], one might propose to estimate l':* by 

[±_ti ±_r;] . ~ - -= ro + 2., {l - [vl(q + l)]}(r,. + r:.), 
l':;t1 l':;t2 v-1 

[19.3.51] 

where 

[19.3.52] 

for z't' the sample residual resulting from estimation of [19.3.36] by OLS and 
u21 = tiY:z,. To arrive at a similar estimate of W, note that [19.3.46] can be written 

Kt = to E{u2,,-v[z't' u~]}[ _(l':i2;_1l':J 

- L z, U2.1-v 1 
,c {[ * , ]'}[ ] 

- v-0 E U:z,U2,1-v -(l':t)- 1l':i1 

vta [~IBl[-(l':t;- 11:rJ 
This suggests the estimator 

f<} = .ta { 1 - [v/(q + l)]}{[[ri1l' [r~r]}[ _(i;;-1trJ [19.3.53] 
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The fully modified OLS estimator proposed by Phillips and Hansen (1990) is then 

[&VJ [ T Iyi, ]- 1
[ I.91, ] 

i¥ = Iyu IY21Y21 {IY21.9t, - T~}} 

for ,9!, • y1, - it{(i:!:z)-1.!\y21• This analysis implies that 

[ T112(aV - a)] [ 1 r- 312Iy' ]- 1 
[ r- 112Izt ] 

T(iV - 'Y) = r- 312Iy21 r- 2Iy21;2t r- 1Iy21ii ~ ~T 

where 

It follows as in [19.3.12) that 

[::lwK>]-N([~].u-1
) 

for 

_ [ 1 {J [Wi(r))' dr }Pu l 
H - Pf2 f WHr) dr Pt{J [W!(r))·[W!(r))' dr }pti J 

Furthermore, [19.3.49) suggests that a consistent estimate of (o-1)2 is provided by 

(O".t)2 _ i,,. _ ~ ... (~* >-1~. 
1 - -"II "-21 "-22 "-21, 

with Iq given by [19.3.51). Thus, if we multiply the usual Wald form of the x2 test 
of m restrictions of the form Ry = r by (sr/6-D2, the result is an asymptotically 
x2(m) statistic under the null hypothesis: 

(sT/6-!)2, x} = {RiV - r}'{ (o-I)2[o R][I~21 Iyi, J-1[0']}-\R-ytt _ r} 
IY21Y2, R' T 

= {R· T(i¥ - y)}'{ (uI)2[0 R] 

X [r-3!If7, ;_-2;::;J-T:·.n-l{R·T(iV-y)} 

~ (ut) 2(Rv2)'{ (o-I)2[0 RJu-1[:',]}-1(Rvz) 
-x 2(m). 
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This description has assumed that there was no drift in any elements of the 
system. Hansen (1992) showed that the procedure is easily modified if E(dy 21) = 
62 ,t. 0, simply by replacing u21 = dy 21 in [19.3.52) with 

U:z, = dy,., - 62, 
where 

T 

62 = T-1 L dy,.,. ,-1 
Hansen also showed that a time trend could be added to the cointegrating relation, 
as in 

Y1, = a + -y'y,., + 8t + z:, 
for which the fully modified estimator is 

[&Vl [ T Iy 2, It ]-'[ IyL l iV = Iy2, IY21Y~ Iy2,t Iy,_,yt, - 71<} . 
Sp- It Ity~ It 2 Ityt, 

Collecting these estimates in a vector bV = (&V, [iVJ', 8¥)', a hypothesis in
volving m restrictions on fl of the form Rfl = r can be tested by 

{Rb}t ""'. r}'((u!)2R[I~21 I!:t~ I~:ti-1R']-1{Rb¥ - r}~ x2(m). 
It Ity~ It 2 

Park's Canonical Cointegrating Regressions 

A closely related idea has been suggested by Park (1992). In Park's procedure, 
both the dependent and explanatory variables in [19.3.36) are transformed, and 
the resulting transformed regression can then be estimated by O LS and tested using 
standard procedures. Park and Ogaki (1991) explored the use of the VAR pre
whitening technique of Andrews and Monahan (1992) to replace the Bartlett es
timate in expressions such as [19.3.51). 

APPENDIX 19,A, Proofs of Chapter 19 Propositions 

• Proof of Proposition 19.2. Define j 1, • zt + z: + · · · + z: for t = l, 2, ..• , T and 
i,.o 5 O. Then 

[j,,] = [ 0 ] + 1:. 
y.,, Yz,o 

where 

Hence, result (e) of Proposition 18.1 establishes that 

r-1 f [11 J- 1][z: n;,J :+A*·{(' [W(r)] [dW(r))'}·A*' + f r:• [19.A.l] 
,., Y2.r-1 Jo •-1 

618 Chapter 19 I Cointegration 



for 

A""" 1fr"(l)·P 

rt"" E[:J[zi+v ui.r+,J· 

It follows from [19.A.1] that 

r-1 f [j1'][z:' 
,-1 y,, 

u~] = r- 1 f [j,,,-,]rz: u~] + r- 1 f [z:][z,• u~] 
,-1 Y2,,-1 ,-1 Ou 

~ A··{i' [W(r)] [dW(r)l'}·A*' +tr:-. 

Similarly, results (a), (g), and (i) of Proposition 18.1 imply 

r-112 L r ~ A*·W(l) T [z*] 
,-1 U2, 

r-312 f [j''] ~ A*· f' W(r) dr 
r•l y,, Jo 

r- 2 f [Y"][j1, y;,J ~ A··{ f' [W(r)]·[W(r)]' dr}·A*'. ,-1 y,, Jo 

[19.A.2] 

[19.A.3] 

[19.A.4] 

[19.A.5] 

Observe that the deviations of the OLS estimates in [19.2.12] from the population 
values a and 'Y that describe the cointegrating relation [19.2.9] are given by 

from which 

X [T;'n O' r- 1n O' ~z• ]}-'{[ ][ } r- 1-1, o r- 1 -1, ~y:.Z:] [19.A.6] 

= [r-~~y,, 
But from [19.A.2], 

r- 1~y,,z: = [O 1,JT-1 f [Y''][z: u;,1[1] 
,-1 Yll 0 

~ [O I,]A*·{f [W(r)) [dW(r))'}·A*'[!] 

+ [O 11) tr:'[!] 
[19.A.7] 

= A;·{ f1 [W(r)) [dW(r)]'}·>-l' + i E(u'llzi+J· Jo v-o 

Similar use of [19.A.3] to [19.A.5] in [19.A.6] produces (19.2.13]. • 

• Proof of Proposition 19.3. For simplicity of exposition, the discussion is restricted to the 
case when E(t:.y21) = O, though it is straightforward to develop analogous results using a 
rescaling and rotation of variables similar to that in (18.2.43]. 
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Consider first what the results would be from an OLS regression of zt on z;,-= 
(z;,, z;,, ... , zZ,)', a constant, and y,,: 

zf, = 13'z;, + a• + X*'y,, + u,. [19.A.8] 

If this regression is evaluated at the true values a• = 0, x• = 0, and 13 -= (/3,, /33 , ••• , 

13.)' the vector of population projection coefficients in [19.2.18], then the disturbance u, will 
be the residual defined in [19.2.18]. This residual had mean zero and was uncorrelated with 
z;,. The OLS estimates based on [19.A.8) would be 

[19.A.9) 

The deviations of these estimates from the corresponding population values satisfy 

[ 
r- 1Iz;,z;,· r- 1Iz;, 

= T- 1Izf,' 1 
r- 312Iy,,zt' r-•"Iy,, 

[19.A.10] 

Recalling that E(ztu,) = 0, one can show that r- 1:ur,u. .!+ O and T-•Iu, .!+Oby 
the law of large numbers. Also, T- 312Iy 2µ, .!+ 0, from the argument given in [19.A.7). 
Furthermore, 

[ 
r- 1Iz;,zt' 
r- 1Izt' 

T- '"Iy,,zt' 

[

E(¢i,') 

:, O' 

0 

0 

1 

Af f W(r) dr 

0 l {I [W(r)]' dr }At , 

Af{J [W(r)]·[W(r)]' dr }At 

[19.A.11] 

where W(r) is n-dimensional standard Brownian motion and A; is a (g x n) matrix con
structed from the last grows of 'lft*(l) · P. Notice that the matrix in [19.A.ll] is almost surely 
nonsingular. Substituting these results into [19.A.10] establishes that 

[!3T - 13] [0] a; -!+ o, 
T1"X} 0 

so that OLS estimation of [19.A.8] would produce consistent estimates of the parameters 
of the population linear projection [19 .2.18]. 

An OLS regression of y1, on a constant and the other elements of y, is a simple 
transformation of the regression in [19.A.8]. To see this, notice that [19.A.8] can be written 
as 

[l -13']z: = a• + x••y,, + u,. [19.A.12] 
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Solving [19.2.16) for z: and substituting the result into (19.A.12] gives 

[1 -l3')(y11 - p.f - r'y21) = a• + K*'Y21 + u,, 

or, since y,, = (y1,, y21, ••• , y,.,)', we have 

Y11 = ~Y2t + 13,Y:i, + · · · + fJbYtu + a + K'y21 + u,. [19.A.13) 

where a "" a• + [l -13']p.r and K' == ~•• + [l -13'Jr'. 
OLS estimation of [I 9 .A.8] will produce identical fitted values to those resulting from 

OLS estimation of [19.A.13], with the relations between the estimated coefficients as just 
given. Since OLS estimation of [19.A.8] yields consistent estimates of [19.2.18], OLS es
timation of [19.A.13] yields consistent estimates of the corresponding transformed param
eters, as claimed by the proposition. • 

• Proof of Proposition 19.4. As in Proposition 18.2, partition AA' as 

[
Iu ~1] AA' a <1•1> <t••> , 

(nXn) ~l ]: 22 
C,•1) C,•1) 

and define 

L'"" [(1/ul') (-l/ul')·:Ei1:Eii1] 
0 Lh ' 

where 

(o1)2 "' (I11 - l:;,l:221l:21) 

and L22 is the Cholesky factor of :En1: 

:En'= ~2~2· 

Recall from expression [18.A.16] that 

[19.A.14] 

(19.A.15) 

[19.A.16] 

[19.A.17] 

L'AA'L = I", [19.A.18] 

implying that AA' = (L')-'(L)- 1 and (AA')- 1 = LL'; thus, Lis the Cholesky factor of 
(AA')- 1 referred to in Proposition 19.4. 

Note further that the residuals from OLS estimation of [19.2.24] are identical to the 
residuals from OLS estimation of 

y[, = a• + ,y*'y;, + u: 
for yf, • y11 - l:hI:ib 21 and yt"" ½:IY21· Recall from equation [18.A.21] that 

[ T- 112ci}fo1] ,=. [h'] ;,;.tut h2 • 

Fmally, for the derivations that are to follow, 

T*•T-1. 

(19.A.19] 

[19.A.20] 

Proof of (a), Since the sample residuals 12: for OLS estimation of [19.A.19) are identical 
to those for OLS estimation of [19.2.24], we have that 

[19.A.21] 
T 

(T*)- 1 ~ 12:-1(121 - a:_1) ,-2 
T 

cr>-2 I ca:-1>2 
,-2 
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But 

for 

tl;' = u;'·{(J:,tun - (1/ul')·i't'Yt - (ci}/un} 
.,. uf·{(l -·H'tum: - (a}tut)} 

~:,,. [y;;t] = L'y,. 
Differencing (19.A.22] results in 

ca: - a:_,) = ur-(1 -i't'lut].~~:. 

Using (19.A.22] and (19.A.24], the numerator of [19.A.21] can be written 

T 

(T*)-I ~ a;-_ t (tl;' - a:_ 1) 
1-2 

[19.A.22] 

[19.A.23] 

[19.A.24] 

= (u;')2·(T*)-1 ~ {[1 -·H'/ul']~t-1 - (&}tun}{ce.~n[ _,~,Ut]} 

= (ul')2 ·[1 -i'}'tun{cr·)- 1 :f ~:_,(e.e:·>}[_-~, .] 
1•2 'YrtU1 

Notice that the expression 

(1 -·'H'/ui]-{(T*)-1 :f e:'-1(t.e;'')}[_ -~, .] 
1-2 'YT 0"1 

is a scalar and accordingly equals its own transpose: 

[l -i'}'/u;']·{(r)- 1 ~ e:_,(Ae:·)}[ _i'~lo-t] 

[19.A.25] 

= (1/2){[1 -i'}'/u;']·{(r)- 1 ,t t:"-1(At;")H-1}tu;'] 

+ [1 -H'tun·{(T*)-• 1 (Ae;')ce:.~,)H-t}tuf]} 

= (1/2){[1 -W/ui']{(T*)-11 (e:-1(Ae;") + (A~;')(~;'.'.,))H-,~ur]} 

[19.A.26] 

But from result (d) of Proposition 18.1, 

cr>- 1 :f (e:-1CAt*'> + ce.ence:.'.1>) ,-2 

= L'·{(T*)-11 (Y,-1(Ay;) + (t.y,)(y;_1))}·L [19.A.27] 

~ L' ·{A· [W(l)) · [W(l)]' · A' - E[(t.y1)(t.y;)]}· L 

.. (W *(1)] · [W*(l)]' - E[(Ae;')(t.t;'')] 
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for W*(r) • L' A· W(r) the n-dimensional standard Brownian motion discussed in equation 
(18.A.17]. Substituting (19.A.27] and [19.A.20] into [19.A.26] produces 

[1 -·w1o11·{cr·>- 1 f f;:_,(af;:·>}[_.:, .] 
••2 "fr1U1 

:+ (1/2)[1 -hm(W*(l)]·[W*(l)]' - E((af;n(af;t)]}[ _~J [19.A.28] 

Similar analysis of the second term in [19.A.25] using result (a) of Proposition 18.1 reveals 
that 

(T*)- 112(aitur)·{(T*)- 112 :f (af;:')}[_ .:, .] :+ h1·[W*(l)]'[ lh ]. [19.A.29] 
,-2 'Yr u, - 2 

Substituting [19.A.28] and (19.A.29] into [19.A.25], we conclude that 

r 
cr)- 1 L a:-1ca: - a:_,) ,-2 

~ (uf)2·{~ {(1 -hi]·[W*(l)]·[W*(l)]'{ _1h
2

]}- ht"[W*(l)]'·[ _1hJ 

- (1/2)·(1 -hi]·{E[(af;:)(af;:")]}·[ _1hJ} 

[19.A.30] 

The limiting distribution for the denominator of (19.A.21] was obtained in result (b) 
of Proposition 18.2: 

r 
(T*)-2 L al_,:. (ut) 2 ·H •. 

,-2 

Substituting [19.A.30] and (19.A.31] into [19.A.21] produces [19.2.36]. 

Proof of (b), Notice that 

r 
c1,r = (T*)-1 L e,e,_, 

1•}+2 

r 

[19.A.31] 

= (r)- 1 L ca: - Pra:_ ,)(a:_, - Pra,•_,_ i) [19.A.32J 
r-J-+2 

r 
= cr>- 1 L {aa: - <fir - 1)a:-1Haa;-_1 - <fir - 1)a,•_,_,}. 

rc:J+2 

But [19.A.22] and [19.A.24] can be used to write 

r 
cr>- 1 L <fir - 1>a:"-1aa,•_, 

t•/+2 

= (ut) 2·<fir - l)·(T*)- 1 f {[1 -ti'tut]t•-, - (&itut)}(af;;"..'.1)[_.:, .] 
••1+2 'Yr U1 

= { (ur) 2 ·[(T*)112(pr - 1)]·[1 -,i·tut]·(r)-3!2,i_p-,<a~..:,>[ _,~,o1]} 

- {<o1)2 ·[{T*)112(fir - l)]-[(T*)- 112(aitut)](T*)- 1 t (df;;"..:,)[ _,r,:, .]}· 
t•1+2 J rt0'1 

(19.A.33] 

But result (a) implies that (T*) 112(pr - 1) .!. 0, while the other terms in (19.A.33] have 
convergent distributions in the light of (19.A.20) and results (a) and (e) of Proposition 18.1. 
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Hence, 

T 

(T*)-' L (Pr - l)u:_,M:_J ..!. 0. 
1-}+2 

Similarly, 

T 

(T*)- 1 L (fir - 1)2a:_,a;_1_, 
t-J+2 

= (ul') 2·(T*)-',i,(Pr - 1)2{[1 -•)'}'tum:-, - (a;.tul')} 

X { [1 -i}' tumi-1-1 - (a }tut)} 

= (ul') 2·(T*)-l :f (fir - 1)2[1 --y}'tur 
t-}+2 

-(T*)-112·•t •][ t*-, ] ar u, (T*)'rz 

X rn:..'.1-1 (T*) 112] [1 -H'lu~ -(T*)- 112a}tut]' 

= (ul') 2 ·[(T*)112(pr - 1)]2·[1 --y}'tu~ -(T*)- 112a}tur] 

x {(T*)-2 ± [ ~:-:r!:' (T*)":~;-,]} 
,-,+2 (T) ~,-;-, T 

X [1 --vrtuf -(T*)- 112a}tuf]' 

..!, 0, 
-:~ 

[19.A.34] 

[19.A.35] 

given that (T*)- 2:I:;_1+ 2~;-, -~;..'. 1_, and (T")- 312:I:~:-, are Op(l) by results (i) and (g) of 
Proposition 18.1. Substituting [19.A.34], [19.A.35], and then [19.A.24] into [19.A.32] gives 

T 

l:1.r ..!. (T*)- 1 L (M:) ·(M:-1> 
,-j+2 

= (ul')'·[l --y}'tui](T*)- 1 f (a~:)-(a~:..'.1)[ • :t .] 
,-1+2 --yr 0"1 

_:, (ut) 2 ·[1 -h~]-E{(am·(a~:..'.;){ _1hJ 
[19.A.36] 

= (ul') 2 ·[1 -hi]·L'·E{(Ay,)·(ay;_;)}·L[ _1hJ 

It follows that for given q, 

q 

A}= Co.r + 2· L [l - jt(q + 1))2,.r 
1-1 

...:.(ut)2·[1 -hi]·L'{}~y- lilt(q + l)]·E[(ay,)·(ay;_,)]}·L·[-~J 

Thus, if q -+ co with qtT-+ 0, 

At-:. (ut)2·[1 -hi]·L'·Lt~E[(ay,)·(ay;_ 1)]}-L·[ _1hJ 

= (ut} 2 • [1 - hi]· L''lt(l)PP'['lt(l)]'L· [ _1hJ 

= (ur} 2 ·[1 -hil-In·[_1hJ, 
by virtue of [19.A.18]. 
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But from [19.2.29] and [19.A.31], 

1 
(T*)2-~T + S} = T 

(T*)- 2 ~ /2~-I 
1•2 

L 1 
-+ (crt}2 • H." 

It then follows from [19.A.36] and [19.A.37] that 

{(T*) 2 ·ujr + s}}·{A} - c\,J 

.:+ [1 -h 2]·{I. - (L'·E[(6y,)·(6y;)]·L)}-[ _1hJ + H •. 

Subtracting ½ times [19.A.39] from [19.2.36] yields (19.2.37]. 

Proof of (c). Notice from [19.2.33] that 

z,.T = (1/Ar)·{ (co.rls})112 :.: : !T - (1/2)·{7'*·6-,;T + Sr}·{A} - Co,r}} 

[19.A.38] 

(19.A.39] 

= (1/Ar) T··u;T + SJ (c •. rfs}) 112T*(pT - 1) - (1/2)·{(T*) 2 ·6-jr + s}}·{A}- Co,r} }. 

(19.A.40] 

But since 

(c\,T/s}) = (T - 2)/(T - 1)-+ 1, 

it follows that 

with the last line following from (19.A.37], (19.A.38], and [19.2.37]. 

Proof of (d). See Phillips and Ouliaris (1990). • 

Cha.pier 19 Exercises 

19.1. Let 

[:~:] = [!:] + [::]. 

[19.A.41] 

where 8, ,I, 0 and 81 may or may not be zero. Let u, • (uu, u,,)', and suppose that u, = 
1fr(L)e, for e, an i.i.d. (2 x 1) vector with mean zero, variance PP', and finite fourth 
moments. Assume further that {s·11',};.0 is absolutely summable and that 1fr(l)·P is non-
singular. Define f1, • l:!.1U1.r, f,,""' l:!.1"2t, and 'Yo• 81/Bz. · 

(a) Show that the OLS estimates of 

Yu = a + yy,, + u, 
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satisfy 

[ T-l/2CI.T ] p [ 1 
7'112( 'Yr - 'Yo) - ~/2 

~/2]-I [ T- 312l;(f1, - 'Yofu) ] 
BJ/3 r- 512IBzt<fu - 'Y~u) • 

Conclude that 6.r and 'Yr have the same asymptotic distribution as the coefficients 
from a regression of (€11- -y0f21) on a constant and~ times a time trend.: 

(€,, - 'Y«6u) = a + 'Y" Bzt + u,. 

(b) Show that first differences of the OLS residuals converge to 

au, .l. u,, - 'J'ollu. 

19.2. Verify [19.3.23]. 

19.3. Verify [19.3.25]. 

19.4. Consider the regression model 

Y1, = 13'w, + a + -y'y21+ Bt + u,, 
where 

w, = (Ayi.,-p, .Ay~.1-,+1, . - - , 41J~.,-i, 41)'~, 41y'J.,+u ... , .Ayt,+p)'. 

Let .1.y,, = n21, where 

[ "'] = ,i,(L)E, = [ti,11(L) _ O' ][s"] 
Uz, 0 1fr:c(L) £:!r 

and where e, is i.i.d. with mean zero, finite fourth moments, and variance 

, E(E,E;) = [~• ;J[~I ;J. 
Suppose that {s-,i,,};-.0 is absolutely summable, .i:11 • o-1 •i;,11(1) ,/= 0, and A22 • ,i,22(1)·P22 

is nonsingular. Show that the OLS estimates satisfy 

[~~~: = ~~i ~ r~I~:::], 
T('Yr - 'Y) "-n '1'z 

T3'2(8r - 6) A11·v, 

where Q = plim r- 1:tw,w;, r-•n:twµ,..=. h,, and 

[l 8-,[A22·{J r::c~:i dW,(r)}l 
{ W,(1) - f W,(r) dr} 

1 {J [W2(r)]' dr}A22 1/2 

H • An J W2(r) dr A.nu [W2(r)]·[W2(r)]' dr}A22 An J rW2(r) dr 

112 {J r[W2(r)J' dr }Ak 113 

Reason as in [19.3.12] that conditional on W2(-), the vector (111, 11;, 113)' is Gaussian with 
mean zero and variance e-•. Use this to show that the Wald form of the OLS x2 test of 
any m restrictions involving a, 'Y, or 6 converges to (Afi/s}) times a x2(m) variable. 

19.5. Consider the regression model 

Y1, = 13'w, + a + -y'y., + u,, 
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r 
I 

where 

W, = (Liy~,,-p, Liyi.1-p+t, • • ·, Liyi,,-1, Liy~, Liyt,+1,, ·,, Liyi.r+p)'. 

Suppose that 

IJ.y,,, = 6, + u,,,, 

where at least one of the elements of 62 is nonzero. Let u, and u,, satisfy the same conditions 
as in Exercise 19.4. 

Let y.,, = (y.,,, y3,, ... , y.,)' and 62 = (82 , IJ,, ... , S.)', and suppose that the 
elements of y.,, are ordered so that E(IJ.y.,) = s. ,/,-0. Notice that the fitted values for the 
regression are identical to those of 

where 

Y11 = 13'w7 + a* + -y*'yt + 8*ym + u,, 

[ 

Yu - (S2IS.)y., l 
• y 3, - (S,IS.)y.., 

y.,, "" . 
[Cs-t)xtJ • 

Y.-1.r - (S._/S.)y., 

. -[ ;: l 'Y = . 

'Yn- l 

/J* = -y. + -y,(~IS.) + -y3(/J,/S.) + · · · + -y._,(S._/S.) 

a• = a + 13'(1 ® 82), 

with 1 a [(2p + 1) x 1] column of ls. 
Show that the asymptotic properties of the transformed regression are identical to 

those of the time trend regression in Exercise 19.4. Conclude that any F test involving 'Y in 
the original regression can be multiplied by (s}IAM and compared with the usual F tables 
for an asymptotically valid test. 
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20 Full-Information 
Maximum Likelihood 
Analysis 
of Cointegrated Systems 

An (n x 1) vector y, was said to exhibit h cointegrating relations if there exist h 
linearly independent vectors 8 1, 8 2, ... , a,. such that a;y, is stationary. If such 
vectors exist, their values are not uniquely defined, since any linear combinations 
of 8 1, 8 2, ... , a,. would also be described as cointegrating vectors. The approaches 
described in the previous chapter sidestepped this problem by imposing normali
zation conditions such as a11 = 1. For this normalization we would put y 1, on the 
left side of a regression and the other elements of y, on the right side. We might 
equally well have normalized a12 = 1 instead, in which case y21 would be the variable 
that belongs on the left side of the regression. The results obtained in practice can 
thus depend on an essentially arbitrary assumption. Furthermore, if the first var
iable does not appear in the cointegrating relation at all (a11 = 0), then setting 
a11 = 1 is not a harmless normalization but instead results in a fundamentally 
misspecified model. 

For these reasons there is some value in using full-information maximum 
likelihood (FIML) to estimate the linear space spanned by the cointegrating vectors 
a1, 8 2, ... , 8,.. This chapter describes the solution to this problem developed by 
Johansen (1988, 1991), whose work is closely related to that of Ahn and Reinsel 
(1990), and more distantly to that of Stock and Watson (1988). Another advantage 
of FIML is that it allows us to test for the number of cointegrating relations. The 
approach of ·Phillips and Ouliaris (1990) described in Chapter 19 tested the null 
hypothesis that there are no cointegrating relations. This chapter presents more 
general tests of the null hypothesis that there are h0 cointegrating relations, where 
ho could be 0, 1, ... , or n - 1. 

To develop these ideas, Section 20.1 begins with a discussion of canonical 
correlation analysis. Section 20.2 then develops the FIML estimates, while Section 
20.3 describes hypothesis testing in cointegrated systems. Section 20.4 offers a brief 
overview of unit roots in time series analysis. 

20.1. Canonical Correlation 

Population Canonical Correlations 

Let the (n1 x 1) vector y, and the (n2 x 1) vector x, denote stationary random 
variables. Typically, y, and x, are measured as deviations from their population 
means, so that E(y,y;) represents the variance-covariance matrix of y,. In general, 
there might be complicated correlations among the elements of y, and x,, sum-
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marized by the joint variance-covariance matrix 

We can often gain some insight into the nature of these correlations by defining 
two new (n x 1) random vectors, 1J, and t,, where n is the smaller of n1 and n2 . 

These vectors are linea,: combinations of y, and x,, respectively: 

1), = 'X'y, 

t,""' :A.'x,. 

[20.1.1] 

[20.1.2] 

Here 'X'and st' are (n x n1) and (n x n2) matrices, respectively. The matrices 
':JC' and s4.' are chosen so that the following conditions hold. 

(1) The individual elements of 1), have unit variance and are uncorrelated with 
one another: 

[20.1.3] 

(2) The individual elements of t, have unit variance and are uncorrelated with 
one another: 

[20.1.4] 

(3) The ith element of 1), is uncorrelated with the jth element oft for i :I= j; for 
i = j, the correlation is positive and is given by , 1: 

E(~,1);) = s4.'I.xv'X = R, 

where 

u 
0 ~J r2 

R= 

0 'n 
( 4) The elements of 1), and ~. are ordered in such a way that 

(1 2: rl 2: r2 2: ' ' ' 2: rn 2: 0). 

[20.1.5] 

[20.1.6] 

[20.1. 7] 

The correlation r1 is known as the ith population canonical correlation between 
y, and x,. 

The population canonical correlations and the values of 'X and .4. can be 
calculated from I.yy, I.xx, and I-xv using any computer program that generates 
eigenvalues and eigenvectors, as we now describe. 

Let (Ai, A2 , ••• , An,) denote the eigenvalues of the (n1 x n1) matrix 

[20.1.8] 
ordered as 

(A1 2: A2 2: • · • 2: An,), [20.1.9] 

with associated eigenvectors (k.1, k.2 , ... , kn). Recall that the eigenvalue-
eigenvector pair (A1, k,) satisfies 1 

IriI.vxI.i,1I-xvk1 = A1k1. [20.1.10] 

Notice that if k.1 satisfies [20.1.10], then so does ck1 for any value of c. The usual 
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normalization convention for choosing c and thus for determining "the" eigenvector 
k; to associate with A; is to set k;k, = 1. For canonical correlation analysis, however, 
it is more convenient to choose c so as to ensure that 

kjl:yyk 1 = 1 for i = 1, 2, ... , n1 • [20.1.11] 

Ha computer program has <;al~ulated eigenvectors (k1, k2 , .•. , k,.,) of the matrix 
in [20.1.8] normalized by (kjk 1) = 1, it is trivial to change these to eigenvectors 
{ki, k2 , ••• , k,.,) normalized by the condition [20.1.11] by setting 

k, = k:1 + v'k/l:yykr 

We further may multiply k1 by -1 so as to satisfy a certain sign convention to be 
detailed in the paragraphs following the next proposition. 

The canonical correlations (r 1, r2 , ••• , r,,) tum out to be given by the square 
roots of the corresponding first n eigenvalues (A1, A2, ••• , A,,) of [20.1.8]. The 
associated (n1 x 1) eigenvectors ki, k2 , ••• , k,,, when normalized by [20.1.11] 
and a sign convention, tum out to make up the rows of the (n x n1) matrix :JC' 
appearing in [20.1.1]. The matrix sf.' in [20.1.2] can be obtained from the normalized 
eigenvectors of a matrix closely related to [20.1.8]. These results are developed in 
the following proposition, proved in Appendix 20.A at the end of this chapter. 

Proposition 20.1: Let 

be a positive definite symmetric matrix and let (A1, A2, ••• , A,,,) be the eigenvalues 
of the matrix in [20.1.8], ordered A1 ~ A2 :2:: • • • :2:: A,.,. Let (k1, k2 , ••• , k,,.) be 
the associated (n1 x 1) eigenvectors as normalized by [20.1.11]. Let (µ.i, IA-2, ••• , 
µ.,.2) be the eigenvalues of the (n2 x n2) matrix 

[20.1.12] 

ordered µ.1 ~ IA-2 :2:: 

(20.1.12]: 
~ µ.,,2 • Let (ai, a2, ••• , a,,2) be the eigenvectors of 

[20.1.13] 

normalized by 

for i = 1, 2, ... , n2• [20.1.14] 

Let n be the smaller of ni and nz, and collect the first n vectors k; and the first n 
vectors a1 in matrices 

Assuming that Ai, A2, ••• , A,. are distinct, then 

(a) 0 s A,< 1 for i = 1, 2, ... , n1 and Os µ.1 < 1 for j = 1, 2, ... , ni; 
(b) A1 = µ.1 for i = 1, 2, ... , n; 
(c) :JC':Iyy:JC = I,, and .lll':Ixxsl = I,.: 
(d) sf.':In-X = R, 

where R is a diagonal matrix whose squared diagonal elements co"espond to the 
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eigenvalues of [20.1.8]: 

R2 = [~' :, : ] . 

0 0 A,. 

If l: denotes the variance-covariance matrix of the vector (y;, x;)', then results 
(c) and (d) are the characterization of the canonical correlations given in [20.1.3] 
through [20. 1.5]. Thus, the proposition establishes that the squares of the canonical 
correlations ( ry, rf, ... , r~) can be found from the first n eigenvalues of the matrix 
in [20.1.8]. Result (b) states that these are the same as the first n eigenvalues of 
the matrix in [20.1.12]. The matrices 'JC and .s4. that characterize the canonical 
variates in [20.1.1] and [20.1.2] can be found from the normalized eigenvectors of 
these matrices. 

The magnitude a1l:xvk 1 calculated by the algorithm described in Proposition 
20.1 need not be positive-the proposition only ensures that its square is equal to 
the square of the corresponding canonical correlation. If a;l:xvk; < 0 for some i, 
one can replace k, as calculated with - k 1, so that the ith diagonal element of R 
will correspond to the positive square root of A1• 

As an illustration, suppose that y, consists of a single variable (n1 = n = 1). 
In this case, the matrix [20.1.8] is just a scalar, a (1 x 1) "matrix" that is equal 
to its own eigenvalue. Thus, the squared population canonical correlation between 
a scalar y, and a set of n2 explanatory variables x, is given by 

2 LYXLriLxy 
'1 = Lyy 

To interpret this expression, recall from equation (4.1.15] that the mean squared 
error of a linear projection of y, on x, is given by 

MSE = Lyy - l:YXl:xJ:rXY, 

and so 

l _ r2 = Lyy _ LYXLriLxy = MSE 
I Lyy Lyy Lyy' (20.1.15] 

Thus, for this simple case, rf is the fraction of the population variance that is 
explained by the linear projection; that is, d' is the population squared multiple 
correlation coefficient, commonly denoted R2 . 

Another interpretation of canonical correlations is also sometimes helpful. 
The first canonical variates 1/u and {1, can be interpreted as those linear combi
nations of y, and x,, respectively, such that the correlation between 1/1t and f1, is 
as large as possible (see Exercise 20.1). The variates 1721 and g21 give those linear 
combinations of y, and x, that are uncorrelated with 171, and g1, and yet yield the 
largest remaining correlation between T/2t and €21, and so on. 

Sample Canonical Correlations 

The canonical correlations r1 calculated by the procedure just described are 
population parameters-they are functions of the population moments l:vv, l:vx, 
and Lxx, Here we describe their sample analogs, to be denoted r1• 
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Suppose we have a sample of T observations on the (n1 x 1) vector y, and 
the('½, x 1) vector x,, whose sample moments are given by 

• T 
l:yy = (1/T) ~ y,y; ,-1 [20.1.16) 

• T 
IYX = (1/T) L y,x; ,-1 [20.1.17) 

[20.1.18) 

Again, in many applications, y, and x, would be measured in deviations from their 
sample means. 

To calculate sample canonical correlations, the objective is to generate a set 
of T observations on a new (n x 1) vector -ij,, where n is the smaller of n1 and· I½· 
The vector -ij, is a linear combination of the observed value of y,: 

-ii, = ':JC'y,, [20.1.19) 

for 'ii: an (n 1 x n) matrix to be estimated from the data. The task will be to choose 
'ii: so that the ith generated series ( r;11) has unit sample variance and is orthogonal 
to the jth generated series: 

[20.1.20) 

Similarly, we will generate an (n x 1) vector g, from the elements of x,: 

t = si.'x,. [20.1.21) 

Each of the variables f1, has unit sample variance and is orthogonal to l,, for 
i f. j: 

[20.1.22) 

FiI]ally, r;1, is orthogonal to l;, for i f. j, while the sample correlation between 
'17;, and E,, is called the sample canonical correlalion coefficient: 

T 

(1/T) ~ ~,-ii: = i [20.1.23) ,-1 
for 

. [~ ~ : : : ~] R = . . . . . . . . . . 
o o r,. 

[20.1.24) 

Finding matrices 'ii:, si., and R satisfying [20.1.20), (20.1.22), and [20.1.23) 
involves exactly the same calculations as did finding matrices ':JC, Jill, and R satisfying 
(20.1.3) through [20.1.5). For example, [20.1.19) allows us to write [20.1.20) as 

I,. = (1/T) f -ij,-q; = X'(l/T) :f y,y; 'ii: = 'il:·±yy:k, [20.1.25) 
,-1 ,-1 

where the last line follows from [20.1.16). Expression [20.1.25) is identical to 
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[20.1.3] with hats placed over the variables. Similarly, substituting [20.1.21] into 
[20.1.22] gives sf.'i:xxsi. = In, which corresponds to [20.1.4]. Equation [20.1.23] 
becomes st'±xv'X = R, as in [20.1.5]. Again, we can replace k; with -k; if any 
of the elements of R should tum out negative. 

Thus, to calculate the sample canonical correlations, the proc~dure ~escribed 
ip. Proposition 20.1 is simply applied to the sample moments (l:vv, l:vx, and 
l:xx) rather than to the population moments. In particular, the square of the ith 
sample canonical correlation (ff) is given by the ith largest eigenvalue of the matrix 

i:y-Ji:vx±x:Ji:xv = {(1/T) f y,y;}-1{(1/T) f y,x;} ,-1 ,~1 

x { (1/T) t x,x; }- 1
{ (1/T) t x,y; }· 

[20.1.26] 

The ith column of 'Xis given by the eigenvector associated with this ith eigenvalue, 
normalized so that 

k;{(l/T) f y,y;}k; = 1. ,-1 

The it~ column of si. is g!ven. by. the. eigenvector associated with the eigen
vatue A; for the matrix l:i,1l:xvkrikvx normalized by the condition that 
a;}: xxi, = 1. 

For example, suppose that y, is a scalar (n = n1 = 1). Then [20.1.26] is a 
scalar equal to its own eigenvalue. Hence, the sample squared canonical correlation 
between the scalar y, and a set of n2 explanatory variables x, is,given by 

•2 _ {r- 1~y,x;}{r-1~x,x;}-1{r- 1l:x,y,} 
'1 - {T-ll:yH 

{Ly,x;}{Lx,x;}-1{~x,y,} 
= {Ly;} 

which is just the squared sample multiple correlation coefficient R2 • 

20.2. Maximum Likelihood Estimation 
We are now in a position to describe Johansen's approach (1988, 1991) to full
information maximum likelihood estimation of a system characterized by exactly 
h cointegrating relations. 

Let y, denote an (n x 1) vector. The maintained hypothesis is that y, follows 
a VAR(p) in levels. Recall from equation [19.1.39] that any pth-order VAR can 
be written in the form 

with 

liy, = t1AY,-1 + t2AY,-2 + · · · + tp-1AY1-p+1 
+ a + toY,-1 + e,, 

E(e,) = 0 

E(e,e;) = {~ 
fort= T 

otherwise. 

[20.2.1] 
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Suppose that each individual variable y;, is 1(1), although h linear combinations of 
y, are stationary. We saw in equations [19.1.35] and [19.1.40] that this implies that 
to can be written in the form 

to= -BA' [20.2.2] 

for B an (n x h) matrix and A' an (h x n) matrix. That is, under the hypothesis 
of h cointegrating relations, only h separate linear combinations of the level of y,_ 1 

(the h elements of z,_1 = A'y,_ 1) appear in [20.2.1]. 
Consider a sample of T + p observations on y, denoted (Y-p+I• Y-p+2 , . .. , 

Yr)- If the disturbances e, are Gaussian, then the log likelihood of (y1, y2 , ... , 

Yr) conditional on (Y-p+t, Y-p+l, ... , y0) is given by 

;£(0, t1, t2, - - - , tp-1, a, to) 

= ( - Tn/2) log(27r) - (T/2) loglOI 

- (1/2) f [(t1y, - t1£1Y,-1 - t2£1Y,-2 - · · · - tp-1£1Y,-p+I - a - toY,-1)' ,-1 

X o- 1(£1y, - t1t1Y,-1 - t2t1Y,-2 - ... - tp-1f1Y,-p+1 - a - toY,-1)]. 

[20.2.3] 

The goal is to chose (0, t1, t2 , ••• , tr 1> a, to) so as to maximize [20.2.3] subject 
to the constraint that to can be written in the form of [20.2.2]. 

We will first summarize Johansen's algorithm, and then verify that it indeed 
calculates the maximum likelihood estimates. 

Step 1: Calculate Auxiliary Regressions 

The first step is to estimate a (p- l)th-order VAR for tly,; that is, regress 
the scalar tly;, on a constant and all the elements of the vectors tly,_i, tly,_2, ... , 
tly,-p+ 1 by OLS. Collect the i = 1, 2, ... , n OLS regressions in vector form as 

tly, = *o + II1f1Y,-1 + II2£1Y,-2 + · · · + Ilp-1f1Y,-p+1 + u,, [20.2.4] 

where TI; denotes an (n x n) matrix of OLS coefficient estimates and u, denotes 
the (n x 1) vector of OLS residuals. We also estimate a second battery of regres
sions, regressing the scalar Y,,,_1 on a constant and t1y1_i, tly,_ 2, ... , tly,-p+i 
for i = 1, 2, ... , n. Write this second set of OLS regressions as1 

Y,-1 = 8 + 1(1f1Y,-1 + 1(2£1Y,-2 + · · · + l(p-1£1Y,-p+1 + v,, [20.2.5] 

with v, the (n x 1) vector of residuals from this second battery of regressions. 

'Johansen (1991) described his procedure as calculating v, in place oft,, where v, is the OLSresidual 
from a regression of Y,-p on a constant and fl.y,.1, fl.y,.2, ••• , ti.y,-p+-I• Since Y,-p = y,. 1 - fl.y,_, -
fl.y,.2 - • • • - fl.y,-p+,, the residual v, is numerically identical to t, described in the text. 
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Step 2: Calculate Canonical Correlations 

Next calculate the sample variance-covariance matrices of the OLS residuals 
d, and v,: 

T 

±vv le (1/T) i v,v; ,-1 
T 

±uu 55 (l/T) i d,a: ,-1 
T 

±llV ""' c11n i a,v: ,-1 
±vu lE ±uv. 

From these, find the eigenvalues of the matrix 

±v-Ji:vu±uJ±llV 

[20.2.6] 

[20.2.7] 

[20.2.8] 

[20.2.9] 

with the eigenvalues ordered ,\1 > A2 > · · · > ,\n. The maximum value attained 
by the log likelihood function subject to the constraint that there are h cointegrating 
relations is given by 

$£• = -(Tn/2) log(2'7T) - (Tn/2) - (T/2) logl±uul 
h 

- (T/2) L log(l - A;). ,-1 

Step 3: Calculate Maximum Likelihood Estimates 
of Parameters 

[20.2.10] 

If we are interested only in a likelihood ratio test of the number of cointe
grating relations, step 2 provides all the information needed. If maximum likelihood 
estimates of parameters are also desired, these can be calculated as follows. Let 
i 1, i 2, ••• , ih denote the (n x 1) eigenvectors of [20.2.9] associated with the h 
largest eigenvalues. These provide a basis for the space of cointegrating relations; 
that is, the maximum likelihood estimate is that any cointegrating vector can be 
written in the form 

a = b1i 1 + b2i 2 + · · · + bhih 

for some choice of se:.alars (b1, b2, ••• ; bh). Johansen suggested normalizing these 
vectors A1 so that i;Ivvi, = 1. For example, if the eigenvectors i 1 of [20.2.9) are 
calculated from a standard computer program that normalizes a; i, = 1, Johansen's 
estimate is a, =

4 
i 1 + \/a;Ivvir Collect the first h normalized vectors in an 

(n x h) matrix A: 

A '"' [i1 i2 · · · ih]. [20.2.11] 

Then the MLE of Cii is given by 

to= ±llVAA'. [20.2.12] 

The MLE oft, for t = 1, 2, ... , p - 1 is 

e, = Ii, - t«J(" ·[20.2.13] 

and the MLE of a is 

[20.2.14] 
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The MLE of O is 

T 

0 = (1/7) }: [(u, - tot,)(u, - tot,)']. 
,-1 

[20.2.15] 

We now review the logic behind each of these steps in tum. 

Motivation for Auxiliary Regressions 

The first step involves concentrating the likelihood function. 2 This means 
taking O and to as given and maximizing [20.2.3] with respect to (a, t1, ti, ... , 
tp-i)- This restricted maximization problem takes the form of seemingly unrelated 
regressions of the elements of the (n x 1} vector t:.y, - toY,-i on a constant and 
the explanatory variables (t:.y,_1, t:.y,_2, ... , t:.y,-p+i)-Since each of then regres
sions in this system has the identical explanatory variables, the estimates of (a, ti, 
t2, ... , tp-i) would come from OLS regressions of each of the elements of 
t:.y, - toY,-i on a constant and (t:.y,_1, t:.y,_2, ••• , t:.y,-p+i), Denote the values 
of (a, ti, t2, ... , tp-i) that maximize [20.2.3] for a given value of to by 

[&•(to), tmo), t!Cto), ... , t:-1Cto)J. 

These values are characterized by the condition that the following residual vector 
must have sample mean zero and be orthogonal to t:.y,-i, t:.y,_2, ... , t:.y,-p+I: 

[t:.y, - toY,-J - {&•(to) + tt(to)t:.y,-1 + t!Cto)t:.Y,,:-2 [20.2.16] 

+ · · · + t:-1Cto)t:.y,-p+J 

But notice that the OLS residuals u, in [20.2.4] and v, in [20.2.5] each satisfy this 
orthogonality requirement, and therefore the vector u, - t0v, also has sample mean 
zero and is orthogonal to t:.y,_i, t:.y,_2, ... , t:.y,-p+I· Moreover, u, - t0v, is of 
the form of expression [20.2.16], 

u, - tot, = (t:.y, - *o - Il1t:.Y,-1 - Il2t:.Y,-2 - · · · - Ilp-1t:.Y,-p+1) 
- toCY,-1 - 8 - X1t:.Y,-1 - X2t:.Y,-2 - ... - Np-1t:.Y,-p+1), 

with 

&•(to) = 'll'o - toll 
ti'(to) = II; - toN; for i = 1, 2, ... ,p - 1. 

Thus, the vector in [20.2.16] is given by u, - tot,. 

[20.2.17] 

[20.2.18] 

The concentrated log likelihood function (to be denoted .M.) is found by 
replacing (a, t1, t2, ... ' tp-1) in [20.2.3] with [&·(to}, tt<to), ti(to), ... ' 
t;-1(to)]: 

.M.(0, to) "';£{0, ti'(to), ti'(to}, · · · , t;-1(to), &•(to), tJ 
-(Tn/2) log(27T} - (T/2) loglOI 

T 

- (1/2) ~ [(u, - t 0t,)'0- 1(u, - tot,)]. 
,-1 

[20.2.19] 

The idea behind co11centrating the likelihood function in this way is that if we can 
find the values of O and to for which .M. is maximized, then these same values 
(along with cx•cto) and ,:cto» will maximize [20.2.3]. 

2See Koopmans and Hood (1953, pp. 156-58) for more background on concentration of likelihood 
functions. 
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Continuing the concentration one step further, recall from the analysis of 
[11.1.25] that the value of fi that maximizes [20.2.19] (still regarding to as fixed) 
is given by 

T 

il•<to> = <IIT>L [(t1,- tov,)(u, - tov,)'J. [20.2.20] ,-1 
As in expression [11.1.32], the value obtained for [20.2.19] when evaluated at 
[20.2.20] is then 

.N"(to) "".M.{O*(to), to} 

-(Tn/2) log(27r) - (T/2) loglfr(to)I - (Tn/2) 

= -(Tn/2) log(27r) - (Tn/2) [20.2.21] 

- (T/2) log I (1/T) t [(ii, - tov,)(ii, - tov,)1] j. 
Expression [20.2.21] represents the biggest value one can achieve for the log 

likelihood for any given value of t 0 • Maximizing the likelihood function thus comes 
down to choosing to so as to minimize 

[20.2.22] 

subject to the constraint of [20.2.2]. 

Motivation for Canonical Correlation Analysis 

To see the motivation for calculating canonical correlations, consider first a 
simpler problem. Suppose that by an astounding coincidence, il, and v, were already 
in canonical form, 

d, = ii, 
v, = t. 

with 
T 

(l/T) L "1,11; = In [20.2.23] 
,-1 

T 

(1/T) LU;= In [20.2.24] 
,-1 

T 

(11T) L tit: = R [20.2.25] 
,-1 

[t 
0 

fJ R= r2 
[20.2.26] 

0 rn 

Suppose that for these canonical data we were asked to choose to so as to minimize 

[20.2.27] 
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~ubject to the constraint that tJ, could make use of only h linear combinations of 
~,- If there were no restrictions on ( 0 (so that h. = n), then expression [20.2.27) 
would be minimized by O LS regressions of 'T/u on~' for i = 1, 2, ... , n. Conditions 
[20.2.24] and (20.2.25] establish that the ith regression would have an estimated 
coefficient vector of 

{(1/T) f u:}-1
{(1/T) f t'T/;,} = ri-e;, 

1-1 t=l 

where e; denotes the ith column of In. Thus, even if all n elements oft appeared 
in the regression, only the ith element f;, would have a nonzero coefficient in the 
regression used to explain 'T/;,-The average squared residual for this regression 
would be 

{(1/T) f (iiu)2 }- {(1/T) f (iiut:)}{(1/T) f (t,t;)}-
1
{(1/T) f (tii;,)} ,-1 ,-1 ,-1 1-1 

= 1 - r;-ef · ln ·e;-r; 
= 1 - ,r 

Moreover, conditions (20.2.23] through (20.2.25] imply that the residual for the ith 
regression, 'T/;, - rJ;,, would be orthogonal to the residual from the jth regression, 
'T/j, - rJi,, for i + j. Thus, if to were unrestricted, the optimal value for the matrix 
in (20.2.27].would be a diagonal matrix with (1 - Ff) in the row i, column i position 
and zero elsewhere. 

