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Preface to the Second Edition

This edition contains a large number of additions and corrections scattered
throughout the text, including the incorporation of a new chapter on
state-space models. The companion diskette for the IBM PC has expanded
into the software package ITSM: An Interactive Time Series Modelling
Package for the PC, which includes a manual and can be ordered from
Springer-Verlag.*

We are indebted to many readers who have used the book and programs
and made suggestions for improvements. Unfortunately there is not enough
space to acknowledge all who have contributed in this way; however, special
mention must be made of our prize-winning fault-finders, Sid Resnick and
F. Pukelsheim. Special mention should also be made of Anthony Brockwell,
whose advice and support on computing matters was invaluable in the
preparation of the new diskettes. We have been fortunate to work on the
new edition in the excellent environments provided by the University of
Melbourne and Colorado State University. We thank Duane Boes
particularly for his support and encouragement throughout, and the
Australian Research Council and National Science Foundation for their
support of research related to the new material. We are also indebted to
Springer-Verlag for their constant support and assistance in preparing the
second edition.

Fort Collins, Colorado P.J. BROCKWELL

November, 1990 R.A. DAvis

* ITSM: An Interactive Time Series Modelling Package for the PC by P.J. Brockwell and R.A.
Davis. ISBN: 0-387-97482-2; 1991.



viii Preface to the Second Edition

Note added in the eighth printing: The computer programs referred to in the text
have now been superseded by the package ITSM2000, the student version of which
accompanies our other text, Introduction to Time Series and Forecasting, also
published by Springer-Verlag. Enquiries regarding purchase of the professional
version of this package should be sent to pjbrockwell@cs.com.



Preface to the First Edition

We have attempted in this book to give a systematic account of linear time
series models and their application to the modelling and prediction of data
collected sequentially in time. The aim is to provide specific techniques for
handling data and at the same time to provide a thorough understanding of
the mathematical basis for the techniques. Both time and frequency domain
methods are discussed but the book is written in such a way that either
approach could be emphasized. The book is intended to be a text for graduate
students in statistics, mathematics, engineering, and the natural or social
sciences. It has been used both at the M.S. level, emphasizing the more
practical aspects of modelling, and at the Ph.D. level, where the detailed
mathematical derivations of the deeper results can be included.

Distinctive features of the book are the extensive use of elementary Hilbert
space methods and recursive prediction techniques based on innovations, use
of the exact Gaussian likelihood and AIC for inference, a thorough treatment
of the asymptotic behavior of the maximum likelihood estimators of the
coefficients of univariate ARMA models, extensive illustrations of the tech-
niques by means of numerical examples, and a large number of problems for
the reader. The companion diskette contains programs written for the IBM
PC, which can be used to apply the methods described in the text. Data sets
can be found in the Appendix, and a more extensive collection (includingmost
of those used for the examples in Chapters 1, 9, 10, 11 and 12) is on the diskette.
Simulated ARMA series can easily be generated and filed using the program
PEST. Valuable sources of additional time-series data are the collections of
Makridakis et al. (1984)and Working Paper 109 (1984)of ScientificComputing
Associates, DeKalb, Illinois.

Most of the material in the book is by now well-established in the time
series literature and we have therefore not attempted to give credit for all the
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results discussed. Our indebtedness to the authors of some of the well-known
existing books on time series, in particular Anderson, Box and Jenkins, Fuller,
Grenander and Rosenblatt, Hannan, Koopmans and Priestley will however
be apparent. We were also fortunate to have access to notes on time series by
W. Dunsmuir. To these and to the many other sources that have influenced
our presentation of the subject we express our thanks.

Recursive techniques based on the Kalman filter and state-space represen-
tations of ARMA processes have played an important role in many recent
developments in time series analysis. In particular the Gaussian likelihood of
a time series can be expressed very simply in terms of the one-step linear
predictors and their mean squared errors, both of which can be computed
recursively using a Kalman filter. Instead of using a state-space representation

for recursive prediction we utilize the innovations representation of an arbi-
trary Gaussian time series in order to compute best linear predictors and exact
Gaussian likelihoods. This approach, developed by Rissanen and Barbosa,
Kailath, Ansley and others, expresses the value of the series at time t in terms
of the one-step prediction errors up to that time. This representation provides
insight into the structure of the time series itself as well as leading to simple
algorithms for simulation, prediction and likelihood calculation.

These algorithms are used in the parameter estimation program (PEST)
found on the companion diskette. Given a data set of up to 2300 observations,
the program can be used to find preliminary, least squares and maximum
Gaussian likelihood estimators of the parameters of any prescribed ARIMA
model for the data, and to predict future values. It can also be used to simulate
values of an ARMA process and to compute and plot its theoretical auto-
covariance and spectral density functions. Data can be plotted, differenced,
deseasonalized and detrended. The program will also plot the sample auto-
correlation and partial autocorrelation functions of both the data itself and
the residuals after model-fitting. The other time-series programs are SPEC,
which computes spectral estimates for univariate or bivariate series based on
the periodogram, and TRANS, which can be used either to compute and plot
the sample cross-correlation function of two series, or to perform least squares
estimation of the coefficients in a transfer function model relating the second
series to the first (seeSection 12.2). Also included on the diskette is a screen
editing program (WORD6), which can be used to create arbitrary data files,
and a collection of data files, some of which are analyzed in the book.
Instructions for the use of these programs are contained in the file HELP on
the diskette.

For a one-semester course on time-domain analysis and modelling at the
M.S. level, we have used the following sections of the book:

1.1-1.6; 2.1-2.7; 3.1-3.5; 5.1-5.5; 7.1, 7.2; 8.1-8.9; 9.1-9.6

(withbrief reference to Sections 4.2 and 4.4). The prerequisite for this course
is a knowledge of probability and statistics at the level of the book Introduction
to the Theory of Statistics by Mood, Graybill and Boes.



Preface to the First Edition xi

For a second semester, emphasizing frequency-domain analysis and multi-
variate series, we have used

4.1-4.4, 4.6-4.10; 10.1-10.7; 11.1-11.7; selections from Chap. 12.

At the M.S. level it has not been possible (ordesirable) to go into the mathe-
matical derivation of all the results used, particularly those in the starred
sections, which require a stronger background in mathematical analysis and
measure theory. Such a background is assumed in all of the starred sections
and problems.

For Ph.D. students the book has been used as the basis for a more
theoretical one-semester course covering the starred sections from Chapters
4 through 11 and parts of Chapter 12. The prerequisite for this course is a
knowledge of measure-theoretic probability.

We are greatly indebted to E.J. Hannan, R.H. Jones, S.I. Resnick, S.Tavaré
and D. Tjøstheim, whose comments on drafts of Chapters 1-8 led to sub-
stantial improvements. The book arose out of courses taught in the statistics
department at Colorado State University and benefitted from the comments
of many students. The development of the computer programs would not have
been possible without the outstanding work of Joe Mandarino, the architect
of the computer program PEST, and Anthony Brockwell, who contributed
WORD6, graphics subroutines and general computing expertise. We are
indebted also to the National Science Foundation for support for the research
related to the book, and one of us (P.J.B.) to Kuwait University for providing
an excellent environment in which to work on the early chapters. For permis-
sion to use the optimization program UNC22MIN we thank R. Schnabel of
the University of Colorado computer science department. Finally we thank
Pam Brockwell, whose contributions to the manuscript went far beyond those
of typist, and the editors of Springer-Verlag, who showed great patience and
cooperation in the final production of the book.

Fort Collins, Colorado P.J. BROCKWELL

October 1986 R.A. DAVIS
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CHAPTER 1

Stationary Time Series

In this chapter we introduce some basic ideas of time series analysis and
stochastic processes. Of particular importance are the concepts of stationarity
and the autocovariance and sample autocovariance functions. Some standard
techniques are described for the estimation and removal of trend and season-
ality (ofknown period) from an observed series. These are illustrated with
reference to the data sets in Section 1.1. Most of the topics covered in this
chapter will be developed more fully in later sections of the book. The reader
who is not already familiar with random vectors and multivariate analysis
should first read Section 1.6 where a concise account of the required
background is given. Notice our convention that an n-dimensional random
vector is assumed (unlessspecified otherwise) to be a column vector X =

(Xy,X2,...,X,,)' of random variables. If S is an arbitrary set then we shall use
the notation S" to denote both the set of n-component column vectors with
components in S and the set of n-component row vectors with components
in S.

§1.1Examples of Time Series
A time series is a set of observations x,, each one being recorded at a specified
time t. A discrete-time series (thetype to which this book is primarily devoted)
is one in which the set To of times at which observations are made is a discrete
set, as is the case for example when observations are made at fixed time
intervals. Continuous-time series are obtained when observations are recorded
continuously over some time interval, e.g. when To = [0,1]. We shall use the
notation x(t) rather than x, if we wish to indicate specifically that observations
are recorded continuously.



2 l. Stationary Time Series

EXAMPLE 1.1.1 (Current Through a Resistor). If a sinusoidal voltage v(t) =

a cos(vt + 8) is applied to a resistor of resistance r and the current recorded
continuously we obtain a continuous time series

x(t) = r-iacos(vt + 0).

If observations are made only at times 1, 2, ..., the resulting time series will
be discrete. Time series of this particularly simple type will play a fundamental
role in our later study of stationary time series.

2

05-

-05-

-2
O 10 20 30 40 50 60 70 80 90 100

Figure 1.1. 100 observations of the series x(t) = cos(.2t + ñ/3)
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EXAMPLE 1.1.2 (Population x, of the U.S.A., 1790-1980).

t X, t Xt

1790 3,929,214 1890 62,979,766
1800 5,308,483 1900 76,212,168
1810 7,239,881 1910 92,228,496
1820 9,638,453 1920 106,021,537
1830 12,860,702 1930 123,202,624
1840 17,063,353 1940 132,164,569
1850 23,191,876 1950 151,325,798
1860 31,443,321 1960 179,323,175
1870 38,558,371 1970 203,302,031
1880 50,189,209 1980 226,545,805

240-

220-

200-

180-

160-

140-
O

120-

100-

80-

60-

40-

20-

1780 1830 1880 1930 1980

Figure 1.2. Population of the U.S.A. at ten-year intervals, 1790-1980 (U.S. Bureau of
the Census).
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EXAMPLE 1.1.3 (Strikes in the U.S.A., 1951-1980).

tx,tx,

1951 4737 1966 4405
1952 5117 1967 4595
1953 5091 1968 5045
1954 3468 1969 5700
1955 4320 1970 5716
1956 3825 1971 5138
1957 3673 1972 5010
1958 3694 1973 5353
1959 3708 1974 6074
1960 3333 1975 5031
1961 3367 1976 5648
1962 3614 1977 5506
1963 3362 1978 4230
1964 3655 1979 4827
1965 3963 1980 3885

7

6-

2
1950 1955 1960 1965 1970 1975 1980

Figure 1.3. Strikes in the U.S.A., 1951-1980 (Bureau of Labor Statistics, U.S. Labor
Department).
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EXAMPLE l.l.4 (All Star Baseball Games, 1933-1980).

f l if the National League won in year t,
x, =

- 1 if the American League won in year t.

t - 1900 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48
x, -1 -1 -1 1 -l 1

-l

1 -1 -1 -1 1 † -1 -1 -1

t- 1900 49 50 51 52 53 54 55 56 57 58 59 60 61 62 63 64
x, -11111-111-1-l****11

t- 1900 65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80
x, 111111-1111111111

† = no game.
* = two games scheduled.

-2

-

1930 1935 1940 1945 1950 1955 1960 1965 1970 1975 1980

Figure 1.4. Results x,, Example 1.1.4, of All-star baseball games, 1933-1980.
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EXAMPLE 1.1.5 (Wölfer Sunspot Numbers, 1770-1869).

1770 101 1790 90 1810 0 1830 71 1850 66
1771 82 1791 67 1811 1 1831 48 1851 64
1772 66 1792 60 1812 5 1832 28 1852 54
1773 35 1793 47 1813 12 1833 8 1853 39
1774 31 1794 41 1814 14 1834 13 1854 21
1775 7 1795 21 1815 35 1835 57 1855 7
1776 20 1796 16 1816 46 1836 122 1856 4
1777 92 1797 6 1817 41 1837 138 1857 23
1778 154 1798 4 1818 30 1838 103 1858 55
1779 125 1799 7 1819 24 1839 86 1859 94
1780 85 1800 14 1820 16 1840 63 1860 96
1781 68 1801 34 1821 7 1841 37 1861 77
1782 38 1802 45 1822 4 1842 24 1862 59
1783 23 1803 43 1823 2 1843 11 1863 44
1784 10 1804 48 1824 8 1844 15 1864 47
1785 24 1805 42 1825 17 1845 40 1865 30
1786 83 1806 28 1826 36 1846 62 1866 16
1787 132 1807 10 1827 50 1847 98 1867 7
1788 131 1808 8 1828 62 1848 124 1868 37
1789 118 1809 2 1829 67 1849 96 1869 74

160

150 -
140 -
130 -
120 -

110 -
100 E

90 -
80 -
70 -
60 -
50 -

40 -

30 -
20 -
10 -

1770 1780 1790 1800 1810 1820 1830 1840 1850 1860 1870

Figure 1.5. The Wölfer sunspot numbers, 1770-1869.
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EXAMPLE 1.l.6 (Monthly Accidental Deaths in the U.S.A., 1973-1978).

1973 1974 1975 1976 1977 1978

Jan. 9007 7750 8162 7717 7792 7836
Feb. 8106 6981 7306 7461 6957 6892
Alar. 8928 8038 8124 7776 7726 7791
Apr. 9137 8422 7870 7925 8106 8129
Afay 10017 8714 9387 8634 8890 9115
Jun. 10826 9512 9556 8945 9299 9434
Jul. 11317 10120 10093 10078 10625 10484
Aaig. 10744 9823 9620 9179 9302 9827
Sep. 9713 8743 8285 8037 8314 9110
()ct. 9938 9129 8433 8488 8850 9070
fuov. 9161 8710 8160 7874 8265 8633
L)ec. 8927 8680 8034 8647 8796 9240

12

10 -

7 -

O 12 24 36 48 60 72

Figure 1.6. Monthly accidental deaths in the U.S.A., 1973-1978 (National Safety
Council).



8 l. Stationary Time Series

These examples are of course but a few of the multitude of time series to
be found in the fields of engineering, science, sociology and economics. Our
purpose in this book is to study the techniques which have been developed
for drawing inferences from such series. Before we can do this however, it is
necessary to set up a hypothetical mathematical model to represent the data.
Having chosen a model (or family of models) it then becomes possible to
estimate parameters, check for goodness of fit to the data and possibly to use
the fitted model to enhance our understanding of the mechanism generating
the series. Once a satisfactory model has been developed, it may be used
in a variety of ways depending on the particular field of application. The
applications include separation (filtering)of noise from signals, prediction of
future values of a series and the control of future values.

The six examples given show some rather striking differences which are
apparent if one examines the graphs in Figures 1.1-1.6. The first gives rise to
a smooth sinusoidal graph oscillating about a constant level, the second to a
roughly exponentially increasing graph, the third to a graph which fluctuates
erratically about a nearly constant or slowly rising level, and the fourth to an
erratic series of minus ones and ones. The fifth graph appears to have a strong
cyclic component with period about 11 years and the last has a pronounced
seasonal component with period 12.

In the next section we shall discuss the general problem of constructing
mathematical models for such data.

§1.2Stochastic Processes

The first step in the analysis of a time series is the selection of a suitable
mathematical model (orclass of models) for the data. To allow for the possibly
unpredictable nature of future observations it is natural to suppose that each
observation x, is a realized value of a certain random variable X,. The time
series {x,,teTo} is then a realization of the family of random variables
{X,, te To}. These considerations suggest modelling the data as a realization
(orpart of a realization) of a stochastic process {X,, te T} where T ;a To. To
clarify these ideas we need to define precisely what is meant by a stochastic
process and its realizations. In later sections we shall restrict attention to
special classes of processes which are particularly useful for modelling many
of the time series which are encountered in practice.

Definition 1.2.1 (Stochastic Process). A stochastic process is a family of random
variables {X,, tE T} defined on a probability space (G, F, P).

Remark 1. In time series analysis the index (orparameter) set T is a set of time
points, very often {0,±1, ±2,...}, {1,2,3,...},\0,oo) or (-oo, o). Stochastic
processes in which T is not a subset of R are also of importance. For example
in geophysics stochastic processes with T the surface of a sphere are used to
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represent variables indexed by their location on the earth's surface. In this
book however the index set T will always be a subset of R.

Recalling the definition of a random variable we note that for each fixed
te T, X, is in fact a function X,(·) on the set O. On the other hand, for each
fixed we D, X.(w) is a function on T.

Definition 1.2.2 (Realizations of a Stochastic Process). The functions
{X.(w),wen} on T are known as the realizations or sample-paths of the
process {X,, te T}.

Remark 2. We shall frequently use the term time series to mean both the data
and the process of which it is a realization.

The following examples illustrate the realizations of some specific stochastic
processes. The first two could be considered as possible models for the time
series of Examples 1.1.1 and 1.1.4 respectively.

EXAMPLE 1.2.1 (Sinusoid with Random Phase and Amplitude). Let A and 8
be independent random variables with A > 0 and 8 distributed uniformly on
[0,2x). A stochastic process {X(t), tE R} can then be defined in terms of A and
8 for any given v 2 0 and r > 0 by

X, = r¯ A cos(vt + 8), (1.2.1)
or more explicitly,

X,(w) = r A(o)cos(vt + O(o)), (1.2.2)
where o is an element of the probability space O on which A and 8 are defined.

The realizations of the process defined by 1.2.2 are the functions of t
obtained by fixing o, i.e. functions of the form

x(t) = r¯Iacos(vt + 0).

The time series plotted in Figure 1.1 is one such realization.

EXAMPLE 1.2.2 (A Binary Process). Let {X,,t = 1,2,...} be a sequence of
independent random variables for each of which

P(X, = 1) = P(X, = - 1) = 1. (1.2.3)
In this case it is not so obvious as in Example 1.2.1 that there exists a
probability space (G,F,P) with random variables X1, X2, ... defined on R
having the required joint distributions, i.e. such that

P(X, = ii,X2 - i2,...,X, = i,) = 2¯", (1.2.4)
for every n-tuple (ii,..., is) of l's and - l's. The existence of such a process is
however guaranteed by Kolmogorov's theorem which is stated below and
discussed further in Section 1.7.
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The time series obtained by tossing a penny repeatedly and scoring + 1 for
each head, - 1 for each tail is usually modelled as a realization of the process
defined by (1.2.4).Each realization of this process is a sequence of l's and - l's.

A priori we might well consider this process as a model for the All Star
baseball games, Example 1.1.4. However even a cursory inspection of the
results from 1963 onwards casts serious doubt on the hypothesis P(X, = 1) = k
EXAMPLE 1.2.3 (Random Walk). The simple symmetric random walk {S,,t =

0, 1,2,...} is defined in terms of Example 1.2.2 by So = 0 and

S, = 1 X,, t ;> 1. (1.2.5)
i=1

The general random walk is defined in the same way on replacing X,, X29 ·••

by a sequence of independently and identically distributed random variables
whose distribution is not constrained to satisfy (1.2.3).The existence of such
an independent sequence is again guaranteed by Kolmogorov's theorem (see
Problem 1.18).

EXAMPLE 1.2.4 (Branching Processes). There is a large class of processes,
known as branching processes, which in their most general form have been
applied with considerable success to the modelling of population growth
(seefor example Jagers (1976)).The simplest such process is the Bienaymé-
Galton-Watson process defined by the equations Xo = x (thepopulation size
in generation zero) and

x,
X, i

= 1 Z,,,, t = 0, 1, 2, ..., (1.2.6)
j=1

where Z,,,, t = 0, 1, ..., j = 1, 2, ... are independently and identically
distributed non-negative integer-valued random variables, Z,,,, representing
the number of offspring of the jth individual born in generation t.

In the first example we were able to define X,(w) quite explicitly for each
t and o. Very frequently however we may wish (or be forced) to specify
instead the collection of all joint distributions of all finite-dimensional vectors
(X,,,X,,,...,X,), t=(ty,...,t.)eT", ne{1,2,...}. In such a case we need
to be sure that a stochastic process (seeDefinition 1.2.1) with the specified
distributions really does exist. Kolmogorov's theorem, which we state here
and discuss further in Section 1.7, guarantees that this is true under minimal
conditions on the specified distribution functions. Our statement of Kolmo-
gorov's theorem is simplified slightly by the assumption (Remark 1) that T is
a subset of R and hence a linearly ordered set. If T were not so ordered an
additional "permutation" condition would be required (astatement and proof
of the theorem for arbitrary T can be found in numerous books on probability
theory, for example Lamperti, 1966).
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Definition 1.2.3 (The Distribution Functions of a Stochastic Process
{X,, te Tc R}). Let i be the set of all vectors {t= (ti,..., t,y E In· É1

t2 n, n = 1, 2,
...}.

Then the (finite-dimensional)distribution functions
of {X,, tE T} are the functions {F,(·), tE T} defined for t = (tz,..., t.)' by

F,(x) = P(X, 5 xt,...,X, 5 x,,), x = (xy,...,x,,)'eR". (1.2.7)

Theorem1.2.1 (Kolmogorov's Theorem). The probability distribution functions
{F,(·), tE Œ }are the distribution functionsof some stochastic process if and
only if for any ne {1,2,...}, t = (ty,..., t,,)'e f and 1 5 i i n,

lim F,(x) = F,,,(x(i)) (1.2.8)
xfoo

where t(i) and x(i) are the (n- 1)-component vectors obtained by deleting the
ith COmpON€nÉS Of t and x respectively.

If ¢,(·)is the characteristic function corresponding to F,( ),i.e.

¢t(u)= e'"''F,(dxt ,..., dx,,), u = (ul, ..., u,,)' E gn

then (1.2.8)can be restated in the equivalent form,

lim ¢,(u)= ¢, (u(i)), (1.2.9)
uyO

where u(i) is the (n - 1)-component vector obtained by deleting the ith
component of u.

Condition (1.2.8)is simply the "consistency" requirement that each function
F,(·) should have marginal distributions which coincide with the specified
lower dimensional distribution functions.

§1.3Stationarity and Strict Stationarity

When dealing with a finite number of random variables, it is often useful
to compute the covariance matrix (seeSection 1.6) in order to gain insight
into the dependence between them. For a time series {X,, te T} we need to
extend the concept of covariance matrix to deal with infinite collections of
random variables. The autocovariance function provides us with the required
extension.

Definition 1.3.1 (The Autocovariance Function). If {X,, tE T} is a process such
that Var(X,) < oo for each te T, then the autocovariance function yx(·, ) of
{X,} is defined by

7x(r, s) = Cov(X,, X,) = E [(X, - EX,)(X, - EX,)], r, se T. (1.3.1)
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Definition 1.3.2 (Stationarity). The time series {X,, te Z}, with index set
Z = {0,±1, ±2,...}, is said to be stationary if

(i) E|X, 2 < Œ) fOT alÏ lE ,

(ii) EX, = m for all te Z,

and

(iii)yx(r, s) = yx(r + t, s + t) for all r, s, te Z.

Remark 1. Stationarity as just defined is frequently referred to in the literature
as weak stationarity, covariance stationarity, stationarity in the wide sense or
second-order stationarity. For us however the term stationarity, without
further qualification, will always refer to the properties specified by Definition
1.3.2.

Remark 2. If {X,, te Z} is stationary then yx(r, s) = yx(r - s,0) for all r, SE . It
is therefore convenient to redefine the autocovariance function of a stationary
process as the function of just one variable,

7x(h) = yx(h,0) = Cov(Xt+h,X,) for all t, hE .

The function yx(·) will be referred to as the autocovariance function of {X,}
and yx(h) as its value at

"lag" h. The autocorrelation function (acf)of {X,} is
defined analogously as the function whose value at lag h is

Px(h) = yx(h)/yx(0) = Corr(Xt+h, X,) for all t, he Z.

Remark 3. It will be noticed that we have defined stationarity only in the case
when T = Z. It is not difficult to define stationarity using a more general index
set, but for our purposes this will not be necessary. If we wish to model a set
of data {x,,tETC RS a TORiiZatiOR Of a stationary process, we can always
consider it to be part of a realization of a stationary process {X,, tE ).

Another important and frequently used notion of stationarity is introduced
in the following definition.

Definition 1.3.3 (Strict Stationarity). The time series {X,, te Z} is said to be
strictly stationary if the joint distributions of (X,,,...,X, )'and (Xt +h,...,Xtg+h
are the same for all positive integers k and for all ti, ..., te, he Z.

Strict stationarity means intuitively that the graphs over two equal-length
time intervals of a realization of the time series should exhibit similar statistical
characteristics. For example, the proportion of ordinates not exceeding a
given level x should be roughly the same for both intervals.

Remark 4. Definition 1.3.3 is equivalent to the statement that (Xi,..., Xk)' and
(X1+h,..., Xk+h)' have the same joint distribution for all positive integers k and
integers h.
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The Relation Between Stationarity and Strict Stationarity

If {X,} is strictly stationary it immediately follows, on taking k = 1 in
Definition 1.3.3, that X, has the same distribution for each te Z. If E |X,\2 < œ

this implies in particular that EX, and Var(X,) are both constant. Moreover,
taking k = 2 in Definition 1.3.3, we find that X,4 and X, have the same joint
distribution and hence the same covariance for all he Z. Thus a strictly
stationary process with finite second moments is stationary.

The converse of the previous statement is not true. For example if {X,} is
a sequence of independent random variables such that X, is exponentially
distributed with mean one when t is odd and normally distributed with mean
one and variance one when t is even, then {X,} is stationary with yx(0) = 1
and yx(h) = 0 for h ¢ 0. However since Xi and X2 have different distributions,
{X,} cannot be strictly stationary.

There is one important case however in which stationarity does imply strict
stationarity.

Definition 1.3.4 (Gaussian Time Series). The process {X,} is a Gaussian time
series if and only if the distribution functions of {X,} are all multivariate
normal.

If {X,, te Z} is a stationary Gaussian process then {X,} is strictly stationary,
since for all ne{1,2,...} and for all h, ti, t2, ...EZ, the random vectors
(X,,,...,X, )' and (Xt +h,...,X,,)' have the same mean and covariance
matrix, and hence the same distribution.

EXAMPLE 1.3.1. Let X, = A cos(8t) + B sin(8t) where A and B are two uncor-
related random variables with zero means and unit variances with 8 e | -ñ,

ñ |.
This time series is stationary since

Cov(Xt+h, X,) = Cov(A cos(0(t + h)) + B sin(8(t + h)),A cos(8t) + B sin(8t))

= cos(0t)cos(8(t + h)) + sin(8t)sin(8(t + h))
= cos(8h),

which is independent of t.

EXAMPLE 1.3.2. Starting with an independent and identically distributed
sequence of zero-mean random variables Z, with finite variance aj, define
X, = Z, + ÐZ, 1. Then the autocovariance function of X, is given by

Cov(Xt+h, X,) = Cov(Zt+h + ÐZt+h-1, Z, + BZ,-1)

(1+ 82)aj if h = 0,
= Bei if h = ±1,

0 if |h| > 1,
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and hence {X,} is stationary. In fact it can be shown that {X,} is strictly
stationary (seeProblem 1.1).

EXAMPLE 1.3.3. Let

i if t is even,X =
' Y,+ 1 if t is odd.

where (Y,} is a stationary time series. Although Cov(Xt+h,X,) = yy(h), {X,} is
not stationary for it does not have a constant mean.

EXAMPLE 1.3.4. Referring to Example 1.2.3, let S, be the random walk
S, = X, + X2 + ··· + X,, where Xi, X2, ..., are independent and identically
distributed with mean zero and variance o.2. FOr h > 0,

(t+h
t

Cov(S,,,,, S,) = Cov i X;, E X,
i=1 j=1

= Cov i X;, i X,
i=1 j=1

=o2t

and thus S, is not stationary.

Stationary processes play a crucial role in the analysis of time series.
Of course many observed time series (seeSection 1.1) are decidedly non-
stationary in appearance. Frequently such data sets can be transformed by
the techniques described in Section 1.4 into series which can reasonably be
modelled as realizations of some stationary process. The theory of stationary
processes (developedin later chapters) is then used for the analysis, fitting and
prediction of the resulting series. In all of this the autocovariance function is
a primary tool. Its properties will be discussed in Section 1.5.

§1.4The Estimation and Elimination of Trend
and Seasonal Components

The first step in the analysis of any time series is to plot the data. If there are
apparent discontinuities in the series, such as a sudden change of level, it may
be advisable to analyze the series by first breaking it into homogeneous
segments. If there are outlying observations, they should be studied carefully
to check whether there is any justificationfor discarding them (asfor example
if an observation has been recorded of some other process by mistake).
Inspection of a graph may also suggest the possibility of representing the data
as a realization of the process (the

"classical decomposition" model),
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X, = m, + s, + , (1.4.1)
where m, is a slowly changing function known as a

"trend component", s, is
a function with known period d referred to as a

"seasonal component", and
is a

"random noise component" which is stationary in the sense of Definition
1.3.2. If the seasonal and noise fluctuations appear to increase with the level
of the process then a preliminary transformation of the data is often used to
make the transformed data compatible with the model (1.4.1).See for example
the airline passenger data, Figure 9.7, and the transformed data, Figure 9.8,
obtained by applying a logarithmic transformation. In this section we shall
discuss some useful techniques for identifying the components in (1.4.1).

Our aim is to estimate and extract the deterministic components m, and s,
in the hope that the residual or noise component will turn out to be a
stationary random process. We can then use the theory of such processes to
find a satisfactory probabilistic model for the process { },to analyze its
properties, and to use it in conjunction with m, and s, for purposes of prediction
and control of {X,}.

An alternative approach, developed extensively by Box and Jenkins (1970),
is to apply difference operators repeatedly to the data {x,}until the differenced
observations resemble a realization of some stationary process {¾}.We can
then use the theory of stationary processes for the modelling, analysis and
prediction of { }and hence of the original process. The various stages of this
procedure will be discussed in detail in Chapters 8 and 9.

The two approaches to trend and seasonality removal, (a)by estimation of
m, and s, in (1.4.1)and (b)by differencing the data {x,},will now be illustrated
with reference to the data presented in Section 1.1.

Elimination of a Trend in the Absence of Seasonality

In the absence of a seasonal component the model (1.4.1)becomes

X, = m, + Y,, t = 1, ..., n (1.4.2)
where, without loss of generality, we can assume that E Y, = 0.

Method 1 (Least Squares Estimation of m,). In this procedure we attempt to
fit a parametric family of functions, e.g.

m, = ao + ait + a2
2, (1.4.3)

to the data by choosing the parameters, in this illustration ao, ai and a2, to
minimize 1, (x,-

m,)2
Fitting a function of the form (1.4.3)to the population data of Figure 1.2,

1790 st i 1980 gives the estimated parameter values,

âo = 2.097911 × 10 °,

ât =

-2.334962

× 102,
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Figure 1.7. Population of the U.S.A., 1790-1980, showing the parabola fitted by least
squares.

and
â2 = 6.498591 × 103.

A graph of the fitted function is shown with the original data in Figure 1.7.
The estimated values of the noise process Y, 1790 sts 1980, are the residuals
obtained by subtraction of è, = âo + âit + â2 2 ÎTOm x,.

The trend component A, furnishes us with a natural predictor of future
values of X,. For example if we estimate Yiçço by its mean value (i.e.zero) we
obtain the estimate,

Nigeo = 2.484 × 106,

for the population of the U.S.A. in 1990. However if the residuals {Ÿ}are
highly correlated we may be able to use their values to give a better estimate
of Yiçço and hence of Xiçço.

Method 2 (Smoothing by Means of a Moving Average). Let q be a non-
negative integer and consider the two-sided moving average,

= (2q+ 1) X,,,, (1.4.4)
of the process {X,} defined by (1.4.2).Then for q + 1 5 t i n - q,

(2q+ 1)¯ i m,,, + (2q+ 1) I i Yo
J=-4 J=-e

(1.4.5)
~ m,,
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assuming that m, is approximately linear over the interval [t - q, t + q] and
that the average of the error terms over this interval is close to zero.

The moving average thus provides us with the estimates

A, = (2q+ 1)¯I i X, y, q + 1 5 t i n - q. (1.4.6)

Since X, is not observed for t 5 0 or t > n we cannot use (1.4.6)for t < q or
t > n - q. The program SMOOTH deals with this problem by defining
X,:= X, for t < 1 and X,:= X,, for t > n. The results of applying this
program to the strike data of Figure 1.3 are shown in Figure 1.8. The
estimated noise terms, Ÿ,= X, - A,, are shown in Figure 1.9. As expected,
they show no apparent trend.

For any fixed a e [0, 1], the one-sided moving averages â,, t = 1, ..., n,
defined by the recursions,

A, = aX, + (1 - a)A,
_ 2, t = 2, . . . , n, (1.4.7)

and
n^t, = X,, (1.4.8)

can also be computed using the program SMOOTH. Application of (1.4.7)
and (1.4.8)is often referred to as exponential smoothing, since it follows from
these recursions that, for t > 2, A, = Lo a(1 - a)JX,_, + (1 - a)'¯*X,, a
weighted moving average of X,, X,_,,..., with weights decreasing expo-
nentially (exceptfor the last one).

It is useful to think of {à,}in (1.4.6)as a process obtained from {X,}
by application of a linear operator or linear filter, 4, = ip _, a;X,g with

7

6-

2
1950 1955 1960 1965 1970 1975 1980

Figure 1.8. Simple 5-term moving average in, of the strike data from Figure 1.3.
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Figure 1.9. Residuals, Y = x, - rh,, after subtracting the 5-term moving average from
the strike data.

weights a, = (2q+ 1) , -q < j á q, and a, = 0, |j| > q. This particular filter
is a

"low-pass" filter since it takes the data {x,}and removes from it the rapidly
fluctuating (or high frequency) component {Ÿ},to leave the slowly varying
estimated trend term {rh,}(seeFigure 1.10).

{x,} . {ar,= La,x,s}Lmear filter

Figure 1.10. Smoothing with a low-pass linear filter.

The particular filter (1.4.6)is only one of many which could be used for
smoothing. For large q, provided (2q+ 1)* Q ~ 0, it will not only
attenuate noise but at the same time will allow linear trend functions m, =

at + b, to pass without distortion. However we must beware of choosing q to
be too large since if m, is not linear, the filtered process, although smooth, will
not be a good estimate of m,. By clever choice of the weights {a,}it is possible
to design a filter which will not only be effective in attenuating noise from the
data, but which will also allow a larger class of trend functions (forexample
all polynomials of degree less than or equal to 3) to pass undistorted through
the filter. The Spencer 15-point moving average for example has weights

a, = 0, i| > 7,



§1.4.The Estimation and Elimination of Trend and Seasonal Components 19

with

a, = a_;, i <; 7,

and

[ao,ay,..., a,] = á[74,67,46,21,3,
-5, -6,

-3]. (1.4.9)
Applied to the process (1.4.3)with m, = at3 + bt2 + ct + d, it gives

7 7 7

a;X,a = 1 arm, + 2 a¿L,
i=-7 i=-7 i=-7

7
~iaim,,

i=-7

=m,,

where the last step depends on the assumed form of m, (Problem 1.2). Further
details regarding this and other smoothing filters can be found in Kendall and
Stuart, Volume 3, Chapter 46.

Method 3 (Differencing to Generate Stationary Data). Instead of attempting
to remove the noise by smoothing as in Method 2, we now attempt to eliminate
the trend term by differencing. We define the first difference operator V by

VX, = X, - X,_i = (1 - B)X,, (1.4.10)
where B is the backward shift operator,

BX, = X,_,. (1.4.11)
Powers of the operators B and V are defined in the obvious way, i.e.
BJ(X,) = X, y and V1(X,) = V(VA¯l(X,)), j> 1 with V°(X,) = X,. Polynomials
in B and V are manipulated in precisely the same way as polynomial functions
of real variables. For example

V2X, = V(VX,) = (1- B)(1 - B)X, = (1 - 2B + B2)X,

= X, - 2X,_, + Xt-2

If the operator V is applied to a linear trend function m, = at + b, then we
obtain the constant function Vm, = a. In the same way any polynomial trend
of degree k can be reduced to a constant by application of the operator V*
(Problem 1.4).

Starting therefore with the model X, = m, + where m, = 2 0
arti and

is stationary with mean zero, we obtain

VkX, = k!ak kL
a stationary process with mean k!ax. These considerations suggest the
possibility, given any sequence {x,}of data, of applying the operator V
repeatedly until we find a sequence {VkX,} which can plausibly be modelled
as a realization of a stationary process. It is often found in practice that the
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Figure 1.11. The twice-differenced series derived from the population data of Figure 1.2.

order k of differencing required is quite small, frequently one or two. (This
depends on the fact that many functions can be well approximated, on an
interval of finite length, by a polynomial of reasonably low degree.)

Applying this technique to the twenty population values {x,,n = 1,...,20}
of Figure 1.2 we find that two differencing operations are sufficient to produce
a series with no apparent trend. The differenced data, V2Xn = Xn - 2x,_, +
Xn-2, are Plotted in Figure 1.11. Notice that the magnitude of the fluctuations
in V2x, increase with the value of x.. This effect can be suppressed by first
taking natural logarithms, y, = ln x,, and then applying the operator V2 m
the series {y,}. (See also Section 9.2(a).)

Elimination of both Trend and Seasonality

The methods described for the removal of trend can be adapted in a natural
way to eliminate both trend and seasonality in the general model

X, = mr + s, + , (1.4.12)
where E = 0, s,a = s, and De s, = 0. We illustrate these methods, with
reference to the accident data of Example 1.1.6 (Figure 1.6) for which the
period d of the seasonal component is clearly 12.

It will be convenient in Method l to index the data by year and month.
Thus xy,,, j = 1, ..., 6, k = 1,..., 12 will denote the number of accidental deaths
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reported for the kthmonth of the jth year, (1972+ j). In other words we define

xy,, = xx,124,_,,, j = 1, ..., 6, k = 1, ..., 12.

Method S1 (The Small Trend Method). If the trend is small (asin the accident
data) it is not unreasonable to suppose that the trend term is constant, say my,
for the jth year. Since 1,91s, = 0, we are led to the natural unbiased estimate

1 12
th = - i xy,,, 0.4.13)12x=1

while for se, k = 1, ..., 12 we have the estimates,

1 6

se- - 2 (xj,k- 4), (1.4.14)6;-1

which automatically satisfy the requirement that ik11 k
= 0. The estimated

error term for month k of the jth yCRT ÌS Of COUTSC

,k = Xj,k ¯ j ¯ k, j = 1, ..., 6, k = 1, ..., 12. (1.4.15)
The generalization of (1.4.13)-(1.4.15)to data with seasonality having a period
other than 12 should be apparent.

In Figures 1.12, 1.13 and 1.14 we have plotted respectively the detrended
observations xy,, - 4, the estimated seasonal components se,and the de-

2-

-2-

O 12 24 36 48 60 72

Figure 1.12. Monthly accidental deaths from Figure 1.6 after subtracting the trend
estimated by Method S1.
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Figure 1.13. The seasonal component of the monthly accidental deaths, estimated by
Method Sl.
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Figure 1.14. The detrended and deseasonalized monthly accidental deaths (Method Sl).
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Figure 1.15. Comparison of the moving average and piecewise constant estimates of
trend for the monthly accidental deaths.

trended, deseasonalized observations (,, = xy,, - 4, - sk.The latter have no
apparent trend or seasonality.

Method S2 (Moving Average Estimation). The following technique is preferable
to Method S1 since it does not rely on the assumption that mr is nearly
constant over each cycle. It is the basis for the "classical decomposition"
option in the time series identification section of the program PEST.

Suppose we have observations {xi,...,x,}.The trend is first estimated by
applying a moving average filter specially chosen to eliminate the seasonal
component and to dampen the noise. If the period d is even, say d = 2q, then
we use

A, = (0.5x,, + x,_,41 + ··· + x,,,_; + 0.5x,,,)/d,
(1.4.16)

q<t<;n-q.

If the period is odd, say d = 2q + 1, then we use the simple moving average
(1.4.6).

In Figure 1.15 we show the trend estimate A,, 6 < t < 66, for the accidental
deaths data obtained from (1.4.16).Also shown is the piecewise constant
estimate obtained from Method S1.

The second step is to estimate the seasonal component. For each k = 1, ..., d
we compute the average wk Of the deviations ((xk+jd̄ k+jd):4 < k + jd <

n - q}. Since these average deviations do not necessarily sum to zero, we
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Table 1.1. Estimated Seasonal Components for the Accidental Deaths Data

k 1 2 3 4 5678 9101112

s, (Method S1) -744 -1504 -724 -523 338 808 1665 961 -87 197 -321 -67
s,(MethodS2) -804 -1522 -737 -526 343 746 1680 987 -109 258 -259 -57

estimate the seasonal component se a

se- wy - d¯ L w;, k = 1, ..., d, (1.4.17)
i=1

andsk¯ k-d,k>d.

The deseasonalized data is then defined to be the original series with the
estimated seasonal component removed, i.e.

d, = x, - s,, t = 1, ..., n. (1.4.18)
Finally we reestimate the trend from {d,}either by applying a moving

average filter as described earlier for non-seasonal data, or by fitting a
polynomial to the series {d,}.The program PEST allows the options of fitting
a linear or quadratic trend è,. The estimated noise terms are then

Ÿ=x,-à,-s,, t=1,...,n.

The results of applying Methods S1 and S2 to the accidental deaths data
are quite similar, since in this case the piecewise constant and moving average
estimates of m, are reasonably close (seeFigure 1.15).

A comparison of the estimates of se, k = 1, ..., 12, obtained by Methods
Sl and S2 is made in Table 1.1.

Method S3 (Differencing at Lag d). The technique of differencing which we
applied earlier to non-seasonal data can be adapted to deal with seasonality
of period d by introducing the lag-d difference operator Vddefined by

VdX, = X, - Xt-d d)X,. (1.4.19)
(This operator should not be confused with the operator V" = (1-

B)ddefined
earlier.)

Applying the operator VdtO the model,

X, = m, + s, + Y,,

where {s,}has period d, we obtain

VdX, = m, - mt-d t t-d9

which gives a decomposition of the difference VdX, into a trend component
(m,- mt-d) and a noise term (Y, - Y-d). The trend, m, - mt-d, can then be
eliminated using the methods already described, for example by application
of some power of the operator V.

Figure 1.16 shows the result of applying the operator V12 (O the accidental
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Figure 1.16. The differenced series {V12Xt,t = 13,...,72} derived from the monthly
accidental deaths {x,,t= 1,...,72}.

deaths data. The seasonal component evident in Figure 1.6 is absent from the
graph of V,2x,, 13 < t < 72. There still appears to be a non-decreasing trend
however. If we now apply the operator V to V12x, and plot the resulting
differences VV,2x,, t = 14, ..., 72, we obtain the graph shown in Figure 1.17,
which has no apparent trend or seasonal component. In Chapter 9 we shall
show that the differenced series can in fact be well represented by a stationary
time series model.

In this section we have discussed a variety of methods for estimating and/or
removing trend and seasonality. The particular method chosen for any given
data set will depend on a number of factors including whether or not estimates
of the components of the series are required and whether or not it appears
that the data contains a seasonal component which does not vary with time.
The program PEST allows two options, one which decomposes the series as
described in Method S2, and the other which proceeds by successive differencing
of the data as in Methods 3 and S3.

§1.5The Autocovariance Function of
a Stationary Process

In this section we study the properties of the autocovariance function intro-
duced in Section 1.3.
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Figure 1.17. The differenced series {VV12x,,t = 14,...,72} derived from the monthly
accidental deaths {x,,t= 1,...,72}.

Proposition 1.5.1 (Elementary Properties). If y(·) is the autocovariance function
of a stationary process {X,,teZ}, then

y(0)> 0, (1.5.1)
y(h) | 5 y(0) for all he Z, (1.5.2)

and y(·) is even, i.e.

y(h)=y(-h) forallheZ. (1.5.3)
PROOF. The first property is a statement of the obvious fact that Var(X,) > 0,
the second is an immediate consequence of the Cauchy-Schwarz inequality,

|Cov(Xt+h,X,)| 5 (Var(Xt+h 1/2(Var(X,))1/2

and the third is established by observing that
y(-h) = Cov(Xt-h,X,) = Cov(X,,Xt+h) = y(h). O

Autocovariance functions also have the more subtle property of non-
negative definiteness.

Definition 1.5.1 (Non-Negative Definiteness). A real-valued function on the
integers, x : Zo R, is said to be non-negative definite if and only if
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agx(t, - ty)a; ;> 0 (1.5.4)
i, j=1

for all positive integers n and for all vectors a = (ai,...,a.)'eR" and t =

(ti,..., t.)'E n or if and only if , agx(i - j)a ;> 0 for all such n and a.

Theorem 1.5.1 (Characterization of Autocovariance Functions). A real-valued

functiondefined on the integers is the autocovariance functionof a
stationary time series if and only if it is even and non-negative definite.

PROOF. To show that the autocovariance function y( ) of any stationary time
series {X,} is non-negative definite, we simply observe that if a = (ax,..., a,,)'e
R", t = (ty,..., t,,)'e Z", and Z, = (X,, - EX,,,...,X, - EX,_)', then

0 <; Var(a'Z,)

= a'EZ,Z'a

= aT,, a

= 1 a¿y(t; - t )a ,

i, j=1

where F,, = [y(t;- ty)]Lj=1is the covariance matrix of (X, ,...,X, )'.
To establish the converse, let x : Z -+ R be an even non-negative definite

function. We need to show that there exists a stationary process with x(·)
as its autocovariance function, and for this we shall use Kolmogorov's
theorem. For each positive integer n and each t = (ti, ..., t.)' e Z" such that
ty < t2 < ··· < t,, let F, be the distribution function on R" with characteristic
function

Á(u)= exp(-u'Ku/2),

where u = (ux,...,u,,)'eR" and K = [w(to tj)] i. Since x is non-negative
definite, the matrix K is also non-negative definite and consequently ¢t is
the characteristic function of an n-variate normal distribution with mean
zero and covariance matrix K (seeSection 1.6). Clearly, in the notation of
Theorem 1.2.1,

(u(i))= lim ((u) for each te T,
u O

i.e. the distribution functions F are consistent, and so by Kolmogorov's
theorem there exists a time series {X,} with distribution functions F, and
characteristic functions 4, te f. In particular the joint distribution of X, and
X, is bivariate normal with mean 0 and covariance matrix

(0) x(i - j)
(i - j) x(0)

'

which shows that Cov(X,, X,) = x(i - j) as required. O
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Remark 1. As shown in the proof of Theorem 1.5.1, for every autocovariance
function y(·), there exists a stationary Gaussian time series with y(·) as its
autocovariance function.

Remark 2. To verify that a given function is non-negative definite it is sometimes
simpler to specify a stationary process with the given autocovariance function
than to check Definition 1.5.1. For example the function x(h) = cos(8h), he Z,
is the autocovariance function of the process in Example 1.3.1 and is therefore
non-negative definite. Direct verification by means of Definition 1.5.1 however
is more difficult. Another simple criterion for checking non-negative definite-
ness is Herglotz's theorem, which will be proved in Section 4.3.

Remark 3. An autocorrelation function p(·) has all the properties of an
autocovariance function and satisfies the additional condition p(0) = 1.

EXAMPLE 1.5.1. Let us show that the real-valued function on Z,

1 if h = 0,
K(h) = p if h = ±1,

0 otherwise,

is an autocovariance function if and only if |p <; i.
If |p| < 1then x(·) is the autocovariance function of the process defined in

Example 1.3.2 with o.2 2 1 and 6 = (2p)¯I(1 ± 1 - 4p2L
If p > ¼,K = [x(i - j)? _1 and a is the n-component vector a =

(1,-1, 1, -1,...)', then

a'Ka = n - 2(n - 1)p < 0 for n > 2p/(2p - 1),

which shows that x(·) is not non-negative definite and therefore, by Theorem
1.5.1 is not an autocovariance function.

If p < -i, the same argument using the n-component vector
a = (1,1, 1,...)' again shows that x(·) is not non-negative definite.

The Sample Autocovariance Function of an Observed Series

From the observations {xt,x2,...,x) of a stationary time series {X,} we
frequently wish to estimate the autocovariance function y(·) of the underlying
process {X,} in order to gain information concerning its dependence structure.
This is an important step towards constructing an appropriate mathematical
model for the data. The estimate of y(·) which we shall use is the sample
autocovariance function.

Definition 1.5.2. The sample autocovariance function of {xi,...,x,} is defined
by
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n-h

ý(h):= n (xj+h- i)(X, - i), 0 5 h < n,
j=1

and ý(h)= ý(-h), -n < h á 0, where ž is the sample mean i = n-1

Remark 4. The divisor n is used rather than (n- h) since this ensures that the
matrix l^,, := [ý(i- j)]",, , is non-negative definite (seeSection 7.2).

Remark 5. The sample autocorrelation function is defined in terms of the
sample autocovariance function as

þ(h):=ý(h)/ý(0), |h|<n.
The corresponding matrix Ê,,:= [þ(i - j)]", i is then also non-negative
definite.

Remark 6. The large-sample properties of the estimators ý(h)and þ(h)are
discussed in Chapter 7.

EXAMPLE 1.5.2. Figure 1.18(a) shows 300 simulated observations of the series
X, = Z, + BZ, , of Example 1.3.2 with 0 = 0.95 and Z, ~ N(0, 1). Figure
1.18(b) shows the corresponding sample autocorrelation function at lags
0, ..., 40. Notice the similarity between þ(·) and the function p(·) computed

as described in Example 1.3.2 (p(h)= 1 for h = 0,.4993 for h = ±1, 0 otherwise).

EXAMPLE 1.5.3. Figures 1.19(a) and 1.19(b) show simulated observations and
the corresponding sample autocorrelation function for the process X, =

Z, + BZ,_,, this time with 6 = -0.95 and Z, ~ N(0, 1).The similarity between

þ(·)and p(·) is again apparent.

Remark 7. Notice that the realization of Example 1.5.2 is less rapidly fluctuating
than that of Example 1.5.3. This is to be expected from the two autocorrelation
functions. Positive autocorrelation at lag 1 reflects a tendency for successive
observations to lie on the same side of the mean, while negative autocorrelation
at lag l reflects a tendency for successive observations to lie on opposite sides
of the mean. Other properties of the sample-paths are also reflected in the
autocorrelation (and sample autocorrelation) functions. For example the
sample autocorrelation function of the Wölfer sunspot series (Figure 1.20)
reflects the roughly periodic behaviour of the data (Figure 1.5).

Remark 8. The sample autocovariance and autocorrelation functions can be
computed for any data set {xx,...,x,,}and are not restricted to realizations
of a stationary process. For data containing a trend, |þ(h)|will exhibit slow
decay as h increases, and for data with a substantial deterministic periodic
component, þ(h)will exhibit similar behaviour with the same periodicity. Thus

þ(·)can be useful as an indicator of non-stationarity (seealso Section 9.1).
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Figure 1.18. (a) 300 observations of the series X, = Z, + .95Z,_,, Example 1.5.2.
(b)The sample autocorrelation function þ(h),0 <; h <; 40.
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Figure 1.19. (a) 300 observations of the series X =Z,-.95Z,_ , Example 1.5.3.
(b)The sample autocorrelation function þ(h),0 sh < 40.



32 1. Stationary Time Series

0.9 -
0.8 -

0.7 -
O.6 -

0.5 -

O.4 -

O 3 -
O 2 -

-O 3 -
-O 4 -
-O 5 -
-O 6 -
-O 7 -
-0.8 -
-0.9 -

C 10 20 30 40

Figure 1.20. The sample autocorrelation function of the Wölfer sunspot numbers (see
Figure 1.5).

§1.6The Multivariate Normal Distribution

An n-dimensional random vector is a column vector, X = (Xi,...,X,)', each
of whose components is a random variable. If E X) < oo for each i, then we
define the mean or expected value of X to be the column vector,

µx = EX = (EXy,..., EX,)'. (1.6.1)
In the same way we define the expected value of any array whose elements
are random variables (e.g.a matrix of random variables) to be the same array
with each random variable replaced by its expected value (assumingeach
expectation exists).

If X = (Xx,...,X,)' and Y = (Yi,..., Y,,)' are random vectors such that
E|XQ2< oo, i = 1, ..., n, and E|Y|2 < U, Í = Î, ..., m, We define the co-
variance matrix of X and Y to be the matrix,

EXY = Cov(X,Y) = E[(X - EX)(Y - EY)']

= E(XY') - (EX)(EY)'.
(1.6.2)

The (i,j)-element of Exy is the covariance, Cov(X;, ) = E(X, g) - E(X,)E( ).
In the special case when Y = X, Cov(X, Y) reduces to the covariance matrix of X.
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Proposition 1.6.1. If a is an m-component column vector, B is an m × n matrix
and X = (X;,...,X,)' where E |X,|2 < oo, i = 1, ..., n, then the random vector,

Y = a + BX, (1.6.3)
has mean

EY = a + BEX, (1.6.4)
and covariance matrix,

LYY = BixxB'. (1.6.5)

PROOF. Problem 1.15.

Proposition 1.6.2. The covariance matrix Exx is symmetric and non-negative

definite, i.e. b'Exxb > 0 forall b = (by, ..., b.)' E Ñn

PROOF. The symmetry of Exx is apparent from the definition. To prove non-
negative definiteness let b = (bi,...,b.)' be an arbitrary vector in R". Then by
Proposition 1.6.1

b'Exxb = Var(b'X) > 0. (1.6.6)

Proposition 1.6.3. Any symmetric, non-negative definite n × n matrix E can be
written in the form

E = PAP', (1.6.7)
where P is an orthogonal matrix (i.e.P' = P ) and A is a diagonal matrix
A= diag(li,...,1,) in which A,, ..., A, are the eigenvalues (allnon-negative)
of E.

PROOF. This proposition is a standard result from matrix theory and for a
proof we refer the reader to Graybill (1983).We observe here only that if pg,
i = 1, ..., n, is a set of orthonormal right eigenvectors of Ï corresponding to
the eigenvalues Ai, ..., 1, respectively, then P may be chosen as the n × n
matrix whose ith COlumn is pg, i = 1, ..., n.

Remark 1. Using the factorization (1.6.7)and the fact that det P = det P' = 1,
we immediately obtain the result,

detI = 11A2...1,.

Definition 1.6.1 (The Multivariate Normal Distribution). The random vector
Y = (Yi,..., Y,)' is said to be multivariate normal, or to have a multivariate
normal distribution, if and only if there exist a column vector a, a matrix B
and a random vector X = (X,,...,X.)' with independent standard normal
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components, such that

Y = a + BX. (1.6.8)

Remark 2. The components Xy, ..., X, of X in (1.6.8)must have the joint
density

fx(x)= (2ñ)-m/2CXp
- x /2 , x = (xi,...,x.)'e R", (1.6.9)

j=1

and corresponding characteristic function,

#x(u)= Ee''* = exp - uj/2
, u = (ui,...,u.)'e R". (1.6.10)

j=1

Remark 3. It is clear from the definition that if Y has a multivariate normal
distribution and if D is any kxn matrix and c any k × 1 vector, then
Z = c + DY is a k-component multivariate normal random vector.

Remark 4. If Y is multivariate normal with representation (1.6.8),then by
Proposition 1.6.1, EY = a and EYY EË'·

Proposition 1.6.4. If Y = (Yi,..., Y,,)' is a multivariate normal random vector
such that EY = µ and Lyy = I, then the characteristic functionof Y is

¢y(u)= exp(iu'µ -¼u'Ïu), u = (ui,...,u,,)'EÑn. (1.6.11)
If det I > 0 then Y has the density,

fy(y)= (2x)¯n/2(detE)¯ 72exp[
-¼(y

- µ)'E¯ (y - µ)]. (1.6.12)
PROOF. If Ÿ iS multivariate normal with representation (1.6.8)then

¢Y(u) = E exp j iu'(a + BX)] = exp(iu'a) E exp(iu'BX).

Using (1.6.10)with u (eR'") replaced by B'u (uE Ñn) in order to evaluate the
last term, we obtain

¢y(u)= exp(iu'a)exp(-lu'BB'u),

which reduces to (1.6.11)by Remark 4.
If det I > 0, then by Proposition 1.6.3 we have the factorization,

Ï = PAP',

where PP' = 1,,,the n × n identity matrix, A = diag(11,..., A,,)and each 1, > 0.
If we define A¯I/2 = diag(A¯ 72 Â-1/2)and

Ï */2
= PA-1/2 p,

then it is easy to check that Ï-1/2
-1/2

n.
ETOm Proposition 1.6.1 and

Remark 3 we conclude that the random vector
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Z = E-1/2(Y - µ) (1.6.13)
is multivariate normal with EZ = 0 and Ezz = In. Application of the result
(1.6.11)now shows that Z has the characteristic function ¢z(u)= exp(-u'u/2),
whence it follows that Z has the probability density (1.6.9)with m = n. In view
of the relation (1.6.13),the density of Y is given by

fy(y)= det E¯I/2 Júl¯ 72 - W)
= (detE)-1/2(2ñ)-n/2 CXp[-¼(y - µ)'I¯ (y - µ)]

as required.

Remark 5. The transformation (1.6.13)which maps Y into a vector of inde-
pendent standard normal random variables is clearly a generalization of the
transformation Z = o *(Y - µ) which standardizes a single normal random
variable with mean µ and variance «2.

Remark 6. Given any vector µ e R" and any symmetric non-negative definite
n × n matrix I, there exists a multivariate normal random vector with mean
µ and covariance matrix E. To construct such a random vector from a vector
X = (Xy,...,X,,)' with independent standard normal components we simply
choose a = µ and B = E1/2 in (1.6.8),where 11/2, in the terminology of
Proposition 1.6.3, is the matrix PA 12P' with A 12 = diag(g/2 /2

Remark 7. Proposition 1.6.4 shows that a multivariate normal distribution is
uniquely determined by its mean and covariance matrix. If Y is multivariate
normal, EY = µ and EYY = I, we shall therefore say that Y has the multi-
variate normal distribution with mean µ and covariance matrix E, or more
succinctly,

Y ~ N(µ, Ï).

EXAMPLE 1.6.1 (The Bivariate Normal Distribution). The random vector
Y = (Yi, Y2)' is bivariate normal with mean µ = (µi,µ2)' and covariance
matrix

Ï=
162

>
1,«2:>0, -1<p<;1, (1.6.14)

pŒgUp 62

if and only if Y has the characteristic function (from(1.6.11))
¢y(u)= exp[i(uxµx + u2µ2) - ¼(ufoi+ 2uxu2pata2 22)]. (1.6.15)

The parameters ai, «2 and p are the standard deviations and correlation of
the components Yiand Y2.Since every symmetric non-negative definite 2 × 2
matrix can be written in the form (1.6.14),it follows that every bivariate normal
random vector has a characteristic function of the form (1.6.15).If ai ¢ 0,
«2 ¢ 0 and -1 < p < 1 then I has an inverse,
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Ï *
- (l -

p2
Ji¯ - pa «¯

, (1.6.16)
-poi «2 62

and so by (1.6.12),Y has the probability density,

(1-
p2 -1/2

1 ¯ Ñ1
2

fY(y) = exp -

2KO 62 2(1 - p2) ci
(1.6.17)

- 2p 1 1 2 ¯2 Ñ2 2 ¯ 2
2¯

Proposition 1.6.5. The random vector Y = (Yi,..., Y,)' is multivariate normal
with mean µ and covariance matrix I if and only if for each a = (ai, ..., as)' e R",
a'Y has a univariate normal distribution with mean a'µ and variance a'Ea.

PROOF. The necessity of the condition has already been established. To prove
the sufficiency we shall show that Y has the appropriate characteristic function.
For any a e R" we are assuming that a'Y ~ N(a'µ,a'Ea), or equivalently that

Eexp(ita'Y) = exp(ita'µ - ¼t2ria). (1.6.18)
Setting t = 1 in (1.6.18)we obtain the required characteristic function of Y, viz.

Eexp(ia'Y) = exp(ia'µ - ¼a'Ïa). O

Another important property of multivariate normal distributions (one
which we shall use heavily) is that all conditional distributions are again
multivariate normal. In the following proposition we shall suppose that Y is
partitioned into two subvectors,

YI >¯
Y =

Yt2)

Correspondingly we can write the mean and covariance matrix of Y as
ß(1)¯ 11 12

µ = and I =

µí2 Ï21 22

where µ<0 = EY'O and Eg = E(Y(0 - µ(")(Yin - µ(B)'.

Proposition 1.6.6.

(i) Yi ) and Y(2) are independent if and only if E12 = 0.
(ii) If det Ï22 > 0 then the conditional distribution of Yl' en Y(2)

N(µ(0 + Ï12 (2)
_

(2)
11

¯

12 21 •

PROOF. (i)If Yfu and Yt2) are independent, then

1,2 = E(Yfu - µI))E(Yi - µ(2 )' = 0.