Now suppose that we are restricted to use only h linear combinations of t 
as regressors. From the pre1:eding analysis, we might guess that the best we can 
do is use the h elements of t that have the highest correlations with elements of 
ft,, that is, choose (f11, f2,, ... , fh,) as regressors. 3 When this set of regressors is 
used to explain 'T/;, for i s h, the average squared residual will be (1 - ,n. as 
before. When this set of regressors is used to explain 'T/;, for i > h, all of the 
regressors are orthogonal to 'T/;, and would receive regression coefficients of zero. 
The average squared residual for the latter regression is simply (1/T)'}';;= 1 ijr, = 1 
for i = h + 1, h + 2, ... , n. Thus, if we are restricted to using only h linear 
combinations of t, the optimized value of (20.2.27) will be 

I (1/T) t [(ft, - tit)(ft, - tit)'] I 
1 - ,t 0 0 0 0 

0 1 - ;~ 0 0 0 

0 0 1 - ;~ 0 0 [20.2.28) 

0 0 0 1 0 

0 0 0 0 1 
h 

= I1 (1 - Ff). 
;-1 

3See Johansen (1988) for a more formal demonstration of this claim. 
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Of course, the actual data u, and v, will not be in exact canonical form. 
However, the previous section described how to find (n x n) matrices 'ic and si. 
such that 

ii,= ~·u, 
t = si.'v,. 

[20.2.29] 

[20.2.30] 

The columns of si. a:e.given by the eigenvectors of the matrix in [20.2.9], normalized 
by the condition ,s4'}:vvsf. = In. The eigenvalues of [20.2.9] give the squares of 
the canonical correlations: 

[20.2.31] 

The .colqmn!!_ of 'ic correspond to the l!ormalized eigenvectors of the matrix 
l:11JiuvivJivu, though it turns out that~ does not actually have to be calculated 
in order to use the following results. Assuming that 'ic and 9'. are nonsingular, 
[20.2.29] and [20.2.30] allow [20.2.22] to be written 

I (1/T) t [ (u, - tov,)(u, - tov,)'] I 

1(1/T) t [[(X')-1ii, - to(9'.')-1t1[(X')-1ii, - to(9'.')-1tr]I 

I c'ic')-1(1/T) t [ [ii, - X'to(9'.')-1t][ii, - X'to(sl.')-1tl' ]<x)-1 I 

= 1ci')-11jc11n t [[ii, - rrtnii, - rrtr] j1<i>-11 

= I (1/T) t [ [ii, - 11~,J[ii, - rrt1']1 -;--1*12. 

[20.2.32] 

where 

[20.2.33] 

Recall that maximizing the concentrated log likelihood function for the actual 
data [20.2.21] is equivalent to choosing to so as to minimize the expression in 
[20.2.32] subject to the requirement that to can be written as BA' for ~ome (n x h) 
matrices B and A. But to can be written in this form if and only if II in [20.2.33] 
can be written in the form p-y' for some (n x h) matrices P and -y. Thus, the task 
can be described as choosing fI so as to minimize [20.2.32] subject to this condition. 
But this is precisely the problell} solved in [20.2.28]-the solution is to use as 
regressors the first h elements of~,. The value of [20.2.32] at the optimum is given 
by 

h 

TI c1 - m -;-1x12 • [20.2.34] 
i=l 

Moreover, the matrix 'ic satisfies 

T T 

In = (1/T) L ii,ii; = (1/T) L X'fi,O;'ic = X'IutfX. [20.2.35] 
1-1 ,-1 
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Taking determinants of both sides of [20.2.35] establishes 

1 = IX'I l'.Euul IXI 
or 

1!IXl2 = l:Euul-

Substituting this back into [20.2.34], it appears that the optimized value of [20.2.32] 
is equal to 

h 

l:Euul X n (1 - rr). 
;-1 

Comparing [20.2.32] with [20.2.21], it follows that the maximum value achieved 
for the log likelihood function is given by 

~* = X(to) = -(Tn/2)log(21r) - (Tn/2) - (T/2)log{l:Euul X}] (1- m}, 
as claimed in [20.2.10]. 

Motivation for Maximum Likelihood Estimates 
of Parameters 

We have seen that the concentrated log likelihood functJon [20.2.~1] is l!lax
imized by selecting as regressors the first h elements of t,. Since t1 = JI. 'v,, 
this means using A.'v, as regressors, where the (n x h) matrix A denotes the first 
h columns of the (n x n) matrix J. Thus, 

tov, = - BA.'v, [20.2.36] 

for some (n x h) matrix B. This verifies the claim that A is the maximum likelihood 
estimate of a basis for the space of cointegrating vectors. 

Given that we want to choose w, = A'v, as regressors, the value of B for 
which the concentrated likelihood function will be maximized is obtained from 
OLS regressions of u, on w,: 

B = -[(11T) f u,w:] [c11n f w,w:]-1 

,-1 r-1 

But w, is composed of h canonical variates, meaning that 

[ (1/T) f w,w:] = 1". 
t=I 

Moreover, 

[c11n :f o,w:] = [cvn :f o,v;A] ,-1 ,-1 
= ±uvA. 

Substituting [20.2.39] and [20.2.38] into [20.2.37], 

B = -iuvA, 
and so, from [20.2.2], the maximum likelihood estimate of to is given by 

to= '.EuvM' 
as claimed in [20.2.12]. 

[20.2.37] 

[20.2.38] 

[20.2.39] 
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Expressions [20.2.17) and [20.2.18) gave the values of a and t, that maximized 
the likelihood function for any given value of to- Since the likelihood function is 
maximized with respect to to by choosing fo according to [20.2.12), it is maximized 
with respect to a and t; by substituting to into [20.2.17) and [20.2.18], as claimed 
in [20.2.14] and [20.2.13]. Finally, substituting to into [20.2.20] verifies [20.2.15). 

Maximum Likelihood Estimation in the Absence 
of Deterministic Time Trends 

The preceding analysis assumed that a, the (n x 1) vector of constant terms 
in the VAR, was unrestricted. The value of a contributes h constant terms for the 
h cointegrating relations, along with g a n - h deterministic time trends that are 
common to each of then elements of y,. In some applications it might be of interest 
to allow constant terms in the cointegrating relations but to rule out deterministic 
time trends for any of the variables. We saw in equation [19.1.45] that this would 
require 

a= Bµ;, [20.2.40) 

where Bis the (n x h) matrix appearing in [20.2.2] while µf is an (h x 1) vector 
corresponding to the unconditional mean of z, = A'y,. Thus, for this restricted 
case, we want to estimate only the h elements of µ; rather than all n elements of 
a. 

To maximize the likelihood function subject to the restrictions that there are 
h cointegrating relations and no deterministic time trends in any of the series, 
Johansen's (1991) first step was to concentrate out t 1, t 2, ... , and tp-t (but not 
a). For given a and to, this is achieved by OLS regression of (ti.y, - a - toY,-t) 
on (ti.Y,-1, ti.y,_2, ... , ti.y,-p+i)- The residuals from this regression are related to 
the residuals from three separate regressions: 

(1) A regression of ti.y, on (ti.y,_1, ti.y,_2, ... , ti.y,-p+i) with no constant term, 

ti.y, = Il1ti.Y,-1 + Il2ti.Y,-2 + · · · + Ilp-1C!.Y,-p+1 + ii,; [20.2.41] 

(2) A regression of a constant term on (Ay,_1, AY,-2, ... , AY,-p+1), 

1 = <i>~ti.Y,-1 + <i>iti.Y,-2 + · · · + 6>;_1ti.Y,-p+1 + w,; [20.2.42] 

(3) A regression of y,_1 on (ti.y,_1, ti.y,_2, ... , ti.y,-p+1) with no constant term, 

Y,-1 = l<1ti.Y,-1 + l<~Y,-2 + · · · + fcp-1ti.Y,-p+1 + v,. [20.2.43] 

The concentrated log likelihood function is then 

M.(O, a, to) = -(Tn/2) Iog(21r) - (T/2) loglOI 
T 

- (1/2) L [(ii,- aw, - tot,)'0- 1(u, - aw, - t~v,)]. ,-1 
Further concentrating out O results in 

.H'(a, to) 

= -(Tn/2) log(21r) - (Tn/2) [20.2.44] 

- (T/2) log It (1/T){ (ii, - aw, - tov,)(ii, - aw, - tov,)'} I· · 
Imposing the constraints a = Bµ; and to = - BA', the magnitude in [20.2.44] 
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can be written 

.N'(u, to) = -(Tn/2) log(21r) - (Tn/2) 

- (T/2) log If (1/T){(ii, + BA'w,)(ii, + BA.'w,)'}I, 
l=l 

[20.2.45) 

where 

- [i:v·] w, = 
(n+l)><l V, 

A.' - [ - JL! A'). 
hx(n+l) 

[20.2.46) 

But setting to = -BA' in [20.2.21) produces an expression of exactly the same 
form as [20.2.45), with A in (20.2.21) replaced by A and v, replaced by w,. Thus, 
the restricted log likelihood is maximized simply by replacing v, in the analysis of 
(20.2.21) with w,. 

To summarize, construct 
T 

±ww = (11n L w,w; ,-1 
T 

iuu = (11n L u,u; ,-1 
T 

±uw = c11T) L u,w; 
l•l 

and find the eigenvalues of the (n + 1) x (n + 1) matrix 

l:w{yl:wufuJfuw, [20.2.47) 

ordered A1 > A2 > · · · > A"+ 1 • The maximum value achieved for the log likelihood 
function subject to the constraint that there are h cointegrating relations and no 
deterministic time trends is 

ff,. = -(Tn/2) Iog(21r) - (Tn/2) - (T/2) Iogll:uul [20.2.48) ,. 
- (T/2) L log(1 - A1). 

i=l 

Let i 1, i 2, ... , in+l denote the eigenvectors of (20.2.47) normalized by 
a;:±wwa, = 1. Then the maximum likelihood estimate of A is given by the matrix 
[i 1. i 2 · • • ah)• The maximum likelihood estimate of BA.' is 

Recall from (20.2.46) that 

BA' = -±uwAA'. [20.2.49] 

BA' = [-Bµt BA') 
= [-u -to], 

(20.2.50) 

Thus, (20.2.49) implies that the maximum likelihood estimates of u and to are 
given by 

The MLE of t, is 

t, = Ii, - uw; - t~; for i = 1, 2, ... , p - 1, 
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while the MLE of O is 

T 

o = (1/T) L [(ii, - a:w, - fov,)(ii,- a:w, - tov,)']. 
,-1 

20.3. Hypothesis Testing 
We saw in the previous chapter that tests of the null hypothesis of no cointegration 
typically involve nonstandard asymptotic distributions, while tests about the value 
of the cointegrating vector under the maintained hypothesis that cointegration is 
present will have asymptotic x2 distributions, provided that suitable allowance is 
made for the serial correlation in the data. These results generalize to FIML 
analysis. The asymptotic distribution of a test of the number of cointegrating re
lations is nonstandard, but tests about the cointegrating vector are often x2• 

Testing the Null Hypothesis ofh Cointegrating Relations 

Suppose that an (n x 1) vector y,can be characterized by a VAR(p) in levels, 
which we write in the form of [20.2.1]: 

tly, = t1ilY,-1 + tzAY,-2 + · · · + tp-1ilY,-p+1 + a + toY,-1 + E,. [20.3.1] 

Under the null hypothesis H 0 that there are exactly h cointegrating relations among 
the elements of y,, this VAR is restricted by the requirement that to can be written 
in the form to= -BA', for Ban (n x h) matrix and A' an (h x n) matrix. 
Another way of describing this restriction is that only h linear combinations of the 
levels of y,_1 can be used in the regressions in [20.3.1]. The largest value that can 
be achieved for the log likelihood function under this constraint was given by 
[20.2.10): 

~t = -(Tn/2) log(21r) - (Tn/2) - (T/2) logl±uul ,. [20.3,2) 

- (T/2) L log(l - A,). 
i=l 

Consider the alternative hypothesis H.,., that there are n cointegrating rela
tions, where n is the number of elements of y,. This amounts to the claim that 
every linear combination of y, is stationary, in which case y,_1 would appear in 
[20.3.1] without constraints and no restrictions are imposed on to- The value for 
the log likelihood function in the absence of constraints is given by 

~.4 = - (Tn/2) log(21r) - (Tn/2) - (T/2) logl±uul 
n [20.3.3) 

- (T/2) L log(l - A,). 
;-1 

A likelihood ratio test of H0 against H.,., can be based on 

n 

~;: - ~t = -(T/2) L Iog(l - A1). 
l•h+l 

If the hypothesis involved just l(O) variables, we would expect twice the log like
lihood ratio, 

n 

2(~~ - ~~) = -T L log(l - A1), 
i•h+l 

[20.3.4) 
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to be asymptotically distributed as x 2 . In the case of H0 , however, the hypothesis 
involves the coefficient on y,_ 1 , which, from the Stock-Watson common trends 
representation, depends on the value of g = (n - h) separate random walks. Let 
W(r) beg-dimensional standard Brownian motion. Suppose that the true value of 
the constant term a in [20.3.1] is zero, meaning that there is no intercept in any 
of the cointegrating relations and no deterministic time trend in any of the elements 
of y,. Suppose further that no constant term is included in the auxiliary regressions 
[20.2.4] and [20.2.5] that were used to construct u, and v,. Johansen (1988) showed 
that under these conditions the asymptotic distribution of the statistic in [20.3.4] 
is the same as that of the trace of the following matrix: 

Q = [f W(r) dW(r)'l[f W(r)W(r)' drr
1[f W(r) dW(r)'J [20.3._5] 

Percentiles for the trace of the matrix in [20.3.5] are reported in the case 1 portion 
of Table B.10. These are based on Monte Carlo simulations. 

If the number of cointegrating relations (h) is l less than the number of 
variables (n), then g = l and [20.3.5] describes the following scalar: 

Q= 

{ f W(r) dW(r)} 
2 

{f [W(r)]2 dr} 

(1/2)2{ [W(1)]2 - 1} 
2 

{f [W(r)]2 dr} 
(20.3.6] 

where the second equality follows from [18.1.15]. Expression [20.3.6] will be rec
ognized as the square of the statistic [17.4.12] that described the asymptotic dis
tribution of the Dickey-Fuller test based on the OLS t statistic. For example, if 
we are considering an autoregression involving a single variable (n = 1), the null 
hypothesis of no cointegrating relations (h = 0) amounts to the claim that {0 = 0 
in [20.3.1] or that tly, follows an AR(p - l) process. Thus, Johansen's procedure 
provides an alternative approach to testing for unit roots in univariate series, an 
idea explored further in Exercise 20.4. 

Another approach would be to test the null hypothesis of h cointegrating 
relations against the alternative of h + 1 cointegrating relations. Twice the log · 
likelihood ratio for this case is given by 

2(~! - ~n = -T Iog(l - A1r+1). [20.3.7) 

Again, under the assumption that the true value of a = 0 and that no constant 
term is included in [20.2.4] or [20.2.5], the asymptotic distribution of the statistic 
in [20.3.7] is the same as that of the largest eigenvalue of the matrix Q defined in 
[20.3.5]. Monte Carlo estimates of this distribution are reported in the case 1 section 
of Table B.11. 

Note that if g = 1, then n = h + 1. In this case the statistics [20.3.4] and 
[20.3.7] are identical. For this reason, the first row in Table B.10 is the same as 
the first row of Table B.11. 

Typically, the cointegrating relations could include nonzero intercepts, in 
which case we would want to include constants in the auxiliary regressions (20.2.4] 
and [20.2.5]. As one might guess from the analysis in Chapter 18, the asymptotic 
distribution in this case depends on whether or not any of the series exhibit de
terministic time trends. Suppose that the true value of a is such that there are no 
deterministic trends in any of the series, so that the true a satisfies a = Bµf as 
in (20.2.40]. Assuming that no restrictions are imposed on the constant term in the 
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estimation of the auxiliary regressions [20.2.4] and [20.2.5], then the asymptotic 
distribution of [20.3.4] is given in the case 2 section of Table 8.10, while the 
asymptotic distribution of [20.3.7] is given in the case 2 panel of Table 8.11. By 
contrast, if any of the variables exhibit deterministic time trends ( one or more 
elements of a - Bµt are nonzero), then the asymptotic distribution of [20.3.4] is 
that of the variable in the case 3 section of Table B.10, while the asymptotic 
distribution of [20.3.7] is given in the case 3 section of Table 8.11. 

When g = 1 and a -4= Bµt, the single random walk that is common to y, is 
dominated by a deterministic time trend. In this situation, Johansen and Juselius 
(1990, p. 180) noted that the case 3 analog of [20.3.6] has a x2(1) distribution, for 
reasons similar to those noted by West (1988) and discussed in Chapter 18. The 
modest differences between the first row of the case 3 part of Table B.10 or B.11 
and the first row of Table B.2 are presumably due to sampling error implicit in 
the Monte Carlo procedure used to generate the values in Tables B.10 and 8.11. 

Application to Exchange Rate Data 

Consider for illustration the monthly data for Italy and the United States 
plotted in Figure 19.2. The systems of equations in [20.2.4] and [20.2.5] were 
estimated by OLS for y, = (p,, s,, p:)', where p, is 100 times the log of the U.S. 
price level, s, is 100 times the log of the dollar-lira exchange rate, and p; is 100 
times the log of the Italian price level. The regressions were estimated over t = 
1974:2 through 1989:10 (so that the number of observations used for estimation 
was T = 189); p = 12 lags were assumed for the VAR in levels. 

The sample variance-covariance matrices for the residuals ii, and v, were 
calculated from [20.2.6] through [20.2.8] to be 

[ 
0.0435114 -0.0316283 0.0154297] 

l:uu = -0.0316283 4.68650 0.0319877 

0.0154297 0.0319877 0.179927 

[ 427.366 -370.699 8()5.812] 
Ivv = -370.699 424.083 -709.036 

805.812 -709.036 1525.45 

[-0.484857 0.498758 -o.83no1] 
l:uv = -1.81401 -2.95927 -2.46896 . 

-1.80836 1.46897 -3.58991 

The eigenvalues of the matrix in [20.2.9] are then4 

11 = 0.1105 

with 

12 = o.05603 

.\3 = 0.03039 

Tlog(l - A1) = -22.12 

Tlog(l - 12) = -10.90 

T log(l - A3) = - 5.83. 

"Calculations were based on more significant digits than reported, and so the reader may find slight 
discrepancies in trying to reproduce these results from the figures reported. 
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The likelihood ratio test of the null hypothesis of h = 0 cointegrating relations 
against the alternative of h = 3 cointegrating relations is then calculated from 
[20.3.4] to be · 

2(.:e.:. - .:en = 22.12 + 10.90 + 5.83 = 38.85. [20.3.8] 

Here the number of unit roots under the null hypothesis is g = n - h = 3. Given 
the evidence of deterministic time trends, the magnitude in [20.3.8] is to be com
pared with the case 3 section of Table B .10. Since 38.85 > 29 .5, the null hypothesis 
of no cointegration is rejected at the 5% level. Similarly, the likelihood ratio test 
[20.3.7] of the null hypothesis of no cointegrating relations (h = 0) against the 
alternative of a single cointegrating relation (h = 1) is given by 22.12. Comparing 
this with the case 3 section of Table 8.11, we see that 22.12 > 20.8, so that the 
null hypothesis of no cointegration is also rejected by this test. 

This differs from the conclusion of the Phillips-Ouliaris test for no cointe
gration between these series, on the basis of which the null hypothesis of no 
cointegration for these variables was found to be accepted in Chapter 19. 

Searching for evidence of a possible second cointegrating relation, consider 
the likelihood ratio test of the null hypothesis of h = 1 cointegrating relation 
against the alternative of h = 3 cointegrating relations: 

2(.:ei - .:en = 10.90 + 5.83 = 16.73. 

For this test, g = 2. Since 16. 73 > 15.2, the null hypothesis of a single cointegrating 
relation is rejected at the 5% level. The likelihoocf ratio test of the null hypothesis 
of h = 1 cointegrating relation against the alternative of h = 2 relations is 10.90 
< 14.0; hence, the two tests offer conflicting evidence as to the presence of a second 
cointegrating relation. 

The ~igenvector a, of the matrix in [20.2.9] associated with A1 , normalized 
so that iil:vvi 1 = 1, is given by 

a; = [ -0.7579 0.02801 0.42201. 

It is natural to renormalize this by taking the first element to be unity: 

a; = [LOO -0.04 -0.56J. 

[20.3.9] 

This is virtually identical to the estimate of the cointegrating vector based on OLS 
from [19.2.49]. 

---
Likelihood Ratio Tests About the Cointegrating Vector 

Consider a system of n variables that is assumed ( under both the null and 
the alternative) to be characterized by h cointegrating relations. We might then 
want to test a restriction on these cointegrating vectors, such as that only q of the 
variables are involved in the cointegrating relations. For example, we might be 
interested in whether the middle coefficient in [20.3.9] is zero, that is, in whether 
the cointegrating relation involves solely the U.S. and Italian price levels. For this 
example h = 1, q = 2, and n = 3. In general it must be the case that h :5 q :s; n. 
Since h linear combinations of the q variables included in the cointegrating relations 
are stationary, if q = h, then all q of the included variables would have to be 
stationary in levels. If q = n, then the null hypothesis places no restrictions on the 
cointegrating relations. 
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Consider the general restriction that there is a known (q x n) matrix D' such 
that the cointegrating relations involve only D'y,. For the preceding example, 

[1 0 OJ 
D' = 0 0 1 . 

Hence, the error-correction term in [20.3.1] will take the form 

toY,-1 = -BA'D'Y,-1, 

(20.3.10] 

where Bis now an (n x h) matrix and A' is an (h x q) matrix. Maximum likelihood 
estimation proceeds exactly as in the previous section, where v, in (20.2.5] is re
placed by the OLS residuals from regressions of D'y,_ 1 on a constant and dY,-i. 
Ay,_2 , ••• , dY,-p+I· This is equivalent to replacing ±vv in (20.2.6] and ±uv 
in (20.2.8] with 

fvv = D'fvvD 
±uv.., fuvD, 

Let A; denote the ith largest eigenvalue of 

±vJ±vuiuJ±uv• 

The maximized value for the restricted log likelihood is then 
h 

(20.3.11] 

(20.3.12] 

[20.3.13] 

~J = -(Tn/2) log(21r) - (Tn/2) - (T/2) logll:uul - (T/2) L log(l - A;}. 
;-1 

A likelihood ratio test of the null hypothesis that the h cointegrating relations only 
involve D'y, against the alternative hypothesis that the h cointegrating relations 
could involve any elements of y, would then be 

h h 

2(~A. - ~J) = -TL Iog(l - A;) + TL log(l - A;), [20.3.14] 
i= l /•I 

In this case, the null hypothesis involves only coefficients on /(0) variables 
(the error-correction terms z, = A'y,), and standard asymptotic distribution theory 
turns out to apply. Johansen (1988, 1991) showed that the likelihood ratio stutistic 
(20.3.14] has an asymptotic x2 distribution with h·(n - q) degrees of freedom. 

For illustration, consider the restriction represented by (20.3.10] that the 
exchange rate has a coefficient of zero in the cointegrating vector [20.3.9). From 
(20.3.11) and (20.3.12], we calculate 

- [427.366 805.812] 
~vv = 805.812 1525.45 

[
- 0.484857 -0.837701] 

±uv = -1.81401 - 2.46896 . 

-1.80836 - 3.58991 

The eigenvalues for the matrix in (20.3.13] are then 

A1 = o.1059 X2 = o.04681, 

with 

Tiog(l - A1) = - 21.15 Tlog(l - A2) = -9.06. 
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The likelihood ratio statistic [20.3.14) is 

2(.:e;:_ - .:e;) = 22.12 - 21.15 

= 0.97. 

The degrees of freedom for this statistic are 

h·(n - q) = 1·(3 - 2) = 1; 

the null hypothesis imposes a single restriction on the cointegrating vector. The 
5% critical value for a x2(1) variable is seen from Table B.2 to be 3.84. Since 
0.97 < 3.84, the null hypothesis that the exchange rate does not appear in the 
cointegrating relation is accepted. The restricted cointegrating vector (normalized 
with the coefficient on the U.S. price level to be unity) is 

if = (1.00 0.00 -0.54). 

As a second example, consider the hypothesis that originally suggested interest 
in a possible cointegrating relation between these three variables. This was the 
hypothesis that the real exchange rate is stationary, or that the cointegrating vector 
is proportional to (1, -1, -1)'. For this hypothesis, D' = (1, -1, -1) and 

f vv = 88.5977 

[
-0.145914] 

f uv = 3.61422 . 

0.312582 . 
In this case, the matrix [20.3.13] is the scalar 0.0424498, and so A1 = 0.0424498 
and T log(l - A1) = -8.20. Thus, the likelihood ratio test of the null hypothesis 
that the cointegrating vector is proportional to (1, -1, -1)' is 

2(.:e;:_ - .:et) = 22.12 - 8.20 

= 13.92. 

In this case, the degrees of freedom are 

h·(n - q) = 1·(3 - 1) = 2. 

The 5% critical value for a x2(2) variable is 5.99. Since 13.92 > 5.99, the null 
hypothesis that the cointegrating vector is proportional to (1, -1, -1)' is rejected. 

Other Hypothesis Tests 

A number of other hypotheses can be tested in this framework. For example, 
Johansen (1991) showed that the null hypothesis that there are no deterministic 
time trends in any of the series can be tested by taking twice the difference between 
[20.2.10] and [20.2.48]. Under the null hypothesis, this likelihood ratio statistic is 
asymptotically x2 with g = n - h degrees of freedom. Johansen also discussed 
construction of Wald-type tests of hypotheses involving the cointegrating vectors. 

Not all hypothesis tests about the coefficients in Johansen's framework are 
asymptotically x2 • Consider an error-correction VAR of the form of [20 .2.1] where 
to = - BA'. Suppose we are interested in the null hypothesis that the last n3 

elements of y, fail to Granger-cause the first n1 elements of y,. Toda and Phillips 
(forthcoming) showed that a Wald test of this null hypothesis can have a nonstand
ard distribution. See Mosconi and Giannini (1992) for further discussion. 
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Comparison Between FIML and Other Approaches 

Johansen's FJML estimation represents the short-run dynamics of a system 
in terms of a vector autoregression in differences with the error-correction vector 
z,_ 1 added. Short-run dynamics can also be modeled with what are sometimes 
called nonparametric methods, such as the Bartlett window used to construct the 
fully modified Phillips-Hansen (1990) estimator in equation [19.3.53]. Related non
parametric estimators have been proposed by Phillips (1990, 1991a), Park (1992), 
and Park and Ogaki (1991). Park (1990) established the asymptotic equivalence of 
the parametric and nonparametric approaches, and Phillips (1991a) discussed the 
sense in which any FIML estimator is asymptotically efficient. Johansen (1992) 
provided a further discussion of the relation between limited-information and full
information estimation strategies. 

In practice, the parametric and nonparametric approaches differ not just in 
their treatment of short-run dynamics but also in the normalizations employed. 
The fact that Johansen's method seeks to estimate the space of cointegrating re
lations rather than a particular set of coefficients can be both an asset and a liability. 
It is an asset if the researcher has no prior information about which variables appear 
in the cointegrating relations and is concerned about inadvertently normalizing 
au = 1 when the true value of au = 0. On the other hand, Phillips (1991b) has 
stressed that if the researcher wants to make structural interpretations of the sep
arate cointegrating relations, this logically requires imposing further restrictions on 
the matrix A'. 

For example, let r, denote the nominal interest rate on 3-month corporate 
debt, i, the nominal interest rate on 3-month government debt, and 1r, the 3-month 
inflation rate. Suppose that these three variables appear to be /(1) and exhibit two 
cointegrating relations. A natural view is that these cointegrating relations represent 
two stabilizing relations. The first reflects forces that keep the risk premium sta
tionary, so that 

[20.3.15] 

with zt, - 1(0). A second force is the Fisher effect, which tends to keep the real 
interest rate stationary: 

[20.3.16] 

with z!, - /(0). The system of [20.3.15] and [20.3.16] will be recognized as an 
example of Phillips's (1991a) triangular representation [19.1.20] for the vector y, = 
(r,, 1r,, i,)'. Thus, in this example theoretical considerations suggest a natural or
dering of variables for which the normalization used by Phillips would be of par
ticular interest for structural inference-the coefficients µ,t1 and y 1 tell us about 
the risk premium, and the coefficients µ,!1 and y2 tell us about the Fisher effect. 

20.4. Overview of Unit Roots-To Difference 
or !'If ot to Difference? 
The preceding chapters have explored a number of issues in the statistical analysis 
of unit roots. This section attempts to summarize what all this means in practice. 

Consider a vector of variables y, whose dynamics we would like to describe 
and some of whose elements may be nonstationary. For concreteness, let us assume 
that the goal is to characterize these dynamics in terms of a vector autoregression. 

One option is to ignore the nonstationarity altogether and simply estimate 
the VAR in levels, relying on standard t and F distributions for testing any hy-
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potheses. This strategy has the following features to recommend it. (1) The pa
rameters that describe the system's dynamics are estimated consistently. (2) Even 
if the true model is a VAR in differences, certain functions of the parameters and 
hypothesis tests based on a VAR in levels have the same asymptotic distribution 
as would estimates based on differenced data. (3) A Bayesian motivation can be 
given for the usual t or F distributions for test statistics even when the classical 
asymptotic theory for these statistics is nonstandard. 

A second option is routinely to difference any apparently nonstationary var
iables before estimating the VAR. If the true process is a VAR in differences, then 
differencing should improve the small-sample performance of all of the estimates 
and eliminate altogether the nonstandad asymptotic distributions associated with 
certain hypothesis tests. The drawback to this approach is that the true process 
may not be a VAR in differences. Some of the series may in fact have been 
stationary, or perhaps some linear combinations of the series are stationary, as in 
a cointegrated VAR. In such circumstances a VAR in differenced form is misspe
cified. 

Yet a third approach is to investigate carefully the nature of the nonstation
arity, testing each series individually for unit roots and then testing for possible 
cointegration among the series. Once the nature of the nonstationarity is under
stood, a stationary representation for the system can be estimated. For example, 
suppose that in a four-variable system we determine that the first variable y1, is 
stationary while the other variables (y21, y3,, and y4,) are each individually /(1). 
Suppose we, further conclude that y2,, y3,, and y4, are characterized by a single 
cointegrating relation. For y 2, = (y 21, y 3,, y 4,)', this implies a vector error-correction 
representation of the form • 

[:Ir]= [a1] + rm: ~~~][:1,,-1] + [~:!: ~~~][:1.,.-2] + •. u.Y21 U2 ~21 ~22 "'Y2.,-1 ~21 ~22 u.Y2.,-2 
+ [~~=:: ~~=::J[;y1,1-p+1] + [~i::JY2J-1 + [:1,], ~21 ~22 2,1-p+l ~2 21 

where the (4 X 3) matrix m~:1 is restricted to be of the form ba' Where bis (4 X 1) 
and a' is (1 x 3). Such a system can then be estimated by adapting the methods 
described in. Section 20.2, and most hypothesis tests on this system should be 
asymptotically x2• 

The disadvantage of the third approach is that, despite the care one exercises, 
the restrictions imposed may still be invalid-the investigator may have accepted 
a null hypothesis even though it is false, or rejected a null hypothesis that is actually 
true. Moreover, alternative tests for unit roots and cointegration can produce 
conflicting results, and the investigator may be unsure as to which should be fol
lowed. 

Experts differ in the advice offered for applied work. One practical solution 
is to employ parts of all three approaches. This eclectic strategy would begin by 
estimating the VAR in levels without restrictions. The next step is to make a quick 
assessment as to which series are likely nonstationary. This assessment could be 
based on graphs of the data, prior information about the series and their likely 
cointegrating relations, or any of the more formal tests discussed in Chapter 17. 
Any nonstationary series can then be differenced or expressed in error-correction 
form and a stationary VAR could then be estimated. For example, to estimate a 
VAR that includes the log of income (y,) and the log of consumption (c,), these 
two variables might be included in a stationary VAR as .iy, and (c, - y,). If the 
VAR for the data in levels form yields similar inferences to those for the VAR in 
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stationary form, then the researcher might be satisfied that the results were not 
governed by the assumptions made about unit roots. If the answers differ, then 
some attempt to reconcile the results should be made. Careful efforts along the 
lines of the third strategy described in this section might convince the investigator 
that the stationary formulation was misspecified, or alternatively that the levels 
results can be explained by the appropriate asymptotic theory. A nice example of 
how asymptotic theory could be used to reconcile conflicting findings was provided 
by Stock and Watson (1989). Alternatively, Christiano and Ljungqvist (1988) pro
posed simulating data from the estimated levels model, and seeing whether incor
rectly fitting such simulated data with the stationary specification would spuriously 
produce the results found when the stationary specification was fitted to the actual 
data. Similarly, data could be simulated from the stationary model to see if it could 
account for the finding of the levels specification. If we find that a single specifi
cation can account for both the levels and the stationary results, then our confidence 
in that specification increases. 

APPENDIX 20.A. Proof of Chapter 20 Proposition 

• Proof of Proposition 20.1. 
(a) First we show that A, < 1 for i = I, 2, ... , n,. Any eigenvalue ,\ of [20.1.8] 

satisfies 

l.'£-n!.'Evx-'ErikXY - Aq = 0. 

Since -'Evv is positive definite, this will be true if and only if 

IA::Evv - kvxkril:xvl = 0. 

But from the triangular factorization of I in equation (4.5.26], the matrix 

-'Evv - Ivxl:xi!l:xv 

(20.A.1] 

(20.A.2] 

is positive definite. Hence, the determinant in [20.A.l] could not be zero at,\ = 1. Note 
further that 

[20.A.3] 

If A> 1, then the right side of expression (20.A.3] would be the sum of two positive definite 
matrices and so would be positive definite. The left side of [20.A.3] would then be positive 
definite, implying that the determinant in (20.A.l] could not be zero for A > 1. Hence, 
A 2: 1 is not consistent with [20.A.l]. 

To see that A, 2: 0, notice that if A were less than zero, then A-'Evv would be a negative 
number times a positive definite matrix so that A.'Eyy - l:vxl:ril:xv would also be a negative 
number times a positive definite matrix. Hence, the determinant in (20.A.1] could not be 
zero for any value of ,\ < 0. 

Parallel arguments establish that 0 s µ,1 < 1 for j = 1, 2, ... , n2 • 

(b) Let k, be an eigenvector associated with a nonzero eigenvalue A, of (20.1.8]: 

l:-n!l:vx-'Exi1-'Exvk1 = A,k,. 

Premultiplying both sides of [20.A.4] by Ixv results in 

(::Exv::Ev.J::Evxl:ri](::Exvk,] = A,[::Exvk,]. 

(20.A.4] 

(20.A.5] 

But [::Exvk,] cannot be zero, for if [::Exvk,] did equal zero, then the left side of [20.A.4] 
would be zero, implying that A, = 0. Thus, [20.A.5] implies that A, is also an eigenvalue of 
the matrix [::Exv::E-nl::Evx::Eri] associated with the eigenvector [::Exvk,]. Recall further that 
eigenvalues are unchanged by transposition of a matrix: 

[::Exvl:iil:vx::Ex,1 ]' = I;,,1::Exv :En! l:vx, 

which is the matrix (20.1.12]. This proves that if A, is a nonzero eigenvalue of [20.1.8], then 
it is also an eigenvalue of [20.1.12]. Exactly parallel calculations show that ifµ,, is a nonzero 
eigenvalue of [20.1.12], then it is also an eigenvalue of (20.1.8]. 
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(c) Premultiply [20.1.10] by k;l:vv: 

kJl:vxl:x,1:l":xvk, = A,kfl:vvk,. 

Similarly, replace i with j in [20.1.10): 

l:n!l:vxl:xi1l:xvk1 = A;k;, 

and premultiply by k;l:vv; 

k!l:vxl:xi1l:xvk1 = A1k!l:vvk1. 

Subtracting [20.A.8] from [20.A.6], we see that 

0 "' (A, - A1)k;l:vvk,. 

(20.A.6] 

(20.A.7] 

[20.A.8) 

(20.A.9] 

If i ,t. j, then ,\1 ,I, A1 and [20.A.9] establishes that kJl:vvk, = 0 for i ,I, j. For i = j, we 
normalized k!l:vvk, = 1 in [20.1.11]. Thus we have established condition [20.1.3] for the 
case of distinct eigenvalues. · 

Virtually identical calculations show that [20.1.13] and [20.1.14] imply [20.1.4]. 
( d) Transpose (20.1.13] and postmultiply by l:xvk1: 

a;l:xvl:vil:vxl:xi1l:xvk; = A,a;l:xvk1. [20.A.101 

Similarly, premultiply [20.A.7) by a;l:xv: 

a!l:xvl:;..Jl:vxl:xi1l:xvk; = A,a!l:xvk/. [20.A.ll] 

Subtracting [20.A.ll] from [20.A.10] results in 

0 = (A, - A1)a;l:xvkr 

This shows that a;l:xvk, = 0 for A, 4' A1, as required by (20.1.5). 
To find the value of a;l:xvk, for i = j, premultiply [20.1.13) by a!l:xx, making use 

of (20.1.14]: 

(20.A.12] 

Let us suppose for illustration that n 1 is the smaller of n 1 and n2; that is, n = n1•5 Then the 
matrix of eigenvectors ,C is (n x n) and nonsingular. In this case, (20.1.3] implies that 

l:yy = (,t;'J-1,c-1, 

or, taking inverses, 

l:n! = ,C,C'. 

Substituting (20.A.13] into (20.A.12], we find that 

a!l:xv,C,C'l:vxa, = A,. 

Now, 

a!l:xv:JC = a!l:xv(k1 k, · · · k.) 
= [a!l:xvk1 a;l:xvk2 · · · a;l:xvk, · · · a;l:xvk.] 
= (0 0 · · · a!l:xvk, · · · OJ. 

Substituting (20.A.15] into (20.A.14], it follows that 

(a!l:xvk1) 2 - A,. 

Thus, the ith canonical correlation, 

is given by the square root of the eigenvalue A,, as claimed: 

rt= A,. a 

(20.A.13] 

(20.A.14] 

(20.A.15] 

'In the converse case when n = n2 , a parallel argument can be constructed using the fact that 

k!l:vxl:iJll:xvk, = A,. 
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Chapter 20 Exercises 

20.1. In this problem you are asked to verify the claim in the text that the first canonical 
variates 711, and {,, represent the linear combinations of y, and x, with maximum possible 
correlation. Consider the following maximization problem: 

max E(k;y,x;a,) 
{k1,a1} 

subject to 
E(k;y,y;k,) = 
E(a;x,x;a,) = 1. 

Show that the maximum value achieved for this problem is given by the square root of the 
largest eigenvalue of the matrix ~xi!l:xvl:v~l:vx, and that a, is the associated eigenvector 
normalized as stated. Show that k1 is the normalized eigenvector of l:v~l:vxl:xi!l:xv, as
sociated with this same eigenvalue. 

20.2. It was claimed in the text that the maximized log likelihood function under the null 
hypothesis of h cointegrating relations was given by {20.3.2]. What is the nature of the 
restriction on the VAR in [20.3.1] when h = O? Show that the value of [20.3.2] for this case 
is the same as the log likelihood for a VAR(p - 1) process fitted to the differenced data 
!:.y,. 

20.3. It was claimed in the text that the maximized log likelihood function under the 
alternative hypothesis of n cointegrating relations was given by [20.3.3]. This case involves 
regressing /:.y, on a constant, y,_1, and !:.y,_1, /:.y,_2, ... , /:.y,-p+I without ,restric
tions. Let e, denote the residuals from this unrestricted regression, with l:cc = 
(1/T)~T-, e,e;. Equation [11.1.32] would then assert that the maximized log likelihood 
function should be given by 

;e; = - (Tn/2) log(27r) - (T/2) logl±ccl - (Tn/2). 

Show that this number is the same as that given by formula [20.3.3]. 

20.4. Consider applying Johansen's likelihood ratio test to univariate data (n = 1). Show 
that the test of the null hypothesis that y, is nonstationary (h = 0) against the alternative 
that y, is stationary (h = 1) can be written 

T[log( 6-l) - log( 6-r)], 
where at is the average squared residual from a regression of !:.y, on a constant and !:.y,_1 , 

!:.y,_2, ... , !:.y,-p+t while 6-t is the average squared residual when y,_, is added as an 
explanatory variable to this regression. 
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21 

Time Series Models 
of Heteroskedasticity 

21. l. Autoregressive Conditional 
Heteroskedasticity (ARCH) 
An autoregressive process of order p (denoted AR(p)) for an observed variable 
y, takes the form 

Y, = C + <P1Y,-1 + 'P2Y1-2 + · · ' + </JpYr-p + u,, 

where u, is white noise: 

E(u,) = 0 

{
uz 

E(u,u,) = 0 
fort = T 

otherwise. 

The process is covariance-stationary provided that the roots of 

1 - ¢ 1z - ¢2z2 - · · • - ¢PzP = 0 

[21.1.11 

[21.1.2] 

[21.1.3) 

are outside the unit circle. The optimal linear forecast of the level of y, for an 
AR (p) process is 

.b'(Y,IY,-1,Y,-2, ... ) = C + ¢1Y,-1 + ¢2Y,-2 + ... + <P1,Y1-p, [21.1.4) 

where E(y,ly,_ 1 , y,_2 , • •. ) denotes the linear projection of y, on a constant and 
(y,_ 1 , y,_ 2 , ••• ). While the conditional mean of y, changes over time according 
to (21.1.4], provided that the process is covariance-stationary, the unconditional 
mean of y, is constant: 

E(y,) = c/(1 - 'P1 - ¢z - · · · - </Jp). 

Sometimes we might be interested in forecasting not only the level of the 
series y, but also its variance. For example, Figure 21.1 plots the federal funds 
rate, which is an interest rate charged on overnight loans from one bank to another. 
This interest rate has been much more volatile at some times than at others. Changes 
in the variance are quite important for understanding financial markets, since 
investors require higher expected returns as compensation for holding riskier assets. 
A variance that changes over time also has implications for the validity and effi
ciency of statistical inference about the parameters (c, ¢ 1, ¢2, ... , </Jp) that 
describe the dynamics of the level of y,. 

Although [21.1.3] implies that the unconditional variance of u, is the constant 
u2, the conditional variance of u, could change over time. One approach is to 



17.5 

15.0 

12.5 

10.0 

7.5 

5.0 

2.5 

55 58 61 61 

FIGURE 21.i U.S. federal funds rate (monthly averages quoted at an annual 
rate), 1955-89. 

describe the square of u, as itself following an AR(m) process: 

u; = {; + a1u;_1 + a2 u;_2 + · · · + amuf-m + w,, 

where w, is a new white noise process: 

E(w,) = 0 

{
A2 

E(w,wT) = 0 
fort = T 

otherwise. 

[21.1.5] 

Since u, is the error in forecasting y,, expression [21.1.5] implies that the linear 
projection of the squared error of a forecast of y, on the previous m squared forecast 
errors is given by 

E(u;luf_ 1, U;_z, .. . ) = {; + a,uf-1 + azu;_z + · · · + amuf-m· [21.1.6] 

A white noise process u, satisfying [21.1.5] is described as an autoregressive con
ditional heteroskedastic process of order m, denoted u, - ARCH(m). This class of 
processes was introduced by Engle (1982). 1 

Since u, is random and u; cannot be negative, this can be a sensible repre
sentation only if [21.1.6] is positive and [21.1.5] is nonnegative for all realizations 
of {u,}. This can be ensured if w, is bounded from below by -( with ( > 0 and if 
a1 2: 0 for j = 1, 2, ... , m. In order for uf to be covariance-stationary, we further 
require that the roots of 

1 - a 1z - a2 z 2 - • • • - amZ"' = 0 

1A nice survey of ARCH-related models was provided by Bollerslev, Chou, and Kroner (1992). 
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lie outside the unit circle. If the a; are all nonnegative, this is equivalent to the 
requirement that 

(21.1.7] 

When these conditions are satisfied, the unconditional variance of u, is given by 

u 2 = E(u;) = {/(1 - a 1 - a2 - • • · - am). (21.1.8] 

Let u'f+,lt denote ans-period-ahead linear forecast: 

u;\,1, = £°(u'f+,lu;, u;_1 , ••. ). 

This can be calculated as in [4.2.27] by iterating on 

(uf+;1, - u 2) = a1(llf+i-11, - u 2) + a2(tl;+i-21, - u 2) 

+ . • . + am(u'f +i-mlt - u 2) 

for j = 1, 2, ... , s where 

for T :5 t. 

The s-period-ahead forecast u'f +sit converges in probability to u 2 ass- oo, assuming 
that w, has finite variance and that [21.1. 7] is satisfied. 

It is often convenient to use an alternative representation for an ARCH(m) 
process that imposes slightly stronger assumptions about the serial dependence of 
u,. Suppose that 

u, = \ili,·v,, [21.1.9] 

where {v,} is an i.i.d. sequence with zero mean and unit variance: 

E(v,) = 0 E(v;) = 1. 

If h, evolves according to 

[21.1.10] 

then [21.1.9] implies that 

E(u;ju,_ 1 , u,_z, .. . ) = { + a1u;_1 + a2u;_2 + · · · +,amuf-m· [21.1.11] 

Hence, if u, is generated by [21.1.9] and (21.1.10], then u, follows an ARCH(m) 
process in which the linear projection [21.1.6] is also the conditional expectation. 

Notice further that when [21.1.9] and [21.1.10] are substituted into [21.1.5], 
the result is 

h,·v; = h, + w,. 

Hence, under the specification in [21.1.9], the innovation w, in the AR(m) rep
resentation for u; in [21.1.5] can be expressed as 

w, = h,·M - 1). [21.1.12] 

Note from [21.1.12] that although the unconditional variance of w, was assumed 
to be constant, 

[21.1.13] 

the conditional variance of w, changes over time. 
The unconditional variance of w, reflects the fourth moment of µ,, and this 

fourth moment does not exist for all stationary ARCH models. One can see this 
by squaring [21.1.12] and calculating the unconditional expectation of both sides: 

E(w;) = E(h;) · E(v; - 1)2. [21.1.14] 
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Taking the ARCH(l) specification for illustration, we find with a little manipulation 
of the formulas for the mean and variance of an AR(l) process that 

E(hn == E(( + a1uf_1)2 

== E{(at·u1-1) + (2a1(·ul-1) + (2} 

== af·[Var(u~_ 1) + (E(ul- 1)]2] + 2ai(·E(uf_ 1) + (2 (21.1.15] 

_ 2.[~ (2 ] 2a1'2 2 
- a1 1 2 + (1 )2 + 1 + ( - a1 - a1 - a1 

a~A2 (2 
==--+--=---

1 - af (1 - a 1) 2 • 

Substituting (21.1.15] and [21.1.13] into (21.1.14], we conclude that A2 (the un
conditional variance of w,) must satisfy 

2 - [ afA2 (2 ] 2 2 
A - 1 - a} + (1 - a1)2 x E(v, - 1) . (21.1.16] 

Even when la 11 < 1, equation (21.1.16] may not have any real solution for 
A. For example, if v, - N(0, 1), then E( vl - 1)2 == 2 and (21.1.16] requires that 

(1 - 3aDA2 _ 2(2 
1 - a} - (1 - a 1) 2 . 