Conversely if 112 = 0 then the characteristic function ¢y(u),as specified by
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Proposition 1.6.4, factorizes into

¢y(u)= ¢ym(ufu)¢y 2 (u(2)
establishing the independence of Y") and Y(2)

(ii) If we define

X = Y"> - B"' E12 - (2)
_

(2)), (1.6.19)
then clearly

X ¯0 ¯ Ei, - Ïi2EGE21 0 ¯
~ NY(2) (2) '

0 Ï22

so that X and Y(2) are independent by (i).Using the relation (1.6.19)we can
express the conditional characteristic function of Y") given Yl2) as

E(exp(iu'YU))]Yt2)) = E(exp[iu'X + iu'(µ") + Ï121 Yl2) - µ(2) )TYt2))

= exp[iu'(µ") + Ï12 Y(2) _ (2)))]Eexp(iu'XiYt2)L
where the last line is obtained by taking a factor dependent only on Yt2)
outside the conditional expectation. Now since X and Y 2

are independent,
E(exp(iu'X)|Y(2)) = Eexp(iu'X) = exp[-¼u'(Ei, - Ï,2122E2,)u],

so

E(exp(iu'Yul) Yt2))

completing the proof. O

EXAMPLE 1.6.2. For the bivariate normal random vector Y discussed in
Example 1.6.1 we immediately deduce from Proposition 1.6.6 that Yi and Y2
are independent if and only if p6162 = 0. If ai > 0, «2 > 0 and p > 0 then
conditional on Y2, Yi is normal with mean

E(Y,|Y2 1
ÑØ162-1

2 2 >

and variance

Var(Yi| Y2 ¯ Ñ2

§1.7*Applications of Kolmogorov's Theorem

In this section we illustrate the use of Theorem 1.2.1 to establish the existence
of two important processes, Brownian motion and the Poisson process.

Definition 1.7.1 (Standard Brownian Motion). Standard Brownian motion

starting at level zero is a process {B(t), t > 0} satisfying the conditions
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(a) B(0) = 0,
(b) B(t2) - B 1), B(t3) - B(t2), ..., BQ,)- B(t, 1), are independent for every

nE{3,4,...}andeveryt=(ti,...,t,)'suchthat0<ti<t2<···<t.,

(c) B(t) - B(s) ~ N(0, t - s) for t à s.

To establish the existence of such a process we observe that conditions

(a),(b)and (c)are satisfied if and only if, for every t = (ti,..., t,,)' such that
0 < ty < ··· < t,,, the characteristic function of (B(tz),..., B(t.)) is

¢,(u)= E expl iu, B(ti) + ··· + iu,,B(t,) |
=Eexp[iu,Ai+iu2(Ai+A2)+···+b, 1+·· +A,B

(whereA, = B(ty) - B(t _i), j > 1, and to = 0) (1.7.1)
= Eexp|iAx(ui + ··· + u,,) + iA2 2 n nn

1 "

= exp -- 1 (u,+ ··· + u,,)2(t; - t,_i) .

2;=1

It is trivial to check that the characteristic functions ¢,( )satisfy the consistency
condition (1.2.9)and so by Kolmogorov's theorem there exists a process with
characteristic functions ¢,(·),or equivalently with the properties (a),(b)and (c).

Definition 1.7.2 (Brownian Motion with Drift). Brownian motion with drift µ,
variance parameter o2 and initial level x is process {Y(t), t > 0} where

Y(t) = x + µt + oB(t),

and B(t) is standard Brownian motion.

The existence of Brownian motion with drift follows at once from that of
standard Brownian motion.

Definition 1.7.3 (Poisson Process). A Poisson process with mean rate 1 (>0)
is a process {N(t), t > 0} satisfying the conditions

(a) N(0) = 0,
(b) N(t2) - N(ti), N(ts) - N(t2), ..., N(t,) - N(t,_i), are independent for

every ne {3,4,...}and every t = (ty,...,t.)'such that 0 < ti < t2 no

(c) N(t) - N(s) has the Poisson distribution with mean A(t- s) for t ;> s.

The proof of the existence of a Poisson process follows precisely the same
steps as the proof of the existence of standard Brownian motion. For the
Poisson process however the characteristic function of the increment 4 =

N(ty) - N(t _i) is

Eexp(iug) = exp(-A(t; - ty_;)(1 - e'")}.

In fact the same proof establishes the existence of a process {Z(t), t ;> 0}
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satisfying conditions (a)and (b)of Definition 1.7.1 provided the increments
4 = Z(ty) - Z(t,_i) have characteristic function of the form

Eexp(iug) = exp{(t; - tys)?(u)}.

Problems

1.1. SupposethatX, = Z, + BZ,_i,t = 1,2,..., whereZo,Z,,Z2,...,areindependent
random variables, each with moment generating function E exp(lZ,) = m(A).
(a) Express the joint moment generating function E exp( , A,X,) in terms of

the function m( ).
(b) Deduce from (a) that {X,} is strictly stationary.

1.2. (a) Show that a linear filter {a;}passes an arbitrary polynomial of degree k
without distortion, i.e.

m, = 2 arm,

for all kth degree polynomials m, = co + cit + ··· + cat*, if and only if

f1,a, = 1,

j'a =0, forr= 1,...,k.

(b) Show that the Spencer 15-point moving average filter {a;}does not distort
a cubic trend.

1.3. Suppose that m, = co + cy t + c2t2, t = 0, ±1, ...

(a) Show that

2 3

m, = 1 arm,,, = 1 b m,,,, t = 0, ±1, ...,

i=-2 i=-3

where a2
-

a_2 - -n, ai -- a i =
, ao = R, and b3 = b-3 9

b2 -- b_2 - n,by - b_, - h, bo - g.
(b) Suppose that X, = m, + Z, where {Z,,t = 0, ±1,...} is an independent se-

quence of normal random variables, each with mean 0 and variance o.2. Let
U,=ii_2a,X,,,and¾= sb,X, .

(i) Find the means and variances of U, and V,.
(ii) Find the correlations between U, and U,,, and between and ¾,i.
(iii) Which of the two filtered series {U,} and {¾}would you expect to be

smoother in appearance?

1.4. If m, =
LI,'

o
cat*, t = 0, ±1,..., show that Vm, is a polynomial of degree (p - 1)

in t and hence that VP**m,
= 0.

1.5. Design a symmetric moving average filter which eliminates seasonal components
with period 3 and which at the same time passes quadratic trend functions
without distortion.
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1.6. (a) Use the programs WORD6 and PEST to plot the series with values

{xi,...,x3e}given by

1-10 486 474 434 441 435 401 414 414 386 405
11-20 411 389 414 426 410 441 459 449 486 510
21-30 506 549 579 581 630 666 674 729 771 785

This series is the sum of a quadratic trend and a period-three seasonal
component.

(b) Apply the filter found in Problem 1.5 to the preceding series and plot the
result. Comment on the result.

1.7. Let Z,, t = 0, ±1, ..., be independent normal random variables each with mean
0 and variance «2 and let a, b and c be constants. Which, if any, of the following
processes are stationary? For each stationary process specify the mean and
autocovariancefunction.
(a) X,=a+bZ,+cZ,_,, (b) X,=a+bZo,
(c) X, = Z, cos(ct) + Z2 sin(ct), (d) X, = Zo cos(ct),
(e) X, = Z,cos(ct) + Z,_, sin(ct), (f) X, = Z,Z,

1.8. Let { }be a stationary process with mean zero and let a and b be constants.
(a) If X, = a + bt + s, + where s, is a seasonal component with period 12,

show that VV12X, = (1 - B)(l - B12)X, is stationary.
(b) If X, = (a + bt)s, + where s, is again a seasonal component with period

12, show that V,22X, = (1 - B12 12)X, is stationary.

1.9. Use the program PEST to analyze the accidental deaths data by "classical de-
composition".
(a) Plot the data.
(b) Find estimates s,, t = 1, ..., 12, for the classical decomposition model,

X, = m, + s, + , where s, = s,412, 2, 21
s, = 0 and E Y, = 0.

(c) Plot the deseasonalized data, X, - s,,t = 1, ..., 72.
(d) Fit a parabola by least squares to the deseasonalized data and use it as your

estimate tît, of m,.
(e) Plot the residuals Ÿ,= X, - th, - s,, t = 1, ..., 72.
(f) Compute the sample autocorrelation function of the residuals þ(h),h =

0, ..., 20.
(g) Use your fitted model to predict X,, t = 73, ..., 84 (using predicted noise

values of zero).

1.10. Let X, = a + bt + Y,,where {Y,,t = 0, ±1,...} is an independent and identically
distributed sequence of random variables with mean 0 and variance <r2, and a
and b are constants. Define

= (2q+ 1) X, .

Compute the mean and autocovariance function of {g}. Notice that although
{ } is not stationary, its autocovariance function y(t + h, t) = Cov( +hs

does not depend on t. Plot the autocorrelation function p(h) = Corr( +hs

Discuss your results in relation to the smoothing of a time series.
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1.11. If {X,} and { } are uncorrelated stationary sequences, i.e. if X, and are
uncorrelated for every s and t, show that {X, + } is stationary with auto-
covariance function equal to the sum of the autocovariance functions of {X,}
and {Y,}.

1.12. Which, if any, of the following functions defined on the integers is the
autocovariance function of a stationary time series?

1 if h = 0,
(a)f(h) =

. (b)f(h) = (-1)h|1/h if h / 0.
wh sh wh wh

(c)f(h) = 1 + cos - + cos - (d)f(h) = 1 + cos -
- cos -2 4 2 4

1 ifh=0, 1 ifh=0,

(e)f(h) =
.4

if h = ±l, (f) f(h) =

.6

if h = ±1,
0 otherwise. 0 otherwise.

1.13. Let {S,, t = 0, 1, 2,...} be the random walk with constant drift µ, defined by
So = 0 and

S, = µ + S, i + X,, t = 1, 2, ...,

where Xi, X2, ... are independent and identically distributed random variables
with mean 0 and variance cr2.Compute the mean of S, and the autocovariance
function of the process {S,}. Show that {VS,} is stationary and compute its mean
and autocovariance function.

1.14. IfX, = a + bt, t = 1, 2,..., n, where a and b are constants, show that the sample
autocorrelations have the property p(k)- 1 as no oo for each fixed k.

1.15. Prove Proposition 1.6.1.

1.16. (a) If Z ~ N(0, 1) show that Z2 has moment generating function Ee'22 =

(1- 2t)¯*/2for t < ¼,thus showing that Z2 has the chi-squared distribution
with l degree of freedom.

(b) If Z,, ..., Z, are independent N(0, 1) random variables, prove that Zi + ·· +
Zj has the chi-squared distribution with n degrees of freedom by showing
that its moment generating function is equal to (1- 2t)-n/2 fOf t < .

(c) Suppose that X = (X,,..., X,)' ~ N(µ, I) with I non-singular. Using (1.6.13),
show that (X - µ)'E '(X - µ) has the chi-squared distribution with n degrees
of freedom.

1.17. IfX = (Xi,...,X,)'is a random vector with covariance matrix E, show that E is
singular if and only if there exists a non-zero vector b = (bi,...,b.)'eR" such
that Var(b'X) = 0.

1.18.* Let F be any distribution function, let T be the index set T = {1,2, 3,...} and let
i be as in Definition 1.2.3. Show that the functions F,, tE Œ, defined by

F, ..., (x,,...,x.):= F(xi)···F(x,), xx,...,X,EÑ,
constitute a family of distribution functions, consistent in the sense of (1.2.8).
By Kolmogorov's theorem this establishes that there exists a sequence of inde-
pendent random variables {X,,X2,...} defined on some probability space and
such that P(X, <; x) = F(x) for all i and for all xe R.



CHAPTER 2

Hilbert Spaces

Although it is possible to study time series analysis without explicit use of
Hilbert space terminology and techniques, there are great advantages to be
gained from a Hilbert space formulation. These are largely derived from our
familiarity with two- and three-dimensional Euclidean geometry and in par-
ticular with the concepts of orthogonality and orthogonal projections in these
spaces. These concepts, appropriately extended to infinite-dimensional Hilbert
spaces, play a central role in the study of random variables with finite second
moments and especially in the theory of prediction of stationary processes.

Intuition gained from Euclidean geometry can often be used to make
apparently complicated algebraic results in time series analysis geometrically
obvious. It frequently serves also as a valuable guide in the development and
construction of algorithms.

This chapter is therefore devoted to a study of those aspects of Hilbert
space theory which are needed for a geometric understanding of the later
chapters in this book. The results developed here will also provide an adequate
background for a geometric approach to many other areas of statistics, for
example the general linear model (seeSection 2.6).For the reader who wishes
to go deeper into the theory of Hilbert space we recommend the book by
Simmons (1963).

§2.1Inner-Product Spaces and Their Properties

Definition 2.1.1 (Inner-Product Space). A complex vector space X is said to
be an inner-product space if for each pair of elements x and y in X, there is
a complex number (x,y), called the inner product of x and y, such that
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(a) (x,y) = (y,x), the bar denoting complex conjugation,

(b) (x + y,z) = (x,z) + (y,z) for all x, y, ZE Ñ,

(c) («x,y) = œ(x, y) for all x, yEX and a e C,

(d) (x,x) ;> 0 for all XE Ñ,
(e) (x, x) = 0 if and only if x = 0.

Remark 1. A real vector space X is an inner-product space if for each x, yeX
there exists a real number (x, y) satisfying conditions (a)-(e).Of course
condition (a)reduces in this case to (x, y) = (y,x).

Remark 2. The inner product is a natural generalization of the inner or scalar
product of two vectors in n-dimensional Euclidean space. Since many of the
properties of Euclidean space carry over to inner-product spaces, it will be
helpful to keep Euclidean space in mind in all that follows.

EXAMPLE 2.1.1 (Euclidean Space). The set of all column vectors

x = (xi,...,xk r k

is a real inner-product space if we define
k

(x,y) = 2 x,yy. (2.1.1)
i=1

Equation (2.1.1)defines the usual scalar product of elements of Rk IOS a äm¢e
matter to check that the conditions (a)-(e)are all satisfied.

In the same way it is easy to see that the set of all complex k-dimensional
column vectors

z = (zi,...,ze)'EOk

is a complex inner-product space if we define
k

(w,z) = 1 w,zi. (2.1.2)
i=1

Definition 2.1.2 (Norm). The norm of an element x of an inner-product space
is defined to be

||x|| = (x,x). (2.1.3)
In the Euclidean space Rk the norm of the vector is simply its length,

||x|| = ( x )1/2

The Cauchy-Schwarz Inequality. If is an inner-product space, then

|(x, y)| <; | x|| |y|| for all x, yE X, (2.1.4)
and

(x,y)] = ||x|| ||y|| if and only if x = y(x, y)/( y, y). (2.1.5)
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PROOF. The following proof for complex ff remains valid (althoughit could
be slightly simplified) in the case when it is real.

Let a = | y |2,b = |(x, y)1 and c = ||x| 2. The polar representation of (x, y)
is then

(x, y) = be' for some 8 e(-ñ,ñ].

Now for all re R,

(x -
re'°y,x

- re'°y) = (x,x) -
re'"(y,x) - re¯'"(x, y) + r2(y y)

(2.1.6)=c-2rb+r2a

and using elementary calculus, we deduce from this that

0 < min(c - 2rb + r24 - - b2/m
re R

thus establishing (2.1.4).
The minimum value, c - b2/a, of c - 2rb + r2d iS achieved when r = b/a.

If equality is achieved in (2.1.4)then c - b2/a = 0. Setting r = b/a in (2.1.6)we
then obtain

(x -
ye'°b/a, x - ye'°b/a) = 0,

which, by property (e)of inner products, implies that

x = ye' b/a= y(x,y)/(y,y).

Conversely if x = y(x, y)/(y, y) (orequivalently if x is any scalar multiple of
y), it is obvious that there is equality in (2.1.4).
EXAMPLE 2.1.2 (The Angle between Elements of a Real Inner-Product
Space). In the inner-product space R of Example 2.1.1, the angle between two
non-zero vectors x and y is the angle in [0,ñ] whose cosine is 9 xx,y,/

(|x|| ||y||).Analogously we define the angle between non-zero elements x and
y of any real inner-product space to be

0 = cos¯ [(x, y)/(||x|| ||y||)]. (2.1.7)
In particular x and y are said to be orthogonal if and only if (x,y) = 0. For
non-zero vectors x and y this is equivalent to the statement that 6 = ñ/2.

The Triangle Inequality. If ff is an inner-product space, then

||x + y|| 5 ||x|| + | yi| for all x, ye it. (2.1.8)
PROOF.

||x + y |2 = (x + y,x + y)

= (x,x) + (x,y) + (y,x) + (y,y)
5 |x||2+2||x|| ||y| + ||yl2

by the Cauchy-Schwarz inequality.
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Proposition 2.1.1 (Properties of the Norm). If X is a complex (respectively
real) inner-product space and | x)| is defined as in (2.1.3),then

(a) ||x+y)|<\x|| + ly]\ forallx,yeÆ,
(b) ||axil= œ |x| forallxe andallœeC(œeR),

(c) \|x\ > 0 for all xe£,

(d) ||x | = 0 if and only if x = 0.

(These properties justify the use of the terminology "norm"

for ||x|
.)

PROOF. The first property is a restatement of the triangle inequality and the
others follow at once from Definition (2.1.3).

The Parallelogram Law. If X is an inner-product space, then

||x + y|2 X - y
2 = 2||x||2+ 2||y||2 forallx, yef. (2.1.9)

PROOF. Problem 2.1. Note that (2.1.9)is not a consequence of the properties

(a),(b),(c)and (d)of the norm. It depends on the particular form (2.1.3)of the
norm as defined for elements of an inner-product space. O

Definition 2.1.3 (Convergence in Norm). A sequence {x.,n= 1,2,...} of ele-
ments of an inner-product space X is said to converge in norm to xeX if
\|x, - x | - 0 as n

-+

o.

Proposition 2.1.2 (Continuity of the Inner Product). If {x,,}and {y,,} are
sequences of elements of the inner-product space X such that ||x,,- x || - 0 and
||y,,- y| 40wherex,

ye
,then

(a) ||x,,|\- ||x||
and

(b) (x,,,y,,) - (x,y).

PROOF. From the triangle inequality it follows that |\x| 5 | x - y| + |y||
and ||y|\< |\y- x\| + ||xl|.These statements imply that

||x - y|\ :> Q|x| - |y| |, (2.1.10)
from which (a)follows immediately. Now

|(x,,,y,,) - (x,y)|= |(x,,,y,,- y) + (x,, - x,y)|

5 |(x,,,y,,- y) + (x,,-
x,y)

5 ||x,,|| |y,,- y|| + |x,,- xil lly ,

where the last line follows from the Cauchy-Schwarz inequality. Observing
from (a)that ||x,,| - ||x||, we conclude that

(x,,,y,,)
-(x,y) -40

asnoo. O
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§2.2Hilbert Spaces

An inner-product space with the additional property of completeness is called
a Hilbert space. To define completeness we first need the concept of a Cauchy
sequence.

Definition 2.2.1 (Cauchy Sequence). A sequence {x,,n= 1,2,...} of elements
of an inner-product space is said to be a Cauchy sequence if

||x, - x,|| 4 0 as m, n -+ oo,

i.e. if for every e > 0 there exists a positive integer N(s) such that

| x, - x, || < e for all m, n > N(e).

Definition 2.2.2 (Hilbert Space). A Hilbert space X is an inner-product space
which is complete, i.e. an inner-product space in which every Cauchy sequence
{x,}converges in norm to some element xe X.

EXAMPLE 2.2.1 (Euclidean Space). The completeness of the inner-product
space Rk defined in Example 2.1.1 can be verified as follows. If x, =

(x,1,xn2,...,Xnk) EÑk SRÍÏSfÏCS

k

|x, - xmíl' = 1 IXni - Im/ -0 as m, n
--+

oo,
i=1

then each of the components must satisfy

x.,-x.)-+0 asm,nooo.

By the completeness of R, there exists x¿eR such that
x,,-x;|-0 asnoo,

and hence if x = (xi,...,xx), then

|x,-x||40 asnooo.

Completeness of the complex inner-product space Ok can be checked in the
same way. Thus R* and C* are both Hilbert spaces.

EXAMPLE 2.2.2 (The Space L2(G, F, P)). Consider a probability space
(G, F, P) and the collection C of all random variables X defined on R and
satisfying the condition,

EX2 = X(w)2P(do) < oo.

With the usual notion of multiplication by a real scalar and addition of
random variables, it is clear that C is a vector space since

E(aX)2 - a2EX2 < © fOT âÏÏ QE R and XE C,
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and, from the inequality (X + Y)2 <; 2X2 + 2Y2

E(X + Y)2 <; 2EX2 + 2EY2 < œ for all X, YE C.

The other properties required of a vector space are easily checked. In particular
C has a zero element, the random variable which is identically zero on D.

For any two elements X, YEC we now define

(X, Y) = E(X Y). (2.2.1)
It is easy to check that (X, Y) satisfies all the properties of an inner product
except for the last. If (X,X) = 0 then it does not follow that X(w) = 0 for
all o, but only that P(X = 0) = 1. This difficulty is circumvented by saying
that the random variables X and Y are equivalent if P(X = Y) = 1. This
equivalence relation partitions C into classes of random variables such that
any two random variables in the same class are equal with probability one.
The space L2 (or more specifically L2(Ü,f,P)) iS the collection of these
equivalence classes with inner product defined by (2.2.1).Since each class is
uniquely determined by specifying any one of the random variables in it,
we shall continue to use the notation X, Y for elements of L2 and to call
them random variables (or functions) although it is sometimes important to
remember that X stands for the collection of all random variables which are
equivalent to X.

Norm convergence of a sequence {X,} of elements of L2 tO the limit X
means

|X, - X||2 = E|X,, - X|2 - 0 as no oo.

Norm convergence of X, to X in an L2 Space is called mean-square con-
vergence and is written as X, O X.

To complete the proof that L2 ÍS a Hilbert space we need to establish
completeness, i.e. that if ||X, - X,|\2 - 0 as m, n - œ, then there exists XE L2
such that X,, O X. This is indeed true but not so easy to prove as the
completeness of 2*. We therefore defer the proof to Section 2.10.

EXAMPLE 2.2.3 (Complex L2 Spaces). The space of complex-valued ran-
dom variables X on (G, F, P) satisfying E X|2 < oo is a complex Hilbert space
if we define an inner product by

(X, Y) = E(XY). (2.2.2)
In fact if µ is any finite non-zero measure on the measurable space (G, F),

and if D is the class of complex-valued functions on O such that

|f|2 dµ < o (2.2.3)

(withidentification of functions f and g such that Ín|f -
g|2 dµ = 0), then D

becomes a Hilbert space if we define the inner product to be
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( f, g) = fjdµ. (2.2.4)

This space will be referred to as the complex Hilbert space L2(G, F, µ). (The
real Hilbert space L2(G, F, µ) is obtained if D is replaced by the real-valued
functions satisfying (2.2.3).The definition of ( f, g) then reduces to jafgdµ.)

Remark 1. The terms L2(G,F,P) and L2(G,F,µ) will be reserved for the
respective real Hilbert spaces unless we state specifically that reference is being
made to the corresponding complex spaces.

Proposition 2.2.1 (Norm Convergence and the Cauchy Criterion). If {x,}is a
sequence of elements belonging to a Hilbert space X, then {x,}converges in
norm if and only if |x, - x, | - 0 as m, n -+ oo.

PROOF. The sufficiency of the Cauchy criterion is simply a restatement of the
completeness of X. The necessity is an elementary consequence of the triangle
inequality. Thus if x, - x|| -+ 0,

||x,-x,||< |x,-x|\+ |x-x,||->0 asm,n->0. O

EXAMPLE 2.2.4. The Cauchy criterion is used primarily in checking for
the norm convergence of a sequence whose limit is not specified. Consider for
example the sequence

S, = 1 a;X, (2.2.5)
i=1

where {X¿} is a sequence of independent N(0, 1) random variables. It is easy
to see that with the usual definition of the L2 nom,

||S, - S,[|2
i=n+1

and so by the Cauchy criterion {S,} has a mean-square limit if and only if for
every e > 0, there exists N(s) > 0 such that 17_,,,a < s for m > n > N(s).
Thus {S,} converges in mean square if and only if if i a < oo.

§2.3The Projection Theorem

We begin this section with two examples which illustrate the use of the
projection theorem in particular Hilbert spaces. The general result is then
established as Theorem 2.3.1.

EXAMPLE 2.3.1 (Linear Approximation in R3). Suppose we are given three
vectors in R ,
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z

Figure 2.1. The best linear approximation ý = œ,xi + 22x2, o y.

y = (¼,¼,1)',

x, = (1,0,¼)',
X 2

= (0,1,¼)',
Our problem is to find the linear combination ý = œ,xx + Œ2X2 Which is
closest to y in the sense that S = ||y- œ¡xx - œ2x2 2 iS minimized.

One approach to this problem is to write S in the form S = (¼-
«,)2 +

(¼-
22)2

¯ Ã 1 ¯ Ä 2
2 and then to use calculus to minimize with respect

to œ¡ and «2. In the alternative geometric approach to the problem we observe
that the required vector ÿ = aix, + œ2X2 iS the vector in the plane determined
by xx and x2 Such that y - ŒgXI - Œ2X2 is orthogonal to the plane of x, and
X2 (See Figure 2.1). The orthogonality condition may be stated as

(y - aixi - 22X2, x¿) = 0, i = 1, 2, (2.3.1)
or equivalently

ay(xi,xx) + Œ2(X2,X1) = (y,X1
>

1(X1,X2) i Œ2(X2,X2) = ,X2

For the particular vectors xx, x2 and y specified, these equations become
17 1 1
gœ1 + E 2 Ž>

1 17 1
axi + E 2 9

from which we deduce that Œg = Œ2 = ‡,and ý = (‡,¾,8)'.
EXAMPLE 2.3.2 (Linear Approximation in L2(G, F, P)). Now suppose that
Xi, X2 and Y are random variables in L2(Û,f, F). If Only X, and X2 are
observed we may wish to estimate the value of Y by using the linear combina-
tion Ÿ= œ,X, + Œ2X2which minimizes the mean squared error,

S = E\ Y - 21X, - 22X2\2 _ lY - iX, - 22X2 \2.
As in Example 2.3.1 there are at least two possible approaches to this

problem. The first is to write
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S = EY2 + œ¶EX,2 + x EX22 - 22,E(YX,) - 2Œ2E(YX2) + ŒgŒ2E(X;X2 >

and then to minimize with respect to œ¡ and œ2 by setting the appropriate
derivatives equal to zero. However it is also possible to use the same geometric
approach as in Example 2.3.1. Our aim is to find an element Ÿin the set

A= {XEL2(R,F,P):X = a,X, +a2X2forsomeat,a2

whose "squared distance" from Y, [|Y - Ÿ\|2,ÍS RS small as possible. By
analogy with Example 2.3.1 we might expect Ÿto have the property that Y- Ÿ
is orthogonal to all elements of J. The validity of this analogy, and the extent

to which it may be applied in more general situations, is established in
Theorem 2.3.1 (theprojection theorem). Applying it to our present problem,
we can write

(Y-axXi- 2X2,X)=0 forallXEA, (2.3.2)
or equivalently, by the linearity of the inner product,

(Y - aiX, - œ2X2,X,) = 0, i = 1, 2. (2.3.3)
These are the same equations for at and «2 RS (2.3.1),although the inner
product is of course defined differently in (2.3.3).In terms of expectations we
can rewrite (2.3.3)in the form

a,E(Xi2) # Œ2E(X2Xi) = E(YXi),

i E(X1X2) + «2E(X22) = E(YX2),

from which a, and Œ2 RTC CRSily found.

Before establishing the projection theorem for a general Hilbert space we
need to introduce a certain amount of new terminology.

Definition 2.3.1 (Closed Subspace). A linear subspace A of a Hilbert space X
is said to be a closed subspace of X if A contains all of its limit points (i.e.if
x, e A and ||x, - x|| - 0 imply that xe A).

Definition 2.3.2 (Orthogonal Complement). The orthogonal complement of a
subset A of X is defined to be the set A of all elements of X which are
orthogonal to every element of J. Thus

xe A if and only if (x,y) = 0 (writtenxl y) for all yE A. (2.3.4)

Proposition 2.3.1. If A is any subset ofa Hilbert space then A is a closed
subspace of X.

PROOF. It is easy to check from (2.3.4)that 0el and that if xi, x2eA
then all linear combinations of x, and x2 belong to A . Hence A is a
subspace of X. If x, e A and |x, - x | - 0, then by continuity of the inner
product (Proposition 2.1.2), (x, y) = 0 for all yE Ä, SO XE and hence A
is closed. O
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Theorem 2.3.1 (The Projection Theorem). If A is a closed subspace of the
Hilbert space JP and XE ff, then

(i) there is a unique element i e Æ such that

||x - i|| = inf ||x - y |, (2.3.5)

and

(ii) REA and ||x-i||=inÇsy|x-y| if and only if ÊEA and

| The element i is called the (orthogonal)projection of x onto A. |

PROOF. (i)If d = inÇa ||x - y||2 then there is a sequence {y,} of elements of
A such that ||y, -

x||2 - d. Apply the parallelogram law (2.1.9),and using
the fact that (y, + y,)/2 e A, we can write

0 5 ||y, - y,||2 = -4||(y, + y,)/2 -
x||2

n ¯ X 2
Ïm - X 2

-4d + 2(||y, -
x!|2

m ¯ X 2

Oasm,n->œ.

Consequently, by the Cauchy criterion, there existS Ê E yt such that ||y,- i|| -

0. Since A is closed we know that ie A, and by continuity of the inner
product

| x - î||2 = Ïim X Ïn
2 = d.

To establish uniqueness, suppose that ýe A and that ||x - ý||2
||x -

î||2 = d. Then, applying the parallelogram law again,

0 5 ||ž - ý||2 =
-4||(i

+ ý)/2-
x||2 + 2(|± -

x||2
- X 2

E-4d+4d=0.

Hence ý = i.
(ii) If i e A and (x - i) e A then i is the unique element of A defined

in (i)since for any JE Å,

with equality if and only if y = i.
Conversely if ie A and (x - i) ¢J then i is not the element of A closest

to x since

= i + ay/||y||2

is closer, where y is any element of A such that (x - i, y) ¢ 0 and
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a = (x - i, y). To see this we write

Ix-i 2= x-i+i-2,x-i+R-ž

= |x-il|2+ M2 2+2Re(x-i,i-ž)

Corollary 2.3.1 (The Projection Mapping of X onto A). If A is a closed
subspace of the Hilbert space and I is the identity mapping on X, then
there is a unique mapping Pg of onto Æ such that I - P, maps X onto A .

P, is called the projection mapping of X onto A.

PROOF. By Theorem 2.3.1, for each xeX there is a unique i e A such that
x - Ê E A . The required mapping is therefore

Pyx = ž, xe X. (2.3.6)
O

Proposition 2.3.2 (Properties of Projection Mappings). Let X be a Hilbert
space and let P, denote the projection mapping onto a closed subspace A.
Then

(i) Py(«x + ßy) = «Pgx + ßPyy, x, yeX, 2, ßeC,
(ii) |x |2= ||Pyx||2+ RI -Pyg|2,

(iii)each xeX has a unique representation as a sum of an element of A and
an element of A , i.e.

x = Pyx + (I - Py)x, (2.3.7)
(iv) Pax, -> Pax if ||x, - x || - 0,
(v) xe A if and only if 17,x = x,
(vi)xe A if and only if Pyx = 0,

and

(vii)Ji E £2 if and only if Pg,P, x = Pg,x for all xef.

PROOF. (i)«Pyx + ßPg ye A since A is a linear subspace of X. Also

ax + ßy - («Pyx + ßPyy) = œ(x
- Pyx) + ß(y - Pyy)

since A is a linear subspace of by Proposition 2.3.1. These two properties
identify œIfax + ßPy y as the projection Py(«x + ßy).

(ii)This is an immediate consequence of the orthogonality of Pyx and
(I - P,)x.

(iii)One such representation is clearly x = Pax + (I - Pg)x. If x = y + z,
ye A, ZE is another, then

y-Pyx+z-(I-Py)x=0.



§2.3.The Projection Theorem 53

Taking inner products ofeach side with y - Pyx gives |y - Pyx |2 = 0, since
z - (I - Pg)xe A . Hence y = Pyx and z = (I - Pg)x.

(iv) By (ii),||Py(x, -
x)||2 < Xn ¯ X

2 _÷0 if ||x, - x|| -0.

(v) xe A if and only if the unique representation x = y + z, JE Â, ZE Ä ,

is such that y = x and z = 0, i.e. if and only if Pyx = x.
(vi)Repeat the argument in (v)with y = 0 and z = x.
(vii)x = Pg,x + (I - P, )x.Projecting each side onto Æt we obtain

P«,x = Pa,P«2X + PA, I - P, )x.
Hence P, x = Py, Py,x for all XE if and only if P,, y = 0 for all JE Ä2 >

i.e. if and only if A¼ E Ay, i.e. if and only if A, 9 A2. O

The Prediction Equations. Given a Hilbert space X, a closed subspace A,
and an element xe X, Theorem 2.3.1 shows that the element of A closest to
x is the unique element ie A such that

<'x
- i, y) = 0 for all ye A. (2.3.8)

The equations (2.3.1)and (2.3.2)which arose in Examples 2.3.1 and 2.3.2 are
special cases of (2.3.8).In later chapters we shall constantly be making use of
the equations (2.3.8),interpreting i = P,x as the best predictor of x in the
subspace A.

Remark 1. It is helpful to visualize the projection theorem in terms of Figure
2.1, which depicts the special case in which // = R3, J is the plane containing
xi and x2, and ÿ = Pyy. The prediction equation (2.3.8)is simply the state-
ment (obviousin this particular example) that y - ý must be orthogonal to
A. The projection theorem tells us that ý = Py y is uniquely determined by
this condition for any Hilbert space // and closed subspace A. This justifies
in particular our use of equations (2.3.2)in Example 2.3.2.As we shall see later
(especiallyin Chapter 5), the projection theorem plays a fundamental role in
all problems involving the approximation or prediction of random variables
with finite variance.

EXAMPLE 2.3.3 (Minimum Mean Squared Error Linear Prediction of a
Stationary Process). Let {X,, t = 0, ± 1,...} be a stationary process on (G, F, P)
with mean zero and autocovariance function y(·), and consider the problem
of finding the linear combination Ž,,, = 1)_,(X,,i_, which best approxi-
mates X,,, in the sense that E X,,, - 1)=,(X,,, _;|2 is minimum. This
problem is easily solved with the aid of the projection theorem by taking
// = L2(G, F, P) and = {i;=,œ¿X,41 ;: 21,..., œ, e R}. Since minimization
of E X,,, - 2.wi|2iS identical to minimization of the squared norm | X -

||2,we see at once that Ž,,, = P,X,,,. The prediction equations (2.3.8)
are

X,41 - i (X.41_;, Y = 0 for all YEA,
j=1
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which, by the linearity of the inner product, are equivalent to the n equations

X,,, - ¢,,X,,,,_;,X, = 0, k = n, n - 1,...,1.
)=1

Recalling the definition (X, Y) = E(X Y) of the inner product in L2(4 F, P)
we see that the prediction equations can be written in the form

F,,¢, = y,, (2.3.9)
where#, = (¢,,,,...,¢,,,,)',7,= (y(1),...,y(n))'andF, = [y(i - j)fs.Thepro-
jection theorem guarantees that there is at least one solution ¢, of (2.3.9).If
F, is singular then (2.3.9)will have infinitely many solutions, but the projection
theorem guarantees that every solution will give the same (uniquelydefined)
predictor Î,,+1-
EXAMPLE 2.3.4. To illustrate the last assertion of Example 2.3.3, consider
the stationary process

X, = A cos(ot) + B sin(ot),

where OE (0,x) is constant and A, B are uncorrelated random variables with

mean 0 and variance o2. We showed in Example 1.3.1 that for this process,
y(h) = o.2 COS(wh). It is easy to check from (2.3.9)(seeProblem 2.6) that

¢t = coso and ¢2 = (2coso,
-1)'.

Thus
Î3 = (2coso)X2 -Xi.

The mean squared error of Z3 is

E(Xs - (2cos w)X2 + Xi)2 = 0,

showing that for this process we have the identity,

X3 = (2cos w)X2 - X, . (2.3.10)
The same argument and the stationarity of {X,} show that

Î4 = (2cos w)Xs - X2, (2.3.11)
again with mean squared error zero. Because of the relation (2.3.10)there are
infinitely many ways to reexpress Ž4 in terms of X,, X2 and X3. This is
reflected by the fact that Ts is singular for this process and (2.3.9)has infinitely
many solutions for ¢3.

§2.4Orthonormal Sets

Definition 2.4.1 (Closed Span). The closed span T{x,,teT} of any subset

{x,,te T} of a Hilbert space it is defined to be the smallest closed subspace
of it which contains each element x,, te T.
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Remark 1. The closed span of a finite set {xx,...,x,}is the set of all linear
combinations, y = œ¡x, + ··· + œ,x,, Œg,..., Œ,EC (or R if it is real). See
Problem 2.7. If for example xi, x2 e R3 and xi is not a scalar multiple of x2
then sj5{xi,x2}is the plane containing x, and x2.

Remark 2. If A = sy{xx,...,x,}, then for any given XE ff, Pyx is the unique
element of the form

ËgX = Œ1X1 + ·· + ŒnXn9

such that

(x - Pyx, y) = 0, ye a,
or equivalently such that

(P,x,x;) = (x,xy), j= 1,...,n. (2.4.1)
The equations (2.4.1)can be rewritten as a set of linear equations for œ¡, ..., an,
VlZ.

«¿(x;, x ) = (x, xy), j = 1, ..., n. (2.4.2)
i=1

By the projection theorem the system (2.4.2)has at least one solution for œ¡,

..., œ,. The uniqueness of Pyx implies that all solutions of (2.4.2)must yield
the same element aixi + ··· + 2.x..

Definition 2.4.2 (Orthonormal Set). A set {e,,tE T} of elements of an inner-
product space is said to be orthonormal if for every s, te T,

il if s = t,
(es,e,) =

. (2.4.3)0 if s ¢ t.

EXAMPLE 2.4.1. The set of vectors {(1,0,0)',(0,1,0)',(0,0,1)'}is an ortho-
normal set in R3.

EXAMPLE 2.4.2. Any sequence {Z,, tE Z} of independent standard normal
random variables is an orthonormal set in L2

Theorem 2.4.1. If {ex,..., eg} is an orthonormal subset of the Hilbert space //
and Æ = šjj{ey,...,ek}, then

k

P,x = 1 (x,ey)e; for all xe af, (2.4.4)
i=1

k
||Pyx|2= X,€¿)2 forallXEff, (2.4.5)

i=1

k k

x - 1 (x,e,)e; < x - E cie, for all xeff, (2.4.6)
i=1 i=1
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and for all cy, ..., cae C (orR if X is real). Equality holds in (2.4.6)if and only

if c, = (x,ey), i = 1, ..., k.
The numbers (x, e,) are sometimes called the Fourier coefficients ofx relative

to the set {ei,...,ekf•
PROOF. To establish (2.4.4)it suffices by Remark 2 to check that P,x as defined
by (2.4.4)satisfies the prediction equations (2.4.1),i.e. that

(x,ey)eg,ej
=(x,ey), j=1,...,k.

i=1

But this is an immediate consequence of the orthonormality condition (2.4.3).
The proof of (2.4.5)is a routine computation using properties of the inner

product and the assumed orthonormality of {ex,...,ek•

By Theorem 2.3.1 (ii), |\x - Pyx | 5 |x - y\| for all yEA, and this is
precisely the inequality (2.4.6).By Theorem 2.3.1 (ii)again, there is equality in

(2.4.6)if and only if
k k

i cie,= Pgx= 2 (x,ei)eg. (2.4.7)
i=1 i=1

Taking inner products of each side with e, and recalling the orthonormality
assumption, we immediately find that (2.4.7)is equivalent to the condition
c,=(x,ey),j=1,...,k.

Corollary 2.4.1 (Bessel's Inequality). If x is any element of a Hilbert space X
and {ei,..., eg} is an orthonormal subset of X then

k

i |(x, e,)|2 X 2. (2.4.8)
i= 1

PROOF. This follows at once from (2.4.5)and Proposition 2.3.2 (ii). O

Definition 2.4.3. (Complete Orthonormal Set). If {e,,te T} is an orthonormal
subset of the Hilbert space X and if x=sp{e,,teT} then we say that
{e,,te T} is a complete orthonormal set or an orthonormal basis for .

Definition 2.4.4 (Separability). The Hilbert space is separable if
X = šþ{e,, te T} with {er,te T} a finite or countably infinite orthonormal
set.

Theorem 2.4.2. If X is the separable Hilbert space X = šp{ei,e2,...} where

{ey,i = 1,2,...} is an orthonormal set, then

(i) the set of all finite linear combinations of {e,,e2,...}is dense in X, i.e.
for each xeX and e > 0, there exists a positive integer k and constants ci,
..., Ck such that

k

x - i cie; < e, (2.4.9)
i=1
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(ii) x=i?,(x,e,)e; foreachXEÑ,Í.€. X
=i(x,ei)e;

|-0asnooo,
(iii) | x |2 - Lit |(x,ey)]2JOr each xe ,

(iv) (x,y) = 17=,(x, ey) (eg,y) for each x, ye r, and

(v) x = 0 if and only if (x,ei) = 0 for all i = 1, 2, ....

The result (iv)is known as Parseval's identity.

PROOF. (i)If S = Q)°iip(ei,...,e},the set of all finite linear combinations
of {ei,e2,...}, then the closure S of S is a closed subspace ofX (Problem 2.17)
containing {eg,i = 1, 2,...}. Since X is by assumption the smallest such closed
subspace, we conclude that Š = X.

(ii) By Bessel's inequality (2.4.8),B ¡|(x,ey)|2 2 (Or all positive
integers k. Hence if i |(x, e,) 2 2. FTOm (2.4.6)and (2.4.9)we conclude
that for each e > 0 there exists a positive integer k such that

k

x - 2 (x,eg)e, < s.
i=1

Now by Theorem 2.4.1, 1" , (x,e,)e, = Pyx where A = sp{ex,...,e,},and
since for k < n, D i (x, ey)e¿ E A, we also have

x - 1 (x, e,)e; < e for all n 2 k. (2.4.10)
i=1

(iii)From (2.4.10)we can write, for n > k,

n 2 n 2

|x||2= x - L(x,eg)e; + f (x,eg)e;
i=1 i=1

< e2 Ÿ X,€¿) 2

i=1

Since e > 0 was arbitrary, we deduce that

| x |2 X, €¿) 2

i=1

which together with the reversed inequality proved in (ii),establishes (iii).
(iv)The result (2.4.10)established in (iii)states that ||9 i (x,e,)e; - x|| -0

as no oo for each xe . By continuity of the inner product we therefore have,
for each x, yeX,

(x, y) = lim i (x,e¿)eg,i (y,ej)ej
no i=1 j=1

= lim i (x,ey)(eg,y)

i=1

(v) This result is an immediate consequence of (ii). O
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Remark 3. Separable Hilbert spaces are frequently encountered as the closed
spans of countable subsets of possibly non-separable Hilbert spaces.

§2.5Projection in R"

In Examples 2.1.1, 2.1.2 and 2.2.1 we showed that 2" is a Hilbert space with
the inner product

(x, y) = x yg, (2.5.1)
i=1

the corresponding squared norm

||x||2= x , (2.5.2)
i=1

and the angle between x and y,

6 = cos¯
'

. (2.5.3)| x|| |y|
Every closed subspace A of the Hilbert space R" can be expressed by means

of Gram-Schmidt orthogonalization (seefor example Simmons (1963))as
A = sj5{ex,...,e,} where {ex,...,em}is an orthonormal subset of Æ and m
(<:n)is called the dimension of A (seealso Problem 2.14). If m < n then there
is an orthonormal subset {em+1,...,e,}of A such that A = sij{e.wi,...,e,}.
By Proposition 2.3.2 (iii)every xe R" can be expressed uniquely as a sum of
two elements of A and a respectively, namely

x = Pyx + (I - Pg)x, (2.5.4)
where, by Theorem 2.4.1,

Pyx = (x,ey)e; (2.5.5)
i=1

and

(I - P,)x = (x,e¿)eg. (2.5.6)
i=m+1

The following theorem enables us to compute Pyx directly from any specified
set of vectors {xi,...,x,}spanning J.

Theorem 2.5.1. If xie R", i = 1, ..., m, and A = špi{xi,...,x,} then

Pyx = Xß, (2.5.7)
where X is the n × m matrix whose jth COIMON ZS x, and

X'Xß = X'x. (2.5.8)
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Equation (2.5.8)has at least one solution forß but Xß is the same for all solutions.
There is exactly one solution of (2.5.8)if and only if X'X is non-singular and in
this case

Pyx = X(X'X)¯ X'x. (2.5.9)
PROOF. Since Pyxe A, we can write

P,x = ß,x;= Xß, for someß = (ßt,...,ß,)'E gm. (2.5.10)
i=1

The prediction equations (2.3.8)are equivalent in this case to
(Xß, x;) = (x, x ), j = 1, ..., m, (2.5.11)

and in matrix form these equations can be written

X'Xß = X'x. (2.5.12)
The existence of at least one solution for ß is guaranteed by the existence of
the projection P,x. The fact that Xßis the same for all solutions is guaranteed
by the uniqueness of Pyx. The last statement of the theorem follows at once
from (2.5.7)and (2.5.8).

Remark 1. If {xy,...,x,} is an orthonormal set then X'X is the identity matrix
and so we find that

Pyx = XX'x = (x,x,)xy,
i=1

in accordance with (2.5.5)
Remark 2. If {xx,...,x,}is a linearly independent set then there must be a
unique vector ß such that P,x = Xß. This means that (2.5.8)must have a
unique solution, which in turn implies that X'X is non-singular and

Pyx = X(X'X)¯ X'x for all xe 2".

The matrix X(X'X)¯ X' must be the same for all linearly independent sets
{xi,...,x,}spanning A since Pg is a uniquely defined mapping on R".

Remark 3. Given a real n × n matrix M, how can we tell whether or not there
is a subspace A of R" such that Mx = Pyx for all XE gn? If there is such a
subspace we say that M is a projection matrix. Such matrices are characterized
in the next theorem.

Theorem 2.5.2. The n × n matrix M is a projection matrix if and only if

(a) M' = M

and

(b) M2 = M.
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PROOF. If M is the projection matrix corresponding to some subspace A then
by Remark 2 it can be written in the form X(X'X)¯ X' where X is any
matrix having linearly independent columns which span A. It is easily verified

that (a)and (b)are then satisfied.
Suppose now that (a)and (b)are satisfied. We shall show that Mx = Pyx

for all XE gn where A is the range of M defined by

R(M)= {Mx:xeR"}.

First observe that Mx e R(M) by definition. Secondly we know that for any
yE R(M) there exists we 2" such that y = Mw. Hence

(x - Mx, y) = (x - Mx, Mw) = x'(I - M)'Mw = 0 for all ye R(M),

showing that Mx is indeed the required projection.

§2.6Linear Regression and the General Linear Model

Consider the problem of finding the "best" straight line

y = Bix + 02, (2.6.1)
or equivalently the best values Ô,,Ô2of 81, 82E Ñ, tO fÏt a giVCR SCÍ Of data
points (x;,y;), i = 1, ..., n. In least squares regression the best estimates Ô¡,Ô2
are defined to be values of By,02 which minimize the sum,

S(81,82) - (y, - Bix, - 82 2

i=1

of squared deviations of the observations y, from the fitted values 0xx, + 82.
This problem reduces to that of computing a projection in R" as is easily

seen by writing S(81, 02) in the equivalent form

S(01, 62 ¯ 1X - 62 2, (2.6.2)
where x = (xi,...,x,)', 1 = (1,...,1)' and y = (yi,..., y,)'. By the projection
theorem there is a unique vector of the form (0xx + 02Î) Which minimizes
S(62, 82),namely P«y where A = sj5{x,1}.

Defining X to be the n × 2 matrix X = [x,1] and Ôto be the column
vector Ô= (Ôi,Ô2)',we deduce from Theorem 2.5.1 that

Pyy = XÔ
where

X'XÔ= X'y. (2.6.3)
There is a unique solution Ôif and only if X'X is non-singular. In this case

Ô= (X'X) X'y. (2.6.4)
If X'X is singular there are infinitely many solutions of (2.6.4),however by the
uniqueness of Pyy, XÔis the same for all of them.
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The argument just given applies equally well to least squares estimation
for the general linear model. The general problem is as follows. Given a set of
data points

we are required to find a value Ô= (Ô¡,...,Ô,)'of 0 = (61,...,0.)' which
mmimizes

i=1

= ||y- Bix">-···-8,xt">|2

where y = (yi,...,y.)' and xf* = (xtin,...,x|)', j = 1, ..., m. By the projection
theorem there is a unique vector of the form (Ôix")+ ··· + Ômxf"))which
minimizes S(0), namely Pyy where A' = šp{x"),...,x'">L

Defining X to be the n × m matrix X = |x"),...,xt">] and Ôto be the
column vector Ô= (01,...,0,)', we deduce from Theorem 2.5.1 that

Pyy=XÔ
where

X'XÔ= X'y (2.6.5)
As in the special case of fitting a straight line, Ôis uniquely defined if and only
if X'X is non-singular, in which case

Ô= (X'X) IX'y. (2.6.6)
If X'X is singular then there are infinitely many solutions of (2.6.5)but XÔis
the same for all of them.

In spite of the assumed linearity in the parameters 01, ..., 8m,the applica-
tions of the general linear model are very extensive. As a simple illustration,
let us fit a quadratic function,

y = Bix2 2X # Û39

to the data

x01234

yl0358

The matrix X for this problem is

0 0 1
1 1 1 10

-40

20
1

X= 4 2 1 giving(X'X)¯ =-

-40

174
-108

.

140
9 3 1 20 - 108 124

16 4 1

The least squares estimate Ô= (Ôx,Ô293)' iS therefore unique and is found
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from (2.6.6)to be
Ô= (0.5,-0.1, 0.6)'.

The vector of fitted values XÔ= Pyy is given by

X Ô= (0.6,1, 2.4, 4.8, 8.2)',

as compared with the vector of observations,

y = (1,0, 3, 5,8)'.

§2.7Mean Square Convergence, Conditional
Expectation and Best Linear Prediction in

All results in this section will be stated for the real Hilbert space L2
L2(G, F, P) with inner product (X, Y) = E(X Y). The reader should have no
difficulty however in writing down analogous results for the complex space
L2(Û,Ÿ, F) With inner product (X, Y) = E(X Ÿ).As indicated in Example
2.2.2, mean square convergence is just another name for norm convergence
in L2, i.e. if X,, XE ¿2, then

X,¾X ifandonlyif|jX,-Xj2=E|X,-X2-+0asn- o.
(2.7.1)

By simply restating properties already established for norm convergence we
obtain the following proposition.

Proposition 2.7.1 (Properties of Mean Square Convergence).

(a) X, converges in mean square if and only if E |Xm - X, |2 -> 0 as m, n
->

oo.

(b) If X,, X and Y,,NY then as n -+ oo,

(i) EX,,=(X,,1)->(X,1)=EX,

(ii) E|X,|2 = (X,,X,,) --+(X,X) = E|X|2

and

(iii)E(X,Y,,) = (X,,Y,) -> (X, Y) = E(XY).

Definition 2.7.1 (Best Mean Square Predictor of Y). If A is a closed subspace
of L2 and Ye L2, then the best mean square predictor of Y in Æ is the element
ŸeA such that

| Y - Ý|2 _ y _ 2 = inf EY - Z|2. (2.7.2)
Ze Al Zed/

The projection theorem immediately identifies the unique best predictor of
Y in A as Py, Y. By imposing a little more structure on the closed subspace
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A, we are led from Definition 2.7.1 to the notions of conditional expectation
and best linear predictor.

Definition 2.7.2 (The Conditional Expectation, E,X). If A is a closed sub-
space of L2 containing the constant functions, and if XE £2, then we define
the conditional expectation of X given A to be the projection,

EgX = P,X. (2.7.3)
Using the definition of the inner product in L2 and the prediction equations

(2.3.8)we can state equivalently that E,X is the unique element of A such
that

E(WE,X) = E(WX) for all We A. (2.7.4)
Obviously the operator Eg on L2 has all the properties of a projection

operator, in particular (seeProposition 2.3.2)

E,(aX + bY) = aE,X + bEgY, a, be R, (2.7.5)
E,X, E«X if X. X (2.7.6)

and

E, (E,,X) = ER2X if £1 c 12. (2.7.7)
Notice also that

Eg 1 = 1 (2.7.8)
and if Jo is the closed subspace of L2 COnsisting of all the constant functions,
then an application of the prediction equations (2.3.8)gives

E X = EX. (2.7.9)

Definition 2.7.3 (The Conditional Expectation E(X|Z)). If Z is a random
variable on (G, F, P) and XE L2(G, F, P) then the conditional expectation of
X given Z is defined to be

E(X |Z) = Ex(z)X, (2.7.10)
where A(Z) is the closed subspace of L2 COnsisting of all random variables in
L2 which can be written in the form ¢(Z) for some Borel function ¢: R -> R.
(For the proof that A(Z) is a closed subspace see Problem 2.25.)

The operator Twiz) has all the properties (2.7.5)-(2.7.8),and in addition

Ex(z)X > 0 if X > 0. (2.7.11)
Definition 2.7.3 can be extended in a fairly obvious way as follows: if Zi,

..., Z, are random variables on (G, F, P) and Xe L2, then we define

E(X|Zi,...,Z,) = Extzt,...,z.)(X), (2.7.12)
where A(Zi,...,Z,) is the closed subspace of L2 COBSisting of all random
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variables in L2 Of the form ¢(Z,,...,Z,) for some Borel function ¢: R"-+ R.
The properties of Ex<z) listed above all carry over to E«tzt,...,z.)·

Conditional Expectation and Best Linear Prediction. By the projection theorem,
the conditional expectation E«tz,,...,z.)(X) is the best mean square predictor
of X in A(Zi,..., Z,,), i.e. it is the best function of Zi, ..., Z, (inthe m.s. sense)
for predicting X. However the determination of projections on A(Zi,...,Z,,)
is usually very difficult because of the complex nature of the equations (2.7.4).
On the other hand if Zi, ..., Z,, e L2, it iS relatively easy to compute instead
the projection of X on šri{1,Zi,...,Z,,} E A(Zi,...,Z,,) since we can write

Py(i,zi,...,z,}(X) = 1 œ¿Z,, Zo = 1, (2.7.13)
i=0

where ao, ..., a, satisfy

a,Z,, Z, = (X, Z,), j = 0, 1, ..., n, (2.7.14)
=o

or equivalently,

œ¿E(Z,Z,) = E(XZy), j = 0, 1, ..., n. (2.7.15)
i=0

The projection theorem guarantees that a solution («o,..., 2,) exists. Any solu-
tion, when substituted into (2.7.13)gives the required projection, known as
the best linear predictor of X in terms of 1, Zi, ..., Z,. As a projection of X
onto a subspace of Æ(Z,,..., Z,) it can never have smaller mean squared error
than Extz,,...,z.)X. Nevertheless it is of great importance for the following
reasons:

(a) it is easier to calculate than O(z,,...,z,)(X),
(b) it depends only on the first and second order moments, EX, EZ,, E(Z,Z,)

and E(XZ,) of the joint distribution of (X, Zi,...,Z,),
(c) if (X, Z,,..., Z,)' has a multivariate normal distribution then (seeProblem

2.20),

4(i,z,,...,z,}(X) = Ewiz,,...,z.)(X).

Best linear predictors are defined more generally as follows:

Definition 2.7.4 (Best Linear Predictor of X in Terms of {Zy, ÂE A}). If Xe L2
and Z, e L2 for all 1e A, then the best linear predictor of X in terms of
{Zy,ÂEA) iS defined to be the element of sp{Z,,1eA} with smallest mean
square distance from X. By the projection theorem this is just Ñ(zy,ÂEA X.

EXAMPLE 2.7.1. Suppose Y = X2 + Z where X and Z are independent
standard normal random variables. The best predictor of Y in terms of X
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is E(Y X) = X2. (The reader should check that the defining properties of
E(Y|X) = E,,,, Y are satisfied by X2, i.e. that X2 E A(X) and that (2.7.4)is
satisfied with A = A(X).) On the other hand the best linear predictor of Y
in terms of {l,X} is

4{i,x}Y = aX + b,

where, by the prediction equations (2.7.15),
(aX + b,X) = (Y,X) = E(YX) = 0

and

(aX + b,1) = (Y,1) = E(Y) = 1.

Hence a = 0 and b = 1 so that

4{i,x}Y = 1.

The mean squared errors of the two predictors are

| E(Y |X) - Y||2 = E(Z2 _ L
and

||Y-ggi,x;Y|2- |Y|2-1=E(X*)+E(Z2)-1=3,

showing the substantial superiority of the best predictor over the best linear
predictor in this case.

Remark 1. The conditional expectation operators Ewiz) and E.wizi,...,z.) are
usually defined on the space LI(G,F,P) of random variables X such that
E|X| < oo (seee.g. Breiman (1968),Chapter 4). The restrictions of these
operators to L2(Û,Ÿ, F) COincide with Ewiz) and E«(z2,...,z.) as we have
defined them.

§2.8Fourier Series

Consider the complex Hilbert space L2[- ( - L2([-a, x],9, U) where 9
consists of the Borel subsets of [-ñ,ñ], U is the uniform probability measure
U(dx) =

(2x)¯Idx, and the inner product of f, gEL2[-a,x] is defined as
usual by

1 "

(f,g) = Efg= - f(x)g(x)dx. (2.8.1)2ñ

The functions {e,,,ne Z} defined by

e,,(x) = ei"", (2.8.2)
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are orthonormal in L2 -4 SSU

€ms En i(m-n)x dx

1 "

[cos(m- n)x + i sin(m - n)x] dx

(1ifm=n
0 if m ¢ n.

Definition 2.8.1 (Fourier Approximations and Coefficients). The nth Order

Fourier approximation to any function fEL2[-x,ñ] is defined to be the
projection of f onto šp{ej, |j| 5 n}, which by Theorem 2.4.1 is

S,f= 1 (f,ey)ey. (2.8.3)

The coefTicients

(f,ey) = f(x)e¯'12dx (2.8.4)

are called the Fourier coefficients of the function f.

We can write (2.8.3)a little more explicitly in the form

S,f(x)= 2 (f,ey)e'12, xe[-x,x], (2.8.5)

and one is naturally led to investigate the senses (ifany) in which the sequence
of functions {S,f} converges to f as no oo. In this section we shall restrict
attention to mean square convergence, deferring questions of pointwise and
uniform convergence to Section 2.11.

Theorem 2.8.1.(a) The sequence {S,f }has a mean square limit as n
-+

oo which

we shall denote by Eg_ (f,e,)e>or Sf
(b) Sf = f.

PROOF. (a) From Bessel's inequality (2.4.8)we have 4,|(f,ey) 2 2

for all n which implies that i; _ (f, ey)|2 < oo. Hence for n > m > 1,

S,f-S,f||25 i (fg)2-0 asmooo,
lil>m

showing that {S,f} is a Cauchy sequence and therefore has a mean square
limit.

(b) For |j < n, (S. f, ey) = (f, ey), so by continuity of the inner product

(Sf,ey) = lim (S.f,ey) = (f,ej) for all jE
.
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In Theorem 2.11.2 we shall show that (g,e ) = 0 for all je Z implies that g = 0.
Hence Sf - f = 0. O

Corollary 2.8.1. L2 - 4 =

p E )
PROOF. Any f EL2[-ñ,x] can be expressed as the mean square limit of S,,f
where S,f esp{e , je Z}. Since sp{ej,jE Z} is by definition closed it must con-
tain f. Hencešp{e ,jeZ} 2 L2[-A d.
Corollary 2.8.2. (a)]|f |2 - 1,°° ( f g) 2

(b) (f,g)=L (f,ey) ).
PROOF. Corollary 2.8.1 implies that the conditions of Theorem 2.4.2 are
satisfied.

§2.9Hilbert Space Isomorphisms

Definition 2.9.1 (Isomorphism). An isomorphism of the Hilbert space //1 onto
the Hilbert space 22 iS & One to one mapping T of ff, onto £2 Such that for
all fi, f2E Ñ19

(a) T(afi + bf2) = a Tf, + bTf2 for all scalars a and b

and

(b) (Tfy, Tf2 19 2

We say that £1 and 1/2 RTC iSomorphic if there is an isomorphism T of Æt
onto 1/2. The inverse mapping T¯ is then an isomorphism of £2 OntO //1·

Remark 1. In this book we shall always use the term isomorphism to indicate
that both (a)and (b)are satisfied. Elsewhere the term is frequently used to
denote a mapping satisfying (a)only.