This equatio~ has no real solution for A whenever af ~¼.Thus, if u, - ARCH(l) 
with the innovations v, in [21.1.9] coming from a Gaussian distribution, then the 
second moment of w, (or the fourth moment of u,) does not exist unless af < ½. 

Maximum Likelihood Estimation with Gaussian v1 

Suppose that we are interested in estimating the parameters of a regression 
model with ARCH disturbances. Let the regression equation be 

y, == x;p + u,. (21.1.17] 

Here x, denotes a vector of predetermined explanatory variables, which could 
include lagged values of y. The disturbance term u, is assumed to satisfy (21.1.9] 
and (21.1.10]. It is convenient to condition on the first m observations (t == 
- m + 1, - m + 2, ... , 0) and to use observations t == 1, 2, ... , Tfor estimation. 
Let OJI, denote the vector of observations obtained through date t: 

'ti,== (y,. Y,-1, • • • , Ji, Yo,·· ·, Y-m+l> x;, x;_1, · · ·, xi, x~, · · · , X'...m+1>'• 

If v, - i.i.d. N(0, 1) with v, independent of both x, and c,J,_i, then the conditional 
distribution of y, is Gaussian with mean x;p and variance h,: 

where 

__ 1_ (-(y, - x;p)2) 
f(y,lx,, ay,-1) - -../21i'h, exp 2h, , 

h, == ( + ai(J,-1 - x;_1f3)2 + a2(Y,-2 - x;_2P)2 + · · · 
+ am(Y,-m - x;_mJl)2 

• [z,(p)]'S 
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for 

6 = ((, a 1, a 2 , ••• , am)' 

[z,(13)]' = (1, (Y,-1 - x;_1f3)2 , (Y,-2 - x;_zf3)2, · · - , (Y,-m - x;_ml3)2]. 

Collect the unknown parameters to be estimated in an (a x 1) vector 6: 

6 = (13 ', 6 ')'. 

The sample log likelihood conditional on the first m observations is then 

T 

.:£(6) = L logf(y,jx,, ll,l/,_1 ; 6) 
,-1 

T 

-(T/2) log(h) - (1/2) L log(h,) 
t=l 

T 

- (112) :z; (y, - x; 13)21h,. 
,-1 

(21.1.20] 

For a given numerical value for the parameter vector 6, the sequence of conditional 
variances can be calculated from [21.1.19] and used to evaluate the log likelihood 
function (21.1.20]. This can then be maximized numerically using the methods 
described in Section 5.7. The derivative of the log of the conditional likelihood of 
the tth observation with respect to the parameter vector 6, known as the tth score, 
is shown in Appendix 21.A to be given by 

s,(6) = a log f(y,I Xn O}J,_ 1; 6) 
(axl) i/8 

[ f -2a/Ur-/Xr-/] = {(u~ - h, )/(2hn} 1- 1 

z,(13) 
+ [ (x1~)/h 1] _ 

[21.1.21] 

The likelihood function can be maximized using the method of scoring as in Engle 
(1982, p. 997) or using the Berndt, Hall, Hall, and Hausman (1974) algorithm as 
in Bollerslev (1986, p. 317). Alternatively, the gradient of the log likelihood function 
can be calculated analytically from the sum of the scores, 

1' 

V .:£(6) = L s,(6), 
t=l 

or numerically by numerical differentiation of the log likelihood (21.1.20]. The 
analytically or numerically evaluated gradient could then be used with any of the 
numerical optimization procedures described in Section 5.7. 

Imposing the stationarity condition (L j!. 1 a1 < 1) and the nonnegativity con
dition (a1 ~ 0 for all j) can be difficult in practice. Typically, either the value of 
m is very small or else some ad hoc structure is imposed on the sequence {a1}j..1 

as in Engle (1982, equation (38)). 

Maximum Likelihood Estimation with Non-Gaussian v1 

The preceding formulation of the likelihood function assumed that v, has a 
Gaussian distribution. However, the unconditional distribution of many financial 
time series seems to have fatter tails than allowed by the Gaussian family. Some 
of this can be explained by the presence of ARCH; that is, even if v, in (21.1.9] 
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has a Gaussian distribution, the unconditional distribution of u, is non-Gaussian 
with heavier tails than a Gaussian distribution (see Milh0j, 1985, or Bollerslev, 
1986, p. 313). Even so, there is a fair amount of evidence that the conditional 
distribution of u, is often non-Gaussian as well. 

The same basic approach can be used with non-Gaussian distributions. For 
example, Bollerslev (1987) proposed that v, in [21.1.9] might be drawn from a t 
distribution with II degrees of freedom, where II is regarded as a parameter to be 
estimated by maximum likelihood. If u, has a t distribution with II degrees of 
freedom and scale parameter M,, then its density is given by 

f( ) = r[(v + 1)/2] M-112 1 ..!±.!_ [ 
2 ]-(•+1)/2 

u, (7rv) 112f(v/2) ' + M,11 ' [21.1.22] 

where re.) is the gamma function described in the discussion following equation 
[12.1.18]. If 11 > 2, then v, has mean zero and variance 2 

E(uD = M,11/(11 - 2). 

Hence, at variable with II degrees of freedom and variance h, is obtained by taking 
the scale parameter M, to be 

M, = h,(v - 2)/v, 

for which the density [21.1.22] becomes 

f(u,) ~ r[(v + 1)/2] ( v - 2)-112h,-112[1 + u~ ]-(•+l)/2 
7r112f(11/2) h,(11 - 2) 

[21.1.23] 

This density can be used in place of the Gaussian specification [21.1.18] along with 
the same specification of the conditional mean and conditional variance used in 
[21.1.17] and [21.1.19]. The sample log likelihood conditional on the first mob
servations then becomes 

T 

:Z: 1ogf(y,lx,, ay,-1; 8) 
,-1 

where 

·= T logt~; 12;(:~:] (11 - 2)- 112} - (1/2) t log(h,) 

- [(11 + 1)/2] t log[ 1 + (~:(~ ::~r], 
[21.1.24] 

h, = ?: + a1(Y,-1 - x;_1f3)2 + ai{Y,-2 - x;_2f3)2 + ··· + a,,.(Y,-m - x;_mf3)2 

= [z,(p)]'6. 

The log likelihood [21.1.24] is then maximized numerically with respect to 11, p, 
and 6 subject to the constraint 11 > 2. 

The same approach can be used with other distributions for v,. Other distri
butions that have been employed with ARCH-related models include a Normal
Poisson mixture distribution (Jorion, 1988), power exponential distribution (Baillie 
and Bollerslev, 1989), Normal-log normal mixture (Hsieh, 1989), generalized ex
ponential distribution (Nelson, 1991), and serially dependent mixture of Normals 
(Cai, forthcoming) or t variables (Hamilton and Susmel, forthcoming). 

'See, for example, DeGroot (1970, p. 42). 

662 Chapter 21 I Time Series Models of Heteroskedasticity 



Quasi-Maximum Likelihood Estimation· 

Even if the assumption that v, is i.i.d. N(0, 1) is invalid, we saw in [21.1.6) 
that the ARCH specification can still offer a reasonable model on which to base a 
linear forecast of the squared value ofv,. As shown in Weiss (1984, 1986), Bollerslev 
and Wooldridge (1992), and Glosten, Jagannathan, and Runkle (1989), maximi
zation of the Gaussian log likelihood function [21.1.20] can provide consistent 
estimates of the parameters (, a 1 , a 2 , .•• , am of this linear representation even 
when the distribution of u, is non-Gaussian, provided that v, in [21.1.9] satisfies 

E(v,lx,, 0}}1_ 1) = 0 

and 

E(v~lx,, 0}},-1) = 1. 

However, the standard errors have to be adjusted. Let Or be the estimate that 
maximizes the Gaussian log likelihood [21.1.20], and let 8 be the true value that 
characterizes the linear representations [21.1.9), [21.1.17], and [21.1.19]. Then even 
when v, is actually non-Gaussian, under certain regularity conditions 

v'T(Or - 8) ~ N(0, 0- 1s0- 1), 

where 
r 

S = plim r- 1 :Z: [s,(8)] · (s,{8)]' 
T--:ir:. t-l 

for s,(8) the score vector as calculated in [21.1.21], and where 

_ • _ 1 f, _ {as,(8)1 ,.., } D - phm T .,c_, E 0 , x,, -.,,,_1 
r-x 1-1 a., 

r { [f -2a-u x ] = plim r- 1 :z: (1/{2h;)] j-1 J r-J t-/ [21.1.25] 
r-x t=I z,(13) 

x Lt -2a,u,_,x;_, I,,(~)]'] + (llh,) [ x,;: : ]} , 

where 

O!I, = (y,, Y,-i, · · · , Y1, Yo, · · · , Y-m+1' x;, x;_i, · · · , xi_, x~, ... , x'_,,., + 1)'. 

The second equality in (21.1.25] is established in Appendix 21.A. The matrix S 
can be consistently estimated by 

r 
Sr= r- 1 :Z: [s,(flr)J·[s,(flr)l', 

,-1 

where s,(Or) indicates the vector given in [21.1.21] evaluated at fir- Similarly, the 
matrix D can be consistently estimated by 

Dr = r- 1 f {[1/(2hn][;i -2a;~,-,x,-J] 
,-1 . ~(13) 

x Lt -M,a,_,x;_, [,(~)]'] + (llh,{'f : ]} 
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Standard errors for Or that are robust to misspecification of the family of densities 
can thus be obtained from the square root of diagonal elements of 

T- 1br 1SrDr1 • 

Recall that if the model is correctly specified so that the data were really 
generated by a Gaussian model, then S = D, and this simplifies to the usual 
asymptotic variance matrix for maximum likelihood estimation. 

Estimation by Generalized Method of Moments 

The ARCH regression model of [21.1.17] and [21.1.19) can be characterized 
by the assumptions that the residual in the regression equation is uncorrelated with 
the explanatory variables, 

E((y, - x;13)x,] = 0, 

and that the implicit error in forecasting the squared residual is uncorrelated with 
lagged squared residuals, 

E((u: - h,)z,] = 0. 

As noted by Bates and White (1988), Mark (1988), Ferson {1989), Simon (1989), 
or Rich, Raymond, and Butler (1991), this means that the parameters of an ARCH 
model could be estimated by generalized method of moments,3 choosing 0 = 
(W, 6')' so lis to minimize 

where 
r 

[ 
T- 1 :Z: (y, - x;~)x, l ,-1 

T- 1 f {(y, - x;~)2 - [z,(l3)]'6}z,(l3) . 
,-1 

The matrix Sr, standard errors for parameter estimates, and tests of the model can 
be constructed using the methods described in Chapter 14. Any other variables 
believed to be uncorrelated with u, or with (u~ - h,) could be used as additional 
instruments. 

Testing for ARCH 

Fortunately, it is simple to test whether the residuals u, from a regression 
model exhibit time-varying heteroskedasticity without actually having to estimate 
the ARCH parameters. Engle (1982, p. 1000) derived the following test based on 
the Lagrange multiplier principle. First the regression of (21.1.17] is estimated by 
OLS for observations t = -m + 1, -m + 2, ... , T and the OLS sample 
residuals a, are saved. Next, a: is regressed on a constant and m of its own lagged 
values: 

[21.1.26] 

fort = 1, 2, ... , T. The sample size T times the uncentered R; from the-regression 

3As noted in Section 14.4, maximum likelihood estimation can itself be viewed as estimation by 
GMM in which the orthogonality condition is that the expected score is zero. 
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of [21.1.26] then converges in distribution to ax 2 variable with m degrees of freedom 
under the null hypothesis that u, is actually i.i.d. N(O, a 2). 

Recalling that the ARCH(m) specification can be regarded as an AR (m) 
process for u;, another approach developed by Bollerslev (1988) is to use the Box
Jenkins methods described in Section 4.8 to analyze the autocorrelations of u;. 
Other tests for ARCH are described in Bollerslev, Chou, and Kroner (1992, p. 8). 

21.2. Extensions 

Generalized Autoregressive Conditional 
Heteroskedasticity (GARCH) 
Equations [21.1.9] and [21.1.10] described an ARCH(m) process (u,) char

acterized by 

u, = --lli,·v,, 
where v, is i.i.d. with zero mean and unit variance and where h, evolves according 
to 

h, = ( + a1u:_1 + a2u;_2 + · · · + amu:_m· 

More generally, we can imagine a process for which the conditional variance de
pends on an infinite number of lags of u;_i, 

where 

h, = ( + 1r(L)u;, 

X 

1r(L) = I 1r,V. 
1-1 

(21.2.1] 

A natural idea is to parameterize 1r(L) as the ratio of two finite-order polynomials: 

a(L) 
1r(L) = 1 - 5(L) 

a1L 1 + a2L 2 + · · · + amLm 
1 - 51L 1 - 52L 2 - · · · - 5,L'' 

[21.2.2] 

where for now we assume that the roots of 1 - 5(z) = 0 are outside the unit 
circle. If [21.2.1] is multiplied by 1 - 5(L), the result is 

[1 - 5(L)]h, = [1 - 5(1)]( + a(L)u; 

or 

h, = K + 51h,-1 + Sih,-2 + • • • + 5,h,_, (21.2.3] 
+ a1uf-1 + azUt-2 + · · · + amuf_m 

for K "" [1 - 51 - 52 - • • • - 5,](. Expression (21.2.3] is the generalized au
toregressive conditional heteroskedasticity model, denoted u, - GARCH(r, m), 
proposed by Bollerslev (1986). 

One's first guess from expressions [21.2.2] and (21.2.3] might be that 5(L) 
describes the "autoregressive" terms for the variance while a(L) captures the 
"moving average" terms. However, this is not the case. The easiest way to see 
why is to add u; to both sides of (21.2.3] and rewrite the resulting expression as 

h, + U7 = K - 51(u;_1 - h,-1) - 52(U7-2 - h,-2) - • • . 
- 5,(u;_, - h,_,) + 51U7-1 + 82U7-2 + • • • 
+ 5,u;_, + a1u;_ 1 + aiu;-2 + · · · + amu:-m + u; 
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or 

u; = K + (81 + a 1)u:_ 1 + (82 + a 2)u;_ 2 + · · · 
+(op+ ap)u;_p + w,- 01W1-1 - OzW,-2 - ... - orw,_,, 

[21.2.4] 

where w, = u; - h, and p = max{m, r}. We have further defined oi ""' 0 for j > r 
and ai = 0 for j > m. Notice that h, is the forecast of u; based on its own lagged 
values and thus w, = u; - h, is the error associated with this forecast. Thus, w, is 
a white noise process that is fundamental for u;. Expression [21.2.4] will then be 
recognized as an ARMA (p, r) process for u;, in which the jth autoregressive 
coefficient is the sum of oi plus ai while the jth moving average coefficient is the 
negative of 8;. If u, is described by a GARCH(r, m) process, then u; follows an 
ARMA (p, r) process, where p is the larger of r and m. 

The nonnegativity requirement is satisfied if K > 0 and a; ~ 0, oi ~ 0 for 
j = 1, 2, ... , p. From our analysis of ARMA processes, it then follows that u~ 
is covariance-stationary provided that w, has finite variance and that the roots of 

1 - (81 + a1)Z - (82 + a2)Z2 - · · · - (Op + ap)zP = 0 

are outside the unit circle. Given the nonnegativity restriction, this means that 
u; is covariance-stationary if 

(81 + a1) + (82 + a2) + ... + (op + ap) < 1. 

Assuming that this condition holds, the unconditional mean of u; is 

E(u;). .. = u 2 = Kl[l - (81 + a 1) - (82 + a 2) - • • • - (op + ap)]. 

Nelson and Cao (1992) noted that the conditions ai ~ 0 and oi ~ 0 are sufficient 
but not necessary to ensure nonnegativity of h,. For example, for a GARCH(l, 2) 
process, the 1r(L) operator implied by [21.2.2] is given by 

1r(L) = (1 - 81L)- 1(a 1L + a2L2) 

= (1 + 81L + 8fL2 + 8JL3 + · · ·)(a1L + a 2L2) 

= a1L + (81a 1 + a 2)L 2 + 81(81a 1 + a2)L 3 

+ 8f(8 1a 1 + a 2)L 4 + · · ·. 
The 1ri coefficients are all nonnegative provided that 0 ::5 81 < 1, a 1 ~ 0, and 
(81a 1 + ai) -~ 0. Hence, a 2 could be negative as long as -a 2 is less than 81a 1. 

The forecast of u;+, based on u;, u;_ 1, ... , denoted 12;+,1,, can be calculated 
as in [ 4.2.45] by iterating on 

(81 + a1)(12;+,-llt - o-2) + (82 + ai)(12f+s-2jt - o-2) 

+ ... +(op+ ap)(12;+s-plt - <T2) - 8,MI, - 8,+1W,_1 

t2;+,lt - u2 = - ... - 8,w,+,-r for s = 1, 2, ... , r 

(81 + a1)(ti;+,-lj, - o-2) + {82 + a2){l2;+,-21, - <T2) 
+ • • •+(op + ap)(12:+s-plt - <T2) forS = r + 1, r + 2, ... , 

12;.1, = u;. for T ::5 t 

Ml, = u;. - 12~1,_ 1 for -r = t, t - 1, ... , t - r + 1. 

See Baillie and Bollerslev (1992) for further discussion of forecasts and mean 
squared errors for GARCH processes. 

Calculation of the sequence of conditional variances {h,},Y_ 1 from [21.2.3] 
requires presample values for h-p+i, ... , h0 and u:.p+l• ... , u~. If we have 
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observations on y, and x, fort = 1, 2, ... , T, Bollerslev (1986, p. 316) suggested 
setting 

for j = -p + 1, ... , 0, 

where 
T 

6-2 = T-l L (y, - x;rw. 
l=l 

The sequence {h,};= 1 can be used to evaluate the log likelihood from the 
expression given in [21.1.20]. This can then be maximized numerically with respect 
to 13 and the parameters K, o1, ... , o,, a 1, ..• , am of the GARCH process; for 
details, see Bollerslev (1986). 

Integrated GARCH 
Suppose that u, = v'h,·v,, where v, is i.i.d. with zero mean and unit variance 

and where h, obeys the GARCH(r, m) specification 

h, = K + 01h,-1 + Oih,-2 + ' ' ' + 6,h,_, 

+ a1U~-1 + a2u°;_2 + ... + amuf_m· 

We saw in [21.2.4] that this implies an ARMA process for u"; where the jth au
toregressive coefficient is given by (o; + a1). This ARMA process for uf would 
have a unit root if 

r m 

LO;+La;=l. [21.2.5] 
j=l /=l 

Engle and Bollerslev (1986) referred to a model satisfying [21.2.5] as an integrated 
GARCH process, denoted IGARCH. 

If u, follows an IGARCH process, then the unconditional variance of u, is 
infinite, so neither u, nor u~ satisfies the definition of a covariance-stationary proc
ess. However, it is still possible for u, to come from a strictly stationary process in 
the sense that the unconditional density of u, is the same for all t; see Nelson (1990). 

The ARCH-in-Mean Specification 

Finance theory suggests that an asset with a higher perceived risk would pay 
a higher return on average. For example, let r, denote the ex post rate of return 
on some asset minus the return on a. safe alternative asset. Suppose that r, is 
decomposed into a component anticipated by investors at date t - 1 (denotedµ.,) 
and a component that was unanticipated (denoted u,): 

r, = µ., + u,. 
Then the theory suggests that the mean return (µ.,) would be related to the variance 
of the return (h,). In general, the ARCH-in-mean, or ARCH-M, regression model 
introduced by Engle, Lilien, and Robins (1987) is characterized by 

y, = x;13 + oh, + u, 

u, = v'h,·v, 
h, = ( + a1uf_1 + a2uf_2 + · · · + amu;_m 

for v, i.i.d. with zero mean and unit variance. The effect that higher perceived 
variability of u, has on the level of y, is captured by the parameter o. 
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Exponential GARCH 

As before, let u, = v'h, · v, where v, is i.i.d. with zero mean and unit variance. 
Nelson (1991) proposed the following model for the evolution of the conditional 
variance of u,: 

~ 

log h, = ( + :Z: 7Tj°{lv,_iJ - Elv,-il + Xv,_1}. 
/=l 

[21.2.6) 

Nelson's model is sometimes referred to as exponential GARCH, or EGARCH. If 
7Ti > 0, Nelson's model implies that a deviation of lv,_11 from its expected value 
causes the variance of u, to be larger than otherwise, an effect similar to the idea 
behind the GARCH specification. 

The X parameter allows this effect to be asymmetric. If X = 0, then a positive 
surprise (v,-i > 0) has the same effect on volatility as a negative surprise of the 
same magnitude. If -1 < X < 0, a positive surprise increases volatility less than 
a negative surprise. If X < - 1, a positive surprise actually reduces volatility while 
a negative surprise increases volatility. A number of researchers have found evi
dence of asymmetry in stock price behavior-negative surprises seem to increase 
volatility more than positive surprises. 4 Since a lower stock price reduces the value 
of equity relative to corporate debt, a sharp decline in stock prices increases cor
porate leverage and could thus increase the risk of holding stocks. For this reason, 
the apparent finding that X < 0 is sometimes described as the leverage effect. 

One of,the key advantages of Nelson's specification is that since [21.2.6] 
describes the log of h,, the variance itself (h,) will be positive regardless of whether 
the 1T1 coefficients are positive. Thus, in contrast to the GARCH model, no re
strictions need to be imposed on [21.2.6) for estimation. This makes numerical 
optimization simpler and allows a more flexible class of possible dynamic models 
for the variance. Nelson (1991, p. 351) showed that [21.2.6] implies that log h,, h,. 
and u, are all strictly stationary provided that '2.1_ 1 rrJ < co. 

A natural parameterization is to model 1r(L) as the ratio of two finite-order 
polynomials as in the GARCH(r, m) specification: 

log h, = K + 81 log h,_ 1 + 82 log h,_2 + · · · 
+ 8, log h,-r + a1{1V,_1I Elv,-1I + Xv,-1} (21.2.7] 
+ a2{lv,-2I - Elv,-21 + Xv,_J + 
+ am{lv,-ml - Elv,-ml + Xv,_,,J. 

The EGAR CH model can be estimated by maximum likelihood by specifying 
a density for v,. Nelson proposed using the generalized error distribution, normal
ized to have zero mean and unit variance: 

f( v) = vexp[-(1/2)lv,IAI"] 
I A. 2[<•+ 1)/•lf(l/v) 

Here f( ·) is the gamma function, A is a constant given by 

= {2<-21•>f(1/v)} 112 

A f(3/v) ' 

[21.2.8] 

•see Pagan and Schwert (1990), Engle and Ng (1991), and the studies cited in Bollerslev, Chou, 
and Kroner (1992, p. 24). 
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and II is a positive parameter governing the thickness of the tails. For 11 = 2, the 
constant ,\ = 1 and expression (21.2.8] is just the standard Normal density. If 
11 < 2, the density has thicker tails than the Normal, whereas for 11 > 2 it has 
thinner tails. The expected absolute value of a variable drawn from this distribution 
is 

- ,\•21/wf(2/11) 
Elv,I - f(l!JI) . 

For the standard Normal case (11 = 2), this becomes 

Elv,I = v'ilw-. 
As an illustration of how this model might be used, consider Nelson's analysis 

of stock return data. For r, the daily return on stocks minus the daily interest rate 
on Treasury bills, Nelson estimated a regression model of the form 

r, = a + br,_1 + 8h, + u,. 

The residual u, was modeled as Vh,·v,, where v, is i.i.d. with density (21.2.8] and 
where h, evolves according to 

log h, - ( 1 = 81(1og h,_ 1 - (,_ 1) + Si(log h,_2 - (,_ 2) 

+ a1{1v,_1I - Elv,_1 1 + Xv,_J 
+ a2{lv,-2I - Elv,-2 1 + Xv,_:J. 

(21.2.9] 

Nelson allowed (,, the unconditional mean of log h,, to be a function of time: 

(, = ( + log(l + pN,), 

where N, denotes the number of nontrading days between dates t - 1 and t and 
( and p are parameters to be estimated by maximum likelihood. The sample log 
likelihood is then 

;£ = T{log(11/,\) - (1 + 11-1) log(2) - log[f(l/11)]} 
T T 

- (1/2) L l(r, - a - br,-1 - 8h,)/(,\·v'n,W- (1/2) L log(h,). ,-1 ,-1 
The sequence {h,}T.1 is obtained by iterating on (21.2.7] with 

v, = (r, - a - br,_1 - 8h,)lv1i, 

and with presample values of log h, set to their unconditional expectations ,,. 

Other Nonlinear ARCH Specifications 

Asymmetric consequences of positive and negative innovations can also be 
captured with a simple modification of the linear GARCH framework. Glosten, 
Jagannathan, and Runkle (1989) proposed modeling u, = Vh,·v,, where v,is i.i.d. 
with zero mean and unit variance and 

(21.2.10] 

Here, /,_ 1 = 1 if u,_ 1 ~ 0 and /,_ 1 = 0 if u,_ 1 < 0. Again, if the leverage effect 
holds, we expect to find X < 0. The nonnegativity condition is satisfied provided 
that 81 =!!: 0 and a 1 + X =!!: 0. . 

A variety of other nonlinear functional forms relating h, to {u,_1, u,_2, ••• } 

have been proposed. Geweke (1986), Pantula (1986), and Milh!llj (1987) suggested 
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a specification in which the log of h, depends linearly on past logs of the squared 
residuals. Higgins and Bera (1992) proposed a power transformation of the form 

h, = [(6 + a 1(u:_ 1) 6 + ai(u:_2)6 + · · · + am(u~-m)6}116, 

with ( > 0, 5 > 0, and a; ;?: 0 for i = 1, 2, ... , m. Gourieroux and Monfort 
(1992) used a Markov chain to model the conditional variance as a general stepwise 
function of past realizations. 

Multivariate GARCH Models 

The preceding ideas can also be extended to an (n x 1) vector y,. Consider 
a system of n regression equations of the form 

y, = TI' · x, + u,, 
(nxl) (nxk) (kxl) (nxl) 

where x, is a vector of explanatory variables and u, is a vector of white noise 
residuals. Let H, denote the (n x n) conditional variance-covariance matrix of the 
residuals: 

H, = E(u,u;!y,_ 1, y,_2, .•• , x,, x,_i, .. . ). 

Engle and Kroner (1993) proposed the following vector generalization of a 
GARCH(r, m) specification: 

H, = K + 4 1H,_14i + 4 2H,_24 2 + · · · + 4,H,_,4; + A1u,_1u;_1A; 

+ A2u,-2u;_2A2 + · · · + Amu,-mu;_mA;,.. 

Here K, 4., and A. for s = 1, 2, ... denote (n x n) matrices of parameters. An 
advantage of this parameterization is that H, is guaranteed to be positive definite 
as long as K is positive definite, which can be ensured numerically by parameterizing 
K as PP', where Pis a lower triangular matrix. 

In practice, for reasonably sized n it is necessary to restrict the specification 
for H, further to obtain a numerically tractable formulation. One useful special 
case restricts 4, and A, to be diagonal matrices for s = 1, 2, .... In such a model, 
the conditional covariance between u;, and uj, depends only on past values of 
u;,,-s · u1,,_,, and not on the products or squares of other residuals. 

Another popular approach introduced by Bollerslev (1990) assumes that the 
conditional correlations among the elements of u, are constant over time. Let 
h};l denote the row i, column i element of H,. Thus, hjf> represents the conditional 
variance of the ith element of u,: 

h}fl = E(utlY,-i, y,_2, ••• , x,. x,_ 1 , ••. ). 

This conditional variance might be modeled with a univariate GARCH(l, 1) process 
driven by the lagged innovation in variable i: 

h}fl = K; + li;h):-1> + a,u'f,,_1 • 

We might postulate n such GARCH specifications (i = 1, 2, ... , n), one for each 
element of u,. The conditional covariance between u;, and u1,, or the row i, column 
j element of H,, is then taken to be a constant correlation Pii times the conditional 
standard deviations of u;, and u1,: 

h}Jl = E(u;,ui,IY,-1, Y,-2, ... , x,, x,_i, .. . ) = Pt{viifp-~. 

Maximum likelihood estimation of this specification turns out to be quite tractable; 
see Bollerslev (1990) for details. 
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Other multivariate models include a formulation for vech(H,) proposed by 
Bollerslev, Engle, and Wooldridge (1988) and the factor ARCH specifications of 
Diebold and Nerlove (1989) and Engle, Ng, and Rothschild (1990). 

Nonparametric Estimates 

Pagan and Hong (1990) explored a nonparametric kernel estimate of the 
expected value of u~. The estimate is based on an average value of those u~ whose 
preceding values of uT_ 1, uT_2, •.. , u.-m were "close" to the values that preceded 
u~: 

T 

h, = L w.(t)·u;. 
T•l 
T*I 

The weights {wT(t)}[.1,,.,., are a set of (T - 1) numbers that sum to unity. If the 
values of u,-i, u,_ 2 , • •• , uT-m that preceded uT were similar to the values u,_ 1, 
u,_2, • , • , u,-m that preceded u,, then u; is viewed as giving useful information 
about h, = E(u~lu,_ 1, u,_ 2 , ••• , u,-m). In this case, the weight w.(t) would be 
large. If the values that preceded uT are quite different from those that preceded 
u,, then u~ is viewed as giving little information about h, and so wT(t) is small. One 
popular specification for the weight w.(t) is to use a Gaussian kernel: 

m 

KT(t) = TI (21T)-v 2A,-1 exp[-(u,.-i - u,_j)2/(2Ar)]. 
j=I 

The positive parameter A1 is known as the bandwidth. The bandwidth calibrates 
the distance between uT-i and u,_ 1-the smaller is >.1, the closer uT-/ must be to 
u,_1 before giving the value of u: much weight in estimating h,. To ensure that the 
weights w.(t) sum to unity, we take 

w.(t) = K,.(t) 
T 

L K.{t) 
T•l ,..,., 

The key difficulty with constructing this estimate is in choosing the bandwidth 
parameter Ar One approach is known as cross-validation. To illustrate this ap
proach, suppose that the same bandwidth is selected for each lag (A, = A for j = 
1, 2, .. : , m). Then the nonparametric estimate of h, is implicitly a function of 
the bandwidth parameter imposed, and accordingly could be denoted h,(A). We 
might then choose A so as to minimize 

T 

L [uf - h,(A)]2. 
t•I 

Semiparametric Estimates 

Other approaches to describing the conditional variance of u, include general 
series expansions for the function h, = h(u,_ 1, u,_ 2, ••• ) as in Pagan and Schwert 
(1990, p. 278) or for the density f(v,) itself as in Gallant and Tauchen (1989) and 
Gallant, Hsieh, and Tauchen (1989). Engle and Gonzalez-Rivera (199i) combined 
a parametric specification for h, with a nonparametric estimate of the density of v, 
in [21.1.9]. 
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Comparison of Alternative Models 
of Stock Market Volatility 

A number of approaches have been suggested for comparing alternative ARCH 
specifications. One appealing measure is to see how well different models of het
eroskedasticity forecast the value of ul. Pagan and Schwert (1990) fitted a number 
of different models to monthly U.S. stock returns from 1834 to 1925. They found 
that the semiparametric and nonparametric methods did a good job in sample, 
though the parametric models yielded superior out-of-sample forecasts. Nelson's 
EGAR CH specification was one of the best in overall performance from this com
parison. Pagan and Schwert concluded that some benefits emerge from using par
ametric and nonparametric methods together. 

Another approach is to calculate various specification tests of the fitted model. 
Tests can be constructed from the Lagrange mutiplier principle as in Engle, Lilien, 
and Robins (1987) or Higgins and Bera (1992), on moment tests and analysis of 
outliers as in Nelson (1991), or on the information matrix equality as in Bera and 
Zuo (1991). Related robust diagnostics were developed by Bollerslev and Woold
ridge (1992). Other diagnostics are illustrated in Hsieh (1989). Engle and Ng (1991) 
suggested some particularly simple tests of the functional form of h, related to 
Lagrange multiplier tests, from which they concluded that Nelson's EGARCH 
specification or Glosten, Jagannathan, and Runkle's modification of GARCH de
scribed in [21.2.10] best describes the asymmetry in the conditional volatility of 
Japanese stock returns. 

Engle and Mustafa (1992) proposed another approach to assessing the use
fulness of a given specification of the conditional variance based on the observed 
prices for security options. These financial instruments give an investor the right 
to buy or sell the security at some date in the future at a price agreed upon today. 
The value of such an option increases with the perceived variability of the security. 
If the term for which the option applies is sufficiently short that stock prices can 
be approximated by Brownian motion with constant variance, a well-known formula 
developed by Black and Scholes (1973) relates the price of the option to investors' 
perception of the variance of the stock price. The observed option prices can then 
be used to construct the market's implicit perception of h,, which can be compared 
with the specification implied by a given time series model. The results of such 
comparisons are quite favorable to simple GARCH and EGARCH specifications. 
Studies by Day and Lewis (1992) and Lamoureux and Lastrapes (1993) suggest 
that GARCH(l, 1) or EGARCH(l, 1) models can improve on the market's implicit 
assessment of h,. Related evidence in support of the GARCH(l, 1) formulation 
was provided by Engle, Hong, Kane, and Noh (1991) and West, Edison, and Cho 
(1993). 

APPENDIX 21.A. Derivation of Selected Equations for Chapter 21 

This appendix provides the details behind several of the assertions in the text. 

• Derivation of (21.1.21). Observe that 

a logf(y,lx,, ~,-,; 8) __ ! a log h, 
aa - 2 aa [21.A.l] 

_ ! {.!. a(y, - x; 13)2 _ (y, - x; 13)2 ah,} 
2 h, aa hl aa · 
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But 

ii(y, - x;j3)2 = [-2x,u,] 
ii8 0 [21.A.2] 

and 

a(,+ f, a1u?_,) 
iih, = ,-, 
a8 ii8 

= a(/ii8 + f (aa/a8)·u?-; + f a1·(au;_/a8) 

[ 
0] ;-[I O ] ;r-l O j r-2u,_1x,_1] 

• : + t + + .t +,t•, l 
[21.A.3] 

[ f -20l;U,-;X,_;l = ,-1 . 
z,(13) 

Substituting [21.A.2] and [21.A.3] into [21.A.1] produces 

a logf(y,lx,, ~,-,; 8) = -{.l _ u; }[;t -2a;u,_,x,-;] + [(x,u,)lh,] 
a8 2h, 2h; z,(13) o ' 

as claimed. • 

• Derivation of (21.1.25), Expression [21.A.1] can be written 

(8) = ! {~ _ 1} a log h, _ _!__ au; 
s, 2 h, a8 2h, a8 ' 

from which 

as,(8) _ 1 a log h, { 1 au; _ u; ah,} + l {u; _ 1} a2 log h, 
ii8' 2 a8 h, a8' h; a8' 2 h, ae a8' 

_ _!__ ii2u; + au; _J__ ah, 
2h, a8 ao· ae 2h; a8' · 

From expression [21.A.2], 

a2u; = [-2x,] au, 
ae a8' o a8' 

= [2x,x; o] 
0 0 . 

Substituting this and [21.A.2] into [21.A.4] results in 

as,(8) _ 1 a log h, {1 [-2u , O'] _ u; ah,} + l {u; _ 1} a2logh, 
a8' 2 a8 h, ,x, h; a8' 2 h, a8 a8' 

_ _!__ [2x,x; O] + [- 2x,u,] _J__ ah, 
2h, o o o 2h; a81 • 

[21.A.4] 

[21.A.5] 

Recall that conditional on x, and on ~,-" the magnitudes h, and x, are nonstochastic 
and 

E(u,!x,, ~,-,) = 0 

E(u;lx,, ~,- 1) = h,. 
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Thus, taking expectations of (21.A.5] conditional on x, and~,-, results in 

{~, "" }-E ilO' x,, ..,,,_, - _ ! ii log h, ii log h, _ .!. [x,x; OJ 
2 il8 il8' h, 0 0 

1 [ f -2a.1U,-;Xr-/] [ "' - 2h2 1- 1 L, - 2a1u,_1x;_1 
r z,(jl) ;- 1 

[z,(jl)]'] 

_ .!. [x,x; o] 
h, 0 0 ' 

where the last equality follows from [21.A.3]. • 
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22 

Modeling Time Series 
with Changes in Regime 

22.l. Introduction 
Many variables undergo episodes in which the behavior of the series seems to 
change quite dramatically. A striking example is provided by Figure 22.1, which 
is taken from Rogers's (1992) study of the volume of dollar-denominated accounts 
held in Mexican banks. The Mexican government adopted various measures in 
1'/82 to try to discourage the use of such accounts, and the effects are quite dramatic 
in a plot of the series. 

Similar dramatic breaks will be seen if one follows almost any macroeconomic 
or financial time series for a sufficiently long period. Such apparent changes in the 
time series process can result from events such as wars, financial panics, or sig
nificant changes in government policies. 

How should we model a change in the process followed by a particular time 
series? For the data plotted in Figure 22.1, one simple idea would be that the 
constant term for the autoregression changed in 1982. For data prior to 1982 we 
might use a model such as 

Y, - µ.1 = <l>(Y,-1 - µ.1) + e,, [22.1.1] 

while data after 1982 might be described by 

Y, - I¼ = <l>(Y,-1 - JJ.2) + e,, [22.1.2] 
where I¼ < µ.1. 

The specification in [22.1.1] and (22.1.2] seems a plausible description of the 
data in Figure 22.1, but it is not altogether satisfactory as a time series model. For 
example, how are we to forecast a series that is described by [22.1.1] and [22.1.2]? 
If the process has changed in the past, clearly it could also change again in the 
future, and this prospect should be taken into account in forming a forecast. More
over, the change in regime surely should not be regarded as the outcome of a 
perfectly foreseeable, deterministic event. Rather, the change in regime is itself a 
random variable. A complete time series model would therefore include a descrip
tion of the probability law governing the change from µ.1 to 1.tz. 

These observations suggest that we might consider the process to be influenced 
by an unobserved random variables:', which will be called the state or regime that 
the process was in at date t. Ifs:' = 1, then the process is in regime 1, while 
s:' = 2 means that the process is in regime 2. Equations (22.1.1] and [22.1.2] can 
then equivalently be written as 

Y, - µ.,,-= <l>(Y,-1 - µ.,,-_,) + e,, [22.1.3] 
where µ.,1 indicates µ.1 when s:' = 1 and indicates I¼ ~hen s:' = 2. 
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FIGURE 22.1 Log of the ratio of the peso value of dollar-denominated bank 
accounts in Mexico to the peso value of peso-denominated bank accounts in Mexico, 
monthly, 1978-85. (Rogers, 1992). 

We then need a description of the time series process for the unobserved 
variable s:'. Since s:' takes on only discrete values (in this case, s: is either 1 or 
2), this will be a slightly different time series model from those for continuous
valued random variables considered elsewhere in this book. 

The simplest time series model for a discrete-valued random variable is a 
Markov chain. The theory of Markov chains is reviewed in Section 22.2. In Section 
22.4 this theory will be combined with a conventional time series model such as 
an autoregression that is assumed to characterize any given regime. Prior to doing 
so, however, it will be helpful to consider a special case of such processes, namely, 
that for which cf> = 0 in [22.1.3] ands:' is an i.i.d. discrete-valued random variable. 
Such a specification describes y, as a simple mixture of different distributions, the 
statistical theory for which is reviewed in Section 22.3. 

22.2. Markov Chains 
Lets, be a random variable that can assume only an integer value {l, 2, ... , N}. 
Suppose that the probability that s, equals some particular value j depends on the 
past only through the most recent value s,_ 1: 

P{s, = jjs,_ 1 = i, s,_2 = k, ... } = P{s, = ils,_ 1 = i} = P;;· [22.2.1] 

Such a process is described as an N-state Markov chain with transition probabilities 
· {p;jh,;-i, 2, ... ,N· The transition probability P;; gives the probability that state i will 

be followed by state j. Note that · 

P11 + Pa + · · · + PiN = 1. [22.2.2] 
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It is often convenient to collect the transition probabilities in an (N x N) 
matrix P known as the transition matrix: 

= [=:: :: : : : ::] p . . . . . . . . . . 
P1N P2N PNN 

[22.2.3) 

The row j, column i element of Pis the transition probability p 11; for example, the 
row 2, column 1 element gives the probability that state 1 will be followed by 
state 2. 

Representing a Markov Chain with a Vector Autoregression 

A useful representation for a Markov chain is obtained by letting t denote 
a random (N x 1) vector whose jth element is equal to unity ifs, = j and whose 
jth element equals zero otherwise. Thus, when s, = 1, the vector t, is equal to the 
first column of IN (the N x N identity matrix); when s, = 2, the vector t, is the 
second column of IN; and so on: 

{

(l, 0, 0, ... , 0)' 

(0, 1, 0, ... , O)' 
t, = . 

(0, 0, 0, ... , 1)' 

whens, = 1 

whens,= 2 

whens,= N. 

Ifs, = i, then the jth element of t+i is a random variable that takes on the 
value unity with probability p11 and takes on the value zero otherwise. Such a 
random variable has expectation pii" Thus, the conditional expectation oft+ 1 given 
s, = i is given by 

E(t+1ls, = i) = [ =~ ] . 
PtN 

[22.2.4] 

This vector is simply the ith column of the matrix Pin [22.2.3]. Moreover, when 
s, = i, the vector t, corresponds to the ith column of IN, in which case the vector 
in [22.2.4] could be described as Pt. Hence, expression [22.2.4) implies that 

E(t+1lt) = Pt, 
and indeed, from the Markov property [22.2.1], it follows further that 

E(t+1lt, t-1, ... ) = Pt. [22.2.5) 
Result [22.2.5] implies that it is possible to express a Markov chain in the 

form 

where 

v,+1 ""l+1 - E(tr+1lt, t,-i, · · .). 

[22.2.6] 

[22.2.7] 

Expression (22.2.6] has the form of a first-order vector autoregression fort; note 
that (22.2.7] implies that the innovation v, is a martingale difference sequence. 
Although the vector v, can take on only a finite set of values, on average v, is zero. 
Moreover, the value of v, is impossible to forecast on the basis of previous states 
of the process. 
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Forecasts for a Markov Chain 

Expression [22.2.6] implies that 

~t+m = V,+m + Pv,+m-1 + P2Vr+m-2 + · · · + pm-lVr+l + pm~,, (22.2.8) 

where pm indicates the transition matrix multiplied by itself m times. It follows 
from [22.2.8] that m-period-ahead forecasts for a Markov chain can be calculated 
from 

E(~r+ml~,, ~,-1, · · .) = pm~,. [22.2.9] 

Again, since the jth element of t+m will be unity if s,+m = j and zero otherwise, 
the jth element of the (N x 1) vector E(~i+mlt, ~,-i, •.• ) indicates the probability 
that sr+m takes on the value j, conditional on the state of the system at date t. For 
example, if the process is in state i at date t, then (22.2.9] asserts that 

[

P{S1+m: ljs,: '.}] 
P{s,+m - 2js, - 1} 

. = pm.ei, 

P{s,+m = Njs, = i} 

(22.2.10] 

where e; denotes the ith column of IN. Expression (22.2.10] indicates that them
period-aheacHransition probabilities for a Markov chain can be calculated by mul
tiplying the matrix P by itself m times. Specifically, the probability that an obser
vation from regime i will be followed m periods later by an observation from regime 
j, P{si+m = ils, = i}, is given by the row j, column i element of the matrix pm_ 

Reducible Markov Chains 

For a two-state Markov chain, the transition matrix is 

p = [ Pu 1 - P22] _ 
1 - Pn P22 

[22.2.11] 

Suppose that p 11 1, so that the matrix P is upper triangular. Then, once the 
process enters state 1, there is no possibility of ever returning to state 2. In such 
a case we would say that state 1 is an absorbing state and that the Markov chain 
is reducible. . 

More generally, an N-state Markov chain is said to be reducible if there exists 
a way to label the states (that is, a way to choose which state to call state 1, which 
to call state 2, and so on) such that the transition matrix can be written in the form 

p = [: ~], 

where B denotes a (K x K) matrix for some 1 s K < N. If P is upper block
triangular, then so is pm for any m. Hence, once such a process enters a state j 
such that j :S K, there is no possibility of ever returning to one of the states 
K + 1, K + 2, ... , N. 

A Markov chain that is not reducible is said to be irreducible. For example, 
a two-state chain is irreducible if Pu < 1 and p22 < 1. 
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Ergodic Markov Chains 

Equation [22.2.2] requires that every column of P sum to unity, or 

P'l = 1, [22.2.12] 

where 1 denotes an (N x 1) vector of ls. Expression [22.2.12] implies that unity 
is an eigenvalue of the matrix P' and that 1 is the associated eigenvector. Since a 
matrix and its transpose share the same eigenvalues, it follows that unity is an 
eigenvalue of the transition matrix P for any Markov chain. 

Consider an N-state irreducible Markov chain with transition matrix P. Sup
pose that one of the eigenvalues of P is unity and that all other eigenvalues of 
P are inside the unit circle. Then the Markov chain is said to be ergodic. The 
(N x 1) vector of ergodic probabilities for an ergodic chain is denoted 'ff, This 
vector 'ff is defined as the eigenvector of P associated with the unit eigenvalue; 
that is, the vector of ergodic probabilities 'IT satisfies 

P'IT = "'· [22.2.13] 

The eigenvector 'ff is normalized so that its elements sum to unity (l''IT = 1). It 
can be shown that if P is the transition matrix for an ergodic Markov chain, then 

lim pm= 'ff•l'. [22.2.14] 

We establish [22.2.14] here for the case when all the eigenvalues of P are 
distinct; a related argument based on the Jordan decomposition that is valid for 
ergodic chains with repeated eigenvalues is developed in Cox and Miller (1965, 
pp. 120-23). For the case of distinct eigenvalues, we know from [A.4.24] that P 
can always be written in the form 

P = TAT- 1, [22.2.15] 

where T is an (N x N) matrix whose columns are the eigenvectors of P while A 
is a diagonal matrix whose diagonal contains the corresponding eigenvalues of p. 
It follows as in [1.2.19] that 

[22.2.16] 

Since the (1, 1) element of A is unity and all other elements of A are inside the 
unit circle, Am converges to a matrix with unity in the (1, 1) position and zeros 
elsewhere. Hence, 

[22.2.17] 

where xis the first column of Tandy' is the first row of T- 1• 

The first column of T is th~ eigenvector of P corresponding to the unit ei
genvalue, which eigenvector was denoted 'IT in [22.2.13]: 

X = 'IT. [22.2.18] 

Moreover, the first row of T- 1, when expressed as a column vector, corresponds 
to the eigenvector of P' associated with the unit eigenvalue, which eigenvector was 
seen to be proportional to the vector 1 in [22.2.12]: 

y = a· 1. [22.2.19] 

To verify [22.2.19), note from [22.2.15] that the matrix of eigenvectors T of the 
matrix P is characterized by 

PT= TA. [22.2.20) 
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Transposing [22.2.15] results in 

P' = (T- 1) 1AT1 , 

and postmultiplying by (T- 1)' yields 

P'(T- 1)' = (T- 1)'A. [22.2.21) 

Comparing [22.2.21) with [22.2.20) confirms that the columns of (T- 1)' correspond 
to eigenvectors of P'. In particular, then, the first column of (T- 1)' is proportional 
to the eigenvector of P' associated with the unit eigenvalue, which eigenvector was 
seen to be given by 1 in equation (22.2.12). Since y was defined as the first column 
of (T- 1)', this establishes the claim made in equation (22.2.19). 

Substituting (22.2.18] and (22.2.19] into (22.2.17], it follows that 

lim pm = Tr·al'. 

Since P'" can be interpreted as a matrix of transition probabilities, each column 
must sum to unity. Thus, since the vector of ergodic probabilities Tr was normalized 
by the condition that l'Tr = 1, it follows that the normalizing constant a must be 
unity, establishing the claim made in (22.2.14). 

Result [22.2.14) implies that the long-run forecast for an ergodic Markov 
chain is independent of the current state, since, from (22.2.9), 

E(~1+ml~,, ~r-1, ••• ) = P"'t.!. Tr·l't = Tr, 
~ 

where the final equality follows from the observation that l't = 1 regardless of 
the value of ~,. The long-run forecast of t+m is given by the vector of ergodic 
probabilities Tr regardless of the current value of t. 