EXAMPLE 2.9.1 (The Space l2). Let l2 denote the complex Hilbert space of
sequences (z,,,n = 1, 2, . . . },z, e C, 1,,°°-,z,,2 < oo, with inner product

({y,,},{z,,})=1y;ž¿.
i=1

(For the proof that l2 iS a separable Hilbert space see Problem 2.23.) If now
it is any Hilbert space with an orthonormal basis {e,,,n= 1,2,...} then the
mapping T: // -+ l2 defined by

Th= {(h,e,,)} (2.9.1)
is an isomorphism of it onto l2 (seeProblem 2.24). Thus every separable
Hilbert space is isomorphic to l2.
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Properties of1somorphisms. Suppose Tis an isomorphism of ( onto 1/2. We
then have the following properties, all of which follow at once from the
definitions:

(i) If {e,}is a complete orthonormal set in g then {Te,} is a complete
orthonormal set in //2.

(ii) ||Tx | = | x|| for all XEf
.

(iii) ||x, - x||
->0

if and only if ||Tx, - Tx|| -40.

(iv) {x,}is a Cauchy sequence if and only if {Tx,} is a Cauchy sequence.
(v) TP-(x,,asA}(×) = P-(rx,,asA}(T×)·

The last property is the basis for the spectral theory of prediction of a
stationary process {X,, te Z} (Section 5.6), in which we use the fact that the
mappmg

TX, = e

defines an isomorphism of a certain Hilbert space of random variables onto
a Hilbert space L2([-x,x],2,µ) with µ a finite measure. The problem of
computing projections in the former space can then be tranformed by means
of (v)into the problem of computing projections in the latter.

§2.10*The Completeness of L2

WeneedtoshowthatifX,eL2,n = 1,2,...,and |X, -X,i|->0asm,n-> œ,

then there exists Xe L2 Such that X, A X. This will be shown by identifying
X as the limit of a sufficiently rapidly converging subsequence of {X,}. We
first need a proposition.

Proposition 2.10.1. If X,e L2 and | X,,, - X,, || <; 2 ",
n = 1, 2, ..., then there

is a random variable X on (G, F, P) such that X,, eX with probability one.

PROOF. Let Xo = 0. Then X, = 2) x(X, - X,_,). Now |X, - X, 1| is
finite with probability one since, by the monotone convergence theorem and
the Cauchy-Schwarz inequality,

E |X, - X,_, | = E |X, - X,_, | < L ||X - X _; || < ||Xi | + 2~i < œ.
j=1 j=1 j=1 j=1

It follows that lim,, y |X, - X,_,| (andhence lims.,1; , (X, - X,_i) =

lim,-, X,,) exists and is finite with probability one.

Theorem 2.10.1. L2(G, F, P) is complete.

PROOF. If {X,} is a Cauchy sequence in L2 then we can find integers ni, n2,
..., such that ny < n2 < ··· and
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|X,, - X,|| <; 2¯k fOT n, m > nk· (2.10.1)
(First choose ny to satisfy (2.10.1)with k = 1, then successively choose n2, n3,
..., to satisfy the appropriate conditions.)

By Proposition 2.10.1 there is a random variable X such that X,, -> X with
probability one as k -+

oo. Now

||X,, - X ||2 = X, - X|2dP = liminf |X, - X, |2dP,

and so by Fatou's lemma,

| X, - X ||2<; lim inf ||X,, - X, | 2. (2.10.2)
k o

The right-hand side of (2.10.2)can be made arbitrarily small by choosing n
large enough since {X,,} is a Cauchy sequence. Consequently | X,, - X| 2 - 0.
The fact that EX 2 <- oo follows from the triangle inequality

||X || <; ||X,, - X | + | X,,||,

the right-hand side of which is certainly finite for large enough n. O

§2.11*Complementary Results for Fourier Series

The terminology and notation of Section 2.8 will be retained throughout this
section. We begin with the classical result that trigonometric polynomials are
uniformly dense in the space of continuous functions f which are defined on
[-x,x] and which satisfy the condition f(ñ) = f(-x).

Theorem 2.11.1. Let f be a continuous functionon [-ñ,x] such that f(x) =

f(-ñ). Then

n *(Sof+ Si f+···+ S,_i f)-> f (2.11.1)
uniformly on [ - x, x ] as n

->

oo.

PROOF. By definition of the nth Order Fourier approximation,

S,,f (x)= 2 <' f, e e,
lilsu

= (2ñ) f(y) i efiM¯*dy,

-n IJIsn

which by defining f(x) = f(x + 2ñ), xe R, can be rewritten as

S,,f(x) = (2ñ)¯I f(x - y)D,,(y) dy, (2.11.2)

where D,(y) is the Dirichlet kernel,
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Figure 2.2. The Dirichlet kernel Ds(x),
-5

Exs 5 (D,,( ) has period 2x).

sin[(n + ¼)y]ei(n+1/2)y
_

-i(n+1/2)y if y ¢ 0,
D,,(y) =

e'JP
=

e"/2 - e-iy/2
=

Sin( y)

2n+1 ify=0.
(2.11.3)

A graph of the function D, is shown in Figure 2.2. For the function f(x) = 1,
(f, eo) = 1 and (f, ey) = 0, j ¢ 0. Hence S,,1(x) -- 1, and substituting this in
(2.11.2)we find that

(2ñ) D,,(y)dy = 1. (2.11.4)

Making use of (2.11.2)we can now write

n (Sof(x) +
··· + S._, f(x)) = f(x - y)K,,(y)dy, (2.11.5)

where K,,(y) is the Fejer kernel,

1 " I fj sin[( j + ¼)y]K,,(y) = - i Dj(y) =

2ñn j=o 2xnsin(ly)

Evaluating the sum with the aid of the identity,

2sin(¼y)sin[(j+1)y]=cos(jy)-cos[(j+1)y],

we find that



§2.11.*Complementary Results for Fourier Series 71
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Figure 2.3. The Fejer kernel K,(x),
-5

Exs 5 (K,( ) has period 2x).

'

1 sin2(ny/2)
.

- if y / 0,
2xn sin2(y/2)

K,(y) = < (2.11.6)
n

- ify=0.
2ñ

The Fejer kernel is shown in Figure 2.3. It has the properties,

(a) K,(y) ;> 0 (unlikeD,(y)),
(b) K,(·) has period 2ñ,
(c) K,(·) is an even function
(d) Ji,K,(y)dy = 1,
(e) foreachö>0,JaaK,(y)dy--+1asn-+oo.

The first three properties are evident from (2.11.6).Property (d)is obtained by
setting f(x) -- 1 in (2.11.5).To establish (e),observe that

1
K,(y)< . for0<ö<|y|<;ñ.

2ñn sin2(õ/2)

For each õ > 0 this inequality implies that
-õ n

K,(y)dy+ K,(y)dy-+0 asn-+œ,

which, together with property (d),proves (e).
Now for any continuous function f with period 2ñ, we have from (2.11.5)



72 2. Hilbert Spaces

and property (d)of K,(.),

A,(x) = |n¯ (Sof(x) + ··· + S, i f(x)) - f(x)|

= f(x - y)K,,(y)dy - f(x)

= [f(x - y) - f(x)]K,(y)dy .

Hence for each õ > 0,

A,(x) <; [f(x - y) - f(x)]K,,(y)dy

(2.11.7)
+ [f(x - y) - f(x)]K,,(y)dy .

Since a continuous function with period 2x is uniformly continuous, we can
choose for any e > 0, a value of õ such that sup

,,,s,|f(x
- y) - f(x)| < e

whenever y| < õ. The first term on the right of (2.11.7)is then bounded
by ef".,K,,(y)dy and the second by 2M(1-JoëK,(y)dy) where M=
sup_,,,,, f(x)|. Hence

sup A,(x) < e K,(dy)dy + 2M 1 - K,,(y)dy

-+s

asn-+œ.

But since e was arbitrary and A,(x) ;> 0, we conclude that A,,(x) -+ 0 uniformly

on [-x, x] as required. O

Remark 1. Under additional smoothness conditions on f, S,,f may converge
to f in a much stronger sense. For example if the derivative f' exists and

f' e L2 [ - r, x], then S,,f converges absolutely and uniformly to f (seeChur-
chill (1969)and Problem 2.22).

Theorem 2.11.2. If fe L2 [ -ñ, x] and (f, ey) = 0 for all je Z, then f = 0 almost
everywhere.

PROOF. It SUÍÍlcies to show that jaf(x)dx = 0 for all Borel subsets A of
[-ñ,ñ] or, equivalently, by a monotone class argument (seeBillingsley (1986)),

b
(2ñ)¯I f(x)dx=(f,Ia,b])=0 (2.11.8)

for all subintervals [a,b] of [ -n,ñ]. Here I[a,b]denotes the indicator function
of [a, b].

To establish (2.11.8)we first show that (f, g) = 0 for any continuous
function g on [-x,ñ] with g(-ñ) = g(ñ). By Theorem 2.11.1 we know that
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- x a a + 1/n b - 1/n b ñ

Figure 2.4. The continuous function h,, approximating Iy.

for g continuous, g,, = n¯I(Sog + ··· + S,_,g) og uniformly on [
-ñ,x],

im-
plying in particular that

g,, g.

By assumption (f, g,,) = 0, so by continuity of the inner product,

(f, g) = lim (f, g,,) = 0.

The next step is to find a sequence {h,,}of continuous functions such that
h. O I[a,b]. One such sequence is defined by

'O if-ñEx<a,

n(x - a) if a Ex <; a + 1/n,

h,(x) = < 1 if a + 1/n Ex i b - 1/n,
- n(x - b) if b - 1/n <; xs b,
0 ifbixix,

since | Ila,b] - h,, |2 <; (1/2ñ)(2/n)-0 as n
-+

oo. (See Figure 2.4.) Using the
continuity of the inner product again,

(f, I[a,b]) = lim (f, h.) = 0. O
N 00

Problems

2.1. Prove the parallelogram law (2.1.9).
2.2.If {X,,t=0,±1,...} is a stationary process with mean zero and auto-

covariance function y( ), show that Y, = Lj' i a,X, converges in mean square
if o a,agy(i - j) is finite.

2.3. Show that if {X,,t=0,±1,...} is stationary and |8|<1 then for each n,

S=1
BAX,, i _, converges in mean square as m

->

o.

2.4. If A is a closed subspace of the Hilbert space X, show that (A ) = Æ.

2.5. If A is a closed subspace of the Hilbert space X and xe X, prove that

min||x - y|| = max{|(x,z) :zeA ,||zl
= 1}.

ye.N
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2.6. Verify the calculations of ¢i and ¢2in Example 2.3.4. Also check that X3
(2coso)X2 -X,.

2.7. If it is a complex Hilbert space and x, e Æ, i = 1,..., n, show that šp{xi,..., x,} =

{B_iax: EC,)=Î,...,n).
2.8. Suppose that {X,,t = 1,2,...} is a stationary process with mean zero. Show that

šji{1,XI,...,X,)X,,, = P
...

X .

2.9. (a) Let // = L2([-1,1], [-1,1],µ) where dµ = dx is Lebesgue measure on
[-1, 1]. Use the prediction equations to find constants ao, œi and Œ2 which

minimize

1

€ - Œ0 ¯ Œ1X -
Œ2X2 2 dx.

1

(b) Find max _, e*g(x)dx where A = šþ{1, x, x2L
2.10. If X, = Z, - BZ,_,, where 0| < 1 and {Z,, t = 0, ±1,...} is a sequence of un-

correlated random variables, each with mean 0 and variance «2, show by check-
ing the prediction equations that the best mean square predictor of X,,, in
sy{X;, - oo < j á n} is

n+1 = - BAX,,,
_

.

j=1

What is the mean squared error of î, ?

2.11. If X, is defined as in Problem 2.10 with 8 = 1, find the best mean square predictor
of X,,, in sp{X;, 1 fjf n} and the corresponding mean squared error.

2.12. If X, = ¢¡X,_, + ¢2Xt-2 pX,_, + Z,, t = 0, ±1,... where {Z,} is a se-
quence of uncorrelated random variables, each with mean zero and variance «2

and such that Z, is uncorrelated with {X;, j < t} for each t, use the prediction
equations to show that the best mean square predictor of X,,, in sp{X;,

-œ<ján}is

=¢,X,+¢2X,_,+···+¢,X .

2.13. (Gram-Schmidt orthogonalization). Let xi, x2, ..., x, be linearly independent
elements of a Hilbert space // (i.e.elements for which 2,x, + ··· + 2,x, \ = 0
implies that œ, = œ2 n

= 0). Define

wi = x,

and

wy = x, -

Ps-P(Wl...
,Wk-1;XAs

Show that {ex= wh wk[[,k = 1,...,n} is an orthonormal set and that
sp{ei,...,eg} = sp{x ,...,x,} for 1 i kg n.

2.14. Show that every closed subspace A of R" which contains a non-zero vector can
be written as A = sp{ei,...,e,} where {e,,...,e.}is an orthonormal subset of
A and m (sn) is the same for all such representations.
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2.15. Let X,, X2 and X3 be three random variables with mean zero and covariance
matrix,

14 -1 3
V =

-l

5 -1 .

3 -1 1

Use the Gram-Schmidt orthogonalization process of Problem 2.13 to find
three uncorrelated random variables Zi, Z2 and Zs such that šp{X, }= sp{Z, },
sp{X,,X2} = g{Z,,Z2} and sp{X,,X2,Xs} = sp{Z,,Z29 3 ·

2.16. (Hermite polynomials). Let X = L2(2,9,µ) where dµ = (2x)-1/2e¯^2/2dx.Set
fo(x)̄ 1̄, f, (x) = x, f2(x)= x2, f3(x)= x3. Using the Gram-Schmidt ortho-
gonalization process, find polynomials H,(x) of degree k, k = 0, 1, 2, 3 which are
orthogonal in Æ. (Do not however normalize H,(x) to have unit length.) Verify

d*
that Hg(x) = (-1)*e*'2-e

2/2,
k = 0, 1, 2, 3.

dx"

2.17. Prove the first statement in the proof of Theorem 2.4.2.

2.18. (a) Let x be an element of the Hilbert space // = sp{xi,x2,...}. Show that X
is separable and that

feix,....,x x - x as no o.

(b) If {X,,t = 0, ±1,...} is a stationary process show that

2.19. (General linear model). Consider the general linear model

Y=X0+Z,

where Y = (Y,,..., Y,)'is the vector of observations, X is a known n × m matrix
of rank m< n, 0 = (81,...,0.)' is an m-vector of parameter values, and Z =

(Z,,...,Z,,)' is the vector of noise variables. The least squares estimator of 0 is
given by equation (2.6.4),i.e.

Ô= (X'X) I X'Y.

Assume that Z ~ N(0, Œ2 n) where I,, is the n-dimensional identity matrix.
(a) Show that Y ~ N(X0,«21,).

(b) Show that Ô~ N(0, «2(X'X)¯ )
(c) Show that the projection matrix P, = X(X'X) X' is non-negative definite

and has m non-zero eigenvalues all of which are equal to one. Similarly,
I,, - P, is also non-negative definite with (n-

m) non-zero eigenvalues all
of which are equal to one.

(d) Show that the two vectors of random variables, P,(Y - X0) and (I,, - P,)Y
are independent and that 6-2 ||P,(Y - X0) 2 and a

2 lg, - (,)YQ2 are inde-
pendent chi-squared random variables with m and (n - m) degrees of freedom
respectively. (||Y here denotes the Euclidean norm of Y, i.e. (B )1/20

(e) Conclude that
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(n-m)||P,(Y-X0)||2

m||Y - PyY||2

has the F distribution with m and (n- m) degrees of freedom.

2.20. Suppose (X, Z,,...,Z,)' has a multivariate normal distribution. Show that

Epi,zi,...,z.}(X) = Extzt.....z.)(X),

where the conditional expectation operator Ertz,,....z.> is defined as in Section
2.7.

2.21. Suppose {X,,t = 0, ±1,...} is a stationary process with mean zero and auto-
covariance function y( ) which is absolutely summable (i.e.Eh=-o |y(h)< oo).

Defme f to be the function,

1 =

f(A) = - 1 y(h)e¯rhA

2ña=-

and show that y(h) = fi,,e'**f(A)dl.

2.22. (a) If JEL2([-x,x]), prove the Riemann-Lebesgue lemma: (f,eh)-+0 as
h a o, where e, was defined by (2.8.2).

(b) If fe L2([-x, x]) has a continuous derivative f'(x) and f(x) = f(-x), show
that (f, eh) = (ih)¯'(J', eh) and hence that h( f, es) -+ 0 as ho o. Show
also that ih= o

h)|<oo and conclude that S.f (seeSection 2.8)

converges uniformly to f.
2.23. Show that the space l2 (Example 2.9.1) is a separable Hilbert space.

2.24. If Æ is any Hilbert space with orthonormal basis {e,,,n= 1,2,...}, show that
the mapping defined by Th = {(h,e,)}, hE X, is an isomorphism of X onto 12.

2.25.* Prove that At(Z) (seeDefinition 2.7.3) is closed.



CHAPTER 3

Stationary ARMA Processes

In this chapter we introduce an extremely important class of time series
{X,,t = 0, ±1, ±2,...} defined in terms of linear difference equations with
constant coefficients. The imposition of this additional structure defines a
parametric family of stationary processes, the autoregressive moving aver-
age or ARMA processes. For any autocovariance function y(·) such that
limh o y(h) = 0, and for any integer k > 0, it is possible to find an ARMA
process with autocovariance function yx(·) such that yx(h) = y(h), h =

0, 1, ...., k. For this (andother) reasons the family of ARMA processes plays
a key role in the modelling of time-series data. The linear structure of ARMA
processes leads also to a very simple theory of linear prediction which is
discussed in detail in Chapter 5.

§3.1Causal and Invertible ARMA Processes

In many respects the simplest kind of time series {X,} is one in which the
random variables X,, t = 0, ±1, ±2, ... are independently and identically
distributed with zero mean and variance o2. From a second order point of
view i.e. ignoring all properties of the joint distributions of {X,} except those
which can be deduced from the moments E(X,) and E(X,X,), such processes
are identified with the class of all stationary processes having mean zero and
autocovariance function

f
o.2 if h = 0,

y(h) = (3.1.1)0 if h ¢ 0.
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Definition 3.1.1. The process {Z,} is said to be white noise with mean 0 and
variance o.2, WTitÍCH

{Z,} ~ WN(0, o2), (3.1.2)
if and only if {Z,} has zero mean and covariance function (3.1.1).

If the random variables Z, are independently and identically distributed
with mean 0 and variance o.2 then we shall write

{Z,} ~ IID(0, o.2). (3.1.3)
A very wide class of stationary processes can be generated by using white

noise as the forcing terms in a set of linear difference equations. This leads to
the notion of an autoregressive-moving average (ARMA) process.

Definition 3.1.2(The ARMA (p,q) Process). The process {X,, t = 0, ± 1, ±2,...}
is said to be an ARMA(p, q) process if {X,} is stationary and if for every t,

X, - ¢,X,_, -
···

- ¢,X,_, = Z, + 0,Z,_; + · + 0,Z,_,, (3.1.4)
where {Z,} ~ WN(0, o.2). We say that {X,} is an ARMA(p, q) process with
mean µ if {X, - µ} is an ARMA(p, q) process.

The equations (3.1.4)can be written symbolically in the more compact form

¢(B)X, = 8(B)Z,, t = 0, ±1, ±2, ..., (3.1.5)
where ¢ and 8 are the pth and qth degree polynomials

¢(z)= 1 - ¢iz -
···

- ¢,z" (3.1.6)
and

0(z) = 1 + 81z + ··· + 0,z" (3.1.7)
and B is the backward shift operator defined by

BJX, = X, _;, j = 0, ± 1, ±2, . . . . (3.1.8)
The polynomials ¢ and 0 will be referred to as the autoregressive and moving
average polynomials respectively of the difference equations (3.1.5).
EXAMPLE 3.1.1 (The MA(q) Process). If ¢(z)-- 1 then

X, = 8(B)Z, (3.1.9)
and the process is said to be a moving-average process of order q (orMA(q)).
It is quite clear in this case that the difference equations have the unique
solution (3.1.9).Moreover the solution {X,} is a stationary process since
(definingÐo= 1 and 8, = 0 for j > q), we see that

EX,= i BEZ, ,=0
j=O
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and

o.2 j j+ h| if |hl <; q,
Cov(Xt+h,X,) = j=o

0 if |hl > q.

A realization of {X;,...,Xioo} with q = 1, 81 =
-.8

and Z, ~ N(0, 1)is shown
in Figure 3.1(a). The autocorrelation function of the process is shown in Figure
3.1(b).

EXAMPLE 3.1.2 (The AR(p) Process). If 8(z) -- 1 then

¢(B)X, = Z, (3.1.10)
and the process is said to be an autoregressive process of order p (orAR(p)).
In this case (asin the general case to be considered in Theorems 3.1.1-3.1.3)
the existence and uniqueness of a stationary solution of (3.1.10)needs closer
investigation. We illustrate by examining the case ¢(z)= 1 - ¢xz, i.e.

X, = Z, + ¢tX,_1. (3.1.11)
Iterating (3.1.11)we obtain

X, = Z, + ¢iZ,_; + ¢|Xt-2

= Z, + ¢¡Z,_; + ··· + ¢¡*Zr-k k+1X, _1.

If |¢i| < 1 and {X,} is stationary then |X,||2 = E(X,2) ÎS constant so that
k 2

X,-f¢Z,_; =¢¡2k+2|X,_ ¡||2->0 ask->œ.
j=O

Since o¢ Z,_; is mean-square convergent (by the Cauchy criterion), we
conclude that

X, = ¢ Z, _;. (3.1.12)
j=O

Equation (3.1.12)is valid not only in the mean square sense but also (by
Proposition 3.1.1 below) with probability one, i.e.

X,(w) = 1¢|Z,_,(o) for allo¢E,
j=O

where E is a subset of the underlying probability space with probability zero.
All the convergent series of random variables encountered in this chapter will
(byProposition 3.1.1) be both mean square convergent and absolutely con-
vergent with probability one. Now {X,} defined by (3.1.12)is stationary since

EX, = ¢ EZ,_; = 0
j=0



80 3. Stationary ARMA Processes

4

n
2-

n

0-

-2-

-4

O 10 20 30 40 50 60 70 80 90 100

(a)

0.9-

0.8-

0.7-
0.6-
0.5-
0.4-

0.3-
0.2-
01-

O O O O O O O O O O O O O O O O O O

-O1-
-02-

-03-

-04-
-05-
-06-
-07-

-08-
-09-

O 5 10 15 20

(b)

Figure 3.1. (a)100 observations of the series X, = Z, - .8Z,_,, Example 3.1.1. (b)The
autocorrelation function of {X,}.
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and

Cov(Xt+h,X,) = lim E ¢ Zt+h j
k

t-k
n oo j=0 k=0

2 |1h| 2j

j=0

Moreover {X,} as defined by (3.1.12)satisfies the difference equations (3.1.11)
and is therefore the unique stationary solution. A realization of the process
with ¢i =

.9

and Z, ~ N(0, 1) is shown in Figure 3.2(a). The autocorrelation
function of the same process is shown in Figure 3.2(b).

In the case when |¢,| > 1 the series (3.1.12)does not converge in L2
However we can rewrite (3.1.11)in the form

X, = -¢i¯IZ,,, + ¢i¯X,41. (3.1.13)
Iterating (3.1.13)gives

X,= -¢; Z,,, -¢ 2Zt+2 -2X,42

= ¯ i-iZ,,, -· ·
- ¢¡-k-1 t+k+1 -k-1X,,,,i,

which shows, by the same arguments as in the preceding paragraph, that

X, = - ¢,¯JZ,,, (3.1.14)
j=1

is the unique stationary solution of (3.1.11).This solution should not be
confused with the non-stationary solution {X,, t = 0, ±1,...} of (3.1.11)
obtained when Xo is any specified random variable which is uncorrelated
with {Z,}.

The stationary solution (3.1.14)is frequently regarded as unnatural since
X, as defined by (3.1.14)is correlated with {Z,, s > t}, a property not shared
by the solution (3.1.12)obtained when |¢| < 1. It is customary therefore when
modelling stationary time series to restrict attention to AR(1) processes with
|¢i| < 1 for which X, has the representation (3.1.12)in terms of {Z,, s <; t}.
Such processes are called causal or future-independent autoregressive pro-
cesses. It should be noted that every AR(1) process with |¢,| > 1 can be
reexpressed as an AR(1) process with |¢, < 1 and a new white noise sequence
(Problem 3.3). From a second-order point of view therefore, nothing is lost
by eliminating AR(1) processes with |¢,| > 1 from consideration.

If \¢¡ = 1 there is no stationary solution of (3.1.11)(Problem 3.4). Con-
sequently there is no such thing as an AR(1) with |¢¡| = 1 according to our
Definition 3.1.2.

The concept of causality will now be defined for a general ARMA(p, q)
process.
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Figure 3.2. (a) 100 observations of the series X, - .9X,_ = Z,, Example 3.1.2.(b)The
autocorrelation function of {X,}.
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Definition 3.1.3. An ARMA(p,q) process defined by the equations ¢(B)X, =

8(B)Z, is said to be causal (or more specifically to be a causal function of
{Z,}) if there exists a sequence of constants {¢,}such that o|‡¿| < oo and

X,= ¢¿Z,_;, t=0,±1,.... (3.1.15)
j=O

It should be noted that causality is a property not of the process {X,} alone
but rather of the relationship between the two processes {X,} and {Z,}
appearing in the defining ARMA equations. In the terminology of Section
4.10 we can say that {X,} is causal if it is obtained from {Z,} by application
of a causal linear filter. The following proposition clarifies the meaning of the
sum appearing in (3.1.15).

Proposition 3.1.1. If {X,} is any sequence of random variables such that
sup, E |X,1 < o, and if Eg _, | < o, then the series

¢(B)X, = BAX, = 1 ý X, y, (3.1.16)
j= -œ j= -o

converges absolutely with probability one. If in addition sup, E |X,|2 < o then
the series converges in mean square to the same limit.

PROOF. The monotone convergence theorem and finiteness of sup, E]X,| give

E X, ¿| = lim E | |X,_ |
j= -o n œ j= -n

<; lim i |‡ supE|X,|
n +o j= -n t

< oo,

from which it follows that ip _
|ý,||X, ¿| and ¢(B)X, = ip _, ý,X,_; are

both finite with probability one.
If sup, E|X,|2 < oo and n > m > 0, then

2

m<|j|<;n m<|jj¾n m<|k|<;n

( )2<supE|X,|2 i g)
r m<jin

40 asm,n-+o,

and so by the Cauchy criterion the series (3.1.16)converges in mean square.
If S denotes the mean square limit, then by Fatou's lemma,

n 2

E|S - ¢(B)X,|2 = Elim inf S - i ¢¿X,
n o j= -n
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n 2

<liminfE S- i þÿX,
n-oo j= -n

= 0,

showing that the limits S and ¢(B)X, are equal with probability one. O

Proposition 3.1.2. If {X,} is a stationary process with autocovariance function
y(·) and if Eg_, |‡,| < oo, then for each teZ the series (3.1.16)converges
absolutely with probability one and in mean square to the same limit. If

Y, = ‡(B)X,

then the process {Y,} is stationary with autocovariance function

yy(h) = 1 ¢,‡gy(h- j + k).
j,k= -co

PROOF. The convergence assertions follow at once from Proposition 3.1.1 and
the observation that if {X,} is stationary then

E|X,|5(E|X,|2)12=c,

where c is finite and independent of t.
To check the stationarity of { } we observe, using the mean square

convergence of (3.1.16)and continuity of the inner product, that

EY, = lim i ý EX, = 2 ‡ EX,,
n o j= -n j= -oo

and

E(Yt+h ) = lim E i ‡,X,,, i ýkX
n œ j= -n k= -n

= 2 ¢,¢k(y(h- j + k) + (EX,)2
j,k=-oo

Thus E and E(Yt+h t) are both finite and independent of t. The auto-
covariance function yy(·) of {Y,} is given by

yy(h)=E( +h )-EYt+h·EY= 2 ¢¿¢ky(h-j+k). []
j,k= -oo

It is an immediate corollary of Proposition 3.1.2 that operators such
as ¢(B) = 1 _,

¢,BA with Eg_ |‡ÿ|< o, when applied to stationary
processes, are not only meaningful but also inherit the algebraic properties
of power series. In particular if Eg_,|a;|<oo, ig_,|ß;|<oo, œ(B)=

«,BI, ß(B) =
_ oc

ß,BA, and ¢(B) = Lj°_co
‡,BA, where

= i «k j-k
¯

k j-ks
k=-o k=-œ
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then «(B)ß(B)X, is well-defined and

«(B)ß(B)X, = ß(B)œ(B)X, = ý(B)X,.

The following theorem gives necessary and sufficient conditions for an
ARMA process to be causal. It also gives an explicit representation of X, in
terms of {Zs, s i t}.

Theorem 3.1.1. Let {X,} be an ARMA(p,q) process for which the polynomials
¢(·)and 6(·) have no common zeroes. Then {X,} is causal if and only if ¢(z)¢ 0
for all ze C such that |z| 5 1. The coefficients {¢¿}in (3.1.15)are determined
by the relation

¢(z) = †,zi = 8(z)/¢(z), (z| 5 1. (3.1.17)
j=O

(The numerical calculation of the coefficients ¢¿is discussed in Section 3.3.)
PROOF. First assume that ¢(z)¢ 0 if (z|5 1. This implies that there exists e > 0
such that 1/¢(z) has a power series expansion,

1/¢(z)= 1 (zi= f(z), |z|< 1 +e.
j=O

Consequently ((1 + s/2)J-÷0 as ja oo so that there exists Ke(0, oo) for which

| < K(1 + e/2)¯J for all j = 0, 1, 2, ... .

In particular we have Ego|(| < oo and ((z)¢(z)- 1 for |z| 5 1. By Pro-
position 3.1.2 we can therefore apply the operator ((B) to both sides of the
equation ¢(B)X, = 6(B)Z, to obtain

X, = ((B)8(B)Z,.

Thus we have the desired representation,

X, = ¢¿Z,
j=0

where the sequence {¢¿}is determined by (3.1.17).
Now assume that {X,} is causal, i.e. X, = ipo ¢,Z,_; for some sequence

{¢ÿ}such that ipo ‡¿|< o. Then

8(B)Z, = ¢(B)X, = ¢(B)¢(B)Z,.

If we let g(z) = ¢(z)¢(z)= ipo y,zi, |z
_<

1, we can rewrite this equation as

j=0 j=0

and taking inner products of each side with Z,_, (recallingthat {Z,} ~

WN(0,o2)) we obtain y, - 82,k = 0, ..., q and Ük = 0, k > q. Hence

8(z) = Q(z) = ¢(z)ý(z), |z|
_<

1.
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Since 8(z) and ¢(z)have no common zeroes and since |‡(z)| < oo for |z| < 1,
we conclude that ¢(z)cannot be zero for |z| 5 1.

Remark 1. If {X,} is an ARMA process for which the polynomials ¢( ) and
8(·) have common zeroes, then there are two possibilities:

(a) none of the common zeroes lie on the unit circle, in which case (Problem
3.6) {X,} is the unique stationary solution of the ARMA equations with

no common zeroes, obtained by cancelling the common factors of¢(·) and
8(·),

(b) at least one of the common zeroes lies on the unit circle, in which case
the ARMA equations may have more than one stationary solution (see
Problem 3.24).

Consequently ARMA processes for which ¢(·)and 8(·) have common zeroes
are rarely considered.

Remark 2. The first part of the proof of Theorem 3.1.1 shows that if {X,}
is a stationary solution of the ARMA equations with ¢(z)¢ 0 for |z| 5 1,
then we must have X, =

o ý,Z,_; where {ý,}is defined by (3.1.17).
Conversely if X, =

o ‡¿Z then ¢(B)X, = ¢(B)ý(B)Z, = 8(B)Z,. Thus
the process {¢(B)Z,} is the unique stationary solution of the ARMA equations
if ¢(z)¢ 0 for |z| 5 l.

Remark 3. We shall see later (Problem 4.28) that if ¢(·) and 8(·) have no
common zeroes and if ¢(z)= 0 for some zeC with |z = 1, then there is no
stationary solution of ¢(B)X, = 8(B)Z,.

We now introduce another concept which is closely related to that of
causality.

Definition 3.1.4. An ARMA(p, q) process defined by the equations ¢(B)X, =

6(B)Z, is said to be invertible if there exists a sequence of constants {ñ}such
that o |x;| < oo and

Z, = ñ,X, _,, t = 0, ± 1, . . . . (3.1.18)
j=0

Like causality, the property of invertibility is not a property of the process
{X,} alone, but of the relationship between the two processes {X,} and {Z,}
appearing in the defining ARMA equations. The following theorem gives
necessary and sufficient conditions for invertibility and specifies the coeffi-
cients x in the representation (3.1.18).

Theorem 3.1.2. Let {X,} be an ARMA(p,q) process for which the polynomials

¢(·) and 8(·) have no common zeroes. Then {X,} is invertible if and only if
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6(z) ¢ 0 for all ZE C such that |z| < 1. The coefficients {ñ,}in (3.1.18)are
determined by the relation

ñ(z) = 1 ñ,zi = ¢(z)/6(z), |z| < 1. (3.1.19)
j=O

(The coefficients {ñ,}can be calculated from recursion relations analogous
to those for {¢¡}(seeProblem 3.7).)

PROOF. First assume that 8(z) ¢ 0 if |z| < 1. By the same argument as in the
proof of Theorem 3.1.1, l/0(z) has a power series expansion

1/0(z) = 1 y zi = µ(z), |z| < 1 + e,
j=O

for some e > 0. Since o 14,1< œ, Proposition 3.1.2 allows us to apply Q(B)
to both sides of the equation ¢(B)X, = 8(B)Z, to obtain

Q(B)¢(B)X, = µ(B)0(B)Z, = Z,.

Thus we have the desired representation

Z, = x;X,_ ,

j=O

where the sequence {ñ,}is determined by (3.1.19).
Conversely if {X,} is invertible then Z, = añ,X,_, for some sequence

{ñ,}such that o |x;| < oo. Then

¢(B)Z, = ñ(B)¢(B)X, = ñ(B)8(B)Z,.

Setting ((z) = ñ(z)8(z) =

o (zi, |z| 5 1, we can rewrite this equation as

j=0 j=0

and taking inner products of each side with Z,_, we obtain (x = ¢ks
k = 0, ..., p and gy= 0, k > p. Hence

¢(z)= ((z) = x(z)8(z), |z| < 1.

Since ¢(z)and 8(z) have no common zeroes and since |ñ(z)|< oo for zl i 1,

we conclude that 8(z) cannot be zero for |z| < l. [¯]

Remark 4. If {X,} is a stationary solution of the equations

¢(B)X, = 8(B)Z,, {Z,} ~ WN(0, o.2), (3.1.20)
and if ¢(z)0(z)¢ 0 for |z| 5 1, then

X, = ‡¿Z,_ÿ
j=O

and
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j=o

where i o ‡,zi = 6(z)/¢(z) and ipo xyzi = ¢(z)/0(z),|z| < 1.

Remark 5. If {X,} is any ARMA process, ¢(B)X, = 8(B)Z,, with ¢(z)non-zero
for all z such that |z| = 1, then it is possible to find polynomials ¢(·),0(·) and

a white noise process {Z,*} such that ¢(B)X, = Õ(B)Z,* and such that {X,}
is a causal function of {Z,*}. If in addition 8(z) is non-zero when |z| = 1 then
Õ(·)can be chosen in such a way that {X,} is also an invertible function of
{Z,*}, i.e. such that 8(z) is non-zero for |z| <; 1 (seeProposition 3.5.1). If
{Z,} ~ IID(0, «2) it is not true in general that {Z,*} is independent (Breidt
and Davis (1990)).It is true, however, if {Z,} is Gaussian (seeProblem 3.18).

Remark 6. Theorem 3.1.2 can be extended to include the case when the
moving average polynomial has zeroes on the unit circle if we extend the
definition of invertibility to require only that Z, E šjj{X,, - oo < s <; t}.
Under this definition, an ARMA process is invertible if and only if 0(z) ¢ 0
for all |z| < 1 (seeProblem 3.8 and Propositions 4.4.1 and 4.4.3).

In view of Remarks 4 and 5 we shall focus attention on causal invertible
ARMA processes except when the contrary is explicitly indicated. We con-
clude this section however with a discussion of the more general case when
causality and invertibility are not assumed. Recall from Remark 3 that if ¢(·)
and 6(·) have no common zeroes and if ¢(z)= 0 for some zeC with |z| = 1,
then there is no stationary solution of ¢(B)X, = 8(B)Z,. If on the other hand

¢(z)¢ 0 for all zeC such that |z = 1, then a well-known result from complex
analysis guarantees the existence of r > 1 such that

8(z)¢(z)¯ = ‡¿zi= ¢(z), r¯ < |z| < r, (3.1.21)

the Laurent series being absolutely convergent in the specified annulus (see
e.g. Ahlfors (1953)).The existence of this Laurent expansion plays a key role
in the proof of the following theorem.

Theorem 3.1.3. If ¢(z)¢ 0 for all zeC such that |z| = 1, then the ARMA
equations ¢(B)X, = 6(B)Z, have the unique stationary solution,

X, = ý,Z,_;, (3.1.22)

where the coefficients ¢¿aredetermined by (3.1.21).

PROOF. By Proposition 3.l.2, {X,} as defined by (3.1.22)isa stationary process.
Applying the operator ¢(B) to each side of (3.1.22)and noting, again by
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Proposition 3.1.2, that ¢(B)¢(B)Z, = 8(B)Z,, we obtain

¢(B)X, = 8(B)Z,. (3.1.23)
Hence {X,} is a stationary solution of the ARMA equations.

To prove the converse let {X,} be any stationary solution of (3.1.23).Since

¢(z)¢ 0 for all zeC such that z = 1, there exists õ > 1 such that the series
zi = ¢(z)¯ = ((z)is absolutely convergent for ö < |z| < õ. We can

therefore apply the operator ((B) to each side of (3.1.23)to get

((B)¢(B)X, = ((B)0(B)Z,,

or equivalently
X, = ¢(B)Z,. O

§3.2Moving Average Processes of Infinite Order
In this section we extend the notion of MA(q) process introduced in Section
3.1 by allowing q to be infinite.

Definition 3.2.1. If {Z,} ~ WN(0, o.2) then we say that {X,} is a moving average
(MA(o)) of {Z,} if there exists a sequence {g}with e |g| < oo such that

X, = gZ, ,, t = 0, ±1, ±2, .... (3.2.1)
j=0

EXAMPLE 3.2.1. The MA(q) process defined by (3.1.9)is a moving average of
{Z,}withg=0,,j=0,1,...,qandg=0,j>q.

EXAMPLE 3.2.2. The AR(1) process with |¢| < 1 is a moving average of {Z,}
with ( = ¢J, j = 0, 1, 2, ... .

EXAMPLE 3.2.3. By Theorem 3.1.1 the causal ARMA(p, q) process ¢(B)X, =

8(B)Z, is a moving average of {Z,} with a gzi = 0(z)/¢(z), |z| <; 1.

It should be emphasized that in the definition of MA(oo) of {Z,} it is
required that X, should be expressible in terms of Z,, s < t, only. It is for this
reason that we need the assumption of causality in Example 3.2.3. However,
even for non-causal ARMA processes, it is possible to find a white noise
sequence {Z,*} such that X, is a moving average of {Z,*} (Proposition 3.5.1).
Moreover, as we shall see in Section 5.7, a large class of stationary processes
have MA(oo) representations. We consider a special case in the following
proposition.

Proposition 3.2.1. If {X,} is a zero-mean stationary process with autocovariance
functiony(·) such that y(h) = 0 for |h| > q and y(q) ¢ 0, then {X,} is an MA(q)
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process, i.e. there exists a white noise process {Z,} such that

X, = Z, + 0, Z, i + ··· + 0,Z,_,. (3.2.2)

PROOF. For each t, define the subspace A, = sp{Xs, -oo < s <; t} of L2 and
set

Z, = X, - P, X,. (3.2.3)
Clearly Z, E A,, and by definition of Pg , Z, e A, 1. Thus if s < t, Z, e
As c¯ A,_, and hence EZ,Z, = 0. Moreover, by Problem 2.18

S{x,,s=r-n,...,r-i}X,OPg X, asnoo,

so that by stationarity and the continuity of the L2 HOrm,

||Z,,, || = ||X,41 - PAX

= lim ||X,,, -

,,, ,,...,,)X,,i||

= lim ||X, - P-- _.,... ,_i X, |
H 00

= |X, - P, X | = ||Z,||.

Defining «2 __
2,

We conclude that {Z,} ~ WN(0, 62

Now by (3.2.3),it follows that

A,_,=šp{Xs,s<t-1,Z, i}

=šp{X,,s<t-q,Z,_,,...,Z,_ }
and consequently A,_i can be decomposed into the two orthogonal sub-

spaces,A,_,_, andsp{Z,_,,...,Z,_;}.Sincey(h) = Ofor|h > q,itfollowsthat
X, 1 A,_q_, and so by Proposition 2.3.2 and Theorem 2.4.1,

P, X,=PA-,,X,+S{z,_,,...,z,_,)X,

= 0 + Û-2E(X,Z,_,)Z,_, + ··· + U-2E(X,Z,_,)Z,

= 0, Z,_, + ··· + 0,Z,

where 04:= a-2E(X,Z,_,), which by stationarity is independent of t for
j = 1, ..., q. Substituting for P,,_,X, in (3.2.3)gives (3.2.2). O

Remark. If {X,} has the same autocovariance function as that of an
ARMA(p, q) process, then {X,} is also an ARMA(p, q) process. In other
words, there exists a white noise sequence {Z,} and coefficients ¢,, ..., ¢,,
81, ..., 0, such that

X, - ¢,X,_; -
···

- ¢,X,_, = Z, + 81Z,_; + ··· + Ð,Z,

(seeProblem 3.19).
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The following theorem is an immediate consequence of Proposition 3.1.2.

Theorem 3.2.1. The MA(oo) process defined by (3.2.1)is stationary with mean
zero and autocovariance function

y(k) = o2 ¢¿¢ . (3.2.4)
j=O

Notice that Theorem 3.2.1 together with Example 3.2.3 completely deter-
mines the autocovariance function y of any causal ARMA(p, q) process. We
shall discuss the calculation of y in more detail in Section 3.3.

The notion of AR(p) process introduced in Section 3.1 can also be extended
to allow p to be infinite. In particular we note from Theorem 3.1.2 that any
invertible ARMA(p, q) process satisfies the equations

X, + x,X,_; = Z,, t = 0, ±1, ±2, ...

j=1

which have the same form as the AR(p) equations (3.1.10)with p = co.

§3.3Computing the Autocovariance Function of an
ARMA(p, q) Process

We now give three methods for computing the autocovariance function of an
ARMA process. In practice, the third method is the most convenient for
obtaining numerical values and the second is the most convenient for obtain-
ing a solution in closed form.

First Method. The autocovariance function y of the causal ARMA(p, q)
process ¢(B)X, = 8(B)Z, was shown in Section 3.2 to satisfy

y(k) = o.2
j j+|k|, (3.3.1)

j=O

where

¢(z) = ý,zi = 8(z)/¢(z) for |z| 5 1, (3.3.2)
j=0

8(z) = l + 0xz + ··· + 0,z" and ¢(z)= 1 - ¢iz -
···

- ¢,z?. In order to
determine the coeflicients ‡j we can rewrite (3.3.2)in the form ‡(z)¢(z)=

8(z) and equate coefficients of zi to obtain (definingBo= 1, 0, = 0 for j > q
and ¢¿= 0 for j > p),

¢, - i ¢ç¢,_,= 0,, 0 gj < max(p, q + 1) (3.3.3)
0<k<j
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and

¢¿- i ¢g‡¿_,= 0, j 2 max(p,q + 1). (3.3.4)
0<k<p

These equations can easily be solved successively for ¢o,ýi, ‡2, ... . Thus

Éo=Uo=1,

¢i = 01 + ¢o¢i = 81 + ¢i,
(3.3.5)

¢2-02 02 11¯ 2 2 11 9

Alternatively the general solution (3.3.4)can be written down, with the aid of
Section 3.6 as

k rel

‡, = 2 i œÿniÇ", n > max(p, q + 1) - p, (3.3.6)
i=1 j=0

where (¿,i = 1, ..., k are the distinct zeroes of ¢(z)and r, is the multiplicity of
(, (sothat in particular we must have , r, = p). The p constants œu and the
coefTicients‡¿,0<; j < max(p, q + 1) - p, are then determined uniquely by the
max(p, q + 1) boundary conditions (3.3.3).This completes the determination
of the sequence {ý,}and hence, by (3.3.1),of the autocovariance function y.

EXAMPLE 3.3.1. (1- B + ¼B2)X, = (1+ B)Z,. The equations (3.3.3)take the
form

Go=00=1,
¢i=01+¢o¢i=01+¢i=2,

and (3.3.4)becomes

‡j - ‡j-1+ i‡j-2= 0, j > 2.

The general solution of (3.3.4)is (seeSection 3.6)

‡, = (œio+ nœii)2¯", n 2 0.

The constants œio and œ¡¡ are found from the boundary conditions ‡o = 1
and ¢¡ = 2 to be

œ¡o = 1 and œ,1 = 3.

Hence
¢, = (1+ 3n)2¯", n = 0, 1, 2, ... .

Finally, substituting in (3.3.1),we obtain for k > 0

y(k) = «2 i (1+ 3j)(1 + 3j+ 3k)2¯2j-k
j=O

= «22¯ i [(3k+ 1)4~2 + 3(3k + 2)j4¯J + 9j24 1]
j=O

= 622 [¾(3k+ 1) + Ÿ(3k+ 2) + f]
= 622 [Ÿ + 8k].
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Second Method. An alternative method for computing the autocovariance
function y(·) of the causal ARMA(p, q)

¢(B)X, = 8(B)Z,, (3.3.7)
is based on the difference equations for y(k), k = 0, 1, 2, ..., which are obtained
by multiplying each side of (3.3.7)by Xt-k and taking expectations, namely

y(k) - ¢iy(k - 1) -
···

- ¢,y(k- p) = «2
j j-k>

kšjáq
(3.3.8)

0<k<max(p,q+1),

and

y(k) - ¢1y(k- 1) -
···

- ¢,y(k- p) = 0, k 2 max(p,q + 1). (3.3.9)
(In evaluating the right-hand sides of these equations we have used the
representation X, = Q o¢ÿZ,_

.)

The general solution of (3.3.9)has the same form as (3.3.6),viz.

k r¿-1

y(h) = 1 i ßghiÇh, h > max(p, q + 1) - p, (3.3.10)
i=1 j=O

where the p constants ßeand the covariances y( j), 0 <; j < max(p, q + 1) - p,
are uniquely determined from the boundary conditions (3.3.8)after first com-
puting ¢o,¢i, ..., ¢, from (3.3.5).

EXAMPLE 3.3.2. (1- B + JB2)X, = (1+ B)Z,. The equations (3.3.9)become
y(k)-y(k-1)+iy(k-2)=0, k>2,

with general solution

y(n) = (ßio+ ßiin)2¯", n 2 0. (3.3.11)
The boundary conditions (3.3.8)are

y(0) - y(1) + ¼y(2)= 62
O 1 9

y(1) - y(0) + ¼y(1)= «2¢o,

where from (3.3.5),¢o = 1 and ¢x = 61 + ¢1= 2. Replacing y(0), y(1) and y(2)
in accordance with the general solution (3.3.11)we obtain

3ß,o - 2ßii = 1662

-3ßio + 5ß,1 = 8a2,

whence ß,, = 862 and ßio = 32a2/3. Finally therefore we obtain the solution

y(k) = o22¯*[i + 8k],

as found in Example 3.3.1 using the first method.
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EXAMPLE 3.3.3 (The Autocovariance Function of an MA(q) Process). By
Theorem 3.2.1 the autocovariance function of the process

X, = 18,Z,_;, {Z,} ~ WN(0,o.2
j=O

has the extremely simple form

o2 i Bj8j+|k|, ik <; q,
y(k) = >=o (3.3.12)

0, |k|>q.
where Gois defined to be 1 and 0,,j > q, is defined to be zero.

EXAMPLE 3.3.4 (The Autocovariance Function of an AR(p) Process). From
(3.3.10)we know that the causal AR(p) process

¢(B)X, = Z,,

has an autocovariance function of the form

k r¿-1

y(h) = i i ßghigh, h > 0, (3.3.13)
i=1 j=0

where (,, i = 1, ..., k, are the zeroes (possiblycomplex) of ¢(z),and r, is the
multiplicity of (¿.The constants ßeare found from (3.3.8).

By changing the autoregressive polynomial ¢( ) and allowing p to be
arbitrarily large it is possible to generate a remarkably large variety of
covariance functions y(·). This is extremely important when we attempt to
find a process whose autocovariance function "matches" the sample auto-
covariances of a given data set. The general problem of finding a suitable
ARMA process to represent a given set of data is discussed in detail in
Chapters 8 and 9. In particular we shall prove in Section 8.1 that if y(·) is any
covariance function such that y(h)-0 as he oo, then for any k there is a
causal AR(k) process whose autocovariance function at lags 0, 1, ..., k,
coincides with y( j), j = 0, 1, ..., k.

We note from (3.3.13)that the rate of convergence of y(n) to zero as no ao
depends on the zeroes (, which are closest to the unit circle. (The causality
condition guarantees that |f,| > 1, i = 1,...,k.) If ¢(·) has a zero close to the
unit circle then the corresponding term or terms of (3.3.13)will decay in
absolute value very slowly. Notice also that simple real zeroes of ¢(·)contri-
bute terms to (3.3.13)which decrease geometrically with h. A pair of complex
conjugate zeroes together contribute a geometrically damped sinusoidal term.
We shall illustrate these possibilities numerically in Example 3.3.5 with refer-
ence to an AR(2) process.
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EXAMPLE 3.3.5(An Autoregressive Process with p = 2).For the causal AR(2),

(1 - (¯ B)(l - (¯ B)X, = Z,, |gx , |(2 9 1 21

we easily find from (3.3.13)and (3.3.8),using the relations

¢i=Gi+GI,

and

that

y(h) = GO- )¯IQ¯h_
-1 -h]. (3.3.14)(4142-0 2-41)

Figure 3.3 illustrates some of the possible forms of y(·) for different values
of fi and (2. Notice that if (x = re'* and (2 = re , 0 < 8 < x, then we can
rewrite (3.3.14)in the more illuminating form,

«2r*·r¯h Sin(h8 + ¢)
y(h)= (3.3.15)(r2 - 1 ( *

- 2r2 cos 28 + 1)'/2 so 6
'

where

r2
tan ¢ =

2 tan 6 (3.3.16)
r - 1

and cos † has the same sign as cos 8.

Third Method. The numerical determination of the autocovariance function
y(·) from equations (3.3.8)and (3.3.9)can be carried out readily by first finding
y(0), ..., y(p) from the equations with k = 0, 1, ..., p, and then using the
subsequent equations to determine y(p + 1), y(p + 2), ... recursively.

EXAMPLE 3.3.6. For the process considered in Examples 3.3.1 and 3.3.2 the
equations (3.3.8)and (3.3.9)with k = 0, 1, 2 are

y(0) - y(1) + ¼y(2)= 3«2

y(1) - y(0) + ¼y(1)= o2,

y(2) - y(1) + ¼y(0)= 0,

with solution y(0) = 32o2/3, y(1) = 2862/3, y(2) = 200.2/3. The higher lag
autocovariances can now easily be found recursively from the equations

y(k) = y(k - 1) - ¼y(k- 2), k = 3, 4, ... .
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Figure 3.3. Autocorrelation functions y(h)/y(0), h = 0, ..., 20, of the AR(2) process
(l - ( IB)(1 - g¯*B)X, = Z, when (a) (, = 2 and (2 = 5, (b) (, = ? and (2 = 2,
(c)(, = - and (2 = 2, (d)(,, (2 = 2(1 ± i )/3.
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Figure 3.3 Continued
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§3.4The Partial Autocorrelation Function

The partial autocorrelation function, like the autocorrelation function, conveys
vital information regarding the dependence structure of a stationary process.
Like the autocorrelation function it also depends only on the second order
properties of the process. The partial autocorrelation œ(k) at lag k may be
regarded as the correlation between X, and Xk+1, adjusted for the intervening
observations X2, ..., Xk. The idea is made precise in the following definition.

Definition 3.4.1.The partial autocorrelation function (pacf)œ(·) of a stationary
time series is defined by

œ(1) = Corr(X2,Xi) = p(1),
and

œ(k) = Corr(X,,, - Ps
,...

X,,,,Xi - Pygi,x,, Xi), k > 2,

where the projections P 2• -
•Xk,X,,, and Pyy,,,,,

_
X, can be found

from (2.7.13)and (2.7.14).The value a(k) is known as the partial autocorrelation
at lag k.

The partial autocorrelation «(k), k > 2, is thus the correlation of the two
residuals obtained after regressing Xk+i and X, on the intermediate observa-
tions X2, ..., Xy. Recall that if the stationary process has zero mean then
Zw{1,x2,...,xx} ) - Fig(x2,...,xx}(·) (seeProblem 2.8).

EXAMPLE 3.4.1. Let {X,} be the zero mean AR(1) process

X, = .9X,_, + Z,.

For this example
œ(1) = Corr(X2,Xi)

= Corr(.9X, + Z2, Xi)

=

.9

since Corr(Z2, Xi) = 0. Moreover P,,(x,,..., ¡X,41 = .9X, by Problem 2.12
and Pyg(x,.... X, = .9X2 since (X,,X2,...,Xk)' has the same covariance
matrix as (X , X,, ..., X2)'. Hence for k > 2,

a(k) = Corr(X,,, - .9Xx, Xx - .9X2

= Corr(Zgst,X, -.9X2

= 0.
A realization of 100 observations {X,, t = 1,..., 100} was displayed in Figure
3.2. Scatter diagrams of (X, 1, X,) and (Xt-2, X,) are shown in Figures 3.4 and
3.5 respectively. The sample correlation þ(1)= 2,91(X, - X)(X,,, - X)/
[L,_°i°(X, - Ï)2] for Figure 3.4 is

.814

(ascompared with the corresponding



§3.4.The Partial Autocorrelation Function 99

6 e -
O

5 -

4-
O

3- O E

O gO Ñ O O
O O

2¯ O §
O

O
O

O OO
O O

OO
O O

O O O
¯1 -

O
O O O OO

O

-2 - O

O

O

-4 -2 O 2 4 6

Figure 3.4. Scatter plot of the points (x,_ ,x,) for the data of Figure 3.2, showing the
line x, =

.9x,

.

O

5-

OOOO

OO
CO

O g
2- 00 0 O

O
OOO

O

O
O O

O O

O O
O

O OO

O

OO

-1 - O
OO OOD O

-2-0

-3-/ O

-4 , ,
O

-4 -2 O 2 4 6

Figure 3.5. Scatter plot of the points (xt-2,X,) fOr the data of Figure 3.2, showing the
line x, =

.81x,_2.



100 3. Stationary ARMA Processes

theoretical correlation p(1) =
.9).

Likewise the sample correlation þ(2)=

fr="i(X, -
Ž)(Xt+2

¯ 11010(X,- Ï)2 jfor Figure3.5is.605ascompared
with the theoretical correlation p(2) =

.81.

In Figure 3.6 we have plotted the
points (X,_2 -.9X,_,,X, -.9X,_,). It is apparent from the graph that the
sample correlation between these variables is very small as expected from the
fact that the theoretical partial autocorrelation at lag 2, i.e. «(2), is zero. One
could say that the correlation between X,-2 and X, is entirely eliminated when
we remove the information in both variables explained by X,_1.

EXAMPLE 3.4.2 (An MA(1) Process). For the moving average process,

X, = Z, + 0Z,_,, 8\ < 1, {Z,} ~ WN(0,«2X
we have

«(1) = p(1) = 6/(1 + 82

A simple calculation yields Py Xs = \8/(1 + 82) ]X2 - P Xx, whence

œ(2) = Corr(X3 - 8(1 + 82 -1X2,X, - 0(1 + 02) X2

= -82 2 4L
More lengthy calculations (Problem 3.23) give

(-8)*Q - 02
a(k) =

1 - 02(***)

One hundred observations {X,, t = 1,..., 100} of the process with 8 =
-.8

and p(1) =
-.488

were displayed in Figure 3.1. The scatter diagram of the
points (X, 2 + .488X,_i,X, + .488X,_,) is plotted in Figure 3.7 and the
sample correlation of the two variables is found to be -.297,

as compared
with the theoretical correlation «(2) = -(.8)2 2 +

.86)

=
-.312.

EXAMPLE 3.4.3 (An AR(p) Process). For the causal AR process

X,-¢iX,_, -···-¢,X, ,= Z,, {Z,}~WN(0,«2

we have for k > p,

Pyx,,...,xk X,,, = 2 ¢¿Xa+1-), (3.4.1)
j=1

since if YEšp{X2,...,X,} then by causality Yesp{Z, j<; k} and

X,,, - i ¢¿Xk+1-j k+1, Y) = 0.
j=1

For k > p we conclude from (3.4.1)that
P

«(k) = Corr X,,, - i ¢¿Xxst_,,X, -

...
X,

)=1

= Corr(Z,,,,X, - Pygg,,...,xk;X,)

= 0.
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For k <; p the values of a(k) can easily be computed from the equivalent
Definition 3.4.2 below, after first determining p(j) = y(j)/y(0) as described in
Section 3.3.

In contrast with the partial autocorrelation function of an AR(p) process,
that of an MA(q) process does not vanish for large lags. It is however bounded
in absolute value by a geometrically decreasing function.

An Equivalent Definition of the Partial Autocorrelation
Function

Let {X,} be a zero-mean stationary process with autocovariance function y(·)
such that y(h) -+ 0 as h ->

oo, and suppose that ¢xy,j = 1,..., k; k = 1, 2,...,
are the coefficients in the representation

k

šþ(Xi,...,Xe)Xk+1 kjXk+1-j·
j=1

Then from the equations

(Xk+1 ¯ šþ{Xi,...,Xa}X,,,,X,) = 0, j= k,...,1,

we obtain

p(0) p(1) p(2) ··· p(k - 1) ¢kl
p(1) p(0) p(1) ··· p(k - 2) ¢k2 p(2)

=
. , k>1.

p(k - 1) p(k - 2) p(k - 3) ··· p(0) ¢xx p(k)
(3.4.2)

Definition 3.4.2. The partial autocorrelation œ(k) of {X,} at lag k is
«(k) = ¢kk, k > 1,

where ¢kkiS uniquely determined by (3.4.2).
The equivalence of Definitions 3.4.1 and 3.4.2 will be established in Chapter

5, Corollary 5.2.1. The sample partial autocorrelation function is defined
similarly.

Definition 3.4.3. The sample partial autocorrelation â(k) at lag k of

{xi,..., x,} is defined, provided x, y x, for some i and j, by

(k)= Ôkk, 1
_<

k < n,

where ¢çais uniquely determined by (3.4.2)with each p(j) replaced by the
corresponding sample autocorrelation þ(j).
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§3.5The Autocovariance Generating Function

If {X,} is a stationary process with autocovariance function y(·), then its
autocovariance generating function is defined by

G(z) = y(k)z*, (3.5.1)
k= -oo

provided the series converges for all z in some annulus r¯ < iz| < r with r > 1.
Frequently the generating function is easy to calculate, in which case the
autocovariance at lag k may be determined by identifying the coefEcient of
either z* or z

¯*.

Clearly {X,} is white noise if and only if the autocovariance
generating function G(z) is constant for all z. If

X,= ¢¿Z,_y, {Z,}~WN(0,62), (3.5.2)

and there exists r > 1 such that

|¢¿|zi< œ, r¯ < |zl < r, (3.5.3)
j= -oo

the generating function G(·) takes a very simple form. It is easy to see that

and hence that

G(z) = «2 j+|k|Zk

k= -o j= -o

= 62 2
j j+k

k # Z-k

j= -oo k=1 j= -oo

\j=-o k=-oo

Defining

we can write this result more neatly in the form

G(z) = «2¢(z)¢(z¯ L r¯I < |z| < r. (3.5.4)

EXAMPLE 3.5.1 (The Autocovariance Generating Function of an ARMA(p, q)
Process). By Theorem 3.1.3 and (3.1.21),any ARMA process ¢(B)X, = 8(B)Z,
for which ¢(z)¢ 0 when |z| = 1 can be written in the form (3.5.2)with

¢(z) = 8(z)/¢(z), r < |z| < r
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for some r > 1. Hence from (3.5.4)
6(z)0(z¯ )G(z)=«2 , r I < z)<r. (3.5.5)¢(z)¢(z¯*)

In particular for the MA(2) process

X, = Z, + 01Z,_, + 02 t-29

we have

G(z) = «2(l + Biz + 82z2)(1 +01z¯ + 8 Z-2

=«2B1+ + )+ 1+0102)(z+z¯)+02 2 -2

from which we immediately find that

y(0) = «20 + + )
y(±1) = 62

1 2

y(±2) = «202

and

y(k) = 0 for ik > 2.

EXAMPLE 3.5.2. Let {X,} be the non-invertible MA(1) process

X, = Z, - 2Z,
_ ,, {Z,} ~ WN(0, o.2

The process defined by

Z,*:= (1 - .5B)¯*(1 - 2B)Z,

= (1 -.5B)¯IX, = (.5)JX, ,

j=O

has autocovariance generating function,

(1 - 2z)(1 - 2z ¯ *)

G(z) = «2

(1 -

.5z)(1

-

.5z

)
4(1 - 2z)(1 - 2z ¯ ) 2

(1 - 2z)(1 - 2z¯ )
= 462

It follows that {Z,*} ~ WN(0, 4a2) and hence that {X,} has the invertible
representation,

X, = Z,* - .5Z,*_1.