The vector of ergodic probabilities can also be viewed as indicating the un
conditional probability of each of the N different states. To see this, suppose that 
we had used the symbol 'IT; to indicate the unconditional probability P{s1 = j}. 
Then the vector Tr a ( 'lri, 'IT2, ••• , 'ITN )' could be described as the unconditional 
expectation of t: 

Tr= E(t). [22.2.22) 

If one takes unconditional expectations of (22.2.6], the result is 

Assuming stationarity and using the definition (22.2.22], this becomes 

which is identical to equation (22.2.13) characterizing Tr as the eigenvector of P 
associated with the unit eigenvalue. For an ergodic Markov chain, this eigenvector 
is unique, and so the vector of ergodic probabilities Tr can be interpreted as the 
vector of unconditional probabilities. 

An ergodic Markov chain is a covariance-stationary process. Yet (22.2.6] takes 
the form of a VAR with a unit root, since one of the eigenvalues of Pis unity. 
This VAR is stationary despite the unit root because the variance-covariance matrix 
of v, is singular. In particular, since 1 '~1 = 1 for all t and since 1 'P = 1', equation 
(22.2.6) implies that l'v, = 0 for all t. Thus, from (22.2.19], the first element of 
the (N x 1) vector T- 1v, is always zero, meaning that from (22.2.16] the unit 
eigenvalue in pmv, always has a coefficient of zero. 

682 Chapter 22 I Modeling Time Series with Changes in Regime 



Further Discussion of Two-State Markov Chains 

The eigenvalues of the transition matrix P for any N-state Markov chain are 
found from the solutions to IP - AINI = 0. For the two-state Markov chain, the 
eigenvalues satisfy 

0 = IP11 - A 1 - P221 
1 - Pu P22 - A 

= (Pu - A)(P22 - A) - (1 - Pu)(l - P22) 

= PuP22 - (Pu + P22)A + A2 - 1 + Pu + P22 - P11P22 

= A2 - (Pu + P22)A - 1 + Pu + P22 

= (A - l)(A + 1 - Pu - P22), 

Thus, the eigenvalues for a two-state chain are given by A1 = 1 and A2 = -1 + 
p 11 + p22• The second eigenvalue, A2 , will be inside the unit circle as long as 0 < 
Pu + p 22 < 2. We saw earlier that this chain is irreducible as long as Pu < 1 
and p22 < 1. Thus, a two-state Markov chain is ergodic provided that Pu < 1, 
p22 < 1, andpu + p22 > 0. 

The eigenvector associated with A1 for the two-state chain turns out to be 

[ (1 - pi:z)/(2 - Pu - pzz)] 
1T = (1 - P11)/(2 - Pu - P22) 

(the reader is invited to confirm this and the claims that follow in Exercise 22.1). 
Thus, the unconditional probability that the process will be in regime 1 at any given 
date is given by 

1 - p 
P{s, = l} = 22 

2 - Pu - P22 

The unconditional probability that the process will be in regime 2, the second 
element of 1T, is readily seen to be 1 minus this magnitude. The eigenvector as
sociated with A2 is 

Thus, from (22.2.16], the matrix of m-period-ahead transition probabilities for an 
ergodic two-state Markov chain is given by 

pm= 2 - Pu - P22 1 0 _ (l _ ) 1 _ [ 1 -P22 - lJ [ 1 1 ·] 
1 0 Am Pu P22 

2 _ p~, p:',u 1 [ ,] 2 - Pu - Pu 2 - Pu - Pu 

[

(1 - P22) + Af(l - Pu) 
· 2 - P11 - P22 

(1 - Pu) - Af(l - Pu) 
2 - Pu - P22 

(1 - P22) - Af(l - P22)] 
(2 - Pu - P22) 

(1 - Pu) + AT(l - P22) . 

2 - Pu - P22 
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Thus, for example if the process is currently in state 1, the probability that m 
periods later it will be in state 2 is given by 

P{s = 21 = l} = (1 - Pu) - Af(l - Pu) 
t+m s, 2 ' - Pn - P22 

where A2 = -1 + Pn + P22· 
A two-state Markov chain can also be represented by a simple scalar AR(l) 

process, as follows. Let g1, denote the first element of the vector 4;,; that is, git is 
a random variable that is equal to unity when s, = 1 and equal to zero otherwise. 
For the two-state chain, the second element oft is then 1 - g1,. Hence, [22.2.6) 
can be written 

The first row of [22.2.23) states that 

g1.r+1 = (1 - piz) + (-1 + Pu + P22)g1, + V1,1+1· [22.2.24) 

Expression [22.2.24) will be recognized as an AR(l) process with constant term 
(1 - p22) and autoregressive coefficient equal to ( -1 + Pu + p22). Note that this 
autoregressive coefficient turns out to be the second eigenvalue A2 of P calculated 
previously. When p 11 + p22 > 1, the process is likely to persist in its current state 
and the varia.J:,le g1, would be positively serially correlated, whereas when p 11 + 
p22 < 1, the process is more likely to switch out of a state than stay in it, producing 
negative serial correlation. Recall further from equation [3.4.3) that the mean of 
a first-order autoregression is given by c/(1 - </>). Hence, the representation [22.2.24) 
implies that 

1 - P22 
E(g1,) = 2 , 

- Pu - P22 

which reproduces the earlier calculation of the value for the ergodic probabil
ity 1T1. 

Calculating Ergodic Probabilities 
for an N-state Markov Chain 

For a general ergodic N-state process, the vector of unconditional probabilities 
represents a vector Tr with the properties that PTr = ff and l'Tr = 1, where 1 
denotes an (N x 1) vector of ls. We thus seek a vector ff satisfying 

where eN+I denotes the (N + l)th column ofIN+I and where 

A = [IN - p] 
(N+l)xN }' • 

Such a solution can be found by premultiplying [22.2.25) by (A' A)- 1A': 

ff = (A'A)- 1A'eN+1· 

In other words, ff is the (N + l)th column of the matrix (A' A)- 1A'. 
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Periodic Markov Chains 

If a Markov chain is irreducible, then there is one and only one eigenvalue 
equal to unity. However, there may be more than one eigenvalue on the unit circle, 
meaning that not all irreducible Markov chains are ergodic. For example, consider 
a two-state Markov chain in which p 11 = p22 = 0: 

The eigenvalues of this transition matrix are A1 = 1 and A2 = -1, both of which 
are on the unit circle. Thus, the matrix pm does not converge to any fixed limit of 
the form Tr· l' for this case. Instead, if the process is in state 1 at date t, then 
it is certain to be there again for dates t + 2, t + 4, t + 6, ... , with no ten
dency to converge as m -+ 00 • Such a Markov chain is said to be periodic with 
period 2. 

In general, it is possible to show that for any irreducible N-state Markov 
chain, all the eigenvalues of the transition matrix will be on or inside the unit circle. 
If there are K eigenvalues strictly on the unit circle with K > 1, then the chain is 
said to be periodic with period K. Such chains have the property that the states 
can be classified into K distinct classes, such that if the state at date tis from class 
a, then the state at date t + 1 is certain to be from class a + 1 (where class a + 1 
for a = K is interpreted to be class 1). Thus, there is a zero probability of returning 
to the original state s" and indeed zero probability of returning to any member of 
the original class a, except at horizons that are integer multiples of the period (such 
as dates t + K, t + 2K, t + 3K, and so on). For further discussion of periodic 
Markov chains, see Cox and Miller (1965). 

22.3. Statistical Analysis of i.i.d. Mixture Distributions 
In Section 22.4, we will consider autoregressive processes in which the parameters 
of the autoregression can change as the result of a regime-shift variable. The regime 
itself will be described as the outcome of an unobserved Markov chain. Before 
analyzing such processes, it is instructive first to consider a special case of these 
processes known as i.i.d. mixture distributions. 

Let the regime that a given process is in at date t be indexed by an unobserved 
random variables,, where there are N possible regimes (s, = 1, 2, ... , or N). 
When the process is in regime 1, the observed variable y, is presumed to have been 
drawn from a N(µ, 1, ar) distribution. If the process is in regime 2, then y, is drawn 
from a N(JLi, ui) distribution, and so on. Hence, the density of y, conditional on 
the random variable s, taking on the value j is 

I . 1 {-(y,-µ,j)2} 
f(y, s, = J; 9) = v'fiiai exp 2aJ [22.3.1] 

for j = 1, 2, ... , N. Here 9 is a vector of population parameters that includes 
µ,1, ... , /J-N and a1, ... , ut. 

The unobserved regime {s,} is presumed to have been generated by some 
probability distribution, for which the unconditional probability that s, takes on 
the value j is denoted 7T/ 

P{s, = j; 9} = 1r1 for j = 1, 2, ... , N. [22.3.2] 
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The probabilities 1r 1, •.. , 1TN are also included in 9; that is, 9 is given by 

Recall that for any events A and B, the conditional probability of A given B 
is defined as 

P{A I B} = P{A and B} 
P{B} ' 

assuming that the probability that event B occurs is not zero. This expression implies 
that the joint probability of A and B occurring together can be calculated as 

P{A and B} = P{AIB}·P{B}. 

For example, if we were interested in the probability of the joint event that s, = j 
and that y, falls within some interval [c, d], this could be found by integrating 

p(y,, s, = j; 9) = f(y,ls, = j; 8)·P{s, = j; 9} (22.3.3) 

over all values of y, between c and d. Expression [22.3.3] will be called the joint 
density-distribution function of y, and s,. From (22.3.1) and [22.3.2), this 
function is given by 

. 1T1 {-(y, -µ,,)2} 
p(y,, s, = J; 9) = v'2-iia, exp 2aJ . (22.3.4) 

The unconditional density of y, can be found by summing [22.3.4) over all 
possible values for j: 

N 

f(y,; 9) = L p(y,, s, = i; 9) 
/=1 

= ~ exp{- (y, - fJ-1)2} 
V27ra1 2af 

+ __!!j__ exp{-(y, - fJ-2)2 } + 
v'2-iia2 2a~ 

[22.3.5) 

+ _..!!!!.__ exp{- (y, - fJ-N)2} 
v'2-iiaN 2ai · 

Since the regime s, is unobserved, expression [22.3.5) is the relevant density de
scribing the actually observed data y,. If the regime variable s, is distributed i.i.d. 
across different dates t, then the log likelihood for the observed data can be cal
culated from (22.3.5] as 

T 

!e(9) = L 1ogf(y,; 9). [22.3.6] ,-1 
The maximum likelihood estimate of 9 is obtained by maximizing [22.3.6] subject 
to the constraints that 1r1 + 1r2 + · · · + 1TN = 1 and 1r1 2:: 0 for j = 1, 2, ... , 
N. This can be achieved using the numerical methods described in Section 5.7, or 
using the EM algorithm developed later in this section. 

Functions of the form of (22.3.5] can be used to represent a broad class of 
different densities. Figure 22.2 gives an example for N = 2. The joint density
distribution p(y,, s, = 1; 9) is 1r1 times a N(µ,i, ai) density, while p(y,, s, = 2; 9) 
is 1r2 times a N(tJ,i, aD density. The unconditional density for the observed variable 
f(y,; 9) is the sum of these two magnitudes. 
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/OJ> 

11 

FIGURE 22.2 Density of mixture of two Gaussian distributions with y,ls, = 
1 - N(0, 1), Y,ls, = 2 - N(4, 1), and P{s, = 1} = 0.8. 

A mixture of two Gaussian variables need not have the bimodal appearance 
of Figure 22.2. Gaussian mixtures can also produce a unimodal density, allowing 
skew or kurtosis different from that of a single Gaussian variable, as in Figure 
22.3. 

Inference About the Unobserved Regime 

Once one has obtained estimates of 9, it is possible to make an inference 
about which regime was more likely to have been responsible for producing the 

/(y) 

11 

FIGURE 22.3 Density of mixture of two Gaussian distributions with Y,ls, = 
1 - N(0, 1), Y,ls, = 2 - N(2, 8), and P{s, = l} = 0.6. 
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date t observation of y,. Again, from the definition of a conditional probability, it 
follows that 

P{ = .1 . 9} = p(y,, s, = j; 9) = 1r(f(y,is, = j; 9) 
s' J y,, f(y,; 9) f(y,; 9) . [22.3.7] 

Given knowledge of the population parameters 9, it would be possible to use 
[22.3.1] and [22.3.5] to calculate the magnitude in [22.3.7] for each observation y, 
in the sample. This number represents the probability, given the observed data, 
that the unobserved regime responsible for observation twas regime j. For example, 
for the mixture represented in Figure 22.2, if an observation y, were equal to zero, 
one could be virtually certain that the observation had come from a N(O, 1) dis
tribution rather than a N( 4, 1) distribution, so that P{s, = lly,; 9} for that date 
would be near unity. If instead y, were around 2.3, it is equally likely that the 
observation might have come from either regime, so that P{s, = l iy,; 9} for such 
an observation would be close to 0.5. 

Maximum Likelihood Estimates and the EM Algorithm 

It is instructive to characterize analytically the maximum likelihood estimates 
of the population parameter 9. Appendix 22.A demonstrates that the maximum 
likelihood estimate 9 represents a solution to the following system of nonlinear 
equations: 

T 

" L y,·P{s, = ily,; 8} 
ii-1 = """'-~~=------- for j = 1, 2, ... , N [22.3.8] 

L P{s, = ily,; 9} 
t• I 

T 

2 (y, - µ) 2 • P{s, = j[y,; 8} 
6-J = ~·=~1~-=r-------- for j = 1, 2, ... , N [22.3.9] 

L P{s, = ily,; 9} 
1=1 

T 

i,°J = T- 1 L P{s, = ily,; 9} 
t=I 

for j = 1, 2, ... , N. [22.3.10] 

Suppose we were virtually certain which observations came from regime j 
and which did not, so that P{s, = ily,; 9} equaled unity for those observations that 
came from regime j and equaled zero for those observations that came from other 
regimes. Then the estimate of the mean for regime j in [22.3.8] would simply be 
the average value of y, for those observations known to have come from regime j. 
In the more general case where P{s, = ily,; 9} is between O and 1 for some 
observations, the estimate ,ii is a weighted average of all the observations in the 
sample, where the weight for observation y, is proportional to the probability that 
date t's observation was generated by regime j. The more likely an observation is 
to have come from regime j, the bigger the weight given that observation in esti
mating µi. Similarly, a} is a weighted average of the squared deviations of y, from 
µ,i, while ir1 is essentially the fraction of observations that appear to have come 
from regime j. 

Because equations [22.3.8] to [22.3.10] are nonlinear, it is not possible to 
solve them analytically for 9 as a function of {y1, y2 , ••• , y:r:}. However, these 
equations do suggest an appealing iterative algorithm for finding the maximum 
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likelihood estimate. Starting from an arbitrary initial guess for the value of 9, 
denoted 9<0>, one could calculate P{s, = jly,; 9<0>} from (22.3.7). One could then 
calculate the magnitudes on the right sides of [22.3.8] through [22.3.10] with e<0> 
in place of 8. The left sides of [22.3.8) through (22.3.10] would then produce a 
new estimate 0<1>-This estimate 9<1> could be used to reevaluate P{s, = jly,; 9<1>} 
and recalculate the expressions on the right sides of (22.3.8] through (22.3.10]. The 
left sides of [22.3.8] through (22.3.10] then can produce a new estimate 9<2>. One 
continues iterating in this fashion until the change between 9cm + 1> and 9(m) is smaller 
than some specified convergence criterion. 

This algorithm turns out to be a special case of the EM principle developed 
by Dempster, Laird, and Rubin (1977). One can show that each iteration on this 
algorithm increases the value of the likelihood function. Clearly, if the iterations 
reach a point such that 9<m) = 9Cm+1l, the algorithm has found the maximum 
likelihood estimate 8. 

Further Discussion 

The mixture density (22.3.5] has the property that a global maximum of the 
log likelihood (22.3.6] does not exist. A singularity arises whenever one of the 
distributions is imputed to have a mean exactly equal to one of the observations 
(µ,1 = yi, say) with no variance (uf - 0). At such a point the log likelihood 
becomes infinite. 

Such singularities do not pose a major problem in practice, since numerical 
maximization procedures typically converge to a reasonable local maximum rather 
than a singularity. The largest local maximum with u1 > 0 for all j is described as 
the maximum likelihood estimate. Kiefer (1978) showed that there exists a bounded 
local maximum of (22.3.6) that yields a consistent, asymptotically Gaussian estimate 
of 9 for which standard errors can be constructed using the usual formulas such as 
expression [5.8.3]. Hence, if a numerical maximization algorithm becomes stuck 
at a singularity, one satisfactory solution is simply to ignore the singularity and try 
again with different starting values. 

Another approach is to maximize a slightly different objective function such 
as 

N 

Q(9) = ~(9) - L (a;f2) log(u;) 
i-1 

N 

- L c1(m1 - µ,1)2!(2ut), 
i-1 

N 

L b/(2uJ) 
1-1 (22.3.11] 

where ~(9) is the log likelihood function described in (27-_3.6]. If a1 = c1, then 
expression (22.3.11] is the form the log likelihood would take if, in addition to the 
data, the analyst had a1 observations from regime j whose sample mean was m1 and 
whose sample variance was b/a 1• Thus, m1 represents the analyst's prior expectation 
of the value of µ,1, and b/a 1 represents the analyst's prior expectation of the value 
of cry. The parameters a1 and c1 represent the strength of these priors, measured 
in terms of the confidence one would have if the priors were based on a1 or c1 direct 
observations of data known to have come from regime j. See Hamilton (1991) for 
further discussion of this approach. 

Nice surveys of i.i.d. mixture distributions have been provided by Everitt and 
Hand (1981) and Titterington, Smith, and Makov (1985). 
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22.4. Time Series Models of Changes in Regime 

Description of the Process 
We now return to the objective of developing a model that allows a given 

variable to follow a different time series process over different subsamples. As an 
illustration, consider a first-order autoregression in which both the constant term 
and the autoregressive coefficient might be different for different subsamples: 

y, = c,, + f/,,,Y,-1 + s,, (22.4.1) 

where e, - i.i.d. N(O, a-2). The proposal will be to model the regime s, as the 
outcome of an unobserved N-state Markov chain with s, independent of e~ for alJ 
t and T. 

Why might a Markov chain be a useful description of the process generating 
changes in regime? One's first thought could be that a change in regime such as 
that in Figure 22.1 is a permanent event. Such a permanent regime change could 
be modeled with a two-state Markov chain in which state 2 is an absorbing state. 
The advantage of using a Markov chain over a deterministic specification for such 
a process is that it allows one to generate meaningful forecasts prior to the change 
that take into account the possibility of the change from regime 1 to regime 2. 

We might also want a time series model of changes in regime to account for 
unusual short-lived events such as World War II. Again, it is possible to choose 
parameters for a Markov chain such that, given 100 years of data, it is quite likely 
that we would have observed a single episode of regime 2 lasting for about 5 years. 
A Markov chain specification, of course, implies that given another 100 years we 
could well see another such event. One might argue that this is a sensible property 
to build into a model. The essence of the scientific method is the presumption that 
the future will in some sense be like the past. 

While the Markov chain can describe such examples of changes in regime, a 
further advantage is its flexibility. There seems some value in specifying a prob
ability law consistent with a broad range of different outcomes, and choosing. 
particular parameters within that class on the basis of the data alone. 

In any case, the approach described here readily generalizes to processes in 
which the probability thats, = j depends not only on the value of s,_ 1 but also on 
a vector of other observed variables-see Filardo (1992) and Diebold, Lee, and 
Weinbach (forthcoming). 

The general model investigated in this section is as follows. Let y, be an 
(n x 1) vector ofobserved endogenous variables and x, a (k x 1) vector ofobserved 
exogenous variables. Let oY, = (y;, y;_i, ... , y'...m, x;, x;_i, ... , x'...m)' be a 
vector containing all observations obtained through date t. If the process is governed 
by regime s, = j at date t, then the conditional density of y, is assumed to be given 
by 

f(y,ls, = j, x,, ~,-1; Cl), (22.4.2) 

where Cl is a vector of parameters characterizing the conditional density. If there 
are N different regimes, then there are N different densities represented by [22.4.2) 
for j = 1, 2, ... , N. These densities will be collected in an (N x 1) vector denoted 
'IJ,. 

For the example of (22.4.1], y, is a scalar (n = 1), the exogenous variables 
consist only of a constant term (x, = 1), and the unknown parameters in Cl consist 
of ci, ... , cN, <f,1, ... , ff>N, and u 2• With N = 2 regimes the two densities 
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represented by [22.4.2] are 

[
_l exp{-(y, - Cr - cf>1Y,-1)2}] 

f(y,ls, = 1, Y,-1; a) v'z.ira 2a 2 

Tl,= ~(y,ls, = 2,Y,-1;«)] = _l_ex {-(y, - Cz - <P2Y,-1)2} · 
v'z.ira P 2a 2 

It is assumed in (22.4.2] that the conditional density depends only on the 
current regime s, and not on past regimes: 

f(y,lx,, <\!l,_1,s, = j; a) 
= f(y,!x,, oY,-1, s, = j, s,_ 1 = i, s,_2 = k, . .. ; a), 

[22.4.3] 

though this is not really restrictive. Consider, for example, the specification in 
[22.1.3], where the conditional density of y, depends on both s: ands:_ 1 and where 
s: is described by a two-state Markov chain. One can define a new variables, that 
characterizes the regime for date t in a way consistent with [22.4.2] as follows: 

s, = 1 

s, = 2 

s, = 3 

s, = 4 

ifs:= 1 ands:_ 1 = 1 

ifs,•= 2ands:_ 1 = 1 

ifs:= 1 ands:_ 1 = 2 

ifs:= 2ands:_ 1 = 2. 

If ptj denotes P{s: = ils:_ 1 = i}, thens, follows a four-state Markov chain with 
transition matrix 

[ 

Pi1 0 

p = Pi2 0 
0 P!r 
0 p!z 

Pit 
Pii 
0 

0 
.~.]-
P22 

Hence, [22.1.3] could be represented as a special case of this framework with 
N = 4, a = (µ 1, µ2, c/J, a 2)' and with [22.4.2] representing the four densities 

f(y ly s = 1 · a) = _1 _ exp{-[(y, - µ1) - <f>(Y,-1 - µ1)]2} 
, ,-1, , , v'z.ii'.a · 2a2 

f(y ly s = 2· a) = - 1- exp{-[(y, - µz) - <f>(Y,-1 - µ 1)]2} , ,-1, , , v'z.ii'.a 2a2 

f(y IY s = 3· a) = - 1-exp{-[(y, - µ 1) - <f>(Y,-l - µz)]2} , ,-1, , _ , v'z.ii'.a 2a2 

f(y ly s = 4· a) = _1 _ exp{-[(y, - µ2) - </>(Y,-1 - µz)]2} 
, ,-i, , , v'z.ii'.a 2a2 · 

It is assumed that s, evolves according to a Markov chain that is independent 
of past observations on y, or current or past x,: 

P{s, = ils,_ 1 = i,s,_ 2 = k, . .. , x,, CIY,_ 1} = P{s, = ils,_ 1 = i} = Pii· [22.4.4] 

For generalizations of this assumption, see Lam (1990), Durland and McCurdy 
(1992), Filardo (1992), and Diebold, Lee, and Weinbach (forthcoming). 
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Optimal Inference About Regimes and Evaluation 
of the Likelihood Function 

The population parameters that describe a time series governed by [22.4.2] 
and [22.4.4] consist of a and the various transition probabilities Pi!· Collect these 
parameters in a vector 9. One important objective will be to estimate the value of 
9 based on observation of <\!IT. Let us nevertheless put this objective on hold for 
the moment and suppose that the value of 9 is somehow known with certainty to 
the analyst. Even if we know the value of 8, we will not know which regime the 
process was in at every date in the sample. Instead the best we can do is to form 
a probabilistic inference that is a generalization of [22.3.7]. In the i.i.d. case, the 
analyst's inference about the value of s, depends only on the value of y,. In the 
more general class of time series models described here the inference typically 
depends on all the observations available. 

Let P{s, = ilCJY,; 9} denote the analyst's inference about the value of s, based 
on data obtained through date t and based on knowledge of the population pa
rameters 9. This inference takes the form of a conditional probability that the 
analyst assigns to the possibility that the tth observation was generated by regime 
j. Collect these conditional probabilities P{s, = iloY,; 9} for j = 1, 2, ... , N 
in an (N x 1) vector denoted ~,1,-

0ne could also imagine forming forecasts of how likely the process is to be 
in regime j in period t + 1 given obs.ervations obtained through date t. Collect 
these forecasts in an (N x 1) vector t,+ 11,, which is a vector whose jth element 
represents P{,,+1 = ii <\!I,; 9}. 

The optimal inference and forecast for each date t in the sample can be found 
by iterating on the following pair of equations: 

C - (~rfr-1 0yt,) [22 4 ] '!otlr - f A o .5 
1 (t,1,-1 0Ttt) 

t+11, = P·t1,· [22.4.6] 

Here Tl, represents the (N x 1) vector whose jth element is the conditional density 
in [22.4.2], P represents the (N x N) transition matrix defined in [22.2.3], 1 
represents an (N x 1) vector of ls, an~ the symbol 0 denotes element-by-element 
multiplication,. Given a starting value t 110 and an assumed value for the population 
parameter vector 9, one ca!} iterate.on (22.4.5] and [22.4.6] fort = 1, 2, ... , T 
to calculate the values of t, 1, and t,+tlt for each date tin the sample. The log 
likelihood function .:E(9) for the observed data ay r evaluated at the value of 9 that 
was used to perform the iterations can also be calculated as a by-product of this 
algorithm from 

T 

!£(9) = L logf(y,lx,, oY,-1; 9), 
,-1 

where 

f(y,lx,,CIY,_1;9) = 1'(~,1,-10Tt1)

We now explain why this algorithm works. 

Derivation of Equations [22.4.5] Through [22.4.8] 

[22.4.7] 

[22.4.8] 

To see the basis for the algorithm just described, note that we have assumed 
that x1 is exogenous, by which we mean that x, contains no information about s, 
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beyond that contained in CIY,_1. Hence, the jth element of i,1,_ 1 could also be 
described as P{s1 = jlx,, CJY,_ 1; 9}. The jth .element of "IJ, is /(y,ls, = j, Xi, oY,_1; 9). 
The jth element of the (N x 1) vector (~11,_ 1 0 Tl,) is the product of these two 
magnitudes, which product can be interpreted as the conditional joint density
distribution of y, ands,: 

P{s, = jlx,,CIY1_1;9} x/(y,ls, = j,x1,CIY1_ 1;9) 

= p(y 1, st= ilxt, '!/t_ 1; 9). 
[22.4.9] 

The density of the observed vector y, conditioned on past observables is the sum 
of the N magnitudes in [22.4.9] for j = 1, 2, ... , N. This sum can be written in 
vector notation as 

/(y 1lx,, oY,_1; 9) = l'(i, 1,_ 1 0 "IJ,), 

as claimed in [22.4.8]. If the joint density-distribution in [22.4.9] is divided by the 
density of Yt in [22.4.8), the result is the conditional distribution of s1: 

P(Y1,s, = ilxt, oYt-1; 9) = P{ = .1 ay . 9} 
/(I oi, ·9) st JY,,X,,t-t, Y, Xr, -,7:1,-1, 

= P{s, = iloY,; 9}. 

Hence, from [22.4.8], 

P{ = ·,m,.9}=P(Yt,st=ilx,,°9 1_ 1 ;6) s, J -,,,, • . 
l'(t1,-,0"1J,) 

[22.4.10] 

But recall from (22.4.9] that the numera!or in the expression on the right side of 
(22.4.10] is the jth element of the.vector (~111_ 1 0 "IJ,), while the left side of [22.4.10] 
is the jth element of the vector ~tit- Thus, collecting the equations in [22.4.10] for 
j = 1, 2, ... , N into an (N x 1) vector produces 

t! - (~tlr-1 0 "IJ,) 
'!:>tit - ( • ' 

1 (~r11-1 0 Tit) 

as claimed in [22.4.5]. 
To see the basis for [22.4.6], take expectations of [22.2.6] conditional on 

CJY,: 

[22.4.11] 

Note that v,+ 1 is a martingale difference sequence with respect to CJY,, so that 
[22.4.11] becomes 

~r+11, = P·i,i,, 

as claimed in [22.4.6]. 

Starting the Algorithm 

• Given a starting value i110, one can use [22.4.5] and [22.4.6] to calculate 
~,i, for any t. Sev~ral options are available for choosing the starting value. One 
approach is to set ~110 equal to the vector of unconditional probabilities Tr described 
in equation [22.2.26]. Another option is to set 

[22.4.12] 
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where pis a fixed (N x 1) vector of nonnegative constants summing to unity, such 
asp= N-1.1. Alternatively, p could be estimated by maximum likelihood along 
with 9 subject to the constraint that l'p = 1 and p1 2: 0 for j = 1, 2, ... , N. 

Forecasts and Smoothed Inferences for the Regime 

Generalizing the earlier notation, let t 1T represent the (N x 1) vector whose 
jth element is P{s, = ;l~T; 9}. Fort> T", this represents a forecast about the regime 
for some future period, whereas for t < T' it represents the smoothed inference 
about the regime the process was in at date t based on data obtained through some 
later date T. 

The optimal m-period-ahead forecast of t+m can be found by taking expec
tations of both sides of [22.2.8] conditional on information available at date t: · 

or 

t+mlt = P"'·t,., (22.4.13) 

where t 1, is calculated from (22.4.5). 
Smoothed inferences can be calculated using an algorithm developed by Kim 

(1993). In vector form, this algorithm can be written as 

E,1r = E,1, 0 {P' · [Ei+11rC +) i,+11,]}, (22.4.14] 

where t.he sign ( +) denotes element-by-element division. The smoothed proba
bilities ~,1r are found by iterating on [2~.4.14] backward for t = T - 1, T - 2, 
... , 1. This iteration is started with ~Tl r, which is obtained from (22.4.5] for 
t = T. This algorithm is valid only when s, follows a first-order Markov chain as 
in (22.4.4), when the conditional density (22.4.2) depends on s,, s,_1, ... only 
through the current states,, and when x,, the vector of explanatory variables other 
than the lagged values of y, is strictly exogenous, meaning that x, is independent 
of sT for all t and T', The basis for Kim's algorithm is explained in Appendix 22.A 
at the end of the chapter. 

Forecasts for the Observed Variables 

From the conditional density [22.4.2] it is straightforward to forecast Yz+i 
conditional on knowing CJY,, x,+1, and s,+i· For example, for the AR(l) specification 
Y,+ 1 = c,,., + <f,,,.,Y, + e,+ 1, such a forecast is given by 

E(Y1+1ls,+1 = j, 11,; 9) = c; + cf>1Y,· (22.4.15) 

There are N different conditional forecasts associated with the N possible values 
for s,+ 1• Note that the unconditional forecast based on actual observable variables 
is related to these conditional forecasts by 

E(Y,+dx,+i, CJY,; 9) 

"" I Y1+1 -f(Yr+ilx,+1, CIY,; 9) dy,+1 

= f Y1+1 Lt P(Y,+1, s,+1 = jlx,+1, CJY,; 9)} dy,+1 
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= J Y1+1 {J1 l/(Y,+1ls,+1 = j, x,+1• ay,; 8)P{s,+1 = jjx,+1, <\!I,; 9}]} dy,+1 

= f P{s,+1 = jjx,+1, oY,; 9} f Y,+1 -f(Y,+ils,+ 1 = j, x,+1, CJY,; 8) dy,+1 
1-1 

N 

= L P{s,+1 = jjoY,; 8}E(Y,+1ls,+1 = j, x,+1, <\!11; 9). 
i=l 

Thus, the forecast appropriate for the jth regime is simply multiplied by the prob
ability that the process will be in the jth regime, and the resulting N dif
ferent products are added together. For example, if the j = 1, 2, ... , N forecasts 
in (22.4.15] are collected in a (1 X N) vector h;, then 

E(Y,+1ICIY,; 9) = h;t+11,· 

Note that although the Markov chain itself admits the linear representation 
[22.2.6], the optimal forecast of Y,+1 is a nonlinear function of observables, since 
the inference t 1, in [22.4.5] depends nonlinearly on <\!I,. Although one may use 
a linear model to form forecasts within a given regime, if an observation seems 
unlikely to have been generated by the same regime as preceding observations, 
the appearance of the outlier causes the analyst to switch to a new rule for forming 
future linear forecasts. 

The Markov chain is clearly well suited for forming multiperiod forecasts as 
well. See Hamilton (1989, 1993b, 1993c) for further discussion. 

Maximum Likelihood Estimation of Parameters 

In the iteration on [22.4.5] and [22.4.6], the parameter vector 9 was taken 
to be a fixed, known vector. Once the iteration has been completed fort = 1, 2, 
... , T for a given fixed 9, the value of the log likelihood implied by that value 
of 9 is then known from [22.4.7]. The value of 9 that maximizes the log likelihood 
can be found numerically using the methods described in Section 5.7. 

If the transition probabilities are restricted only by the conditions that p;1 ~ 0 
and (pil + p,-2 + · · · + P;N) = 1 for all i and j, and if the initial probability 
~110 is taken to be a fixed value p unrelated to the other parameters, then it is 
shown in Hamilton (1990) that the maximum likelihood estimates for the transition 
probabilities satisfy 

T 

L P{s, = j, s,-1 = iloYr; 9} 
P;J = ,-2 

T (22.4.16] 

I P{s,-1 = ilCJYT; 9} ,-2 
where 9 denotes the full vector of maximum likelihood estimates. Thus, the esti
mated transition probability [;;1 is essentially the number of times state i seems to 
have been followed by state j divided by the number of times the process was in 
state i. These counts are estimated on the basis of the smoothed probabilities. 

If the vector of initial probabilities p is regarded as a separate vector of 
parameters constrained only by 1 'p = 1 and p 2:: 0, the maximum likelihood estimate 
of p turns out to be the smoothed inference about the initial state: 

P = ~!IT· (22.4.17) 
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The maximum likelihood estimate of the vector a that governs the conditional 
density [22.4.2] is characterized by 

~ (a log 'TJ,) 't. = 0 
L., a 1 '!,riT • ,-1 (l 

[22.4.18] 

Here 'TJ, is the (N x 1) vector obtained by vertically stacking the densities in [22.4.2] 
for j = 1, 2, ... , N and (a log 'TJ,)/aa' is the (N x k) matrix of derivatives of the 
logs of these densities, where k represents the number of parameters in a. For 
example, consider a Markov-switching regression model of the form 

Y, = z; 13,, + e,, [22.4.19] 

where e, - i.i.d. N(O, a-2) and where z, is a vector of explanatory variables that 
could include lagged values of y. The coefficient vector for this regression is p1 

when the process is in regime 1, 132 when the process is in regime 2, and so on. 
For this example, the vector 'TJ, would be 

_1 _ exp{- (y, - z; 131)2} 

...;z;iia- 2a-2 

'TJ, = 
_1 _ ex {- (y, - z;l3N)2} 
--../2iira-p 2a-2 

and for a = ··(13;, 13 2, ... , 13 ,:., a-2)', condition [22.4.18] becomes 
T 

L (y, - z;pi)z,·P{s, = iloYr; 8} = 0 for j = 1, 2, ... , N [22.4.20] 
I= 1 

T N 

fr2 = T- 1 L I (y, - z;pi)2·P{s, = iloYr; 8}. 
1- 1 i-1 

[22.4.21] 

Equation [22.4.20] describes pi as satisfying a weighted OLS orthogonality con
dition where each observation is weighted by the probability that it came from 
regime j. In particular, the estimate Pi can be found from an OLS regression of 
y,(j) on z,(j)_: 

where 

Pi = [f [z,(j)][z,(j)]']-
1 [f [z,(j)]y,(j)], ,-1 ,-1 

y,(j) = y,·VP{s, = iloYr; &} 

z,(j) = z,·YP{s, = iloYr; &}. 

[22.4.22] 

[22.4.23] 

The estimate of a-2 in [22.4.21] is just (1/T) times the combined sum of the squared 
residuals from these N different regressions. 

· Again, this suggests an appealing algorithm for finding maximum likelihood 
estimates. For the case when p is fixed a priori, given an initial guess for the 
parameter vector 9<0> one could evaluate [22.4.16], [22.4.22], and [22.4.21] to 
generate a new estimate 9<1>. One then iterates in the same fashion described in 
equations [22.3.8] through [22.3.10] to calculate 9<2>, 9<3>, .... This again turns 
out to be an application of the EM algorithm. Alternatively, if pis to be estimated 
by maximum likelihood, equation [22.4.17] would be added to the equations that 
are reevaluated with each iteration. See Hamilton (1990) for details. 
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Illustration: The Behavior of U.S. Real GNP 

As an illustration of this method, consider the data on U.S. real GNP growth 
analyzed in Hamilton (1989). These data are plotted in the bottom panel of Figure 
22.4. The following switching model was fitted to these data by maximum likeli
hood: 

Y, - µs; = </>1(Y,-1 - µs;_,) + <f>i(Y,-2 - JLs;_,) 

+ <f>3(y,_3 - /J,,;_,) + <f>iY,-4 - /J-s;_.) + e,, [22.4.24] 

withe, - i.i.d. N(O, u 2 ) and withs: presumed to follow a two-state Markov chain 
with transition probabilities p;;. Maximum likelihood estimates of parameters are 
reported in Table 22.1. In the regime represented bys': = 1, the average growth 
rate is µ,1 = 1.2% per quarter, while when s': = 2, the average growth rate is 
/J-2 = -0.4%. Each regime is highly persistent. The probability that expansion will 
be followed by another quarter of expansion is pf1 = 0.9, so that this regime will 
persist on average for 1/(1 - pf1) = 10 quarters. The probability that a contraction 
will be followed by contraction is p; 2 = 0.75, which episodes will typically persist 
for 1/(1 - p! 2) = 4 quarters. 

1.00 

0.75 

a.so 

0.25 

0.00 

52 55 58 61 61 67 70 73 76 79 82 

(a) Probability that economy is in contraction state, or P{s: = 2ly,, y,_ 1, . 

y _4 ; 8} plotted as a function of t. 

52 55 58 61 61 67 70 73 

(b) Quarterly rate of growth of U.S. real GNP, 1952-84. 

FIGURE 22.4 Output growth and recession probabilities. 
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TABLE 22.1 
Maximum Likelihood Estimates of Parameters for Markov-Switching Model 
of U.S. GNP (Standard Errors in Parentheses) 

P-1 = 1.16 {½ = -0.36 '* Pu = 0.90 Pii. = 0.15 u2 = 0.59 
(0.07) (0,26) (0.04) (0.10) (0.10) 

</>1 = 0.01 <bi = -0.06 </J3 = -0.25 </J4 = -0.21 
(0,12) (0.14) (0.11) (0.11) 

In order to write [22.4.24] in a form where y, depends only on the current 
value of the regime, a variable s, was defined that takes on one of 32 different 
values representing the 32 possible combinations for s:, s:-1> ... , s:_ 4 • For ex
ample, s, = 1 whens;, s:-i. ... , and s;_ 4 all equal 1, s, = 2 whens:= 2 and 
s;-_ 1 = · · · = s:_4 = 1, and so on. The vector E,1, calculated from [22.4.5] is thus 
a (32 x 1) vector that contains the probabilities of each of these 32 joint events 
conditional on data observed through date t. 

The inference about the value of s; for a single date tis obtained by summing 
together the relevant joint probabilities. For example, the inference 

P{s; = 2ly,, Y,-1, •.• , Y-4; 8} 
2 2 2 2 

= L L ., L L P{s:' = 2, Si-1 = i1, s:'-2 = i2, Si-3 = i3, Si-4 = i4ly,. 
i1=l i2=l i3=l i4-l 

Y,-1, · • ·, Y-4; 9} [22.4.25] 

is obtained by iterating on [22.4.5] and [22.4.6] with 9 equal to the maximum 
likelihood estimate 8. One then sums together the elements in the even-numbered 
rows of E,1, to obtain P{s; = 2ly., Y,-1, .•. , Y-4; 8}. 

A probabilistic inference in the form of [22.4.25] can be calculated for each 
date t in the sample. The resulting series is plotted as a function oft in panel (a) 
of Figure 22.4. The vertical lines in the figure indicate the dates at which economic 
recessions were determined to begin and end according to the National Bureau of 
Economic Research. These determinations are made inform.ally on the basis of a 
large number of time series and are usually made some time after the event. 
Although these business cycle dates were not used in any way to estimate param
eters or form inferences abouts:, it is interesting that the traditional business cycle 

· dates correspond fairly closely to the expansion and contraction phases as described 
by the model in [22.4.24]. 

Determining the Number of States 

One of the most important hypotheses that one would want to test for such 
models concerns the number of different regimes N that characterize the data. 
Unfortunately, this hypothesis cannot be tested using the usual likelihood ratio 
test. One of the regularity conditions for the likelihood ratio test to have an asymp
totic x2 distribution is that the information matrix 1 be nonsingular. This condition 
fails to hold if the analyst tries to fit an N-state model when the true process has 
N - 1 states, since under the null hypothesis the parameters that describe the Nth 
state are unidentified. Tests that get around the problems with the regularity con
ditions have been proposed by Davies (1977), Hansen (1993), Andrews and Pio
berger (1992), and Stinchcombe and White (1993). Another approach is to take 
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the (N - 1)-state model as the null and conduct a variety of tests of the validity 
of that specification as one way of seeing whether an N-state model is needed; 
Hamilton (1993a) proposed a number of such tests. Studies that illustrate the use 
of such tests include Engel and Hamilton (1990), Hansen (1992), and Goodwin 
(1993). 

APPENDIX 22.A. Derivation of Selected Equations for Chapter 22 

• Derivation of [22.3.8] through [22.3.10). The maximum likelihood estimates are obtained 
by forming the Lagrangean 

1(8) = .:1:(6) + .\(1 - 1T1 - 1T2 - ••• - 1TN) [22.A.l] 

and setting the derivative with respect to 6 equal to zero. From [22.3.6], the derivative of 
the log likelihood is given by 

il.:/:(6) = f _1_ X ilf(y,; 6). 
i16 ,-,f(y,;6) il6 

Observe from [22.3.5] that 

ilf(y,; 6) 1 {-(y, - /1-1)2} ---=--exp 
il1r1 V21T<1'1 2uJ 

= f(y,ls, = j; 6), 

while 

iJf(y,; 6) y, - /1-1 ( . 6) 
-ii--= --2- X p y,, S, = Ji 

/1-1 0'1 

and 

ilf(y,; 6) - { _l -2 (y, - /J,;)2} - .. 
oo} - 2 ui + 2uJ X p(y,, S, - J, 9)-

Thus, [22.A.2] becomes 

il.:/:(6) T 1 . 
-,- = :2: t<Y. 6>t<y,ls, = 1; 6) 

a'Tri ,-1 ,, 
il.:1:(6) ~ 1 y, - /I-; . 
-,- = L. f(y. 6) X - 2-p(y,, S1 = J; 6) 

aµi 1•t " a., 
a.:1:(6) _ ~ _1 _ {_! _2 (y, - µ,i)2 } _ •• 

0 2 - L. f( . 6) 2 0'1 + 2 4 p(y,, s, - J' 6). au1 ,_ 1 y,, U; 

Recalling [22.3.7], the derivatives in [22.A.6] through [22.A.8] can be written 

cJ.:/:(6) T = 1T1-1 L P{s, = jly,; 6} 
il'ff'I ,-, 

o.:1:(6) = f y, - 2 /I-; P{s, = jly,; 6} 
0/J,; ,_, 0'1 

a.:1:(9) = ~ { _l -2 + (y, - /l-;)2}P{ = 'I · 6} 
ii i L. 2 al 2 • s, J y,. . u, ,_ 1 0'1 

[22.A.2] 

[22.A.3] 

[22.A.4] 

[22.A.5] 

[22.A.6] 

[22.A.7] 

[22.A.8] 

[22.A.9] 

[22.A.10] 

[22.A.ll] 

Setting the derivative of the Lagrangean in [22.A.l] with respect to µ.1 equal to zero 
means setting [22.A.10] equal to zero, from which 

T T 

L y,·P{s, = jly,; 6} = µ.1 L P{s, = jly,; 6}. 
,-1 ,-1 
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Equation [22.3.8) follows immediately from this condition. Similarly, the first-order con
ditions for maximization with respect to uf are found by setting [22.A.ll] equal to zero: 

T 

L {-uJ + (y, - µ.;)2}P{s, = ily,; 6} = 0, 
r•I 

from which [22.3.9] follows. Finally, from [22.A.9], the derivative of (22.A.1] with respect 
to 1T; is given by 

,"1/(A) T 

:.::..l:.la = 1r1- 1 L P{s, = ily,; 9} - A = 0, 
'frj t= I 

from which 
T 

L P{s, = ily,; 6} = A1r 1• 
r•I 

Summing [22.A.12] over j = 1, 2, ... , N produces 

T 

[22.A.12] 

L [P{s, = 1 ly,; 6} + · · · + P{s, = Niy,; 9}] = A(1r1 + 7rz + · · · + 1TN) 
,-1 

or 
T 

L {1} = A·(l), 
,-1 

implying that T = A. Replacing A with Tin (22.A.12] produces (22.3.10]. • 

• Derivation of [22.4.14]. Recall first that under the maintained assumptions, the regime 
s, depends on'past observations ~,-i only through the value of s,_1 . Similarly, s, depends 
on future observations only through the value of s,+1: 

P{s, = ils,+ 1 = i, ~r; 6} = P{s, = ils,+ 1 = i, ~,; 9}. (22.A.13) 

The validity of [22.A.13) is formally established as follows (the implicit dependence 
on 9 will be suppressed to simplify the notation). Observe that 

P{s, = ils,+1 = i, ~,+,} 

= P{s, = jlsr+l = i, Yr+h X,+H ~,} 

p(Y,+i, s, = jls,+, = i, x,+1 , ~,) 

f(Y,+1is,+1 = i, x,+1, ~,) 

f(Y,+i!s, = j, s,+1 = i, x,+11 ~,)·P{s, = ils,+ 1 = i, x,+ 1, ~.} 

/(Y,+1is,+1 = i, X,+i, ~,) 

which simplifies to 

P{s, = ils,+1 = i, ~,+ 1} = P{s, = ils,+ 1 = i, x,+1, ~.}, 

provided that 

[22.A.14) 

(22.A.15] 

[22.A.16] 

which is indeed the case, since the specification assumes that Yr+i depends on {s,+1 , 

s" •.. } only through the current value s,+i· Since xis exogenous, [22.A.15] further implies 
that 

P{s, = ils,+ 1 = i, ~,+ 1} = P{s, = jls,+ 1 = i, ~,}. 