A corresponding result for ARMA processes is contained in the following
proposition.
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Proposition 3.5.1.Let {X,} be the ARMA(p, q) process satisfying the equations

¢(B)X, = 8(B)Z,, {Z,} ~ WN(0, o2)

where ¢(z)¢ 0 and 8(z) ¢ 0 for all zeC such that |z| = 1. Then there exist
polynomials, ¢(z)and 8(z), nonzero for |z| <_ 1, of degree p and q respectively,
and a white noise sequence {Z,*} such that {X,} satisfies the causal invertible
equations

¢(B)X, = Õ(B)Z,*.

PROOF. Define

(1 - ayz)
(z)= ¢(z)Q _

,

r<jdp ¯ j
1

(1- byz)Õ(z)= 8(z) Q ,
s<jgq(1

- b z)

where a,41,...,a, and bs,,,..., b, are the zeroes of ¢(z)and 8(z) which lie
inside the unit circle. Since ¢(z)¢ 0 and 8(z) ¢ 0 for all |z| <; 1, it suffices to
show that the process defined by

¢(B)
Z,* = -- X,

6(B)

( 1-a,B 1-b,¯ B
= H _ n z,

, 1 - a, B ,4,,, 1 - bk

is white noise. Using the same calculation as in Example 3.5.2, we find that
the autocovariance generating function for {Z,*} is given by

G(z) = o.2 2 bg|-2
\r<jsp / \s<ksq /

Since G(z) is constant, we conclude that {Z,*} is white noise as asserted. O

§3.6*Homogeneous Linear Difference Equations
with Constant Coefficients

In this section we consider the solution {h,}of the kth Order linear difference
equation

h, + 2, h,_, + ··· + Œkh,_, = 0, tE T, (3.6.1)
where œ¡, ..., 2, are real constants with Œk ¢ 0 and T is a subinterval of the
integers which without loss of generality we can assume to be [k,oo), (-oo, o)
or [k,k + r], r > 0. Introducing the backward shift operator B defined by
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equation (3.1.8),we can write (3.6.1)in the more compact form

«(B)h, = 0, te T, (3.6.2)
where «(B) = 1 + 2,B + ··· + k

k

Definition 3.6.1. A set of m <; k solutions, {h0,..., h "0}, of (3.6.2)will be called
linearly independent if from

cih!"+c2h2)+ +c.h!"U=0 forallt=0,1,...,k-1,

it follows that ci = c2 m
= 0.

We note that if {h} and {h} are any two solutions of (3.6.2)then

{cih!+ c2h, is also a solution. Moreover for any specified values of
he, hi, ..., h _,, henceforth referred to as initial conditions, all the remaining
values h,, t ¢\0, k - 1], are uniquely determined by one or other of the recur-
sion relations

h, = -at h,_, -
···

- aght-k, t = k, k + 1, ..., (3.6.3)
and

œxh, = -h,,, - aih,,,_, -
··

-a,_,h,,,,

t = -1, -2,.... (3.6.4)
Thus if we can find k linearly independent solutions {h ),...,hlk)) Of (3.6.2)
then by linear independence there will be exactly one set of coefficients ci, ...,

Ck Such that the solution

h, = cih © + ··· + cahlk), (3.6.5)
has prescribed initial values ho, hi, ..., h 1. Since these values uniquely

determine the entire sequence {h,}we conclude that (3.6.5)is the unique
solution of (3.6.2)satisfying the initial conditions. The remainder of this section
is therefore devoted to finding a set of k linearly independent solutions of (3.6.2).

Theorem 3.6.1. If h, = (ao+ at t + ··· + ajti)m' where ao, ..., ay, m are
(possiblycomplex-valued) constants, then there are constants be, ..., b
such that

(1 - mB)h, = (bo+ bi t + ··· + b; i ti¯ )m'.
PROOF.

(1- mB)h, = (ao+ ait + ··· + and)m'
- m ao + aig - 1 + ···

+ ay(t -
DA)m'¯I

J
= m' i a,(t' - (t - 1)')

r=o

and o a,(t' - (t - 1)') is clearly a polynomial of degree j - 1.
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Corollary 3.6.1. The functionsh1) = tig¯', j = 0, 1, ..., k - 1 are k linearly
independent solutions of the difference equation

(1- C B)*h, = 0. (3.6.6)

PROOF. Repeated application of the operator (l - B) to híA in conjunction
with Theorem 3.6.1 establishes that hji)satisfies (3.6.6).If

(co+cit+···+ca-itk-1 -t=0 fort=0,1,...,k-1,

then the polynomial EMcyti, which is of degree less than k, has k zeroes. This
is only possible if co = ci =

···

= ca_, = 0. O

Solution of the General Equation of Order k

For the general equation (3.6.2),the difference operator œ(B) can be written as

i=1

where (,, i = 1, ..., j are the distinct zeroes of a(z) and r, is the multiplicity of
. It follows from Corollary 3.6.1 that t"Ç', n = 0, 1, ..., r; - 1; i = 1, ..., j,

are k solutions of the difference equation (3.6.2)since

œ(B)t"Ç'= Q (1 - B)'s(1 - B)'it"Ç' = 0.
s¢i

It is shown below in Theorem 3.6.2 and Corollary 3.6.2 that these solutions are
indeed linearly independent and hence that the general solution of (3.6.2)is

j r¿-1

h, = 1 i cs,t"Ç'. (3.6.7)
i=1 n=0

In order for this general solution to be real, the coefficients corresponding to
a pair of complex conjugate roots must themselves be complex conjugates.
More specifically if ((,,I,) is a pair of complex conjugate zeroes of a(z) and
(, = dexp(iß), then the corresponding terms in (3.6.7)are

rg-1 ri-1

i c,,t"Ç' + 2 Eint"I',
n=O n=O

which can be rewritten as
r -1

2[Re(c )cos(0;t)+ Im(c;,)sin(8;t)]t"d¯',
n=o

or equivalently as
r -1

aist"d 'cos(8;t + by,,),
n=0

with appropriately chosen constants at,, and b;,,.
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EXAMPLE 3.6.1. Suppose h, satisfies the first order linear difference equation

(1- g¯ B)h, = 0. Then the general solution is given by h, = Cf¯' = hog¯'.
Observe that if |(| > 1, then h, decays at an exponential rate as to oo.

EXAMPLE 3.6.2. Consider the second order difference equation (1+ œ¡B +
œ2B2)h, = 0. Since 1 + ax B + Œ2 2

__
-1 -1B), the character of

the general solution will depend on gi and (2•
Case 1 gi and (2 are real and distinct. In this case, h, = ci(¯' + c2 Where

ci and c2 are determined by the two initial conditions c, + c2 = ho
and ci G + C2

1
__ hi. These have a unique solution since di / (2•

Case 2 (x = (2.Using (3.6.7)with j = 1and ri = 2 we have h, = (ce+ ci t)G'.
Case 3 (, = (2 = de'", O < 8 < 2x. The solution can be written either as

cg¯' + cfi¯' or as the sinusoid h, = ad¯'cos(8t + b).

Observe that if |g,| > 1 and |(2| > 1, then in each of the three cases, h,
approaches zero at a geometric rate as to oo. In the third case, h, is a damped
sinusoid. More generally, if the roots of «(z) lie outside the unit circle, then
the general solution is a sum of exponentially decaying functions and ex-
ponentially damped sinusoids.

We now return to the problem of establishing linear independence of the
solutions t"Ç', n = 0, 1, ..., r; - 1; i = 1, ..., j, of (3.6.2).

Theorem 3.6.2. If
4 P

c,,tim, = 0 for t = 0, 1, 2, ... (3.6.8)
I=1 j=O

where mi, m29 ••

q are distinct numbers, then ci,= 0 for l = 1, 2, ..., q;
j = 0, 1, ..., p.

PROOF. Without loss of generality we can assume that my|;> |m2
|m,| > 0. It will be sufficient to show that (3.6.8)implies that

ci = 0, j = 0, ..., p (3.6.9)
since if this is the case then equations (3.6.8)reduce to

4 P

cijtimj=0, t=0,1,2,...,
l=2 j=0

which in turn imply that c2j = 0, j = 0, ..., p. Repetition of this argument
shows then that c,, = 0, j = 0, ..., p; l = 1, ..., q.

To prove that (3.6.8)implies (3.6.9)we need to consider two separate cases.

Case l |m > |m2|.Dividing each side of (3.6.8)by tPm'i and letting t -+ o,
we find that ci, = 0. Setting ci, = 0 in (3.6.8),dividing each side by
tP¯ m'i and letting tw o, we then obtain c2p = 0. Repeating the
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procedure with divisors tP¯2 t p-3 t1,·
-·, m'i (inthat order) we find

that ci, = 0, j = 0, 1, ..., p as required.
Case 2 mi im2 s

s+i| > 0, where s i q.In this case we can
write m, =

re**J where -ñ < 0, 5 ñ and 81, ..., 0, are all different.
Dividing each side of (3.6.8)by tPr' and letting t - oo we find that

cipe=' -> 0 as t
-+

oo. (3.6.10)
l=1

We shall now show that this is impossible unless ci, = c2p = ··· = cs, = 0. Set
g, = =1 c,,e' " and let A,,, n = 0, 1, 2, ..., be the matrix

€i0,n iB2n i8,n

n

i01(n+1) m2(n+ m,(n
(3.6.11)

€iß,(n+s-1) iB2(n+s-1) i0,(n+s-1)

Observe that det A,, = ei<a1+ +es>"(det Ao). The matrix Ao is a Vandermonde
matrix (Birkhoff and Mac Lane (1965))and hence has a non-zero determinant.
Applying Cramer's rule to the equation

C1p Ûn

Csp Ûn+s-1

we have
det M

ci, =

det A,
, (3.6.12)

where

M =

Ûn+s-1
M2(n+s-1)

, , , iß,(n+s-1)

Since g, -> 0 as no oo, the numerator in (3.6.12)approaches zero while the
denominator remains bounded away from zero because jdetA,, = |detAol > 0.
Hence cy, must be zero. The same argument applies to the other coefficients
c2p> · · · 9 Osp Showing that they are all necessarily zero as claimed.

We now divide (3.6.8)by tP¯ r' and repeat the preceding argument, letting
t -+ oo to deduce that

c,,,_ie' " -+ 0 as t -+ oo,
l=1

and hence that ci,, i
= 0, l = 1, ..., s. We then divide by tp-2 t t (inthat

order), repeating the argument at each stage to deduce that

co = 0, j = 0, 1, ..., p and I = 1, 2, ..., s.
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This shows that (3.6.8)implies (3.6.9)in this case, thereby completing the proof
of the theorem. O

Corollary 3.6.2. The k solutions t" ',
n = 0, 1, ..., r, - 1; i = 1, ..., j, of the

difference equation (3.6.2)are linearly independent.

PROOF. We must show that each c,,, is zero if fj_,2¯o ce,,t"< ' = 0 for
t = 0, 1, ..., k - 1. Setting h, equal to the double sum we have «(B)h, = 0
and ho = hi =

·

= he_, = 0. But by the recursions (3.6.3)and (3.6.4),this
necessarily implies that h, = 0 for all t. Direct application of Theorem 3.6.2
with p = max{ri,...,r,} completes the proof.

Problems

3.1. Determine which of the following processes are causal and/or invertible:
(a) X, + .2X, , - .48Xt-2 19

(b) X, + 1.9X,_, + .88X,_2 = Z, + .2Z,_, + .7Z,_2,

(c) X, + .6X,_2 - Z, + 1.2Z,_ ,

(d) X, + 1.8X,_, + .81X,_2 - Z,,
(e) X, + 1.6X,_, = Z, - .4Z,-1 + .04Z,_2.

3.2. Show that in order for an AR(2) process with autoregressive polynomial ¢(z)=

1 - ¢,z - ¢,z2 to be causal, the parameters (¢,,¢2)must lie in the triangular
region determined by the intersection of the three regions,

¢2 1 >

¢2 1 9

2

3.3. Let {X,,t = 0, ±1,...} be the stationary solution of the non-causal AR(1)
equations,

X,=¢X,_,+Z,, {Z,}~WN(0,«21 |>L

Show that {X,} also satisfies the causal AR(1) equations,

X, = ¢¯IX,_; + Ž,, {Ž,}~ WN(0,õ2L
for a suitably chosen white noise process {Ž,}.Determine õ2.

3.4. Show that there is no stationary solution of the difference equations

X,=¢X,_,+Z,, {Z,}~WN(0,Œ2
if ¢ = ±1.

3.5. Let {¾,t= 0, ±1,...} be a stationary time series. Show that there exists a
stationary solution {X,} of the difference equations,

X, - ¢,X,_, -
·

- ¢,X,_, = + 0, _, + ·· + 0,
_ ,

if¢(z)= 1-¢,z-···-¢,zf ¢0foriz = 1.Furthermore,if¢(z)¢0for z
<;1

show that {X,} is a causal function of { }.
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3.6. Suppose that {X,} is the ARMA process defined by

¢(B)X,= 0(B)Z,, {Z,} ~WN(0,«2)

where ¢(·)and 0(·) have no common zeroes and ¢(z)¢ 0 for |z| = 1. If ((·) is
any polynomial such that ((z) ¢ 0 for |z = 1, show that the difference equations,

((B)¢(B) = ((B)0(B)Z,,

have the unique stationary solution, {X}= {X,}.

3.7. Suppose {X,} is an invertible ARMA(p,q) process satisfying (3.1.4)with

Z,= £ñ,X,_.
j=O

Show that the sequence {ñ,}is determined by the equations

min(q, j)
x;+ 1 Bax;,=-¢¿, j=0,1,...

k=1

where we define ¢o= -1 and 8, = 0 for k > q and ¢¿= 0 for j > p.

3.8. The process X, = Z, - Z,_,, {Z,} ~ WN(0,«2), is not invertible according to
Definition 3.1.4. Show however that Z,esg{X;, -oo

< j<; t} by considering the
mean square limit of the sequence o(1 - j/n)X,_; as n

-+

o.

3.9. Suppose {X,} is the two-sided moving average

X, = ‡,Z,_ , {Z,} ~ WN(0,«2
j=-o

where I ‡¿|< o. Show that Eg__
y(h) < oo where y(·) is the autocovariance

function of {X,}.

3.10. Let {Y,} be a stationary zero-mean time series. Define

X, = (1 - .4B) = -

.4

and
í¾ = (1- 2.5B) = - 2.5 _1.

(a) Express the autocovariance functions of {X,} and { } in terms of the
autocovariance function of { }.

(b) Show that {X,} and { }have the same autocorrelation functions.
(c) Show that the process U, = -E , (.4)JX,,, satisfies the difference equations

U, - 2.5U,_, = X,.

3.11. Let {X,} be an ARMA process with ¢(z)¢ 0, |z| = 1, and autocovariance func-
tion y(·). Show that there exist constants C > 0 and SE(0, 1) such that ly(h)<;

Csl*l, h = 0, ±1, ... and hence that 17- \y(h)|< oo.

3.12. For those processes in Problem 3.1 which are causal, compute and graph their
autocorrelation and partial autocorrelation functions using PEST.

3.13. Find the coeflicients ‡¿,j = 0, 1, 2, ..., in the representation

j=o
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of the ARMA(2, 1) process,

(1 - .5B + .04B2)X, = (1+ .25B)Z,, {Z,} ~ WN(0, «2)

3.14. Find the autocovariances y( j), j = 0, 1, 2, ..., of the AR(3) process,

(1 - .5B)(1 - .4B)(1 - .1B)X, = Z,, {Z,} ~ WN(0, 1).

Check your answers for j = 0, ..., 4 with the aid of the program PEST.

3.15. Find the mean and autocovariance function of the ARMA(2, 1) process,
X, = 2 + 1.3X, ,

- .4X, 2 + Z, + Z,_,, {Z,} ~ WN(0, «2X
Is the process causal and invertible?

3.16. Let {X,} be the ARMA(1, 1) process,

X, - ¢X, i = Z, + 0Z,_,, {Z,} ~ WN(0,«2)

where |¢| < 1 and |0| < 1. Determine the coefficients {‡¿}in Theorem 3.1.1
and show that the autocorrelation function of {X,} is given by p(1) =

(1+ ¢0)(¢+ 0)/(1 + 02 + 2¢0), p(h) = ¢h-1p(Î)fOr h ;> 1.

3.17. For an MA(2) process find the largest possible values of |p(1)|and |p(2)(.
3.18. Let {X,} be the moving average process

X, = Z, - 2Z,
_ 1, {Z,} ~ IID(0, 1).

(a) If Z,*:= (1-
.5B)¯*X,, show that

Z,*=X,-Py_X,,

where at, ,
= sii{X,, - oc < s < t}.

(b) Conclude from (a)that

X,=Z,*+0Z,*_2, {Z,*}~WN(0,62

Specify the values of 0 and «2.

(c) Find the linear filter which relates {Z,} to {Z,*}, i.e. determine the coeffi-
cients {a}in the representation Z,* =

_ , 2,Z,
_

.

(d) If EZ,3 = c, compute E((Z*)2Z*). If c ¢ 0, are Z* and Z* independent? If
Z, ~ N(0, 1), are Z* and Z* independent?

3.19. Suppose that {X,} and { } are two zero-mean stationary processes with the
same autovariance function and that { }is an ARMA(p, q) process. Show that
{X,} must also be an ARMA(p,q) process. (Hint: If ¢i,...,¢, are the AR
coeflicients for { },show that {¾:=X,-¢¡X,_,-···-¢,X, ,} has an
autocovariance function which is zero for lags lh| > q. Then apply Proposition
3.2.1 to { }.)

3.20. (a) Calculate the autocovariance function y(·) of the stationary time series

= µ + Z, + 0,Z,_, + 0,2Z,_,2, {Z,} ~ WN(0,«2L

(b) Use program PEST to compute the sample mean and sample autocovari-

ances ý(h),0 shs 20, of {VV,2X,} where {X,, t = 1,..., 72} is the accidental
deaths series of Example 1.1.6.
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(c) By equating ý(1),ý(11)and ý(12)from part(b) to y(1), y(11) and y(12) respec-
tively from part(a), find a model of the form defined in (a) to represent
{VV12X,}.

3.21. By matching the autocovariances and sample autocovariances at lags 0 and 1,
fit a model of the form

X,-µ=¢(X,_i-µ)+Z,, {Z,}~WN(0,o2L
to the strikes data of Example 1.1.3. Use the fitted model to compute the best
linear predictor of the number of strikes in 1981. Estimate the mean squared

error of your predictor.

3.22. If X, = Z, - BZ,_,, {Z,} ~ WN(0,62) and |8| < 1, show from the prediction
equations that the best linear predictor ofX,,, in sp{X,,...,X,} is

Xn+1 = #jX, ,

j=1

where ¢i, ..., ¢,,satisfy the difference equations,

-0¢¿ i+(1+02)¢¿-Ð¢,,i=0, 2<jin-1,

with boundary conditions,

(1+ 02)¢, - 8¢,_, = 0

and

(1+ 020, - 8¢2 ¯
3.23. Use Definition 3.4.2 and the results of Problem 3.22 to determine the partial

autocorrelation function of a moving average of order 1.

3.24. Let {X,} be the stationary solution of¢(B)X, = 0(B)Z,, where {Z,} ~ WN(0,«2L
¢(z)¢ 0 for all zeC such that |z| = 1, and ¢(·)and 8(·) have no common zeroes.
If A is any zero-mean random variable in L2 which is uncorrelated with {X,}
and if |zo = 1, show that the process {X, + Az'} is a complex-valued sta-
tionary process (seeDefinition 4.1.1) and that {X, + Az'} and {X,} both satisfy
the equations (1 - zoB)¢(B)X, = (1- zoB)8(B)Z,.



CHAPTER 4

The Spectral Representation of
a Stationary Process

The spectral representation of a stationary process {X,, t = 0, ±1,...} essen-
tially decomposes {X,} into a sum of sinusoidal components with uncorrelated
random coefficients. In conjunction with this decomposition there is a cor-
responding decomposition into sinusoids of the autocovariance function of
{X,}. The spectral decomposition is thus an analogue for stationary stochastic
processes of the more familiar Fourier representation of deterministic functions.
The analysis of stationary processes by means of their spectral representations
is often referred to as the "frequency domain" analysis of time series. It is
equivalent to

"time domain" analysis, based on the autocovariance function,
but provides an alternative way of viewing the process which for some
applications may be more illuminating. For example in the design of a
structure subject to a randomly fluctuating load it is important to be aware
of the presence in the loading force of a large harmonic with a particular
frequency to ensure that the frequency in question is not a resonant frequency
of the structure. The spectral point of view is particularly advantageous in the
analysis of multivariate stationary processes (Chapter 11) and in the analysis
of very large data sets, for which numerical calculations can be performed
rapidly using the fast Fourier transform (Section 10.7).

§4.1Complex-Valued Stationary Time Series
It will often be convenient for us to make use of complex-valued stationary
processes. Although processes encountered in practice are nearly always
real-valued, it is mathematically simpler in spectral analysis to treat them as
special cases of complex-valued processes.
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Definition 4.1.1. The process {X,} is a complex-valued stationary process if
E|X,|2 < oo, EX, is independent of t and E(Xt+h t) ÌS independent of t.

As already pointed out in Example 2.2.3, Remark 1, the complex-valued
random variables X on (G,F,P) satisfying E|X|2 < œ constitute a Hilbert
space with the inner product

(X,Y'> = E(XY). (4.1.1)

Definition 4.1.2. The autocovariance function y(·) of a complex-valued
stationary process {X,} is

y(h) = E(X,aX,) -
EXt+hEi,. (4.1.2)

Notice that Definitions 4.1.1 and 4.l.2 reduce to the corresponding defini-
tions for real processes if {X,} is restricted to be real-valued.

Properties of Complex-Valued Autocovariance Functions

The properties of real-valued autocovariance functions which were established
in Section 1.5, can be restated for complex-valued autocovariance functions
as follows:

y(0)> 0, (4.1.3)

|y(h)|<; y(0) for all integers h, (4.1.4)
y(·) is a Hermitian function (i.e.y(h) = y(-h)). (4.1.5)

We also have an analogue of Theorem 1.5.1, namely

Theorem 4.1.1. A functionK(·) defined on the integers is the autocovariance

functionof a (possiblycomplex-valued) stationary time series if and only if
K(

·)

is Hermitian and non-negative definite, i.e.if and only if K(n) = K( - n) and

a, K(i - j)ä; > 0, (4.1.6)
i, j= 1

for all positive integers n and all vectors a = (ai,..., a.)' E En

The proofs of these extensions (whichreduce to the analogous results in
Section 1.5.1 in the real case) are left as exercises (seeProblems 4.1 and 4.30).
We shall see (Corollary 4.3.1) that "Hermitian" can be dropped from the
statement of Theorem 4.1.1 since the Hermitian property follows from the
validity of (4.1.6)for all complex a.
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§4.2 The Spectral Distribution of a Linear
Combination of Sinusoids

In this section we illustrate the essential features of the spectral representation
of an arbitrary stationary process by considering the simple complex-valued
process,

X,= A(ly)e"*J
(4.2.1)

j=1

in which -a

< A, < 12 n
= x and A(11), ..., A(A,)are uncorrelated

complex-valued random coefficients (possiblyzero) such that

E(A(1,)) = 0, j = 1, ..., n,

and

E(A(ly)¾) = af, j = 1, ..., n.

For {X,} to be real-valued it is necessary that A(1,) be real and that 1; = 1
and A(ly) = A(1, _;) for j = 1, ..., n - 1. (Note that A(A ) and A(A,_;) are
uncorrelated in spite of the last relation.) In this case (seeProblem 4.4),

X, = 1 (C(1,)cos tA, - D(A;)sintly), (4.2.2)
j=1

where A(ly) = C(1,) + iD(Ay),j = 1, ..., n and D(A.)= 0.
It is easy to see that the process (4.2.1),and in particular the real-valued

process (4.2.2),is stationary since

EX, = 0

and

E(Xt h
t) = 0 €ihAy

j=1

the latter being independent of t. Rewriting the last expression as a Riemann-
Stieltjes integral, we see that the process {X }defined by (4.2.1)is stationary
with autocovariance function,

y(h) = eihvdF(v), (4.2.3)

where F is the distribution function,

F(1) = 2 o . (4.2.4)

Notice that the function F, which is known as the spectral distribution function
of {X,}, assigns all of its mass to the frequency interval (-ñ,ñ]. The mass
assigned to each frequency in the interval is precisely the variance of the ran-
dom coefficient corresponding to that frequency in the representation (4.2.1).
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The equations (4.2.1)and (4.2.3)are fundamental to the spectral analysis
of time series. Equation (4.2.1)is the spectral representation of the process
{X,} itself and equation (4.2.3)is the corresponding spectral representation of
the covariance function. The spectral distribution function appearing in the
latter is related to the random coefTicients in (4.2.1)through the equation

The remarkable feature of this example is that every zero-mean stationary
process has a representation which is a natural generalization of (4.2.1),
namely

X, = e'"dZ(v). (4.2.5)

The integral is a stochastic integral with respect to an orthogonal-increment
process, a precise definition of which will be given in Section 4.7. Corre-
spondingly the autocovariance function yx(·) can be expressed as

7x(h) = e* dF(v), (4.2.6)

where F is a distribution function with F(-x) = 0 and F(x) = y(0) = E|X,|2.
The representation (4.2.6)is easier to establish than (4.2.5)since it does not
require the notion of stochastic integration. We shall therefore establish (4.2.6)
(Herglotz's theorem) in Section 4.3, deferring the spectral representation of
{X,} itself until after we have introduced the definition of the stochastic
integral in Section 4.7.

In the special case when {X,} is real there are alternative forms in which
we can write (4.2.5)and (4.2.6).In particular if yx(h) is to be real it is necessary
that F(·) be symmetric in the sense that F(A) = F(ñ¯) - F(- A¯), -ñ

< 1 < ñ,

where F(A ) is the left limit of F at 1 (seeProblem 4.25). Equation (4.2.6)
can then be expressed as

7x(h) = cos vhdF(v).

Equivalent forms of (4.2.5)when {X,} is real are given in Problem 4.25.

§4.3Herglotz's Theorem

Theorem 4.1.1 characterizes the complex-valued autocovariance functions on
the integers as those functions which are Hermitian and non-negative definite.
Herglotz's theorem, which we are about to prove, characterizes them as
the functions which can be written in the form (4.2.6)for some bounded
distribution function F with mass concentrated on (-ñ,ñl.

Theorem 4.3.1 (Herglotz). A complex-valued functiony(·) defined on the integers
is non-negative definite if and only if
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y(h) = eihvdF(v) for all h = 0, ±1, ..., (4.3.1)

where F(·) is a right-continuous, non-decreasing, bounded functionon [-n,ñ]
and F(-ñ) = 0. (The functionF is called the spectral distribution functionof

y and if F(A) =
, f(v)dv,

-ud

AE x, then f is called a spectral density of

PROOF. If y(·) has the representation (4.3.1)then it is clear that y(·) is Hermitian,
i.e. y(-h) =

. Moreover if a, e C, r = 1,..., n, then
n n

a,y(r - s)äs = 1 a,äsexp[iv(r - s)] dF(v)
r,s=1 -xr,s=1

x n 2
= 1 a,exp[ivr] dF(v)

-x r=1

>0,

so that y(·) is also non-negative definite and therefore, by Theorem 4.1.1, an
autocovariance function.

Conversely suppose y(·) is a non-negative definite function on the integers.
Then, defining

1 N
fN irvy(V

-
S)€

2ñN,,s=1

1
= - 1 (N - |m|)e¯'"' 42ñN |m|<N

we see from the non-negative definiteness of y(·) that

fN(v) 2 0 for all ve(-n, x].

Let FN(·) be the distribution function corresponding to the density

Then for any integer h,

<-2,«i

eihvdFN

|m N -

i(h-m)v dv,

i.e.

1-- y(h), |h|<N,
eihvdFN y) N (4.3.2)

0, otherwise.
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Since FN
(-n,n] dFy(v) = y(0) < oo for all N, we can apply Helly's theorem

(seee.g. Ash (1972),p. 329) to deduce that there is a distribution function F
and a subsequence {FNy) Of the sequence {FN) Such that for any bounded
continuous function g with g(x) = g(-x),

g(v)dFN,(V) 9(v)dF(v) as km oo. (4.3.3)

Replacing N by Na in (4.3.2)and letting km oo, we obtain

y(h) = eihvdF(v) (4.3.4)

which is the required spectral representation of y(·).

Corollary 4.3.1. A complex-valued functiony(·) defined on the integers is the
autocovariance functionof a stationary process {X,,t = 0, ±1,...} if and only

if either

(i) y(h) = Jy_,,,,eihvdF(v) for all h = 0, ±1, ..., where F is a right-continuous,
non-decreasing, bounded functionon [-ñ,ñ] with F(-ñ) = 0, or

(ii)9, y asy(i - j) i, ;> 0 for all positive integers n and for all a =

(ai,...,a.)'eC".

The spectral distribution functionF(·) (and the corresponding spectral
density if there is one) will be referred to as the spectral distribution function
(andthe spectral density) of both y(·) and of {X,}.

PROOF. Herglotz's theorem asserts the equivalence of (i)and (ii).From (i)
it follows at once that y(·) is Hermitian. Consequently the conditions of
Theorem 4.1.1 are satisfied if and only if y(·) satisfies either (i)or (ii). O

It is important to note that the distribution function F(·) (withF(-x) = 0)
is uniquely determined by y(n), n = 0, ±1, .... For if F and G are two
distribution functions vanishing on (-oo,

-z],

constant on [x,oo) and such
that

y(h) = e"" dF(v) = ea"dG(v), h = 0, ±1, ...,

then it follows from Theorem 2.11.1 that

¢(v)dF(v) = ¢(v)dG(v) if ¢ is continuous with ¢(x)= ¢(-ñ),

and hence that F(A) = G(A)for all ie(-o, o).
The following theorem is useful for finding F from y in many important

cases (andin particular when y is the autocovariance function of an ARMA(p, q)
process).
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Theorem 4.3.2. If K(·) is any complex-valued functionon the integers such that

K(n)| < oo, (4.3.5)

then

K(h) = eihvf(v)dv, h = 0, ±1, ... (4.3.6)

where

1 *

f(A) = - i e¯'" K(n). (4.3.7)2ñ a

PROOF.

" 1 *

eihvf(v)dv = - i ei(h-n)vK(n)dv

1 "

= - i K(n) egh-n)v dv

= K(h),

since the only non-zero summand is the one for which n = h. The inter-
change of summation and integration is justified by Fubini's theorem since

Ji,(1/2x)i _,
|ei(h-n)vK(n)|dv < oo by (4.3.5).

Corollary 4.3.2. An absolutely summable complex-valued functiony(·) defined
on the integers is the autocovariance functionof a stationary process if and only
if

1 =

f(A) := - i e¯'"*y(n) ;;>0 for all Ae [-ñ,ñ], (4.3.8)2ñ o

in which case f(·) is the spectral density of y(·).

PROOF. First suppose that y(·) is an autocovariance function. Since y(·) is
non-negative definite and absolutely summable,

1 N

0 <; fN -irAy(7
-

S)€isk

2xN,,, i

1 |m|
- i 1 - - e¯'"*y(m)
22 |m|<N N

f(A) as No oo.

Consequently f(A);> 0, -a <;; A <; x. Also from Theorem 4.3.2 we have
y(h) = fixeihvf(v)dv,h = 0, ±1, .... Hence f(·) is the spectral density of y(·).

On the other hand if we assume only that y(·) is absolutely summable,
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Theorem 4.3.2 allows us to write y(h) = Ji,e*f(v) dv. If f(A) > 0 then this
integral is of the form (4.3.1)with F(A) = JLf(v)dv.This implies, by Corollary
4.3.1, that y(·) is an autocovariance function with spectral density f. O

EXAMPLE 4.3.l. Let us prove that the real-valued function

1 if h = 0,
K(h) = p if h = ±1,

0 otherwise,

is an autocovariance function if and only if p| _<¼.
Since K(·) is absolutely summable we can apply Corollary 4.3.2. Thus

1 o

l
= - 1 + 2p cos i ,

2ñ

is non-negative for all le! -ñ,ñ| if and only if |p| 5 ¼.Consequently K(·) is
an autocovariance function if and only if |p| 5 i in which case K(·) has the
spectral density f computed above. In fact K(·) is the autocovariance function
of an MA(l) process (seeExample 1.5.1).

Notice that Corollary 4.3.2 provides us with a very powerful tool for
checking non-negative definiteness, which can be applied to any absolutely
summable function on the integers. It is much simpler and much more infor-
mative than direct verification using the definition of non-negative definiteness
stated in Theorem 4.1.1.

Corollary 4.3.2 shows in particular that every ARMA(p, q) process has
a spectral density (see Problem 3.11). This density is found explicitly in
Section 4.4. On the other hand the linear combination of sinusoids (4.2.1)
studied in Section 4.2 has the purely discrete spectral distribution function
(4.2.4)and therefore there is no corresponding spectral density.

If {X,} is a real-valued stationary process then its autocovariance function
yx(·) is real, implying (aspointed out in Section 4.2) that its spectral distribution
function is symmetric in the sense that

We can then write

Tx(h) = cos(vh) dFy(v). (4.3.9)

In particular if yx(·) has spectral density fx(A), -x _<1<ñ, then fx(A) =

fx(-1), -r i 1< ñ, and hence

Tx(h) = 2 fx(v)cos(vh) dv. (4.3.10)
O
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The covariance structure of a real-valued stationary process {X,} is thus
determined by Fy(0¯) and Fy(1), 0 < 1< ñ (or by fx(A), 0 5 AE ñ, if the
spectral density fx(·)exists).

Remark. From the above discussion, it follows that a function f defined on
-r,w|

is the spectral density of a real-valued stationary process if and
only if

(i)f(1) = f(-1),
(ii)f(A) > 0, and
(iii)J",f(1)di < o.

§4.4 Spectral Densities and ARMA Processes

Theorem 4.4.1. If { } is any zero-mean, possibly complex-valued stationary
process with spectral distribution functionFy( ),and {X,} is the process

X, = where |‡¿ < oo, (4.4.1)

then {X, }is stationary with spectral distribution function
oo 2

Fy(A)= 1 ý,e¯'A' dFy(v),
-ñ¾

A
_<ñ.

(4.4.2)

PROOF. The argument of Proposition 3.1.2 shows that {X,} is stationary with
mean zero and autocovariance function,

E(Xt hX,) = ‡¿¢xyy(h- j + k), h = 0, ±1, ....

j,k=-o

Using the spectral representation of {yy(·)}we can write

yx(h) = ¢,‡g ei(h-j+k)vdFy(v)

= eihv -ij' dFy(v),
(-n,n] j=-œ

which immediately identifies F (·)defined by (4.4.2)as the spectral distribu-
tion function of {X,}.

If { }has a spectral density fy(·)and if {X,} is defined by (4.4.1),then {X,}
also has a spectral density fx(·)given by
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fx(A) = |¢(e¯'*)|2fy(A), (4.4.3)
where ¢(e **) = 1 __ ge

'12. The operator ¢(B) = ip_, (BJ applied to
{Y,} in (4.4.1)is often called a time-invariant linear filter with weights {¢¿}.
The function ‡(e¯')is called the transfer functionof the filter and the squared
modulus ‡(e ')|2 ÏS referred to as the power transfer functionof the filter.
Time-invariant linear filters will be discussed in more detail in Section 4.10.

As an application of Theorem 4.4.1 we can now derive the spectral density
of an arbitrary ARMA(p, q) process.

Theorem 4.4.2 (Spectral Density of an ARMA(p, q) Process). Let {X,} be an
ARMA(p,q) process (notnecessarily causal or invertible) satisfying

¢(B)X, = 6(B)Z,, {Z,} ~ WN(0, «2), (4.4.4)
where ¢(z)= 1 - ¢,z -

···
- ¢,z" and 6(z) = 1 + 81z + ··· + 0,z" have no

common zeroes and ¢(z)has no zeroes on the unit circle. Then (X, }has spectral
density

(Because the spectral density of an ARMA process is a ratio of trigonometric
polynomials it is often called a rational spectral density.)

PROOF. First recall from Section 3.1 that the stationary solution of (4.4.4)
can be written as X, = ig, gZ,_; where g| < oo. Since {Z,} has
spectral density «2/(2x) (Problem 4.6), Theorem 4.4.1 implies that {X,} has a
spectral density. This also follows from Corollary 4.3.2 and Problem 3.11.
Setting U, = ¢(B)X, = 8(B)Z, and applying Theorem 4.4.1, we obtain

fy(A) = |¢(e¯'*)|2X
-il 2 Z(A). (4.4.6)

Since ¢(e¯'^)-A0 for all 2 e [ --ñ, x] we can divide (4.4.6)by |¢(e¯'*)2 (O obtain

(4.4.5).
EXAMPLE 4.4.1 (Spectral Density of an MA(1) Process). If

X, = Z, + 0Z,_i, {Z,} ~ WN(0, «2)

then

«2 62

fx(A)=-(1+0e¯'*|2=-(1+28cosA+02) -ñiAsm
2ñ 2ñ

The graph of fx(A), 0 5 A E ñ, is displayed in Figure 4.1 for each of the values

8 =
-.9 and 6 =

.9.

Observe that for 8 =
.9

the density is large for low
frequencies and small for high frequencies. This is not unexpected since when
8 =

.9

the process has a large lag one correlation which makes the series
smooth with only a small contribution from high frequency components. For
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Figure 4.1. The spectral densities f,(2ñc), 0 sc < ¼,of X, = Z, + 0Z,_i, {Z,} ~

WN(0, 6.25), (a)when 0 =
-.9 and (b)when 8 =

.9.
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0 =
-.9

the lag one correlation is large and negative, the series fluctuates
rapidly about its mean value and, as expected, the spectral density is large for
high frequencies and small for low frequencies.(See also Figures 1.18 and 1.19.)

EXAMPLE 4.4.2 (The Spectral Density of an AR(1) Process). If

X, - ¢X, i
= Z,, {Z,} ~ WN(0, o.2

then by Theorem 4.4.2, {X,} has spectral density

fx(1)= 1 - ¢«¯"\¯2= (1- 2¢cos1+ ¢2)¯ .

2ñ 2x

This function is shown in Figure 4.2 for each of the values ¢ =
.7

and ¢ =
-.7.

Interpretations of the graphs analogous to those in Example 4.4.1 can again
be made.

Causality, Invertibility and the Spectral Density

Consider the ARMA(p,q) process {X,} satisfying ¢(B)X, = 0(B)Z,, where

¢(z)0(z)/-0 for all zeC such that \z!= 1. Factorizing the polynomials ¢(·)
and 8(·) we can rewrite the defining equations in the form,

P 4

(l - a) 'B)X, = Q (1 - (IB)Z,, {Z,} ~ WN(0, o.2), (4.4.7)
j=1 j=1

where

|a\>l, 1<;j<;r, |a;|<1, r<jsp,

and

|b|>l, 1<j<;s, [b;\<1, s<j<;q.

By Theorem 4.4.2, {X,} has spectral density

2x l" , |1 - a e
"|2

Now define

(B) = Q (l - aj¯ B) Q (l - ä;B) (4.4.8)
1<; j<;r r<j<;p

and

Š(B) = Q (l - ( B) Q (1- b;B).
1<;j<;s s<j<;q

Then the ARMA(p,q) process {i,}defined by

¢(B)Ì,= Õ(B)Z,
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Figure 4.2. The spectral densities fx(2xc),0 _< c 4, of X, - ¢X,_, = Z,, {Z,} ~

WN(0, 6.25), (a)when ¢ =
.7

and (b)when ¢ =
-.7.
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has spectral density

2ñ | (e **)|2

Since

|1 - bje¯'* | = | l - bye = b |1 - b;¯ e¯'*

we can rewrite fp(A) as

2x g,y,|aÿ|2 ,A 2
r<jdp j

2

Thus the ARMA(p,q) process {X,*} defined by

)( )
2 - 2

(B)X,*=Õ(B)Ž,,{Ž,}~WN 0,«2 Q |ay| b;| ,

r<jd p s<jgq

is causal and invertible and has exactly the same spectral density (andhence
autocovariance function) as the ARMA process (4.4.7).In fact {X,} itself has
the causal invertible representation

(B)X, = Õ(B)Z*

where {Z,*} is white noise with the same variance as {Ž,}.This is easily checked
by using the latter equation as the definition of {Z,*}.(SeeProposition 3.5.1.)

EXAMPLE 4.4.3. The ARMA process

X, - 2X,_, = Z, + 4Z,_,, {Z,} ~ WN(0, o.2

is neither causal nor invertible. Introducing f(z)= 1 - 0.5z and Õ(z)= 1 +
0.25z, we see that {X,} has the causal invertible representation

X, - 0.5X,_1 = Z,* + 0.25Z*_i, {Z,*} ~ WN(0,
.25«2

The case when the moving average polynomial 8(z)has zeroes on the unit
circle is dealt with in the following propositions.

Proposition4.4.1. Let {X,} be an ARMA(p,q) process satisfying

¢(B)X, = 8(B)Z,, {Z,} ~ WN(0, «2¾

where ¢(z)and 0(z) have no common zeroes, ¢(z)¢ 0 for z | = 1 and 8(z) ¢ 0

for z | < l. Then Z, E ¿Ep{X,, - oo < s <; t}.

PRooF. Factorize 8(z) as 0'(z)8*(z), where

GI(z) = Q (1 - ( z),
15jds

0*(z) = B (1 - ( z),
s<jáq
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|b) > 1, 1 < jss and |b,| = 1, s < j < q. Then consider the MA(q - s)

process,

Y, = Ð*(B)Z,,

and note, since ¢(B)X, = 8'(B)Y,, that

šp{Yg, -œ <k st} gšp{Xk, -o <k<t}

for all t. Consequently it suffices to show that Z, e šþ{ Yk, - oo < kg t}. By
Proposition 3.2.1,

=U,+œiU,_i+···+œ,_,U,ys, {U,}~WN(0,on),

where

Using the two moving average representations for { },we can write the
spectral density fy of {Y,} as

fy(A)= (x(e ) 2
_

-iA 2

2x 2x

Since 8*(z) has all of its zeroes on the unit circle, œ(z) and 8*(z) must have
the same zeroes. This in turn implies that

6(z) = œ(z) and o.2 = 62

It now follows that the two vectors, (U,, ,...,

_,,)' and (Z,, ,..., Y,_ )',
have the same covariance matrix and hence that

Taking mean square limits as no ao and using the fact that

U,esp{Y,, -o <kg t},

we find that

šiMYa,-o<kst)Z, = U,.

Hence, since <r2 = o e,

E(Z, - Pyyk,
¯

2 = EZ - EUf = 0.

This implies that Z, = Pyyk,-o<kst} t, or equivalently that
Z,ešþ{Ya,-oo<kgt}

as was to be shown.

Remark 1. If we extend the definition (Section 3.1) of invertibility of the
ARMA equations, ¢(B)X, = 6(B)Z,, by requiring only that

Z, e šþ{Xk, - œ < k < t},
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Proposition 4.4.1 then states that invertibility is implied by the condition
8(z) ¢ 0 for z| < 1. The converse is established below as Proposition 4.4.3.

Remark 2. If ¢(z)¢ 0 for all |z| 5 1, then by projecting each side of the
equation, ¢(B)X, = 8(B)Z,, in Proposition 4.4.1 onto

šp{X,, - oo < s š t - 1},

we see at once that Z, is the innovation,

Z, = X, - Ë,_iX,,

where Ë,
_

i denotes projection onto sp(X,, - oo < s < t - 1}.

Proposition 4.4.2. Let {X,} be an ARMA(p, q) process satisfying

¢(B)X, = 9(B)Z,, {Z,} ~ WN(0,«2¾

where ¢(z)and 8(z) have no common zeroes and ¢(z)¢ 0 for all ZEC such
that |z| = 1. Then, if {by,1 < j á q} are the zeroes of 0(z), with b; | > 1,
1 < j < m, and |b;| < 1, m < j á q, there exists a white noise sequence {U,}
such that {X,} is the unique stationary solution of the equations,

(B)X, = Õ(B)U,, {U,} ~ WN(0, õ2

where Ã(z)is the polynomial defined in (4.4.8)and Õ(z)is the polynomial,

Š(z)= Q (1- b, z) Q (1 - Ï,z).
15jim m<jgq

The variance of U, is given by

õ2 -- «2 2 -2

\r<jdp / \m<jgq /

[Remark 2 implies that U, = X, - Ë,_iX,.

PROOF. By Problem 4.29, we know that there exists a white noise sequence
{Ž,}such that

(B)X, = 6(B)Ž,.
The required white noise sequence {U,} is therefore the unique stationary
solution of the equations,

(1-b;B)U,= Q (1-Ilj¯*B)Ž,. O
m<jgq m<jiq

Proposition 4.4.3. If {X,} is defined as in Proposition 4.4.2 and the polynom-
ial 8(z) has one or more zeros in the interior of the unit circle, then
Z,¢šß{X,, -oo

< s < t}.
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PROOF. By Proposition 4.4.2, we can express X, in the form,

X, = U, ,

j=O

where U, = X, - P, ,X,, o è,zi= Õ(z)/(z)for |z| < 1, and

šji{Xks ¯Oo < k < t} = šçi{U,, -oo

< kg t}.

Suppose that the zeroes of 6(z) in the interior of the unit circle are
{by:m < j i q} where m < q, and let

8(z) = 8*(z) Q (1- b z) = 8*(z)6'(z).
m<jiq

From the equations (B)X, = Õ(B)U, and ¢(B)X, = 0*(B)6'(B)Z,, it follows
that

(B)0*(B)Z,= (,U,_ÿ,

where (, is the coefficient of zi in the Laurent expansion of ¢(z)Õ(z)/8'(z),
|z - 1 < e, which is valid for some e > 0. Since ¢(z)0(z)and 0'(z) have no
zeroes in common and since 8'(z) has all of its zeroes in the interior of the
unit circle, it follows that (, ¢ 0 for some j = -jo < 0.

From Z, e šjj{X,, - oo < kg t}, it would follow that

(B)6*(B)Z, ešli{Uk, -oo

< ks t}.

But this is impossible since

(U,4, (B)8*(B)Z,) = (_;,Var(U,4) ¢ 0.

We conclude therefore that Z,¢šlì{Xx, -oo

< k _<t}, as required. O

Rational Approximations for Spectral Densities

For any real-valued stationary process {X,} with continuous spectral density
f, it is possible to find both a causal AR(p) process and an invertible MA(q)
process whose spectral densities are arbitrarily close to J. This suggests that
{X,} can be approximated in some sense by either an AR(p) or an MA(q)
process. These results depend on Theorem 4.4.3 below. Recall that f is the
spectral density of a real-valued stationary process if and only iff is symmetric,
non-negative and integrable on [-ñ,x].

Theorem 4.4.3. If f is a symmetric continuous spectral density on [-ñ,ñ],
then for every e > 0 there exists a non-negative integer p and a polynomial
a(z)= ,(1-gl ... pWithg|>1,j=1,...,p,and
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real-valued coefficients ao, ..., a,, such that

iA a(e )|2- f(Â) <8 f0rQÌÌÂEj-ñ,x] (4.4.9)
where A = (1+ a2 4 ... -i(2x)¯* fi,f(v)dv.
PROOF. If f(Â)̄ 0̄ the result is clearly true with p = 0. Assume therefore that
M = sup_,sas, f(A) > 0. Now for any e > 0 let

f
x -1 ¯

-1

õ = min M, 4xM f(v)dv + 2 e

and define

f (1)= max{ f(1),ö}.
Clearly f6(A) is also a symmetric continuous spectral density with fa(A) > ö
and

0 _<fa _ f(1) <; ö for all le [ -a, x]. (4.4.10)
Now by Theorem 2.11.1 there exists an integer r such that

r-1

r¯ i i bk -ikA ô(Â)< Ô fOT RÏÏÀE [ -ñ,

x ], (4.4.11)
j=0 k|<;j

where bk = (2ñ)¯ J",f6(v)e"*dv.Interchanging the order of summation and
using the fact that f6 is a symmetric function, we have

r-1

r¯ L ibye'**= 2(1-|k|/r)bk-ikA

j=0 |k|<j |k|<r

This function is strictly positive for all l by (4.4.10)and the definition of f6%
Let

C(z) = 2 (1- \k/r)bkk

|k|<r

and observe that if C(m) = 0 then by symmetry C(m¯ ) = 0. Hence, letting
p = max {k: by-A0}, we can write

P

z"C(z) = K, D (1- y z)(1 - y z)
j=1

for some K,, 41, ..., y, such that |4,| > 1, j = 1, ..., p. This equation can be
rewritten in the form

K2 -1)
= C(z), (4.4.12)

where a(z) is the polynomial 1 + aiz + ··· + a,z" = 1(1 - y, z), and
K2 = (-1741...Q,Ky. Equating the coefficients of z° on each side of (4.4.12)
we find that

K2 = bo(1 + 4 + ··· + g)¯ = (2x) *(1 + af + ··· + a )¯ f6(v)dv.
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Moreover from (4.4.1l)we have

K2 -il 2
_ ö(Â)< å fOr all 1. (4.4.13)

From (4.4.13)and (4.4.10)we obtain the uniform bound

x -1

(1+af+···+ag)¯ ¯'*)2 ö(1)+õ)2ñ f6(v)dv

x -1

< 4ñM f(v)dv .

Now with A defined as in the statement of the theorem

K2 -¿A 2
_

-iA 2

(
n n -1

<(2ñ) (f6(v)- f(v))dv 4ñM f(v)dv
-x (4.4.14)

(
x

-1

<; 4ñMõ f(v)dv .

From the inequalities (4.4.10),(4.4.13)and (4.4.14)we obtain

n -1

|Ala(e **)|2
- f(1)| < õ + õ + 4ñMõ f(v)dv

by the definition of õ.

Corollary 4.4.1. If f is a symmetric continuous spectral density and e > 0, then
there exists an invertible M A(q) process

X,=Z,+aiZ,_,+···+a,Z,_,, {Z,}~WN(0,o2X
such that

fx(A)- f(1)(<e forallie[ ñ,ñ],

where o.2 __
... 2 -1 þ, f(v)dv.

PROOF. Problem 4.14.

Corollary 4.4.2. If f is a symmetric continuous spectral density and e > 0 then
there exists a causal AR(p) process

X,+aiX,_,+·· +a,X,_,,=Z,, {Z,}~WN(0,62L
such that

fx(A) - f(A)| < s for all Ae [-X,x].
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PROOF. Let f'(A) = max{ f(A),8/2}. Then f6(1);>e/2 and

0 i f6(A) - f(A) i e/2 for all ÀE [-x,ñ]. (4.4.15)
Let M = max, f6(A) and õ = min{(2M)-2e, (2M) }.Applying Theorem 4.4.3
to the function 1/f6(1), we have

|K|a(e **)|2 e(Â)<Ö fOraÌÌÂE[-a,w], (4.4.16)
where the polynomial a(z) = 1 + aiz + ··· + a,zf is non-zero for tz|5 1 and
K is a positive constant. Moreover by our definition ofö, the inequality (4.4.16)
yields the bound

K-1 ;2p-2 < f69) O - g'(A)) 5 M/(1 - Mõ) 5 2M.
Thus

|K a
i L-2_ c(A) = K a(e **)|2

_ e(A) [K¯ a(e¯'*)
-2

e

< 2M2ö < e/2. (4.4.17)
Combining the inequalities (4.4.15)and (4.4.17)we get

K ¯' ¯'*¾-2
- f(Â)|< E fOT RÏÌÂE [- x, ñ]. (4.4.18)

Now by Theorem 4.4.1 the causal AR(p) process

a(B)X, = Z,, {Z,} ~ WN(0,2ñK¯ )
has spectral density K¯*|a(e '*)|2, Which by (4.4.18)furnishes the required
approximation to f(A).

§4.5*Circulants and Their Eigenvalues

It is often desirable to be able to diagonalize a covariance matrix in a simple
manner. By first diagonalizing a circulant matrix it is possible to obtain
a relatively easy and useful asymptotic diagonalization of the covariance
matrix of the first n observations from a stationary time series. We say that
the n × n matrix M = [m; is a circulant matrix if there exists a function
m(·) with period n such that m = m( j - i). That is

m(0) m(1) ·· m(n - 1)
m(n - 1) m(0) - m(n - 2)

M = m(n - 2) m(n - 1) · m(n - 3) . (4.5.1)

m(l) m(2) - · m(0)

The eigenvalues and eigenvectors of M are easy to compute. Let

2xj

n
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and

r, = exp(i<og),

for j = 0, 1, ..., n - l.

Proposition 4.5.1. The circulant matrix M has eigenvalues
n-1

A = 1 m(h)ry-h, j = 0, 1, ..., n - 1,
h=0

with corresponding orthonormal left eigenvectors,

v,=n¯/2DJ,92 .,g¯],

j=0,1,...,n-1.

PROOF. Straightforward calculations give

VM = n¯ 72[m(0)+ m(n - 1)r, + ··· + m(1)ry-i, m(1) + m(0)r, + ···

+ m(2)rÎ¯, ..., m(n - 1) + m(n - 2)r; + ··· + m(0)r" ]

showing that v, is a left eigenvector of M with corresponding eigenvalue 17,
j = 0, l, ..., n - 1. Moreover, if vg*is the conjugate transpose of va, then

v;vg*= n¯ (1+ r rk-1 4 ... -1 n+1

n¯I[1-(ry/rg)"]O-r,rg]¯ =0 ifj¢k,
1 if j = k. O

In order to diagonalize the matrix we now introduce the matrix

Vo

viV =
. ,

n-1

observing from Proposition 4.5.1 that VM = A V and hence that

VMV¯ = A, (4.5.2)
where A = diag{1o,12,...,1,_i} and V¯ = [vo*,v*,...,v,*_].

Diagonalization of a Real Symmetric Circulant Matrix

If the circulant matrix M defined by (4.5.1)is also real and symmetric (i.e.if
m( j) = m(n - j) E Ñ,) = 0, 1,..., n - 1), then we can rewrite the eigenvalues A;
of Proposition 4.5.1 in the form
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m(h)ry-h if n iS odd,
|h|< [n/2J (4.5.3)

m(h)r h + m(n/2 + 1)r; (n+2)/2

|h|<[n/2]

where [n/2] is the integer part of n/2.

We first consider the case when n is odd. Since m(·) is an even function, we
can express the n eigenvalues of M as

Ao= 1 m(h)
|h|<;[n/2]

&= 1 m(h)exp( - imyh), j = 1, 2, ..., [n/2],
|h|<;[n/2]

and

A,_, = lj, j = 1, 2, ..., [n/2].
Corresponding to the repeated eigenvalue &= 1,_; (1 < j <; [n/2]) of M
there are two orthonormal left eigenvectors v and v._, = as specified in
Proposition 4.5.1. From these we can easily find a pair of real orthonormal
eigenvectors corresponding to Ay,viz.

c, = (v,+ v._,)/ = [1,cosmy,cos2my,...,cos(n- 1)o;]

and

s, = i(v, _,
- vy)/ = [0,sin wy,sin 2my,..., sin(n - 1)oy].

Setting

co = [1,1, 1,..., 1]

and defining the real orthogonal matrix P by

ce
c,

P =
' (4.5.4)

[n/2]
S[n/2].

we have PM = A P and hence

PMP' = AM, (4.5.5)
where Am = diag{Ao,12,11,...,Â(n/2]9[n/2]L

For the case when n is even, both lo and An/2have multiplicity 1. If we
replace C[n/2] by 2¯*/2cn/2 in the definition of P and drop the last rows of the
matrices P and AM, then we again have PMP' = Af").

Proposition 4.5.2. Let y(·) be an absolutely summable real autocovariance
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function,let f(·) be its spectral density

f(o) = (2x)¯* y(h)e-iho
h=-o

and let D, be the nxn matrix,

D =
diag {f(0),f(wi),f(og),...,f(w[n/2] [n/2])) Ì( n ÍS odd,

" diag{f(0),f(wi),f(og),...,f(o,_2 2),fo _2,2),f(o.,2)} ifniseven.

If P is the matrix defined by (4.5.4)and F, = [y(i - j) ]",,- , then the components
x) ) of the matrix

PF,P' - 2xD.,

converge to zero uniformly as nw œ (i.e.sup, |x -> 0).

PROOF. Let p, = [p¿y,p¿2,..., pr.] denote the ith TOw of the matrix P and let fí")
denote the real symmetric circulant matrix

y(0) y(l) y(2) ··· y(2) y(1)
y(l) y(0) y(1) --- y(3) y(2)

Tí) = y(2) y(1) y(0) - - - y(4) y(3) .

y(1) y(2) y(3) ··· y(1) y(0)

We know from (4.5.5)that Pff)P' = A"). Moreover since the elements of the
matrix A") - 2xD,, are bounded in absolute value by ,,,723 jy(li) which
converges to zero as n - oo, it suflices to show that

|p¿Ff'p) - p;F,p) ->0 uniformly in i and j. (4.5.6)
But

Pi(YŸ'- En)p) = 1 (y(m)- y(n - m)) i (pikËj,n-m+k¯ Ñi,n-m+kËjk
m=1 k=1

where c = [(n- 1)/2]. Since p, j á (2/n)*/2this expression is bounded by
c c c n-1 C

4n ' 2 i m|y(m)]+2 i m|y(n-m) 58 i - y(m)|+8 i -|y(m) .

m=i m=1 m=1 m=n-en

The first term converges to zero as n -> oo by the dominated convergence
theorem since the summand is dominated by |y(m)|and y ly(m)< oo. The
second term goes to zero since it is bounded by ig=ln/2]y(my. Since both
terms are independent of i and j, the proof of (4.5.6)is complete. O

Now let {X,} be a real-valued zero-mean stationary time series with
autocovariance function y(·) which is absolutely summable. Consider the
transformed vector of random variables
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v X
rohXh

O O h=0

Z = VX = i i = U-1/2 i , (4.5.7)
n-1 X"¯*- r,h-iXh

h=O

with ry, vy,j = 0, ..., n - 1 defined as in Proposition 4.5.1. The components of
Z are approximately uncorrelated for large n by Proposition 4.5.2. Moreover
the matrix V, being orthogonal, is easily inverted to give

n-1

X,= n¯ 72 i Zhexp(-ijoh•
h=O

Thus we have represented Xo, Xi,..., X, i as a sum of sinusoids with random
coefficients which are asymptotically uncorrelated. This is one (albeitrough)
interpretation of the spectral representation of the process {X }.

Another easily verified consequence of Proposition 4.5.2 is that with Z
defined as in (4.5.7),

sup |E lZ,|2 i y(h)exp(-ihox)| 4 0 as n - œ.
05ksn-1 h=-o

Let us consider now an arbitrary frequency wE (- a, x] and define, by analogy
with (4.5.7),

n-1

Z, ,
= n 72 i Xhexp(iho).

h=0

Then
n-1

E|Z,,|2=n¯ i y(k-l)exp[iw(k-l)
k,l=0

= n (n- hl)y(h)exp(ioh)
|h|<n

y(h)exp(ioh) = 2ñf(o) as no o.
h=-o

This shows that (2x) |Z,,,\2 iS an asymptotically unbiased estimator of f(w).
In Chapter 10 we shall show how this estimator can be modified in order to
construct a consistent estimator of f(o).

We conclude this section by deriving upper and lower bounds for the
eigenvalues of the covariance matrix of X,, = (Xi,...,X,,)' when {XJis a
stationary process with spectral density f(A), -x 5 A E x.

Proposition 4.5.3. Let {XJbe a stationary process with spectral density f such
that

m := inff(1) > 0 and M := sup f(1) < o,
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and denote by 11, ..., 1, (1, á 22 5 ··· g 2,) the eigenvalues of the covariance
matrix Y, of (Xy,...,X,)'. Then

2xm < li i 1, á 2xM.

PROOF. Let x = (xi, ..., x,)' be a non-zero right eigenvector of F,
corresponding to the eigenvalue A.. Then

A,x'x = xT,x
x 2

= Expe¯*f(v)dv

-nj k

= 2ñM i xj
,

J

showing that A, á 2ñM. A similar argument shows that 1, > 2xm. O

§4.6*Orthogonal Increment Processes on [-ñ,ñ]
In order to give a precise meaning to the spectral representation (4.2.5)
mentioned earlier, it is necessary to introduce the concept of stochastic inte-
gration of a non-random function with respect to an orthogonal-increment
process {Z(A)}.

Definition 4.6.1. An orthogonal-increment process on [-x,x] is a complex-
valued stochastic process {Z(A), -r

i A E ñ} such that

(Z(A),Z(A)) < œ, -ñá A s u, (4.6.1)
(Z(A), 1) = 0, -ud 2 < ñ, (4.6.2)

and

(Z(Â4 3 9 2 ¯ 91)) = 0, if (21,A2]n 3,14] = ¢, (4.6.3)
where the inner product is defined by (X, Y) = E(X Ÿ).