By similar reasoning, it must be the case that 

P{s, = ils,+ 1 = i, ~,+J 

= P{s, = ils,+1 = i, Y1+2• x1+2, ~1+1} 

P(Y,+z, S1 = ils1+1 = i, X1+2• ~,+1) 
f(Y,+2ls1+1 = i, x,+2, ~,+1) 

f(Y<+2ls, = j, s,+1 = i, x,+2• ~1+1) · P{s, = ils1+1 = i, x,+2• ~1+1} 
/(Y,+2ls1+1 = i, X1+2, ~1+1) 
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which simplifies to 

P{s, = j[s,+1 = i, '!#,+J = P{s, = jls,+ 1 = i, x,+2• '!#,+ ,}, 
provided that 

[22.A.18} 

f(Y,+2is, = j, s,+1 = i, X1+2, '!#,+ ,) = /(y,.,ls,+1 = i, x,+2, '!#,+1). [22.A.19} 

In this case, (22.A.19] is established from the fact that 

/(Y1+2!s, = j, s,+1 =· i, x,+2, ~,+ i) 
N 

= L P(Y,+2, s,+z = kjs, = j, s,+1 = i, x,+z, ~,+1) 
k•I 

N 

= L [f(Y,.2ls,+2 = k, s, = j, s,+1 = i, x,+2, '!#,+ ,) 
k-1 

x P{s,+z = kjs, = j, s,+1 = i, x,. 2 , '!#,+JJ 
N 

= L [J(y,. 2 is,+2 = k, s,+1 = i, x,+2 , '!#,+1) 
k•1 

x P{s,+2 = kls,+ 1 = i, x,+2 , a.ll,+1}] 

= /(Y,+2is,+1 = i, x,.,, 'Y1+1), 

Again, exogeneity of x means that [22.A.18] can be written 

P{s, = ils,.,.1 = i, 'Y,+J = P{s, = ils,+, = i, 'Y,. 1} = P{s, = ils,+1 = i, '!#,}, 

where the last equality follows from [22.A.17]. 
Proceeding inductively, the same argument can be used to establish that 

P{s, = jJs,+ 1 = i, '!#,.,.m} = P{s, = ils,+1 = i, ~,} 

form = 1, 2, ... , from which [22.A.13} follows. 
Note next that 

P{ = .1 = . '!#} = P{s, = j, s,+1 = ij'!#,} 
s, J s,.,., z, ' P{s,+' = ii'!#,} 

_ P{s, = il'!#,}·P{s,., = ils, = j} 
- P{s,+1 = ii'!#,} 

p/1· P{s, = ii~,} 

P{s,+1 = ii'!#,}. 
It is therefore the case that 

P{s, = j, s,+1 = il'!#r} = P{s,+1 = il~7}·P{s, = jjs,+1 = i, '!Ir} 
= P{s,+1 = ij'Y7}·P{s, = ils,+ 1 = i, '!#,} 

.
1 

P;,·P{s,=jl'!#,} 
= P{s,+1 = 1 '!#7} P{ = "I'"'}' 

s,+ 1 1 "' 

[22.A.20} 

[22.A.21] 

where the second equality follows from [22.A.13] and the third follows from [22.A.20}. 
The smoothed inference for date tis the sum of [22.A.21] over i = 1, 2, ... , N: 

N 

P{s, = jl'!lr} = L P{s, = j, s,..., = il~r} 
l•I 

N • Pµ' P{s, = ii'!#,} 
= L P{s,+1 = il'!#r} P{ = "I'!#} ,-1 s,+1 i , 

. ~ pµ·P{s,+1 = ii~:,} 
= P{S, ~ Jl'Y,} ,~ P{s,+1 = ii'!#,} · 

= P{s, = il'!l,}fp1, P12 · • · PJN] 

[ 

P{s,+1 = 1['!#7}/P{s,+1 = ll'!#,} l 
P{s,+1 = 2J'!/7}/P{s,+1 = 21'!#,} 

X . 

P{s,.,.1 = Nl'!#r}IP{s,+1 = NI'!#,} 

= P{s, = il<Y,}pj(t+11r (-;-) L,1,), 

[22.A.22] 
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where the (1 x N) vector p; denotes the jth row of the matrix P' and the sign (+)indicates 
element-by-element division. When the equations represented by [22.A.22] for j = 1, 2, 
... , N are collected in an (N x 1) vector, the result is 

l1r = i1, 0 {P'(L,1r ( +) L11,)}, 

as claimed. • 

Chapter 22 Exercise 

22.1. Lets, be described by an ergodic two-state Markov chain with transition matrix P 
given by [22.2.11]. Verify that the matrix of eigenvectors of this matrix is given by 

T = [(1 - P22)/(2 - P11 - p22) -lJ 
(1 - Pn)/(2 - P11 - Pe,) 1 

with inverse 

T-i [-(1 - p 11)/(2 - P11 - P22) (1 - P22)/(2 
1
- Pn - P22)]. 
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A 

Mathematical Review 

This book assumes some familiarity with elementary trigonometry, complex num
bers, calculus, matrix algebra, and probability. Introductions to the first three topics 
by Chiang (1974) or Thomas (1972) are adequate; Marsden (1974) treated these 
issues in more depth. No matrix algebra is required beyond the level of standard 
econometrics texts such as Theil (1971) or Johnston (1984); for more detailed 
treatments, see O'Nan (1976), Strang (1976), and Magnus and Neudecker (1988). 
The concepts of probability and statistics from standard econometrics texts are also 
sufficient for getting through this book; for more complete introductions, see Lind
gren (1976) m-Hoel, Port, and Stone (1971), 

This appendix reviews the necessary mathematical concepts and results. The 
reader familiar with these topics is invited to skip this material, or consult sub
headings for desired coverage. 

A.1. Trigonometry 

Definitions 

Figure A.1 displays a circle with unit radius centered at the origin in (x, y)
space. Let (x0, y0) denote some point on this unit circle, and consider the angle 8 
between this point and the x-axis. The sine of 8 is defined as the y-coordinate of 
the point, and the cosine is the x-coordinate: 

sin(B) = Yo 

cos(B) = x0• 

(A.1.1] 
[A.1.2] 

This text always measures angles in radians. The radian measure of the angle 
8 is defined as the distance traveled counterclockwise along the unit circle starting 
at the x-axis before reaching (x0 , y0). The circumference of a circle with unit radius 
is 211'. A rotation one-quarter of the way around the unit circle would therefore 
correspond to radian measure of 8 = ¼(211') = 11'/2. An angle whose radian measure 
is 11'n. is more commonly described as a right angle or a 90° angle. A 45° angle has 
radian measure of 11'l4, a 180° angle has radian measure of 11', and so on .. 

Polar Coordinates 

Consider a smaller triangle-say, the triangle with vertex (x11 y1) shown in 
Figure A.1-that shares the same angle 8 as the original triangle with vertex 
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y 
I 
I 

- X 

FIGURE A.1 Trigonometric functions as distances in (x, y)-space. 

(x0 , y0). The ratiQ of any two sides of such a smaller triangle will be the same as 
that for the larger triangle: 

Y1IC1 = Yoll 

x 1lc1 = x0 /l. 

[A.1.3] 

[A.1.4] 

Comparing [A.1.3] with [A.1.1], they-coordinate of any point such as (x 1, y1) in 
(x, y)-space ni.ay be expressed as 

y 1 = c1 ·sin(O), [A.1.5] 

where c1 is the distance from the origin to (x1 , Yi) and O is the angle that the point 
(xi, Yi) makes with the x-axis. Comparing [A.1.4] with [A.1.2], the x-coordinate 
of (x1, y1) can be expressed as 

x 1 = Ci ·cos(O). [A.1.6] 

Recall further that the magnitude c1, which represents the distance from the origin 
to the point (xi, Yi), is given by the formula 

{A.1.7] 

Taking a point in (x, y)-space and writing it as (c·cos(O), c·sin(O)) is called de
scribing the point in terms of its polar coordinates c and 0. 
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Properties of Sine and Cosine Functions 

The functions sin(O) and cos(O) are called trigonometric or sinusoidal func
tions. Viewed as a function of 0, the sine function starts out at zero: 

sin(O) = 0. 

The sine function rises to 1 as O increases to 1r/2 and then falls back to zero as O 
increases further to 1r; see panel (a) of Figure A.2. The function reaches its min
imum value of - 1 at O = 31r/2 and then begins climbing back up. 

If we travel a distance of 21r radians around the unit circle, we are right back 
where we started, and the function repeats itself: 

sin(21r + 0) = sin(O). 

The function would again repeat itself if we made two full revolutions around the 
unit circle. Indeed for any integer j, 

sin(21rj + 0) = sin(O). 

(a) sin(O) 

(b) cos(O) 

FIGURE A.2 Sine and cosine functions. 
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The sine function is thus periodic and is for this reason often useful for describing 
a time series that repeats itself in a particular cycle. 

The cosine function starts out at unity and falls to zero as 8 increases to 
w/l; see panel (b) of Figure A.2. It turns out simply to be a horizontal shift of the 
sine function: 

cos(B) = sin( 8 + i). [A.1.9] 

The sine or cosine function can also be evaluated for negative values of 6, 
defined as a clockwise rotation around the unit circle from the x-axis. Clearly, 

sin(-8) = -sin(B) [A.1.10] 
cos(-8) = cos(B). [A.1.11] 

For (Xo, y0) a point on the unit circle, [A.1.7] implies that 

1 = Vxa + ya, 
or, squaring both sides and using (A.1.1] and [A.1.2), 

1 = [cos(B)]2 + [sin(B)]2. [A.1.12] 

Using Trigonometric Functions to Represent Cycles 

Suppose we construct the function g(B) by first multiplying 8 by 2 and then 
evaluating the sine of the product: ;. 

g(B) = sin(28). 

This doubles the frequency at which the function cycles. When 8 goes from O to 
w, 28 goes from Oto 2w, and so g(B) is back to its original value (see Figure A.3). 
In general, the function sin(kB) would go through k cycles in the time it takes sin(B) 
to complete a single cycle. 

We will sometimes describe the value a variable y takes on at date t as a 
function of sines or cosines, such as 

2 

l.S 

-1.S 

-2 

sin(/1) 

y, = R·cos(wt + a). [A.1.13] 

a1n(2/I) 

fJ 

FIGURE A.3 Effect of changing frequency of a periodic function. 
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The parameter R gives the amplitude of [A.1.13]. The variable y, will attain a 
maximum value of +Rand a minimum value of - R. The parameter a is the phase. 
The phase determines where in the cycle y, would be at t = 0. The parameter w 
governs how quickly the variable cycles, which can be summarized by either of 
two measures. The period is the length of time required for the process to repeat 
a full cycle. The period of [A.1.13] is 21r/w. For example, if er, = 1 then y repeats 
itself every 21r periods, whereas if er, = 2 the process repeats itself every 1r periods. 
The frequency summarizes how frequently the process cycles compared with the 
simple function cos(t); thus, it measures the number of cycles completed during 
21r periods. The frequency of cos(t) is unity, and the frequency of [A.1.13] is w. 
For example, if tr1 = 2, the cycles are completed twice as quickly as those for 
cos(t). There is a simple relation between these two measures of the speed of 
cycles-the period is equal to 21r divided by the frequency. 

A.2. Complex Numbers 

Definitions 

Consider the following expression: 

x 2 = 1. [A.2.1] 

There are two values of x that satisfy [A.2.1], namely, x = 1 and x = -1. 
Suppose instead that we were given the following equation: 

x2 = -1. [A.2.2] 

No real number satisfies [A.2.2]. However, let us consider an imaginary number 
(denoted i) that does: 

j2 = -1. [A.2.3] 

We assume that i can be multiplied by a real number and manipulated using standard 
rules of algebra. For example, 

2i + 3i = Si 

and 

(2i) · (3i) = (6)i2 = - 6. 

This last property implies that a second solution to [A.2.2] is given by x = - i: 

( - i)2 = ( -1)2(i)2 = -1. 

Thus, [A.2.1] has two real roots ( + 1 and -1), whereas [A.2.2] has two imaginary 
roots (i and -i). 

For any real numbers a and b, we can construct the expression 

a + bi. [A.2.4] 

If b = 0, then (A.2.4] is a real number; whereas if a = 0 and b is nonzero, then 
[A.2.4] is an imaginary number. A number written in the general form of [A.2.4] 
is called a complex number. 

Rules for Manipulating Complex Numbers 

Complex numbers are manipulated using standard rules of algebra. Two 
complex numbers are added as follows: 

(a1 + b1i) + (a2 + b2i) = (a1 + a2) + (b1 + bz)i. 
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Complex numbers are multiplied this way: 

(a1 + b1i) · (a2 + b2i) = a1a2 + a1bzi + b 1a2i + b1b2i2 

= (a1a2 - b1b2) + (a1b2 + b1a2)i. 

Note that the resulting expressions are always simplified by separating the real 
component (such as [a1a2 - b1b2 ]) from the imaginary component (such as 
[a1b2 + b1a2]i). 

Graphical Representation of Complex Numbers 

A complex number (a + bi) is sometimes represented graphically in an 
Argand diagram as in Figure A.4. The value of the real component (a) is plotted 
on the horizontal axis, and the imaginary component (b) is plotted on the vertical 
axis. The size, or modulus, of a complex number is measured the same way as the 
distance from the origin of a real element in (x, y)-space (see equation [A.1.7]): 

la + bij"" Ya2 + b2 . [A.2.5] 

The complex unit circle is the set of all complex numbers whose modulus is 
1. For example, the real number + 1 is on the complex unit circle (represented by 

Imaginary Axis 

I 

I 
8 

b 

FIGURE A.4 Argand diagram and the complex unit circle. 

A 

Real 
-Axis 
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the point A in Figure A.4). So are the imaginary number -i (point B) and the 
complex number (-0.6 - 0.8i) (point C). 

We will often be interested in whether a complex number is less than 1 in 
modulus, in which case the number is said to be inside the unit circle. For example, 
( -0.3 + 0.4i) has modulus 0.5, so it lies inside the unit circle, whereas (3 + 4i), 
with modulus 5, lies outside the unit circle. 

Polar Coordinates 

Just as a point in (x, y)-space can be represented by its distance c from the 
origin and its angle O with the x-axis, the complex number a + bi can be represented 
by the distance of (a, b) from the origin (the modulus of the complex number), 

R = va2 + b2 , 

and by the angle O that the point (a, b) makes with the real axis, characterized by 

cos(O) = a/R 

sin(O) = b/R. 

Thus, the complex number a + bi is written in polar coordinate form as 

[R·cos(O) + i·R·sin(O)] = R[cos(O) + i·sin(O)]. [A.2.6] 

-Complex Conjugates 

The complex conjugate of (a + bi) is given by (a - bi). The numbers (a + 
bi) and (a - bi) are described as a conjugate pair. Notice that adding a conjugate 
pair produces a real result: 

(a + bi) + (a - bi) = 2a. 

The product of a conjugate pair is also real: 

(a + bi)· (a - bi) = a2 + b 2• [A.2.7] 

Comparing this with [A.2.5], we see that the modulus of a complex number (a + 
bi) can be thought of as the square root of the product of the number with its 
complex conjugate: 

la + bil = V(a + bi)(a - bi). 

Quadratic Equations 

A quadratic equation 

with a ,/= 0 has two solutions: 

ax 2 + {3x + 'Y = 0 

-/3 + {/32 - 4a-y)112 

2a 
-/3 - (/32 - 4a-y)112 

2a 

[A.2.8] 

[A.2.9] 

[A.2.10] 

[A.2.11] 

When (/32 - 4a-y) =:! 0, both these roots are real, whereas when (/32 - 4ay) < 0, 
the roots are complex. Notice that when the roots are complex they appear as a 
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conjugate pair: 

x1 = {-/3/[2a]} + {(1/[2a])(4a-y - J32) 112}i 

x2 = {-J3/[2a]} - {(1/[2a])(4ay - J32) 112}i. 

A.3. Calculus 

Continuity 

A function f(x) is said to be continuous at x = c if f(c) is finite and if for 
every s > 0 there is a S > 0 such that !J(x) - /(c)! < e whenever Ix - cl < i5. 

Derivatives of Some Simple Functions 

The derivative off ( ·) with respect to x is defined by 

df = lim f (x + A) - /(x) 
dx D.-->0 A 1 

provided that this limit exists. 
If f( ·) is linear in x, or 

f(x) = a + J,x, 

then the derivative is just the coefficient on x: 

df = lim [a + J,(x + A)] - [a + J,x] = Jim J,A = J,. 
dx a ..... o A a-o A 

For a quadratic function 

f(x) = x2, 

the derivative is 

df = lim [x + A]2 - x2 
dx A-->0 /!,. 

. [x2 + 2xA + A2] - x2 
= hm ~----~--

A-o /!,. 

= Jim {2x + A} 
A-0 

= 2x, 

and in general, 

(A.3.1] 

For the trigonometric functions, it can be shown that when xis measured in radians, 

d sin(x) ( ) 
~ = cosx 

d cos(x) = _ sin(x). 
dx 

[A.3.2] 

[A.3.3} 

A.3. Calculus 711 



The derivative df(x)/dx is itself a function of x. Often we want to specify the 
point at which the derivative should be evaluated, say, c. This is indicated by 

df(x) I . 
dx 1'•C 

For example, 

dx21 . 
dx = 2%1,.-3 = 6. 

,..3 

Note that this notation refers to taking the derivative first and then evaluating the 
derivative at a particular point such as x = 3. 

Chain Rule 

The chain rule states that for composite functions such as 

g(x) = /(u(x)), 

the derivative is 

For example, to evaluate 

d(a + [3x)k 
dx 

we let f(u) = uk and u(x) = a + {3x, Then 

df du 
du. dx = kuk-1. (3. 

Thus, 

Higher-Order Derivatives 

The second derivative is defined by 

d2f(x) = .E.._ [df(x)] 
dx2 dx dx • 

For example, 

d2x1c = d(lcx1c-1] = k(k - l)x1c-2 
dx 2 dx 

and 

d 2 sin(x) d cos(x) . ( ) 
dx2 = dx = -sm x . 

(A.3.4] 

(A.3.5) 

In general, the jth-order derivative is the derivative of the (j - l)th-order 
derivative. 
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Geometric Series 

Consider the sum 

Sr = 1 + cf> + cf,2 + ¢,3 + . . . + cf> r. 

Multiplying both sides of [A.3.6] by</>, 

</JSr = cf>+ cp2 + cp3 + , .. + cpr + cpr+l. 

Subtracting [A.3.7] from [A.3.6] produces 

(1 - <f>)sr = 1 - cpr+1, 

[A.3.6] 

[A.3.7] 

[A.3.8] 

For any cf> ,I,. 1, both sides of [A.3.8] can be divided by (1 - cf>). Hence, the sum 
in [A.3.6] is equal to 

From [A.3.9], 

and so 

{
1 - cpr+1 

Sr= 1 - cf> 

T + l cf,=l. 

1. 1 
1m Sr = 1 _ ,,. 

r-oc 'f' 
lct>I < 1, 

1 
(1 + cf>+ cf,2 + </>3 + .. ·) = --

1 - cf> 

Taylor Series Approximations 

[A.3.9] 

lct>I < 1. [A.3.10] 

Suppose that the first through the (r + l)th derivatives of a function f(x) 
exist and are continuous in a neighborhood of c. Taylor's theorem states that the 
value off (x) at x = c + a is given by 

f(c + a) = f(c) + :~1x_;a +ii~{[ x-/\2 

1 d'fl 1 d'/1 + - - ·A3 + · · · + - - ·A'+ R (c x) 
3! dx3 x=c r! dx' x=c r ' ' 

[A.3.11] 

where r! denotes r factorial: 

r! = r(r - l)·(r - 2)· .. 2·1. 

The remainder R,(c, x) is given by 

1 dr+Ijl 
Rr(c, x) = (r + 1)!. dx'+1 x-a·A'+1, 

where ~ is a number between c and x. Notice that the remainder vanishes for small 
A: 

lim R,(~, x) = O . 
.6--oO .,., 
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Setting R,(c, x) = 0 and x = c + A in [A.3.11] produces an rth-order Taylor series 
approximation to the function f(x) in the neighborhood of x = c: 

f(x) 'i?!!f(c) + !lx_c·(x - c) + fi ~!lx_c·(x - c)2 

+ ... + .!. d'fl ·(x - c)'. 
r! dx' x-c 

[A.3.12] 

Power Series 

If the remainder R,(c, x) in [A.3.11] converges to zero for all x as r----> oo, a 
power series can be used to characterize the function f(x). To find a power series, 
we choose a particular value c around which to center the expansion, such as c = 
0. We then use [A.3.12] with r-+ X>, For example, consider the sine function. The 
first two derivatives are given by [A.3.2] and [A.3.5], with the following higher
order derivatives: 

d 3 sin(x) ( ) 
dx 3 = -cos X 

d 4 sin(x) _ . ( ) 
dx 4 - sm x 

d5 sin(x) _ ( ) 
dxs - COS X, 

and so on. Evaluated at x = 0, we have 

f (0) = sin(0) = 0 

!'I = cos(0) = 1 
X x-o 

d2fl 
d.x2 .,-o 

-sin(0) = 0 

d
3f' dx3 x-o 

-cos(0) = -1 

d
4

f' - 4 = sin(0) = 0 
dx x-o 

dsfl dxs = cos(0) = 1. 
x-o 

Substituting into [A.3.12] with c = 0 and letting r-+ oo produces a power series 
for the sine function: 

sin(x) = x - .!. x 3 + .!. x 5 - .!. x 1 + · · · [A 3 13] 31 51 7! . . . 

Similar calculations give a power series for the cosine function: 

1 1 1 
cos(x) = 1 - - x2 + - x4 - - x6 + · · . 

2! 4! 6! . [A.3.14] 

Exponential Functions 

A number -y raised to the power x, 

f(x) = -yx, 
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is called an exponential function of x. The number y is called the base of this 
function, and x is called the exponent. To multiply two exponential functions that 
share the same base, the exponents are added: 

[A.3.15] 

For example, 

To raise an exponential function to the power k, the exponents are multiplied: 

[ r"]k = yxk, [A.3.16] 

For example, 

Exponentiation is distributive over multiplication: 

(a·f3Y = (ax)-(f3X). 

Negative exponents denote reciprocals: 

y-k = (1/yk), 

Any number raised to the power O is taken to be equal to unity: 

[A.3.17] 

1o = I. [A.3.18] 

This convention is sensible, since if y = -x in [A.3.15], 

( yx)( y_-x) = 1o 

and 

---The Number e 

The base for the natural logarithms is denoted e. The number e has the 
property that an exponential function with base e equals its own derivative: 

[A.3.19} 

Clearly, all the higher-order derivatives of ex are equal to ex as well: 

[A.3.20] 

We sometimes use the expression "exp[x]" to represent "eraised to the power 
x": 

exp[x] aaa ex. 

If u(x) denotes a separate function of x, the derivative of the compound 
function eu<x> can be evaluated using the chain rule: · 

deu(x) de" du du 
-- = -·- = eu(x)_ 

dx du dx dx' 
[A.3.21] 
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To find a power series for the functionf(x) = e-", notice from [A.3.20] that 

d'f - = ex 
dx' ' 

and so, from [A.3.18], 

d'f I = eo = 1 
dx' x=O 

[A.3.22] 

for all r. Substituting [A.3.22] into [A.3.12] with c = 0 yields a power series for 
thefunctionf(x) = e-": 

[A.3.23] 
xi x3 x4 C - ex = 1 + X + 2! + 3! + 4! + 

Setting x = 1 in [A.3.23] gives a numerical procedure for calculating the 
value of e: 

1 1 1 
e = 1 + 1 + 21 + 31 + 4! + · · · = 2. 71828 .... 

Euler Relations and De Moivre's Theorem 

Suppose we evaluate the power series [A.3.23] at the imaginary number x = 
iO, where ( = v=-T and O is some real angle measured in radians: 

. . (i 0)2 (i 0)3 (i0)4 (i 0)5 
e'6 = 1 + (18) + -- + -- + -- + -- + " · 

2! 3! 4! 5! 

= {1 - 92 + r - .. ·} + i· {o - !!:. + os - .. ·} 
2! 4! 3! 5! . 

[A.3.24] 

Reflecting on [A.3.13] and [A.3.14] gives another interpretation of [A.3.24]: 

e' 6 = cos(O) + i·sin(O). [A.3.25) 

Similarly, 

- . ( - i 0)2 ( - i 0)3 ( - i0) 4 ( - i 0)5 

e ' 6 = 1 + (-18) + - 2-!- + - 3-! - + ~ + ~ + · · · 

= { 1 - fi + :~ - .. ·} - i · { 0 - :; + ~; - .. ·} [A.3.26] 

= cos(O) - i·sin(O). 

To raise a complex number (a + bi) to the kth power, the complex number 
is written in polar coordinate form as in [A.2.6): 

a + bi = R[cos(O) + i·sin(O)]. 

Using [A.3.25], this can then be treated as an exponential function of 0: 

a + bi= R·e; 9• [A.3.27] 

Now raise both sides of [A.3.27] to the kth power, recalling [A.3.17] and [A.3.16): 

(a + bi/= Rk·(eiB]k = Rk,eiBk. 

Finally, use [A.3.25] in reverse, 

e1<6kl = cos(Ok) + i·sin(Ok), 
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to deduce that [A.3.28] can be written 

(a + bW = Rk·[cos(Ok) + i·sin(0k)]. [A.3.29] 

Definition of Natural Logarithm 

The natural logarithm (denoted throughout the text simply by "log") is the 
inverse of the function ex: 

log(ex) "" x. 

Notice from [A.3.18] that e0 = 1 and therefore log(l) == 0. 

Properties of Logarithms 

For any x > 0, it is also the case that 

X = elog(x)_ [A.3.30] 

From [A.3.30] and [A.3.15], we see that the log of the product of two numbers is 
equal to the sum of the logs: 

log(a. b) = log[(e 108<0>) • (e101(b))] = log[e(log(u)+log(b))] = log(a) + log(b). 

Also, use [A.3.16] to write 
[A.3.31] 

Taking logs of both sides of (A.3.31] reveals that the log of a number raised to the 
a power is equal to a times the log of the number: 

log(x 0 ) = a· log(x). 

Derivatives of Natural Logarithms 

Let u(x) = log(x), and write the right side of [A.3.30] as euCx>. Differentiating 
both sides of [A.3.30] using [A.3.21] reveals that 

dx = elog(x). d log(x) 
dx . dx 

or 

l = X d loJ}x)_. 

Thus, 

[A.3.32] 

Logarithms and Elasticities 

It is sometimes also useful to differentiate a function/(x) with respect to the 
variable log(x). To do so, write f(x) as f(u(x)), where· 

u(x) = exp[log(x)]. 
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Now use the chain rule to differentiate: 

df(x) df du 
d log(x) = du· d log(x) · 

[A.3.33] 

But from [A.3.21], 

du d log(x) 
d log(x) = exp[log(x)l d log(x) = x. 

(A.3.34] 

Substituting [A.3.34] into (A.3.33] gives 

df(x) = X df 
d log(x) dx" 

It follows from (A.3.32] that 

d log/(x) = ! x df 5!! (/(x + A) - /(x)]//(x) 
d log x f dx [(x + .:1) - x]/x ' 

which has the interpretation as the elasticity of/ with respect to x, or the percent 
change in/ resulting from a 1 % increase in x. 

Logarithms and Percent 

An approximation to the natural log function is obtained from a first-order 
Taylor series around c = 1: 

log(l + .:1) 5!! log(l) + d 1:(x) I ·A. (A.3.35] 
x-1 

But log(l) = 0, and 

Thus, for t. close to zero, an excellent approximation is provided by 

log(l + A) 5!! A. (A.3.36] 

An implication of [A.3.36] is the following. Let r denote the net interest rate 
measured as a fraction of 1; for example, r = 0.05 corresponds to a 5% interest 
rate. Then (1 + r) denotes the gross interest rate (principal plus net interest). 
Equation (A.3.36] says that the log of the gross interest rate (1 + r) is essentially 
the same number as the net interest rate (r). 

Definition of Indefinite Integral 

Integration (indicated by f dx) is the inverse operation from differentiation. 
For example, 

f x dx = x2/2, 
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because 

d(x 2/2) 
~=x. [A.3.38] 

The function x2/2 is not the only function satisfying [A.3.38]; the function 

(x2/2) + C 

also works for any constant C. The term C is referred to as the constant of inte
gration. 

Some Useful Indefinite Integrals 

The following integrals can be confirmed from [A.3.1 ], [A.3.32], [A.3.2], 
(A.3.3], and [A.3.21]: 

I xk+1 
xk dx = -- + C k -:I, -1 

k + 1 

fx-ldx={log(x)+C x>O 
log(-x) + C x < 0 

f cos(x) dx = sin(x) + C 

f sin(x) dx = -cos(x) + C 

f eax dx = (1/a) ·eax + C. 

[A.3.39] 

[A.3.40] 

[A.3.41] 

[A.3.42] 

[A.3.43] 

It is also straightforward to demonstrate that for constants a and b not de
pending on x, 

f [a-f(x) + b·g(x)] dx = a f f(x) dx +bf g(x) dx + C. 

Definite Integrals 

Consider the continuous function f(x) plotted in Figure A.5. Define the 
function A (x; a) to be the area under J(x) between a and x, viewed as a function 
of x. Thus, A(b; a) would be the area between a and b. Suppose we increase b by 
a small amount A. This is approximately the same as adding a rectangle of height 
f(b) and width A to the area A (b; a): 

A(b + A; a)= A(b; a) + f(b)·A, 

or 

A(b + A; a) - A(b; a) i!!!f(b). 
A 

In the limit as A - 0, 

dA(x; a) I = J(b). 
dx x•b 

[A.3.44] 

Now, [A.3.44] has to hold for any value of b > a that we might have chosen, 
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f(x) 

a 

FIGURE A.5 The definite integral as the area under a function. 

implying that the area function A (x; a) is the inverse of differentiation: 

A(x; a) = F(x) + C, 

where 

d~~x) = f (x). 

f(x) 

X 

[A.3.45] 

To find the value of C, notice that A (a; a) in (A.3.45] should be equal to zero: 

A(a; a) = 0 = F(a) + C. 

For this to be true, 

C = -F(a). 

Evalµating (A.3.45] at x = b, the area between a and bis given by 

A(b; a) = F(b) + C; 

or using (A.3.46], 

A(b; a) = F(b) - F(a), 

where F(x) satisfies dF/dx = f(x): 

F(x) = ff (x) dx. 

Equation [ A.3.47] is known as the fundamental theorem of calculus. 

(A.3.46] 

[A.3.47] 

The operation in (A.3.47] is known as calculating a definite integral: 

I: f(x) dx = [I f(x) dx] lx-b ~ [I f(x) dx] lx_; 
For example, to find the area under the sine function between (J = 0 and 

(J = rr/2, we use (A.3.42]: 
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lrr/2 

0 sin(x) dx = [-cos(x)Jlx-.- 12 - [ -cos(x)]lx-o 

= [ - COS( 7T/2)] + [ cos(O)] 
= 0 + 1 
= 1. 

To find the area between O and 27T, we take 

J:" sin(x) dx = [-cos(27T)] + cos(O) 

= -1 + 1 
= 0. 

The positive values for sin(x) between O and 1r exactly cancel out the negative 
values between 7T and 21r. 

A.4. Matrix Algebra 

Definitions 

An (m x n) matrix is an array of numbers ordered into m rows and n columns: 

["u 
a12 

A = a21 a22 
(mXn) 

aml am2 

If there is only one column (n = 1), then A is described as a column vector, whereas 
with only one row (m = 1), A is called a row vector. A single number (n = 1 and 
m = 1) is called a scalar. 

If the number of rows equals the number of columns (m = n), the matrix is 
said to be' square. The diagonal running through (a11, a22, .•. , a,.,,) in a square 
matrix is called the principal diagonal. If all elements off the principal diagonal 
are zero, the matrix is said to be diagonal. 

A matrix is sometimes specified by describing the element in row i, column 
j: 

Summation and Multiplication 

Two (m x n) matrices are added element by element: 

a1n] [bu b12 
a22 · • · a7n + b~1 b22 . . . . . . . 
am2 ' ' ' amn bml bm2 

bin] b2n 

bmn 

[

a11 + bu 
= a21 ~ b21 

aml + b,,.1 

a1n + bin] 
ain + b2,. . . ' 

amn + bmn 



or, more compactly, 

A + B = [a;i + b;i]. 
(mxn) (mxn) 

The product of an (m X n) matrix and an (n x q) matrix is an (m x q) matrix: 

A X B = C ' 
(mxn) (nxq) (mxq) 

where the row i, column j element of C is given by 2.'J.=1a;kbki· Notice that mul
tiplication requires that the number of columns of A be the same as the number 
of rows of B. 

To multiply A by a scalar a, each element. of A is multiplied by a: 

a x A C , 
(!Xl) (mxn) (mxn) 

with 

C = [aa; 1]. 

It is easy to show that addition is commutative: 

A+ B = B + A; 

whereas multiplication is not: 

AB .,/a BA. 

Indeed, the pr6duct BA will not exist unless m = q, and even where it exists, AB 
would be equal to BA only in rather special cases. 

Both addition and multiplication are associative: 

(A + B) + C = A + (B + C) 
(AB)C = A(BC). 

Identity Matrix 

The identity matrix of order n (denoted I,,) is an (n x n) matrix with ls along 
the principal diagonal and Os elsewhere: 

~ -[i : : : n 
For any (m x n) matrix A, 

Axl,,=A 

and also 

Im x A= A. 

Powers of Matrices 

For an (n x n) matrix A, the expression A2 denotes A·A. The expression 
A k indicates the matrix A multiplied by itself k times, with AO interpreted as the 
(n x n) identity matrix. 
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Transposition 

Let a11 denote the row i, column j element of a matrix A: 

A = [a11J· 
The transpose of A (denoted A') is given by 

A' = [a11]. 

For example, the transpose of 

[2 4 6] 
3 5 7 
1 2 3 

is 

[
2 3 ll 4 5 2 . 
6 7 3 

The transpose of a row vector is a column vector. 
It is easy to verify the following: 

Symmetric Matrices 

(A')' = A 
(A + B)' = A' + B' 

(AB)' = B' A'. 

A square matrix satisfying A = A' is said to be symmetric. 

-Trace of a Matrix 

(A.4.1] 
(A.4.2] 
[A.4.3] 

The trace of an (n x n) matrix is defined as the sum of the elements along 
the principal diagonal: 

trace(A) = a11 + a22 + · · · + ann. 

If A is an (m x n) matrix and Bis an (n x m) matrix, then AB is an (m x 
m) matrix whose trace is 

n n n m n 

trace(AB) = }:: a11b/1 + }:: a21bp. + · · · + }:: am,bJm = L L ak1b;k· 
1-1 1-1 1-1 k-11-1 

The product BA is an (n x n) matrix whose trace is 
m m m n m 

trace(BA) = L b1kak1 + L b2ka,a + · · · + L bnkakn = L L b1kakl· 
k-1 k-1 k•l )-11c-1 

Thus, 

trace(AB) = trace(BA). 

If A and B are both (n x n) matrices, then 

trace(A + B) = trace(A) + trace(B). 
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If A is an (n x n) matrix and A is a scalar, then 
n n 

trace(AA) = I Aau = A· I a11 = A· trace(A). 
i•l ,-1 

Partitioned Matrices 

A partitioned matrix is a matrix whose "individual elements are themselves 
matrices. For example, the (3 x 4) matrix 

could be written as 

where 

Ai a [au au] A2 111 [a13 a14] 
a21 ~ a23 a24 

ai a (a31 a32) &2 • [a33 a34). 

Partitioned matrices are added or multiplied as if the individual elements were 
scalars, provided that the row and column dimensions permit the appropriate matrix 
operations. For example. 

A2 l (m1 ><nz) 

~ + 
(mzxnv 

Similarly, 

Definition of Determinant 

The determinant of a 2 x 2 matrix is given by the following scalar: 

[A.4.4] 

The determinant of an n x n matrix can be defined recursively. Let A;; denote 
the (n - 1) x (n - 1) matrix formed by deleting row i and column j from A. The 
determinant of A is given by 

IAI = f (-1) 1+1a11IA1/I· 
1-1 

For example, the determinant of a 3 x 3 matrix is 
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Properties of Determinants 
A square matrix is said to be lower triangular if all the elements above the 

principal diagonal are zero (a11 = 0 for j > i): 

0 
0 

The determinant of a lower triangular matrix is simply the product of the terms 
along the principal diagonal: 

[A.4.6) 

That [A.4.6) holds for n = 2 follows immediately from [A.4.4] Given that it holds 
for a matrix of order n - 1, equation [A.4.5) implies that it holds for n: 

!Al= au 
0 
0 

0 
0 

An immediate implication of [A.4.6) is that the determinant of the identity 
matrix is unity: 

[A.4.7] 

Another useful fact about determinants is that if an n x n matrix A is mul
tiplied by a scalar a, the effect is to multiply the determinant by an: 

!aAj = anlA!. 
Again, [A.4.8) is immediately apparent for then = 2 case from [A.4.4): 

!aAj = laau aa121 aa21 at1J2 

= (aa 11aCZJz) - (aa 12aa 21) 

= a 2(aua22 - a1za21) 

= a21AI. 
Given that it holds for n - 1, it is simple to verify for n using [A.4.5]. 

[A.4.8] 

By contrast, if a single row of A is multiplied by the constant a (as opposed 
to multiplying the entire ma\rix by a), then the determinant is multiplied by a. If 
the row that is multiplied by 'a is the first row, then this result is immediately 
apparent from [A.4.5). If only the ith row of A is multiplied by a, the result can 
be shown by recursively applying [A.4.5] until the elements of the ith row appear 
explicitly in the formula. 

Suppose that some constant c times the second row of a 2 x 2 matrix is added 
to the first row. This operation has no effect on the determinant: 

= aua22 - a1za21• 

Similarly, if some constant c times the third row of a 3 x 3 matrix is added to the 
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second row, the determinant will again be unchanged: 

I au a1 2 a13 I a21 + ca31 a22 + ca32 a23 + ca33 
a31 a32 a33 

_ I a22 + ca32 a23 + ca33 I I a21 + ca31 - au - a12 
a32 a33 a31 

+ a13 I a21 + ca31 a22 + ca32 I 
a31 a32 

== au I::: ::: I -a12 I::: :: I + a13I::: :::I· 
In general, if any row of an n x n matrix is multiplied by c and added to another 
row, the new matrix will have the same determinant as the original. Similarly, 
multiplying any column by c and adding the result to another column will not 
change the determinant. 

This can be viewed as a special case of the following result. If A and B are 
both n x n matrices, then 

IABI = IAl·IBI. [A.4.9] 

Adding c times. the second column of a 2 x 2 matrix A to the first column can be 
thought of as postmultiplying A by the following matrix: 

B=[! ~]. 
Since B is lower triangular with ls along the principal diagonal, its determinant is 
unity, and so, from [A.4.9], 

IABI == IAI. 
Thus, the fact that adding a multiple of one column to another does not alter the 
determinant can be viewed as an implication of [A.4.9]. 

If two rows of a matrix are switched, the determinant changes signs. To switch 
the ith row with the jth, multiply the ith row by -1; this changes the sign of the 
determinant. Then subtract row i from row j, add the new j back to i, and subtract 
i from j once again. These last operations complete the switch and do not affect 
the determinant further. For example, let A be a (4 x 4) matrix written in par
titioned form as 

[
81] A= 82 
a) ' 
8~ 

where the (1 x 4) vector 8; represents the ith row of A. The determinant when 
rows 1 and 4 are switched can be calculated from 

81 -8; -8; 8' 4 8~ 
82 = 82 82 = 82 82 
83 83 8; 8j 8j 
8~ 8~ 81 + 8~ 8; + 8~ 8' l 
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This result permits calculation of the determinant of A in reference to any 
row of an (n x n) matrix A: 

n 

!Al= L (-l)i+Ja, 1!A,1!. 
j•l 

To derive (A.4.10], define A* as 

Then, from (A.4.5], 

A*e 

a' n 

n n 

IA*!= L (-l)i+ 1at1IAt1I = L (-1) 1+1a;AA,1'-
i=1 j•l 

(A.4.10] 

Moreover, A* is obtained from A by (i - 1) row switches, such as switching i with 
i - 1, i - 1 with i - 2, ... , and 2 with 1. Hence, 

n 

!Al= (-1)'- 1!A*I = (-1) 1- 1 L (-1) 1+ 1a,1IA,11, 
j•l 

as claimed in (A.4.10]. 
An immediate implication of (A.4.10] is that if any row of a matrix contains 

all zeros, then the determinant of the matrix is zero. 
It can also be shown that the transpose of a matrix has the same determinant 

as the original matrix: 

IA'I = IAI. (A.4.11] 

This means, for example, that if the kth column of a matrix consists entirely of 
zeros, then the determinant of the matrix is zero. It also implies that the determinant 
of an upper triangular matrix ( one for which a11 = 0 for all j < i) is the product of 
the terms on the principal diagonal. 

Adjoint of a Matrix 

Let A denote an (n x n) matrix, and as before let A11 denote the [(n - 1) X 
(n - 1)] matrix that results from deleting row j and column i of A. The adjoint of 
A is the (n x n) matrix whose row i, columnj element is given by (-l)'+ilA 1,I. 

Inverse of a Matrix 

If the determinant of an n x n matrix A is not equal to zero, its inverse (an 
n x n matrix denoted A - 1) exists and is found by dividing the adjoint by the 
determinant: 

(A.4.12] 
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(A.4.13] 

A matrix whose inverse exists is said to be nonsingular. A matrix whose determinant 
is zero is singular and has no inverse. 

When an inverse exists, 

A x A - 1 = In. (A.4.14] 

Taking determinants of both sides of (A.4.14] and using [A.4.9] and [A.4.7], 

IAl ·IA-11 = 1, 

so 

(A.4.15] 

Alternatively, taking the transpose of both sides of (A.4.14] and recalling 
(A.4.3], 

(A- 1)'A' = In, 

which means that (A - 1)' is the inverse of A': 

(A -1)' = (A')-1. 

For a a,nonzero scalar and A a nonsingular matrix, 

[aAJ- 1 = a- 1A - 1• 

Also, for A, B, and Call nonsingular (n x n) matrices, 

(ABJ-1 = s-1A-1 

and 

Linear Dependence 
Let x1, x2, ••• , xk be a set of k different (n x 1) vectors. The vectors are 

said to be linearly dependent if there exists a set of k scalars (c1, c2, ... , ck), not 
all of which are zero, such that 

C1X1 + C2X2 + • • ' + C1cX1c = 0. 

If no such set of nonzero numbers (ci, c2, ... , c,.) exists, then the vectors (xi, 
x2 , ••• , xk) are said to be linearly independent. 

Suppose the vectors (xi, x2, ... , x,.) are collected in an (n x k) matrix T, 
written in partitioned form as 

T = [x1 x2 · · · xk]. 
If the number of vectors (k) is equal to the dimension of each vector (n), then 
there is a simple relation between the notion of linear dependence and the deter
minant of the (n x n) matrix T; specifically, if (x1, x2, •.• , Xn) are linearly 
dependent, then !Tl = 0. To see this, suppose that x1 is one of the vectors that 
have a nonzero value of c1• Then linear dependence means that 

X1 = -(c2/C1)X2 - (c3/C1)X3 - ' ' ' - (cnfC1)Xn• 
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Then the determinant of T is equal to 

ITI = l(-(c2'c1)X2 - (c3/c1)X3 - · · · - (cnlc1)Xn] X2 · · • xnl· 

But if we add (cn/c1) times the nth column to the first column, (cn_1/c1) times the 
(n - l}th column to the first column, ... , and (c2 /c1) times the second column 
to the first column, the result is 

ITI = 10 X2 . . . xnl 

= 0. 

The converse can also be shown to be true: if ITI = 0, then (x1, x2 , •.. , 

xn) are linearly dependent. 

Eigenvalues and Eigenvectors 

Suppose that an n x n matrix A, a nonzero n x 1 vector x, and a scalar A 
are related by 

Ax= Ax. [A.4.16] 

Then x is called an eigenvector of A and A the associated eigenvalue. Equation 
(A.4.16] can be written 

or 

(A - Aln}X = 0. [A.4.17] 

Suppose that the matrix (A - Aln) were nonsingular. Then (A - Aln)- 1 would 
exist and we could premultiply (A.4.17] by (A - Aln}- 1 to deduce that 

X = 0. 

Thus, if a nonzero vector x exists that satisfies [A.4.16], then it must be associated 
with a value of A such that (A - Aln} is singular. An eigenvalue of the matrix A 
is therefore a number A such that 

[A.4.18] 

Eigenvalues of Triangular Matrices 

Notice that if A is upper triangular or lower triangular, then A - Al,. is as 
well, and its determinant is just the product of terms along the principal diagonal: 

I A - Aini = (au - A}(tln - A} · · · (ann - A). 

Thus, for a triangular matrix, the eigenvalues (the values of A for which this 
expression equals zero) are just the values of A along the principal diagonal. 

Linear Independence of Eigenvectors 

A useful result is that if the eigenvalues (Ai, A2, ... , An} are all distinct, 
then the associated eigenvectors (x1, ~ •.•• , xn) are linearly independent. To see 
this for the case n = 2, consider any numbers c1 and c2 such that 

[A.4.19) 
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Premultiplying both sides of (A.4.19] by A produces 

C1AX1 + C2AX2 = C1A1X1 + C2A2X2 = 0. [A.4.20] 

If (A.4.19] is multiplied by A1 and subtracted from [A.4.20], the result is 

[A.4.21] 

But x2 is an eigenvector of A, and so it cannot be the zero vector. Also, A2 - A1 

cannot be zero, since A2 -:/a A1. Equation (A.4.21] therefore implies that c2 = 0. 
A parallel set of calculations show that c1 = 0. Thus, the only values of c1 and c2 

consistent with [A.4.19] are c1 = 0 and c2 = 0, which means that x1 and x2 are 
linearly independent. A similar argument for n > 2 can be made by induction. 

A Useful Decomposition 

Suppose an n x n matrix A has n distinct eigenvalues (Ai, A2, ... , An). 
Collect these in a diagonal matrix A: 

A-[I i :: n 
Collect the eigenvectors (x1, x2 , .•• , Xn) in an (n x n) matrix T: 

T = [x1 X2 ' · · Xn], 

Applying the formula for multiplying partitioned matrices, 

AT = [Ax1 Ax2 · · · Axn]-

But since (x1, x2, ... , xn) are eigenvectors, equation [A.4.16} implies that 

[A.4.22] 

A second application of the formula for multiplying partitioned matrices shows 
that the right side of (A.4.22] is in turn equal to 

(A1X1 A2X2 Anx.] 

[A, 0 

n = [x1 X2 ... 
Xn] : 

~2 
: 
0 

= TA. 

Thus, (A.4.22] can be written 

AT= TA. [A.4.23] 

Now, since the eigenvalues (Ai, A2, ... , An) are taken to be distinct, the 
eigenvectors (xi, x2 , ••• , xn) are known to be linearly independent. Thus, ITI -:/a 0 
and T- 1 exists. Postmultiplying (A.4.23] by T- 1 reveals a useful decomposition of 
A: 

(A.4.24] 

The Jordan Decomposition 

The decomposition in [A.4.24] required the (n x n) matrix A to have n 
linearly independent eigenvectors. This will be true whenever A has n distinct 
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eigenvalues, and could still be true even if A has. some repeated eigenvalues. In 
the completely gener~ case when A has s :s n linearly independent eigenvec· 
tors, there always eXIsts a decomposition similar to [A.4.24], known as the 
Jordan decomposition. Specifically, for such a matrix A there exists a nonsingular 
(n x n) matrix M such that 

A= MJM-1, 

where the (n x n) matrix J takes the form 

J: [! ~ ll 
with 

[A.4.25] 

(A.4.26] 

Ji=[H LJ]. 
0 0 0 · · · A; 

[A.4.27) 

Thus, J1 has the eigenvalue A; repeated along the principal diagonal and has unity 
repeated along the diagonal above the principal diagonal. The same eigenvalue A; 
can appear in two different Jordan blocks J1 and Jk if it corresponds to several 
linearly independent eigenvectors. 

Some Further Results on Eigenvalues 

Suppose that A is an eigenvalue of the (n x n) matrix A. Then A is also an 
eigenvaI1:1e of SAS- 1 for any nonsingular (n x n) matrix S. To see this, note that 

(A - AI,.)x = 0 

implies that 

or 

[A.4.28) 

for x • - Sx. Thus, A is an eigenvalue of SAS - 1 associated with the eigenvec
tor x•. 

From [A.4.25], this implies that the determinant of any (n x n) matrix A is 
the same as the determinant of its Jordan matrix J defined in [A.4.26]. Since J is 
upper triangular, its determinant is the product of terms along the principal di
agonal, which were just the eigenvalues of A. Thus, the determinant of any matrix 
A is given by the product of its eigenvalues. 

It is also clear that the eigenvalues of A are the same as those of A'. Taking 
the transpose of [A.4.25], · 

A' = (M'r 1J'M', 

we see that the eigenvalues of A' are the eigenvalues of J'. Since J' is lower 

A.4. Matrbc Algebra 731 



triangular, its eigenvalues are the elements on its principal diagonal. But J' and J 
have the same principal diagonal, meaning that A' and A have the same eigenvalues. 