The process {Z(A), -« < A< ñ} will be called right-continuous if for all

||Z(A + õ) - Z(A)||2 = E |Z(1 + ö) - Z(1) 2 -> 0 as õ l 0.

It will be understood from now on that the term orthogonal-increment process
will mean right-continuous orthogonal-increment process unless specifically
indicated otherwise.
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Proposition 4.6.1. If {Z(A), -ñš A E x} is an orthogonal-increment process,
then there is a unique distribution functionF (i.e.a unique non-decreasing,
right-continuous function)such that

F(A) = 0, A E
-ñ,

F(A) = F(ñ), A ;>ñ,

and

F(µ) - F(1)= ||Z(µ)- Z(A) 2, -ñ<15 µ šñ. (4.6.4)

PROOF. For F to satisfy the prescribed conditions it is clear, on setting 1 = - x,
that

F(µ) = |Z(µ) - Z(-ñ) |2, -« <; µ <_ z. (4.6.5)
To check that the function so defined is non-decreasing, we use the orthog-
onality of Z(µ) - Z(1) and Z(1) - Z(-ñ), -ñ

_< 1<; µ 5 x, to write

F(µ)= ||Z(µ)-Z(1)+Z(A)-Z(-x)|2

= ||Z(µ) - Z(1) | + ||Z(A) - Z(-ñ) ||2
;> F(1).

The same calculation gives, for -a < µ < µ + õ _< ñ,

F(µ+õ)-F(µ)= |Z(µ+ö)-Z(µ)(|2

40 asõ¿0,

by the assumed right-continuity of {Z(A)}.

Remark. The distribution function F of Proposition 4.6.1, defined on [-ñ,ñ]
by (4.6.5)will be referred to as the distribution function associated with the
orthogonal-increment process {Z(1), -ñ <; A <; x}. It is common practice in
time series analysis to use the shorthand notation,

E(dZ(1)d )=õedF(i),

for the equations (4.6.3)and (4.6.4).

EXAMPLE 4.6.1. Brownian motion {B(A), -ñ <; 1<; ñ} with EB(A)= 0 and
Var(B(A)) = «2(A + x)/2x, -xs 2 < x, is an orthogonal-increment process
on [-x,ñ]. The associated distribution function satisfies F(A) = 0, A <; -ñ,

F(A) = o.2, 1;> ñ, and

F(A) = o2(A+ x)/2x, -ñ <; i 5 x.

EXAMPLE 4.6.2. If {N(A),-a <; A <; x} is a Poisson process on [-r,x] with
constant intensity c then the process Z(A) = N(A)- EN(A), -x 5 i 5 ñ, is an
orthogonal-increment process with associated distribution function F(A) = 0,
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AE -ñ, F(A) = 2ñc, A> x and F(1) = c(A+ ñ), -ñ 5 1 5 ñ. If c is chosen to
be 62/2x then {Z(1)} has exactly the same associated distribution function as
{B(1)} in Example 4.6.1.

§4.7*Integration with Respect to an Orthogonal
Increment Process

We now show how to define the stochastic integral

I(f)= f(v)dZ(v),

where {Z(1), -ñ _< 1 < ñ} is an orthogonal-increment process defined on the
probability space (G, F, P) and f is any function on [-ñ,ñ] which is square
integrable with respect to the distribution function F associated with Z(A).We
proceed step by step, first defining I( f) for any f of the form

i=0

as

I( f) = f,[Z(1,41) - Z(A;)], (4.7.2)
i=o

and then extending the mapping I to an isomorphism (seeSection 2.9) of
L2 -ñ 19 F) = L2(F) onto a subspace of L2

Let 9 be the class of all functions having the form (4.7.1)for some
ne {0,1,2,...}. Then the definition (4.7.2)is consistent on 9 since for any given

fe 9 there is a unique representation of f,

i=0

in which r, ¢ rg,1, O < i < m. All other representations of f having the form
(4.7.1)are obtained by reexpressing one or more of the indicator functions
14,4 as a sum of indicator functions of adjoining intervals. However this
makes no difference to the value of I( f), and hence the definition (4.7.2)is the
same for all representations (4.7.1)of f. It is clear that (4.7.2)defines I as a
linear mapping on 9. Moreover the mapping preserves inner products since
if fe 9 and ge 9 then there exist representations

i=O

and

i=o
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in terms of a single partition -x = lo < 1, < · < 1,41 = ñ. Hence the inner-
product of I( f) and I(g) in L2

(I( f),I(g)) = flZ(A ) - Z(17)], g£Z(1,41) - Z(A;)]
i=0 i=0

i=0

by the orthogonality of the increments of {Z(A)}and Proposition 4.6.1. But
the last expression can be written as

f(v)g(v)dF(v) = (f,g)s2 ,

the inner product in L2(F) of f and g. Hence the mapping I on 9 preserves
inner products.

Now let 9 denote the closure in L2(F) of the set 9. If fe 9 then there exists

a sequence {£}of elements of 9 such that ||f, - f ||L2(F) -> 0. We therefore
define 1(f) as the mean square limit

I( f) = m.s.lim I( f,,), (4.7.3)

after first checking (a)that the limit exists and (b)that the limit is the same for
all sequences {f,} such that ||£ -

f||L2(F) -> 0. To check (a)we simply observe
that for f,,, f,,e9,

| I( f ) - I( f,,)|| = ||I( f, - f, )||
= Ilf.-f-IL2(F)

so if |\f,, - f | L2(F) - 0, the sequence {I( f )}is a Cauchy sequence and therefore
convergent in L2(Û,Ÿ, Ë). TO check (b),suppose that ||f - f ||L2(F) -> 0 and

94 - f |L2(F) -> 0 where f,,,g,,eß. Then the sequence fi, gi, f29Û2, ..., müS

be norm convergent and therefore the sequence I(fi), 1(gy), I(f2 9 Û2 9 9

must converge in L2(G, F, P). However this is not possible unless the sub-
sequences {I(£)} and {I(g,,)} have the same mean square limit. This com-
pletes the proof that the defmition (4.7.3)is both meaningful and consistent for
fE 9.

The mapping I on 9 is linear and preserves inner products since if ff E 9
and |£<0- f*|,24,,

->0,

fu'e9, i = 1, 2, then by the linearity of I on 9,

I(a, ff" + a2ff2))- Um Ra,£< > + a2 (2)

= lim(a,I(f;'") + a2I(Á(2)
= ail( f")) + a2I( f(2))

and by the continuity of the inner product,
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(1(ff '),I(f(2) __
(1) (2)

n-oo

= lim (£11,Á(2)L2(F)
n-o

= (ffi f(2) L2(F)•

It remains now only to show that Ö = L2(F). To do this we first observe
that the continuous functions on [-ñ,ñ] are dense in L2(F) ún eF à a
bounded distribution function (seee.g. Ash (1972),p. 88). Moreover 9 is a
dense subset (inthe L2(F) sense) of the set of continuous functions on [-ñ,ñ].
Hence Ñ = L2 F)

Equations (4.7.2)and (4.7.3)thus define I as a linear, inner-product preserving
mapping of 5 = L2(F) into L2(G,F,P). The image I(Ö)of § is clearly a
closed linear subspace of L2(R, F, P), and the mapping I is an isormorphism
(seeSection 2.9) of 9 onto I(5). The mapping I provides us with the required
definition of the stochastic integral.

Definition 4.7.1(The Stochastic Integral). If {Z(1)} is an orthogonal-increment
process on [-ñ,x] with associated distribution function F and if feL2 F)
then the stochastic integral ft-,,,,f(A)dZ(1) is defined as the random variable
I( f) constructed above, i.e.

f(v)dZ(v) := I( f).

Properties of the Stochastic Integral

For any functions f and g in L2(F) we have established the properties

I(ayf+a2g)=ainf)+a2 Û> 19 2eC, (4.7.4)
and

E(I( f)I(g)) = f(v)g(v)dF(v). (4.7.5)

Moreover if {Á}and {g,,}are sequences in L2(F) such that ||Á -filg2(F)
-+0

and ||g, - g| L2(F)
¯÷0, then by continuity of the inner product,

E(I(Á)I(9n)) -+ E(I( f)I(g)) = f(v)g(v)dF(v). (4.7.6)

From (4.7.2)it is clear that

E(I( f)) = 0 (4.7.7)
for all fe9; if fEÑ then there is a sequence {f,},f.e9, such that
£ Of and I( f,,) I( f), so E(I( f)) = lim,,, E(I(Á))and (4.7.7)remains
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valid. This argument is frequently useful for establishing properties of stochastic
integrals.

Finally we note from (4.7.5)and (4.7.7)that if {Z(A)} is any orthogonal
increment process on [-x,ñl with associated distribution function F, then

X, = I(e" ) = e'" dZ(v), te Z, (4.7.8)

is a stationary process with mean zero and autocovariance function

E(Xt+h t _ ivhdF(v). (4.7.9)

In the following section we establish a converse of this result, namely that if
{X,} is any stationary process, then {X,} has the representation (4.7.8)for an
appropriately chosen orthogonal increment process {Z(1)} whose associated
distribution function is the same as the spectral distribution function of {X,}.

§4.8*The Spectral Representation

Let {X,} be a zero mean stationary process with spectral distribution function
F. To establish the spectral representation (4.2.5)of the process {X,} we
first need to identify an appropriate orthogonal increment process {Z(A),
ÂE [-ñ, w]}. The identification of {Z(A)}and the proof of the representation
will be achieved by defining a certain isomorphism between the subspaces-
X = sp{X,,teZ} of L2(G,F,P) and X = sj5{e",teZ} of L2(F). This iso-
morphism will provide a link between random variables in the "time domain"
and functions on [-ñ,x] in the "frequency domain".

Let X = sp{X,,teZ} and X = sp{e",teZ} denote the (notnecessarily
closed) subspaces Xc L2(G, F, P) and fc L2(F) consisting of finite linear
combinations of X,, lE Z, and e" , te Z, respectively. We first show that the
mappmg

T i a;X, = 1 aje"/, (4.8.1)
\j=1 / j=1

defines an isomorphism between X and f. To check that T is well-defined,

suppose that \ i a;X,, - im i bgX, | = 0. Then by definition of the L2 F)
norm and Herglotz's theorem,

n m 2 n m 2

T i a;X, - T i bkX, - i ajé - i bye"** dF(v)
j=1 k=1 L2(F) (-n,x] j=1 k=1

n m 2
= E i a X, - i bgX, = 0,

j=1 k=1

showing that (4.8.1)defines T consistently on F. The linearity of T follows
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easily from this fact. In addition,

T a;X,, , T b,X, = a (e"r,e' )L2(F)

j=1 k=1 j=1 k=1

= a e "dF(v)
j=1 k=1 (-n,n]

= a (Xy,X,
j=1 k=1

= a X , bgX, ,

\j=1 k=1 |

showing that T does in fact define an isormorphism between and f.
We show next that the mapping T can be extended uniquely to an iso-

morphism from Ë onto Z. If YeË then there is a sequence Y,eX such
that ||Y,,- Y | a 0. This implies that {Y,,}is a Cauchy sequence and hence,
since T is norm-preserving, the sequence {TY,,} is Cauchy in L2(F). The

sequence {TY,,} therefore converges in norm to an element of f. If T is to be
norm-preserving on ž we must define

TY = m.s.lim TY,,.
15 00

This is a consistent definition of T on ž since if ||Ÿ,,- Y | - 0 then the
sequence TY,, TŸi, TY2, TŸ2,... is convergent, implying that the sub-
sequences {TY,,} and {TŸ,,}have the same limit, namely TY. Moreover using
the same argument as given in Section 4.7 it is easy to show that the mapping
T extended to Z is linear and preserves inner products.

Finally, by Theorem 2.11.1, X is uniformly dense in the space of continuous
functions ¢ on [-ñ, x] with ¢(x) = ¢(-ñ), which in turn is dense in L2(F)

(seeAsh (1972),p. 88). Hence i = L2(F). We have therefore established the
following theorem.

Theorem4.8.1.If F is the spectral distribution functionofthe stationary process
{X,, te Z}, then there is a unique isomorphism T of sp{X,, te Z} onto L2 Fµxh
that

TX, = e , te Z.

Theorem 4.8.1 is particularly useful in the theory of linear prediction (see
Section 5.6). It is also the key to the identification of the orthogonal increment
process {Z(A), -ñ

5 1 i x} appearing in the spectral representation (4.2.5).
We introduce the process {Z(A)}in the following proposition.

Proposition 4.8.1. If T is defined as in Theorem 4.8.1 then the process
{Z(1), -ñ<

A E x} defined by
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is an orthogonal increment process (seeDefinition 4.6.1). Moreover the distri-
bution functionassociated with {Z(A)} (seeProposition 4.6.1) is exactly the
spectral distribution functionF of {X,}.

PROOF. For each Ae [-ñ, ñ], Z(A) is a well-defined element of sp{X,, tE Z} by
Theorem 4.8.1. Hence (Z(A), Z(A)) < o. Since Z(A)Ešp{X,, te Z} there is a
sequence {Y,,}of elements ofšg{X,, te Z} such that ||Y,,- Z(A)|| -0 as n - œ.

By the continuity of the inner product we have

(Z(A), 1) = lim ( Y., 1) = 0
11 CO

since each X,, and hence each Y,,,has zero mean. Finally if -x

5 At i 12 i

= (I
3 4 1 2] L2(F

= 1 39 4

1.12;(v) dF(v)

= 0,

completing the proof that {Z(1)} has orthogonal increments. A calculation
which is almost identical to the previous one gives

(Z(µ) - Z(A),Z(µ) - Z(A)) = F(µ) - F(A),

showing that {Z(A)}is right-continuous with associated distribution function
F as claimed.

It is now a simple matter to establish the spectral representation (4.2.5).

Theorem 4.8.2 (The Spectral Representation Theorem). If {X,} is a stationary

sequence with mean zero and spectral distribution functionF, then there exists
a right-continuous orthogonal-increment process {Z(A), -ñ¾ A K ñ} such that

(i) E |Z(1) - Z(-ñ)|2 = F(A), -x i Ad a,

and

(ii) X, = j';_,,,,e'"dZ(v) with probability one.

PROOF. Let {Z(1)} be the process defined in Proposition 4.8.1 and let I be
the isomorphism,

I(f)= f(v)dZ(v),
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from 5 = L2(F) onto I(Ñ)E I-2(G, F,P), which was discussed in Section 4.7.
If fe 9 has the representation (4.7.1)then

I( f) = f,(Z(A ) - Z(1,))
i=O

= T¯ (f ).
This relationship remains valid for all fež = L2(F) since both I and T¯I

are isomorphisms. Therefore we must have I = T¯ (i.e.TI( f) = f for all
fE L2(F)) and hence from Theorem 4.8.1.

X, = I(e"1= e"'dZ(v),

giving the required representation for {X,}. The first assertion of the theorem
is an immediate consequence of Proposition 4.8.1.

Corollary 4.8.1. If {X,} is a zero-mean stationary sequence then there exists a
right continuous orthogonal increment process {Z(A),-ñ_<1_<ñ} such that
Z( - x) = 0 and

X, = e"'dZ(v) with probability one.

If {Y(A)}and {Z(A)}are two such processes then

P(Y(A) = Z(A)) = 1 for each Ae [ -x, x].

PROOF. If we denote by {Z*(2)} the orthogonal-increment process defined by
Proposition 4.8.1, then the process

Z(1) = Z*(A) - Z*(-ñ), -ñ<; or _<ñ,

not only satisfies Z(-x) = 0, but also has exactly the same increments as
{Z*(2)}. Hence

X, = e"'dZ*(v) = e"'dZ(v).

Suppose now that {Y(A)}is another orthogonal-increment process such
that Y(-ñ) = 0 and

X, = e"'dY(v) = e"'dZ(v) with probability one. (4.8.2)

If we define for fE L2(F),

Iy(f)= f(v)dY(v)
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and

Iz(f)= f(v)dZ(v)

then we have from (4.8.2)
Iy(e" ) = Iz(e" ) for all tE Z. (4.8.3)

Since Iy and Iz are equal on sp{e",teZ} which is dense in L2(F)(see the
comment preceding Theorem 4.8.1), it follows that 17(f) = Iz( f) for all
feL2(F). Choosing f(v)= I,_,,,,(v) we obtain (withprobability one)

Remark 1. In the course of the proof of Theorem 4.8.2, the following result

was established: Y ešlí{X,, te Z} if and only if there exists a function fe L2(F)
such that Y = 1(f) = Jy_,,,) f(v)dZ(v). This means that I is an isomorphism
of L2(F) onto spi{X,, te Z} (withthe property that I(e" ) = X,).

Remark 2. The argument supplied for Theorem 4.8.2 is an existence proof
which does not reveal in an explicit manner how {Z(1)} is constructed. In the
next section, we give a formula for obtaining Z(1) from {X,}.

Remark 3. The corollary states that the orthogonal-increment process in the
spectral representation is unique if one uses the normalization Z(-x) = 0.
Two different stationary processes may have the same spectral distribution
function, for example the processes X, = f ,,3e"*dB(A) and Y, =

Í(-2,«ie"*dN(A) with {B(A)} and {N(1)} defined as in Examples 4.6.1 and 4.6.2.
In such cases the processes must of course have the same autocovariance
function.

EXAMPLE 4.8.1. Let Z(A) = B(A) be Brownian motion on [-x,x] as defined
in Example 4.6.1 with EZ(1) = 0 and Var(Z(A)) = «2(A + ñ)/2ñ, -ñ

K AE ñ.

For te Z, set g,(v) = cos(tv)I _,,o;(v) + sin(tv)Igo,,i(v) and

X, = g,(v)dB(v) = cos(tv)dB(v) + sin(tv)dB(v) ,

J(-«,n] \J(-n,0] J(0,x] /
(4.8.4)

(cf.Problem 4.25). Then EX, = 0 by (4.7.7),and by (4.7.5),
2 q2 x

E(Xt+hXh Ût+h Ût(v)dv = -2 cos(hv)dv. (4.8.5)2x (_,,,i 2x o

Hence E(XI+hX,) = «2õh,o and consequently {X,} ~ WN(0, o.2
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Since however B(A) is Gaussian we can go further and show that the
random variables X,, t = 0, ±1, ..., are independent with X, ~ N(0,o2). To
prove this let si, ..., sk be any k distinct integers and for each fixedjlet {f|">}
be a sequence of elements of 9, i.e. functions of the form (4.7.1),such that
f "O gs,(·) in L2(F). Since the mapping Is is an isomorphism of Ö = L2(F)
onto I,(9), we conclude from (4.8.4)that

ByIs( fif"')+ ··· + 8k B
(n) SiX,, + ··· + 8,X, . (4.8.6)

The left
-hand

side, I,(i) 1 0,f,'")),is clearly normally distributed with mean
zero and variance |ff) , 8,f;f">|2. The characteristic function of Is(fj=10; ff">)
is therefore (Section 1.6)

k 2
~

n(u) = exp -¼u2 (n)
j=1 L2(FL

By the continuity of the inner product in L2 F) a n - œ,

k 2 k 2 k

0;f ("> - i 8,e'" = o.2 2

j=1 L2(F) j=1 L2(F) j=1

From (4.8.6)we conclude therefore that i 6 X has the Gaussian char-
acteristic function,

k

¢(u)= lim ¢,(u)= exp -¼u2 2

n-o j=i

Since this is true for all choices of 81, ..., Sk,We deduce that X,,, ..., X, are
jointly normal. From the covariances (4.8.5)it then follows that the random
variables X,, t = 0, ±1, ..., are iid N(0,«2)

Remark 4. If A is a Borel subset of [-ñ,ñ|, it will be convenient in the
following proposition (andelsewhere) to define

f(v)dZ(v) = f(v)I,(v) dZ(v), (4.8.7)

where the right-hand side has already been defined in Section 4.7.

Proposition 4.8.2. Suppose the spectral distribution functionF of the stationary
process {X,} has a point of discontinuity at le where -ñ< Ao<ñ. Then with
probability one,

X, = e"'dZ(v) + (Z(Ao)- Z(A¯))e"*°,

where the two terms on the right side are uncorrelated and

Var(Z(lo) - Z(l¯)) = F(lo) - F(AG).

PROOF. The left limit Z(A;) is defined to be
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Z(1¯) = m.s.lim Z(1,), (4.8.8)
N CO

where 1, is any sequence such that AnÎ lo. To check that (4.8.8)makes sense
we note first that {Z(1,)} is a Cauchy sequence since ||Z(1,) - Z(A.)| 2

F(1,) - F(A.)| -> 0 as m, n
->

o. Hence the limit in (4.8.8)exists. Moreover
if vnÎlo as n -> oo then ||Z(A.) - Z(v.)||2 _ n)

- F( .)| ->0

as no oo,
and hence the limit in (4.8.8)is the same for all non-decreasing sequences with
limit Ao.

For õ > 0 define 14 = lo ± õ. Now by the spectral representation, if
0<õ<ñ-|Aol,

X, = e"'dZ(v) + e"'dZ(v). (4.8.9)

Note that the two terms are uncorrelated since the regions of integration
are disjoint. Now as õ -+ 0 the first term converges in mean square to
.Í<-2.wi\{xo)e"'dZ(v) since

e" I,_,,,igt,_,,,,, e e" Ig_,,,iy(x ; in L2 FL
To see how the last term of (4.8.9)behaves as ö -> 0 we use the inequality

e"'dZ(v) - e"*°(Z(lo) - Z(15))

<; e"'dZ(v) - e"*°(Z(la) - Z(A-a)) (4.8.10)

+ ||Z(14) - Z(A_a) - (Z(lo) - Z(lo )) |.
As õ -> 0 the second term on the right of (4.8.10)goes to zero by the right
continuity of (Z(1)} and the definition of Z(A¯). The first term on the right
side of (4.8.10)can be written as

(e"' -
e"*°)1 (v)dZ(v)

¯ 1/2

< sup |e" e"*°|2(F(As)- F(1 a))

40 asõe0,

by the continuity of the function e". Hence we deduce from (4.8.10)that

e"'dZ(v) O e" °(Z(lo) - Z(A¯)) as õ
->0.

The continuity of the inner product and the orthogonality of the two
integrals in (4.8.9)guarantee that their mean-square limits are also orthogonal.
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Moreover

Var(Z(Ao) - Z(15)) = lim Var(Z(lo) - Z(A,)) = F(lo) - F(15). O

If the spectral distribution function has k points of discontinuity at 11, ...,

Âkthen {X,} has the representation

k

X, = e"'dZ(v) + 1 (Z(Aj)- Z(A ))e"L, (4.8.11)

where the (k+ 1) terms on the right are uncorrelated (thisshould be compared
with the example in Section 4.2).

The importance of (4.8.11)in time series analysis is immense. The process
Y, = (Z(Ao) - Z(AG))e"*°is said to be deterministic since Y,is determined for
all t if Y, is known for some to. The existence of a discontinuity in the spectral
distribution function at a given frequency lo therefore indicates the presence
in the time series of a deterministic sinusoidal component with frequency lo.

§4.9*Inversion Formulae

Using the isomorphism T of Theorem 4.8.1 and a Fourier approximation
to Igy(·)eL2(F), it is possible to express directly in terms of (X,} the
orthogonal-increment process {Z(A)}appearing in the spectral representation
(4.2.5).

Recall that for -a < v < w < ñ

T(Z(o) - Z(v)) = 14,,,,,(·)

and

TX, = e" for all te Z.

Consequently if

age O 14,23(·), (4.9.1)
j|5n

then by the isomorphism,

a,X, A Z(w) - Z(v). (4.9.2)
lilsn

An appropriate trigonometric polynomial satisfying (4.9.1)is given by the
nth-Order Fourier series approximation to I(,,,,(·), viz.

h,(A) = 1 ajeu*, (4.9.3)
tilsn

where
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In Section 4.11 we establish the following essential properties of the sequence
of approximants {h,(·)}:

sup |h,(A) - Io,,i(A)\ -> 0 as n -> oo, (4.9.5)
ÂE[-n,n]\E

where E is any open set containing the points v and w, and

sup |h,(1)]<; M < oo for some constant M and all n. (4.9.6)

Proposition 4.9.1. If F is the spectral distribution functionof the stationary

sequence {X,} and if v and o are continuity points of F such that -ñ<

v <

w <ñ, then

PROOF. Problem 4.26. O

Theorem 4.9.1. If {X,} is a stationary sequence with autocovariance function
y(·), spectral distribution function F, and spectral representation X, =

-x,xi
e"* dZ(A), and if v and o (-ñ< v < w < x) are continuity points of F,

then as n
->

oo

X e¯U* dl "O Z(o) - Z(v) (4.9.7)

and

PROOF. The left side of (4.9.7)is just T h, where T is the isomorphism of
Theorem 4.8.1 and h, is defined by (4.9.3).By Proposition 4.9.1 we conclude
that

T I h, "A T* Io,,3 = Z(w) - Z(v),

which establishes (4.9.7).To find Z(6) - Z(0¯), -ñ < 8 < ñ, see Problem
4.32.

To prove (4.9.8)we note, from the spectral representation of y(·) that the
left-hand side of (4.9.8)can be written as

un «Io,,i(A)e¯U*dAXÏ ...,e dF(0)

1 *

= - 1 Is,,i(A)e¯U*dl euedF(8)

= h,(6)dF(8).
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By Proposition 4.9.1 and the Cauchy-Schwarz inequality,

|(h,-Iy,1)]<;|h,-I 3|\F1/2(ñ)->0 asn->o.

Hence

h,(1) dF(1) -> 1 ,(A)dF(1) = F(w) - F(v),

as required.

Although in this book we are primarily concerned with time series in
discrete-time, there is a simple analogue of the above theorem for continuous-
time stationary processes which are mean square continuous. This is stated
below. The major differences are that sums are replaced by integrals and the
range of integration is R instead of (- x, ñl.

Theorem 4.9.2. Let {X(t),teR} be a zero mean stationary process with

autocovariance functiony(·) which is continuous at 0. Then there exists a
spectral distribution functionF(t) and an orthogonal-increment process Z(t) on

- oo < t < oo such that

y(s) = e''* dF(1)
D

and
00

X, = e"* dZ(A).

Moreover if v and o (-oo < v < o< o) are continuity points of F, then as
T ->

œ ,

e
">dy y(t)dt -> F(m) - F(v)

and

e¯">dy X(t)dt Z(m) - Z(v).

For a proof of this result see Hannan (1970).

§4.10*Time-Invariant Linear Filters

The process {Y,,t = 0, ±1,...} is said to be obtained from {X,,t = 0, ±1,...}
by application of the linear filter C = {Ct,k,t,k = 0, ±1,...} if

Y, = c,,,Xx, t = 0, ±1, ...; (4.10.1)
k= -oo
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the coefficients ct,k are called the weights of the filter. The filter C is said to be
time-invariant if ct,k depends only on (t - k), i.e. if

c,,, = h,_,, (4.10.2)
since then

K-s= Ct-s,kXk
k=-o

= 2 c,,,,,Xk
k= -oo

= 2 ct,kXk-s>
k=-o

i.e. the time-shifted process {Y,_,,t=0,±1,...} is obtained from {X,_,

t = 0, ± 1, . . . }by application of the same linear filter C. For the time-invariant
linear filter H = {hi,i= 0, ±1,...} we can rewrite (4.10.1)in the form

= 1 h,Xt-k. (4.10.3)
k= -oo

The time-invariant linear filter (TLF) H is said to be causal if

hk = 0 for k < 0, (4.10.4)
since then is expressible in terms only of X,, s < t.

EXAMPLE 4.10.1. The filter defined by

= aX_,, t = 0, ±1, ...,

is linear but not time-invariant since the weights are ct,k t,-k
Which do not

depend on (t - k) only.

EXAMPLE 4.10.2. The filter
= a_;X,41 + aoX, + aiX,_;, t = 0, ±1, ...,

is a TLF with hy= ay,j =
-1,

0, 1 and hy= 0 otherwise. It is not causal unless

a_, = 0.

EXAMPLE 4.10.3. The causal ARMA(p, q) process,

¢(B)X, = 8(B)Z,, t = 0, ±1, ...,

can be written (byTheorem 3.1.1)in the form

X, = 1 ¢;Z,
j=O

where i o gzi = 0(z)/¢(z), (z!< 1. Hence {X,} is obtained from {Z,} by
application of the causal TLF {¾,j = 0, 1,2,...}.
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Definition 4.10.1. An absolutely summable time-invariant linear filter H =

{hy,j= 0, ±1,...} is a TLF such that

|h,| < oo.

If {X,} is a zero-mean stationary process and H is an absolutely summable
TLF, then applying H to {X,} gives

Y = h X, _;. (4.10.5)

By Theorem 4.4.1 we know that {Y,}is stationary with zero mean and spectral
distribution function

Fy(A)= |h(e¯")|2dFy(v), (4.10.6)

where

h(e¯") = hje¯U'.
j= -o

In the following theorem, we show that (4.10.5)and (4.10.6)remain valid under
conditions weaker than absolute summability of the TLF. The theorem also
shows how the spectral representation of the process {Y,} itself is related to
that of {X,}.

Theorem 4.10.1. Let (X, } be a zero-mean stationary process with spectral
representation

X, = e"'dZy(v)

and spectral distribution functionFy(·). Suppose H = {hy,j=0, ±1,...} is a
TLF such that the series 2 _,hje¯U converges in L2(Fy) norm to

h(e¯'°) = hje¯U° (4.10.7)

as n -> oo. Then the process

Y, = h,X,

is stationary with zero mean, spectral distribution function

Fy(A) = |h(e¯") |2dFy(v) (4.10.8)

and spectral representation
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Y, = e"'h(e ") dZ,(v). (4.10.9)

If h(e ") is non-zero for v ¢ A where LdFy(A) = 0, the filter H can be
inverted in the sense that X, can be expressed as

X, = g(e ")e"'dZy(v), (4.10.10)

where g(e¯") = 1/h(e¯") and dZy(v) = h(e¯") dZy(v). From (4.10.10)and
Remark 1 of Section 4.8 it then followsthat X,ešl5{Y,, -oo < s < œ}.

PROOF. From the spectral representation of {X,} we have

h,X,_; = e"' hje¯'i'dZy(v) (4.10.11)
j= -n (-2,2] j= -n

and since B hje¯'A converges to h(e¯') in L2(Fy), it follows that the left
side of (4.10.11)converges in mean square and that

Y = h;X,_,= e"'h(e ")dZ,(v).

Equation (4.10.8)then follows directly from (4.7.5).
Once (4.10.10)is established, it will follow immediately that

X, E šji{ Y,, - oo < s < oo }.
Since g(e¯")h(e¯") = 1 for v ¢ A and J dFy(A)= 0, it follows that ge L2(Fy)

so that the stochastic integral in (4.10.10)is well-defined. Also,

2 2

X, - g(e "')e"' dZy(v) = e"'(1 - g(e¯"')h(e¯"')) dZy(v)

= |1 - g(e¯"')h(e¯"') |2dFy(v)

= 0,

which establishes (4.10.10). O

Remark 1. An absolutely summable TLF satisfies the assumptions of the first
part of the theorem since in this case, _, hje¯' converges uniformly to
h(e ' ).

Remark 2. Heuristically speaking the spectral representation of {X,} de-
composes X, into a sum of sinusoids,

e"'dZ,(v), -a<

v _<ñ.
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The effect of the TLF H is to produce corresponding components

h(e¯")e"'dZy(v), -ñ<

v <; x,

which combine to form the filtered process {Y,}.Consequently (h(e¯")is often
called the amplitude gain of the filter, arg h(e¯") the phase gain and h(e¯") itself
the transfer function.In view of (4.10.8)with A = ñ, the quantity |h(e

")|2

referred to as the variance (orpower) gain or as the power transfer functionat
frequency v.

Remark 3. The spectral viewpoint is particularly convenient for linear filtering
since techniques are available for producing physical devices with prescribed
transfer functions. The analysis of the behaviour of networks of such devices
is particularly simple in terms of spectral analysis. For example if {X,} is
operated on sequentially by two absolutely summable TLF's Hi and H2
series, then the output process {I¾} will have spectral representation

l¾= e"'hi(e ")h2(e¯")dZy(v)

and spectral distribution function

F,(A)= |h,(e ")h2(e¯") 2dFy(v).

Remark 4. Let { }be the MA(1) process,

Y, = Z, - Z,
_ 1, {Z,} ~ WN(0, Û2

Then since h(e¯") = 1 - e¯" is non-zero for v ¢ 0 and since Fz is continuous
at zero, it follows from Theorem 4.10.1 that

Z, = e"'(1 - e
") I dZy(v).

Although in this case Z, e sii{Ys, - œ < s < t} (seealso Problem 3.8),Z, does
not have a representation of the form fj° o a, ,. More generally, the filter
(1- B) can be inverted whenever the spectral distribution function of the
input process is continuous at zero. To illustrate the possible non-invertibility
of (1- B), let us apply it to the stationary process,

Z; = Z, + A,

where A is uncorrelated with {Z,}, E(A) = 0 and Var(A) = «i > 0. Since

(1 - B)Z, = (1 - B)Z;,

it is clear that we cannot hope to recover {Z;} from { }.In this example
the transfer function, h(e¯") = 1 - e

", is zero at v = 0, a frequency to which

Fz, assigns positive measure, aj.
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§4.11*Properties of the Fourier Approximation
h,, to Io, as

In this section we establish the properties (4.9.5)and (4.9.6)of the trigonometric
polynomials

1 "

h,(0) = - i e'J° ly(1)e¯'JAdA, (4.11.1)

which were used in deriving the inversion formulae of Section 4.9.
Let D,(·) be the Dirichlet kernel (seeSection 2.11),

isin[(n
+ i)A] .

if A¢ 0,
D,(A)= 1 e'J* = sin(A/2)

lil<n .

2n+1 ifl=0.

Proposition 4.11.1.1/ ö e (0,2ñ) and {f.} is the sequence of functionsdefined by
x

f,(x) = D,(A)dA,
O

then as n - oo, f,(x) añuniformly on the set [ö,2ñ- õ] and

sup |f,(x)| < M < o for all n > 1.
XE[O,2n-ô]

PROOF. We have for x > 0,

x x/2

D,(1)dA=2 1¯ sin((2n+1)1)dk
O O

x/2

+ 2 g(1)sin((2n + 1)1)dl, (4.11.2)
O

where g(A) = [sin¯ (A)- A¯ ] = (1- sin A)/(Asin1). Straightforward calcula-
tions show that g(1) = 1/6 + o(A),g'(1) = 1+ o(1) as 1-+0 and that g(A)and
g'(A)are uniformly bounded on [0,x - õ/2]. Integrating the second term on
the right side of (4.11.2)and using the fact that g(0) = 0, we obtain

x/2

2 g(1)sin((2n + 1)A)dl =

-2(2n

+ 1) g(x/2)cos((2n + 1)x/2
0

x/2

+ 2(2n + 1)¯ g'(A)cos((2n + 1)A)dA.
O

Since g(1) and g'(1) are bounded for Ae [0,x - õ/2] it follows easily that this
expression converges to zero uniformly in x on the set [0,2ñ- õ]. On the
other hand by a standard result in analysis (seeBillingsley (1986),p. 239),



158 4. The Spectral Representation of a Stationary Process

x/2 (2n+1)x/2
2 i sin((2n + 1)1)dA = 2 1 i sin idi

O O

->

x as n
-+

oo. (4.11.3)
It is also evident that the convergence in (4.11.3)is uniform in x on the set
[õ,2x- õ] and hence that f,(x) converges uniformly to x on the same set.
Moreover since the integral 2 goa sin Adl is a continuous function on [0,œ)

with fmite limits at y = 0 and y = o, the integral in (4.11.3)is uniformly

bounded in x (>0) and n. Combined with the uniform convergence to zero of
the second integral on the right of (4.11.2),this shows that f,(x) is uniformly

bounded for XE [0,2ñ - ö] and n > l. [¯]

Proposition 4.11.2. If {h,}is the sequence of functionsdefined in (4.11.1),then

for-z<v<w<ñ,
sup h,(0) - Is.,,(0) - 0 as n -> oo,

Bel-n,x]\E

where E is any open subset of [-x,ñ] containing both v and o. Also

sup h,(0) | <; M < oo forall n > 1.

PROOF.

1
h,(8) = - i eu e¯* dl

1 "

= - D,(0 - 1)di
2x

1 *

= D,(A)d2

8-v 8-o
= - D,(A)di - D,(A)dl . (4.11.4)2 o o

Given the set E, there exists a õ > 0 such that ö < |Ð- v| < 2x - õ and
ö < (8- o < 2ñ - õ for all Be[-ñ,ñ]\E. Since D,(A)is an even function it
follows from Proposition 4.1l.l that

1 °¯' ¼ if 8 - v > 0,
- D,(1) di -2x o -¼ if6-v<0,

and the convergence is uniform in 8 on [-r,ñ]\E. The same result holds with

v replaced by o, and hence h,(0) -> Is (0)uniformly on [-x,ñ]\E.
The uniform boundedness of h,(0) follows on applying Proposition 4.11.1

to (4.11.4)and noting that 0 - v < 2x and |8 - w| < 2ñ for all 6 EE-X, X].

O
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Problems
4.1. If 7(·) is the autocovariance function of a complex-valued stationary process,

show that y(0) ;> 0, |y(h)|< y(0), y(h) = y(-h), and that y(·) is non-negative
definite (see(4.1.6)).

4.2. Establish whether or not the following function is the autocovariance function
of a stationary process:

l if h = 0,
-.5 if h = ±2,

y(h) =
-.25 if h = ±3,

0 otherwise.

4.3. If 0 < a < x, use equation (4.3.1)to show that

(h¯sinah, h= ±1,±2,...,
a, h = 0,

is the autocovariance function of a stationary process {X,,t = 0, ±1,...}. What
is the spectral density of {X,}?

4.4. If {X,} is the process defined by equation (4.2.1),show that {X,} is real-valued if
and only if 1, = -1, _, and A(1,) = A(A,_,), j = 1, ..., n - 1 and A(1,,) is real.
Show that {X,} then satisfies equation (4.2.2).

4.5. Determine the autocovariance function of the process with spectral density

4.6. Evaluate the spectral density of {Z,}, where {Z,} ~ WN(0,«2X
4.7. If {X,} and {Y,}are uncorrelated stationary processes with spectral distribution

functions Fy(·) and Fy(·), show that the process {Z, := X, + }is stationary and
determine its spectral distribution function.

4.8. Let {X,} and {¾}be stationary zero-mean processes with spectral densities fx
and fy. If fx(A) 5 fy(A) for all le[ -ñ,ñ], show that
(a) F,,,y - F,,, is a non-negative definite matrix, where F,,, and f.,x are the

covariance matrices of Y = (Yi,..., Y.)' and X = (Xi,...,X,)' respectively,

and
(b) Var(b'X) i Var(b'Y) for all b = (bi,...,b.)'EÑn

4.9. Let {X,} be the process

X, = A cos(xt/3) + Bsin(ñt/3) + ¾
where = Z, + 2.5Z,_,, {Z,} ~ WN(0, «2), and A and B are uncorrelated (0,v2

random variables which are also uncorrelated with {Z,}. Find the covariance
function and the spectral distribution function of {X,}.

4.10. Construct a process {X,} which has spectral distribution function,

Fy(w) = 3x + m,
-ñ/6

so < x/6,

5x+m, x/6fosx.
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For which values of d does the differenced process VaX, = X, - Xt-d have a
spectral density? What is the significance of this result for deseasonalizing a time
series by differencing?

4.11. Let {X,} be the ARMA(p,q) process defined by

¢(B)X,= 8(B)Z,, {Z,} ~ WN(0,«2L
where ¢(z)¢ 0 for all zeC such that |z| = 1. Recall from Example 3.5.1 that for
some r > 1,

where the series converges absolutely in the region specified. Use this result in
conjunction with Corollary 4.3.2 to deduce that {X,} has a spectral density and
to express the density in terms of Œ2, 0(·) and ¢(·).

4.12. Let {X,} denote the Wölfer sunspot numbers (Example 1.1.5) and let {Y,}denote
the mean-corrected series, = X, - 46.93, t = 1, ..., 100. The following AR(2)
model for { }is obtained by equating the theoretical and sample autocovariances
at lags 0, 1 and 2:

- 1.317 i +
.634

_2 - Z,, {Z,} ~ WN(0,289.3).

(These estimated parameter values are called "Yule-Walker" estimates and can
be found using the program PEST, option 3.)

Determine the spectral density of the fitted model and find the frequency at
which it achieves its maximum value. What is the corresponding period? (The
spectral density of any ARMA process can be computed numerically using the

program PEST, option 5.)

4.13. If {X,} and { }are stationary processes satisfying

X, - 2X,_, =
, { } ~ WN(0,«2X

and

- œ ,
= X, + Z,, {Z,} ~ WN(0,62

where ja| < 1 and { }and {Z,} are uncorrelated, find the spectral density of

{ }.
4.14. Prove Corollary 4.4.1.

4.15. Let {X,} be the MA(1) process,

X, = Z, - 2Z,_,, {Z,} ~ WN(0,«21

Given e > 0, find a positive integer k(s) and constants ao = 1, ai, ..., as such that
the spectral density of the process

k
= 2 a;X,

j=0

satisfies sup_ fy(A)- Var( )/2x|< e.

4.16. Compute and sketch the spectral density f(A), 0 _<A_<x, of the stationary
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process {X,} defined by

X, - .99X,_3 = Z,, {Z,} ~ WN(0, 1).

Does the spectral density suggest that the sample paths of {X,} will exhibit
oscillatory behaviour? If so, then what is the approximate period of the oscil-
lation? Compute the spectral density of the filtered process,

= {(X, i + X, + X, ),
and compare the numerical values of the spectral densities of {X,} and { }at
frequency w = 2x/3 radians per unit time. What effect would you expect the
filter to have on the oscillations of {X,}?

4.17. The spectral density of a real-valued process {X,} is defined on [0,x] by

{100,
ñ/6

-
.01

< 1 < x/6 +
.01,

0, otherwise,

and on [-x,0] by f(A) = f(-1).
(a) Evaluate the covariance function of {X,} at lags 0 and 1.

(b) Find the spectral density of the process { }where

:= V,2X, = X, - X,_,2.

(c) What is the variance of ?
(d) Sketch the power transfer function of the filter V,2 and use the sketch to

explain the effect of the filter on sinusoids with frequencies (i)near zero and
(ii)near x/6.

4.18. Let {X,} be any stationary series with continuous spectral density f such that
0 < f(A) KK and f(x) ¢ 0.
Let f,(A) denote the spectral density of the differenced series {(1-

B)"X,}.

(a) Express f,(A) in terms of fn-1(1)and hence evaluate f,,(A).
(b) Show that f,,(A)/f,(ñ) -> 0 as n -> œ for each ÂE [0,x).

(c) What does (b) suggest regarding the behaviour of the sample-paths of

{(l - B)"X,} for large values of n?

(d) Plot {(1- B)"X,} for n = 1, 2, 3 and 4, where X,, t = 1, ..., 100 are the
Wölfer sunspot numbers (Example 1.1.5). Do the realizations exhibit the
behaviour expected from (c)?Notice the dependence of the sample variance
on the order of differencing. (The graphs and the sample variances can be
found using the program PEST.)

4.19. Determine the power transfer function of the time-invariant linear filter with
coefficients ¢o = 1, ‡, = -22, ‡2 = 1 and ‡¿= 0 for j ¢ 0, 1 or 2. If you wish

to use the filter to suppress sinusoidal oscillations with period 6, what value of

a should you use? If the filter is applied to the process defined in Problem 4.9,
what is the spectral distribution function of the filtered process, Y = X, -
2œX,_, + X,_2?

4.20.* Suppose {Z(A),-ñ < 1 < x} is an orthogonal-increment process which is not
necessarily right-continuous. Show that for all Ae [-ñ, x), Z(1 + õ) converges
in mean square as õ¿0. Call the limit Z(A*) and show that this new process is

a right-continuous orthogonal-increment process which is equal to Z(1) with

probability one except possibly at a countable number of values of l in [-ñ, x).
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4.21.* (a) If {Z,} is an iid sequence of N(0, 1) random variables, show that the
associated orthogonal-increment process for {Z,} is given by

dZ(A) = dB(A)+ dB(-1) + i(dB(-1) - dB(A))

where B(A)is Brownian motion on [-ñ, x| with <72
= 1/4 (seeExample

4.6.1) and where integration relative to dB(-A) is defined by

f(A)dB(-A)= f(-1)dB(A)

for all fE £2

(b) Let X, = A cos(wt) + B sin(ot) + Z, where A, B and Z,, t = 0, ±1,..., are
iid N(0, 1) random variables. Give a complete description of the
orthogonal-increment process associated with {X,}.

4.22.* If X, = f(_,,,,e""dZ(v) where {Z(v), -x i vs x} is an orthogonal increment

process with associated distribution function F(·), and if - ¢ _, = X,, where
¢E(-1, 1), find a function ‡( ) such that

e"'‡(v) dZ(v).

Hence express E(¾aÏ,)as an integral with respect to F. Evaluate the integral
in the special case when F(v) =

(T2(v + x)/2x, -x < vs x.

4.23.* Let {Z(v), -ñ

5 vs x} be an orthogonal increment process with associated
distribution function F(·) and suppose that ‡ e L2(F).

(a) Show that

is an orthogonal increment process with associated distribution function,

(b) Show that if ge L2(G) then g¢ e L2(F) and

(c) Show that if |‡ > 0 (exceptpossibly on a set of F-measure zero), then

1

4.24.* If {X,} is the stationary process with spectral representation,

X, = e"'dZy(v), t = 0, ±1, ...,
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where E|dZ,(v)|2
- N2dF(v), F is a distribution function on [ -ñ, x], ¢ ¢ 0

almost everywhere relative to dF, and ¢ e L2(F), show that

Y= e'"¢ (v)dZy(A), t=0,±l,...,

is a stationary process with spectral distribution function F.

4.25.* Suppose that {X,} is a real stationary process with mean zero, spectral
distribution function F and spectral representation X, = Jy_,,,3e'"dZ(v). Let
U(A)= Re{Z(1)} and V(A)= -Im{Z(A)} and assume that F is continuous at
0 and z.
(a) Show that dF(A) = dF(-1), i.e. J ,,,3g(A)dF(A) = f _,,,,g(A)dF(-A) for

all ge L2(F), where integration with respect to F(-1) is defined by

g(A)dF(-1) = g(-1)dF(A).

(b) Show that dZ(A) = dŽ( , i.e. J_
,,,3 g(A)dZ(A) = J_

,,,3 g(A)dZ(-1) for
all ye L2(F), where integration with respect to Z(-1) is defined by

g(A)dZ(-A) = g(-1)dZ(A).

Deduce that dU(i) = dU(-1) and dV(A)= -dV(-1).
(c) Show that {U(A), 0 5 A_< ñ} and {V(A), 0 5 i 5 ñ}

are orthogonal
increment processes such that for all 1 and µ,

E(dU(A)dU(µ)) = 2¯ õ¿,,dF(1),

E(dV(A)dV(µ)) = 2 õ¿,,dF(A),

and

E(dU(1)dV(µ)) = 0.

(d) Show that

X, = cos(vt)dU(v) + sin(vt)dV(v)

and that

X, = 2 cos(vt)dU(v) + 2 sin(vt)dV(v).
J[0,n] J[0,n]

4.26.* Use the properties (4.9.5)and (4.9.6)to establish Proposition 4.9.1.

4.27.* Let {Z(v), -xsv < x} be an orthogonal-increment process with E Z(v2) -
Z(vi) 2

-- a v2 - vi), v2 2 vi. Show that

Y = (x - |v/2)¯ e'"dZ(v),
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is a stationary process and determine its spectral density and variance. If

X, = e"'dZ(v),

find the coefficients of the time-invariant linear filter which, when applied to

{Y}, gives {X,}.

4.28.* Show that if ¢( ) and 0( ) are polynomials with no common zeroes and if
¢(z)= 0 for some zeC such that |z| = 1, then the ARMA equations

¢(B)X, = 8(B)Z,, {Z,} ~WN(0,«2L
have no stationary solution. (Assume the existence of a stationary solution and
then use the relation between the spectral distributions of {X,} and {Z,} to
derive a contradiction.)

4.29.* Let {X,} be the stationary solution of the ARMA(p, q) equations,

¢(B)X,= 8(B)Z,, {Z,} ~WN(0,«2¾

where

¢(z)= (1- a z)···(1 - a z)(1 - a¯ I,z) (1 - a¯ Iz),

and

agl > l, i= 1,...,r; |a,|<1, i= r + 1,...,p.

Define

¢(z)= (1 - a
Iz)· (1- a z)(1 - ä,,iz)

·(1

- ä,z),

and show (by computing the spectral density) that {¢(B)X,} has the same
autocovariance function as {a,,, a,|28(B)Z,}. It follows (seeSection 3.2)
that there exists a white noise process {Ž,}in terms of which {X,} has the
causal representation,

¢(B)X, = 0(B)Ž,.
What is the variance of Ž,?

4.30.* Prove Theorem 4.l.l. (To establish the sufficiency of condition (4.1.6),let K, and
K2 be the real and imaginary parts respectively of the Hermitian function K and
let Lí") be the 2n × 2n-matrix,

1 Kl") Kl")
Lí") =

2 -U2") K'") , where KI,.") = |K,.(i - j)f 1, r = 1, 2.

Show that L*"lis a real symmetric non-negative definite matrix and let (Y,,..., Y.,
Z,,...,Z,,)' be a Gaussian random vector with mean 0 and covariance matrix
L'"). Define the family of distribution functions,

F,,,,...,,,,,(yi,zi,...,ys,z,,):=P(Y,5yg,Z,5zi,...,Y,5y.,Z,5z.),
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ne {1,2,...},te Z, and use Kolmogorov's theorem to deduce the existence of a
bivariate Gaussian process {( , Z,), t è Z} with mean zero and covariances

E( +h )=E(Z,,,Z,)=¼Ki(h),

E(Yt+h t) = - E(Z, ) = ¼K2(h).

Conclude by showing that {X, := y - iZ,, te Z} is a complex-valued process
with autocovariance function K( ).)

4.31.* Let {B(A),-x i i i x} be Brownian motion as described in Example 4.6.1. If

ge L2(di) is a real-valued symmetric function, show that the process defined by

X, = cos(tv)g(v)dB(v) + sin(tv)g(v)dB(v), t = 0, ±1, ...,

J(-n,0] J(0,n]

is a stationary Gaussian process with spectral density function g2(A)J2/(2x).

Conversely, suppose {X,} is a real stationary Gaussian process with orthogo-
nal-increment process Z(A)and spectral density function f(1) which is strictly
positive. Show that the process,

is Brownian motion.

4.32.* Show that for any spectral c.d.f. F on [-ñ, x], the function D,,(·
-0)/(2n

+ 1)

(seeSection 2.11) converges in L2(F) to the indicator function of the set {0}.
Use this result to deduce, in the notation of Theorem 4.9.1, that Z(8) - Z(8 ),

-x < 0 g x, is the mean square limit as n - oo of

(2n+ 1)¯ LX exp( - ij8).
Illsn



CHAPTER 5

Prediction of Stationary Processes

In this chapter we investigate the problem of predicting the values {X,,
t > n + 1} of a stationary process in terms of {Xy,..., X,,}. The idea is to utilize
observations taken at or before time n to forecast the subsequent behaviour
of {X,}. Given any closed subspace A of L2(G, F, P), the best predictor in A
of Xtr+hÏS defined to be the element of A with minimum mean-square distance
from Xt!+h. This of course is not the only possible definition of "best", but for
processes with finite second moments it leads to a theory of prediction which
is simple, elegant and useful in practice. (In Chapter 13 we shall introduce
alternative criteria which are needed for the prediction of processes with in-
finite second-order moments.) In Section 2.7, we showed that the projections
Emx,,...,x.>Xtr+h and Pgi,

...,
Xrl+h RTC TCSpectively the best function of

Xi, ..., X,, and the best linear combination of 1, Xi, ..., X, for predicting
Xrl+h. FOr the reasons given in Section 2.7 we shall concentrate almost ex-
clusively on predictors of the latter type (bestlinear predictors) instead of
attempting to work with conditional expectations.

§5.1The Prediction Equations in the Time Domain

Let {X,} be a stationary process with mean µ and autocovariance function
y(·). Then the process {Y} = {X, - µ} is a zero-mean stationary process with
autocovariance function y( ) and it is not difficult to show (Problem 5.1) that

4{i,x,,...,x,}Xn+h¯ {Yi,-- ,Yn} n+h. (5.1.1)
Throughout this chapter we shall assume therefore, without loss of generality,
that µ = 0. Under this assumption it is clear from (5.1.1)that

4{i,x,,...,x.)Xn+h - Py;(x,,..., Xn+h. (5.1.2)
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Equations for the One-Step Predictors

Let if,, denote the closed linear subspace šp{X,,...,X,,}, n > 1, and let Ž,,41,
n > 0, denote the one-step predictors, defined by

- 0 if n = 0,
X,,41 = (5.1.3)X,,, if n > 1.

Since insi e af., n 2 1, we can write

Žn+1= #n1X,, + ··· + ¢,,,,Xi, n ;> 1, (5.1.4)
where ¢,,i,..., ¢,,,,satisfy the prediction equations (2.3.8),viz.

n,X,,,,_¿,X,,i_, = (X,,41,X,,, ;), j= l,...,n,
i=1

with (X, Y) = E(X Y). By the linearity of the inner product these equations

can be rewritten in the form,

¢,,,y(i- j) = y( j), j = 1, ..., n,
i=1

or equivalently

F,,#n = y,,, (5.1.5)
where F,, = [y(i - j)1 .,,,, y,, = (y(1),..., y(n))' and ‡,, = (¢,,, ..., ¢,,)'.The
projection theorem (Theorem 2.3.1) guarantees that equation (5.1.5)has at
least one solution since Ž,,, must be expressible in the form (5.1.4)for some
¢,,e R". Equations (5.1.4)and (5.1.5)are known as the one-step prediction
equations. Although there may be many solutions of (5.1.5),every one of them,
when substituted in (5.1.4),must give the same predictor i,,41 since we know
(alsofrom Theorem 2.3.1) that i,,41 is uniquely defined. There is exactly one
solution of (5.1.5)if and only if F,,is non-singular, in which case the solution is

þ,, = F,, i y,,. (5.1.6)
The conditions specified in the following proposition are sufficient to ensure
that F,, is non-singular for every n.

Proposition5.1.1. If y(0) > 0 and y(h) -> 0 as h -> oo then the covariance matrix
F,, = [y(i- j)1,wi,...,,, of (X1,...,X,,)' is non-singular for every n.

PROOF. Suppose that T,, is singular for some n. Then since EX, = 0 there exists
an integer r :> 1 and real constants ai, ..., a, such that F, is non-singular and

X,,, = a;X,
j=1

(seeProblem 1.17). By stationarity we then have
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Xr+h jXj+h-1, fOr all h > 1,
j=1

and consequently for all n 2 r + 1 there exist real constants afi"),..., at"), such
that

X, = af">'X,, (5.1.7)
where X, = (Xi,...,X,)' and af") = (af,"),...,af"))'. Now from (5.1.7)

y(0) = at""r,af")

= at"'PAP'af"),

where (seeProposition 1.6.3) A is a diagonal matrix whose entries are the
strictly positive eigenvalues At i A2 r

Of fr, and PP' is the identity
matrix. Hence

y(0) > Aya"'PP'al")

j=1

which shows that for each fixed j, a
") is a bounded function of n.

We can also write y(0) = Cov(X ,L , aj">X,), from which it follows that

y(0) 5 |aj")| |y(n- j) |.
j=1

In view of this inequality and the boundedness of a) ), it is clearly not possible
to have y(0)>0 and y(h)-0 as hoco if F, is singular for some n. This
completes the proof.

Corollary 5.1.1. Under the conditions of Proposition 5.1.1, the best linear pre-
dictor inst of X,,, in terms of Xi, ..., X, is

= 4,X,41_,, n = 1, 2, ...,

i=1

where þ,:=(gi,...,4,)'=F,¯ y,, y,:=(y(1),...,y(n))' and F,=[y(i-j)1,,=1, .

The mean squared error is v. = y(0) - y' T¯ y..

PROOF. The result is an immediate consequence of (5.1.5)and Proposition
5.1.1. [¯]

Equations for the h-Step Predictors, h ;> 1

The best linear predictor of Xn+h ÌR teTUS of X,, ..., X, for any h > 1 can be
found in exactly the same manner as Žn+1.Thus

PyXn+h = ('X, + ··· + d'Xi, n, h > 1, (5.1.8)
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where þ¶ = (¢jf,...,¢jf)' is any solution (uniqueif F, is non-singular) of

F,¢| = ylh), (5.1.9)
where ylh) = (y(h),y(h+ 1),...,y(n + h - 1))'.

§5.2Recursive Methods for Computing Best Linear
Predictors

In this section we establish two recursive algorithms for determining the
one-step predictors insi, n > 1, defined by (5.1.3),and show how they can be
used also to compute the h-step predictors PyXn+h, h > 1. Recursive pre-
diction is of great practical importance since direct computation of PyXn+h
from (5.1.8)and (5.1.9)requires, for large n, the solution of a large system of
linear equations. Moreover, each time the number of observations is increased,
the whole procedure must be repeated. The algorithms to be described in this
section however allow us to compute best predictors without having to
perform any matrix inversions. Furthermore they utilize the predictors based
on n observations to compute those based on n + 1 observations, n = 1, 2,
... . We shall also see in Chapter 8 how the second algorithm greatly facilitates
the computation of the exact likelihood of {Xi,..., X,} when the process {X,}
is Gaussian.

Recursive Prediction Using the Durbin-Levinson Algorithm

Since is,, = PyX,41 Effn, n > 1, we can express Î,41 in the form,

= ¢,iX, + ··· + ¢,,X,, n > 1. (5.2.1)
The mean squared error of prediction will be denoted by v,. Thus

v.= E(X.41 - iss,)2, n > 1, (5.2.2)
and clearly vo = y(0).

The algorithm specified in the following proposition, known as the Durbin
or Levinson algorithm, is a recursive scheme for computing #, = (¢,i,..., ¢, )'
and v, for n = 1, 2, ... .

Proposition 5.2.1 (The Durbin-Levinson Algorithm). If {X,} is a zero mean
stationary process with autocovariance functiony(·) such that y(0) > 0 and
y(h) - 0 as h - oo, then the coefficients ¢,jand mean squared errors v, as defined
by (5.2.1)and (5.2.2)satisfy ¢,2 = y(1)/y(0), vo = y(0),

n-1

¢nn= y(n) - i ¢,_, jy(n
- j) v¯ i, (5.2.3)

j=1
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n1 n-1,1 n-1,n-1
= i - ¢,, (5.2.4)

n,n-1 n-1,n-1 n-1,1

and

v. = v _, [1 - ¢,2n]. (5.2.5)

PROOF. By the definition of PA, 11 = šp{X2,...,X,} and £2 = sp{Xi -

PAXi} are orthogonal subspaces of ff, = sp{X;,...,X,}. Moreover it is easy
to see that for any YE L2(G, F,P), Y = Pg Y + Pg Y. Hence

Ê,,, = PAX,,, + PgX,,, = PAX,,, + a(Xi - PAX,), (5.2.6)
where

a = (X.41,X, - PAXi)/ |Xi - PAXi |2. (5.2.7)
Now by stationarity, (X,,...,X,)' has the same covariance matrix as both
(X,,X,_i,...,Xi)' and (X2,...,X.41)', so that

n-1

X, = 2 (_ X,,,, (5.2.8)
j=1

n-1

Pg X,,, = 2 ¢ X,,, _;, (5.2.9)
j=1

and

||Xi - PAX, | 2 = ||X,,, - PAX |2 = ||X, - Î,||2 n-i. (5.2.10)
From equations (5.2.6),(5.2.8)and (5.2.9)we obtain

n-1

Z,,, = aXi + 1 [¢, y,, - ag_i,,_;]Xn+1-j, (5.2.11)
j=1

where, from (5.2.7)and (5.2.8),
n-1

a= (X,,,,X1) - i Á-i,j(X,,,,X,41) v
j=1

n-1

= y(n) - i & y,,y(n
- j) v 1.

j=1

In view of (5.1.6)and Proposition 5.1.1, the assumption that y(h) - 0 as he ao

guarantees that the representation

= 1 ÁgX,41 , (5.2.12)
j=1

is unique. Comparing coeflicients in (5.2.11)and (5.2.12)we therefore deduce
that

Án= a (5.2.13)
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and
¢nj=¢n-1.j-a¢,_i,, y, j=1,...,n-1, (5.2.14)

in accordance with (5.2.3)and (5.2.4).
It remains only to establish (5.2.5).The mean squared error of the predictor

n+1

= | X,,, - PgX,,, - PyX,,, ||2
= \X,,, - PgX,,, |2 + )PyX,,i l 2

- 2(X.41 - PAX,41,PAX.41)

= v._i + a2 n-i - 2a(X, y,X, - PAX,),

where we have used (5.2.10),the orthogonality of £1 and £2, and the fact
that P X,,, = a(Xi - PcX,). Finally from (5.2.7)we obtain

v. = v,-, (1- a2
as required.

In Section 3.4 we gave two definitions of the partial autocorrelation of {X,}
at lag n, viz.

a(n) = Corr(X,,, - g(x,,..., X,,,,X1 - 4{x2,...,x,}Xi)

and

In the following corollary we establish the equivalence of these two definitions
under the conditions of Proposition 5.2.1.

Corollary 5.2.1 (The Partial Autocorrelation Function). Under the assumptions
of Proposition 5.2.1

Án= Corr(X,,, - P-
...

X,,,,Xi - P-gy,,...,x, Xi)·

PROOF. Since PcX,411(Xi - P Xi), equations (5.2.13),(5.2.7)and (5.2.10)
give

(, = (Xn+1,X, - PAXi)/||X, - PAX,||2

= (X,,, - PéX,,,,X, - PgX,)/||X, - PAXi |2
= Corr(X,,, - Pg Xn+1, Xi - Pg Xi).

Recursive Prediction Using the Innovations Algorithm

The central idea in the proof of Proposition 5.2.1 was the decomposition of
ff, into the two orthogonal subspaces fi and £2. The second recursion,
established below as Proposition 5.2.2, depends on the decomposition of ff,
into n orthogonal subspaces by means of the Gram-Schmidt procedure.



172 5. Prediction of Stationary Processes

Proposition 5.2.2 is more generally applicable than Proposition 5.2.1 since
we allow {X,} to be a possibly non-stationary process with mean zero and
autocovariance function,

x(i,j) = (X;,X;) = E(X;X;).

As before, we define ( = šli{X,,...,X,}, Ž,,, as in (5.1.3),and v. =

|X,,, - Î,,i||2. Clearly (definingŽi := 0),

4 = šÏi{Xi -
Ž¡,X2

-
Î2,...,X,

- Î,}, n > 1,

so that

n+1 = 1 (X,,i
_

- insi
_ ).

j=1

We now establish the recursive scheme for computing {8,,,j=1,...,n;v,,},
n = 1, 2, . . . .

Proposition 5.2.2 (The Innovations Algorithm). If {X,} has zero mean and
E(X;X,) = x(i,j), where the matrix [x(i,j)T,j=iis non-singular for each n= 1,
2, ..., then the one-step predictors X,,,, n > 0, and their mean squared errors
v., n > 1, are given by

0 if n = 0,

,,,, = n (5.2.15)
(X.41_,-Î,,,_;)ifn>1,

j=1

and

ve = x(l, 1),

k-1

0,,,_, -
(I x(n + 1,k + 1) - Gk,k-jn,n-j j , k = 0, 1, ..., n - 1,

un = x(n + 1, n + 1) - 8,2 vy. (5.2.16)
(It is a trivial matter to solve (5.2.16)recursively in the order vo; 8,1, vi; 0229
622,v2,833,832,632,v3,....)

PROOF. The set {Xi - Ž¡,X2 ¯ 2,...,X, - Ž,} is orthogonal since
(X, - Ž¿)E -i for i < j and (X, - ij) 1 ftj_, by definition of Ž¿.Taking the
inner product on both sides of (5.2.15)with Xk+1 - X,41, 0 < k < n, we have

(Ž,,,,,X,,, - Žk+1 n,n-k k•

Since (X,,, -
is,1)1(X,,,

- ik+1),the coefficients 8,,,_,, k = 0, ..., n - 1
are given by

6,,, _, - (* (X,,, , X,,, - Ž,,, ). (5.2.17)
Making use of the representation (5.2.15)with n replaced by k, we obtain
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k-1

8,,,_, = ( x(n + 1,k + 1) - 1 0k,k-j(X,41,X 2 - i ; ) . (5.2.18)
j=O

Since by (5.2.17),(X , X,,, - Î,,, ) = v,8,,, _;, O < j < n, we can rewrite

(5.2.18)in the form
k-1

Gn,n-k i x(n + 1,k + 1) - i Sk,k-j n,n-j j >

j=O

as required. By the projection theorem and Proposition 2.3.2,
n-1

v.= ||X,41 - Ž,,, ||2= ||X,,, ||2 n+1
2

¯
n2,n-k

ks
k=0

completing the derivation of (5.2.16).

Remark 1. While the Durbin-Levinson recursion gives the coefficients of Xi,
..., X, in the representation is,, = ¢,,X,,, _;, Proposition 5.2.2 gives
the coefficients of the "innovations", (X, - Žÿ),j = 1, ..., n, in the orthogonal
expansion is,, =

, \(X,,i_, - Ž,,, _;). The latter expansion is extremely
simple to use and, in the case of ARMA(p, q) processes, can be simplified still
further as described in Section 5.3. Proposition 5.2.2 also yields an innovations
representation of X,,, itself. Thus, defining 6,o = 1, we can write

X.41 = 1 Ç(X,,,
_ - Î,,i _;), n = 0, 1, 2, ... .

j=O

EXAMPLE 5.2.1 (Prediction of an MA(1) Process Using the Innovations Al-
gorithm). If {X,} is the process,

X, = Z, + BZ,_,, {Z,} ~ WN(0,«2L
then x(i, j) = 0 for |i - j| > 1, x(i, i) = o.2 2) and x(i, i + 1) = 80.2. FTOm

this it is easy to see, using (5.2.16),that
=0, 2<j<;;n,

Ûn1 1
2

vo=(1+02 2

and

v,=[1+02 1
2 2 2

If we define r, = v,/o.2, then we can write

În+1 = 8(X, - is)/r

where ro = l + 82 and r.,, = 1 + 02 _
2

n. Table 5.2.1 illustrates the use
of these recursions in computing Žs from observations of X,, ..., X, with
0 =

-.9. Note that v, is non-increasing in n and, since ||X, - i. - Z,|| - 0
as no oo, v, e o2 (seeProblem 5.5). The convergence of v, to o2 is quite rapid
in the example shown in Table 5.2.1.
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Table 5.2.1. Calculation of i,
and v, from Five Observations
of the MA(1) Process,
X,= Z,-.9Z, 2,Z,~ N(0,1)

t X,,, Ž,,, v,

0 -2.58 0 1.810
1 1.62 1.28 l.362
2 -0.96

-0.22

1.215
3 2.62 0.55 1.144
4

-1.36

-1.63 1.102
5 -0.22 1.075

EXAMPLE 5.2.2 (Prediction of an MA(1) Process Using the Durbin-Levinson
Algorithm). If we apply the Durbin-Levinson algorithm to the problem
considered in Example 5.2.1 we obtain

ve = 1.810
#11=

-.4972

vi = 1.362
¢22-

-.3285

¢2, =
-.6605

v2 = 1.215
¢33=

-.2433

¢32-
-.4892

¢3, =
-.7404

v3 = 1.144
¢44=

-.1914 ¢43=
-.3850 ¢42=

-.5828

¢4, =

-.7870

v4 = 1.102
¢ss =

-.1563 ¢s4=
-.3144

¢s3=
-.4761 ¢,2 =

-.6430 ¢s, =
-.8169

vs = 1.075,

giving Î6 ¯ 55X, + ··· + ¢siXs = -0.22, in agreement with the much
simpler calculation based on Proposition 5.2.2 and shown in Table 5.2.1.
Note that the constants ¢,,,,,n = 1, 2, ..., 5, are the partial autocorrelations
at lags 1, 2, ..., 5 respectively.

Recursive Calculation of the h-Step Predictors, h > 1

Let us introduce the notation P,, for the projection operator Pr . Then the
h-step predictors P,,Xr:+hCER CRSily be found with the aid of Proposition 5.2.2.
By Proposition 2.3.2, for h > 1,

P,,Xn+h n n+h-i Xn+h

= P,,in+h

(n+h-1= En 1 Un+h-1,j(Xil+h-j ¯

tr+h-j •

j=1

Since (Xn+h-j ¯
n+h-j) i Ñ,, fOr j < h, it follows from Proposition 2.3.2 that

n+h-1

P,,Xrl+h is+h 1,j(Xn+h-j n+h-j) (5.2.19)
j=h
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where the coefficients 8,, are determined as before by (5.2.16).Moreover the
mean squared error can be expressed as

E(X,,,,, - P,,Xn+h 2 = ||X,,,,,| 2
- |P,,Xn+h 2

n+h-1
= x(n + h, n+ h) - 1 02+h-1,j is+Ia-j-i. (5.2.20)

j=h

§5.3Recursive Prediction of an ARMA(p, q) Process

Proposition 5.2.2 can of course be applied directly to the prediction of the
causal ARMA process,

¢(B)X, = 8(B)Z,, {Z,} ~ WN(0, 62), (5.3.1)
where as usual, ¢(B) = 1 - ¢iB -···

- ¢,BP and 8(B) = 1 + 0,B + ··· + 0,BG.

We shall see below however that a drastic simplification in the calculations
can be achieved if, instead of applying Proposition 5.2.2 directly to {X,}, we
apply it to the transformed process (cf.Ansley (1979)),

f
= «¯ X,, t = 1, ..., m,

(5.3.2)W = «¯ ¢(B)X,, t > m,
where

m = max(p, q). (5.3.3)
For notational convenience we define Bo = 1 and assume that p ;> 1 and q ;> 1.
(There is no loss of generality in these assumptions since in the analysis which
follows we may take any of the coefficients ¢¿and 8, to be zero.)

With the subspaces ( as defined in Section 5.1, we can write

& = šp{X1,...,X,,} = sp{W,,..., W,}, n ;> 1. (5.3.4)
For n > 1, is,, and 4,1 will denote the projections on yt;, of X,,41 and W,,41
respectively. As in (5.1.3)we also define i, = = 0.

The autocovariance function yx(·) of {X,} can easily be computed using
any of the methods described in Section 3.3. The autocovariances x(i, j) =

E( Hj) are then found from

o¯2 y Q-j)-f ¢,yx(r-|i-j|) , min(i,j)Km<max(i,j)f2m,
r=i

(i,j)=
ÛrÛr+ii-j, min(i,j)>m,

r=o

0, otherwise, (5.3.5)
where we have adopted the convention 0, = 0 for j > q.
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Applying Proposition 5.2.2 to the process { }we obtain

= 0,,,(W,,,,_, - (si _;), 1 < n < m,
j=1

(5.3.6)

j=1

where the coefficients 0,,,and mean squared errors r,, = E(W,, ,
- W, 4

2)2

found recursively from (5.2.16)with x defined as in (5.3.5).The notable feature
of the predictors (5.3.6)is the vanishing of 6,, when both n ;> m and j > q. This
is a consequence of (5.2.16)and the fact that x(n, j) = 0 if n > m and n - jí > q.

To find from , we observe, by projecting each side of (5.3.2)onto g_i,
that

(
= o¯ Î,, t = 1, ..., m, (5.3.7)
= a [Ž,- ¢¡X,_, -

···
- ¢,X,-,], t > m,

which, together with (5.3.2),shows that

X, - i, = a[W - ] for all t ;> 1. (5.3.8)
Replacing (W, - )by a (X, - ij) in (5.3.6)and then substituting into (5.3.7)
we finally obtain,

,,41 = ((X,, i _, - i,, _;), 1 <; n < m,
j=1

Î,,41 = ¢,X,, + ··· + ¢,X,,41 , + 0,,,(X,,,,_, - i,,,,_;), n ;> m,

(5.3.9)

j=1

and

E(X,,41 - insi)2 - «2E(W,,,, -
,41)2

= «2r., (5.3.10)
where Ç and r,, are found from (5.2.16)with x as in (5.3.5).Equations (5.3.9)
determine the one-step predictors 22, î3, ..., recursively.

Remark 1. The covariances x(i, j) of the transformed process {W}depend only
on ¢i, ..., ¢,, By, ..., 0, and not on 62. The same is therefore true of 8,,, and r,,.

Remark 2. The representation (5.3.9)for Î,,41 is particularly convenient from
a practical point of view, not only because of the simple recursion relations
for the coefficients, but also because for n ;> m it requires the storage of at
most p past observations X,, ..., Xis+1-p and at most q past innovations
(X,,, ,

- Ž,,, ;), j = 1, ..., q, in order to predict X,,41. Direct application of
Proposition 5.2.2 to {X,} on the other hand leads to a representation of Ž,,,
in terms of all the n preceding innovations (X, - Î¿),j = 1, ..., n.

Remark 3. It can be shown (seeProblem 5.6) that if {X,} is invertible then as
n a oo, r,, a l and 0,,,o 0,,j = 1, ..., q.
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EXAMPLE 5.3.1 (Prediction of an AR(p) Process). Applying (5.3.9)to the
ARMA(p, 1) process with 01 = 0, we easily find that

in+1 = #1X,, + ··· + ¢,X,,, _,, n > p.

EXAMPLE 5.3.2 (Prediction of an MA(q) Process). Applying (5.3.9)to the
ARMA(1,q) process with ¢i = 0, we obtain

min(n,q)

n+1
= 1 Unj(X,,,

_ - Ž,,, ), n > 1,
j=1

where the coefficients 8,, are found by applying the algorithm (5.2.16)to the
covariances x(i,j) defined in (5.3.5).Since in this case the processes (W} and

{« X,} are identical, these covariances are simply

EXAMPLE 5.3.3 (Prediction of an ARMA(1,1) Process). If

X, - ¢X,_; = Z, + BZ,_;, {Z,} ~ WN(0,o2), (5.3.11)
and ¢| < 1, then equations (5.3.9)reduce to the single equation

i,,,, = ¢X, + 0,,i(X, - Ž,,), n > l. (5.3.12)
To compute 6,2 we first use equations (3.3.8)with k = 0 and k = 1 to find
that yx(0) = o.2(1 + 29¢ + 92y( - ¢2).Substituting in (5.3.5)then gives, for
i, j 2 1,

'(1

+ 20¢ + 62yQ- ¢2
1+02, i=jà2,
0, |i-j|=1,ik l,
0, otherwise.

With these values of x(i, j), the recursions (5.2.16)reduce to

ro = (1+ 28¢ + 82 2

0,,, = 6/r,_,, (5.3.13)
r, = 1 + 02 - 82/r ,

which are quite trivial to solve (seeProblem 5.13).
In Table 5.3.1 we show simulated values of Xi, ..., Xio for the process

(5.3.11)with Z, ~ N(0, 1),¢, = ¢ = 0.2 and 0, = 8 = 0.4. The table also shows
the values of r,, and 0,,,, n = 1, ..., 10, computed from (5.3.13)and the cor-
responding predicted values i,,,,, n = 1, ..., 10, as specified by (5.3.12).Since
o2 = 1 in this case, the mean squared errors are

E(X,,, - Î,,+1)2 __ q27n ¯ Yn•
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Table 5.3.1. Calculation of Z,,for Data from
the ARMA(1, 1) Process of Example 5.3.3

n X,,, r,, 0.1 Ž, 1

0 -1.100 1.3750 0
1 0.514 1.0436 0.2909

-0.5340

2 0.116 1.0067 0.3833 0.5068
3 -0.845 1.0011 0.3973 -0.1321
4 0.872 1.0002 0.3996

-0.4539

5 -0.467 1.0000 0.3999 0.7046
6

-0.977

1.0000 0.4000
-0.5620

7
-1.699

1.0000 0.4000
-0.3614

8 -1.228 1.0000 0.4000 -0.8748
9 - 1.093 1.0000 0.4000 -0.3869

10 1.0000 0.4000
-0.5010

EXAMPLE 5.3.4 (Prediction of an ARMA(2, 3) Process). Simulated values
of Xx, ..., Xio for the causal ARMA(2, 3) process

X, - X, i + 0.24Xt-2 t + 0.4Z,-i + 0.2Z,_2 + 0.1Z,_s,

{Z,} ~ WN(0, l),

are shown in Table 5.3.2.
In order to find the one-step predictors Ž,,, n = 2, ..., 11 we first need the

covariances yx(h), h = 0, 1, 2, which are easily found from equations (3.3.8)
with k = 0, 1, 2, to be

Tx(0) = 7.17133, yx(1) = 6.44139 and yx(2) = 5.06027.

Substituting in (5.3.5),we find that the symmetric matrix K = [w(i,j)];,, 1,2,

is given by

7.17133
6.44139 7.17133
5.06027 6.44139 7.17133
0.10 0.34 0.816 1.21
0 0.10 0.34 0.50 1.21K = (5.3.14)0 0 0.10 0.24 0.50 1.21

0 0 0.10 0.24 0.50 1.21
0 0

The next step is to solve the recursions (5.2.16)with x(i, j) as in (5.3.14)for 6,
and r,,_,, j = 1, ..., n; n = 1, ..., 10. Then
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0,,(X,,, _, - Ž,,, ;), n = 1, 2,
j=1

3

i = X, - 0.24X,_, + 1 0,,(X,,,_; - insi _,), n = 3, 4, ...,

j=1
and

E(X - Z,41)2-
«2r, = r..

The results are shown in Table 5.3.2.

Table 5.3.2. Calculation of Žn+1for Data from the ARMA(2, 3)
Process of Example 5.3.4

n X r, 0, ßn2 n3 n+1

0 1.704 7.1713 0
1 0.527 1.3856 0.8982 1.5305
2 1.041 1.0057 1.3685 0.7056 -0.1710
3 0.942 1.0019 0.4008 0.1806 0.0139 1.2428
4 0.555 1.0016 0.3998 0.2020 0.0722 0.7443
5 -1.002 1.0005 0.3992 0.1995 0.0994 0.3138
6 -0.585 1.0000 0.4000 0.1997 0.0998 -1.7293
7 0.010 1.0000 0.4000 0.2000 0.0998

-0.1688

8 -0.638 1.0000 0.4000 0.2000 0.0999 0.3193
9 0.525 1.0000 0.4000 0.2000 0.1000 -0.8731

10 1.0000 0.4000 0.2000 0.1000 1.0638
11 1.0000 0.4000 0.2000 0.1000
12 1.0000 0.4000 0.2000 0.1000

h-Step Prediction of an ARMA(p, q) Process, h > 1

As in Section 5.2 we shall use the notation P, for the projection operator Pg.
Then from (5.2.19)we have

n+h-1

nWn+h n+h-1,j Wn+h-j¯ n+h-j
j=h

n+h-1
-1

n+h-1, j(Xn+h-j ¯ n+h-j •

J=h

Using this result and applying the operator P, to each side of the equations
(5.3.2),we conclude that the h-step predictors P,Xn+h Satisfy

'n+h-1

Un+h-1,j(Xn+h-j ¯
n+h-j), 1 < h < m - n,

P,Xn+h
j=h

¢,P,Xn+h-i n+h-1,j(Xn+h-j n+h-j), h > m - n.
i=1 h<;j<;q

(5.3.15)
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Once the predictors Ž,, ..., Ž, have been computed from (5.3.9),it is a
straightforward calculation, with n fixed, to determine the predictors P,X,41,
P,Xn+29 nX,43, ..., recursively from (5.3.15).

Assuming that n > m, as is invariably the case in practical prediction
problems, we have for h ;> 1,

P,Xn+h ¯ i nXn+h-i n+h-1, j(Xn+h-j n+h-j), (5.3.16)
i=1 j=h

where the second term is zero if h > q. Expressing Xn+h RS in+h+ (Xn+h ¯
Î,,,), we can also write,

Xn+h ¯ iX,,,_; + 2 Gn+h-1,j(Xn+h-j ¯
n+h-j), (5.3.17)

i=1 j=0

where 0,o := 1 for all n. Subtracting (5.3.16)from (5.3.17)gives

p h-1

Xn+h nXn+h ¯ i(Xn+h-i ¯ nXn+h-i n+h-1, j(Xt +h-j ¯ n+h-j >

i=1 j=0

and hence,
X,,, - P,X X

= 8 , (5.3.18)
Xn+h ¯ nXn+h Xn+h n+h

where O and O are the lower triangular matrices,

= - [¢¡ ¿] , (¢o:= - 1, ¢ÿ:= 0 if j > p or j < 0),

and
= EUs+i-i.t-ilij=i (Uno:= 1, 8,, := 0 if j > q or j < 0).

From (5.3.18)we immediately find that the covariance matrix of the vector
(X,,, - P,X,,i,...,Xn+h nXn+h)' Of prediction errors is

C = 8 VO'O' , (5.3.19)
where V = diag(v.,v,41,...,vn+h-1). It iS not difTicult to show (Problem 5.7)
that ©¯ is the lower triangular matrix

O-1 = ËXi-¡]Êj=i (Xo := 1, Xj:= 0 if j < 0), (5.3.20)
whose components X;,j ;> 1, are easily computed from the recursion relations,

min(p, j)

X; = 1 #xX;-a, j = 1, 2, ... . (5.3.21)
k=1

[By writing down the recursion relations for the coefficients in the power series
expansion of 1/¢(z) (cf.(3.3.3)),we see in fact that

X¡zi=(l-¢¡z-···-¢,zf) , |z|<;1.]
j=0
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The mean squared error of the h-step predictor P,Xn+h ÏS then found from
(5.3.19)to be

h-1 j 2
of (h):= E(Xn+h ¯ nXn+h 2 = 1 i Xr0n+h-r-1,j-r n+h-j-1. (5.3.22)

j=O r=O

Assuming invertibility of the ARMA process, we can let no oo in (5.3.16)
and (5.3.22)to get the large-sample approximations,

P,Xn+h i nXn+h i j(Xn+h-j n+h-j) (5.3.23)
i=1 j=h

and
h-1 j 2 h-1

ay(h) ~ o.2 i i Xr0;_, = 62 i ¢ , (5.3.24)
j=0 r=0 j=0

where

cc oo q

i ý¿zi= 1 X;zi i 0;zi = 8(z)/¢(z), |z| <; 1.
j=0 j=0 j=O

EXAMPLE 5.3.5 (Two- and Three-Step Prediction of an ARMA(2, 3) Process).
We illustrate the use of equations (5.3.16)and (5.3.22)by applying them to the
data of Example 5.3.4 (seeTable 5.3.2). From (5.3.16)we obtain

2 3

FioX,2 - i ¢¿PioXi2_¿ + 2 011,j(X12-j ¯ 12-j
i=1 j=2

= ¢iii, + ¢2Xio + .2(Xio - Ž,o) + .1(X9 - Žç)
= 1.1217

and
2 3

PioXis = 1¢¿PioX,3_; + 1 012,,(Xis_ - Žx; )
i=1 j=3

= ¢,PioXi2 + ¢2Žii+ .1(Xio - Zio)
= 1.0062

For k > 13, PioX, is easily found recursively from

fioXk 1 loX,_, + ¢2 ioXk-2·

To find the mean squared error of P,Xr +h We apply (5.3.22)with Xo = 1,
Xi = ¢i = 1 and X2 1X1 + 2

=
.76.

Using the values of 8,, and v, (= ry) in
Table 5.3.2, we obtain

a,2e(2) = E(X,2 - PioX,2)2 = 2.960,

and

afo(3) = E(Xis - PioXia)2 = 4.810.
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If we use the large-sample approximation (5.3.23)and (5.3.24),the predicted
values PioX10+h and mean squared errors a120(h), h ;> 1, are unchanged since
the coefficients By,j = 1, 2, 3, and the one-step mean squared errors v,, = r,,o.2

have attained their asymptotic values (to four decimal places) when n = 10.

§5.4Prediction of a Stationary Gaussian Process;
Prediction Bounds

Let {X,} be a zero-mean stationary Gaussian process (seeDefinition 1.3.4)
with covariance function y(·) such that y(0) > 0 and y(h) -> 0 as h - œ. By
equation (5.1.8)the best linear predictor of Xrl+hin tCimS Of X,, = (Xy,..., X,,)'
IS

P,,Xn+h = [y(n+ h - 1),y(n + h - 2),...,y(h)]F,,¯ X,,, h ;> 1. (5.4.1)
(The calculation of P,,Xia+hIS most simply carried out recursively with the aid
of (5.2.19)or, in the case of an ARMA(p, q) process, by using (5.3.15).)Since
(X,, ..., Xn+h)' has a multivariate normal distribution, it follows from Problem
2.20 that

P,Xt;+h = EAxi,...,x,,)Xrl+h = E(Xrs+h|Xy,...,X,,).

For a stationary Gaussian process it is clear that the prediction error,
A,,(h) := Xn+h - P,,Xtt+h, iS HOrmally distributed with mean zero and variance

o,,2(h) = EA,,(h)2

which can be calculated either from (5.2.20)in the general case, or from (5.3.22)
if {X,} is an ARMA(p, q) process.

Denoting by G1-«/2 the (1 - a/2)-quantile of the standard normal distribu-
tion function, we conclude from the observations of the preceding paragraph
that Xn+h ÏÍCS between the bounds P,,Xis+hi $1,x/26n(h) with probability
(1- a). These bounds are therefore called (1- a)-prediction bounds for Xn+h•

§5.5Prediction of a Causal Invertible ARMA Process
in Terms of X,, -oo

< j <; n

It is sometimes useful, primarily in order to approximate P,,X;s+hfOT Ïarge n,
to determine the projection of Xt!+h Onto A,, = šp{X;, -oo < j<: n}. In this
section we shall consider this problem in the case when {X,} is a causal
invertible ARMA(p, q) process,

¢(B)X, = 6(B)Z,, {Z,} ~ WN(0, o.2). (5.5.1)
In order to simplify notation we shall consider n to be a fixed positive integer
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and define

i, := P,, X, (= X, for t < n). (5.5.2)
We can then determine is,, and E(Xn+h ¯ n+h

2 (TOm the following theorem.
The quantity E(Xn+h ¯ n+h

2 ÌS USCfüÏfOr large n as an approximation to
E(Xn+h - P,Xn+h 2

Theorem 5.5.1. If X, is the causal invertible ARMA process (5.5.1)and i, is
defined by (5.5.2)then

Ìn+h j n+h-j (5.5.3)
j=1

and

in+h = (Z, ,_,, (5.5.4)
j=h

where añ¿zi = ¢(z)/0(z)and a gzi = 6(z)/¢(z), |z| 5 1. Moreover
h-1

E(Xn+h n+h
2 _ 2 2. (5.5.5)

j=O

PROOF. We know from Theorems 3.1.1 and 3.1.2 that

Zr +h
= Xn+h jXn+h-j (5.5.6)

j=1

and

Xn+h = (Zn+h-j. (5.5.7)
j=O

Applying the operator P, to each side of these equations and using the fact
that Zn+k ÍS orthogonal to As for each k ;> 1, we obtain equations (5.5.3)and

(5.5.4).Then subtracting (5.5.4)from (5.5.7)we find that
h-1

Xn+h ¯ n+h j n+h-j, (5.5.8)
j=O

from which the result (5.5.5)follows at once.

Remark 1. Equation (5.5.3)is the most convenient one for calculation of Ìn+h·
It can be solved recursively for h = 1, 2, 3, ..., using the conditions Ì, = X,,
t i n. Thus

n+1 jX ,

j=1

j=2

etc.
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For large n, a truncated solution Žf, obtained by setting i =n+h EjXn+h-j = 0
in (5.5.3)and solving the resulting equations

n+h-1

ÌLh j h-j
With i = X,, t = 1, ..., n,

j=1

is sometimes used as an approximation to P,,X;s+h.This procedure gives

n+1 jX,,,
_

,

j=1

n+1

j=2

etc.

The mean squared error of irs+hRS Specified by (5.5.5)is also sometimes used
as an approximation to E(XII+h nXn+h 2. The approximation (5.5.5)is in
fact simply the large sample approximation (5.3.24)to the exact mean squared
error (5.3.22)of P,,X,s+h•

Remark 2. For an AR(p) process, equation (5.5.3)leads to the expected result,

n+1
- #iX,, + + ¢,X ,

with mean squared error

E(X,41 - Ì )2 2

For an MA(1) process (5.5.3)gives

n+1 1 +1X, ,

j=O

with mean squared error

E(X - Ì )2 2

The "truncation" approximation to P,X for the MA(1) process is
n-1

n+1 1 J+1X, ,

j=O

which may be a poor approximation if 6 is near one.

Remark 3. For fixed n, the prediction errors Xn+h ¯

n+h, h = 1, 2,..., are not
uncorrelated. In fact it is clear from (5.5.8)that the covariance of the h-step
and k-step prediction errors is

h-1

E [(Xn+h n+h)(X,,, - insen - «2 i ¢ ¢j+k-h fOr k ;> h. (5.5.9)
j=0

The corresponding covariance of (Xn+h nXti+h) and (Xn+k - P,,X,,,) à
rather more complicated, but it can be found from (5.3.19).
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§5.6*Prediction in the Frequency Domain

If {X,, te Z} is a zero-mean stationary process with spectral distribution
function F and associated orthogonal increment process {Z(1), -ñ

K A i ñ},

then the mapping I defined by

I(g)= g(1)dZ(A), geL2(F), (5.6.1)

is an isomorphism of L2(F) onto F = sp{X,, te Z} (seeRemark 1 of Section
4.8), with the property that

I(e" ) = X,, te Z. (5.6.2)
This isomorphism allows us to compute projections (i.e.predictors) in F by
computing projections in L2(F) and then applying the mapping 1. For example
the best linear predictor P, Xn+h Of Xn+h n

= sp{X,, -oo

< t < n} can
be expressed (seeSection 2.9) as

P, Xn+h šii{exp(it•),-o<t<n}
i(n+h)·). (5.6.3)

The calculation of the projection on the right followed by application of the
mapping I is illustrated in the following examples.

EXAMPLE 5.6.1. Suppose that {X,} has mean zero and spectral density f such
that

f(A) = 0, 1 < |1| <; x. (5.6.4)
It is simple to check that |1 -

e¯'*| < 1 for ie E = [-1, 1] and hence that the
series

œ ao k

(1 - e
'*)k

_
j -ilj, (5.6.5)

k=0 k=O j=0

converges uniformly on E to [1 - (1-
e¯'*)]¯' - e**.Consequently

o k
ef" **- i i (-1)Je'*("¯J), ÂEE, (5.6.6)

k=O j=O

with the series on the right converging uniformly on E. By (5.6.4)the series

(5.6.6)converges also in L2(F) to a limit which is clearly an element of
šp{exp(it·), -o

< t < n}. Projecting each side of (5.6.6)onto this subspace,
we therefore obtain

o k k
ši{exp(it·),-oo<tín}

i(n+1) i(n+1)
_

j i(n-j)•. (5.6.7)
k=0 j=0 )

Applying the mapping I to this equation and using (5.6.2)and (5.6.3),we
conclude that

oo k

f« X,,, = X,,, = 1 i (-1)JX,_ . (5.6.8)
k=O j=O
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Computation of this predictor using the time-domain methods of Section 5.1
is a considerably more difficult task.

EXAMPLE 5.6.2 (Prediction of an ARMA Process). Consider the causal inver-
tible ARMA process,

¢(B)X, = 8(B)Z,, {Z,} ~ WN(0,«21

with spectral density
f(A) = a(1)L, (5.6.9)

where

a(A) = (2x)¯72« ¢k -ika (5.6.10)
k=0

and go ¢k k = Û(Z) (Z), Z K Î. COnvergence of the series in (5.6.10)is
uniform on [-«,x] since, by the causality assumption, ik k •

The function g(·) = P .

_co 4,<,
ei(n+h)• muSt satisfy

This equation implies that (ei(n+h) .))G(°) ÍS an element of the
subspace A,

=šlp{exp(im·), m>n} of L2([-ñ,ñ], 91,dA). Noting from
(5.6.10)that 1/ ešti{exp(im·), m > 0}, we deduce that the function
(ei(n+h). .

.)

IS also an element of £4. Let us now write
ei(n+h)A __ i(n+h)2

- g(A))a(A), (5.6.12)
observing that g(·)a(·) is orthogonal to 14 (inL2(dl)). But from (5.6.10),

ei(n+h)>a(A)= (2x)-1/2 inA
k+h

-ik2, (5.6.13)
k=-h

and since the element ei(n+h)• . 2(dl) has a unique representation as a
sum of two components, one in A, and one orthogonal to A,, we can
immediately make the identification,

g(1)a(A) = (2x)¯/2eei" e¯'*^.
k=O

Using (5.6.10)again we obtain

g(A) = e'"* [¢(e¯'*)8(e-il k+h
-ikk

k=O

i.e.

g(1) = aje'"¯J'*, (5.6.14)
j=O

where oayzi = [¢(z)/0(z)]L,°°o ¢k+hk, |z| < 1. Applying the mapping I to
each side of (5.6.14)and using (5.6.2)and (5.6.3),we conclude that
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Xna = JX,_;. (5.6.15)
j=O

It is not difficult to check (Problem 5.17) that this result is equivalent to (5.5.4).

§5.7*The Wold Decomposition

In Example 5.6.1, the values X,,,, j;> l, of the process {X,, te Z} were perfectly
predictable in terms of elements of1, = sp{X,, -œ

< t <; n}. Such processes
are called deterministic. Any zero-mean stationary process {X,} which is not
deterministic can be expressed as a sum X, = U, + of an MA(œ) process
{U,} and a deterministic process {V,}which is uncorrelated with {U,}. In the
statement and proof of this decomposition (Theorem 5.7.1) we shall use the
notation o.2 fOr the one-step mean squared error,

o.2 = E |X,,, - Pg X y |2,
and A_, for the closed linear subspace,

00

of the Hilbert space A = sp{X,,teZ}. All subspaces and orthogonal com-
plements should be interpreted as relative to A. For orthogonal subspaces
9; and P'2 We define 91 e 91 := {x + y : XE Øi and ye P'2 •

Remark 1. The process {X,} is said to be deterministic if and only if 62 = 0,
or equivalently if and only if X,e A_, for each t (Problem 5.18).

Theorem 5.7.1 (The Wold Decomposition). If o.2 > 0 then X, can be expressed

as

X, = ‡¿Z,_; + , (5.7.1)
j=O

where

(i) ýo = 1 and < œ,
j=O

(ii) {Z,} ~ WN(0, «2¾

(iii)Z, e A, for each te Z,

(iv)E(Z,Vs)=0 foralls,teZ,

(v) E Â-o for each lE ,

and

(vi){ }is deterministic.
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((v)and (vi)are not the same since A_, is defined in terms of {X,}, not

{¾}.)The sequences {ý},{Z }and {V,}are uniquely determined by (5.7.1)and
the conditions (i)-(vi).

PROOF. We first show that the sequences defined by

Z, = X, - P, X,, (5.7.2)
(X,, Z, _;)/62 (5.7.3)

and

= X, - ý,Z, , (5.7.4)
j=o

satisfy (5.7.1)and conditions (i)-(vi).The proof is then completed by establish-
ing the uniqueness of the three sequences.

Clearly Z, as defined by (5.7.2)is an element of A, and is orthogonal to
A,_; by the definition of P,

_
X,. Hence

which shows that for s < t, E(Z,Z,) = 0. By Problem 5.19 this establishes (ii)
and (iii).Now by Theorem 2.4.2(ii) we can write

P-(z,,jst)X,= ¢¿Z, y, (5.7.5)
j=O

where ¢ÿis defined by (5.7.3)and go ¢ < oo. The coefficients ¢¿are inde-
pendent of t by stationarity and

Éo= U-2(X,,X, - Pg,_2X,) =«¯2||X, - Pg X,||2 - L

Equations (5.7.4)and (5.7.5)and the definition of P- ,)X, imply that

, Z,) = 0 for s i t.

On the other hand if s > t, Z, e A,_, c A , and since E A, we conclude that

(V,,Z,) = 0 for s > t,

establishing (iv.)To establish (v)and (vi)it will suffice (byRemark 1) to show
that

sÏ5{V,,jf t} = A_, for every t. (5.7.6)
Since Ve i, = Æ,

_
te sjs{Z,} and since ( , Z,) = 0, we conclude that

V,ei,_y = Ât-2 t-1). But Since (V,,Z,_i) = 0 it then follows that
V,e A, 2. Continuing with this argument we see that e A, , for each j > 0,
whence e o A, ,

= A-,. Thus

šÏ5{¾,j á t} <¯ A_ for every t. (5.7.7)
Now by (5.7.4),A, = sÏ5{Z,,j

_< t} sii{¾,jg t}. If Yel then YE Äs-1
for every s, so that ( Y,Z,) = 0 for every s, and consequently Ye šji{ V,,j < t}.
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But this means that

A, a sp(6,j i t} for every t, (5.7.8)
which completes the proof of (5.7.6)and hence of (v)and (vi).

To establish uniqueness we observe from (5.7.1)that if {Z,} and {V,}

are any sequences satisfying (5.7.1)and having the properties (i)-(vi),then
A, i a spi{Z,, j i t - 1} ©šp{ V,,j i t - 1} from which it follows, using (ii)
and (iv),that Z, is orthogonal to Æ,_1. Projecting each side of (5.7.1)onto

, i and subtracting the resulting equation from (5.7.1),we then find that the
process {Z,} must satisfy (5.7.2).By taking inner products ofeach side of(5.7.1)
with Z,_, we see that g must also satisfy (5.7.3).Finally, if (5.7.1)is to hold, it
is obviously necessary that V must be defined as in (5.7.4). O

In the course of the preceding proof we have established a number of results
which are worth collecting together as a corollary.

Corollary 5.7.1

(a) sp{V,,j i t} = A for every t.
(b) A,= sp{Z,,jg t} $1 .

(c) A = sp{Z,,je Z}.

(d) sp{U,,jgt} =sp{Zy,js t},whereU,= Bo¢¡Z,_;.

PROOF.

(a) This is a restatement of (5.7.6).
(b) Use part (a)together with the relation, A, = sp{Z,, j á t} e sp{¾,j á t}.
(c) Observe that A = sp{X,, lE ) = Š , TE Â_ .

(d) This follows from the fact that A, = sp{U,, j á t} e A . O

In view of part (b) of the corollary it is now possible to interpret the
representation (5.7.1)as the decomposition of the subspace A, into two
orthogonal subspaces sp{Z,, j á t} and A .

A stationary process is said to be purely non-deterministic if and only
if A_, = {0}.In this case the Wold decomposition has no determin-
istic component, and the process can be represented as an MA(oo), X, =

Ü=oÈ;Z,_;. Many of the time series dealt with in this book (e.g.ARMA
processes) are purely non-deterministic.

Observe that the h-step predictor for the process (5.7.1)is

P, Xt+h j t+h-j t+hs
j=h

since Z, 1 A, for all j < t, and Wh t. The corresponding mean squared
error is

h-1 h-1

Xt+h A/,Xt+h 2
j t+h j

2

j=o j=o
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which should be compared with the result (5.5.5).For a purely non-deterministic
process it is clear that the h-step prediction mean squared error converges as
ho œ to the variance of the process. In general we have from part (d)of
Corollary 5.7.1,

Pyg,,,,)Ut+h¯ šii{Zy,jgt}Ut+h¯ j t+h-jo
j=h

which shows that the h-step prediction error for the {U,} sequence coincides
with that of the {X,} process. This is not unexpected since the purely deter-
ministic component does not contribute to the prediction error.

EXAMPLE 5.7.1. Consider the stationary process X, = Z, + Y, where {Z,} ~

WN(0, o.2), ) iS uncorrelated with the random variable Y and Y has mean
zero and variance «2. En e

n-1 ) n-1

X, _,
= - L Z, _; + YN Y,

n j=o n j=o

it follows that Ye A, for every t. Also Z, 1 As for s < t so Z, 1 A,. Hence
Y = P X, is the deterministic component of the Wold decomposition and
Z, = X, - Y is the purely non-deterministic component.

For a stationary process {X,} satisfying the hypotheses of Theorem 5.7.1,
the spectral distribution function F, is the sum of two spectral distribution
functions Fu and Fy corresponding to the two components U, =

o ý,Z,
and V appearing in (5.7.1)(seeProblem 4.7). From Chapter 4, Fu is absolutely
continuous with respect to Lebesgue measure and has the spectral density

fy(A) = |¢(e *)|2a2/(2ñ), where ¢(e ) = 1 ‡¿e¯U*. (5.7.9)
j=0

On the other hand, the spectral distribution Fy has no absolutely continuous
component (seeDoob (1953)).Consequently the Wold decomposition of a
stationary process is analogous to the Lebesgue decomposition of the spectral
measure into its absolutely continuous and singular parts. We state this as a
theorem.

Theorem 5.7.2. If o.2 > 0, then
Fy=Fy+Fy

where Fu and Fy are respectively the absolutely continuous and singular com-
ponents in the Lebesgue decomposition of Fx. The density functionassociated
with Fu is defined by (5.7.9).

The requirement a2 > 0 is critical in the above theorem. In other words it
is possible for a deterministic process to have an absolutely continuous
spectral distribution function. This is illustrated by Example 5.6.1. In the next
section, a formula for 62 will be given in terms of the derivative of Fx which
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is valid even in the case 62 = 0. This immediately yields a necessary and
sufficient criterion for a stationary process to be deterministic.

§5.8*Kolmogorov's Formula
Let {X,} be a real-valued zero-mean stationary process with spectral distri-
bution function Fx and let f denote the derivative of Fx (definedeverywhere
on [-x,«] except possibly on a set of Lebesgue measure zero). We shall
assume, to simplify the proof of the following theorem, that f is continuous
on [-ñ, ñ] and is bounded away from zero. Since {X,} is real, we must have
f(1) = f(-A), O < A< z. For a general proof, see Hannan (1970)or Ash and
Gardner (1975).

Theorem 5.8.1 (Kolmogorov's Formula). The one-step mean square prediction
error of the stationary process {X,} is

«2 = 2x exp ln f(A)dl . (5.8.1)

PROOF. Using a Taylor series expansion of In(1 - z) for |z| < 1 and the
identity J",

eikadl = 0, k ¢ 0, we have for |a < 1,

ln 1-ae ' 2dA= ln(1-ae )(1-äe'^)dk

=- Ï +Ï dl
-n j=1 k=1

= 0. (5.8.2)
If {X,} is an AR(p) process satisfying ¢(B)X, = Z , where {Z,} ~ WN(0, 62

and ¢(z)=l-¢,z-···-¢,z"¢0 for |z 51, then {X,} has spectral
density,

2ñ 2ñ;=1

where |a;| < 1, j = 1, ..., p. Hence
n n 2 p n 2

Ing(1)di= In-dl- i ln 1-age¯' 2di= 2ñln-,
-x -x 2ñ i _, 2x

establishing Kolmogorov's formula for causal AR processes.
Under the assumptions made on f, it is clear that min ,,,,, f(A) > 0.

Moreover, it is easily shown from Corollary 4.4.2 that for any se (0,min f(A)),
there exist causal AR processes with spectral densities gíl) and gí2) such that

f(A) - e 5 gí"(A) 5 f(A) 5 gí2)(1) 5 f(A) + s. (5.8.3)
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Now define
aj( f) = E[(X, - Pygg,_,.... X )2]

= min E(X, - c,X, - c,,X,_ )2
Cl,...,Cn

= min 1-cie ·-c.e " |2f(1)dl.
C),...,Cyr X

By (5.8.3)and the definition of af(·),

Since, by Problem 2.18, «i(f) 62(f) = E[(X - P
_

_4,«gX,)2

«2(g ') < Û2 2 2)). (5.8.4)
However we have already established that

«2 i)) = 2ñ exp ln g U(A)dl , i = 1, 2.

If follows therefore from (5.8.4)that «2( f) must equal the common limit, as
em 0, of 62 (el)) and «2 2)

62(f) = 2ñexp ln f(1)di . O

Remark 1. Notice that -oo 5 J"_,ln f(A) dA< oo since ln f(A) 5 f(1). If

J",ln f(1)dA = -oo, the theorem is still true with «2 = 0. Thus

o.2 > 0 if and only if ln f(A)dA> -oo,

and in this case f(A) > 0 almost everywhere.

Remark 2. Equation (5.8.1)was first derived by Szegö in the absolutely
continous case and was later extended by Kolmogorov to the general case.
In the literature however it is usually referred to as Kolmogorov's formula.

EXAMPLE 5.8.1. For the process defined in Example 5.7.1, Fe(dA) = «2 dA/2x
and Fy(di) = «2õe(dl) where õeis the unit mass at the origin. Not surprisingly,
the one-step mean square prediction error is therefore

2x exp ln dl = «2.

Problems
5.1. Let {X,} be a stationary process with mean µ. Show that

šß{1,X2,...,x Xn+h Yo...,YQ n+hs

where {Q = {X, - µ}.
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5.2. Suppose that {F,,n = 1,2,...} is a sequence of subspaces of a Hilbert space f
with the property that , G ,,i, n = 1, 2, .... Let X, be the smallest closed
subspace ofX containing U ,, and let X be an element of . If P,X and P,X
are the projections of X onto , and X, respectively, show that
(a) PiX, (P2 ¯ 1)X, (P3 - P2)X,..., are orthogonal,
(b) Eg, ||(P , - P,)X||2 < o,
and
(c) P,X -> P X.

5.3. Show that the converse of Proposition 5.1.1 is not true by constructing a
stationary process {X,} such that F, is non-singular for all n and y(h) f 0 as
h->œ.

5.4. Suppose that {X,} is a stationary process with mean zero and spectral density

Find the coefTicients{04,j = 1,..., i; i = 1,..., 5} and the mean squared errors
{v,,i= 0,...,5}.

5.5. Let {X,} be the MA(1) process of Example 5.2.1. If|0 < 1, show that as n -+ œ,

(a) QX.-Î,-Z,l->0,

(b) v,, 62

and

(c) 0,, -> 8. (Note that 8 = E(Xn+1Z,)a¯2 and 0,, = v, E(X,,,(X,, - Z,)).)

5.6. Let {X,} be the invertible MA(q) process

X,=Z,+0,Zr-1+· +0,Z,_,, {Z,}~WN(0,Œ2
Show that as n -> o,
(a) ||X,, - Ž,, - ZJ e 0,
(b) v. ->

«2,

and that

(c) there exist constants K > 0 and ce (0,1) such that |8,,,- 0;| 5 Kc" for all n.

5.7. Verify equations (5.3.20)and (5.3.21).
5.8. The values

.644, -.442, -.919,

-1.573,
.852, -.907, .686, -.753, -.954, .576,

are simulated values of X,,...,Xio where {X,} is the ARMA(2, 1) process,

X,-.1X,_,-.12X,_2=Z,-.7Z,_,, {Z,}~WN(0,1).

(a) Compute the forecasts PioXii, PioX12 and PioXis and the corresponding

mean squared errors.
(b) Assuming that Z, ~ N(0, 1), construct 95% prediction bounds for Xii, X12

and X13
(c) Using the method of Problem 5.15, compute if,, Ž[2 and Ì(3 and compare

these values with those obtained in (a).
[The simulated values ofX, 2, X,2 and X, a were in fact

.074,

1.097 and -.187

respectively.]

5.9. Repeat parts (a)-(c)of Problem 5.8 for the simulated values - 1.222, 1.707,
.049,

1.903, -3.341, 3.041, -1.012, -.779, 1.837, -3.693 of X,,...,Xio, where {X,}
is the MA(2) process

X, = Z, - 1.lZ,_, + .28Zt-29 r} ~ WN(0, 1).
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[The simulated values of X,,, X12 and Xis in this case were 3.995,
-3.859

3.746.]

5.10. If {X,,...,X,} are observations of the AR(p) process,

X,-¢,X,_,- -¢,X,_,=Z,, {Z,}~WN(0,o.2L
show that the mean squared error of the predictor P,Xt +h ÌS

h-1

where ¢(z) = 2° o ¢,zi = 1/¢(z). This means that the asymptotic approximation

(5.3.24)is exact for an autoregressive process when n > p.

5.11. Use the model defined in Problem 4.12 to find the best linear predictors of the
Wölfer sunspot numbers X,oi, ..., Xios (beingcareful to take into account the
non-zero mean of the series). Assuming that the series is Gaussian, find 95°/o
prediction bounds for each value. (The observed values of Xiot, ..., Xios are in
fact 139, 111, 102, 66, 45.) How do the predicted values PicoX100+h and their

mean squared errors behave for large h?

5.12. Let {X,} be the ARMA(2, 1) process,

X, - .5X,_, + .25Xt-2 ¯ t + 2Z,_i, {Z,} ~ WN(0, 1),

and let
(X,, t <; 2,

X, - .5X,_, + .25X,_2, t > 2.

(a) Find the covariance matrix of (Yi, Y2, Y2)' and hence find the coefficients 8, i

and 02i in the representations

3 = .5X2 - .25X, + 82,(X2 - î2).

(b) Use the mean squared errors of the predictors Ž,, Ž2 and is to evaluate the
determinant of the covariance matrix of (X,,X2,Xs)'.

(c) Find the limits as noo of the coefficients 8,1 and of the one-step mean-
square prediction errors v..

(d) Given that Xis, = 6.2, X2eo =

-2.2

and î2eo =

.5,

use the limiting values

found in (c)to compute the best predictor î2o, and its mean squared error.
(e) What is the value of limh, E(X..s - P,Xn+h 29

5.13. The coefficients 6,, and one-step mean squared errors v. = r,62 can be deter-
mined for the general causal ARMA(1, 1) process (5.3.11)by solving the equations

(5.3.13)as follows:
(a) Show that if y, := r./(r, - 1), then the last of the equations (5.3.13),can be

rewritten in the form,

y,=0¯2y,_i+l, n21.

(b)Deduce that y,=0¯2"yo+1),8-2(j-1) and hence determine r,
and 0,,, n = 1, 2, ...

(c) Evaluate the limits as n -> oo of r, and 8,, in the two cases |8| < 1 and |8| > 1.
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5.14. Let {X,} be the MA(l) process
X,=Z,+0Z, i, {Z,}~WN(0,62

with 0 < l.
(a) Show that v.:= E]X,,, - Ín+1|2 _

2 2n+4 2n+2

(b) If ÌI+1= ¯Ù=1(- 0)JX,,+ 1-r is the truncation approximation to P,X,,, y,

show that E|X, , i
- îI 2

- O + 02n+ 2 2 and compare this value with
v,, for |6| near one.

5.15. Let {X,} be a causal invertible ARMA(p, q) process

¢(B)X,= 0(B)Z,, {Z,} ~WN(0,«2)

Given the sample {X,,...,X,,}, we define

0 ifts0ort>n,
¢(B)X,-0,Zr*-i- -ÛqZ,*, ift=1,...,n,

where we set X, = 0 for ts 0.
(a) Show that ¢(B)X, = 8(B)Z,* for all t i n (withthe understanding that

X, = 0 for t 5 0) and hence that Z,* = x(B)X, where x(z) = ¢(z)/0(z).
(b) If ing = - 2 , x,X,,,, _, is the truncation approximation to P,Xn+1 (see

Remark 1 in Section 5.5), show that

ZLi = #1X,, + ··· + ¢,Xrs+1-p + ÛiZ,* + + 8,ZLi_
.

(c) Generalize (b) to show that for all h :> 1

j=h

where Ž = X, ifj = 1, ..., n.

5.16.* Consider the process X, = A cos(Bt + U), t = 0, ±1, ..., where A, B and U are
random variables such that (A, B) and U are independent, and U is uniformly
distributed on (0,2ñ).
(a) Show that {X,} is stationary and determine its mean and covariance function.
(b) Show that the joint distribution of A and B can be chosen in such a way that

{X,} has the autocovariance function of the MA(1) process, Y = Z, + BZr-19
{Z,} ~ WN(0,62

(c) Suppose that A and B have the joint distribution found in (b)and let X,*,,,
and ž,,,, be the best and best linear predictors respectively of X,,,, in terms
of {X;, -o

< j á t}. Find the mean squared errors of X,*,,, and i,,,,, h > 2.

5.17.* Check that equation (5.6.15)is equivalent to (5.5.4).

5.18.* If «2 is the one-step mean-square prediction error for a stationary process {X,}
show that o

2
= 0 if and only if X, E A_, for every t.

5.19.* Suppose that {X,} is a stationary process with mean zero. Define A, = sp{X,,
sit}andZ,=X,-P X,.
(a) Show that «2 = E X,+1 - Pe,X,W2does not depend on t.
(b) Show that t/i; = E(X,Z,_ )/62does not depend on t.
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5.20.* Let { }be the MA(1) process,

= Z, + 2.5Z,_,, {Z,} ~ WN(0,<72X
and define X, = A cos(wt) + Bsin(ot) + Y,where A and B are uncorrelated (0,
<72) random variables which are uncorrelated with {¾}.
(a) Show that {X,} is non-deterministic.
(b) Determine the Wold decomposition of {X,}.

(c) What are the components of the spectral distribution function of {X,} cor-
responding to the deterministic and purely non-deterministic components
of the Wold decomposition?

5.21.* Let {X,,,n = 0, ±1,...} be a stationary Markov chain with states ±1 and
transition probabilities P(X,,,, = j|X, = i) = p if i = j, (1 - p) if i ¢ j. Find the
white noise sequence {Z,,} and coefficients a, such that

Z.espi{X,, -oo

< t <; n}

and

X,, = a;Z,,_;, n = 0, ±1, ...

j=o

5.22. Suppose that

X, = A cos(xt/3) + Bsin(ñt/3) + Z, + .5Z,_,, t = 0, ±1, ...,

where {Z,} ~ WN(0, 1), A and B are uncorrelated random variables with
mean zero, variance 4 and E(AZ,) = E(BZ,) = 0, t

=0, ±1,.... Find the best
linear predictor of X,, based on X, and X,_,. What is the mean squared error
of the best linear predictor of X,,, based on {X,, -oo

< j < t}?

5.23.* Let {X,} be the moving average

X, = ‡ Z,_ , {Z,} ~ WN(0,<72)
j= -oo

where ¢g-
(a) Find the spectral density of {X,}.
(b) Is the process purely non-deterministic, non-deterministic, or deterministic?

5.24.* If the zero-mean stationary process {X,} has autocovariance function,

f1 if h = 0,
y(h) =

p if h ¢ 0,
where 0 < p < 1,

(a) show that the mean square limit as n -> oo of n¯' L=1 X _, exists,
(b) show that X,, can be represented as

X,, = Z + Y,,,

where {Z, ,j
= 0, ±1,...} are zero-mean uncorrelated random variables

with EZ2 = p and E 2 = 1 - p, j = 0, ±1, ...,

(c) find the spectral distribution function of {X,,},
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(d) determine the components in the Wold decomposition of X,, and

(e) find the mean squared error of the one-step predictor Pspyx,,
_ = 4;s.,X,, i.

5.25. Suppose that {U,} and {V,}are two stationary processes having the same auto-
covariance functions. Without appealing to Kolmogorov's formula, show that
the two processes have the same one-step mean-square prediction errors.

5.26.* Under the assumptions made in our proof of Kolmogorov's formula (Theorem
5.8.1), show that the mean squared error of the two-step linear predictor
Ž,42= Ps Xt+2

1 + (2x) 2 e-aln f(i)dk «2

with «2 as in (5.8.1).
5.27. Let {X,} be the causal AR(1) process,

X,-¢X,_,=Z,, {Z,}~WN(0,62L

and let is,, be the best linear predictor of X,,, based on X,, ..., X,. Defining
6,o = 1 and i, = 0, find 8,,, ..., 0,, such that

j=0

5.28.* Suppose that X, = 2 e ¢¿Z, _;, (Z,} ~ WN(0, 1) and e ‡ < o. Show
that the h-step mean-square prediction error,

«2(h):= E(Xt+h šgXs,-o<sst)Xt+h 2

satisfies
«2( 2 ‡2 ... h2-1

Conclude that {X,} is purely non-deterministic.



CHAPTER 6*

Asymptotic Theory

In order to carry out statistical inference for time series it is necessary to be
able to derive the distributions of various statistics used for the estimation of
parameters from the data. For finite n the exact distribution of such a statistic
f (X,,...,X,) is usually (evenfor Gaussian processes) prohibitively compli-
cated. In such cases, we can still however base the inference on large-sample
approximations to the distribution of the statistic in question. The mathe-
matical tools for deriving such approximations are developed in this chapter.
A comprehensive treatment of asymptotic theory is given in the book of
Serfling (1980).Chapter 5 of the book by Billingsley (1986)is also strongly
recommended.

§6.1Convergence in Probability

We first define convergence in probability and the related order concepts
which, as we shall see, are closely analogous to their deterministic counter-
parts. With these tools we can then develop convergence in probability ana-
logues of Taylor expansions which will be used later to derive the large-sample
asymptotic distributions of estimators of our time series parameters.

Let {ax,n = 1,2,...} be a sequence of strictly positive real numbers and let
{X,,n = 1,2,...} be a sequence of random variables all defined on the same
probability space.

Definition 6.1.1 (Convergence in Probability to Zero). We say that X, con-
verges in probability to zero, written X, = o,(1) or X, S 0, if for every
e>0,

P(|X,\>e)-0 asn-+o.



§6.1.Convergence in Probability 199

Definition 6.1.2 (Boundedness in Probability). We say that the sequence {X,}
is bounded in probability (ortight), written X, = 0,(1), if for every e > 0 there
exists ö(s)e(0, oo) such that

P(|X,| > õ(s)) < e for all n.

The relation between these two concepts is clarified by the following
equivalent characterization of convergence in probability to zero, viz. X, = o,(1)
if and only if for every e > 0 there exists a sequence õ,(e)10 such that

P(|X,| > ö,(e)) < e for all n,

(seeProblem 6.3). The definitions should also be compared with their non-
random counterparts, viz. x, = o(1) if xy 0 and x, = O(1) if {x,}is bounded.

Definition 6.1.3 (Convergence in Probability and Order in Probability).

(i) X, converges in probability to the random variable X, written X, S X,
if and only if X, - X = o,(1).

(ii) X, = o,(as) if and only if a;1X, = o,(1).

(iii)X, = O,(as) if and only if a X, = 0,(1).

Notice that if we drop the subscripts p in Definitions 6.1.3 (ii)and (iii)we
recover the usual definitions of o(·) and O(·) for non-random sequences. In
fact most of the rules governing the manipulation of o(·) and O(·) carry over
to o,(·) and 0,(·). In particular we have the following results.

Proposition 6.1.1. If X, and Y,,,n = 1, 2, ..., are random variables defined on
the same probability space and a, > 0, b, > 0, n = 1, 2, ..., then

(i) if X,, = o,(as) and Y,,= o,(b.), we have
X,,Y, = o,(a,b.),

X, + Y, = o,(max(as, b.)),
and

(X,,('=o,(a'), forr>0;
(ii) if X,, = o,(as) and Y, = O,(b,,), we have

X,Y,, = o,(a,b.).
Moreover
(iii) the statement (i)remains valid if o, is everywhere replaced by 0,.

PROOF. (i)If |X,, Y,,|/(a,b.) > e then either |Y,||b, <; 1 and |X,|/a. > e or |Y,,||b,,> 1
and |X,, Y,||(a,b.) > e. Hence

P( |X, Y,,||(a,b,,)> e) <; P( |X,, /a,,> e) + P( |Y,,||b,,> 1)
->0

asn-voo.

If |X,, + Y,,||max(a,,, b,,)> e then either ]X,,|/a,, > e/2 or |Y,,|/b,,> e/2. Hence
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P( |X, + Y,||max(as,b.) > e) 5 P( |X, /a. > e/2) + P( |Y,|/b,,> e/2)

0 as no oo.

For the last part of (i)we simply observe that

P(X,|'/a,>e)=P(|X,ja,>ell')-0 asn->oo.

Parts (ii)and (iii)are left as exercises for the reader.

The Definitions 6.1.1-6.1.3 extend in a natural way to sequences of random
vectors. Suppose now that {X,, n = 1, 2,...} is a sequence of random vectors,
all defined on the same probability space and such that X, has k components
X,,,Xn2,...,X,,,n=1,2,....

Definition 6.1.4 (Order in Probability for Random Vectors).

(i) X, = o,(a.) if and only if X,,, = o,(a.), j = 1, ..., k.
(ii) X, = 0,(as) if and only if X,,, = O,(a,,),j = 1, ..., k.
(iii)X, converges in probability to the random vector X, written X, & X,

if and only if X , - X = o,(1).

Convergence in probability of X, to X can also be conveniently characterized
in terms of the Euclidean distance IX. - X| = |¯ij x (X,,, -

X,)2]I/2.

Proposition 6.1.2. X, - X = o,(1) if and only if X, - X = o,(1).

PROOF. If X, - X = o,(1) then for each e > 0, lim., P( X,,, - X,|2 > e/k) = 0
for each j = 1, ..., k. But

k k

P i |X,,,- X,2 >e i i P(|X,,-X,2>e/k) (6.1.1)
j=1 j=1

since 1|_;|X,, - X;|2 > 8 impliCS that at least one summand exceeds e/k. Since
the right side of (6.1.1)converges to zero so too does the left side and hence
jX, - X|2 = O,(1). By Proposition 6.1.1 this implies that |X, - X| = o,(1).

Conversely if X, - X| = o,(1) we have X,, - X 2 i \X,, - X\2 whence
P( |X,,, - X,| > e) i P( |X,, - X |2 2) -> 0.

Proposition 6.1.3. If X, - Y, 0 and Y, i Y then X, Y.

PROOF. X, - Y| 5 |X, - Y, + Y, - Y| = o,(1), by Propositions 6.1.1 and
6.1.2.

Proposition 6.1.4. If {X,} is a sequence of k-dimensional random vectors such
that X,, SX and if g : R* * R" is a continuous mapping, then g(X,) &g(X).