Matrix Geometric Series 

The results of [A.3.6] through [A.3.10] generalize readily to geometric series 
involving square matrices. Consider the sum 

Sr = In + A + A 2 + A 3 + · · · + AT [A.4.29] 

for A an (n x n) matrix. Premultiplying both sides of (A.4.29] by A, we see that 

ASr =A+ A2 + A3 + ···+AT + AT+!. [A.4.30]. 

Subtracting [A.4.30] from [A.4.29], we find that 

(In - A)Sr = In - AT+l. (A.4.31] 

Notice from (A.4.18] that if !In - Aj = 0, then,\ = 1 would be an eigenvalue of 
A. Assuming that none of the eigenvalues of A is equal to unity, the matrix 
(In - A) is nonsingular and (A.4.31] implies that 

Sr= (In - A}- 1(In - AT+l) [A.4.32] 

if no eigenvalue of A equals 1. If all the eigenvalues of A are strictly less than 1 
in modulus, it .can be shown that A T+t - 0 as T- oo, implying that 

(In + A + A2 + A3 + · · ·) = (I,, - A)- 1 

assuming that the eigenvalues of A are all inside unit circle. 

Kronecker Products 

[A.4.33] 

For A an (m x n} matrix and B a (p x q) matrix, the Kronecker product of 
A and Bis defined as the following (mp) x (nq) matrix: 

The following properties of the Kronecker product are readily verified. For any 
matrices A, B, and C, 

(A® B)' = A' ® B' 

(A ® B) ® C = A ® (B ® C). 

Also, for A and B both (m x n) matrices and C any matrix, 

(A + B) ® C = (A® C) + (B ® C) 

C @ (A + B) = (C ® A) + (C ® B). 

[A.4.34] 

[A.4.35] 

[A.4.36] 

[A.4.37] 

Let A be (m x n), B be (p x q), C be (n x k), and D be (q x r). Then 

(A® B)(C ® D) = (AC} ® (BD); [A.4.38] 
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that is, 

r•uB a128 
"218 a228 

a,~18 a,.;28 

[

}: a1;C118D }: avc128D · • · }: a11c1k8D] 

= L a2;t18D }: a2~c128D · · · }: a21:c1"8D . 

L am;C118D L am1c,28D L anz;C;1t8D 

For A (n x n) and 8 (p x p) both nonsingular matrices we can set C = 
A- 1 and D = 8- 1 in (A.4.38] to deduce that 

(A@8)(A- 1 (8)8- 1) = (AA- 1)@(88- 1) = In®IP = lnp. 

Thus, 

(A (8) 8)- 1 = (A - 1 (8) 8- 1). [A.4.39] 

Eigenvalues of a Kronecker Product 

For A an (n x n) matrix with (possibly nondistinct) eigenvalues (A1, A2, ••• , 

An) and 8 (p x p) with eigenvalues (µ.1, µ.z, ... , µ.p), then the (np) eigenvalues 
of A ® 8 are given by A;µ.1 for i = 1, 2, ... , n and j = l, 2, ... , p. To see 
this, write A and 8 in Jordan form as 

A = M.11J.11M;1 

8 = MaJaM.,1. 

Then (M.11 ® Ma) has inverse given by (M; 1 ® M81). Moreover, we know from 
(A.4.28] that the eigenvalues of (A® 8) are the same as the eigenvalues of 

(M; 1 ® M8 1)(A ® 8)(M.11@ Ma)= (M; 1AM.11)@ (M818Ma) 

= J.11 ® Ja. 

ButJ.11 andJa are both upper triangular, meaning that (J.11@ Ja) is upper triangular 
as well. The eigenvalues of (A® 8) are thus just the terms on the principal diagonal 
of (J.11 ® Ja), which are given by ,\1µ.1• 

Positive Definite Matrices 

An (n x n) real symmetric matrix A is said to be positive semidefinite if for 
any real (n x 1) vector x, 

x'Ax ~ 0. 

We make the stronger statement that a real symmetric matrix A is positive definite 
if for any real nonzero (n x 1) vector x, 

x'Ax > O; 

hence, any positive definite matrix could also be said to be positive semidefinite. 
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Let A be an eigenvalue of A associated with the eigenvector x: 

Ax= Ax. 

Premultiplying this equation by x' results in 

x'Ax = Ax'x. 

Since an eigenvector x cannot be the zero vector, x'x > 0. Thus, for a positive 
semidefinite matrix A, any eigenvalue A of A must be greater than or equal to 
zero. For A positive definite, all eigenvalues are strictly greater than zero. Since 
the determinant of A is the product of the eigenvalues, the determinant of a positive 
definite matrix A is strictly positive. 

Let A be a positive definite (n x n) matrix and let B denote a nonsingular 
(n x n) matrix. Then B'AB is positive definite. To see this, let x be any nonzero 
vector. Define 

\ i"" Bx. 

Then x cannot be the zero vector, for if it were, this equation would state that 
there exists a nonzero vector x such that 

Bx= 0·x, , 

in which case zero would be an eigenvalue of B associated with the eigenvector x. 
But since B is nonsingular, none of its eigenvalues can be zero. Thus, i = Bx 
cannot be the zero vector, and 

x'B'ABx = i'Ai > 0, 

establishing that the matrix B 'AB is positive definite. 
A special case of this result is obtained by letting A be the identity matrix. 

Then the result implies that any matrix that can be written as B 'B for some non
singular matrix Bis positive definite. More generally, any matrix that can be written 
as B 'B for an arbitrary matrix B must be positive semidefinite: 

· x'B'Bx = i'i = i} + i~ + · · • + i~ 2: 0, (A.4.40] 

where i a Bx. 
- The converse propositions are also true: if A is positive semidefinite, then 

there exists a matrix B such that A = B'B; if A is positive definite, then there 
exists a nonsingular matrix B such that A = B'B. A proof of this claim and an 
algorithm for calculating B are provided in Section 4.4. 

Conjugate Transposes 
Let A denote an (m x n} matrix of (possibly) complex numbers: 

[ 
au + bui aln + b1ni l 

A = ~1 ~ b21i ~ ~ b2ni . 

aml + bm1i amn + b,,.,.i 

The conjugate transpose of A, denoted AH, is formed by transposing A and replacing 
each element with its complex conjugate: 

[
all - bui · · · am1 - bm1il 

AH = a12 ~ b12i. : : : am2 ~ bm2~ . 

a1n - b1n1 • • • amn - bm,.l 

Thus, if A is real, then AH and A' would denote the same matrix. 
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Notice that if an (n x l) complex vector is premultiplied by its conjugate 
transpose, the result is a nonnegative real scalar: 

II 

= I cat + bt> ~ o. 
i=l 

For B a real (m x n) matrix and x a complex (n x 1) vector, 

(Bx)H = xHB '. 

More generally, if both Band x are complex, 

(Bx)ff = xHBH. 

Notice that if A is positive semidefinite, then 

xHAx = xHB'Bx = ii,Hii., 

with ii.= Bx. Thus, xHAx is a nonnegative real scalar for any x when A is positive 
semidefinite. It is a positive real scalar for A positive definite. 

Continuity of Functions of Vectors 

A function of more than one argument, such as 

y = f (Xi, X2, •• , , Xn), (A.4.41] 

is said to be continuous at (c1, c2, ••• , en) if f(ci, c2 , ••• , en) is finite and for 
every e > 0 there is a 8 > 0 such that 

lf(x 1, x2 , ••. , x,,) - f(ci, c2 , ••• , c,.)I < e 

whenever 

Partial Derivatives 

The partial derivative off with respect to X; is defined by 

af = Jim 6,- 1 ·{f(x 1, x2 , ••• , x1_ 1, x; + 6-, X;+1• ••• , x,,) 
ax; a. .... o [ A.4.42] 

- f(x1, X2, ... , Xi-1, X;, X;+i, ... , x,,)}. 

Gradient 

If we collect the n partial derivatives in [ A.4.42] in a vector, we obtain the 
gradient of the function f, denoted V: 

[A.4.43] 
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For example, suppose f is a linear function: 

f(x1, Xz, .•• , Xn) = a1x1 + a2Xz + · · · + anxn. 

Definraand x to be the following (n x 1) vectors: 

Then [A.4.44] can be written 

f(x) = a'x. 

The partial derivative off ( ·) with respect to the ith argument is 

at - = a. ax; ,, 

and the gradient is 

Second-Order Derivatives 

A second-order derivative of [A.4.41] is given by 

a2f(x1, • • • , x,,) = j_ [at(x1, • • · , xn)]. 
ax, ax1 ax1 ax1 

(A.4.44] 

(A.4.45] 

(A.4.46] 

Where second-order derivatives exist and are continuous for all i and j, the order 
of differentiation is irrelevant: 

j_ [af(xi, ... , Xn)] = j_ [af(xi, ... , xn)]. 
ax/ axj axj ax, 

Sometimes these second-order derivatives are collected in an n x n matrix H called 
the Hessian matrix: 

We will also use the notation 

to represent the matrix H. 

,Pf 
ax ax' 
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Derivatives of Vector-Valued Functions 

Suppose we have a set of m functions ti(·), lk ), ... , Im(·), each of which 
depends on the n variables (xi, x2, ••• , xn). We can collect them functions into 
a single vector-valued function: 

[
fi(x)l 

f(x) = lz~X) . 
(mxl) : 

lm(x) 

We sometimes write 

to indicate that the function takes n different real numbers (summarized by the 
vector x, an element of !Rn) and calculates m different new numbers (summarized 
by the value off, an element of IR"'). Suppose that each of the functions 11(·), 

Ii(·), ... , Im ( ·) has derivatives with respect to each of the arguments x1, x2 , 

... , xn. We can summarize these derivatives in an (m x n) matrix, called the 
Jacobian matrix of f and indicated by art ax': 

[
al1lax1 a111ax2 

ac a121ax1 a121ax2 
~"" : 
(mxn) · 

afm/axl afnJax2 

a111axnl 
a121axn . . 

a1m1axn 

For example, suppose that each of the functions fi(x) is linear: 

lm(x) = am1X1 + a,n2X2 + ' • • + amnXn. 

We could write this system in matrix form as 

f(x) = Ax, 

where 

and xis the (n x 1) vector defined in [A.4.46]. Then 

~=A. 
ax' 

Taylor's Theorem with Multiple Arguments 

Let I: !Rn - IR1 as in [A.4.41], with continuous second derivatives. A first
order Taylor series expansion of f(x) around c is given by 

f(x) = f(c) + ar, I · (x - c) + R1(c, x). [A.4.47] 
ax x-c 
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Here af/ax' denotes the (1 x n) vector that is the transpose of the gradient, and 
the remainder Ri( ·) satisfies 

,,,---, 1 n n a21 I 
' ' R1(c, x) = -2 I I -a - ·(x; - c,)(x1 - c1,) 

1-1 J-1 X; axi x-8(;.j) 

for 6(i, j) an (n x l} vector, potentially different for each i and j, with each 
6(i, j) between c and x, that is, 6(i, j) = A(i, j)c + [1 - A(i, j)]x for some 
A(i, j) between O and 1. Furthermore, 

I. R1(c, x) 0 1m = 
x-+c [(x - c)'(x - c)]1rz · 

An implication of [A.4.47] is that ifwe wish to approximate the consequences 
for f of simultaneously changing x1 by A., x2 by A2, •.• , and x,, by An, we could 

. use 

f(x1 + A1, Xz + A2, · · · , Xn + An} - f(xi, Xz, · • • , xn) 

== at ·A1 + af ·A2 + ... + af ·An. (A.4.48] 
axl ax2 axn 

If f ( ·) has continuous third derivatives, a second-order Taylor series expan
sion off (x) around c is given by 

af I f(x) = /(c) + -, ·(x - c) 
ax x-c 

1 a21 I + -2 (x - c)' --, (x - c) + R2(c, x), 
ax ax x-c 

with o(i, j, k) between c and x and 

Multiple Integrals 

The notation 

lim Rz(c, x) = 0. 
x-+c (x - c)'(x - c) 

b d 

ff f(x, y) dy dx 
a C 

indicates the following operation: first integrate 

f f(x, y) dy 

(A.4.49] 

with respect toy, with x held fixed, and then integrate the resulting function with 
respect to x. For example, 

I 2 

J J x 4y dy dx = L1 x4[(22/2} - (02/2)] dx = 2(15/5 - 05/5] = 2/5. 
0 0 
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Provided that f(x, y) is continuous, the order of integration can be reversed. For 
example, 

2 l 

ff x4y dx dy = r (15/S)y dy = (1/5) · (22/2) = 215. 
0 0 

A.5. Probability and Statistics 

Densities and Distributions 

A stochastic or random variable X is said to be discrete-valued if it can take 
on only one of K particular values; call these x1, x2 , ••• , xK. Its probability 
distribution is a set of numbers that give the probability of each outcome: 

P{X = xk}.,. probability that Xtakes on the value xk, k = 1, ... , K. 

The probabilities sum to unity: 

K 

L P{X = xk} = 1. 
k-1 

Assuming that the possible outcomes are ordered x1 < x2 < · · · < xK, the 
probability that X takes on a value less than or equal to the value xi is given by 

j 

P{X :s xi} = L P{X = xk}. 
k•l 

If Xis equal to a constant c with probability 1, then Xis nonstochastic. 
The probability law for a continuous-valued random variable X can often be 

described by the density function f x(x) with · 

f Jx(x) dx = 1. [A.5.1] 

The subscript X inf x(x) indicates that this is the density of the random variable 
X; the argument x of fx(x) indexes the integration in [A.5.1]. The cumulative 
distribution function of X (denoted Fx(a)) gives the probability that X takes on a 
value less than or equal to a: 

Fx(a) • P{X s a} 

= J: .. fx(x) dx. 

[A.5.2] 

Population Moments 

The population mean µ. of a continuous-valued random variable X is given 
by 

µ. = f .. x-fx(x) dx, 

provided this integral exists. (In the formulas that follow, we assume for simplicity 
of exposition that the density functions are continuous and that the indicated 
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integrals all exist.) The population variance is 

Var(X) = f x (x - µ,)2-f x(x) dx. 

The squa.re'root of the variance is called the population standard deviation. 
In general, the rth population moment is given by 

fx x'·f](x) dx. 

The population mean could thus be described as the first population moment. 

Expectation 

The population mean µ, is also called the expectation of X, denoted E(X) or 
sometimes simply EX. In gener:al, the expectation of a function g(X) is given by 

E(g(X)) = f x g(x) ·fx(x) dx, [A.5.3] 

where f x(x) is the density of X. For example, the rth population moment of Xis 
the expectation of X'. 

Consider the random variable a + bX for constants a and b. Its expectation 
is 

~ E(a + bX) = fx [a + bx)·fx(x) dx 

The variance of a + bX is 

= a fJx(x) dx + b fx x·fx(x) dx 

=a+ b·E(X). 

Var(a + bX) = f,, [(a + bx) - (a + bµ,))2-fx(x) dx 

= b 2 • fx (x - µ,)2·fx(x) dx 

= b 2 ·Var(X). 

Another useful result is 

E(X 2) = E[(X - µ, + µ,)2] 

= E[(X - µ,)2 + 2µ,(X - µ,) + µ,2) 

= E[(X - µ,)2) + 2µ,-[E(X) - µ,] + µ,2 

= Var(X) + 0 + [E(X))2. 

[A.5.4) 

To simplify the appearance of expressions, we adopt the convention that 
exponentiation and multiplication are carried out before the expectation op
erator. Thus, we will use E(X - µ, + µ,)2 to indicate the same operation as 
E[(X - µ, + µ,)2]. The square of E(X - µ, + µ,) is indicated by using additional 
parentheses, as [E(X - µ, + µ,)]2. 

Sample Moments 

A sample moment is a particular estimate of a population moment based on 
an observed set of data, say, {xi, x2 , ••• , xr}- The first sample moment is the 
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sample mean, 

x = (1/T)·(x 1 + X2 + · · · + xr), 

which is a natural estimate of the population mean µ. The sample variance, 
T 

s 2 = (1/T) · I (x, - x)2 , 
r=l 

affords an estimate of the population variance <T2• More generally, the rth sample 
moment is given by 

(l/T)·(X1 + x~ + · · · + Xr), 

where x~ denotes x, raised to the rth power. 

Bias and Efficiency 

Let 8 be a sample estimate of a vector of population parameters 9. For 
example, 8 could be the sample mean x and 9 the population meanµ. The estimate 
is said to be unbiased if E(6) = 9. 

Suppose that 8 is an unbiased estimate of 9. The estimate 9 is said to be 
efficient if it is the case that for any other unbiased estimate 8 •, the following 
matrix is positive semidefinite: 

P = E[(8* - 9)·(8* - 9)') - E[(8 - 9)·(8 - 9)']. 

Joint Distributions 

For two random variables X and Y with the joint density fx,y(x, y), we 
calculate the probability of the joint event that both X :5 a and Y :5 b from 

P{X :5 a, y :5 b} = J:= r. f x,y(X, y) dy dx. 

This can be represented in terms of the joint cumulative distribution function: 

Fx,y(a, b) = P{X :5 a, Y :5 b}. 

The probability that X :5 a by itself can be calculated from 

P{X :5 a, Y any} = J:= [f Jx,y(x, y) dy] dx. [A.5.5) 

Comparison of [A.5.5) with [A.5.2) reveals that the marginal density fx(x) is ob
tained by integrating the joint density fx,Y(x, y) with respect toy: 

fx(x) = [(Jx,y(x, y) dy]. 

Conditional Distributions 

The conditional density of Y given X is given by 

If X y(X, y) 

fy1x(Ylx) = 0 fx(x) 
if fx(x) > 0 

otherwise. 

[A.5.6] 

[A.5.7] 
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Notice that this satisfies the requirement of a density [A.5.1]: 

Ix ( I Ix f X y(X, y) d 
-x f y1x y x) dy = -x f x(x) y 

= f x~x) [x f xAx, y) dy 

= fx(x) = 1 
fx(x) · 

A further obvious implication of the definition in [ A.5. 7] is that a joint density 
can be written as the product of the marginal density and the conditional density: 

fx,y(x, Y) = f~1x(Ylx)-fx(x). [A.5.8] 
The conditional expectation of Y given that the random variable X takes on 

the particular value x is 

E(YIX = x) = fx y·fy1x(YIX) dy. [A.5.9] 

Law of Iterated Expectations 

Note that the conditional expectation is a function of the value of the random 
variable X. For different realizations of X, the conditional expectation will be a 
different number. Suppose we view E(YIX) as a random variable and take its 
expectation with respect to the distribution of X: 

;x[Ey1x(YIX)] = [x [[x y-fy1x(Ylx) dy] fx(x) dx. 

Results [A.5.8] and [A.5.6] can be used to express this expectation as 
X Z 

I I y·fy,x(y,x)dydx= fxy·fy(y)dy. 

Thus, 

[A.5.10] 

In words, the random variable E(YjX) has the same expectation as the random 
variable Y. This is known as the law of iterated expectations. 

---
Independence 

The variables Y and X are said to be independent if 

fx,y(x, y) = fx(x)·fy(y). [A.5.11] 

Comparing [A.5.11] with [A.5.8], if Y and X are independent, then 

fy1x(Ylx) = fy(y). [A.5.12] 

Covariance 

Let f.Lx denote E(X) and f.Ly denote E ( Y). The population covariance between 
X and Y is given by 

Cov(X, Y) 55 f f (x - f.Lx )(y - f.Ly) ·fx.y(x, y) dy dx. [A.5.13] 
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Correlation 

The population correlation between X and Y is given by 

_ Cov(X, Y) 
Corr(X, Y) = V'Var(X)·VVar(Y). 

If the covariance (or correlation) between X and Yis zero, then X and Yare said 
to be unco"elated. 

Relation Between Correlation and Independence 

Note that if X and Y are independent, then they are uncorrelated: 

Cov(X, Y) = J J (x - µ.x)(y - µ.y)·fx(x)-fy(y) dy dx 

= r .. (x - µ.x) [f .. (y - µ.y)•fy(y) dy] ·tx(x) dx. 

Furthermore, 

[I= .. (y - µ.y)·fy(y) dy] = J: .. Y'fy(y) dy - µ.y·J:Jy(y) dy 

= µ.y - µ.y 

= 0. 

Thus, if X and Y are independent, then Cov(X, Y) = 0, as claimed. 
The converse proposition, however, is not true-the fact that X and Y are 

uncorrelated is not enough to deduce that they are independent. To construct a 
counterexample, suppose that Zand Y are independent random variables each 
with mean zero, and let X """ Z · Y. Then 

E(X - µ.x)(Y - µ.y) = E[(ZY)·Y) 

= E(Z) · E(Y 2) = 0, 

and so X and Yare uncorrelated. They are not, however, independent-the value 
of ZY depends on Y. 

---Orthogonality 

Consider a sample of size Ton two random variables, {xi, x2 , ••• , xr} and 
{y1, y2 , ••• , Yr}, The two variables are said to be orthogonal if 

T 

L x,y, = o. ,-1 
Thus, orthogonality is the sample analog of absence of correlation. 

For example, let x, = 1 denote a sequence of constants and let y, = w, -
w, where iii = (1/T)'i.;_ 1 w, is the sample mean of the variable w. Then x and y 
are orthogonal: · 

T T 

L l·(w, - w) = L w, - T·w = o. ,-1 ,-1 
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Population Moments of Sums 

Consider the random variable aX + b Y. Its mean is given by 

" " 
E(aX + bY) = f f (ax + by) ·f x,y(x, y) dy dx 

~ ~ ~ ~ 

= a f f x·fx,Y(x, y) dy dx +bf f y·fx,Y(x, y) dy dx 

) = a r,. x·fx(x) dx + b r,. y-fy(y) dy, 

and so 

E(aX + bY) = a·E(X) + b·E(Y). [A.5.14] 

The variance of (aX + bY) is 

" " 
Var(aX + bY) = f f [(ax + by) - (aµ,x + bµ,y)]2·fx,Y(x, y) dy dx 

" "' 

J f [(ax - aµ,x)2 + 2(ax - aµ,x)(by - bµ,y) 

+ (by - bµ,y)2J-fx,Y(x,y)dydx 

"' " 
= a2 f f (x - /J,x)2·fx,y(x, y) dy dx 

" " 
+ 2ab f f (x - /J,x)(y - µ,y)-fx,y(x, y) dy dx 

"' "' 

+ b2 f f (y - µ,y) 2 ·fx,y(x, y) dy dx. 

Thus, 

Var(aX + bY) = a2 ·Var(X) + 2ab·Cov(X, Y) + b2 ·Var(Y). [A.5.15) 

When X and Y are uncorrelated, 

Var(aX + bY) = a2 ·Var(X) + b2 ·Var(Y). 

It is straightforward to generalize results [A.5.14) and [A.5.15). If {Xi, 
X 2, ... , Xn} denotes a collection of n random variables, then 

E(a 1X 1 + a2X 2 + · · · + anXn) 

= a1·E(X1) + a2·E(X2) + · · · + an·E(X,.) 

Var(a1X1 + aiX2 + · · · + a,.X,.) 

= af·Var(X 1) + a~·Var(X2) + · · · + a!·Var(X,.) 

+ 2a1a2 • Cov(Xi, Xi) + 2a1a3 · Cov(Xi, X3) + · · · 
+ 2a1a,.·Cov(X1, X,.) + 2a2a3·Cov(X2, X3) + Zaia4·Cov(X2, X4) 

+ · · · + 2a,._1a,.·Cov(X,._1, X,.). 
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If the X's are uncorrelated, then [A.5.17] simplifies to 

Var(a1X1 + tziX2 + · · · + a..Xn) 
= a}·Var(X 1) + a}·Var(X 2) + · · · + a~·Var(X,,). 

Cauchy-Schwarz Inequality 

[A.5.18] 

The Cauchy-Schwarz inequality states that for any random variables X and 
Y whose variances and covariance exist, the correlation is no greater than unity in 
absolute value: 

-1 s Corr(X, Y) s 1. [A.5.19] 

To establish the far right inequality in [A.5.19], consider the random variable 

z = X - µx - y - µy 
- v'Var(X) \/Var(Y) · 

The square of this variable cannot take on negative values, so 

E[(X - µx) - (Y - µy)]2 2:: 0. 
\/Var(X) VVar(Y) 

Recognizing that Var(X) and Var(Y) denote population moments (as opposed to 
random variables), equation [A.5.15] can be used to deduce 

E(X - µx)2 _ 2[E[(X - µx)(Y - µy)]] + E(Y - µy) 2 > O 
Var(X) \/Var(X) \/Var(Y) Var(Y) - · 

Thus, 

1 - 2·Corr(X, Y) + 1 o!!: 0, 

meaning that 

Corr(X, Y) s 1. 

To establish the far left inequality in [A.5.19), notice that 

E[(X - µx) + (Y - µy)]2 > 0 
\/Var(X) v'Var(Y) - ' 

implying that 

1 + 2·Corr(X, Y) + 12:: 0, 

so that 

Corr(X, Y) 2: - 1. 

The Normal Distribution 

The variable Y, has a Gaussian, or Normal, distribution with mean µ and 
variance u 2 if 

1 [-(y, - µ)2] 
fy,(y,) = '\/21ru·exp 2u 2 • [A.5.20] 

We write 

Y, - N(µ, o-2) 

to indicate that the density of Y, is given by [A.5.20]. 
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Centered odf<iraered population moments for a Gaussian variable are zero: 

E(Y, - µ)' = 0 for r = 1, 3, 5, .... 

The centered fourth moment is 

E(Y, - µ) 4 = 3o-4 • 

Skew and Kurtosis 

The skewness of a variable Y, with mean µ is represented by 

E(Y, - µ) 3 

[Var( Y,)]312 • 

A variable with a negative skew is more likely to be far below the mean than it is 
to be far above the mean. The kurtosis is 

E(Y, - µ) 4 

[Var(Y,)]2 · 

A distribution whose kurtosis exceeds 3 has more mass in the tails than a Gaussian 
distribution with the same variance. 

Other Useful Univariate Distributions 

Let (X1, X2 , ••• , Xn) be independent and identically distributed (i.i.d.) 
N(O, 1) variables, and consider the sum of their squares: 

Y = Xi + X~ + · · · + X~. 

Then Y is said to have a chi-square distribution with n degrees of freedom, denoted 

Y- x2(n). 

Let X - N(O, 1) and Y - x2(n) with X and Y independent. Then 

X 
z = vYTn 

is said to have a t distribution with n degrees of freedom, denoted 

Z - t(n). 

Let Y1 - x2(n1) and Y2 - x2(n2) with Y1 and Y1 independent. Then 

z = Y1/n1 

Y2lni 

is said to have an F distribution with n1 numerator degrees of freedom and n2 

denominator degrees of freedom, denoted 

Z - F(n1, n2)

Note that if Z - t(n), then Z2 - F(l, n). 

Likelihood Function 

Suppose we have observed a sample of size T on some random variable Y,. 
Let fY,,Y, .... ,YrCYi, y2, ... , JT; 9) denote the joint density of Y1, Y2 , ••• , YT· 
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The notation emphasizes that this joint density is presumed to depend on a vector 
of population parameters 9. If we view this joint density as a function of 9 (given 
the data on Y), the result is called the sample likelihood function. 

For example, consider a sample of Ti.i.d. variables drawn from a N(µ,, a-2) 

distribution. For this distribution, 9 = (µ,, u 2)', and from [A.5.11) the joint density 
is the product of individual terms such as [A.5.20): 

r 
fY1.Y, .... ,Yr(Yi, Yz,' · · , Jr;µ,, u 2) = n fy,(y,; µ, u 2). ,-1 

The log of the joint density is the sum of the logs of these terms: 

logfY1,Y, .... ,YrCY1, Y2, · · , , Yr;µ,, 0- 2) 

r 
= L log f y,(y,; µ, u 2) 

,-1 
r (y _ µ)2 

= ( -T/2) log(27T) - (T/2) log(u 2) - L '2 2 . 
,-1 U 

[A.5.21] 

Thus, for a sample of T Gaussian random variables with mean µ, and variance u 2, 

the sample log likelihood function, denoted~(µ,, o-2; yi, y2, ... , Yr), is given by: 

r (y, _ µ)2 
~(µ,, u2; Yi, Yz, ... , Yr) = k - (T/2) log(u 2) - L 2 2 • [A.5.22] 

,-1 U 

In calculating the sample log likelihood function, any constant term that does not 
involve the parameterµ, or u 2 can be ignored for most purposes. In [A.5.22), this 
constant term is 

k = -(T/2) log(27r). 

Maximum Likelihood Estimation 

For a given sample of observations (y 1, y2 , .•• , Yr), the value of 9 that 
makes the sample likelihood as large as possible is called the maximum likelihood 
estimate (MLE) of 9. For example, the maximum likelihood estimate of the pop· 
ulation meanµ, for an i.i.d. sample of size T from a N(µ,, u 2) distribution is found 
by setting the derivative of [A.5.22) with respect to µ, equal to zero: 

or 

T 

µ, = (1/T) L y,. ,-1 
The MLE of u 2 is characterized by 

a~ = _.I_ + f (y, - µ)2 = o 
au2 2o-2 ,-1 2u 4 • 

Substituting [A.5.23) into [A.5.24) and solving for o-2 gives 

r 
6-2 = (1/T) L (y, - µ.)2. ,-1 

[A.5.23) 

[A.5.24) 

[A.5.25] 
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Thus, the sa~e mean is the MLE of the population mean and the sample 
variance is the M E of the population variance for an i.i.d. sample of Gaussian 
variables. 

Multivariate Gaussian Distribution 

Let 

Y = (Y1, Y2, ... , Yn)' 

be a collection of n random variables. The vector Y has a multivariate Normal, or 
multivariate Gaussian, distribution if its density takes the form 

fv(Y) = (21T)-"12!nl- 112 exp[(-1/2)(y - p.)'!l- 1(y - µ.)). [A.5.26] 

The mean of Y is given by the vector µ.: 

E(Y) = µ.; 

and its variance-covariance matrix is !l: 

E(Y - p.)(Y - µ)' = !l. 

Note that (Y - p.)(Y - µ.)' is symmetric and positive semidefinite for any 
Y, meaning that any variance-covariance matrix must be symmetric and positive 
semidefinite; the form of the likelihood in (A.5.26} assumes that !l is positive 
definite. 

Result [ A.4.15} is sometimes used to write the multivariate Gaussian density 
in an equivalent form: 

fv(Y) = (21T)-"12! n- 1 I l/2 exp[( -1/2)(y - ,..yn-1(y - µ.)}. 

If Y - N(µ., !l), then for any nonstochastic (r x n) matrix H' and (r x 1) 
vector b, 

H'Y + b - N((H'µ + b), H'!lH). 

Correlation and Independence for Multivariate 
Gaussian Variates 

If Y has a multivariate Gaussian distribution, then absence of correlation 
implies independence. To see this, note that if the elements of Y are uncorrelated, 
then E[(Y 1 - µ)(Y 1 - µ)} = 0 for i -:I= j and the off-diagonal elements of n are 
zero: 

ol ... 0 
. . . . 
... ;~ 

For such a diagonal matrix n, 
1n1 = <Ti<T~ · .. (T~ [A.5.27} 

[
1/<Ti 0 

n-1 = I 1/t 1l [A.5.28} 
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Substituting [A.5.27) and [A.5.28) into [A.5.26] produces 

fy(y) = (2'7T)-nl2( ITilT~ . • . a-~J-112 

X exp[(-1/2){(Y1 - µ.1)2/a-t + (Y2 - µ.z)2/o-~ + 
+ (Yn - 1Ln)2to-m 
n n (2'7T)-112[a-fl-112 exp[(-112){(y, - µ.;)210-m, 

1-1 

which is the product of n univariate Gaussian densities. Since the joint density is 
the product of the individual densities, the random variables (Yi, Y2 , ••• , Yn) 
are independent. 

Probability Limit 

Let {X1, X 2 , ••• , XT} denote a sequence of random variables. Often we are 
interested in what happens to this sequence as T becomes large. For example, Xr 
might denote the sample mean of T observations: 

Xr = (l!T)·(Y 1 + Y2 + · · · + Yr), [A.5.29] 

in which case we might want to know the properties of the sample mean as the 
size of the sample T grows large. 

The sequence {X1, X 2 , ••• , Xr} is said to converge in probability to c if for 
every e > 0 and 5 > 0 there exists a value N such that, for all T 2-; N, 

P{IXr - cl > 5} < e. [A.5.30] 

When [A.5.30) is satisfied, the number c is called the probability limit, or 
plim, of the sequence {X1, X2 , ••. , Xr}, This is sometimes indicated as 

XT.!+ C, 

Law of Large Numbers 

Under fairly general conditions detailed in Chapter 7, the sample mean [A.5.29] 
converges in probability to the population mean: 

p 
(l/T)(Y 1 + Y2 + · · · + Yr)-+ E(Y,). [A.5.31) 

When [A.5.31] holds, we say that the sample mean gives a consistent estimate of 
the population mean. 

Convergence in Mean Square 

A stronger condition than convergence in probability is mean square conver
gence. The sequence {X1, X2, ••. , Xr} is said to converge in mean square if for 
every e > 0 there exists a value N such that, for all T 2-; N, 

E(Xr - c)2 < e. [A.5.32] 

We indicate that the sequence converges to c in mean square as follows: 

Xr~· c. 

Convergence in mean square implies convergence in probability, but con
vergence in probability does not imply convergence in mean square. 
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B 

Statistical Tables 

TABLE B.1 
Standard Normal Distribution 

0 Zn 

-> 
Second decimal place of z0 

ho .00 .OJ .02 .03 .04 .05 .06 .07 .08 .09 

0.0 .5000 .4960 .4920 .4880 .4840 .4801 .4761 .4721 .4681 .4641 
0.1 .4602 .4562 .4522 .4483 .4443 .4404 .4364 .4325 .4286 .4247 
0.2 .4207 .4168 .4129 .4090 .4052 .4013 3974 .3936 .3897 .3859 
0.3 .3821 .3783 .3745 .3707 .3669 .3632 .3594 .3557 .3520 .3483 
0.4 .3446 .3409 .3372 .3336 .3300 .3264 .3228 .3192 .3156 .3121 

0.5 .3085 .3050 .3015 .2981 .2946 .2912 .2877 .2843 .2810 .2776 
0.6 .2743 .2709 .2676 .2643 .2611 .2578 .2546 .2514 .2483 .2451 
0.7 .2420 .2389 .2358 .2327 .2296 .. 2266 .2236 .2206 .2177 .2148 
0.8 · .2119 .2090 .2061 .2033 .2005 .1977 .1949 .1922 .1894 .1867 
0.9 .1841 .1814 .1788 .1762 .1736 .1711 .1685 .1660 .1635 .1611 

1.0 .1587 .1562 .1539 .1515 .1492 .1469 .1446 .1423 .1401 .1379 
1.1 .1357 .1335 .1314 .1292 .1271 .1251 .1230 .1210 .1190 .1170 
1.2 .1151 .1131 .1112 .1093 .1075 .1056 .1038 .1020 .1003 .0985 
1.3 .0968 .0951 .0934 .0918 .0901 .0885 .0869 .0853 .0838 .0823 
1.4 .0808 .0793 .0778 .0764 .0749 .0735 .0722 .0708 .0694 .0681 

( continued on next page) 
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TABLE B.1 (continued) 

-+ 
Second decimal place of z0 

,l_ Zo .00 .01 -~ .03 .04 .05 .06 .07 .08 .09 

1.5 .0668 .0655 .0643 .0630 .0618 .0606 .0594 .0582 .0571 .0559 
1.6 .0548 .0537 .0526 .0516 .0505 .0495 .0485 .0475 .0465 .0455 
1.7 .0446 .0436 .0427 .0418 .0409 .0401 .0392 .0384 .0375 .0367 
1.8 ,0359 .0352 .0344 .0336 .0329 .0322 .0314 .0307 .0301 .0294 
1.9 .0287 .0281 .0274 .0268 .0262 .0256 .0250 .0244 .0239 .0233 

2.0 .0228 .0222 .0217 .0212 .0207 .0202 .0197 .0192 .0188 .0183 
2.1 .0179 .0174 .0170 .0166 .0162 .0158 .0154 .0150 .0146 .0143 
2.2 .0139 .0136 .0132 .0129 .0125 .0122 .0119 .0116 .0113 .0110 
2.3 .0107 .0104 .0102 .0099 .0096 .0094 .0091 .0089 .0087 .0084 
2.4 .0082 .0080 .0078 .0075 .0073 .0071 .0069 .0068 .0066 .0064 

2.5 .0062 .0060 .0059 .0057 .0055 .0054 .0052 .0051 .0049 .0048 
2.6 .0047 .0045 .0044 .0043 .0041 .0040 .0039 .0038 .0037 .0036 
2.7 .0035 .0034 .0033 .0032 .0031 .0030 .0029 .0028 .0027 .0026 
2.8 .0026 .0025 .0024 .0023 .0023 .0022 .0021 .0021 .0020 .0019 
2.9 .0019 .0018 .0017 .0017 .0016 .0016 .0015 .0015 .0014 .0014 

3.0 .00135 
3.5 .000 233 
4.0 .000 031 7 
4.5 .000 003 40 
5.0 .000 000 287 

Table entries give the probability that a N(0, 1) variable takes on a value greater than or equal to z0 • 

For example, if Z - N(0, 1), the probability that Z > 1.96 = 0.0250. By symmetry, the table entries 
could also be interpreted as the probability that a N(0, 1) variable takes a value Jess than or equal to 
-zo. 

Source: Thomas H. Wonnacott and Ronald J. Wonnacott, Introductory Statfstics, 2d ed., p. 480. 
Copyright 0 1972 by John Wiley & Sons, Inc., New York. Reprinted by permission of John Wiley & 
Sons, Inc. 

752 Appendix B I Statistical Tables 



TABLE B.2 
The x2 Distribution 

Degrees of 
Probability that x2(m) is greater than entry freedom 

(m) 0.995 0.990 0.975 0.950 0.900 0.750 0.500 

1 4 X 10-s 2 X 10- 4 0.001 0.004 0.016 0.102 0.455 
2 0.010 0.020 0.051 0.103 0.211 0.575 1.39 
3 0.072 0.115 0.216 0.352 0.584 1.21 2.37 
4 0.207 0.297 0.484 0.711 1.06 1.92 3.36 

5 0.412 0.554 0.831 1.15 1.61 2.67 4.35 
6 0.676 0.872 1.24 1.64 2.20 3.45 5.35 
7 0.989 1.24 1.69 2.17 2.83 4.25 6.35 
8 1.34 1.65 2.18 2.73 3.49 5.07 7.34 
9 1.73 2.09 2.70 3.33 4.17. 5.90 8.34 

10 2.16 2.56 3.25 3.94 4.87 6.74 9.34 
11 2.60 3.05 3.82 4.57 5.58 7.58 10.3 
12 3.07 3.57 4.40 5.23 6.30 8.44 11.3 
13 3.57 4.11 5.01 5.89 7.04 9.30 12.3 
14 4.07 4.66 5.63 6.57 7.79 10.2 13.3 

15 4.60 5.23 6.26 7.26 8.55 11.0 14.3 
16 5.14 5.81 6.91 7.96 9.31 11.9 15.3 
17 5.70 6.41 7.56 8.67 10.1 12.8 16.3 
18 6.26 7.01 8.23 9.39 10.9 13.7 17.3 
19 6.84 7.63 8.91 10.1 11.7 14.6 18.3 

20 7.43 8.26 9.59 10.9 12.4 15.5 19.3 
21 8.03 8.90 10.3 11.6 13.2 16.3 20.3 
22 8.64 9.54 11.0 12.3 14.0 17.2 21.3 
23 9.26 10.2 11.7 13.1 14.8 18.1 22.3 
24 9.89 10.9 12.4 13.8 15.7 19.0 23.3 

25 10.5 11.5 13.1 14.6 16.5 19.9 24.3 
26 11.2 12.2 13.8 15.4 17.3 20.8 25.3 
27 11.8 12.9 14.6 16.2 18.1 21.7 26.3 
28 12.5 13.6 15.3 16.9 18.9 22.7 27.3 
29 13.1 14.3 16.0 17.7 19.8 23.6 28.3 

30 13.8 15.0 16.8 18.5 20.6 24.5 29.3 
40 20.7 22.2 24.4 26.5 29.1 33.7 39.3 
50 28.0 29.7 32.4 34.8 37.7 42.9 49.3 
60 35.5 37.5 40.5 43.2 46.5 52.3 59.3 

70 43.3 45.4 48.8 51.7 55.3 61.7 69.3 
80 51.2 53.5 57.2 60.4 64.3 71.1 79.3 
90 59.2 61.8 65.6 69.1 73.3 80.6 89.3 

100 67.3 70.1 74.2 77.9 82.4 90.1 99.3 

(continued on next page) 
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TABLE B.2 (continued) 

Degrees of 
Probability that x2(m) is greater than entry freedom 

(m) 0.250 0.100 0.050 0.025 0.010 0.005 0.001 

1 1.32 2.71 3.84 5.02 6.63 7.88 10.8 
2 2.77 4.61 5.99 7.38 9.21 10.6 13.8 
3 4.11 6.25 7.81 9.35 11.3 12.8 16.3 
4 5.39 7.78 9.49 11.1 13.3 14.9 18.5 

5 6.63 9.24 11.1 12.8 15.1 16.7 20.5 
6 7.84 10.6 12.6 14.4 16.8 18.5 22.5 
7 9.04 12.0 14.1 16.0 18.5 20.3 24.3 
8 10.2 13.4 15.5 17.5 20.1 22.0 26.1 
9 11.4 14.7 16.9 19.0 21.7 23.6 27.9-

10 12.5 16.0 18.3 20.5 23.2 25.2 29.6 
11 13.7 17.3 19.7 21.9 24.7 26.8 31.3 
12 14.8 18.5 21.0 23.3 26.2 28.3 32.9 
13 16.0 19.8 22.4 24.7 27.7 29.8 34.5 
14 17.1 21.1 23.7 26.1 29.1 31.3 36.1 

15 18.2 22.3 25.0 27.5 30.6 32.8 37.7 
16 19.4 23.5 26.3 28.8 32.0 34.3 39.3 
17 20.5 24.8 27.6 30.2 33.4 35.7 40.8 
18 21.6 26.0 28.9 31.5 34.8 37.2 42.3 
19 ,22.7 27.2 30.1 32.9 36.2 38.6 43.8 

20 23.8 28.4 31.4 34.2 37.6 40.0 45.3 
21 24.9 29.6 32.7 35.5 38.9 41.4 46.8 
22 26.0 30.8 33.9 36.8 40.3 42.8 48.3 
23 27.1 32.0 35.2 38.1 41.6 44.2 49.7 
24 28.2 33.2 36.4 39.4 43.0 45.6 51.2 

25 29.3 34.4 37.7 40.6 44.3 46.9 52.6 
26 30.4 35.6 38.9 41.9 45.6 48.3 54.1 
27 31.5 36.7 40.1 43.2 47.0 49.6 55.5 
28 32.6 37.9 41.3 44.5 48.3 51.0 56.9 
29 33.7 39.1 42.6 45.7 49.6 52.3 58.3 

30 ·34.8 40.3 43.8 47.0 50.9 53.7 59.7 
40 45.6 51.8 55.8 59.3 63.7 66.8 73.4 
50 56.3 63.2 67.5 71.4 76.2 79.5 86.7 
60 67.0 74.4 79.1 83.3 88.4 92.0 99.6 

70 77.6 85.5 90.5 95.0 100 104 112 
80 88.1 96.6 102 107 112 116 125 
90 98.6 108 113 118 124 128 137 

100 109 118 124 130 136 140 149 
The probability shown at the head of the column is the area in the right-hand tail. For example, there 
is a 10% probability that ax' variable with 2 degrees of freedom would be greater than 4.61. 

Source: Adapted from Henri Theil, Principles of Econometrics, pp. 718-19. Copyright Cl 1971 by John 
Wiley & Sons, Inc., New York. Also Thomas H. Wonnacott and Ronald J. Wonnacott, Introductory 
Statistics, 2d ed., p. 482. Copyright Cl 1972 by John Wiley & Sons, Inc., New York. Reprinted by 
permission of John Wiley & Sons, Inc. 
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TABLE B.3 
The t Distribution 

Degrees of 
Probability that t(m) is greater than entry freedom 

(m) 0.25 0.10 0.05 0.025 0.010 0.005 0.001 

1 1.000 3.078 6.314 12.706 31.821 63.657 318.31 
2 .816 1.886 2.920 4.303 6.965 9.925 22.326 
3 .765 1.638 2.353 3.182 4.541 5.841 10.213 
4 .741 1.533 2.132 2.776 3.747 4.604 7.173 

5 .727 1.476 2.015 2.571 3.365 4.032 5.893 
6 .718 1.440 1.943 2.447 3.143 3.707 5.208 
7 .711 1.415 1.895 2.365 2.998 3.499 4.785 
8 .706 1.397 1.860 2.306 2.896 3.355 4.501 
9 .703 1.383 1.833 2.262 2.821 3.250 4.297 

10 .700 1.372 1.812 2.228 2.764 3.169 4.144 
11 .697 1.363 1.796 2.201 2.718 3.106 4.025 
12 .695 1.356 1.782 2.179 2.681 3.055 3.930 
13 .694 1.350 1.771 2.160 2.650 3.012 3.852 
14 .692 1.345 1.761 2.145 2.624 2.977 3.787 

15 .691 1.341 1.753 2.131 2.602 2.947 3.733 
16 .690 1.337 1.746 2.120 2.583 2.921 3.686 
17 .689 1.333 1.740 2.110 2.567 2.898 3.646 
18 .688 1.330 1.734 2.101 2.552 2.878 3.610 
19 .688 1.328 1.729 2.093 2.539 2.861 3.579 

20 .687 1.325 1.725 2.086 2.528 2.845 3.552 
21 .686 1.323 1.721 2.080 2.518 2.831 3.527 
22 .686 1.321 1.717 2.074 2.508 2.819 3.505 
23 .685 1.319 1.714 2.069 2.500 2.807 3.485 
24 .685 1.318 1.711 2.064 2.492 2.797 3.467 

25 .684 1.316 1.708 2.060 2.485 2.787 3.450 
26 .684 1.315 1.706 2.056 2.479 2.779 3.435 
27 .684 1.314 1.703 2.052 2.473 2.771 3.421 
28 .683 1.313 1.701 2.048 2.467 2.763 3.408 
29 .683 1.311 1.699 2.045 2.462 2.756 3.396 

30 .683 1.310 1.697 2.042 2.457 2.750 3.385 
40 .681 1.303 1.684 2.021 2.423 2.704 3.307 
60 .679 1.296 1.671 2.000 2.390 2.660 3.232 

120 .677 1.289 1.658 1.980 2.358 2.617 3.160 
00 .674 1.282 1.645 1.960 2.326 2.576 3.090 

The probability shown at the head of the column is the area in the right-hand tail. For example, there 
is a 10% probability that a t variable with 20 degrees of freedom would be greater than 1.325. By 
symmetry, there is also a 10% probability that a t variable with 20 degrees of freedom would be less 
than -1.325. 

Source: Thomas H. Wonnacott and Ronald J. Wonnacott, Introductory Statistics, 2d ed., p. 481. 
Copyright !Cl 1972 by John Wiley & Sons, Inc., New York. Reprinted by permission of John Wiley & 
Sons, Inc. 
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TABLE B.4 
The F Distribution 

Denominator 
degrees of 

Numerator degrees of freedom (m,) 
freedom 

(m2) 1 2 3 4 5 6 7 8 9 10 

1 161 200 216 225 230 234 237 239 241 242 
4052 4999 5403 5625 5764 5359 5928 5981 6022 6056 

2 18.51 19.00 19.16 19.25 19.30 19.33 19.36 19.37 19.38 19.39 
98.49 99.00 99.17 99.25 99.30 99.33 99.34 99.36 99.38 99.40 

3 10.13 9.55 9.28 9.12 9.01 8.94 8.88 8.84 8.81 8.78 
34.12 30.82 29.46 28.71 28.24 27.91 27.67 27.49 27.34 27.23 

4 7.71 6.94 6.59 6.39 6.26 6.16 6.09 6.04 6.00 5.96 
21.20 18.00 16.69 15.98 15.52 15.21 14.98 14,80 14.66 14.54 

5 6.61 5.79 5.41 5.19 5.05 4.95 4.88 4.82 4.78 4.74 
16.26 13.27 12.06 11.39 10.97 10.67 10.45 10.27 10.15 10.05 

6 5.99 5.14 4.76 4.53 4.39 4.28 4.21 4.15 4.10 4.06 
13.74 10,92 9.78 9.15 8.75 8.47 8.26 8.10 7.98 7.87 

7 5.59 4.74 4.35 4.12 3.97 3.87 3.79 3.73 3.68 3.63 
12.25 9.55 8.45 7.85 7.46 7.19 7.00 6.84 6.71 6.62 

8 5.32 4.46 4.07 3.84 3.69 3.58 3.50 3.44 3.39 3.34 
11.26 8.65 7.59 7,01 6.63 6.37 6.19 6.03 5.91 5.82 

9 5.12 4.26 3.86 3.63 3.48 3.37 3.29 3.23 3.18 3.13 
10.56 8.02 6.99 6.42 6.06 5.80 5.62 5.47 5.35 5.26 

10 4.96 4.10 3.71 3.48 3.33 3.22 3.14 3.07 3.02 2.97 
10.04 7.56 6.55 5.99 5.64 S.39 5.21 S.06 4.95 4.85 

11 4.84 3.98 3.59 3.36 3.20 3.09 3.01 2.95 2.90 2.86 
9,6S 7.20 6.22 5.67 5.32 5.07 4.88 4.74 4.63 4.54 

12 4.75 3.88 3.49 3.26 3.11 3.00 2.92 2.85 2.80 2.76 
9.33 6.93 5.95 5.41 5.06 4.82 4.65 4.S0 4.39 4.30 

13 4.67 3.80 3.41 3.18 3.02 2.92 2.84 2.77 2.72 2.67 
9.07 6.70 5.74 5.20 4.86 4.62 4.44 4.30 4.19 4.10 

14 4.60 3.74 3.34 3.11 2.96 2.85 2.77 2.70 2.65 2.60 
8.86 6.51 5.56 5,03 4.69 4.46 4.28 4.14 4.03 3.94 

15 4.54 3.68 3.29 3.06 2.90 2.79 2.70 2.64 2.59 2.55 
8.68 6.36 5.42 4.89 4.56 4.32 4.14 4.00 3,89 3.80 

16 4.49 3.63 3.24 3.01 2.85 2.74 2.66 2.59 2.54 2.49 
8.53 6.23 5.29 4.77 4.44 4.20 4.03 3.89 3.78 3.69 

17 4.45 3.59 3.20 2.96 2.81 2.70 2.62 2.55 2.50 2.45 
8.40 6.11 5.18 4.67 4.34 4.10 3.93 3.79 3,68 3.59 

18 4.41 3.55 3.16 2.93 2.77 2.66 2.58 2.51 2.46 2.41 
8.28 6.01 5.09 4.58 4.25 4.01 3.85 3.71 3.60 3.51 

19 4.38 3.52 3.13 2.90 2.74 2.63 2.55 2.48 2.43 2.38 
8.18 5.93 5.01 4.50 4.17 3.94 3.77 3.63 3.52 3.43 

( continued on page 758) 
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11 12 14 16 20 24 30 4() 50 75 100 200 500 00 

243 244 245 246 248 249 250 251 252 253 253 254 254 254 
6082 6106 6142 6169 6203 6234 6258 6286 6302 6323 6334 6352 6361 6366 
19.40 19.41 19.42 19.43 19.44 19.45 19.46 19.47 19.47 19.48 19.49 19.49 19.50 19.50 
99.41 99.42 99.43 99.44 99.45 99.46 99.47 99.48 99.48 99.49 99.49 99.49 99.50 99.50 

8.76 8.74 8.71 8.69 8.66 8.64 8.62 8.60 8.58 8.57 8.56 8.54 8.54 8.53 
27.13 27.05 26.92 26.83 26.69 26.60 26.50 26.41 26.35 26.27 26.23 26.18 26.14 26.12 

5.93 5.91 5.87 5.84 5.80 5.77 5.74 5.71 5.70 5.68 5.66 5.65 5.64 5.63 
14.45 14.37 14.24 14.15 14.02 13.93 13.83 13.74 13.69 13.61 13.57 13.52 13.48 13.46 

4.70 4.68 4.64 4.60 4.56 4.53 4.50 4.46 4.44 4.42 4.40 4.38 4.37 4.36 
9.96 9.89 9.77 9.68 9.55 9.47 9.38 9.29 9.24 9.17 9.13 9.07 9.04 9.02 

4.03 4.00 3.% 3.92 3.87 3.84 3.81 3.77 3.75 3.72 3.71 3.69 3.68 3.67 
7.79 7.72 7.60 7,S2 7.39 7.31 7.23 7.14 7.09 7.02 6.99 6.94 6.90 6.88 

3.60 3.57 3.52 3.49 3.44 3.41 3.38 3.34 3.32 3.29 3.28 3.25 3.24 3.23 
6.54 6.47 6.3S 6.27 6.1S 6.07 5.98 S.90 5.85 5.78 S.75 5.70 5.67 5.65 

3.31 3.28 3.23 3.20 3.15 3.12 3.08 3.05 3.03 3.00 2.98 2.96 2.94 2.93 
S.74 5.67 5.56 5.48 5.36 S.28 5.20 5.11 5.06 s.oo 4.96 4.91 4.88 4.86 

3.10 3.07 3.02 2.98 2.93 2.90 2.86 2.82 2.80 2.77 2.76 2.73 2.72 2.71 
5.18 s.u 5.00 4.92 4.80 4.73 4.64 4.56 4.51 4.45 4.41 4.36 4.33 4.31 

2.94 2.91 2.86 2.82 2.77 2.74 2.70 2.67 2.64 2.61 2.59 2.56 2.55 2.54 
4.78 4.71 4.60 4.S2 4.41 4.33 4.25 4.17 4.12 4.0S 4.01 3.96 3.93 3.91 

2.82 2.79 2.74 2.70 2.65 2.61 2.57 2.53 2.50 2.47 2.45 2.42 2.41 2.40 
4.46 4.40 4.29 4.21 4.10 4.02 3.94 3.86 3.80 3.74 3.70 3.66 3.62 3.60 

2.72 2.69 2.64 2.60 2.54 2.50 2.46 2.42 2.40 2.36 2.35 2.32 2.31 2.30 
4.22 4.16 4.0S 3.93 3.86 3.78 3.70 3.61 3.56 3.49 3.46 3.41 3.38 3.36 

2.63 2.60 2.55 2.51 2.46 2.42 2.38 2.34 2.32 2.28 2.26 2.24 2.22 2.21 
4.02 3.96 3.8S 3.78 3.67 3.59 3.51 3.42 3.37 3.30 3.27 3.21 3.18 3.16 

2.56 2.53 2.48 2.44 2.39 2.35 2.31 2.27 2.24 2.21 2.19 2.16 2.14 2.13 
3.86 3.80 3.70 3.62 3.51 3.43 3.34 3.26 3.21 3.14 3.11 3.06 3.02 3.00 

2.51 2.48 2.43 2.39 2.33 2.29 2.25 2.21 2.18 2.15 2.12 2.10 2.08 2.07 
3.73 3.67 3.56 3.48 3.36 3.29 3.20 3.12 3,07 3.00 2.97 2.92 2.89 2.87 

2.45 2.42 2.37 2.33 2.28 2.24 2.20 2.16 2.13 2.09 2.07 2.04 2.02 2.01 
3.61 3.5S 3.4S 3.37 3.25 3.18 3.10 3.01 2.96 2.89 2.86 2.80 2.77 2,75 

2.41 2.38 2.33 2.29 2.23 2.19 2.15 2.11 2.08 2.04 2.02 1.99 1.97 1.96 
3.52 3.45 3.3S 3.27 3.16 3.08 3.00 2.92 2.86 2.79 2.76 2.70 2.67 2.65 

2.37 2.34 2.29 2.25 2.19 2.15 2.11 2.07 2.04 2.00 1.98 1.95 1.93 1.92 
3.44 3.37 3.27 3.19 3.07 3.00 2.91 2.83 2.78 2.71 2.68 2.62 2.59 7.s1 
2.34 2.31 2.26 2.21 2.15 2.11 2.07 2.02 2.00 1.96 1.94 1.91 1.90 1.88 
3.36 3.30 3.19 3.12 3.00 2.92 2.84 2.76 2.70 2.63 2.60 2.S4 2.Sl 2.49 
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TABLE B.4 (continued) l 
Denominator 

degrees of 
Numerator degrees of freedom (m1) 

freedom 
(m,) 1 2 3 4 5 6 7 8 9 10 

20 4.35 3.49 3.10 2.87 2.71 2.60 2.52 2.45 2.40 2.35 
8.10 5.85 4.94 4.43 4.10 3.87 3.71 3.56 3.45 3.37 

21 4.32 3.47 3.07 2.84 2.68 2.57 2.49 2.42 2.37 2.32 
8.02 5.78 4.87 4.37 4.04 3.81 3.65 3.51 3.40 3.31 

22 4.30 3.44 3.05 2.82 2.66 2.55 2.47 2.40 2.35 2.30 
7.94 5.72 4.82 4.31 3.99 3.76 3.59 3.45 3.35 3.26 

23 4.28 3.42 3.03 2.80 2.64 2.53 2.45 2.38 2.32 2.28 
7.88 5.66 4.76 4.26 3.94 3.71 3.54 3.41 3.30 3.21 

24 4.26 3.40 3.01 2.78 2.62 2.51 2.43 2.36 2.30 2.26 
7.82 5.61 4.72 4.22 3.90 3.67 3.50 3.36 3.25 3.17 

25 4.24 3.38 2.99 2.76 2.60 2.49 2.41 2.34 2.28 2.24 
7.77 5.57 4.68 4.18 3.86 3.63 3.46 3.32 3.21 3.13 

26 4.22 3.37 2.98 2.74 2.59 2.47 2.39 2.32 2.27 2.22 
7.72 5.53 4.64 4.14 3.82 3.59 3.42 3.29 3,17 3.09 

27 4.21 3.35 2.% 2.73 2.57 2.46 2.37 2.30 2.25 2.20 
7,68 S.49 4.60 4.11 3,79 3.56 3.39 3.26 3.14 3.06 

28 4.20 3.34 2.95 2.71 2.56 2.44 2.36 2.29 2.24 2.19 
7.64 5.4S 4.57 4.07 3.76 3.53 3.36 3.23 3.11 3.03 

29 4.18 3.33 2.93 2.70 2.54 2.43 2.35 2.28 2.22 2.18 
7.60 5.42 4.54 4.04 3.73 3.50 3.33 3.20 3.08 3.00 

30 4.17 3.32 2.92 2.69 2.53 2.42 2.34 2.27 2.21 2.16 
7.56 5.39 4.51 4.02 3.70 3.47 3.30 3.17 3.06 2.98 

32 4.15 3.30 2.90 2.67 2.51 2.40 2.32 2.25 2.19 2.14 
7.50 S.34 4.46 3.97 3.66 3.42 3.25 3.12 3.01 2.94 

34 4.13 3.28 2.88 2.65 2.49 2.38 2.30 2.23 2.17 2.12 
7.44 5.29 4.42 3.93 3.61 3.38 3.21 3.08 2.97 2.89 

36 4.11 3.26 2.86 2.63 2.48 2.36 2.28 2.21 2. 15 2.10 
7.39 5.25 4.38 3.89 3.58 3.35 3.18 3.04 2.94 2.86 

38 4.10 3.25 2.85 2.62 2.46 2.35 2.26 2.19 2.14 2.09 
7.35 5.21 4.34 3,86 3.54 3.32 3.15 3.02 2.91 2.82 

40 4.08 3.23 2.84 2.61 2.45 2.34 2.25 2.18 2.12 2.07 
7.31 5.18 4.31 3.83 3.51 3.29 3.12 2.99 2.88 2.80 

42 4.07 3.22 2.83 2.59 2.44 2.32 2.24 2.17 2.11 2.06 
7.27 5.15 4.29 3.80 3.49 3.26 3.10 2.96 2.86 2.77 

44 4.06 3.21 2.82 2.58 2.43 2.31 2.23 2.16 2.10 2.05 
7.24 5.12 4.26 3.78 3.46 3,24 3.07 2.94 2.84 2.75 

46 4.05 3.20 2.81 2.57 2.42 2.30 2.22 2.14 2.09 2.04 
7.21 5.10 4.24 3.76 3.44 3.22 3.05 2.92 2.82 2.73 

48 4.04 3.19 2.80 2.56 2.41 2.30 2.21 2.14 2.08 2.03 
7.19 5.08 4.22 3.74 3.42 3.20 3.04 2.90 2.80 2.71 

so 4.03 3.18 2.79 2.56 2.40 2.29 2.20 2.13 2.07 2.02 
7.17 5.06 4.20 3.72 3.41 3.18 3.02 2.88 2.78 2.70 

ss 4.02 3.17 2.78 2.54 2.38 2.27 2.18 2.11 2.05 2.00 
7.12 5.01 4.16 3.68 3.37 3.15 2.98 2.85 2.75 2.66 

( continued on page 760) 
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11 12 14 16 20 24 30 4() 50 75 100 200 500 00 

2.31 2.28 2.23 2.18 2.12 2.08 2.04 1.99 1.96 1.92 1.90 1.87 1.85 1.84 
3.30 3.23 3.13 3.05 2.94 2.86 2.77 2.69 2.63 2.56 2.53 2.47 2.44 2.42 

2.28 2.25 2.20 2.15 2.09 2.05 2.00 1.96 1.93 1.89 1.87 1.84 1.82 1.81 
3.24 3.17 3.07 2.99 2.88 2.80 2.72 2.63 2.58 2.51 2.47 2.42 2.38 2.36 
2.26 2.23 2.18 2.13 2.07 2.03 1.98 1.93 1.91 1.87 1.84 1.81 1.80 1.78 
3.18 3.12 3.02 2.94 2.83 2.75 2.67 2.58 2.53 2.46 2.42 2.37 2.33 2.31 

2.24 2.20 2.14 2.10 2.04 2.00 1.96 1.91 1.88 1.84 1.82 1.79 1.77 1.76 
3.14 3.07 2.97 2.89 2.78 2.70 2.62 2.53 2.48 2.41 2.37 2.32 2.28 2.26 

2.22 2.18 2.13 2.09 2.02 1.98 1.94 1.89 1.86 1.82 1.80 1.76 1.74 1.73 
3.09 3.03 2.93 2.85 2.74 2.66 2.58 2.49 2.44 2.36 2.33 2.27 2.23 2.21 

2.20 2.16 2.11 2.06 2.00 1.96 1.92 1.87 1.84 1.80 1.77 1.74 1.72 1. 71 
3.0S 2.99 2.89 2.81 2.70 2.62 2.54 2.45 2.40 2.32 2.29 2.23 2.19 2.17 

2.18 2.15 2.10 2.05 1.99 1.95 1.90 1.85 1.82 1.78 1.76 1.72 1.70 1.69 
3.02 2.96 2.86 2.77 2.66 2.58 2.50 2.41 2.36 2.28 2.25 2.19 2.15 2.13 

2.16 2.13 2.08 2.03 1.97 1.93 1.88 1.84 1.80 1.76 1.74 1.71 1.68 1.67 
2.98 2.93 2.83 2.74 2.63 2.55 2.47 2.38 2.33 2.25 2.21 2.16 2.12 2.10 

2.15 2.12 2.06 2.02 1.96 1.91 1.8-7 1.81 1.78 1.75 1.72 1.69 1.67 1.65 
2.95 2.90 2.80 2.71 2.60 2.52 2.44 2.3S 2.30 2.22 2.18 2.13 2.09 2.06 

2.14 2.10 2.05 2.00 1.94 1.90 1.85 1.80 1.77 1.73 1.71 1.68 1.65 1.64 
2.92 2.87 2.77 2.68 2.57 2.49 2.41 2.32 2.27 2.19 2.1S 2.10 2.06 2.03 

2.12 2.09 2.04 1.99 1.93 1.89 1.84 1.79 1.76 1.72 1.69 1.66 1.64 l.62 
2.90 2.84 2.74 2.66 2.55 2.47 2.38 2.29 2.24 2.16 2.13 2.07 2.03 2.01 

2.10 2.07 2.02 1.97 1.91 1.86 1.82 1.76 1.74 1.69 , 1.67 1.64 1.61 1.59 
2.86 2.80 2.70 2.62 2.Sl 2.42 2.34 2.25 2.20 2.12 2.08 2.02 l.98 1.96 

2.08 2.05 2.00 1.95 1.89 1.84 1.80 1.74 1.71 1.67 1.64 1.61 1.59 1.57 
2.82 2.76 2.66 2.58 2.4V 2.38 2.30 2.21 2.15 2.08 2.04 1.98 1.94 1.91 

2.06 2.03 1.98 1.93 1.87 1.82 1.78 1.72 1.69 1.65 1.62 1.59 1.56 1.55 
2,78 2.72 2.62 2.54 2.43 2.35 2.26 2.17 2.12 2.04 2.00 1,94 1.90 1.87 

2.05 2.02 1.96 1.92 1.85 1.80 1.76 1.71 1.67 1.63 1.60 1.57 1.54 1.53 
2.75 2.69 2.59 2.51 2.40 2.32 2.22 2.14 2.00 2.00 1.97 l.90 l.86 1.84 

2.04 2.00 1.95 1.90 1.84 1.79 1.74 1.69 1.66 1.61 1.59 1.55 1.53 1.51 
2.73 2.66 2.56 2.49 2,37 2.29 2.20 2.11 2.0S 1.97 1.94 1.88 1.84 1.81 

2.02 1.99 1.94 1.89 1.82 1.78 1.73 1.68 1.64 1.60 1.57 1.54 1.51 1.49 
2.70 2.64 2.54 2.46 2.35 2.26 2.17 2.08 2.02 1.94 1.91 1.85 I.80 1.78 

2.01 1.98 1.92 1.88 1.81 1.76 1.72 1.66 1.63 1.58 1.56 1.52 1.50 1.48 
2.68 2.62 2.52 2.44 2.32 2.24 2.15 2.06 2.00 1.92 1.88 1.82 1,78 1.75 

2.00 1.97 1.91 1.87 1.80 1.75 1.71 1.65 1.62 1.57 1.54 1.51 1.48 1.46 
2.66 2.60 2.50 2.42 2.30 2.22 2.13 2.04 1,98 1.90 1.86 1.80 1.76 1.72 

1.99 1.96 1.90 1.86 1.79 1.74 1.70 1.64 1.61 1.56 1.53 1.50 1.47 1.45 
2.64 2.58 2.48 2.40 2.28 2.20 2.11 2.02 1.96 1.88 1,84 1.78 1,73 1.70 

1.98 1.95 1.90 1.85 1.78 1.74 1.69 1.63 1.60 1.55 1.52 1.48 1.46 1.44 
2.62 2.56 2.46 2.39 2.26 2.18 2.10 2.00 1,94 1.86 1.82 1.76 1.71 1.68 

1.97 1.93 1.88 1.83 1.76 1.72 1.67 1.61 1.58 1.52 1.50 1.46 1.43 1.41 
2.59 2.53 2.43 2.35 2.23 2.15 2.06 1.96 1.90 1.82 1.78 1.71 1.66 1.64 
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TABLE B.4 (continued) c-----
I 

Denominator 
degrees of Numerator degrees of freedom (m,) freedom 

(mz) l 2 3 4 j 6 7 8 9 10 

60 4.00 3.15 2.76 2.52 2.37 2.25 2.17 2.10 2.04 1.99 
7.08 4.!18 4.13 3.65 3.34 3.12 2.95 2.82 2.72 2.63 

65 3.99 3.14 2.75 2.51 2.36 2.24 2.15 2.08 2.02 1.98 
7.04 4.95 4.10 3.62 3.31 3.0, 2.93 2.7' 2.70 2.61 

70 3.98 3.13 2.74 2.50 2.35 2.23 2.14 2.07 2.01 1.97 
7.01 4.!12 4.08 3,60 3.2!1 3.07 2.!11 2.77 2.67 2.59 

80 3.96 3.11 2.72 2.48 2.33 2.21 2.12 2.05 1.99 1.9S 
6.96 4.88 4.04 3.SCi 3.25 3.04 2.87 2.74 2.64 2.55 

100 3.94 3.09 2.70 2.46 2.30 2.19 2.10 2.03 1.97 1.92 
6.90 4.82 3.!18 3.51 3.20 2.99 2.82 2.6!1 2.59 2.51 

125 3.92 3.07 2.68 2.44 2.29 2.17 2.08 2.01 1.95 1.90 
6.84 4.78 3.94 3.47 3.17 2.95 2.7' 2.65 2.56 2.47 

150 3.91 3.06 2.67 2.43 2.27 2.16 2.07 2.00 1.94 1.89 
Ul 4.75 3.91 3.44 3.14 2.92 2.76 2.62 2.53 2.44 

200 3.89 3.04 2.65 2.41 2.26 2.14 2.05 1.98 1.92 1.87 
6.76 4.71 3.88 3.41 3.11 2.90 2.73 2.60 2.50 2.41 

400 3.86 3.02 2.62 2.39 2.23 2.12 2.03 1.96 1.90 1.85 
6.70 4.66 3.83 3,36 3.06 2.85 2.6!1 2.55 2.46 2,'Y! 

1000 3.8S 3.00 2.61 2.38 2.22 2.10 2.02 1.9S 1.89 1.84 
6.66 4.62 3.80 3,34 3.04 2.82 2.66 2.53 2.43 2,34 

.. 3.84 2.99 2.60 2,37 2.21 2.09 2.01 1.94 1.88 1.83 
6,64 4.60 3.78 3.32 3.02 2,80 2.64 2.51 2.41 2.32 

The table describes the distribution of an F variable with m, numerator and m, denominator degrees 
of freedom. Entries in the standard typeface give the 59' critic:al value, and boldface entries give the 
19' critic:al value for the distribution. For example, there is a 59' probability that an F variable with 2 
numerator and SO denominator degrees of freedom would exceed 3.18; there is only a 19' probability 
that it would exceed 5.06. 

Source: George W. Snedecor and William G. Cochran, Statistical Methods, 8th ed. Copyright 1989 by 
Iowa State University Press. Reprinted by permission of Iowa State University Press. 
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11 12 14 16 20 24 30 40 50 75 100 200 500 OD 

1.95 1.92 1.86 1.81 1.75 1.70 1.65 1.59 1.56 1.50 1.48 1.44 1.41 1.39 
2.56 2.50 2.40 2.32 2.20 2.12 2.03 1.93 1.87 1.79 1.74 1.68 1.63 1.60 
1.94 1.90 1.85 1.80 1.73 1.68 1.63 1.57 1.54 1.49 1.46 1.42 1.39 1.37 
2.54 2.47 2.37 2.30 2.18 2.09 2.00 1.90 1.84 1.76 1.71 1.64 1.60 1.56 
1.93 1.89 1.84 1.79 1.72 1.67 1.62 1.56 1.53 1.47 1.45 1.40 1.37 1.35 
2.51 2.45 2.35 2.28 2.1s 2.07 1.98 1.88 1.82 1.74 1.69 1.62 1.56 1.53 
1.91 1.88 1.82 1.77 1.70 1.65 1.60 1.54 1.51 1.45 1.42 1.38 1.35 1.32 
2.48 2.41 2.32 2.24 2.11 2.03 1.94 1.84 1.78 1.70 1.6S 1.S7 1.S2 1.49 
1.88 1.85 1.79 1.75 1.68 1.63 1.57 1.51 1.48 1.42 1.39 1.34 1.30 1.28 
2.43 2.36 2.26 2.19 2.06 1.98 1.89 1.79 1.73 1.64 1.59 1.51 1.46 1.43 

1.86 1.83 1.77 1.72 1.65 1.60 1.55 1.49 1.45 1.39 1.36 1.31 1.27 1.25 
2.40 2.33 2.23 2.1S 2.03 1.94 1.85 1.75 1.68 1.59 1.54 1.46 1.40 1.37 
1.85 1.82 1.76 1.71 1.64 1.59 1.54 1.47 1.44 1.37 1.34 1.29 1.25 1.22 
2.37 2.30 2.20 2.12 2.00 1.91 1.83 1.72 1.66 1.S6 1.s1 1.43 1.37 1.33 

1.83 1.80 1.74 1.69 1.62 1.57 1.52 1.45 1.42 1.35 1.32 1.26 1.22 1.19 
2.34 2.28 2.17 2.09 1.97 1.88 1.79 1.69 1.62 1.53 1.48 1.39 1.33 1.28 
1.81 1.78 1.72 1.67 1.60 1.54 1.49 1.42 1.38 1.32 1.28 1.22 1.16 1.13 
2.29 2.23 2.12 2.04 1.92 1.84 1.74 1.64 1.S7 1.47 1.42 1.32 1.24 1.19 

1.80 1.76 1.70 1.65 1.58 1.53 1.47 1.41 1.36 1.30 1.26 1.19 1.13 1.08 
2.26 2.20 2.09 2.01 1.89 1.81 1.71 1.61 1.54 1.44 1.38 1.28 1.19 1.11 

1.79 1.75 1.69 1.64 1.57 1.52 1.46 1.40 1.35 1.28 1.24 1.17 1.11 1.00 
2.24 2.18 2.07 1.99 1.87 1.79 1.69 1.59 1.52 1.41 1.36 1.25 1.15 1.00 
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TABLE B.5 
Critical Values for the Philijps~Perron ZP Test and for the Dickey-Fuller Test 
Based on Estimated OLS Autoregressive Coefficient 

Sample Probability that T(f, - 1) is less than entry 
size 

T 0.01 0.025 0.05 0.10 0.90 0.95 0.975 0.99 

Case 1 

25 -11.9 -9.3 -7.3 -5.3 1.01 1.40 1.79 2.28 
50 -12.9 -9.9 -7.7 -5.5 0.97 1.35 1.70 2.16 

100 -13.3 -10.2 -7.9 -5.6 0.95 1.31 1.65 2.09 
250 -13.6 -10.3 -8.0 -5.7 0.93 1.28 1.62 2.04 
500 -13.7 -10.4 -8.0 -5.7 0.93 1.28 1.61 2.04 

00 -13.8 -10.5 -8.1 -5.7 0.93 1.28 1.60 2.03 

Case2 
25 -17.2 -14.6 -12.5 -10.2 -0.76 0.01 0.65 1.40 
50 -18.9 -15.7 -13.3 -10.7 -0.81 -0.07 0.53 1.22 

100 -19.8 -16.3 -13.7 -11.0 -0.83 -0.10 0.47 1.14 
250 -20.3 -16.6 -14.0 -11.2 -0.84 -0.12 0.43 1.09 
500 -20.5 -16.8 -14.0 -11.2 -0.84 -0.13 0.42 1.06 

co -20.7 -16.9 -14.1 -11.3 -0.85 -0.13 0.41 1.04 

Case 4 

25 -22.5 -19.9 -17.9 -15.6 -3.66 -2.51 -1.53 -0.43 
50 -25.7 -22.4 -19.8 -16.8 -3.71 -2.60 -1.66 -0.65 

100 -27.4 -23.6 -20.7 -17.5 -3.74 -2.62 -1.73 -0.75 
250 -28.4 -24.4 -21.3 -18.0 -3.75 -2.64 -1.78 -0.82 
500 -28.9 -24.8 -21.5 -18.1 -3.76 -2.65 -1.78 -0.84 

00 -29.5 -25.1 -21.8 -18.3 -3.77 -2.66 -1.79 -0.87 
The probability shown at the head of the column is the area in the left-hand tail. 

Source: Wayne A. Fuller, Introduction to Statistical Time Series, Wiley, New York, 1976, p. 371. 
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TABLE B.6 
Critical Values for the Phillips-Perron z, Test and for the Dickey-Fuller Test 
Based on Estimated OLS t Statistic 

Sample Probability that ( p - l)ld', is less than entry 
size 

T 0.01 0.025 0.05 0.10 0.90 0.95 0.975 0.99 

Case 1 

25 -2.66 -2.26 -1.95 -1.60 0.92 1.33 1.70 2.16 
50 -2.62 -2.25 -1.95 -1.61 0.91 1.31 1.66 2.08 

100 -2.60 -2.24 -1.95 -1.61 0.90 1.29 1.64 2.03 
250 -2.58 -2.23 -1.95 -1.62 0.89 1.29 1.63 2.01 
500 -2.58 -2.23 -1.95 -1.62 0.89 1.28 1.62 2.00 

00 -2.58 -2.23 -1.95 -1.62 0.89 1.28 1.62 2.00 

Case 2 

25 -3.75 -3.33 -3.00 -2.63 -0.37 0.00 0.34 0.72 
50 -3.58 -3.22 -2.93 -2.60 -0.40 -0.03 0.29 0.66 

100 -3.51 -3.17 -2.89 -2.58 -0.42 -0.05 0.26 0.63 
250 -3.46 -3.14 -2.88 -2.57 -0.42 -0.06 0.24 0.62 
500 -3.44 -3.13 -2.87 -2.57 -0.43 -0,07 0.24 0.61 

00 -3.43 -3.12 -2.86 -2.57 -0.44 -0,07 0.23 0.60 

Case 4 

25 -4.38 -3.95 -3.60 -3.24 -1.14 -0.80 -0.50 -0.15 
50 -4.15 -3.80 -3.50 -3.18 -1.19 -0.87 -0.58 -0.24 

100 -4.04 -3.73 -3.45 -3.15 -1.22 -0.90 -0.62 -0.28 
250 -3.99 -3.69 -3.43 -3.13 -1.23 -0.92 -0.64 -0.31 
500 -3.98 -3.68 -3.42 -3.13 -1.24 -0.93 -0.65 -0.32 

00 -3.96 -3.66 -3.41 -3.12 -1.25 -0.94 -0.66 -0.33 
The probability shown at the head of the column is the area in the left-hand tail. 

Source: Wayne A. Fuller, Introduction to Statistical Time Series, Wiley, New York, 1976, p. 373. 
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TABLE B.7 
Critical Values for the Dickey-Fuller Test Based on the OLS F Statistic 

Sample 
size 

T 

25 
50 

100 
250 
500 

cc 

25 
50 

100 
250 
500 
cc 

Proba ility that F test is greater than entry 

0.99 0.975 0.95 0.90 0.10 0.05 0.025 

Case 2 
(F test of a = 0, p = 1 in regression y, = a + py,_ 1 + u,) 
0.29 0.38 0.49 0.65 4.12 5.18 6.30 
0.29 0.39 0.50 0.66 3.94 4.86 5.80 
0.29 0.39 0.50 0.67 3.86 4.71 5.57 
0.30 0.39 0.51 0.67 3.81 4.63 5.45 
0.30 0.39 0.51 0.67 3.79 4.61 5.41 
0.30 0.40 0.51 0.67 3.78 4.59 5.38 

Case 4 

(F test of 8 = 0, p = 1 in regression y, = a + 8t + py,_ 1 + u,) 
0.74 0.90 1.08 1.33 5.91 7.24 8.65 
0.76 0.93 1.11 1.37 5.61 6.73 7.81 
0.76 0.94 l.12 1.38 5.47 6.49 7.44 
0.76 0.94 1.13 1.39 5.39 6.34 7.25 
0.76 0.94 1.13 1.39 5.36 6.30 7.20 
0.77 0.94 1.13 1.39 5.34 6.25 7.16 

The probability shown at the head of the column is the area in the right-band tail. 

0.01 

7.88 
7.06 
6.70 
6.52 
6.47 
6.43 

10.61 
9.31 
8.73 
8.43 
8.34 
8.27 

Source: David A. Dickey and Wayne A. Fuller, "Likelihood Ratio Statistics for Autoregressive TIDle 
Series with a Unit Root," Econometrica 49 (1981), p. 1063. 
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TABLE B.8 
Critical Values for the Phillips ZP Statistic When Applied to Residuals 
from Spurious Cointegrating Regression 

Number of 
right-hand 
variables in 
regression, 
excluding 
trend or Sample Probability that (T - l)(j, - 1) is less than entry constant size 
(n - 1) en 0.010 0.025 0.050 0.075 0.100 0.125 0.150 

Case 1 

1 500 -22.8 -18.9 -15.6 -13.8 -12.5 -11.6 -10.7 
2 500 -29.3 -25.2 -21.5 -19.6 -18.2 -17.0 -16.0 
3 500 -36.2 -31.5 -27.9 -25.5 -23.9 -22.6 -21.5 
4 500 -42.9 -37.5 -33.5 -30.9 -28.9 -27.4 ..:.26.2 
5 500 -48.5 -42.5 -38.1 -35.5 -33.8 -32.3 -30.9 

Case2 
1 500 -28.3 -23.8 -20.5 -18.5 -17.0 -15.9 -14.9 
2 500 -34.2 -29.7 -26.1 -23.9 -22.2 -21.0 -19.9 
3 500 -41.1 -35.7 -32.1 -29.5 -27.6 -26.2 -25.1 
4 500 -47.5 -41.6 -37.2 -34.7 -32.7 -31.2 -29.9 
5 500 -52.2 -46.5 -41.9 -39.1 -37.0 -35.5 -34.2 

Case3 
1 500 -28.9 -24.8 -21.5 -18.1 
2 500 -35.4 -30.8 -27.1 -24.8 -23.2 -21.8 -20.8 
3 500 -40.3 -36.1 -32.2 -29.7 -27.8 -26.5 -25.3 
4 500 -47.4 -42.6 -37.7 -35.0 -33.2 -31.7 -30.3 
5 500 -53.6 -47.1 -42.5 -39.7 -37.7 -36.0 -34.6 

The probability shown at the head of the column is the area in the left-hand tail. 

Source: P. C. B. Phillips and S. Ouliaris. "Asymptotic Properties of Residual Based Tests for Coin-
tegration," Econometrica 58 (1990), pp. 189-90, Also Wayne A. Fuller, Introduction to Statistical Time 
Series, Wiley, New York, 1976, p. 371. 
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TABLE B.9 
Critical Values for the Phillips Z, Statistic or the Dickey-Fuller t Statistic When 
Applied to Residuals from Spurious Cointegrating Regression 

Number of 
right-hand 
variables in 
regression, 
excluding 
trend or Sample 

Probability that (p - 1)/u~ is less than entry constant size 
(n - 1) (T) 0.010 0.025 0.050 0.075 0.100 0.125 0.150 

Case 1 

1 500 -3.39 -3.05 -2.76 -2.58 -2.45 -2.35 -2.26 
2 500 -3.84 -3.55 -3.27 -3.11 -2.99 -2.88 -2.79 
3 500 -4.30 -3.99 -3.74 -3.57 -3.44 -3.35 -3.26 
4 500 -4.67 -4.38 -4.13 -3.95 -3.81 -3.71 -3.61 
5 500 -4.99 -4.67 -4.40 -4.25 -4.14 -4.04 -3.94 

Case 2 

1 500 -3.96 -3.64 -3.37 -3.20 -3.07 -2.96 -2.86 
2 500 -4.31 -4.02 -3.77 -3.58 -3.45 -3.35 -3.26 
3 500 -4.73 -4.37 -4.11 -3.96 -3.83 -3.73 -3.65 
4 500 -5.07 -4.71 -4.45 -4.29 -4.16 -4.05 -3.96 
5 4 500 -5.28 -4.98 -4.71 -4.56 -4.43 -4.33 -4.24 

Case] 

1 500 -3.98 -3.68 -3.42 -3.13 
2 500 -4.36 -4.07 -3.80 -3.65 -3.52 -3.42 -3.33 
3 500 -4.65 -4.39 -4.16 -3.98 -3.84 -3.74 -3.66 
4 500 -5.04 -4.77 -4.49 -4.32 -4.20 -4.08 -4.00 
5 500 -5.36 -5.02 -4.74 -4.58 -4.46 -4.36 -4.28 

The probability shown at the head of the column is the area in the left-hand tail. . 
Source: P. C. B. Phillips and S. Ouliaris, "Asymptotic Properties of Residual Based Tests for Coin-
tegration," Economeirica 58 (1990), p. 190. Also Wayne A. Fuller, Introduction to Statistical Time 
Series, Wiley, New York, 1976, p. 373. 
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TABLE B.10 
Critical Values for Johansen's Likelihood Ratio Test of the Null Hypothesis 
of h Cointegrating Relations Against the Alternative of No Restrictions 

Number of 
random walks Sample 

Probability that 2(.;£A - ;£.,) is greater than entry 
(g = n - h) size 

(g) (T) 0.500 0.200 0.100 0.050 0.025 0.001 

Case 1 
1 400 0.58 1.82 2.86 3.84 4.93 6.51 
2 400 5.42 8.45 10.47 12.53 14.43 16.31 
3 400 14.30 18.83 21.63 24.31 26.64 29.75 
4 400 27.10 33.16 36.58 39.89 42.30 45.58 
5 400 43.79 51.13 55.44 59.46 62.91 66.52 

Case2 
1 400 2.415 4.905 6.691 8.083 9.658 11.576 
2 400 9.335 13.038 15.583 17.844 19.611 21.962 
3 400 20.188 25.445 28.436 31.256 34.062 37.291 
4 400 34.873 41.623 45.248 48.419 51.801 55.551 
5 400 53.373 61.566 65.956 69.977 73.031 77.911 

Case 3 

1 400 0.447 1.699 2.816 3.962 5.332 6.936 
2 400 7.638 11.164 13.338 15.197 17.299 19.310 
3 400 18.759 23.868 26.791 29.509 32.313 35.397 
4 400 33.672 40.250 43.964 47.181 50.424 53.792 
5 400 52.588 60.215 65.063 68.905 72.140 76.955 

The probability shown at the head of the column is the area in the right-hand tail. The number of 
random walks under the null hypothesis (g) is given by the number of variables described by the 
vector autoregression (n) minus the number of cointegrating relations under the null hypothesis (h). 
In each case the alternative is that g = 0. 

Source: Michael Osterwald-Lenum, "A Note with Quantiles of the Asymptotic Distribution of the 
Maximum Likelihood Cointegration Rank Test Statistics," Oxford Bulletin of Economics and Sta-
tistics 54 (1992), p. 462; and S0ren Johansen and Katarina Juselius, "Maximum Likelihood Esti-
mation and Inference on Cointegration-with Applications to the Demand for Money," Oxford 
Bulletin of Economics and Statistics 52 (1990), p. 208. 
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TABLE B.11 
Critical Values for Johansen's Likelihood Ratio Test of the Null Hypothesis 
of h Cointegrating Relations Against the Alternative of h + l Relations 

Number of 
random walks Sample 

Probability that 2(~A - ~ 0) is greater than entry (g = n - h) size 
(g) 

I m 0.5(}() 0.200 0.1(}() 0.050 0.025 0.001 

Case 1 

1 400 0.58 1.82 2.86 3.84 4.93 6.51 
2 400 4.83 7.58 9.52 11.44 13.27 15.69 
3 400 9.71 13.31 15.59 17.89 20.02 22.99 
4 400 14.94 18.97 21.58 23.80 26.14 28.82 
5 400 20.16 24.83 27.62 30.04 32.51 35.17 

Case2 
1 400 2.415 4.905 6.691 8.083 9.658 11.576 
2 400 7.474 10.666 12.783 14.595 16.403 18.782 
3 400 12.707 16.521 18.959 21.279 23.362 26.154 
4 400 17.875 22.341 24.917 27.341 29.599 32.616 
5 400 23.132 27.953 30.818 33.262 35.700 38.858 

Case3 

1 400 0.447 1.699 2.816 3.962 5.332 6.936 
2 400 6.852 10.125 12.099 14.036 15.810 17.936 
3 400 12.381 16.324 18.697 20.778 23.002 25.521 
4 400 17.719 22.113 24.712 27.169 29.335 31.943 
5 400 23.211 27.899 30.774 33.178 35.546 38.341 

The probability shown at the head of the column is the area in the right-band tail. The number of 
random walks under the null hypothesis (g) is given by the number of variables described by the 
vector autoregression (n) minus the number of cointegrating relations under the null hypothesis (h). 
In each case the alternative is that there are h + 1 cointegrating relations. 

Source: Michael Osterwald-Lenum, "A Note with Quantiles of the Asymptotic Distribution of the 
Maximum Likelihood Cointegration Rank Test Statistics," Oxford Bulletin of Economics and Sta-
tistics 54 (1992), p. 462; and S!ilren Johansen and Katarina Juselius, "Maximum Likelihood Esti-
mation and lpference on Cointegration~with Applications to the Demand for Money," Oxford 
Bulletin of Economics and Statistics 52 (1990), p. 208. 
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C 

Answers 
to Selected Exercises 

---Chapter 3. Stationary ARMA Processes 
3.1. Yes, any MA process is covariance-stationary. Autocovariances: 

'Yo = 7.4 

'Y:t = 4.32 

'Y:2 = 0.8 

'Y; = 0 for ljl > 2. 

3.2. Yes, the process is covariance-stationary, since 

(1 - l.lz + 0.18z 2 ) = (1 - 0.9z)(l - 0.2z); 

the eigenvalues (0.9 and 0.2) are both inside the unit circle. The autocovariances are as 
follows: 

'Yo = 7.89 

'Yt = 7.35 

'Y; = l.l'Y;-1 - 0.18-y;-2 

'Y-; = 'Y;-
3.3. Equating coefficients on: 

L0 gives 1/10 = 1 

L1 gives -t/>11/10 + 1/11 = 0 

L2 gives -cf,21/10 - cf,11/11 + 1/12 = 0 

for j = 2, 3, ... 

V gives -t/>pi/J;-p - t/>p-1IP;-p+1 - · · · - <l>1i/J;-1 +IP;= 0, 

for j = p, p + l, .... 

These imply 

I/Jo= 1 

"'· = <l>1 
1/1,=cf,;+cf,, 

1/1; = <1>11/11-, + cf,,i/11-, + · · · + cf,p,fr;-p for i 0= p, p + l, .... 

Thus the values of 1/J; are the solution to a pth-order difference equation with starting values 
I/Jo = 1 and 1/J_ 1 = i/J_2 = · · · = IP-p+t = 0. Thus, from the results on difference equations, 

[jJ,{!} 
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that is 

1/1; =f\{>. 
3.4. From [2.1.6], 

1/1(.L)c =(I/lo+ 1/11 + 1/12 + i/J3 + · · ·)·c. 
But the sum (i/10 + i/J1 + 1/12 + i/J3 + · · ·) can be viewed as the polynomial ,t,(z) evaluated 
at z = 1: 

1/J(L)c = 1/J(l)·c. 

Moreover, from [3.4.19], 

1/J(l) = 1/(1 - <f,1 - </>2). 

3.5. Let A1 and A2 satisfy (1 - <f,1z - <f,2 z 2) = (1 - A,z)(l - A2 z), noting that A, and ,\2 

are both inside the unit circle for a covariance-stationary AR(2) process. 
,,.-----·-c;onsider first the case where .\1 and .\2 are real and distinct. Then from [l.2.29], 

- -L li/J;I = L ic,A{ + ·c,A~I 
;-o 1-0 - -< L lc,A{I + L lc,A~I 

j•O J-0 

= lc,l/(1 - IA1I) + lc2ll(l - IA2I) 
< 00. 

Consider next the case where A1 and .\2 are distinct complex conjugates. Let R = IA,I 
denote the modulus of .\1 or .\2 • Then O s R < 1, and from [1.2.39], 

But 

and 

- -L li/J;I = L lc,A{ + c2A~I 
;-o 1-0 

= L l2aRi cos(8j) - 2(3Ri sin(8j)I 
J-0 

X X 

s l2al L Rilcos(8j)I + 12131 L Rilsin(8j)I 
/•O J~O 

X X 

s l2al L R1 + 12131 L R1 ,-o 1-0 

= 2(lal + 1131)/(1 - R) 
< 00. 

Finally, for the case of a repeated real root I,\ I < 1, 
z s z :,0 

L li/111 = L lk,AI + k2jA1- 1I S lk,I L IAl1 + lk2! L ljAi-tj. 
J-0 j•O J-0 /•O 

-
lk,I L IAl1 = lk,l/(1 - IAI) < 00 

;-o 

X 

L ljAJ-ll = 1 + 2IAI + 3IA12 + 4IAl3 + ... 
j•O 

= 1 + (IAI + IAI) + (IAl2 + IAl2 + IAJ2) 

+ (IAl3 + IAl3 + IAl3 + IAl3 ) + • • • 
= (1 + IAI + IAl2 + IAl3 + .. ·)+(!Al+ IAl2 + IAJ3 + .. ·) 

+ (IAl2 + IAl3 + '' ·) 
= 1/(1 - IAI) + IAl/(1 - IAI) + IAl2/(l - IAI) + · · ' 
= 1/(1 - IAl)2 
< 00. 

3.8. (1 + 2.4z + 0.8z2) = (1 + 0.4z)(l + 2z). 

770 Appendix C I Answers to Selected Exercises 



The invertible operator is 

(1 + 0.4z)(l + 0.5z) = (1 + 0.9z + 0.2z 2), 

so the invertible representation is 

Y, = (1 + 0.9L + 0.2L2)e, 

E(eD = 4. 

Chapter 4. Forecasting 

4.3, [!2 ~ ~][~ ~ ~][~ ~2 i] 
3 1 1 0 0 1 0 0 1 

4.4. No. The projection of Y4 on Y,, Y2 , and Y1 can be calculated from 

f>(Y4 IY3 , Y2 , Y,) = a41 Y1 + a42[Y 2 - f>(Y2 IY 1)) + a43 [Y 3 - f>(Y1 IY 2 , Y1)}. 

The projection P(Y 3 1 Y2, Y1), in tum, is given by 

f>(Y3 IY2 , Y,) = a,,Y, + a32[Y 2 - f>(Y2 IY 1)]. 

The coefficient on Y2 in P(Y,I Y3, Y2 , Y,) is therefore given by a42 - a43a32 • 

Chapter 5. Maximum Likelihood Estimation 
5.2. The negative of the matrix of second derivatives is 

H(9) = [~ ~], 

so that (5.7.12} implies 

Chapter 7. Asymptotic Distribution Theory 
7.1. By continuity, lg(Xr, Cr) - g(t, c)I > ll only if IXr - ti + lcT - cl> 71 for some 
71. But Cr-+ c and Xr .!:.,, t means that we can find an N such that lcr - cl < 71/2 for all 
T 2: N and such that P{IXT - ti > 71/2} < e for all T 2: N. Hence P{IXr - ti + 
lcr - cl > 71} is less thane for all T 2: N, implying that P{lg(Xr, er) - g(t c)I > ll} < e. 

7.2. (a) For anAR(l) process, 1/l(z) = 1/(1 - ct,z) andgy(z) = a-2/(1 - ct,z)(l - ct,z-'), 
with 

gy(l) = (1 - ct,)(1 - ct,) 

Thus limr-~ T· Var(Yr) = 25. 
(b) T = 10,000 (\/=25=11=0~,000= = 0.05). 

7.3. No, the variance can be a function of time. 

(1 - 0.8)2 = 25. 

7.4. Yes, e, has variance a-2 for all t. Since e, is a martingale difference sequence, it has 
mean zero and must be serially uncorrelated. Thus {e,} is white noise and this is a covariance
stationary MA(oo) process. 

7.7. From the results of Chapter 3, Y, can be written as Y, = µ. + "i:.j.ol/J1e,_4 with 
"i:.j.ol ,J,11 < 00 • Then (a) follows immediately from Proposition 7.5 and result [3.3.19J. For 
(b), notice that Ele,I' < oo for r = 4, so that result (7.2.14] establishes that 

T p 

[1/(T - k)) L Y,Y,_.- E(Y,Y,_.), 
,-A:+1 
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where Y, • Y, - µ.. But 

\ 

T T 

(1/(T - k)] L Y,Y,-k = (1/(T - k)] L (Y, + µ.)(Y,-k + µ.) 
,-k+l t•k+l 

T T 
= [1/(T - k)] L Y,Y,_. + µ.(1/(T - k)] L Y,_. 

,-k+ 1 t=k+ 1 

T 

+ µ,(1/(T - k)] L Y, + µ.2 

t•k+l 

.!+ E(Y,Y,_.) + o + o + ,u.2 

= E(Y, + µ,)(Y,-• + µ.) 

= E(Y,Y,-k). 