PROOF. Let K be a positive real number. Then given any e > 0 we have
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P(jg(X,) - g(X)| > e) < P(|g(X,) - g(X)| > e, |X | 5 K, |X,| 5 K)

+ P({|X| > K} u {|X,| > K}).

Since g is uniformly continuous on {x:|x|<_K}, there exists y(e)>0 such
that for all n,

{g(X,) - g(X)| > e, |XE K, |X,1 5 K} E {|X, - X | > y(e)}.

Hence

P( |g(X,) - g(X) | > e) 5 P( |X, - X | > y(s)) + P( |X | > K) + P( |X, | > K)

EP(|X,-X >y(e))+P(|X|>K)

+ P( X| > K/2) + P(|X, - X| > K/2).

Now given any ö > 0 we can choose K to make the second and third terms
each less than õ/4. Then since |X, - X| Å 0, the first and fourth terms will
each be less than õ/4 for all n sufficiently large. Consequently g(X,) Å g(X).

Taylor Expansions in Probability

If g is continuous at a and X, = a + o,(1) then the argument of Proposition
6.1.4 tells us that g(X,) = g(a) + o,(1). If we strengthen the assumptions on g
to include the existence of derivatives, then it is possible to derive probabilistic
analogues of the Taylor expansions of non-random functions about a given
point a. Some of these analogues which will be useful in deriving asymptotic
distributions are given below.

Proposition6.1.5. Let {X,} be a sequence ofrandomvariables such that X, = a +
O,(r.) where a ER and 0 < r, m 0 as n

--+

oo. If g is a functionwith s derivatives
at a then

3 g (a)g(X,) = 2 (X, - a)J + o,(r.),
j=0

where gu is the jth derivative of g and 9'°' ¯

PROOF. Let

s gu)(a) (x - a)"
h(x) = g(x) - 2 (x - a) , x ¢ a,

. j=o JI SI

and h(a) = 0. Then the function h is continuous at a so that h(X,) =

h(a) + o,(1). This implies that h(X,) = o,(1) and so by Proposition 6.1.1 (ii),
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(X,, - a)"h(X,,) = o,(r.),

which proves the result.

EXAMPLE 6.1.1. Suppose that {X,} ~ IID(µ, o.2) With µ > 0. If X, =

n¯I
, X,, then by Chebychev's inequality (seeProposition 6.2.1 below),

P(n 12|Z, - µ| > QK «28-2, and hence

i,, - µ = 0,(n- 1/2

Since ln x has a derivative at µ, the conditions of Proposition 6.1.5 are
satisfied and we therefore obtain the expansion,

lni,=lnµ+µ (X.-g+g 12)

We conclude this section with a multivariate analogue of Proposition 6.1.5.

Proposition 6.1.6. Let (X,,} be a sequence of random k × 1 vectors such that

X, - a = 0,(r.),

where a E yk and r, m 0 as no oo. If g is a functionfromR* into R such that
the derivatives ôg/8x, are continuous in a neighborhood N(a) of a, then

g(X,) = g(a) + 2 (a)(X,, - ag) + o,(r,).
i=1

ÔX¿

PROOF. From the usual Taylor expansion for a function of several variables

(seefor example Seeley (1970),p. 160) we have, as x -> a,

g(x) = g(a) + (a)(x,- ag) + o(|x - a ).

Defining

h(x) = g(x) - g(a) - (a)(x,- ag) x - a|, x ¢ a,

and h(a) = 0, we deduce that h is continuous at a and hence that h(X,) = o,(1)
as n

->

œ. By Proposition 6.1.1 this implies that h(X.)|X,, - a = o,(r,,), which

proves the result.

§6.2Convergence in rth Mean, r > 0

Mean square convergence was introduced in Section 2.7 where we discussed
the space L2 of square integrable random variables on a probability space
(G, F, P). In this section we consider a generalization of this concept, conver-
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gence in rth mean, and discuss some of its properties. It reduces to mean-square
convergence when r = 2.

Definition 6.2.1 (Convergence in rth Mean, r > 0). The sequence of random
variables {X,} is said to converge in rth mean to X, written X,, 4 X, if
E|X, - X|' -> 0 as n

-+

oo.

Proposition 6.2.1 (Chebychev's Inequality). If E|X|' < oo, r > 0 and e > 0,
then

P(jX | 2 e) 5 e¯'E |X |'.
PROOF.

P( |X ] > e) = P( |X (e '

> 1)

flif xe A,
= EI (|X |'e

'), where I,(x) =
.

O if x ¢A,

i Ej |X's 'I (|X|'e¯')

5 e¯' E |X |'. O

The following three propositions provide useful connections between the
behaviour of moments and order in probability.

Proposition 6.2.2. If X, A X then X, E X.

PROOF. By Chebychev's inequality we have for any e > 0,

P(|X,-X|>e)¾e¯'E|X,-X|'->0 asn->oo. O

Proposition 6.2.3. If a, > 0, n = 1, 2,..., and E(X,,2) = O(a,,2),then X, = O,(a,).

PROOF. Applying Chebychev's inequality again, we have for any M > 0,

P(a |X,,| > M) 5 a 2E X,,|2 M2

5 C/M2 Where C = sup (a¯2E|X,|2) < o.

Defining õ(e) = 2(C/e) 12 if C > 0 and any positive constant if C = 0, we see
from Definition 6.1.2 that a; |X,\ = 0,(1).

Proposition 6.2.4. If EX,, -+

µ and Var(X,,) -> 0 then X, A µ (andX,, S µ by
Proposition 6.2.2).

PROOF. E |X,, - µ|2 = E |X,, - EX,,|2 + |EX,, - µ|2
-0

asnoœ.
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§6.3Convergence in Distribution

The statements X, MX and X X are meaningful only when the
random variables X, Xi, X2, ..., are all defined on the same probability space.
The notion of convergence in distribution however depends only on the
distribution functions of X, X,, X2, ..., and is meaningful even if X, Xi, X2,
..., are all defined on different probability spaces. We shall show in Proposition
6.3.2 that convergence in distribution of a sequence {X,} is implied by con-
vergence in probability. We begin with a definition.

Definition 6.3.1 (Convergence in Distribution). The sequence {X,} of random
k-vectors with distribution functions {Fx (·)}is said to converge in distribu-
tion if there exists a random k-vector X such that

lim Fx (x)= Fx(x) for all XE C, (6.3.1)
R-*OO

where C is the set of continuity points of the distribution function Fx(·) of X.
If (6.3.1)holds we shall say that X, converges in distribution to X. Such
convergence will be denoted by X, = X or Fx Fx.

If X, > X then the distribution of X, can be well approximated for large n
by the distribution of X. This observation is extremely useful since Fx is often
easier to compute than Fx .

A proof of the equivalence of the following characterizations of convergence
in distribution can be found in Billingsley (1986),Chapter 5.

Theorem 6.3.1 (Characterizations of Convergence in Distribution). If Fo, Fi,
F2,... are distribution functionson R with corresponding characteristic func-
tions ¢,,(t)= Ja,exp(it'x)dF,(x), n = 0, 1, 2, ..., then the followingstatements
are equivalent:

(i) F,, Fo,
(ii)Josg(x)dF,,(x) -> Jueg(x)dFo(x) for every bounded continuous functiong,
(iii) lim,,, ¢,,(t)= ¢o(t)for every t = (ty,..., ty)'e R*.

Proposition 6.3.1 (The Cramer-Wold Device). Let {X,,} be a sequence of random
k-vectors. Then X,, X if and only if L'X,, l'X for all 1 = (11,...,Ak)'E Ñk

PROOF. First assume that X,,oX. Then for any fixed leR*, Theorem 6.3.1
(iii)gives

¢vx (t) = Eexp(itk'X,,) = ¢x,,(ti)s¢x(tt) = ¢yx(t),
showing that l'X,, L'X.

Now suppose that l'X, --> l'X for each le R*. Then using Theorem 6.3.1
again, we have for any ÂE Sk
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#x (1)= Eexp(il'X,,) = ¢yx (1)--> ¢yx(1)= ¢x(1)
which shows that X, --> X. O

Remark 1. If X, -> X then the Cramer-Wold device with 1, = 1 and 2, = 0,
j ¢ i, shows at once that X,,, -> X, where X,,, and X, are the ith COmponents of
X,, and X respectively. If on the other hand X,,, -> X, for each i, then it is not
necessarily true that X, --> X (seeProblem 6.8).

Proposition 6.3.2. If X,, & X then

(i) E|exp(it'X,,) - exp(it'X)| -+ 0 as n -> oo for every tE Ñk
and
(ii) X,, > X.

PROOF. Given te R* and e > 0, choose õ(e) > 0 such that

|exp(it'x)- exp(it'y)| = (1- exp(it'(y - x))| < e if |x - y| < õ. (6.3.2)
We then have

E|exp(it'X,,) - exp(it'X)) = E|1 - exp(it'(X,, - X))|

= E[ 1 - exp(it'(X,, - X))|I{\x,-xi<a}]

+ Ej |1 - exp(it'(X,, - X)) I ].
The first term is less than a by (6.3.2)and the second term is bounded above
by 2P(]X,, - X| ;> õ) which goes to zero as n -+ oo since X,, S X. This
proves (i).

To establish the result (ii)we first note that

|E exp(it'X,,) - E exp(it'X)| <; E|exp(it'X,,) - exp(it'X) -+ 0 as no ao,

and then use Theorem 6.3.1 (iii).
Proposition 6.3.3. If {X,,}and {Y,,}are two sequences of random k-vectors such
that X,, - Y,, = o,,(1) and X,, X, then Y,, -> X.

PROOF. By Theorem 6.3.1 (iii),it suffices to show that
|¢Y

X (t) -> 0 as n
-+

o for each te R*, (6.3.3)
since then

lév.¾ - ¢x(thi \¢Y X,(t)| + \¢x,(t) - #x(t)|-+ 0.

But

\¢v,(t) - ¢x (t)| = E(exp(it'Y,,) - exp(it'X,,))

<; E|1 - exp(it'(X,, - Y,,))|

-+ 0 as no oo,

by Proposition 6.3.2. O
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Proposition 6.3.4. If {X,,} is a sequence of random k-vectors such that X,, eX
and if h : R* - R" is a continuous mapping, then h(X,) -> h(X).

PROOF. For a fixed te Œ" e"< > is a bounded continuous function of X so
that by Theorem 6.3.1 (ii),4,,x (t)- Ágx,(t).Theorem 6.3.1 (iii)then implies
that h(X,) h(X).

In the special case when {X,} converges in distribution to a constant
random vector b, it is also true that {X,,} converges in probability to b, as
shown in the following proposition. (Notice that convergence in probability
to b is meaningful even when Xi, X2, ..., are all defined on different proba-
bility spaces.)

Proposition 6.3.5. If X, b where b is a constant k-vector, then X, i b.

PROOF. We first prove the result for random variables (i.e.in the case k = 1).
If X,, b then F (x)-> 17,,,(x) for all x -/- b. Hence for any e > 0,

P(|X,,-b|Ke)=P(b-e_<X,,5b+s)

Im,o)(b + e) - Jo,,,(b - e)

= 1,

showing that X,, i b.
To establish the result in the general case, k > l, we observe that if X,, b

then X,,7-->b; for each j= 1, ..., k by Remark 1. From the result of the
preceding paragraph we deduce that X,,, i by for each j = 1, ..., k and
hence by Definition 6.1.4 that X,, & b.

Proposition 6.3.6 (The Weak Law of Large Numbers). If {X,,} is an iid sequence
of random variables with a finitemean µ, then

where i,,:= (X, + ··· + X,,)/n.

PROOF. Since X,, - µ = ((X, - µ) + · · + (X,, - µ))/n, it suffices to prove the
result for zero-mean sequences. Assuming that µ = 0, and using the in-
dependence of Xi, X2, ..., We have

¢y (t)= Ee"E

= (¢ (n¯I t))".

From the inequality |1 - y"| <; nl - y|, |y| <; 1, and the assumption that
EX, = 0 it follows that

|1 - ¢y (t)| <; nl - ¢ (n t)

= n E(1 + itn¯ X, - e"" 'Ily

<; E n(1 + itn¯IXi - e"" 'I¶
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A Taylor series approximation to cos x and sin x then gives

|1 + iy - e"| = |1 + iy -cosy - isiny|

5 (1-cosy[ + |y -sinyl

smin(2|y,|y )
for all real y. Replacing y by tn I

x in this bound we see that for every x

|n(1+itn x-e""'')|52t||x|, n=1,2,...,

and

In(1+itn¯ x -e""'')]->0 asn->œ.

Since E|Xi|<œ by assumption, En(1+itn-1X,-e""¯'**)|-0 by the
dominated convergence theorem. Hence ¢g(t) -> 1 for every t and since 1 is
the characteristic function of the zero random variable we conclude from
Propositions 6.3.1 (iii)and 6.3.5 that Ï,, &0.

Proposition 6.3.7. If {X,,} and {Y,} are sequences of random k- and m-vectors
respectively and if X,,-->X and Y,, b where b is a constant vector, then

X X"
w . (6.3.4)Y,, b

(Note that (6.3.4)is not necessarily true if Y,, converges in distribution to a
non-constant random vector.)

PROOF. If we define Z,, = [X',b'|', then from Proposition 6.3.5 we have
Z,, - [X', Y',T= o,(l). It is clear that Z,, > [X', b' |' and so (6.3.4)follows from
Proposition 6.3.3. O

The following proposition is stated without proof since it follows at once
from Propositions 6.3.4 and 6.3.7.

Proposition6.3.8.If {X,,} and {Y,,} are sequences of random k-vectors such that
X,, ->X and Y,, b where b is constant, then

(i) X,, + Y, --> X + b

and

(ii)Y' X,, b'X.

The next proposition will prove to be very usefulin establishing asymptotic
normality of the sample mean and sample autocovariance function for a wide
class of time series models.

Proposition 6.3.9. Let X,,, n = 1, 2, ..., and Y,,, j = 1, 2, ...;

n = 1, 2, ..., be
random k-vectors such that
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(i) Y,, ->Y, as no œ for each j = 1, 2, ...,

(ii) Y,->Yasjoœ,and
(iii) lim,,, lim sup,, P(|X, - Y,,| > s) = 0 for every e > 0.

Then
X, Y as n

-+

œ.

PROOF. By Theorem 6.3.1, it suffices to show that for each tE k

|#x,(t)-
¢Y(t)] -+ 0 as n

-+

oo.

The triangle inequality gives the bound

(6.3.5)
+ \¢v,(t)-

¢Y
·

From (iii)it follows, by an argument similar to the proof of Proposition 6.3.2
(i),that lim sup,, |¢x (t)- ¢y (t)| - 0 as j ->

o. Assumption (ii)guarantees
that the last term in (6.3.5)also goes to zero as j -> oo. For any positive
õ we can therefore choose j so that the upper limits as n

-+

oo of the first
and third terms on the right side of (6.3.5)are both less than õ/2. For this
fixed value of j, lim,- |¢y (t)- ¢y,(t) = 0 by assumption (i).Consequently
lim sup |¢x (t) - ¢y(t)|< iõ + ¼õ= õ, and since õ was chosen arbitrarily,
lim sup ¢x (t) - ¢y(t)|= 0 as required.

Proposition 6.3.10 (The Weak Law of Large Numbers for Moving Averages).
Let {X,} be the two-sided moving average

X, = 1 gZ,
j=-œ

where {Z,} is iid with mean µ and |¾| < oo. Then

j=-œ

(Note that the variance of Z, may be infinite.)

PROOF. First note that the series Eg_
gZ,_ converges absolutely with

probability one since

j= -o j= -o

Now for each j, we have from the weak law of large numbers,

n¯ L Z,
_ µ.

t=1

Defining Y,, ·= n¯ ¢¿Z,_, =
¯

, Z,_;), we see from
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Proposition 6.l.4 that

If we define Y, = ( g)µ,then since Yk =-o ()µ, Ït SUÍTICOS 10
show by Proposition 6.3.9 that

lim lim sup P(|X, - Ynk|> e) = 0 for every e > 0. (6.3.6)
koo no

Applying Proposition 6.2.1 with r = 1, we have

P(|X,-Y,,]> )--P n¯ 4, >e
t=1 |j|>k

\[j|>k /

which implies (6.3.6). O

§6.4Central Limit Theorems and Related Results

Many of the estimators used in time series analysis turn out to be asymp-
totically normal as the number of observations goes to infinity. In this section
we develop some of the standard techniques to be used for establishing
asymptotic normality.

Definition 6.4.1. A sequence of random variables {X,} is said to be asymp-
totically normal with "mean"

µ, and "standard deviation" o, if o, > 0 for n
sufficiently large and

o,¯*(X, - µ,) -> Z, where Z ~ N(0, 1).

In the notation of Serfling (1980)we shall write this as

X, is AN(µ,, af).

Remark 1. If X, is AN(µ,, aj) it is not necessarily the case that µ, = EX, or
that af = Var(X,). See Example 6.4.1 below.

Remark 2. In order to prove that X, is AN(µ,, aj) it is often simplest to
establish the result in the equivalent form (seeTheorem 6.3.1 (iii)),

#z (t)sexp(-t2/2),

where ¢z (·)is the characteristic function of Z, = a,¯ (X, - µ,). This approach
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works especially well when X, is a sum of independent random variables as
in the following theorem.

Theorem 6.4.1 (The Central Limit Theorem). If {X,} ~ IID(µ, o2) and Z, =

(X, + ··· + X,)/n, then

Ï, is AN(µ, o2/n).

PROOF. Define the iid sequence { } with mean zero and variance one by
= (X, - µ)/o and set Y,,= n . By Remark 2, it suffices to show that

¢,,,,27ft) - e¯"l2. By independence, we have

¢,2,2(t) = E exp itn-1/2
j=1

= [¢y,(tn-1/2n

First we need the inequality, x" - y"| 5 nx - y| for x| 5 1 and |yl i 1,
which can be proved easily by induction on n. This implies that for n ;> t2/4,

[¢y(tn-1/2 n 2/(2n))"| < n|¢y (tn¯72) - Q - t2/(2n))|
(6.4.1)

= n E(e""-l/2y -1/2 2Yi/(2n))) .

Using a Taylor series expansion of ex in a neighborhood of x = 0 we have
n|e"" ""

- O + im-1/2X - (2x2/(2n))| -> 0 as n
->

œ

and

n|e"" "22
- O + kn¯ 72x

- t2x2/(2n)) | 5 (tx)2 (Or all n and x.

Thus, by the dominated convergence theorem, the right-hand side of (6.4.1)
converges to zero as n -> oo and since (1 - t2/(2n))" -+ e-t2/2 We obtain
¢,,,,2yJt) - e-t2/2 RS required.

Remark 3. The assumption of identical distributions in Theorem 6.4.1 can be
replaced by others such as the Lindeberg condition (seeBillingsley, 1986)
which is a restriction on the truncated variances of the random variables X,,.
However the assumptions of Theorem 6.4.1 will suffice for our purposes.

Proposition 6.4.1. If X,, is AN(µ, o2) where a,,
-> 0 as n

-+

oo, and if g is a
functionwhich is differentiable at µ, then

g(X,,) is AN(g(µ), g'(µ)2 2

PROOF. Since Z,,=o,,-i(X,,-µ)>Z where Z~N(0,1), we may conclude
from Problem 6.7 that Z,, = 0,(1) as n -> oo. Hence X,, = µ + 0,(«,,). By
Proposition 6.1.5 we therefore have

o,¯ [g(X,,) - g(µ)] = o; g'(µ) [X, - µ] + o,(1),

which with Proposition 6.3.3 proves the result.
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EXAMPLE 6.4.1. Suppose that {X,,} ~ IID(µ, o.2) Where µ ¢ 0 and 0 < o < oo.

IfX,, = n¯ (X, + ··· + X,,) then by Theorem 6.4.1

X,, is AN(µ, o.2

and by Proposition 6.4.1,

X is AN(µ¯ µ¯4 2

Depending on the distribution of X,,, it is possible that the mean of X,,-1 may
not exist (seeProblem 6.17).

We now extend the notion of asymptotic normality to random k-vectors,
k ;> 1. Recall from Proposition 1.5.5 that X is multivariate normal if and only
if every linear combination l'X is univariate normal. This fact, in conjunction
with the Cramer-Wold device, motivates the following definition (seeSerfling
(1980))of asymptotic multivariate normality.

Definition 6.4.2. The sequence {X,,} of random k-vectors is asymptotically
normal with "mean vector" µ,, and "covariance matrix" Ï,, if

(i) Ï,, has no zero diagonal elements for all sufficiently large n, and

(ii) L'X,, is AN(l'µ,,,L'L,,1) for every leRk Such that l'L,1>0 for all
sufficient large n.

Proposition 6.4.2. If X,, is AN(µ,,, I,,) and B is any non-zero m × k matrix such

that the matrices BL,,B', n = 1, 2, ..., have no zero diagonal elements then

BX,, is AN(Bµ,,, BE,,B').

PROOF. Problem 6.21.

The following proposition is the multivariate analogue of Proposition 6.4.1.

Proposition6.4.3. Suppose that X,, is AN(µ,cir) where I is a symmetric non-
negative definite matrix and c,, m 0 as no oo. If g(X) = (gx(X),..., g_(X))' is a
mapping fromRk m Such that each g;(·) is continuously differentiable in a
neighborhood of µ, and if DED' has all of its diagonal elements non-zero, where

D is the mxk matrix [(ôg,/ôxy)(µ)],then

g(X,,) is AN(g(µ), cf DED').

PROOF. First we show that X,,, = µ¿ + O,(c,,). Applying Proposition 6.4.2 with
B = (õÿ¡,õ¿2,...,õ,,)we find that X,,, = BX is AN(µ¿,cioy) where o is the jth
diagonal element of Ï and og > 0 by Definition 6.4.2. Since c; (X,, - µ )
converges in distribution we may conclude that it is bounded in probability
(Problem 6.7) and hence that X,,, = µÿ + 0,(c,,).

Now applying Proposition 6.1.6 we can write, for i = 1, ..., m,



212 6. Asymptotic Theory

g,(X,,) = g,(µ) + 1 (µ)(X,,, - µ¿) + o,(c.),

or equivalently,

g(X,,) - g(µ) = D(X,, - µ) + o,(c.).

Dividing both sides by c,, we obtain

c [g(X,,) - g(µ)] = c; D(X,, - µ) + o,(1),

and since c¯ D(X,, - µ) is AN(0, DÏD'), we conclude from Proposition 6.3.3
that the same is true of c; [g(X,,) - g(µ)].

EXAMPLE 6.4.2 (The Sample Coefficient of Variation). Suppose that {X,,} ~

IID(µ, «2), « > 0, EX| = µ4 < oo, EX| = µ3, EX| = µ2
2 2 and

EX,, = µ, = µ ¢ 0. The sample coefficient of variation is defined as Y,,= s,,/Î,,
where Ž,, = n¯ (X, + ··· + X,,) and si = n¯IL"_i(X, - Ž,,)2.It ÍS easy to
verify (Problem 6.22) that

X,
n is AN ,

n¯* Ï (6.4.2)
n¯ X \ 42 /

i=1

where E is the matrix with components

E = µ - µ,µ¿, i, j = 1, 2.

Now Y,,= g(X,,, n¯ X ) where g(x, y) = x¯ (y - x2) 12. Applying Prop-
osition 6.4.3 with

ög ôg
D = -(µ),-(µ) = [-µ2 Œµ2), 1/(2«µ,)],

8x ôy

we find at once that

Y,,is AN(«/µ¡, n DED').

We shall frequently have need for a central limit theorem which applies to
sums of dependent random variables. It will be sufficient for our purposes to
have a theorem which applies to m-dependent strictly stationary sequences,
defined as follows.

Definition 6.4.3 (m-Dependence). A strictly stationary sequence of random
variables {X,} is said to be m-dependent (wherem is a non-negative integer)
if for each t the two sets of random variables {X;, j <~ t} and {X,, j;> t + m + 1}

are independent.

Remark 4. In checking for m-dependence of a strictly stationary sequence
{X,,t = 0, ±1, ±2,...} it is clearly suflicient to check the independence of
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the two sets {X,, j á 0} and {X,, j;> m + 1} since they have the same joint
distributions as {X;, j á t} and {X;, j ;> t + m + 1} respectively.

Remark 5. The property of m-dependence generalizes that of independence
in a natural way. Observations of an m-dependent process are independent
provided they are separated in time by more than m time units. In the
special case when m = 0, m-dependence reduces to independence. The MA(q)
processes introduced in Section 3.1 are m-dependent with m = q.

The following result, due originally to Hoeffding and Robbins (1948),
extends the classical central limit theorem (Theorem 6.4.1) to m-dependent

sequences.

Theorem 6.4.2 (The Central Limit Theorem for Strictly Stationary m-Dependent
Sequences). If {X,} is a strictly stationary m-dependent sequence of random

variables with mean zero and autocovariance functiony(·), and if v.= y(0) +
22p, y( j) ¢ 0, then

(i) lim,,,, n Var(Ž,)= v. and

(ii) Ï, is AN(0, v,/n).

PROOF. (i)n Var(Z,) = n (i - B
i=1 j=1

= E (1-n¯Iljl)y(j)

IJMn

= 2 (1-n¯*|j)y(j) forn>m
|j|<;m

sv. asnsœ.

(ii)For each integer k such that k > 2m, let Ynk_ -1/2[(X, + ··· + X,_.) +
(Xk+1 + ··· + X2k-m) + ··· + (X(,-1),41 + ··· + X, _.)] where r = [n/k], the
integer part of n/k. Observe that n 12YnkiS a Sum of r iid random variables each
having mean zero and variance,

RA-m = Var(X, + ··· + X,_.) = 1 (k - m - jl)y( j).
|j|<k-m

Applying the central limit theorem (Theorem 6.4.1), we have

Y,g->Y, where Yg~ N(0,k¯ Rk-m•

Moreover, since k¯ Rk-m m RS k -+ œ, we may conclude (Problem 6.16) that

Yk-> Ï Where Y ~ N(0, v.).

It remains only to show that

lim lim sup P(|nl/2X, - Ynk|> e) = 0 for every e > 0, (6.4.3)
koo no
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since the second conclusion of the theorem will then follow directly from
Proposition 6.3.9.

In order to establish (6.4.3)we write (n 12Ž,- Y,,) as a sum of r = [n/k]
independent terms, viz.

r-1

nl/2
n ¯ nk

-1/2 X,g-,,, + Xjk-m+2 + ··· + X )
j=1

+ n 72(Xrk-m+i + ··· + X,).

Making use of this independence and the stationarity of {X,}, we find that
Var(nl/2

n ¯ nk
-1[([n/k]

- 1)R, + Ry ],
where R. = Var(Xi + + X,), Ry, = Var(Xi + ··· + Xh(n)) and h(n) =

n - k[n/k] + m. Now Rm is independent of n and Rys, is a bounded function
of n since 0 <; h(n) < k + m. Hence limsup., Var(nl/2

n
nk) = k¯ R.,

and so by Chebychev's inequality condition (6.4.3)is satisfied. O

Remark 6. Recalling Definition 6.4.1, we see that the condition v. ¢ 0 is
essential for conclusion (ii)of Theorem 6.4.2 to be meaningful. In cases where
v. = 0 it is not difficult to show that nl/2Z,&0 and n Var(Ï,,)-0

as n
-+

oo

(seeProblem 6.6). The next example illustrates this point.

EXAMPLE 6.4.3. The strictly stationary MA(1) process,

X, = Z, - Z,_i, {Z,} ~ IID(0, «2L
is m-dependent with m = 1, and

vm = y(0) + 2y(1) = 0.

For this example Ï,, = n *(Z, - Zo), which shows directly that n Zi -

Zo, n1/2
n 4 0 and n Var(Z,,)- 0 as n -> oo.

EXAMPLE 6.4.4 (Asymptotic Behaviour of Z,, for the MA(q) Process with

B=o0; ¢ 0). The MA(q) process,

X, = 1 0,Z, y, {Z,} ~ IID(0, «2), 1 0; ¢ 0, Bo= 1,
j=O j=O

is a q-dependent strictly stationary sequence with

q q 2

v, = 1 y( j) = «2 1 0; = 2xf(0),
j= -q j=0

where f(·) is the spectral density of {X,} (seeTheorem 4.4.2). A direct appli-
cation of Theorem 6.4.2 shows that

Ž,,is AN 0, 62

o

2

n . (6.4.4)
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Problems

6.1. Show that a finite set of random variables {X,,..., X,,} is bounded in probability.

6.2. Prove parts (ii)and (iii)of Proposition 6.1.1.

6.3. Show that X,, = o,(1) if and only if for every e > 0, there exists a sequence õ,(e)10
such that P(\X,, > õ,(s)) < e for all n.

6.4. Let X,, X2, ..., be iid random variables with distribution function F. If
M,,:=max(X,,...,X.) and m,,:=min(Xi,...,X,,), show that M,/nSO if
x(1 - F(x)) -0

as x - o and m,,/n 5 0 if xF(-x) a 0 as x - oo.

6.5. If X,, = 0,(1), is it true that there exists a subsequence {X, } and a constant
Ke (0,oo) such that P(|X, \ < K,k = 1,2,...) = 1?

6.6. Let {X,} be a stationary process with mean zero and an absolutely summable
autocovariance function y( )such that g_ , y(h) = 0. Show that n Var(Z,,)o 0
and hence that nl/2X,,&0.

6.7. If {X,,} is a sequence of random variables such that X.->X, show that {X,,} is
also bounded in probability.

6.8. Give an example of two sequences of random variables {X., n = 0, 1,...} and

{Y,, n = 0, 1,...} such that X,, -> Xo and Y, o Yowhile (X,, Y,)' does not converge
in distribution.

6.9. Suppose that the random vectors X, and Y, are independent for each n and
that X, ->X and Y,,->Y. Show that [X',Y']'>[X',Y']' where X and Y are
independent.

6.10. Show that if X,, o X, Y, -> Y and X, is independent of Y, for each n, then
X, + Y, -> X + Y where X and Y are independent.

6.11. Let {X,} be a sequence of random variables such that EX, = m and Var(X.) =

a2 > 0 for all n, where of -0
as no co. Define

Z,, = o,, (X, - m),

and let f be a function with non-zero derivative J'(m)at m.
(a) Show that Z,, = O,(1) and X, = m + o,(1).
(b) If Y,,= [f(X.) - f(m)]/[a, f'(m)], show that Y, - Z, = o,(1).

(c) Show that if Z,, converges in probability or in distribution then so does Y,.

(d) If S. is binomially distributed with parameters n and p, and f'(p) ¢ 0, use the
preceding results to determine the asymptotic distribution of f(S,/n).

6.12. Suppose that X,, is AN(µ,o2) where of 40. Show that X,, & µ.

6.13. Suppose that X, is AN(µ, of) and Y, = a, + o,(a.). If a,,/a,, a c, where 0 < c < oo,
show that (X, - µ)/Y,, is AN(0,c2

6.14. If X,, = (X,,,...,X,,,)' m N(0,1) and I,, i I where I is non-singular, show that
X',E¯'X,>X2

6.15. If X,, is AN(µ,, a,,2), show that
(a) X,, is AN(p., õ|) if and only if õ,,/o,, el and (p,, - µ,,)/o,, m 0, and
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(b) a,X, + b, is AN(µ,,of) if and only if a,, el and (µ,,(a,- 1) + b,,)/o, -> 0.
(c) If X,, is AN(n, 2n), show that (1 - n¯')X,, is AN(n, 2n) but that (1-

n-1/2)X,
is not AN(n,2n).

6.16. Suppose that X,, ~ N(µ,,, v,,) where µ, - µ, v,, -> v and 0 < v < oo. Show that
X,, -->X, where X ~ N(µ,v).

6.17. Suppose that {X,} ~ IID(µ,«2) where 0 < «2 < œ. U Z, - nf (X, + ··· + X,,)
has a probability density function f(x)which is continuous and positive at x = 0,
show that E|Ï | = oo. What is the limit distribution of i i when µ = 0?

6.18. If Xi, X2, ..., are iid normal random variables with mean µ and variance «2,

find the asymptotic distributions of ij = (n I igi X)2

(a) when µ ¢ 0, and
(b) when µ = 0.

6.19. Define

fln(x) if x > 0,
ln*(x) =

0 x<;0.

IfX,, is AN(µ, «J)where µ > 0 and o,, m 0, show that ln*(X,,) is AN(ln(µ), µ-2 2

6.20. Let f(x) = 3x 2
- 2x" for x ¢ 0. If X,, is AN(1,aj) find the limit distribution

of (f(X,,) - 1)/o,,2assuming that 0 < a,, -> 0.

6.21. Prove Proposition 6.4.2.

6.22. Verify (6.4.2)in Example 6.4.2. If µ ¢ 0, what is the limit distribution of n¯*/2(9
6.23. Let X,, X2, ..., be iid positive stable random variables with support [0,oo),

exponent 2 e (0,1) and scale parameter cil' where c > 0. This means that

Ee "A = exp(-c62), 0 > 0.

The parameters c and a can be estimated by solving the two
"moment" equations

n¯ e¯ ·XJ
= exp(-c0|), i = 1, 2,

j=1

where 0 < 0, < 02, for c and œ. Find the asymptotic joint distribution of the
estimators.

6.24. Suppose {Z,} ~ IID(0,«2

(a) For h 2 1 and k 2 1, show that Z,Zt+h and Z,Z,,, are uncorrelated for all
s¢t,s21,t21.

(b) For a fixed h 2 1, show that

6-2 -1/2
t t+19 ·•9

t
t+h)' (N,,...,Nh

t=1

where N,, N2,..., Nhare iid N(0, 1) random variables. (Note that the sequence
{Z,Zt+h,t = 1,2,...} is h-dependent and is also WN(0,«*).)

(c) Show that for each h 2 1,

n¯'l2 Z,Zr+h r n t+h
n) Å 0

t=1 t=1
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where

Z, = n¯ (Z, + · + Z,).

(d) Noting by the weak law of large numbers that n¯ " Z,2 Å «2, conclude
from (b)and (c)that

nl/2(p(1),...,þ(h)y (N,,..., Nh

where

n-h
_

n

þ(h)= 1 (Z, - Z,)(Zt h
- Z,,) 2 (Z, - Z,)2.

t=1 t=1



CHAPTER 7

Estimation of the Mean and the
Autocovariance Function

If {X,} is a real-valued stationary process, then from a second-order point of
view it is characterized by its mean µ and its autocovariance function y(·). The
estimation of µ, y(·) and the autocorrelation function p(·) = y(·)/y(0) from
observations of X,, ..., X,, therefore plays a crucial role in problems of
inference and in particular in the problem of constructing an appropriate
model for the data. In this chapter we consider several estimators which will
be used and examine some of their properties.

§7.1Estimation of µ

A natural unbiased estimator of the mean µ of the stationary process {X,} is
the sample mean

X, = n¯ (Xi + X2 + ··· + X,). (7.1.1)
We first examine the behavior of the mean squared error E(Ï,-

µ)2 or
large n.

Theorem 7.1.1. If {X,} is stationary with mean µ and autocovariance function
y(·), then as n

-+

oo,

Var(Ï,)= E(Ï, -
µ)2 - 0 if y(n) - 0,

and

nE(Ï, - µ)2 - y(h) if |y(h)| < oo.
h= -o h= -oo
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PROOF.

- 1 "

n Var(X,,) = - i Cov(X,,X,)
i,j=1

h
= 1 - - y(h)

|h <n \ U /

< 1 y(h).

hl<n

Ify(n) -0

as no oo then lim,,_, n¯ 1|h|<,,\y(h)|= 21im,,_.dy(n)| = 0, whence
Var(X,,) -> 0. If 1° _, ly(h)|< oo then the dominated convergence theorem

gives

( lh|lim n Var(Ï,,)= lim i 1 - - y(h) = 1 y(h). O
n-+o n->œ |h|<n h= -oo

Remark 1. If if y(h) < oo, then {X,} has a spectral density f(·) and, by
Corollary 4.3.2,

n Var(Ï,,)-+ 1 y(h) = 2ñf(0).
h= -o

Remark 2. If X, = µ + ip _
gZ,_; with 1; _ _ |¾| < o, then 12__,, ly(h)|<

œ (seeProblem 3.9) and

o ao 2

n Var(Ž,,)-+ 1 y(h) = 2ñf(0) = o.2
h= -œ j= -oo

Remark 3. Theorem 7.1.1 shows that if y(n) -+ 0 as n -> o, then i,, converges
in mean square (andhence in probability) to the mean µ. Moreover under the
stronger condition if y(h)| < oo (whichis satisfied by all ARMA(p, q)
processes) Var(Ï,,)~ n¯ _, y(h). This suggests that under suitable condi-
tions it might be true that X,, is AN(µ, n¯ iho=-œ y(h)). One set of assumptions
which guarantees the asymptotic normality is given in the next theorem.

Theorem 7.1.2. If {X,} is the stationary process,

X,=µ+ gZ, , {Z,}~IID(0,o21

where ig _ |g| < oo and ig _co g 4 0, then

X,, is AN(µ, n¯ v),

where v =
_, y(h) = o2(ig

_, g)2,and y(·) is the autocovariance function
of {X,}.

PROOF. See Section 7.3. O
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Theorem 7.1.2 is useful for finding approximate large-sample confidence
intervals for µ. If the process {X,} is not only stationary but also Gaussian,
then from the second line of the proof of Theorem 7.1.1 we can go further and
write down the exact distribution of X, for finite n, viz.

|h|
n 12(X, - µ) ~ N 0, i 1 - - y(h) ,

|h|<n

a result which gives exact confidence bounds for µ if y(·) is known, and
approximate bounds if it is necessary to estimate y(·) from the observations.

Although we have concentrated here on Ì, as an estimator of µ, there
are other possibilities. If for example we assume a particular model for the
data such as ¢(B)(X, - µ) = 8(B)Z,, then it is possible to compute the best
linear unbiased estimator g, of µ in terms of Xx, ..., X, (seeProblem 7.2).
However even with this more elaborate procedure, there is little to be gained
asymptotically as no oo since it can be shown (seeGrenander and Rosenblatt
(1957),Section 7.3) that for processes {X,} with piecewise continuous spectral
densities (andin particular for ARMA processes)

lim n Var(g.) = lim n Var(Ï,).
We shall use the simple estimator Ž,.

§7.2Estimation of y(·) and p(·)

The estimators which we shall use for y(h) and p(h) are
n-h

ý(h)= n¯ i (X, - X,,)(X, ,,
- X,,), 0 sh i n - 1, (7.2.1)

t=1

and

þ(h)= ý(h)/ý(0), (7.2.2)
respectively. The estimator (7.2.1)is biassed but its asymptotic distribution (as
no ao) has mean y(h) under the conditions of Proposition 7.3.4 below. The
estimators ý(h),h = 0, ..., n - 1, also have the desirable property that for each
n ;> 1 the matrix

ý(0) ý(1) --- ý(n- 1)

ý(1) ý(0) ··- ý(n- 2)
(7.2.3)

ý(n- 1) ý(n- 2) ·-· ý(0)
is non-negative definite. To see this we write

F,, = n TT',
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where T is the n × 2n matrix,

O · - · 0 Yi Y2 · · · Y,,
0---0 YiY2-·-Y,0

0YiY2 ;,0-··0

and Y = X, - Ž,,,i = 1, ..., n. Then for any real nx 1 vector a we have
a'f,,a = n-1(a'T)(a'T)';> 0,

and consequently the sample autocovariance matrix f,, and sample auto-
correlation matrix,

Ê,,= Ê,,/ý(0), (7.2.4)
are both non-negative definite. The factor n¯ is sometimes replaced by
(n - h)¯ in the definition of ý(h),but the matrices f,, and Ê,,may not then be
non-negative definite. We shall therefore always use the definitions (7.2.1)and

(7.2.2)of ý(h)and þ(h).Note that det f,, > 0 if ý(0)> 0 (Problem 7.11).
From Xy, ..., X,, it is of course impossible without further information to

estimate y(k) and p(k) for k ;> n, and for k slightly smaller than n we should
expect that any estimators will be unreliable since there are so few pairs
(X,, X,,,) available (onlyone if k = n - 1). Box and Jenkins (1976),p. 33,
suggest that useful estimates of correlation p(k) can only be made if n is roughly

50 or more and k < n/4.
It will be important in selecting an appropriate ARMA model for a given

set of observations to be able to recognize when sample autocorrelations are
significantly different from zero. In order to do this we use the following
theorem which gives the asymptotic joint distribution for fixed h of p(1),...,

þ(h)as n
-+

oo.

Theorem 7.2.1. If {X,} is the stationary process,

X, - µ = gZ,_;, {Z,} ~ IID(0, o.2

where 2° _, |g | < oo and EZ,' < oo, then for each he {1,2,...}we have

ß(h)is AN(p(h), n¯ W),

where

þ(h)'=[p(1),p(2),...,þ(h)],
p(h)' = [p(1),p(2),..., p(h)],

and W is the covariance matrix whose (i,j)-element is given by Bartlett's formula,

wy = {p(k+ i)p(k + j) + p(k - i)p(k + j) + 2p(i)p( j)p2(k)

- 2p(i)p(k)p(k + j) - 2p( j)p(k)p(k + i)}.
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PROOF. See Section 7.3.

In the following theorem, the finite fourth moment assumption is relaxed
at the expense of a slightly stronger assumption on the sequence {¢¿}.
Theorem7.2.2. If {X,} is the stationary process

X,-µ= 1 ¢¿Z,_,, {Z,}~IID(0,o.2

where ¢¿\<œand ljl<oo,thenforeachhe{l,2,...}

ß(h)is AN(p(h), n
* W),

where ß(h),p(h) and W are defined as in Theorem 7.2.1.

PROOF. See Section 7.3.

Remark 1. Simple algebra shows that

wp = {p(k + i) + p(k - i) - 2p(i)p(k)}
k=1

(7.2.5)
× {p(k+j)+p(k -j) -2p(j)p(k)},

which is a more convenient form of we for computational purposes. This
formula also shows that the asymptotic distribution of nl/2(þ(h) - p(h)) is the
same as that of the random vector (Yi,..., Yh)',Where

Y = (p(k+ i) + p(k - i) - 2p(i)p(k))Nk, i = 1, ..., h, (7.2.6)
k=1

and Ny, N2, ... are iid N(0, 1) random variables. The proof of Theorem 7.2.2
shows in fact that the limit distribution of n 12(þ(h)

- p(h)) is completely deter-
mined by the limit distribution of the random variables o¯2n¯ 72

i Z,Z, ,

i = 1, 2, ... which are asymptotically iid N(0, 1) (seeProblem 6.24).

Remark 2. Before considering some applications of Theorem 7.2.2 we note
that its conditions are satisfied by every ARMA(p, q) process driven by an
iid sequence {Z,} with zero mean and finite variance. The assumption of
identical distributions in Theorems 7.1.2 and 7.2.1 can also be replaced by the
boundedness of E Z,|3 and E Z, 6 TCSpectively (orby other conditions which
permit the use in the proofs of a central limit theorem for non-identically
distributed random variables). This should be kept in mind in applying the
results.

EXAMPLE 7.2.1 (Independent White Noise). If {X,} ~ IID(0,<72), then p(l) = 0
if il| > 0, so from (7.2.5)we obtain
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11ifi=j,
w-=" 0 otherwise.

For large n therefore þ(1), ..., þ(h) are approximately independent and
identically distributed normal random variables with mean 0 and variance
n¯I. If we plot the sample autocorrelation function þ(k)as a function of
k, approximately

.95

of the sample autocorrelations should lie between the
bounds ±1.96n-1/2. This can be used as a check that the observations truly
are from an IID process. In Figure 7.1 we have plotted the sample auto-
correlation þ(k),k = 1, ..., 40 for a sample of 200 independent observations
from the distribution N(0, 1). It can be seen that all but one of the auto-
correlations lie between the bounds ± 1.96n¯1/2. If we had been given the data
with no prior information, inspection of the sample autocorrelation function
would have given us no grounds on which to reject the simple hypothesis that
the data is a realization of a white noise process.

0.9 -
O.8 -
O.7 -

O.6 -

0.5 -
O.4 -

O.3 -

-O 2 -

-O 3 -

-O 4 -
-O 5 -

-O 6 -
-O 7 -

-O 8 -

-0.9

-

O 10 20 30 40

Figure 7.1. The sample autocorrelation function of n = 200 observations of Gaussian
white noise, showing the bounds ±1.96n¯1/2

EXAMPLE 7.2.2 (Moving Average of Order q). If

X,=Z,+0,Z,_i+···+8,Z,_,, {Z,}~IID(0,o2X
then from Bartlett's formula (7.2.5)we have

we, = [1 + 2p2(1) + 2p2(2) + ··· + 2p2(¢l i >

as the variance of the asymptotic distribution of n1/2þ(Ì)RS n U. In FigUTC
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O.9 -
0.8 -
0.7 -
O.6 -
O.5 -

0.4 -
O 3 -

-O 2 -

-O 3 -
-O 4 -

-O 5 -

-O 6 -
-O 7 -

-O 8 -

-O 9 -

- l

O 1 O 20 30 40

Figure 7.2. The sample autocorrelation function of n = 200 observations of the Gaus-
sian MA(1) process, X, = Z, - .8Z,_,, {Z,} ~ WN(0, 1), showing the bounds
±1.96n¯1/2[1 + 2p20DI/2.

7.2 we have plotted the sample autocorrelation function p(k),k = 0, 1, ..., 40,
for 200 observations from the Gaussian MA(1) process

X, = Z, - .8Z, 1, {Z,} ~ IID(0, 1). (7.2.6)
The lag-one sample autocorrelation is found to be p(1)=

-.5354
=

-7.57n- 12, which would cause us (in the absence of our prior knowledge
of {X,}) to reject the hypothesis that the data is a sample from a white
noise process. The fact that |þ(k) < 1.96n-1/2 fOr ke{2,...,40} strongly
suggests that the data is from a first-order moving average process. In
Figure 7.2 we have plotted the bounds ±1.96n¯72[1 + 2p2001/2 Where

p(1) =

-.8/1.64

=
-.4878. The sample autocorrelations þ(2),..., þ(40)all lie

within these bounds, indicating the compatibility of the data with the model
(7.2.6).Since however p(1) is not normally known in advance, the autocor-
relations þ(2),..., þ(40)would in practice have been compared with the more
stringent bounds ±1.96n¯1/2 Or with the bounds ±1.96n¯I/2[1 + 2þ2 1/2

order to check the hypothesis that the data is generated by a moving average
process of order 1.

EXAMPLE 7.2.3 (Autoregressive Process of Order l). Applying Bartlett's formula
to the causal AR(l) process,

X, - ¢X,_, = Z,, {Z,} ~ IID(0,o.2



§7.3.*Derivation of the Asymptotic Distributions 225

and using the result (seeSection 3.1)that p(i) = ¢ , we find that the asymptotic
variance of n 12 - NOMs

00

w¿¿= ¢2i k k 2 2k -i
_

i 2

k=1 k=i+1

= (1 - ¢2i 2 2 1
- 2i¢2', i = 1, 2, ...,

~ (1+ ¢2 2) fOT i Ï&Tge.

The result is not of the same importance in model identification as the corre-
sponding result for moving average processes, since autoregressive processes
are more readily identified from the vanishing of the partial autocorrelation
function at lags greater than the order of the autoregression. We shall return
to the general problem of identifying an appropriate model for a given time
series in Chapter 9.

§7.3*Derivation of the Asymptotic Distributions

This section is devoted to the proofs of Theorems 7.1.2, 7.2.1 and 7.2.2. For the
statements of these we refer the reader to Sections 7.1 and 7.2. The proof of
Theorem 7.1.2, being a rather straightforward application of the techniques
of Chapter 6, is given first. We then proceed in stages through Propositions
7.3.1-7.3.4 to the proof of Theorem 7.2.1 and Propositions 7.3.5-7.3.8 to the
proof of Theorem 7.2.2.

PROOF OF THEOREM 7.1.2. We first define

x,.= µ + i (z
j= -m

and

Ynm= X,, = Xrm n.
t=1

By Example 6.4.4, as n
-+

oo,

n1/2(Ynm- µ)-> L where Y, ~ N 0,«2 . (7.3.1)
\ \j= -m / /

Now as m -+ oo, «2
-m

2 2 oo 2, and so by Problem 6.16,

Y, -> Y where Y ~ N 0, «2 ¢, . (7.3.2)

By Remark 2 of Section 7.1,
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Var(nl/2
n

- Y,,)) = n Var n¯I i (Ze
\ t=1 \j|>m /

)2-+ 1 ý¡ 62 RS n a CO.
j|>m

Hence

lim lim sup Var(nl/2(Ï,- Ynm))= 0,
m-+o nao

which, in conjunction with Chebychev's inequality, implies that condition (iii)
of Proposition 6.3.9 is satisfied. In view of (7.3.1)and (7.3.2)we can therefore
apply the Proposition to conclude that nl/2 X, - À> Y O

The asymptotic multivariate normality of the sample autocorrelations
(Theorem 7.2.1) will be established by first examining the asymptotic be-
havior of the sample autocovariances ý(h)defined by (7.2.1).In order to do
this it is simplest to work in terms of the function

y*(h) = n
I i X,Xt+h, h = 0, 1, 2, ...,

t=1

which, as we shall see in Proposition 7.3.4, has the same asymptotic properties
as the sample autocovariance function.

Proposition 7.3.1. Let {X,} be the two-sided moving average,

X, = Z , {Z,} ~ IID(0, 62

j= -o

where EZ,' = pa* < oo and ‡¡| < o. Then if p ;> 0 and q ;> 0,

lim n Cov(y*(p), y*(q))

(7.3.3)
= (n- 3)y(p)y(q) + y(k)y(k - p + q) + y(k + q)y(k - p)],

k=-o

where y(·) is the autocovariance functionof {X,}.

PROOF. First observe that

yo' ifs=t=u=v,
E(ZsZ,Z, Z,) = a* if s = t ¢ u = v, (7.3.4)

0 ifs¢t,s¢uands¢v.

Now

E(X,X,,,Xt+h+pXt+h+p+q

= 1i i L‡¿ý¡,,¢k+h+pl+h+p+qE(Z,_;Z, ¿Zt-k t-i
i j k i
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and the sum can be rewritten, using (7.3.4),in the form

(4 - 3)«* L‡¿¢,,,ýi+h+pi+h+p+q
i

+ y(h + p)y(h + q) + y(h + p + q)y(h).

It follows that

Ey*(p)y*(q) = n 2E X,X,,,XsX,
s=1 <=1

=n¯2

pgd+¾s-th
-t-p+d

s=1 t=1

+ y(s - t + q)y(s - t - p)

i

Letting k = s - t, interchanging the order of summation and subtracting
y(p)y(q), we find that

Cov(y*(p), y*(q)) = n¯ L (1- n¯ |k|)Tk, (7.3.5)
|kj<n

where

T, = y(k)y(k - p + q) + y(k + q)y(k - p) + (n - 3)a'i¢¿¢,,,¢,,,¢ .

i

The absolute summability of {¢ÿ}implies that {Tk) ÏS also absolutely summable.
We can therefore apply the dominated convergence theorem in (7.3.5)to
deduce that

lim n Cov(y*(p), y*(q))

k= -oo

= (v¡- 3)y(p)y(q) + 1 [y(k)y(k- p + q) + y(k + q)y(k - p)]. O
k=-o

Proposition 7.3.2. If {X,} is the moving average,

X, = ‡¿Z,_;, (Z,} ~ IID(0,o.2), (7.3.6)

where EZ,' = po' < oo, and if y(·) is the autocovariance functionof {X,}, then
for any non-negative integer h,

y*(0) y(0)
is AN

°

, n¯ V ,

y*(h) y(h)

where V is the covariance matrix,
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V = (4 - 3)y(p)y(q) + 1 (y(k)y(k- p + q)
k= -oo

+ y(k + q)y(k - p))
p,q=0,...,h

PROOF. We define a sequence of random (h+ 1)-vectors {Y,} by

Y,' = (X,X,, X,Xr+1, ..., X,X, ).
Then {Y,} is a strictly stationary (2m+ h)-dependent sequence and

n¯ i Y, = (y*(0),...,y*(h))'.
t=1

We therefore need to show that as n
-+

oo,

¯y(0)

n l'Y, is AN L' ,n l'VA , (7.3.7)
t=1

y(h)

for all vectors le Rh+1 Such that k'VA > 0. For any such 1, the sequence {l'Y,}
is (2m+ h)-dependent and since, by Proposition 7.3.1,

lim n¯ Var £ 1'Y, = l'Vl > 0,
n-oo <=i

we conclude from Remark 6 of Section 6.4 that {L'Y,} satisfies the hypotheses
of Theorem 6.4.2. Application of the theorem immediately gives the required
result (7.3.7). l¯¯!

The next step is to extend Proposition 7.3.2 to MA(oo) processes.

Proposition 7.3.3. Proposition 7.3.2 remains true if we replace (7.3.6)by

X, = 1 gZ,_ , {Z,} ~ IID(0, 62), (7.3.8)
where fj° _26 < oo and EZ,' = ya* < œ.

PROOF. The idea of the proof is to apply Proposition 7.3.2 to the truncated
sequence

j=-m

and then to derive the result for {X,} by letting me œ. For 0 <; p <; h we
define

y*(p) = n¯ X,,X .

t=1



§7.3.*Derivation of the Asymptotic Distributions 229

Then by Proposition 7.3.2

y*(0) - y,(0)

n
l/2 Y.,

y*(h) - y_(h)

where y,(·) is the autocovariance function of {X,.}, Y, ~ N(0, V.) and

V, = (r¡- 3)y,(p)?m(4) + (Tm(k)y,(k - p + q)
k=-o

+ ym(k + q)y_(k - p))
Ip,q=0,...,h

Now as me oo,

V. - V,

where V is defined like V, with y,(·) replaced by y(·). Hence

Y, Y where Y ~ N(0, V).

The proof can now be completed by an application of Proposition 6.3.9
provided we can show that

lim lim sup P(n1/2 ¯ Tm(p)- y*(p) + y(p) > e) = 0, (7.3.9)
OO N ©

for p = 0, 1, ..., h.
The probability in (7.3.9)is bounded by e¯2nVar(y*(p)-y*(p))=

s¯2[n Var(y*(p)) + n Var(y*(p)) - 2n Cov(y*(p), y*(p))]. From the calcula-
tions of Proposition 7.3.1 and the preceding paragraph,

lim lim n Var(y*(p)) = lim n Var(y*(p))

where v,, is the (p,q)-element of V. Moreover by a calculation similar to that
given in the proof of Proposition 7.3.1, it can be shown that

lim lim n Cov(y*(p), y*(p)) = v,,, (7.3.10)
00 n-koD

whence

lim lim sup e¯2 n Var(y*(p) - y*(p)) = 0. (7.3.11)
m-*OD N-*00

This establishes (7.3.9).

Next we show that, under the conditions of Proposition 7.3.3, the vectors

[y*(0),. . . , y*(h)]' and [ý(0),. . . , ý(h)]'have the same asymptotic distribution.

Proposition 7.3.4. If {X,} is the moving average process,
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X, = gZ, y, {Z,} ~ IID(0, «2),

j= -o

where |g| < o and EZ,* = r¡a' < œ, and if y(·) is the autocovariance

functionof {X,}, then for any non-negative integer h,

ý(0) y(0)
is AN ,

n¯* V (7.3.12)
ý(h) , y(h)

where V is the covariance matrix,

V = (v¡- 3)y(p)y(q) + 1 (y(k)y(k- p + q)
k=-o

(7.3.13)
+ y(k + q)y(k - p))

p,q=0,...,h

PROOF. Simple algebra gives, for 0 5 p < h,
n-p n-p

n 12( * ) - ý B --

n 12X, n X,,, + n¯ X, + (1- n¯ p)X,
t=1 t=1

+ n-1/2 i X,X, .

t=n-p+1

The last term is o,(1) since n¯1/2E|f"
,_ X,X,,,| 5 n 72py(0) and

n
72py(0) -0

as n -> oo. By Theorem 7.1.2 we also know that

n 12X, -> Y where Y ~ N 0, «2

which implies that nl/2
n

iS O,(1). Moreover by the weak law of large numbers

(cf.Proposition 6.3.10),

n-1 X,,, + n¯ X, + (1- n¯ p)Ž, &0.
t=1 t=1

From these observations we conclude that
n1/2 *(p) - T(p)) = Op(Î)RS n

->

U,

and the conclusion of the proposition then follows from Propositions 6.3.3
and 7.3.3.

Remark 1. If { }is a stationary process with mean µ, then Propositions 7.3.1-
7.3.4 apply to the process {X,} = { - µ}, provided of course the specified
conditions are satisfied by { -

µ}. In particular if

= µ + gZ,,j, {Z,} ~ IID(0, «2),
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where fj° |g| < o and EZ,4 4 < OO and if y(·) is the autocovariance
function of {Y}, then for any non-negative integer h,

ý(0) y(0)
is AN : , n¯ V ,

where V is defined by (7.3.13)and ý(p)= n-1 h
¯ n +h n

•

We are now in a position to prove the asymptotic joint normality of the
sample autocorrelations.

PROOF OF THEOREM 7.2.1. Let g(·) be the function from Rh+1 ÌRÍO gh defined by

g([xo,xi,...,xh = X1XO,...,Xh/xo]', xo¢0.

If y(·) is the autocovariance function of {X,}, then by Proposition 6.4.3 and
Remark 1 above,

ß(h)= g([ý(0),...,ý(h)]') is AN(g([y(0),...,y(h)]'),n DVD'),

i.e. ß(h)is AN(p(h), n¯1D VD'), where V is defined by (7.3.13)and D is the matrix
of partial derivatives,

-p(1) 1 0 --· 0

D = y(0)_
,

- p (2) 0 1 0

-p(h) 0 0 ··- 1

Denoting by vp and we the (i,j)-elements of V and D VD' respectively, we find
that

wp = v - p(i)voy - p( j)vio + p(i)p( j)voo

= p(k)p(k - i + j) + p(k - i)p(k + j) + 2p(i)p( j)p2(k)
k=-o

- 2p(i)p(k)p(k + j) - 2p( j)p(k)p(k - i) .

Noting that is p(k)p(k - i + j) = ik p(k + i)p(k + j) and that
p(j)p(k)p(k-i)=1,p(j)p(k+i)p(k), we see that we is exactly as

specified in the statement of Theorem 7.2.1.

We next turn to the proof of Theorem 7.2.2 which is broken up into a series
of propositions.

Proposition 7.3.5. If {X,} is the moving average process
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X, = Z,_ , {Z,} ~ IID(0, Œ2

j=-o

where 17 _, |¢¿| < oo and j| < oo, then for h ;> 0,

y*(h) j+h
2 = y(h).

\ j= -o /

PROOF. We give the proof for h = 0. The general case is similar. Now

y*(0) = n ‡¿‡,Z,_;Z,
t=1 i,j

= n E L‡ Zy ¿+ Y,,
t=1 i

where Y, = ifty;ý¿¢¿n¯ "
i Z _,Z, y. By the weak law of large numbers

for moving averages (Proposition 6.3.10), the first term converges in
probability to (1, †|)«2. So it sumces to show that ( Å 0. For i ¢ j,
{Z,_;Z,_;, t = 0, ±1,...} ~ WN(0,a') and hence

Var n ZoZ,_ - n¯ a' -> 0.
<=i

Thus for each positive integer k

Ynk i
1 i Z, _, Z, , S 0,

|i|fk,|j|fk,i¢j t=1

and

lim limsupE Y, - Y,,| 5 Hm Umsup i i ¢¿¢¿|E|ZiZ2
k +œ n œ k-+o no |i|>k }j|>k

= 0.

Now appealing to Proposition 6.3.9, we deduce that Y, &0. O

Proposition 7.3.6. Let {X, }be as defined in Proposition 7.3.5 and set

y*(h)
p*(h)=- forh=1,2,....y*(0)

Then

n 12 p*(h) - p(h) - (y*(0)) n̄¯1/2 i i iag;Z, ¿Z,_,,, & 0 (7.3.14)
t=1 j¢O i

where

a¿ = þ¿(‡i-j+h- p(h)¢,_;), i = 0, ±1, ...; j= ±1, ±2, ....

PROOF. We have
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p*(h)-p(h)=(y*(0))¯ (y*(h)-p(h)y*(0))
=(y*(0)) n-I L Li¢¿‡Z,_;Z,,,,_,-p(h)ig‡‡Z Z

t=1 I J t 1

= (y*(0)) n̄¯ i i i¢¿( i-j+h-p(h) _,)Z,_;Z, ,

t=1 i j

so that the left side of (7.3.14)is

(y*(0)) n̄-1/2 i i+h ¯
i) i Z,2

i \ t=1

(7.3.15)
= (y*(0)) n 12 ý, i+h

- p(h)¢¿) Z + U, ,

\t=1

where U,,, = 2"¯ Z - 1" Z| is a sum of at most 2|i| random variables.