Chapter 8. Linear Regression Models 
8.1. R2 = y'X(X'X)-IX'y 

u y'y 

= y'y - y'(Ir - X(X'X)- 1X']y 
y'y 

= 1 - [(y'MxMxY)/(y'y)] 

= 1 - ((0'0)/(y'y)]. 

R2 = y'y, - y'MxY - Ty' 
c y'y _ Ty2 

= 1 - ((0'0)/(y'y - Ty 2)] 

and 
T T 

y'y - TY2 = L y; - Ty' = L (y, - y)2. 
,-1 ,--1 

8.2. The 5% critical value for a X2(2) variable is 5.99. An F(2, N) variable will thus have 
a critical value that approaches 5.99/2 = 3.00 as N-> ao, One needs N of around 300 
observations before the critical value of an F(2, N) variable reaches 3.03, or within 1 % of 
the limiting value. 

8.3. Fourth moments of x,u, are of the form E(e1)·E(y,_,y,_ 1y,_,y,_m). The first term is 
bounded under. Assumption 8.4, and the second term is bounded as in Example 7 .14. 
Moreover, a typical element of (1/T) i:.'{=, u:x,x; is of the form 

T T T 

(1/T) L e;J,-1Y,-; = (1/T) L (e; - u 2)Y,-1Y,-, + u 2 ·(l/T) L Y,-,Y,-1 ,-1 ,-1 ,-1 

.!.,,. 0 + u 2 • E(y,_,y,_ 1). 

Hence, the conditions of Proposition 7.9 are satisfied. 

8.4. Proposition 7.5 and result (7.2.14] establish 

er [ 1 (1/T)J:.y,_1 . . . (1/T)l:Y,-p ]-l [ (1/T)Iy, ] [ :d • (VT):y,_, (11T)~y/_, · · · (1/T)I'.,_,y,_, (1/T)~Y,-,y, 

r/>p,T (1/T)l:Y,-p (l!T)l:J,-pY,-1 (1/T)l:y;_P (1/T)l:J,-py, 

.!.,,. [7 ro: /J-2 Yp-,:+ ,11,
2]-

1
[r1 ~ /J-2], 

µ. Yp-1 + /J-2 Yo + /J-2 r. + /J-2 

which equals u<Pl given in (4.3.6]. 
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Chapter JO. Covariance-Stationary Vector Processes 

10.2. (a) [ (1 + 62)u 2 h 6u2 ] 

fo = h16u; • {ht(l + ~2);; + O'~ 

fi = [hi(l ~;6 2)u; hf~u;] 

r, = [h,~u; ~] 
r_ 1 = r; 
r. = o 

r _2 = r;_ 
fork= ±3, ±4, .... 

(b) Sy(w) = (21r)-1[S11 S12] 
S21 S22 

Su = (1 + 62)u; + Bu;e -tw + Bu;e'w 

s12 = h16u;e 21w + h1(1 + 62)u;e'w + h16u; 

s21 = h16u;e -uw + h,(1 + 112)u;r 1°' + h16u; 

s22 = hf(l + 62)u; + u; + hf6u;e _,,. + hr6u;e'., 

Cyx(w) = (21r)- 1h1u;{6·cos(2w) + (1 + 62)·cos(w) + 6} 

qyx(w) = -(21r)- 1h1u;{ll·sin(2w) + (1 + 62)·sin(w)}. 

(c) The variable X, follows an MA(l) process, for which the spectrum is indeed s 11 • 

The term s21 is s11 times h(r'.,) = h, ·r' ... Multiplying s,. in turn by h(e'°') = h1 ·e1., and 
adding u~ produces s22 • 

(d) (21r)-1 f" Syx(w) e•wk dw = (21r)-l f" h, · e-•weiwk dw. 
-,. Sxx(w) -,. 

When k = 1, this is simply 

(2'1T)-I r,. h\ dw = h1, 

as desired. When k 4' 1, the integral is 

(21r)- 1 f~ .. h,·e<•-•>1.,dw 

= (21r)- 1 r .. h, ·cos[(k - l)wJ dw + i·(21T)- 1 r .. h, ·sin[(k - l)wJ dw 

= [(k - 1)21rJ-1h,[sin[(k - l)wi[ __ ,, - [(k - 1)21rJ-1h}os[(k - l)wi[ __ __ 
= 0. 

Chapter 11. Vector Autoregressions 
11.1. A typical element of [11.A.2} states that 

T P 
(VT) L e,,.,Yi..,-1,e,,.,Y;,.,-1,--+ E (e,,.,",,.,) · E(Y;..,-1,Y1,,,-,,). 

,-1 

But 
T T T 

(1/T) L e,,.,Y1i,-,,e1,.,Y1z.,-,, = (1/T) L z, + E(e, 1,,e,,,,) · (1/T) L Y1,~-,,Y1,.,-,,, ,-1 t•1 ,-1 
where 

Notice that z, is a martingale difference sequence whose variance is finite by virtue of 
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( 

Proposition 7.10. Hence, (l/T)}:T.,z, .!+ 0. Moreover, 
T 

(VT) L Yii,,-1,Y;,.,-1, .!+ E(YM-1,Y,,,,-11 ), ,_, 
by virtue of Proposition 10.2( d). 

11.2. (a) No. (b) Yes. (c) No. 

11.3. a; = (; 

f3; = T/; 

for j = 1, 2, . . . , p 

for j = 1, 2, ... , p 

Ao= 0.,,fiii' 

A; = 'Y; - O.,,fiii'a; 

g1 = l>; - n,,fii-i'f3, 
uf = n11 
uf = !122 - n21H111H12 

U1r = E11 

u,, = e,, - n.,,nu'e,, 

for j = 1, 2, ... , p 

for j = 1, 2, ... , p 

11.4. Premultiplying by A *(L) results in 

Thus, 

[ IA(L)I O ][Y•,] _ [ 1 - t(L) 11(L) ][u1r] 
0 I A(L) I y,, - Ao + A(L) 1 - C(L) u,, 

[ [1 - f(L)]u 1, + 11(L)u,, ] 
= [Ao + A(L)]u1, + {1 - ((L)]u 2, 

= [::]. 

IA(L) Jy,, = v,, 
IA(L)ly,, = v,,. 

Now the determinant JA(L)! is the following polynomial in the lag operator: 

JA(L)J = (1 - t(L)][l - C(L)] - (11(L)][Ao + A(L)]. 

The coefficient on L0 in this polynomial is unity, and the highest power of Lis L2p, which 
has coefficient (gp(p - T/pAp): 

IA(L)J = 1 + a,L + a,U + · · · + a2PL2p. 

Furthermore, v,, is the sum of two mutually nncorrelated MA(p) processes, and so v1, is 
itself MA(p). Hence, y 11 follows an ARMA(2p, p) process; a similar argument shows that 
y,, follows an ARMA(2p, p) process with the same autoregressive coefficients but different 
moving average coefficients. 

In general, consider an n-variable VAR of the form 

cll(L)y, = e, 

with 

E(e,e~) = { f if t = T 

otherwise. 

Find the triangular factorization of O = ADA' and premultiply the system by A- 1 , yielding 

A(L)y, = u,, 

where 

A(L) = A - 1cll(L) 
u, = A- 1E, 

E(u,u:) = D. 
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Thus, the elements of u, are mutually uncorrelated and A(0) has ls along its principal 
diagonal. The adjoint matrix A*(L) has the property 

A•(L)·A(L) = IA(L)l·I,,. 

Premultiplying the system by A*(L), 

IA(L)l·y, = A*(L)u,. 

The determinant IA(L)I is a scalar polynomial containing terms up to order L"P, while 
elements of A*(L) contain terms up to order L(n- 1>P, Hence, the ith row of the system takes 
the form 

IA(L)I-Y~ = v,,, 
where v,, is the sum of n mutually uncorrelated MA[(n - l)p] processes and is therefore 
itself MA[(n - l)p]. Hence, Y;, - ARMA[np, (n - l)p]. . 

11.5. (a) I~ - cll1zl = (1 - 0.3z)(l - 0.4z) - (0.8z)(0.9z) 

= 1 - 0.7z - 0.6z2 

= (1 - 1.2z)(l + 0.Sz). 

Since z • = 1/1.2 is inside the unit circle, the system is nonstationary. 

(b) 1flo = [ i ~] 
1fr, diverges as s - 00. 

,v _ [0.3 0.8] 
I - 0,9 0.4 

,i, 2 = [0.81 O.S6] 
0.63 0.88 

(c) Y1,1+2 - £(Y1.,+2IY,, Y,-1, . , .) = 81.1+2 + 0.38,J+t + 0.882.,+1 
MSE = 1 + (0.3)2 + (0.8)2(2) = 2.37. 

The fraction due to 8 1 = l.09/2.37 = 0.46. 

Chapter 12. Bayesian Analysis 
12.1. Take k = 1, X = I, p = p., and M = l/11, and notice that l'l = T and l'y = 
Ty. 

---Chapter 13. The Kalman Filter 
13.3. No, because v, is not white noise. 

13.S. Notice that 

·2 ·,- - a-2(1 + 92 + 84 + ... + 9211+1)) 
u + 9 P1+1 - 1 + 92 + 84 + ... + 8" 

a-2(1 - 921,+21) 
1 - 92c,+1J 

_ 92u2(1 - 9-2!1+21) 
- 1 - 9-211+1] 

- 9>u2( 921r+2J - 1) 
- 9Z11+l] - 92 

_ u2(1 - 6Zl1+2? 
- 1 - 92(1+1] 

= u2 + 92P,+1· 
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Furthermore, from (13.3.19], 

Be,1, = {0u2/[ a-2 + 02µ,]} · {y, - µ, - et,_ ,1,-1} 

= {8- 182u 2/[u 2 + 82p,]}·{y, - /J, - Bi,_11,-1} 

= {8u2/[u 2 + 82p,]}·{y, - µ, - Bi,-11,-1}, 

which is the same differenpe equation that generates {8e,1,}, with both sequences, of course, 
beginning with 8eo1o = 8io 1o = 0. With the sequences (H'P,+ 11,H + R) and A'x<+1 + 
H't+ii, identical for the two representations, the likelihood in [13.4.11 to [13.4.3) must be 
identical. 

13.6. The innovation e, in [13.5.22) will be fundamental when I cf> - Kl < l. From [13.5.25), 
we see that 

cf> - K = cf>uV(u'fv + P). 

Since Pis a variance, it follows that P 2: 0, and so le/> - Kl s lc/>I, which is specified to be 
less than unity. This arises as a consequence of the general result in Proposition 13.2 that 
the eigenvalues of F - KH' lie inside the unit circle. 

From [13.5.23) and the preceding expression for cf> - K, 

-(cf> - K)E(e;) = -(cf> - K)(u2w + P) = -cf>urv, 

as claimed. Furthermore, 

[l + (cf> - K)2]E(en = (ut., + P) + (cf> - K)cf>dv 
= (1 + cf>2)ut., + P - Kcf>u°f... 

But from [13.5.24) and [13.5.25), 

P = Kcf>u}., + uL 

and so 

[1 + (cf> - K)2JE(e;) = (1 + c/>2)ut., + ui. 
To understand these formulas from the perspective of the formulas in Chapter 4, note 

that the model adds an AR(l) process to white noise, producing an ARMA(l, 1) process: 

(1 - cf>L)y,+1 = v,+1 + (1 - cf>L)w<+t· 
The first autocovariance of the MA(l) process on the right side of this expression is 
-ct>ui, while the variance is (1 + c/>2)ut., + ui. 

Chapter 16. Processes with Deterministic Time Trends 

16.1. E((l/T)· ,t (A1 + ~i(t/T)Per - (1/T) t u2[Ar + 2A1A2(t/T) + A1(t/T)2)r 
T 

= (l/T 2) L [Ar+ 2A,Ai(t/T) + A?(t/T)2]2·E(e; - u 2) 2 • ,., 
But 

T 

(l/T) L [Ai + 2A,A2(t/T) + Ai(t!T)']2-+ M < oo, ,_, 
and thus 

-+ M·E(e:; - u')' < oo. 

Thus 
T 

(1/T) L [A, + A2(t/T)]2e; ,-, 
T 

~- (1/T) L u 2[Ar + 2A,A2(t/T) + AW/T)2] 
,-1 

-+ u 2 A.'QA. 
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16.2. Recall that the variance of bT is given by 

( 
T )-1 

E(br - P)(br - JJ)' = u 2 ,~ x,x; 

_ 2[ T 
- u T(T + 1)/2 

T(T + 1)/2 ]-I 
T(T + 1)(2T + 1)/6 . 

Pre- and postmultiplying by Yr results in 

E[Y r(br - P) (bT - JJ)'Y r] 

_ o-2Y [ T T(T + 1)/2 ]-t 
- r T(T + 1)/2 T(T + 1)(2T + 1)/6 yr 

= o-2 ·{Yr'[T(T~ 1)/2 T(T;~)72~11)/6]Yrr
1 

-+ u{~ n-· 
The (2, 2) element of this matrix expression holds that 

E[T 312(67 - 5)]2-+ 12o-2 , 

and so 

T(lir - 5) ~ 0. 

16.3. Notice that 

[ r- 1 ,t (t!T)yJ = r- 2[(1/T)y, + (2/T)Y2 + • • • + (TIT)Yrl 

X [(1/T)y, + (2/T)y 2 + · · · + (TIT)Yr], 
which has expectation 

E[r-• f (t!T)y,]
2 

,-, 
= r-2 {[(l/T)2 + (2/T)2 + ... + (T/T)2]ro 

+ [(l!T)(2/T) + (21T)(3/T) + · · · + [(T - 1)/T](T/T))2-y1 

+ [(l!T)(3/T) + (2/T)(4/T) + · · · + ((T - 2)/T](T/T))2-y2 

+ · · · + [(1/T)(T/T)]2-yr_,} 

s r- 1 {l-rol + 21-r,I + 21-r2I + · · · + 21-rr-,I} 
-+ 0. 

Chapter 17. Univariate Processes with Unit Roots 

17.2. (a) T(J,r - 1) = r-~;'Y,~1u, .!:,. ¼{,\2·[W(l)]2 - 'Yo} 

T l:y,_, ,\2· f [W(r)]2 dr 

from Proposition 17.3(e) and (h). 

(b) T2·u}, = T2·s} + (LY}-1) 

= s} + (T- 2:l:yf-1) 

.!.. Yo + (,v-J [W(r)F dr), 
from Proposition 17.3(h) and [17.6.10). 

(c) tr= T(Pr - 1) + (T2·uj )112 
T 1/2 

.!:,. ½{A2·[W(l)]2 - -yo} x (,1.2.J [W(r))2 dr) + (-yo)'12, 

,\ 2 • f [W(r)]2 dr 
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from answers (a) and (b). This, in turn, can be written 

( >,_2/ )112 ½{>..2· (W(1))2 - 'Yo} = (>..2/ )1121 ½{[W(1)}2 - 1} + ½(>..2 - 'Yo) l 
'Yo { }112 'Yo { }112 { }112 · 

>..2 J [W(r)]2 dr J [W(r)]2 dr A.2 J (W(r)]2 dr 

(d) (T2·aJT + s}) = 1/(T-2}:yr-1) ~ 11( >..2 • I (W(r)]2 dr ), 

from Proposition 17.3(h). Thus, 

T(pT - 1) - !(T2 • 6-jr + s})(>..2 - 'Yo) 

~ T(pT - 1) - ½(>..2 
- 'Yo) 

A.2 • J[W(r)]2 dr 

-=. ½{>..2 · [W(1)]2 - 'Yo} _ ¼(>..2 - 'Yo) 

>,_2. J(W(r)]2 dr >..2• J [W(r)]2 dr 

_ ½{[W(1)]2 - 1} 

- J (W(r)]2 dr ' 

with the next-to-last line following from answer (a). 

(e) ('Yo/A.2) 112·tr - {½(>..2 - 'Yo)/>..} X {T·6',r + Sr} 

1. l ½{(W(1)]2 - 1} !(>..2 - 'Yo) l -u (W(r)]2 d,r 12 + >..2{J [W(r)}2 dr r 
- {{(112)(>..2 - -y0)/>..} + ( A.2 • f [W(r)]2 dr )'

12}, 

from answers (c) and (b). Adding these terms produces the desired result. 
To estimate 'Yo and >.., one could use 

T 

t; = T- 1 L a,a,_1 for j = o, 1, ... , q 
,-;+1 

• 
1..2 = 'Yo + 2 r (1 - p(q + 1)1t;, 

;-1 

where a, is the OLS sample residual and q is the number of autocovariances used to represent 
the serial correlation of ,/J(L)e,. The statistic in (d) can then be compared with the case 1 
entries of Table B.5, while the statistic in (e) can be compared with the case 1 entries of 
Table B.6. 

>..· f W(r) dr 

A.2 • f (W(r)]2 dr 
>..· f rW(r) dr 

1/2 J 
>..· J rW(r) dr . 

1/3 
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(b) [T~~;~:'u,] !:., [ (l/2){A2\:C~;~, -ro}]. 

T- 312I.tu, A·{W(l) - f W(r) dr} 

(c) This follows from expression (17.4.52] and answers (a) and (b). 

(d) The calculations are virtually identical to those in (17.4.54]. 

(e) tr= T(fJr - 1) + {T2·6-Jr}112 .!:.,, T(fJr - 1) + {(s}/A2)·Q} 112. 

(f) Answer (c) establishes that 

T(fJr - 1) 

' ,JI~,),, 
l tn 

+ !{1 - (y0/A2)}(0 1 

= V + ½{1 - (y0 /A2)}Q. 

f W(r) dr 

f (W(r)]2 dr 

f rW(r) dr 

OJ [f W;r) dr 

1/2 

Moreover, answer (d) implies that 

f W(r) dr 

f (W(r)]2 dr 

f rW(r) dr 

½(T2·6-}r + s})·(A2 - ro) ._:. ¼(Q/A2)(A2 - ro) 

= Ht - ( rolA2)}Q. 

(g) From answers (d) and (e), 

(ro/A2)t12.tr - {!(A2 - ro)A} X {T·d'~, + Sr} 

.!:.,, T(Pr - 1)/YQ - {½(A2 - ro)/A} x YQ/A 
= {T(Pr - 1) - ½(Q/A2) (A2 - r0)} + YQ 

..=.v+ VQ, 
from the analysis of (f). 

To estimate ro and A, one could use 
T 

.,,, = r- 1 2'. a,a,_, for j = o, 1, ... , q 
,-j+l 

A2 = ')10 + 2 f [1 - Jl(q + l))t;, ,-, 
where a, is the OLS sample residual and q is the number of autocovariances used to 
approximate the dynamics of t/l(L)e,. The statistic in (f) can then be compared with the case 
4 entries of Table B.5, while the statistic in (g) can be compared with the case 4 entries of 
Table B.6. 

17.4. (b) Case 1 of Table B.5 is appropriate asymptotically. (c) Case 1 of Table B.6 is 
appropriate asymptotically. 

Chapter 18. Unit Roots in Multivariate Time Series 
18.1. Under the null hypothesis RP = r, we have 

x} = [R(br - P)J'[s}R(:I:x,x;)-1R'r[R(br - 13)) 

= [vT·R(br - 13)J'[s}vT·R(I.x,x;)- 1vT·Rf 1[vT·R(br - 13)]. 
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For Yr the (k x k) matrix defined in [18.2.18] and R of the specified form, observe that 
VT· R = RY r· Thus, 

Xt = [RY r(br - 13)J'[s}RY r(~x,x;)- 1Y rRf 1[RYr(br - 13)] 

= [RY r(br - 13)J'[s}R(Y r'~x,x;Y r')- 1R' r[RY r(br - 13)] 

L ( [v- 1h ])'( [v- 1 o ] )-'( [v-•h ]) 
-> R Q-'h: uuR O Q-' R' R Q-'h: 

= (R1V- 1h,)'(u 11R1V- 1R;)- 1(R1V- 1h1), 

where the indicated convergence follows from [18.2.25], [18.2.20], and consistency of s}. 
Since h1 - N(O, u;iV), it follows that 

R,V- 1h1 - N(O, u;;R1V- 1R;). 

Hence, from Proposition 8.1, the asymptotic distribution of x}is x 2(m). 

18.2. Here 

x} = (Rbr)'[s}R(~x,x;)-'RT 1(Rbr), 

where x, is as defined in Exercise 18.1 and 

[ 
(I,_ 1 (8) R,) 0 ] 

R = [n2(p-l)Xn(p-1)) [n2(p-l)x(n+l)J 

(n2Pxk) 0 R2 
(n2xn(p-l)) [n,x(n+l)] 

R, = [c•,~•,> 1., ] 
(n2 xn) 

(n2Xn2) 

R, [c•,~•> R, ] 
[n2 x(n+1)) 

(nzXn) • 

From the results of Exercise 18.1, 

[<•.-, ® R,)V- 1h,]'u-•· [<•p-1 ® R,)v- 1(1._, ® R;) 0 ]-, 
R,Q- 1h, 11 0 R,Q- 1R,; 

X. [(I•-• (8) R1)V- 1h1] 

R2Q- 1h2 . 

18.3. (a) The null hypothesis is that </> = 1 and 'Y = a = '11 = 0, in which case Ay.,, = 
e.,, and u, = e,,. Let x, = (e21, 1, Y,,,-i, Y,.,-,)' and 

Then 

Yr,,. [Tf T:n ~ ~l-
0 0 0 T 

r- 1~e,, 

1 
T-ll2~Y,.,_, 

T- 312~Y2J-t 

r-~e.,,y,,,-, 
T-312~Y,J-t 

r-z~YL-, 
T- 2~Y,J-1Y,.,_, 
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where 

1 u1· f Wi(r) dr 
u, f W,(,) d, l 

Q= u,·f Wi(r) dr uf · f [W1(r)]2 dr u1u2 • f (Wi(r)] · (W2(r)] dr 

u2 • f Wi(r) dr u,u1 .J [Wi(r)J · (W1(r)] dr O"i" f [W2(r)]2 dr 

and .. 

Y;:'Lx,u, = [TTi:;~;~"·1 ~ [hh1 ]• 

~Y1.z-1Ett 2 

r- 1LY2.,-1E1r 

and where h, - N(O, ufuD and the second and third elements of the (3 x 1) vector h2 

have a nonstandard distribution. Hence, 

Yr(br - 13) = (Yr 1Lx,x;Y;:1)- 1(Y;:1Lx,u,) 

~ [~i ~rl::J 
' = [ ~~:::]. 

(b) Let e 1 denote the first column of the (4 x 4) identity matrix. Then 

- • • { 2 '( ')-1 }'12 tr - 'Yr-.- Sr e 1 LX,x, e1 

l/2" · { 2 I 1 - I }ll2 = T 'Yr~ sre,Yr(Lx,x,) Yre 1 

= T112-y· ~ {s2 e· '(Y- 1Lx x'Y- 1)- 1e }112 
T · T ! T t t T 1 

L { [(T2 0']-1 }112 -+ u,'h, + ule; 02 Q e, 

= h/(u 1u2) - N(O, 1). 

(c) Recall that Sr= 1/r - 'Yr. where 1/ris OP(T- 1) and his O/T- 112). Under the 
null hypothesis, all three values are zero; hence, 

y1125r ::_, - y112'Yr, 

which is asymptotically Gaussian. The t test of 6 = 0 is asymptotically equivalent to the t 
test of -y = 0. 

Chapter 19. Cointegration 
19.1. (a) The OLS estimates are given by 

[&r] [ T LY21]-'[ :iy,. ] 
'Yr = LY2, LYir Ly,,y,. ' 

frorn which 

[ &r ] [ T ly 21]-t{[ °Ly,. ] [ly,,]} 
'Yr - 'Yo = Ly,, °LYi, ly2,Y1, - 'Yo LYir 

[ T °Ly,,]-i [ L(y ,, - 'YoY21) ] 
°Ly,, LYir LY21(Y11 - 'YoY21) 
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and 

[ T- 112 O ] [ &r ] 
0 T 112 'Yr - 'Yo 

{[ ][ ][ ]}

-1 
y- 312 0 T LYu T 112 O 

= 0 T- 512 LY2, LY~, 0 T- 112 

x [ T~J/2 

But 

LYu = Ty2,0 + 62 • Lt + Lf21 , 
~ ._..,,._, 

Op(T) Op(T 2) Op(T 312) 

and thus r- 2Ly21.!. r- 26,·Lt-+ 6,/2. Similarly, T- 3Lyt.!. T- 3/Si·Lf'-> c5i/3. Further
more, 

o,(n O,(T"') 

establishing that r- 312L(y 1, - 'Yofa) .!. T- 312L(e11 - -y0f 21). Similarly, 

LJ:,,(Ji, - 'YoYi,) = L(Y2.o + 15,t + t'21)(Yi.o + t'1, - 'YoYz.o - Yof21) 

and T-' 12LY21(Yi, - 'YoYi,) .!. T-' 12L62t(f11 - 'Yot'2,)-

(b) Aa, = (Y1, - &r - 'YrY2,) - (Yu-1 - &r - 'YrYv-1) 

= Ay" - 'YrAY21 

.!. AYu - YoAY2u 
• • p 

smce 'Yr-+ 'Yo· 

19.2. Proposition 18.1 is used to show that 

as claimed. 
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19.3. Notice as in [19.3.13] that under the null hypothesis, 

x} = {R.,T(i'r - -y)}'{sHO O R..,] 

x T- 1-zw; 1 r- 312-zy21 0' } {R..,·T(i'r - -y)} [ 
r-•-zw,w; r-•-zw, r-312-zw,y;,]-'[o 1-• 
r- 312-zy21w; T- 312-zy,, r- 2°ZY21Y2, R~ 

.!+ [R..,A11v2J'{sHO -II R..,] 

x O' I {f [w,(,)]' d,},\;, [::Jr \a,,,.>,), [

Q O O j-1 
0 A22 J W,(r) dr A22 {J [W,(r)]·[W,(r)]' dr}A;2 ~ 

from which [19.3.25] follows immediately. 

19.4. 

[

T1'2(~r - 13)] 
T 112(&r - a) _ 
T(i'r - 'Y) -

T312(8r - 8) 

T- 312~w,y2, 
r-312ly,, 
T- 2~Y2,Y2, 
r- 512-Ztyi, 

T- 2~w,t i-, 
r-2~, 

r-, 12~y,,1 
r- 3l1 2 

Q 0 0 0 

O' {J [W,(r)]' dr }A;, 1/2 
L -- 0 A22 f W,(r) dr A22{f [W2(r)]·(W,(r)]' dr }A22 A22 f rW,(r) dr 

O' 1/2 {f r[W2(r)]' dr}A;, 1/3 

h, 

An W,(1) 

X 

A22{J (W,(r)] dW,(r) }x11 ' 

An{ Wi(l) - f W1(r) dr} 

as claimed. 

Chapter 20. Full-Information Maximum Likelihood Analysis 
of Cointegrated Systems · . 

20.1. Form the Lagrangean 

ki:I~, + µ.il - kil:yyk,) + µ..(1 - ail:xx111), 

-I 
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with IL• and µ.. Lagrange multipliers. First-order conditions are 

(a) l:v,cB1 = 2µ,hvk, 

(b) Ixvk 1 = 2µ,,,Lxxa,, 

Premultiply ( a) by k'1 and (b) by a'1 to deduce that 

2µ.. = 2µ,."' r,. 
Next, premultiply (a) by r,1I;,} and substitute the result into (b): 

Ixv~Ivxa1 = dixxa, 

or 

Iii!Ixviv'1l:vxa, = rta1, 

Thus, rf is an eigenvalue of Ii,/ Ixvl:;,} Ivx with a1 the associated eigenvector, as claimed. 
Similarly, premultiplying (b) by r,'Ii,l and substituting the result into (a) reveals 

that 

l:;,/Ivxixi!l:xvk, = dk,. 

20.2. The restriction when h = 0 is that to = 0. In this case, [20.3.2] would be 

~ti = -(Tn/2) log(21r) - (Tn/2) - (T/2) logi±uul, 

where ±uu is the variance-covariance matrix for the residuals of [20.2.4]. This will be 
recognized from expression [11.1.32] as the maximum value attained for the log likelihood 
for the model 

as claimed. 

20.3. The residuals g, are the same as the residuals from ap unrestnctfd r~gression of u, 
on v,. The MSE matrix for the latter regression is given by Iuu - Iuvl:vJivu· Thus, 

!±eel = ll:uu - l:uvl:vJl:vul 
= I l:uu I · I I. - l:;;Jl:uvl:~l:vu I 

= ll:uul · 11 9,, 
1-1 

where 91 denotes the ith eigenvalue of I. - i;;Jiuviv-1ivu, Recalling that A, is an eigenvalue 
of l:iiJl:uv~ivu associated with the eigenvector k;, we have that 

[ I" - l:;;Jl:uvl:~l:vu ]k, = (1 - A,)k,, 

so that 91 = (1 - A,) is an eigenvalue of I" - l:;;Jl:uv~l:vu and 

ll:ccl = Jl:uul · Il (1 - A,). 

Hence, the two expressions are equivalent. 

20.4. Here, A, is the scalar 

and the test statistic is 

;-1 

-Tlog(l - A,)= -Tlog[(l:;;b)·c±uu - ±w±~±vu)]. 

But a, is the re~idual from a regression of fly, on a constant and fly,_,, fly,_2 , ••• , fly,_p+t• 
meaning that Iuu = uJ. Likewise, v, is the residual from a regression of y,_, on fly,_,, 
fly,_2 , ••• , lly,-p;tt· The. restdua! from a regression of il, on v,, whose average squared 
value is given by Cl:uu - IuvI~Ivu), is the same as the residual from a regression of y, 
on a constant, Y,-i, and Ay,_1, Ay,_2, ••• , AY,-p+ 1, whose average squared value is denoted 
oi: 

(iuu - ±uv±~ivu) = 6f 

Hence, the test statistic is equivalent to T[Iog(ofil - log(or)], as claimed. 
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Chapter 22. Modeling Time Series with Changes in Regime 

22.1. [ Pu 1 - Pn] [(1 -Pn)/(2 - P11 - P-n) 
Pf= X 

1 - p 11 Pn (1 - Pn)/(2 - Pu - P-n) 
~1] 

[

(1 - p-n) ( Pn + l - Ptt _\ 1 - Pu - Pn l 
2 - Pu - P12 2 - Pu - p-;;,/ 

= 
1-pn Pn 

(1 - P11) ( 2 _ + 2 _ _ ) -1 + P11 + Pn 
- P11 Pn Pu Pn 

[
(1 - Pn)/(2 - Pu - Pn) -,\,] 

= (1 - Pu)/(2 - Pu - p,,) .\, 

= TA. 
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D 

alpha 
beta 
gamma 

delta 

epsilon 
zeta 
eta 
theta 

kappa 
lambda 

mu 
nu 
xi 

pi 

rho 

sigma 

tau 
upsilon 
phi 

chi 
psi 

omega 

786 

Greek Letters and 
Mathematical Symbols 
Used in the Text 

Greek letters and common interpretation 

a population linear projection coefficient (page 74) 
p population regression coefficient (page 200) 
r autocovariance matrix for vector process (page 261) 
"I autocovariance for scalar process (page 45) 
1:1 change in value of variable (page 436) 
6 small number; 

coeffioient on time trend (page 435) 
E a white noise variable (page 47) 

' constant term in ARCH specification (page 658) 

" AR(oo) coefficient (page 79) 
8 matrix of moving average coefficients (page 262} 
e vector of population parameters (page 747) 
8 scalar MA(q) coefficient (page 50) 
IC kernel (page 165) 
A matrix of eigenvalues (page 730) 
A individual eigenvalue (page 729) 

Lagrange multiplier (page 135) 
µ. popula~on mean (page 739) 
II degrees of freedom (page 409) 
s matrix of derivatives (page 339) 
~ state vector (pages 7 and 372) 
II product (page 7 4 7) 
1T the number 3.14159 .... 
p autocorrelation (page 49) 

autoregressive coefficient (page 517) 

L summation 
:I long-run variance-covariance matrix (page 614) 
(1' population standard deviation (page 745) 
'T time index 
y scaling matrix to calculate asymptotic distributions (page 457) 
4> matrix of autoregressive coefficients (page 257) 

"' 
scalar autoregressive coefficient (page 53) 

X a variable with a chi-square distribution (page 746) 
,v matrix of moving average coefficients for vector MA(00 ) process (page 262) 
1/1 moving average coefficient for scalar MA(oo) process (page 52) 
n variance-covariance matrix (page 748) 
fll frequency (page 153) 

,. 



Common uses of other letters 

a number of clements of unknown parameter vector (page 135) 

b or br estimated OLS regression coefficient based on sample of size T (page 75) 
c vector of constant terms for vector autorcgrcssion (page 257) 
c constant term in univariate autoregression (page 53) 
e, the tth column of the identity matrix 
e the base for the natural logarithms (page 715) 
I. the (n x n) identity matrix (page 722) 

the square root of negative one (page 708) 

/ value of Lagrangean (page 135) 
k the number of explanatory variables in a regression 

L the lag operator (page 26) 
!£ value of log likelihood function (page 747) 
n number of variables observed at date t in a vector system (page 257) 

O,(T) order Tin probability (page 460) 

P ,t, MSE matrix for inference about state vector (page 378) 
p the order of an autoregressive process (page 58) 

Q limiting value of (X'X/T) for X the (T x k) matrix of explanatory variables for 
an OLS regression (page 208); variance-covariance matrix of disturbances in 
state equation (page 373) 

q the order of a moving average process (page 50); number of autocovariances 
used in Newey-West estimate (page 281) 

R variance-covariance matrix of disturbances in observation equation (page 373) 
R" the set consisting of all real n-dirnensional vectors (page 737) 
r number of variables in state equation (page 372); index of date for a 

continuous-time process 

s2 ors} unbiased estimate of residual variance for an OLS regression with sample of 
size T (page 203) 

s, state at date t for a Markov chain 

T the number of dates included in a sample 

X (T x k) matrix of explanatory variables for an OLS regression (page 201} 

I!/, history of observations through date t (page 143) 

z argument of autocovariance generating function (page 61) 

exp(x) 

log(x) 

x! 

Matbematkal symbols 

aleph (first letter of the Hebrew alphabet), used for matrix of regression 
coefficients (page 636) 

the number e (the base for natural logarithms) raised to the x power (page 715) 

natural logarithm of x (page 717) 

x factorial (page 713) 

[x(L)J+ annihilation operator (page 78) 

[x]• greatest integer less than or equal to x 

lxl absolute value of a real scalar or modulus of a complex scalar x (page 709) 

IXI determinant of a square matrix X (page 724) 

X' transpose of the matrix X (page 723) 

O.m an (n x m) matrix of zeros 

O' a (1 x n) row vector of zeros 

V gradient vector (page 735) 

® Kronecker product (page 732) 



0 

J=X 
y-x 
max{y,x} 

y = sup f(r) 
,E(O,I] 

xEA 

ACB 
P{A} 

element-by-element multiplication (page 692) 

y is approximately equal to x 

y is defined to be the value represented by x 

the value given by the larger of y or x 

y is the smallest number such that y ~ f(r) for all r in (0,1] (page 481) 

x is an element of A 

A is a subset of B (page 189) 

probability that event A occurs (page 739) 

fy(y) probability density of the random variable Y (page 739) 

Y - N(µ.,u 2) Y has a N(µ.,u 2) distribution (page 745) 

Y = N(µ.,u 2 

E(X) 

Var(X) 
Cov(X,Y} 

Corr(X,Y) 

YIX 
P(YJX) 

.t(YIX) 

Xr--"--> J 

Xr~· Y 
L 

Xr--+ y 

XrO .!+ x(-) 

xr(·)-=. x(·) 

Y has a distribution that is approximately N(µ.,u2) (page 210) 

expectation of X (page 740) 

variance of X (page 740) 
covariance between X and Y (page 742) 

correlation between X and Y (page 743) 

Y conditional on X (page 741) 

linear projection of Y on X (pages 74- 75) 

linear projection of Y on X and a constant (pages 74- 75) 

linear projection of Y,+, on a constant and a set of variables observed at 
date t (page 74) 

lim Xr = y (page 180) 
r-

Xr converges in probability toy (pages 181, 749) 

Xr converges in mean square toy (pages 182, 749) 

Xr converges in distribution toy (page 184) 

the sequence of functions whose value at r is Xr(r) converges in 
probability to the function whose value at r is x(r) (page 481) 

the sequence of functions whose value at r is Xr(r) converges in 
probability law to the function whose value at r is x(r) (page 481} 
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Mean squared error (MSE), 73 

of linear projection, 74, 75, n 
Mean-value theorem, 196 
Mixingales, 190-92 
Mixture distribution, 685-89 
MLE. See Maximum likelihood estimation 

(MLE) 
Modulus, 709 
Moments. Slit also Generalized method of 

moments (GMM) 
population, 739-40, 744-45 
posterior, 363-65 
sample, 740-41 
second,45,92~95, 192-93 

Money demand, 1, 324 
Monte Carlo method, 216, 337, 365-66, 398 
Moving average (MA): 

cointegration and, 574- 75 
first order, 48-49 
forecasting, 82-83, 95-98 
infinite order, 51-52 
maximum likelihood estimation for 

Gaussian, 127-31, 387 
parameter estimation, 132, 387 
population spectrum for, 154-55, 276 
qth order, 50-51 



sums of, 102-7 
vector, 262-64 

MSE. See Mean squared error (MSE) 

N 
Newey-West estimator, 220, 281-82 
Newton-Raphson, 138-39 
Nonparametric estimation. See also Kernel 

bandwidth, 165,671 
conditional variance and, 671 
cross validation, 671 
population spectrum, 165-67 

Nonsingular, 728 
Nonstochastic, 739 
Normal distribution, 745-46, 748-49, 751-52 
Normalization, cointegration and, 589 
Numerical optimization: 

convergence criterion, 134, 137 
Davidon-Fletcher-Powell, 139-42 
EM algorithm, 688-89, 696 
grid search, 133-34 
inequality constraints, 146-48 
Newton-Raphson, 138-39 
numerical maximization, 133, 146 
numerical minimization, 142 
steepest ascent, 134-37 

0 
Observation equation, 373 
Oil prices, effects of, 307-8 
OLS. See Ordinary least squares 
o •. See Order in probability 
Operators: 

annihilation, 78 
first-difference, 436 
time series, 25-26 

Option prices, 672 
Order in probability, 460 
Ordinary least squares ( OLS). See also 

Generalized least squares ( GLS); 
Hypothesis tests; Regression 

algebra of, 75'-76, 200-202 
autocorrelated diaturbances, 217, 282-83 
chi-square test, 213 
distribution theory, 209, 432-33 
estimated coefficient vector, 202-3 
F test, 205- 7 
GMM and, 416-18 
heteroskedasticity, 217, 282-83 
linear projection and, 75- 76, 113-14 
non-Gaussian disturbances, 209 
time trends and, 454-60 
t test, 204, 205 

Orthogonal, 743 
Orthogonality conditions, 411 
Orthogonalized impulse-response function, 322 
Outer-product estimate, 143 

p 
Partial autocorrelation: 

population, 111-12 
sample, 111-12 

Parzen kernel, 283 
Period, 708 
Periodic, 707 

Markov chain, 685 
Periodogram: 

multivariate, 272-75 
univariate, 158-63 

Permanent income, 440 

Phase, 275, 708 
Philllps-Ouliaris-Hansen tests, 599 
Phillips-Perron tests, 506-14, 762-63 
Phillips triangular representation, 576- 78 
Plim, 181, 749 
Polar coordinates, 704-5, 710 
Polynomial in lag operator, 27, 258 
Population: 

canonical correlations, 630-33 
coherence, 275 
correlation, 743 
covariance, 742 
moments, 739-40, 744-45 
spectrum, 61-62, 152-57, 163-67, 269, 

276-77 
Posterior density, 352 
Power series, 714 
Precision, 355 
Predetermined, 238 
Prediction error decomposition, 122, 129, 310 
Present value, 4, 19-20 
Principal diagonal, 721 
Prior distribution, 351 
Probability limit, 181, 749 
pth-order autoregressive process, 58-59 
pth-order difference equations, 7-20, 33-36 
Purchasing power parity. See Exchange rates 

Q 
qth-order moving average, 50-51 
Quadratic equations, 710-11 
Quadratic spectral kernel, 284 
Quadrature spectrum, 271 
Quasi-maximum likelihood estimate, 126, 145, 

430-31 
ARCH, 663-64 
GLS, 222 
GMM and, 430-31 
Kalman filter and, 389 
standard errors, 145 

R 
Radians, 704 
Random variable, 739 
Random walk, 436. See also Unit root process 

OLS estimation, 486-504 
Rational expectations, 422 

efficient markets hypothesis, 306 
Real inten:st rate, 376 
Real number, 708 
Recessions, 167-68, 307-8, 450, 697-98 
Recursive substitution, 1-2 
Reduced form, 245-46, 250-52 

VAR, 327, 329 
Reducible Markov chain, 680 
Regime-switching model§: 

Bayesian estimation, 689 
derivation of equations, 692-93 
description of, 690-91 
EM algorithm, 696 
maximum likelihood, 692, 695-96 
singularity, 689 
smoothed inference and forecasts, 694-95 

Regression. See also Generalized least squares 
(GLS); Generalized method of 
moments (GMM); Ordinary least 
squares (OLS} 

classical assumptions, 202 
time-varying parameters, 400 

Regularity conditions, 427, 698 
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Residual sum of squares (RSS), 200 
Ridge regression, 355 
RSS. See Residual sum of squares 
R2 , 202 

s 
Sample autocorrelations, 110-11 
Sample canonical correlations, 633-35 
Sample likelihood function, 747 
Sample mean: 

definition of, 741 
variance of, 188; 279-81 

Sample moments, 740-41 
Sample periodogram, 158-63, 272- 75 
Scalar, 721 
Score, 427-28 
Seasonality, 167-69 
Second moments, 45, 92-95 

consistent estimation of, 192-93 
Second-order autoregressive process, 56-58 
Second-order difference equations, 17, 29-33 
Seemingly unrelated regressions, 315 
Serial correlation, 225-27 
Sims-Stock-Watson: 

scaling matrix, 457 
transformation, 464, 518 

Simultaneous equations. See also Two-stage 
least squares 

bias, 233-38, 252-53 
estimation based on the reduced form, 

250-52 ., 
full-information maximum likelihood 

estimation, 247-50 
identification, 243-47 
instrumental variables and two-stage least 

squares, 238-43 
nonlinear systems of, 421-22 
overview of, 252-53 

Sine, 704, 706-7 
Singular, 728 
Singularity, 689 
Sinusoidal, 706 
Skew, 746 
Small-sample distribution, 216-17, 516 
Smoothing, Kalman filter and, 394-97 
Spectral analysis: · 

population spectrum, 152-57, 163-67, 269 
sample periodogram, 158-63, 272-75 
uses of, 167- 72 

Spectral representation theorem, 157 
Spectrum. See also Kernel estimates; 

Periodogram 
coherence, 275 
cospectrum, 271- 72 
cross, 270 
estimates of, 163-67, 276- 77, 283-85 
frequency zero and, 189, 283 
gain, 275 
low-frequency, 169 
phase, 275 
population, 61-62, 152-57, 163-67, 269, 

276-77 
quadrature, 271 
sample, 158-63, 272-75 
sums of processes and, 172 
transfer function, 278 
vector processes and, 268- 78 

Spurious regression, 557-62 
Square summable, 52 
Standard deviation, population, 740 
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State equation, 372 
State-space model. See Kalman filter 
State vector, 372 
Stationary/stationarity: 

covariance, 45-46 
difference, 444 
strictly, 46 
trend-stationary, 435 
vector, 258-59 
weakly, 45-46 

Steepest ascent, 134-37 
Stochastic processes: 

central limit theorem for stationary, 195 
composite, 172 
expectationsand,43-45 

Stochastic variable, 739 
Stock prices, 37-38, 306-7, 422-24, 668-69, 

672 
Structural econometric models, vector 

autoregression and, 324-36 
Student's t distribution. See t distribution 
Summable: 

absolute, 52, 64 
square, 52 

Sums of ARMA processes, 102-8 
autocovariance generating function of, 106 
AR, 107-8 
MA, 102-7 
spectrum of, 172 

Supcrconsistent, 460 
Sup operator, 481 

T 
Taxes, 361 
Taylor series, 713-14, 737-38 
Taylor theorem, 713, 737-38 
t distribution, 205,213, 356-57, 409-10, 746, 

755 
Theorems (named after authors): 

Cramer-Wold, 184 
De Moivre, 153, 716-17 
Gauss-Markov, 203, 222 
Granger representation, 582 
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Taylor, 713, 737-38 

Three-stage least squares, 250 
Time domain, 152 
Time series operators, 25-26 
Time series process, 43 
Time trends, 25, 435. See also Trend-stationary 

approaches to, 447-50 
asymptotic distribution of, 454-60 
asymptotic inference for autoregressive 

process around, 463- 72 
breaks in, 449-50 
hypothesis testing for, 461-63 
linear, 438 
OLS estimation, 463 

Ti~e-varying parameters, Kalman filter and, 
398-403 

Trace, 723 
Transition matrix, 679 
Transposition, 723 
Trends representation (Stock-Watson), 
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Trend-stationary, 435 

comparison of unit root process and, 438-44 
forecasts for, 439 
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covariance matrix and, 114-15 
description of, 87-91 
maximum likelihood estimation and, 128-29 
of a second-moment matrix and linear 

projection, 92-95 
Triangular representation, 576- 78 
Trigonometry, 157, 166, 704-8 
t statistic, 204 
2SLS. See Two-stage least squares 
Two-stage least squares (2SLS): 

asymptotic distribution of, 241-42 
coefficient estimator, 238 
consistency of, 240-41 
general description of, 238-39 
GMM and, 420-21 
instrumental variable estimation, 242-43 

u 
Unconditional density, 44 
Unconditional mean, 44 
Uncorrelated, 92, 743 
Unidentified, 244 
Uniformly integrable, 191 
Unimodal, 134 
Unit circle, 32, 709 
Unit root process, 435-36. See also 

Cointegration; Dickey-Fuller test 
asymptotic distribution, 475- 77, 504-6 
Bayesian analysis, 532-34 
Beveridge-Nelson decomposition, 504, 

545-46 
comparison of trend-stationary and, 438-44 
difference versus not to difference, 651-53 
dynamic multipliers, 442-44 
forecasts for, 439-41 
functional central limit theorem and, 483-86 
Johansen's test, 646 
meaning of tests for, 444-47, 515-16 
multivariate asymptotic theory, 544, 547 
observational eqnivalence, 444-47, 515-16 
OLS estimation of autoregression, 527 
Phillips-Perron tests, 506-14 
small-sample distribution, 516 
spurious regression, 557-62 
variance ratio test, 531-32 
vector autoregression, 549-57 

V 
VAR. See Vector autoregression 
Variance,44-45, 740 

decomposition, 323-24 
population, 740 
of sample mean, 188, 279-81 

Variance ratio test, 531-32 
Vech operator, 300-301 
Vee operator, 265 
Vector autoregression. See also Cointegration; 

Impulse-response function 
autocovariances and convergence results for, 

264-66 
autocovariance generating function and, 267 
Bayesian analysis and, 360-62 
cointegration and, 579-80 
impulse-response function and, 318-23 
introduction to, 257-61 
likelihood ratio test, 296-98 
Markov chain and, 679 
maximum likelihood estimation and, 

291-302, 309-18 
restricted, 309-18 
spectrum for, 276 
standard errors, 298, 301, 336-340 
stationarity, 259 
structural econometric models and, 324-36 
time-varying parameters, 401-3 
unit roots, 549-57 
univariate representation, 349 

Vector martingale difference sequence, 189 
Vector processes, asymptotic results fqr 

nonstationary, 544-48 · 
Vectors, forecasting, 77 

w 
Wald form, 213,299 
Wald test, 205, 214 

for maximum likelihood estimation, 429-30 
White noise: 

Gaussian, 25, 43, 48 
independent, 48 
process, 47-48 

Wiener process, 478 
Wiener-Kolmogorov prediction formula, 80 
Wold's decomposition, 108-9 

Kalman filter and, 391-94 
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Yule-Walker equations, 59 
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