Since 1;¢¿(¢i+h- p(h)‡,) = 0 and y*(0) Å (1, ‡ )62,the proof will be com-
plete by Proposition 6.1.1 once we show that

L¢¿(¢i+h- p(h)¢¿)U,,, = 0,(1). (7.3.16)
i

But,

lim supE L¢¿(ýi+h- p( þ¿)U,

i i+h i
2 (2|i|)«2

)1/2
1/2

<; 2a2 L¢¿¾i ik,2+h|i| + 262 2

i i i

and this inequality implies (7.3.16)as required. O

Proposition 7.3.7. Let X, and ay, be as defined in Proposition 7.3.6. Then for
each positive integer j,

n¯/2 LaggfZ,_;Z,_;,,-LagjiZ,Z,,, 40 (7.3.17)
i t=1 i t=1

and

n-1/2 Lag Z,_;Z, -Lag,_,iZ,Z,,, 40. (7.3.18)
i t=1 i t=1

PROOF. The left side of (7.3.17)is equal to n¯1/21;ag;U,,, where U,, =

Z,Z,,, - 1"_,Z,Z,,, is a sum of at most 2|i| products Z,Z .

Moreover,
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limsupE LagU,¿ <i |ý¿¢i-j+h i
i-j| 2|i|«2

n-w o i i

¯ 1/2 1/2

< 2«2 i¢¿2 ¢¿2-j+h
i i

)1/2
1/2¯

< oo.

Consequently n-1/2 1, aqU,, S 0. The proof of (7.3.18)is practically identical
and is therefore omitted.

Proposition 7.3.8. Let {X,} be the moving average process defined in Prop-
osition 7.3.5. Then for every positive integer h,

nl/2(p*(h) - p(h))' (Yi,..., Yh

where p*(h) = (p*(1),..., p*(h)),

Y, = 2 (p(k+ j) + p(k - j) - 2p(j)p(k))N),
j=1

and Ni , N2, ... are iid N(0, 1) random variables.

PROOF. By Proposition 7.3.6,

n2/2(p*(h) - p(h)) = (y*(0))-2n¯*/2 i i ag;Z ¿Z, ,,, + o,(1). (7.3.19)
t=1 j¢O i

Also by Problem 6.24, we have for each fixed positive integer m,

«¯2n 12 Z,Z,41,..., i Z,Z,,, (N,,..., N,)
t=1 t=1

where N,, ..., N, are iid N(0, 1) random variables. It then follows from
Propositions 7.3.7 and 6.3.4 that

a¯2n¯1/2 i i LagZ,_¿Z,_;,, e i f (ag+ ay,_ ) Nÿ. (7.3.20)
0<|j|<;m t=1 i j=1 i

We next show that (7.3.20)remains valid with m replaced by oo. By Prop-
osition 6.3.9, m may be replaced by oo provided

(ag+ ar, _;)N, (ag+ ag, ;)N as m
--+

oo (7.3.21)
j=1 i j=1 i

and

lim limsupVar n¯1/2 i i fagZ,_;Z,_;,, = 0. (7.3.22)
m-o n-o \ lji>m <=1\ i //
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Now (7.3.21)is clear (infact we have convergence in probability). To prove
(7.3.22),we write Var(n 12 ay,Z,_ Z ) as

-1
ij klE(Z,_ Z Zs-k s-k+l

s=1 t=1 i |j|>m k |l|>m

s=1 t=1 i j|>m

ij t+i,j t+i-j,-j
4

|r<n j>m

ij t+i,j t+i-j,-j
4

i |j>m \ t /

|J|>m \ i / \ t /

)2= 2 i £|ag| o .

|j|>m i

This bound is independent of n. Using the definition of ag it is easy to
show that the bound converges to zero as m

-+

oo, thus verifying (7.3.22).
Consequently (7.3.20)is valid with m = co. Since y*(0) (1,¢ )62,Ít (OÏIOWS

from (7.3.19)and Proposition 6.3.8 that

nl/2(p*(h) - p(h)) -> av + at, N

= Yh•

Finally the proof of the joint convergence of the components of the vector
n 12(p*(h)

- p(h)) can be carried out by writing vector analogues of the
preceding equations.

PROOF OF THEOREM 7.2.2. As in the proof of Theorem 7.2.1, (seeRemark l) we
may assume without loss of generality that µ = 0. By Proposition 6.3.3, it
suffices to show that

n 12(p*(h)
- p(h))Å 0 for h = 1, 2, ... .

As in the proof of Proposition 7.3.4 (andassuming only that {Z,} ~ IID(0, 62

we have for h > 0,

nl/2(y*(h) - ý(h))= o,(1).

By Proposition 7.3.5,

y*(h) Å y(h) for h > 0

and hence

ý(h)Å y(h) for h > 0.
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Thus by Proposition 6.1.1,

nl/2(p*(h) - þ(h))= n1/2(y*(h) - ý(h))/y*(0)
+ nl/2(ý(0)

- y*(0))ý(h)/(y*(0)ý(0))

= o,(1). O

Problems

7.1. If {X,} is a causal AR(1) process with mean µ, show that i is AN(µ,
o20

- ¢ 2n¯*). In a sample of size 100 from an AR(1) process with ¢ =
.6

and
<72

= 2, we obtain Z,, =
.271.

Construct an approximate 95% confidence interval
for the mean µ. Does the data suggest that µ = 0?

7.2. Let {X,} be a stationary process with mean µ. Show that the best linear
unbiased estimator û of µ is given by ý, = (1T 1)¯ l'F,¯IX, where F, is the
covariance matrix of X,=(Xi,...,X,)' and 1=(1,...,1)'. Show also that
Var(ß,,) = (l'T II)¯'. [ÿ, is said to be the best linear unbiased estimator
of µ if E(p,,-µ)2=minE|Y-µ|2 where the minimum is taken over all
Yesp{X,,...,X,} with EY = µ.]

7.3. Show that for any series {xi,...,x,}, the sample autocovariances satisfy

Lii.i<,ý(h)= 0.

7.4. Use formula (7.2.5)to compute the asymptotic covariance matrix of þ(1),..., þ(h)
for an MA(1) process. For which values of j and k in {1,2,...}are þ(j) and þ(k)
asymptotically independent?

7.5. Use formula (7.2.5)to compute the asymptotic covariance of þ(1)and þ(2)for
an AR(1) process. What is the behaviour of the asymptotic correlation of þ(1)
and ß(2)as ¢ s ±1?

7.6. For an AR(1) process the sample autocorrelation þ(1)is AN(¢,(1 - ¢2 -1

Show that n 12 (0 - 041 - þ2 1/2 is AN(0, 1). If a sample of size 100 from
an AR(1) process gives þ(1)=

.638,

construct a 957, confidence interval for ¢. Is
the data consistent with the hypothesis that ¢ =

.7?

7.7. In Problem 7.6, suppose that we estimate ¢ by (j(3))1/3.Show that (þ(3)) 13 is
AN(¢,n 'v) and express v in terms of ¢. Compare the asymptotic variances of
the estimators þ(1)and (þ(3))1/3as ¢ varies between

-1

and 1.

7.8. Suppose that {X,} is the AR(1) process,

X,-µ=¢(X,-µ)+Z,, {Z,}~IID(0,«2),

where \¢| < l. Find constants a,, > 0 and b,,such that exp(Z,,)is AN(b., a.).

7.9. Find the asymptotic distribution of þ(2)/þ(1)for the Gaussian MA(1) process,

X, = Z, + BZ,_,, {Z,} ~ IID(0,v),

where 0 < |0 < l.
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7.10. If {X,} is the MA(1) process in Problem 7.9, the moment estimators Ôand ô of
0 and v based on the observations {X,,...,X,} are obtained by equating the
sample and theoretical autocovariances at lags 0 and 1. Thus

ô(1 + Ô2)= ý(0),
and

Ô/(1+ Ô2)- gg
Use the asymptotic joint distribution of (ý(0),þ(1))
(a) to estimate the probability that these equations have a solution when 8 =

.6

and n = 200 (8must be real), and

(b) to determine the asymptotic joint distribution of (û,Ô)'.
7.11. If Xi, ..., X, are n observations of a stationary time series, define

n (X, - ()(Xt+h - () if |h| < n,
ý(h)= <=1

0 if |h| ;> n.

Show that the function ý( )is non-negative definite and hence, by Theorem 1.5.1,
that ý(·)is the autocovariance function of some stationary process {(}. From
Proposition 3.2.1 it then follows at once that { }is an MA(n - 1) process. (Show
that On+hiS DOn-negative definite for all h ;;>0 by setting Y,,, = Y,,2 -

··· -

Yn+h= 0 in the argument of Section 7.2.) Conclude from Proposition 5.1.1 that
if ý(0)> 0, then f, is non-singular for every n.



CHAPTER 8

Estimation for ARMA Models

The determination of an appropriate ARMA(p, q) model to represent an
observed stationary time series involves a number of inter-related problems.
These include the choice of p and q (orderselection), and estimation of the
remaining parameters, i.e. the mean, the coefficients {¢,,8,:i= 1,...,p;
j= 1,...,q} and the white noise variance 62, (Or given values of p and
q. Goodness of fit of the model must also be checked and the estimation
procedure repeated with different values of p and q. Final selection of the most
appropriate model depends on a variety of goodness of fit tests, although it
can be systematized to a large degree by use of criteria such as the AICC
statistic discussed in Chapter 9.

This chapter is devoted to the most straightforward part of the modelling
procedure, namely the estimation, for fixed values of p and q, of the parameters
* = (¢i,...,¢,)', 0 = (81,...,04)'and o2. It will be assumed throughout that
the data has been adjusted by subtraction of the mean, so our problem
becomes that of fitting a zero-mean ARMA model to the adjusted data xx,
..., x,,. If the model fitted to the adjusted data is

X, - ¢iX, , -
···

- ¢,X,_, = Z, + ByZ, , + ··· + 8,Z, ,

{Z,} ~ WN(0,o2L
then the corresponding model for the original stationary series {Y} is found
by substituting Y - ÿ for X;, j = t, ..., t - p, where ÿ = n¯ B y, is the
sample mean of the original data, treated as a fixed constant.

In the case q = 0 a good estimate of * can be obtained by the simple device
of equating the sample and theoretical autocovariances at lags 0, 1, ..., p.
This is the Yule-Walker estimator discussed in Sections 8.1 and 8.2. When
q > 0 the corresponding procedure, i.e. equating sample and theoretical
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autocovariances at lags 0, ..., p + q, is neither simple nor efficient. In Sections
8.3 and 8.4 we discuss a simple method, based on the innovations algorithm
(Proposition 5.2.2), for obtaining more efficient preliminary estimators of the
coefficients when q > 0. These are still not as efficient as least squares or
maximum likelihood estimators, and serve primarily as initial values for the
non-linear optimization procedure required for computing these more effi-
cient estimators.

Calculation of the exact Gaussian likelihood of an arbitrary second order
process and in particular of an ARMA process is greatly simplified by use of
the innovations algorithm. We make use of this simplification in our discus-
sion of maximum likelihood and least squares estimation for ARMA processes
in Section 8.7. The asymptotic properties of the estimators and the determina-
tion of large-sample confidence intervals for the parameters are discussed in
Sections 8.8, 8.9, 8.11 and 10.8.

§8.1The Yule-Walker Equations and Parameter
Estimation for Autoregressive Processes

Let (X,} be the zero-mean causal autoregressive process,

X,-¢¡X, , -···-¢,X,_,=Z,, {Z,}~WN(0,62

Our aim is to find estimators of the coefficient vector * = (¢i,...,¢,)' and the
white noise variance 62 based on the observations Xi, ..., X,,.

The causality assumption allows us to write X, in the form

X, = ¢,Z, y, (8.1.2)
j=O

where by Theorem 3.1.1, ¢(z) = go ‡,zi = 1/¢(z), |z| <; 1. Multiplying each
side of (8.1.1)by X,_,, j = 0, ..., p, taking expectations, and using (8.1.2)to
evaluate the right-hand sides, we obtain the Yule-Walker equations,

F,‡ = y,, (8.1.3)
and

62 = y(0) - ‡'y,, (8.1.4)
where E, is the covariance matrix ly(i- j)]¶¿ , and y, = (y(1),y(2),...,y(p))'.
These equations can be used to determine y(0), ..., y(p) from «2 and ‡.

On the other hand, if we replace the covariances y( j), j = 0,..., p, appearing
in (8.1.3)and (8.1.4)by the corresponding sample covariances ý(j), we obtain

a set of equations for the so-called Yule-Walker estimators * and â2 of * and
«2, namdy

I^,¢ = †,, (8.1.5)
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and

Ô2 = ý(0)- ¢'†,, (8.1.6)
where (= [ý(i-j)g, , and†, = (ý(1),ý(2),...,ý(p))'.

If ý(0)> 0, then by Problem 7.11, ( is non-singular. Dividing each side of

(8.1.5)by ý(0),we therefore obtain

* = Ê¯ þ, (8.1.7)
and

â2 = ý(0)[1 - ß,Ê ß,], (8.1.8)
where ß, = (þ(1),...,þ(p))'= †,/ý(0).

With ‡ as defined by (8.1.7),it can be shown that 1 - ¢,z -
···

- ¢,z" ¢ 0
for \z <; 1 (seeProblem 8.3). Hence the fitted model,

X, - SiX,_,
-

···
- ),X,_, = Z,, {Z,} ~ WN(0,Û2

is causal. The autocovariances yF(h), h = 0, ..., p of the fitted model must
therefore satisfy the p + 1 linear equations (cf.(8.1.3)and (8.1.4))

(0,h
= 1 ..., py,(h) -

SyyF(h
- 1) -

···
- ÔpF(h

- p) =
' '

, h=0.

However, from (8.1.5)and (8.1.6)we see that the solution of these equations
is yF(h) = ý(h),h = 0, ..., p so that the autocovariances of the fitted model at
lags 0, ..., p coincide with the corresponding sample autocovariances.

The argument of the preceding paragraph shows that for every non-singular
covariance matrix F, 1

= [y(i- j) 11 there is an AR(p) process whose
autocovariances at lags 0, ..., p are y(0), ..., y(p). (The required coeflicients
and white noise variance are found from (8.1.7)and (8.1.8)on replacing ß(j)
by y( j)/y(0),j = 0,..., p, and ý(0)by y(0).) There may not however be an MA(p)
process with this property. For example if y(0) = 1 and y(1) = y(-1) = ß, the
matrix F2 is a non-singular covariance matrix for all ße (- 1, 1). Consequently
there is an AR(1) process with autocovariances 1 and ß at lags 0 and 1 for all
ß e (- 1, 1). However there is an MA(1) process with autocovariances 1 and ß
at lags 0 and 1 if and only if |ß <; 1/2. (See Example 1.5.1.)

It is often the case that moment estimators, i.e. estimators which (like‡)
are obtained by equating theoretical and sample moments, are far less efTicient
than estimators obtained by alternative methods such as least squares or
maximum likelihood. For example, estimation of the coefficient of an MA(1)
process by equating the theoretical and sample autocorrelations at lag 1 is
very inefficient (seeSection 8.5). However for an AR(p) process, we shall see
that the Yule-Walker estimator, *, has the same asymptotic distribution as
n - oo as the maximum likelihood estimator of ‡ to be discussed in Sections
8.7 and 8.8.

Theorem8.1.1.If {X,} isthecausalAR(p)process(8.1.1)with {Z,} ~ IID(0,62
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and Ôis the Yule-Walker estimator of *, then

nl/2(¼
- ‡) N(0,o2 ¯ X

where F, is the covariance matrix [y(i- j) 1. Moreover,

â2 i «2

PROOF. See Section 8.10.

Theorem 8.1.1 enables us in particular to specify large-sample confidence
regions for * and for each of its components. This is illustrated in Example
8.2.1.

In fitting autoregressive models to data, the order p will usually be
unknown. If the true order is p and we attempt to fit a process of order m, we
should expect the estimated coefficient vector *, = (¢,,,...,¢,,)' to have a
small value of Ômmfor each m > p. Although the exact distribution of *,, for
m > p is not known even in the Gaussian case, the following asymptotic result
is extremely useful in helping us to identify the appropriate order of the process
to be fitted.

Theorem8.1.2.If {X,} isthe causal AR(p) process(8.1.1)with {Z,} ~ IID(0,o2),
and if ¾,= ($,1,..., $,.y =

Ê¯I
p., m > p, then

nl/2
m

m) N(0,o2F;1\

where ‡, is the coefficient vector of the best linear predictor ¢',X, of X.41
based on X, = (X.,...,X,)', i.e. ‡.= R, p.. In particular for m > p,

n 12Ômm=N(0, 1).

PROOF. See Section 8.10. [¯]

The application of Theorem 8.1.2 to order selection will be discussed in
Section 8.2 in connection with the recursive fitting of autoregressive models.

§8.2Preliminary Estimation for Autoregressive
Processes Using the Durbin-Levinson Algorithm

Suppose we have observations xi, ..., x, of a zero-mean stationary time series.
Provided ý(0)> 0 we can fit an autoregressive process of order m < n to the
data by means of the Yule-Walker equations. The fitted AR(m) process is

X, - j,,X,_,
-

···
- ÔmmX,_, = Z,, {Z,} ~ WN(0,ô,), (8.2.1)
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where from (8.1.7)and (8.1.8),

and

= ý(0)[1 - ß' Ê, I ß,l. (8.2.3)
Now if we compare (8.2.2)and (8.2.3)with the statement of Corollary 5.1.1,

we see that ‡, and û, are related to the sample autocovariances in the same
way that *, and v. are related to the autocovariances of the underlying
process {X,}. (As in Theorem 8.1.2, *, is defined as the coefTicient vector of
the best linear predictor ¢',X, of X.., based on X, = (X.,..., Xi)'; v, is the
corresponding mean squared error.)

Consequently (ifý(0)> 0 so that Êx,Ê2, ... are non-singular) we can use
the Durbin-Levinson algorithm to fit autoregressive models of successively
increasing orders 1, 2, ..., to the data. The estimated coefficient vectors ¼i,
*2, ..., and white noise variances ût, ô2, ..., are computed recursively from
the sample covariances just as we computed 41,42, ..., and vi, v2, ...,

fTOm

the covariances in Chapter 5. Restated in terms of the estimates *,, ô,, the
algorithm becomes:

Proposition 8.2.1(The Durbin-Levinson Algorithm for Fitting Autoregressive
Models). If ý(0)> 0 then the fitted autoregressive models (8.2.1)for m = 1, 2,
..., n - 1, can be determined recursively fromthe relations, ¢i i

= þ(1),ûx =

ý(0)[1- þ2 10,

j=1

m1 m-1,m-1
= * - ),, : (8.2.5)

m,m-1 m-1,1

and

= ô,
_ i (1- Ômm). (8.2.6)

Use of these recursions bypasses the matrix inversion required in the
direct computation of ‡, and û, from (8.1.7)and (8.1.8).It also provides
us with estimates ¢ii, ¢22, ...,

Of the partial autocorrelation function at
lags 1, 2, ... . These estimates are extremely valuable, first for deciding on
the appropriateness of an autoregressive model, and then for choosing an
appropriate order for the model to be fitted.

We already know from Section 3.4 that for an AR(p) process the partial
autocorrelations œ(m) = ¢mm,m > p, are zero. Moreover we know from
Theorem 8.1.2 that for an AR(p) process the estimator Ômm,is, for large n and
each m > p, approximately normally distributed with mean 0 and variance
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1/n. If an autoregressive model is appropriate for the data there should
consequently be a finite lag beyond which the observed values Ômmare
compatible with the distribution N(0, 1/n). In particular if the order of the
process is p then for m > p, Ômmwill fall between the bounds ±1.96n-1/2 With

probability close to
.95.

This suggests using as a preliminary estimator of p
the smallest value of r such that |Ômm|< 1.96n- 12for m > r. (A more systematic
approach to order selection based on the AICC will be discussed in
Section 9.2.) Once a value for p has been selected, the fitted process is specified
by (8.2.1),(8.2.2)and (8.2.3)with m = p.

Asymptotic confidence regions for the true coefficient vector *, and for its
individual components ¢,, can be found with the aid of Theorem 8.1.1. Thus,
if Xi_,(p) denotes the (1-

œ) quantile of the chi-squared distribution with p
degrees of freedom, then for large sample size n, the region

{¾eRP:(4-Ôpp p
-10pXi_,(p)} (8.2.7)

contains *, with probability close to (1- a). (See Problems 1.16 and 6.14.)
Similarly, if <Þi , denotes the (1-

œ) quantile of the standard normal distri-
bution and û, is the jth diagonal element of ô,f,¯ , then for large n the interval

{¢eR : |¢ - Ôpj|5 n 1201,x/2 2} (8.2.8)
contains ¢,, with probability close to (1-

œ).

EXAMPLE 8.2.1. One thousand observations xi, ..., xioco of a zero-mean
stationary process gave sample autocovariances ý(0)= 3.6840, ý(1)= 2.2948
and ý(2)= 1.8491.

Applying the Durbin-Levinson algorithm to fit successively higher order
autoregressive processes to the data, we obtain

$11= þ(1)=

.6229,

ût = ý(0)(1- þ2(1))= 2.2545,

Ô22= |ý(2)- ditý(1)]/ôt=

.1861,

$21̄ 11 22 11 =
.5070,

2
- Û1 222)

= 2.1764.

The computer program PEST can be used to apply the recursions
(8.2.4)-(8.2.6)for increasing values of n, and hence to determine the sample
partial autocorrelation function ¢g, shown with the sample autocorrelation
function þ(j) in Figure 8.1. The bounds plotted on both graphs are the values
± 1.96n - 1/2

Inspection of the graph of Ônstrongly suggests that the appropriate model
for this data is an AR(2) process. Using the Yule-Walker estimates ¢21922
and û2 COmputed above, we obtain the fitted process,

X, -.5070X,_, - .1861X,_2 - Z,, {Z,} ~ WN(0,2.1764).
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Figure 8.1. The sample ACF (a)and PACF (b)for the data of Example 8.2.1, showing
the bounds ± l.96n-1/2
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From Theorem 8.1.1, the error vector ‡ - * is approximately normally
distributed with mean 0 and covariance matrix,

1

n û2 2-1
_

p-1
¯ 2j

=i

_
p(1) 1

.000965 -.000601

-.000601 .000965

From (8.2.8)we obtain the approximate
.95

confidence bounds, Â±
l.96(.000965)1/2 fOr ¢,, i = 1, 2. These are

.5070

±
.0609

for ¢i and
.1861

±
.0609

for ¢2•

The data for this example came from a simulated AR(2) process with
coefficients ¢1=

.5,

¢2=

.2

and white noise variance 2.25. The true coefli-
cients thus lie between the confidence bounds computed in the preceding
paragraph.

§8.3Preliminary Estimation for Moving Average
Processes Using the Innovations Algorithm

Just as we can fit autoregressive models of orders 1, 2, ..., to the data
xx, ..., x,, by applying the Durbin-Levinson algorithm to the sample auto-
covariances, we can also fit moving average models,

X, = Z, + ÔmiZ,_, + ··· + Ô,,Z,_., {Z,} ~ WN(0, ô,), (8.3.1)
of orders m = 1, 2, ..., by means of the innovations algorithm (Proposition
5.2.2). The estimated coefficient vectors Ô, .= (Ô,,,...,Ômm)',and white noise
variances û,, m = 1 2, ..., are specified in the following definition. (The
justificationfor using estimators defined in this way is contained in Theorem
8.3.1.)

Definition 8.3.1 (Innovation Estimates of Moving Average Parameters). If
ý(0)> 0, we define the innovation estimates Ô,,0, appearing in (8.3.1)for
m = 1, 2, ..., n - 1, by the recursion relations, ôo = ÿ(0),

Ô,,,_,- ( ý(m- k) - Ô,,__;Ôk,k-jô,, k = 0, ..., m - 1, (8.3.2)
)=0

and

û, = ý(0)- Ôm.m-j01. (8.3.3)
j=O
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Theorem 8.3.1 (The Asymptotic Behavior of Ô,).Let {X,} be the causal
invertible ARMA process ¢(B)X, = 8(B)Z,, {Z,} ~ IID(0,o2), EZ† < oo, and
let ¢(z) = g o¢,zi = 8(z)/¢(z), |z < 1, (with‡o = 1 and ý, = 0 for j < 0).
Then for any sequence of positive integers {m(n),n= 1,2,...} such that m < n,
m -> œ and m = o(nl/3) as no oo, we have for each k,

n/2(0,,-‡i,$,2-¢29·••>
mk

k)' N(0,A),

where A = [a¿yg, , and

min(i, j)

ij i-r j-r
r=1

Moreover,

Ûm 0.2

PROOF. See Brockwell and Davis (1988b).

Remark. Although the recursive fitting of moving average models using

the innovations algorithm is closely analogous to the recursive fitting of
autoregressive models using the Durbin-Levinson algorithm, there is one
important distinction. For an AR(p) process the Yule-Walker estimator
N,= (Ôpi,--·,Ôpp)'iS CODSiStent for *, (i.e.$,&*,) as the sample size n

->

oo.

However for an MA(q) process the estimator 0, = (0,,,...,84,)'is not consistent
for the true parameter vector 0, as n

-+

o. For consistency it is necessary to
use the estimators (Ô,,,...,8,,)'of 0, with {m(n)}satisfying the conditions of
Theorem 8.3.1. The choice of m for any fixed sample size can be made by
increasing m until the vector (Ô,,,...,Ô,,)'stabilizes. It is found in practice that
there is a large range of values of m for which the fluctuations in 0,, are
small compared with the estimated asymptotic standard deviation
n-1/2 10

mk
1/2 RS given by Theorem 8.3.1.

We know from Section 3.3 that for an MA(q) process the autocorrelations
p(m), m > q, are zero. Moreover we know from Bartlett's formula (seeExample
7.2.2) that the sample autocorrelation þ(m),m > q, is approximately normally
distributed with mean p(m) = 0 and variance n¯ [1 + 2p2(1) + ··· + 2p2 B.
This result enables us to use the graph of þ(m),m = 1, 2, ..., both to decide
whether or not a given set of data can be plausibly modelled by a moving
average process and also to obtain a preliminary estimate of the order q. This
procedure was described in Example 7.2.2.

If, in addition to examining þ(m),m = 1, 2, ..., we examine the coefficient
vectors Ô,,m = 1, 2, ..., we are able not only to assess the appropriateness
of a moving average model and estimate its order q, but also to obtain
preliminary estimates Ô,,,...,Ô,,of the coefficients. We plot the values
8,i,...,6,,,0,0,... for m = 1, 2, ..., increasing m until the values stabilize
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(until the fluctuations in each component are of order n¯1/2, the asymptotic
standard deviation of Ô,,,1).Since from Theorem 8.3.1 the asymptotic variance
of Ô.,is o (62,.. , 6,_,) = n o 8 , we also plot the bounds ±1.96â, where

= og(0,1,...,0,,,_i). A value of 8,, outside these bounds suggests that the
corresponding coefficient 8,is non-zero. The estimate of 0;is 0,, and the largest
lag for which 6,,,,lies outside the bounds ±1.96â, is the estimate of the order
q of the moving average process. (A more systematic approach to order
selection using the AICC will be discussed in Section 9.2.)

Asymptotic confidence regions for the coefficient vector 0, and for its
individual components can be found with the aid of Theorem 8.3.1. For
example an approximate

.95

confidence interval for 8, is given by

{0eR : |8 - Ô,,|<; l.96n¯*/2
1/2

. (8.3.4)
k=0

EXAMPLE 8.3.1. One thousand observations xi, ..., xiooo of a zero-mean sta-
tionary process gave sample autocovariances ý(0)= 7.5541, ý(1)=

-5.1241

and ý(2)= 1.3805.
The sample autocorrelations and partial autocorrelations for lags up to 40

are shown in Figure 8.2. They strongly suggest a moving average model of
order 2 for the data. Although five sample autocorrelations at lags greater
than 2 are outside the bounds ±1.96n 12, none are outside the bounds
±1.96n¯*/2[1 + 2þ2(1) + 2p2(2)] 72.

Applying the innovations algorithm to fit successively higher moving

average processes to the data, we obtain ûo = 7.5541,

Ô,,= þ(1)=

-.67832,

û, = ý(0)- Ôi21ôo= 4.0785,

Ô22-
GIý(2) =

.18275,

Ô2,- û¯ [ý 1) - Ô22Ô,,ûo]= -1.0268,

2
= ý(0)-

Ô222ÛO 221ôi = 3.0020.

Option 3 of the program PEST can be used to apply the recursions (8.3.2)and

(8.3.3)for larger values of m. The estimated values 8,,, j = 1, ..., 10 and û, are
shown in Table 8.1 for m = 1, ..., 10, 20, 50 and 100. It is clear from the table
that the fluctuations in the coefficients from m = 7 up to 100 are of order
1000¯I/2

=

.032.

The values of Ô,,,j - 1, ..., 7, plotted in Figure 8.3 confirm
the MA(2) model suggested by the sample autocorrelation function.

The model fitted to the data on the basis of Ô,à
X, = Z, - 1.41Z,_, + .60Z,_2, yZ,} ~ WN(0,2.24). (8.3.5)

In fact from Table 8.1 we see that the estimated coefficients show very little
change as m varies between 7 and 100.
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Figure 8.2. The sample ACF (a)and PACF (b)for the data of Example 8.3.1, showing
the bounds ±1.96n 12.
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Table 8.1. Ô , j = l, ..., 10, and ô, for the Data of Example 8.3.1

1 23 456 78910

1
-0.68

4.08
2 - 1.03

.18

3.00
3 -1.20

.37 .03

2.65
4 -1.31

.44

-.04 .07

2.40
5

-1.38 .51 -.03 -.04 .06

2.27
6 -1.41

.57

-.01 -.02 .10 -.02

2.24
7

-1.41 .60 -.01 -.02 .10 -.05 -.01

2.24
8 -1.41

.61

-.02 -.03 .10 -.07 -.02 .00

2.24
9

-1.41 .61

-.02 -.03 .10 -.08 -.02 .01 .01

2.24
10 -1.41

.61

-.02 -.02 .12

-.07 .00 .05 .04 .02

2.22
20 -1.43

.63

-.03 -.02 .11 -.08 .00 .03 .02 -.03 2.16
50 -1.43

.62

-.02 -.02 .12

-.08 .00 .03 .02 -.03

2.10
100 - 1.43

.62

-.03 -.01 .11 -.08 -.01 .04 .01 -.03 2.00

An alternative method for obtaining preliminary estimates of the coeffi-
cients (onceq has been determined) is to equate the theoretical and sample
autocorrelations at lags 1, ..., q and solve the resulting non-linear equations
for 82, ..., 0,. Using the algorithm of Wilson (1969)to determine the solution

O 8 -

O 6 -

O 4 -

O 2 -

-O 2 -

-O 4 -

-O 6 -

-O 8 -

- 1 2 -

O 1 2 3 4 5 6 7

Figure 8.3. The estimates Ôn,j = 1, ..., 7, for the data of Example 8.3.1, showing the
bounds ± l.96(B Ô|,)1/2-

1/2
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for (81,02)such that 1 + 0,z + 82z2 ¢ 0 for z| < 1, we arrive at the model,

X, = Z, - 1.49Z,_, + .67Z,_2, {Z,} ~ WN(0,2.06).

The actual process used to generate the data in this example was the Gaussian
movmg average,

X, = Z, - 1.40Z, i + .60Zt-29 1
t}

~ WN(0, 2.25).

It is very well approximated by the preliminary model (8.3.5).

§8.4Preliminary Estimation for ARMA(p, q)
Processes

Let {X,} be the zero-mean causal ARMA(p, q) process,

X, - ¢iX,_, -
···

- ¢,X,_, = Z, + 81Z,_, + ··· + 8,Z, ,

(8.4.1){Z,} ~ WN(0,o.2L
The causality assumption ensures that

X, = 1 ‡¿Z, ,

j=0

where by (3.3.3)and (3.3.4),the coefficients ‡¿satisfy

Éo= 1,
min(), p) (8.4.2)

¢¿= 0, + 1 ¢¿¢¿_,, j = 1, 2, ...

i=1

and by convention, 8, = 0 for j > q and ¢¿= 0 for j > p. To estimate
ýi, ..., ‡,,,, we can use the innovation estimates 6,1, ..., 8..,,,, whose
asymptotic behaviour is specified in Theorem 8.3.1. Replacing ¢, by 8,, in
(8.4.2)and solving the resulting equations,

min(j,p)

Ô,,= 0, + 2 ¢¿Ô,,,_;,j = 1, 2, ..., p + q, (8.4.3)
i=1

for ‡ and 0, we obtain initial parameter estimates ¢ and Ô.From equations

(8.4.3)with j = q + 1, ..., q + p, we see that ¢ should satisfy the equation,

m,q+1 m,q m,q-1 m,q+1-p 1

m,q+2 m,q+1 m,q m,q+2-p 2
. (8.4.4)

m,q+p m,q+p-1 m,q+p-2 m,q p

Having solved (8.4.4)for * (whichmay not be causal), the estimate of 0 is
then easily found from
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Figure 8.4. The sample ACF (a)and PACF (b)for the data of Example 8.4.1, showing
the bounds ± l.96n¯'l2.
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min(j,p)

Ô¿= Ôm;- i ÔiÔ,,,_;,j = 1, 2, ..., q. (8.4.5)
i=1

Finally the white noise variance o2 is estimated by

In the case of a pure moving average process, p = 0 and the method reduces
to the one described in Section 8.3.

EXAMPLE 8.4.1.The sample autocorrelation function and partial autocorrela-
tion function of a zero-mean time series of length 200 are shown in Figure
8.4. Identification of an appropriate model is much less obvious than in
Examples 8.2.1 and 8.3.1. However we can proceed as follows. First use
program PEST, Option 3, to fit a moving average model (8.3.1),with m
chosen so as to give the smallest AICC value. (The AICC is a measure of
goodness of fit, defined and discussed later in Section 9.3.) For this example
the minimum occurs when m = 8 and the corresponding moving average
model has coefficients as follows:

Table 8.2. Ôs, j = 1,..., 8, for the Data of Example 8.4.1

j 1 2 3 4 5 6 7 8
0, 1.341 1.019

.669 .423 .270 .129 .011

-.115

The next step is to search for an ARMA(p, q) process, with p and q small,
such that the equations (8.4.3)are satisfied with m = 8. For any given p and
q (withp + q < 8), the equations (8.4.3)can be solved for * and 0 using

Option 3 of PEST with m set equal to 8. At the same time the program
computes the AICC value for the fitted model. The procedure is repeated
for values of p and q such that p + q < 8 and models with small AICC value
are noted as potentially useful preliminary models. In this particular example
the AICC is minimized when p = q = 1 and the corresponding preliminary
model is

X, - .760X, i
= Z, + .582Z,

_ 2, {Z,} ~ WN(0, 1.097).

This has a close resemblance to the true model, X, - .8X,
_ i

= Z, + .6Z, ,

with {Z,} ~ WN(0, 1), which was used to generate the data. In general the
resemblance will not be so close, so it is essential that preliminary estimation
be followed by application of a more efficient procedure (seeSection 8.5).
For larger values of p and q, it is preferable to carry out the search procedure
using maximum likelihood estimation (Option 8 of PEST) without
preliminary estimation. Thus we can fit maximum likelihood models with
p + q = 1, then p + q = 2, p + q = 3, ..., using lower order models with
appended zero coefficients as initial models for the likelihood maximization.
(See Sections 8.7 and 9.2.)
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§8.5 Remarks on Asymptotic Efficiency

The preliminary estimates (¾,Ô,â2)Of the parameters in the ARMA(p,q)
model discussed in Section 8.4 are weakly consistent in the sense that

ÔÅ ¢, ÔÅ 0 and Ô2 62 RS n CO.

This is because (withm(n) satisfying the conditions of Theorem 8.3.1)Ô, ‡¡
and û, i «2. Hence (*,Ô)must converge in probability to a solution of (8.4.2),
i.e. to (¢,0).In fact using Theorem 8.3.1, it may be shown (seeProblem 8.22
and Brockwell and Davis (1988a))that

* = # + O,(n 72) and Ô= 0 + 0,(n 72)

In the next section we discuss a more efficient estimation procedure (strictly
more efficient if q > 1) of (*,0) based on maximization of the Gaussian
likelihood. We first introduce, through an example, the concept of relative
efficiency of two competing estimators. Consider the MA(1) process
X, = Z, + BZ, , where |6 < 1 and {Z,} ~ IID(0, 62 (n1)and Ô<,2)are two
estimators of 6 based on the observations Xi,...,X,, such that 0? is
AN(0, af(8)/n), i = 1, 2, then the asymptotic efficiency of ÔLD relative to Ô<,,2)
is defined to be

(This notion of efficiency extends in an obvious way to more general
estimation problems.) If e(0, Ô<0,Ô<2))i 1 for all 8 e (- 1, 1) then we say that
Ô¾is a more efficient estimator of 6 than Ô¾u(strictlymore efficient if in
addition e(0, Ô"),Ô(2))< 1 fOr some 6 E (-1, 1)). For the MA(1) process let
Ôíudenote the moment estimator of 8 obtained by solving the equations

ý(0)= ô20 + Ô2)and ý(1)= â2Ôfor â and Ô.If |þ(1)|> i there is no real
solution Ôso we define Ô= sgn(þ(1)). If |þ(1)|5 i then

þ(1)= Ô<D/(1 + (Ôíu)2).
In general therefore we can write,

gin= g(þ(1))

where

- 1 if x < -i,
g(x) = (l - (1-

4x2)1/2)/2x if |x| < ¼,
1 if x > i.

From Theorem 7.2.2, þ(1)is AN(p(1), (1-
3p2(1) + 4p'(1))/n), and so by

Proposition 6.4.1,

Ôíuis AN(g(p(1)), af (8)/n),
where
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of(8) = [g'(p(1))]2j1- 3p2(1) + 4p'(1)]

= (1+ 82 + 404 + 86 + 9"yQ - 02)2

If we now define 2) - Ô,,, the estimator obtained from the innovations
algorithm, then by Theorem 8.3.1,

Ôí2)is AN(8, n¯ ).
Thus e(0,Ô"),Ô(2)-2(Û)< Î fOr all |6| < 1, with strict inequality when
8 ¢ 0. In particular

.82,

8 =

.25,

e(0, Ô ), Ô(2))=
.37,

8 =
.50,

.06,

8 =
.75,

demonstrating the superiority of Ôí2)OVCT (1). We shall see in Example 8.8.2
that the maximum likelihood estimator Ôí is AN(6, (1- 02)/n). Hence

.94,

8 =
.25,

e(8, Ô(2)(3)) =
.75,

8 =
.50,

44, 8 =
.75.

While Ôí is more efficient, Ôí2)has reasonably good efficiency except when |8|
is close to 1. The superiority of maximum likelihood estimators from the point
of view of asymptotic efficiency holds for a very large class of time-series
models.

§8.6Recursive Calculation of the Likelihood of an
Arbitrary Zero-Mean Gaussian Process

In this section {X,} is assumed to be a Gaussian process with mean zero
and covariance function x(i,j) = EX,X;. Let X,, = (Xi,...,X,,)' and let X,, =

(Î¡,...,Ž,,)'where Ž¡ = 0 and i, = E(X, X,,...,X¡-1) = p(x,....,x,_,)X;,
j > 2. Let G denote the covariance matrix, E = E(X,,X',,), and assume that G
is non-singular.

The likelihood of X,, is

L(f,,) = (2x)¯n/2(detG)¯ 72exp( X',, X,,). (8.6.1)
The direct calculation of det G and Ç can be avoided by expressing this in
terms of the one-step predictors ij, and their mean squared errors v,_i, j = 1,
..., n, both of which are easily calculated recursively from the innovations
algorithm, Proposition 5.2.2.

Let 0,,,j = 1, ..., i; i = 1, 2, ..., denote the coefficients obtained when
Proposition 5.2.2 is applied to the covariance function x of {X,}, and let
0;o = 1, 6;; = 0 for j < 0, i = 0, 1, 2, ... . Now define the nxn lower triangular
matrix,
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C = |87,,_ o, (8.6.2)
and the n × n diagonal matrix,

D = diag(vo, vi,..., v._i). (8.6.3)
The innovations representation (5.2.15)of Ž¿,j = 1, ..., n, can then be written
in the form,

i,, = (C - I)(X,, - R,,),
where I is the n × n identity matrix. Hence

X, = X,, - î,, + î, = C(X,, - 1,). (8.6.4)
Since D is the covariance matrix of (X,, - î,,), it follows that

5 = CDC' (8.6.5)
(fromwhich the Cholesky factorization C = UU', with U lower triangular,
can easily be deduced).

From (8.6.4)and (8.6.5),we obtain

X',T, IX,, = (X,, - i.)'D *(X,, - i,,) = 2 (X, - ij)2 j-1, (8.6.6)
j=1

and

det G = (detC)2(detD) = vov,···v._1. (8.6.7)
The likelihood (8.6.1)of the vector X,, therefore reduces to

( 1 "

L(F,,) = (2x)¯"l2(vo···v,_,)¯1/2 exp -- 2 (X, - ij)2/v; i . (8.6.8)2>=1

Applying Proposition 5.2.2 to the covariance function x gives it, î29 ··•9 09

vi, ..., and hence L(f,,).
If F,, is expressible in terms of a finite number of unknown parameters ß,,

..., ß,,as for example when {X,} is an ARMA(p, q) process and r = p + q + 1,
it is usually necessary to estimate the parameters from the data X,,. A standard
statistical procedure in such situations (seee.g. Lehmann (1983))is to maxi-
mize the likelihood L(ß,,...,ß,) with respect to ßt, ..., ß,. In the case when
Xi, X2, ... are independently and identically distributed, it is known that
under rather general conditions the maximum likelihood estimators are
consistent as n -> oo and asymptotically normal with variances as small or
smaller than those of any other asymptotically normal estimators. A natural
estimation procedure for Gaussian processes therefore is to maximize (8.6.8)
with respect to ßt,..., ß,.The dependence of the sequence {X,,} must however
be kept in mind when studying the asymptotic behaviour of the estimators.
(See Sections 8.8, 8.11 and 10.8 below.)

Even if {X,} is not Gaussian, it makes sense to regard (8.6.8)as a measure
of the goodness of fit of the covariance matrix Y,,(ßi,...,ß,) to the data, and
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still to choose the parameters ßt, -·-, 0, in such a way as to maximize (8.6.8).
We shall always refer to the estimators $1,..., Ñ,so obtained as

"maximum

likelihood" estimators, even when {X,} is not Gaussian. Regardless of the joint
distribution of X,, ..., X,, we shall also refer to (8.6.1)(and its algebraic
equivalent (8.6.8))as the "Gaussian likelihood" of X1, ..., X,.

§8.7Maximum Likelihood and Least Squares
Estimation for ARMA Processes

Suppose now that {X,} is the causal ARMA(p, q) process,

X, = ¢,X,_1 + ··· + ¢,X,_, + BoZ, + ··· + 0,Z, ,

(8.7.1){Z,} ~ WN(0,62

where Ðo= 1. The causality assumption means that 1 - ¢iz -
···

- ¢,z" ¢ 0
for |z < 1. To avoid ambiguity we shall assume also that the coefficients 0,
and white noise variance 62 have been adjusted (withoutaffecting the autoco-
variance function of {X,}) to ensure that 8(z) = 1 + 0,z + ··· + 0,z" ¢ 0 for
|z| < 1. Our first problem is to find maximum likelihood estimates of the
parameter vectors # = (¢,,...,¢,), 0 -

1,...,0,)' and of the white noise
variance «2.

In Section 5.3 we showed that the one-step predictors 2,41and their mean
squared errors are given by,

Î,,, = 2 Bg(X,,,_ - Îi+1-j), 1 5 i < m= max(p,q),

(8.7.2)
Z,,, = ¢,X, + ··· + ¢,X,,,_, + i 0, (X _, - i,,,-¿), i > m,

j=1

and

E(X;,, - Ž¿,1)2 2rg, (8.7.3)
where 8,,and r, are obtained by applying Proposition 5.2.2 to the covariance
function (5.3.5).We recall also that 64and r, are independent of 62

Substituting in the general expression (8.6.8),we find that the Gaussian
likelihood of the vector of observations X, = (Xx,...,X,)' is

L(¾, 0, «2) = (2XJ2 -n/2
O n-1

-1/2

CXp
-¼«¯2

(4 - i)2 j-1 •

j=1

(8.7.4)
Differentiating lnL(#,0,«2) partially with respect to «2 and noting that i,
and r, are independent of «2,

we deduce (Problem 8.11) that the maximum
likelihood estimators ‡, 0 and â2 ath
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62
-i

S(*, Ô), (8.7.5)
where

S(Ô,Ô)= (X, - ij)2 j-i,
.7.6)

j=1

and Ô,Ôare the values of *, 0 which minimize

l(#, 0) = ln(n i SW09 + n¯ ln r,-1. (8.7.7)
j=1

We shall refer to l(¢,0) as the "reduced likelihood". The calculation of l(*,0)
can easily be carried out using Proposition 5.2.2 which enables us to compute
6,_, y, ry_, and is recursively for any prescribed pair of parameter vectors #,
0. A non-linear minimization program is used in the computer program PEST,
in conjunction with the innovations algorithm, to search for the values of #
and 0 which minimize l(‡, 0). These are the maximum likelihood estimates of
* and 0 respectively. The maximum likelihood estimator of 62 iS then found
from (8.7.5).

The search procedure may be greatly accelerated if we begin with parameter
values ¾e,Ocwhich are close to the minimum of l. It is for this reason that
simple, reasonably good preliminary estimates of * and 0, such as those
described in Sections 8.2, 8.3 and 8.4, are important. It is essential to begin
the search with a causal parameter vector ¾esince causality is assumed in the
computation of l(*, 0). Failure to do so will result in an error message from
the program. The estimate of ‡ returned by the program is constrained to be
causal. The estimate of 0 is not constrained to be invertible, although if the
initial vector Ocsatisfies the condition 1 + Goiz + ··· + Bo,z" ¢ 0 for |z| < 1
and if (‡o,00) is close to the minimum, then it is likely that the value of 0
returned by the program will also satisfy 1 + Ô,z+ ··· + $4zu¢ 0 for |z| < 1.
If not, it is a simple matter to adjust the estimates of «2 and 0 in order to
satisfy the condition without altering the value of the likelihood function (see
Section 4.4). Since we specified in (8.7.1)that 8(z) ¢ 0 for z < 1, the estimates
Ôand â2 are chosen as those which satisfy the condition Ô(z)¢ 0 for |z < 1.
Note however that this constraint is not always desirable (seeExample 9.2.2).

An intuitively appealing alternative estimation procedure is to minimize
the weighted sum of squares

S(*,0) = (X, - Zy)2j-19
j=1

with respect to ‡ and 0. The estimators obtained in this way will be referred
to as the "least squares" estimators * and Õof ‡ and 0. In view of the close
relationship (8.7.7)between l(¢,0) and S(‡,0), the least squares estimators can
easily be found (ifrequired) using the same computer program PEST. For the
minimization of S(*,0) however, it is necessary not only to restrict * to be
causal, but also to restrict 0 to be invertible. Without the latter constraint
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there will in general be no finite (*,0) at which S achieves its minimum value

(seeProblem 8.13). If n¯ ilnry_; is asymptotically negligible compared
with ln S(‡, 0), as is the case when 0 is constrained to be invertible (sincer, a 1),
then from (8.7.7),minimization of S will be equivalent to minimization of I
and the least squares and maximum likelihood estimators will have similar
asymptotic properties. The least squares estimator õ|s is found from

õ|s = (n- p - q) S(¾, Õ), (8.7.9)
where the divisor (n - p - q) is used (asin standard linear regression theory)
since U-2S(¾, Õ)is distributed approximately as chi-squared with (n- p - q)
degrees of freedom (seeSection 8.9).

§8.8Asymptotic Properties of the Maximum
Likelihood Estimators

If {X,} is the causal invertible process,

X, - ¢xX,_, -
···

- ¢,X,_, = Z, + 8; Z, i + ··· + 0,Z, ,

(8.8.1){Z,} ~ IID(0, 62

and if ¢(·) and 6(·) have no common zeroes, then the maximum likelihood
estimator ß' = (Ôi,··-,Ôp>19'••>

q) = (
', ') iS defined to be the causal inver-

tible value of ß' = (*',0') which minimizes the reduced likelihood l(*, 0)defined
by (8.7.7).The program PEST can be used to determine Ô,Ônumerically. It
also gives the maximum likelihood estimate 62 of the white noise variance
determined by (8.7.5).

The least squares estimators *, Õare the causal invertible values of ‡ and
0 which minimize ln(n S(*,0))=l(*,0)-n¯ ilnr,_1. Because of the
invertibility the term n-i i)=iln r,_, is asymptotically negligible as n

-+

oo and
the estimators ‡ and 0 have the same asymptotic properties as * and 0. It
follows, (seeTheorem 10.8.2), that if {Z,} ~ IID(0, o.2) and ¢(·) and 8(·) are
causal and invertible with no common zeroes, then

nl/2(ß - ß)-> N(0, V(ß)), (8.8.2)
where the asymptotic covariance matrix V(ß) can be computed explicitly from
(8.11.14)(seealso (10.8.30)).Specifically for p > 1 and q ;> 1,

2 E U, U,' E U, V,'
V(ß) = o , (8.8.3)E V,U,' E V,V,'

where U, = (U,,...,U,41 ,)', V, = (¾,..., 6,1 g)' and {U,}, { }are the auto-
regressive processes,

¢(B) U, = Z,, (8.8.4)
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and

Ð(B)V, = Z,. (8.8.5)
(For p = 0, V(ß) = «2[EV,V,']¯ , and for q = 0, V(ß) = 62[EU,U;]¯

.)

We now compute the asymptotic distributions for several special cases of
interest.

EXAMPLE 8.8.1 (AR(p)). From (8.8.3),
V(*) = o.2[EU,U;]-1

where ¢(B) U, = Z,. Hence

V(*) = 62 -1

where F, = E(U,U;) = [EX,X,]f, y, and

*is AN(#,n I«2 -1

In the special cases p = 1 and p = 2 it is easy to express
F,¯I in terms of þ,

giving the results,

AR(1):¢isAN(¢,n¯(1-¢2)),

i . 41 -1 1 - ¢|
-¢,(1

+ ¢2)AR(2): is AN , n .

2_ 42 1 2 2

EXAMPLE 8.8.2 (MA(q)). From (8.8.3)
V(0) = 62[EVV ,

where 8(B) V, = Z,. Hence

V(0) = 62 -1

where F,* is the covariance matrix [E V] of the autoregressive process
+01V,_,+·· +0 =Z,.

Inspection of the results of Example 8.8.1 yields, for the cases MA(1) and
MA(2),

MA(l): Ôis AN(0, n¯ (1-
024

¯Ô¡¯ ¯8,¯ 1 - 0| 8,(1 - 02
MA(2): - is AN , n¯* .

82 _02_ 1 2

EXAMPLE 8.8.3 (ARMA(1, 1)). In this case

E U,2 EUV
V(¢, 8) = 62 i

E U, E 2

where U, - ¢U,_1 = Z, and + BV,_1 = Z,. A simple calculation gives,
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(1-¢2)¯' O + ¢ -i--i

V(¢,0) =

(1 + ¢0)¯I (1- 82 -1 '

whence

1+¢8 ¯(1-¢2 2 2¯

is AN n .

Ô _8_
'

(¢ + 8)2 2 2 2

These asymptotic distributions provide us with a general technique for
computing asymptotic confidence regions for # and 0 from the maximum
likelihood or least squares estimates. This is discussed in more detail, together
with an alternative technique based on the likelihood surface, in Section 8.9.

§8.9Confidence Intervals for the Parameters of a
Causal Invertible ARMA Process

Large-sample confidence regions for the coefficients * and 0 of a causal
invertible ARMA process can be derived from the asymptotic distribution of
the maximum likelihood estimators in exactly the same way as those derived
from the asymptotic distribution of the Yule-Walker estimator of*in Section
8.2. For the process (8.8.1)let ß' = (‡',0') and let ßbe the maximum likelihood
estimator of ß.Then defining V(ß) by (8.8.3)we obtain the approximate (1-

2)

confidence region for ß,
{ßEREN:(ß-ß)'V¯I -Ñ±n-iXi_,(p+q)}. (8.9.1)

Writing vg(Û)for the jth diagonal element of V(ÿ), we also have the approximate
(l - œ) confidence region for ß,,i.e.

{ßeR:|ß - ß) <; n¯1/2g1-a/2 11/2

An alternative approach, based on the shape of the reduced likelihood
surface, l(ß) = l(*, 0), near its minimum can also be used. We shall assume
for the remainder of this section that {X,} is Gaussian. For large n, the
invertibility assumption allows us to approximate n exp(l(ß)) (since
n¯ ln r,

-+ 0) by

S(ß) = X',,G,,¯I(ß)X,,, (8.9.3)
where

G,,(ß) = <7 2F , (8.9.4)
and the maximum likelihood estimator ß by the value of ß which minimizes
S(ß), i.e. by the least squares estimator.

The behavior of ß can then be investigated by making a further approx-
imation which reduces the problem to a standard one in the theory of the
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general linear model. To do this we define T = o ¯ CD 12, where C and D were
defined in Section 8.6, and let

W,,(ß) = T¯ X,,.

Then by (8.6.5),TT' = G,,(ß) and by (8.6.4),the ith COmponent W,,,of W,(ß) is
(X, - i,)/rgfi. The problem of finding Ôis thus equivalent to minimizing
S(ß) = W,,(ß)'W,,(ß) with respect to ß.Now make the approximation that for
each j, ôW,,/8ß, is constant in a small neighborhood of the true parameter
vector ß*,and let

X = - (ß*)8ß

If ßeis some fixed vector in this neighborhood, we can then write

W,,(ße) = W,,(ß*) + X(ß* - ße),
i.e.

Y,, = Xß* + W,,(ß*), (8.9.5)
where Y,, is the transformed vector of observations, W,,(ße) + Xße, and the
components of W,,(ß*) are independent with the distribution N(0, 62

Equation (8.9.5)is a linear model of standard type, and our estimator $is
the value of ß which minimizes the squared Euclidean distance,

S(ß) = ||Y,, - Xß||2 = W,,(ß)'W,,(ß) = X',,G,,(ß) X,,. (8.9.6)
The standard theory of least-squares estimation for the general linear model

(see Section 2.6 and Problem 2.19) suggests the approximations, S(ß) ~

o2X2(n - p - q) and S(ß*) -
S(ß) ~ «2X2(p + q), with S(ß) and S(ß*) - S(ß)

approximately independent. These observations yield the (1 - œ) confidence
regions:

f S(ß) - S(ß) p + qß*: ßeR : , _< Fi_,(p+q,n-p-q) , (8.9.7)S(ß) n-p-q

f
S(ß) S(Ô)«2 : veR : < v < (8.9.8)

where F, and Xi denote the œ-quantiles of the F and X2 distributions. Since
the function S can be computed for any value of ß using the program PEST,
these regions can be determined numerically. Marginal confidence intervals
for the components of ß*can be found analogously. These are:

{ S(ß)-S(ß) ti_,72n-p-0
(*:ßER < fOT

S(ß) n - p - q
(8.9.9)

some ße RPM with jth COmponent ß .
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§8.10*Asymptotic Behavior of the Yule-Walker
Estimates

Throughout this section, it is assumed that {X,} is a causal AR(p) process

X, - ¢¡X,_, -··· - ¢,X,_, = Z,, (8.10.1)
where {Z,} ~ IID(0, 62). The Yule-Walker estimates of ‡ and «2 are given by
equations (8.1.3)and (8.1.4),or equivalently by

and

62 = ý(0)- ÿ',*.
It will be convenient to express (8.10.1)in the form

Y = X¾ + Z (8.10.2)
where Y = (Xi,...,X,,)', Z = (Z,,...,Z,,)' and X is the nxp design matrix,

Xo X _,
··· Xi

X =
Xi Xo ··· X2

X,_, X,_2 ··· X,

Because of the similarity between (8.10.2)and the general linear model (see
Section 2.6 and Problem 2.19), we introduce the "linear regression estimate"
** of * defined by

** = (X'X)¯*X'Y. (8.10.3)
The vector #* is not an estimator in the usual sense since it depends on the
values X,_,, X2_,, ..., X,, and not only on the observed values Xi, ..., X,,.
Nevertheless, as we shall see, ** and ¢ have similar properties. This is because
n¯ (X'X) is the matrix whose (i,j)-elementis equal to n 1" _;XkXk+|i-j)
and n¯ X'Y is the vector whose ith COmpORCHt iS n-igj_;X Xg.,. Conse-
quently (seeProposition 7.3.5),

n¯ (X'X) 4 Y, and n¯ X'Y y,. (8.10.4)
The proof of Theorem 8.1.1 is divided into two parts. First we establish the

limit distribution for ‡* and then show that ‡* and Ômust have the same
limit law.

Proposition 8.10.1. With ‡* defined as in (8.10.3)
n12(**-*)->N(0,«2F X

PROOF. From (8.10.1)and (8.10.2)we have
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n 12 * -
- nl/2((X'X)¯ X'(X¾ + Z) - ‡)
= n(X'X)¯* ¯ 72X'Z).

By setting U, = (X, ,...,X,_,)'Z,, t ;> 1 we have

n¯1/2X'Z = n-1/2 U,.
t=1

Observe that EU, = 0 and that

f
o.2Y h = 0,

EU,U'a =

0, x ,, h /- 0,

since Z, is independent of (X, i,..., X,_,). Let X, = go (Z, , be the causal
representation of X,. For a fixed positive integer m set X|m) = go (Z,
and U,**)= (X fl,...,X)? )'Z, and let X be a fixed element of RP. Then l'U,**)
is a strictly stationary (m+ p)-dependent white noise sequence with variance
given by o.2 r m)ÂWhere F,") is the covariance matrix of (X Ti,...,X T,).
Hence by Theorem 6.4.2, we have

n-1/2 L'U ")
> l'Vf") where Vf") ~ N(0, o.2 m)

t=1

Since «20") - «2F, as me co, we have L'Vf=) V where V ~ N(0,o.2
Also it is easy to check that

n¯I Var l' (U ">
- U,) = L'E| (U, - U,t"))(U, - Uf"))']l

t=1

0 as m a cc.

Since Xf") X, as me oo, application of Proposition 6.3.9 and the Cramer-
Wold device gives

n¯ 72X'Z -> N(0, o.2

It then follows from (8.10.4)that n(X'X)-1 & p-i, from which we conclude
by Propositions 6.3.8 and 6.4.2 that

‡*is AN(*,n¯ «2C¯ X
PROOF OF THEOREM 8.1.1. In view of the above proposition and Proposition
6.3.3, it suffices to show that

nl/2

We have
nl/2 1/2 -1 (X'X)¯*X'Y),

i.e.

+ nl/2(p-1
;

- n(X'X) ')n 'X'y.
(8.10.5)
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The is component of nl/2
_ -iX'Y) is

n-1/2 i (X, - X,,)(X X,,) - i XkX
k=1 k=1-i

(8.10.6)O n-i
= n-1/2 i XyXk+i 1/2X,,((1 - n i)X,, -

n¯I i (Xk + Xk+i 9

k=1-i k=1

which by Theorem 7.1.2 and Proposition 6.1.1 is o,(1). Next we show that
ni/2 -1

- n(X'X)¯ | = o,(1), (8.10.7)
where | A l is defined for a p × p matrix A to be the Euclidean length of the
p2 dimensional vector consisting of all the components of the matrix. A simple
calculation gives

n1/2 i
- n(X'X)¯ | = n 12 | ¯ (n (X'X) - f,)n(X'X) |

<; n1/2 -i -i(X'X) - f,| |n(X'X)¯ |.
Equation (8.10.6)implies that n 12||n¯ (X'X) - f,|| = o,(1), and since
Ê,-1& i and n(X'X)¯ , (8.10.7)follows. Combining (8.10.7)with
the fact that n¯IX'Y & y,, gives the desired conclusion that nl/2 _ *

o,(1). Since †, & y, and ÔÅ *, it follows that Û2 62

PROOF OF THEOREM 8.1.2. The same ideas used in the proof of Theorem 8.1.1
can be adapted to prove Theorem 8.1.2. Fix an integer m > p and note that
the linear model in (8.10.2)can be written as

X, Xo X_, --· X1-m Émi Zi
X2 X, Xo ·-- X2-m m2 2

. + . ,

X,, X,,_; Xn-2 -·· X,,_, ¢,, Z,,

where, since {X,} is an AR(p) process, þ',,= (¢,,,...,¢mm) = Y,¯'7m =

(¢i,...,¢,,0,...,0)'. The linear regression estimate of *, in the model
Y = X¾, + Z is then

** = (X'X) X'Y,

which differs by o,(n¯ 72) from the Yule-Walker estimate

It follows from the proof of Proposition 8.10.1 that ‡,*is AN(#,, «2F ) and
hence that

1/2
m ¯

m) -> N(0,«2f;')

In particular,

¢,, is AN(0, n¯ ),
since the (m,m) component of T,¯ is (seeProblem 8.15)

(detf._ ,)/(det f.) = (detf._ 1)/(«2 det f._ 1) = «¯2. O
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§8.11*Asymptotic Normality of Parameter Estimators

In this section we discuss, for a causal invertible ARMA(p, q) process, the
asymptotic normality of an estimator of the coefTicientvector which has the
same asymptotic distribution as the least squares and maximum likelihood
estimators. The asymptotic distribution of the maximum likelihood and least
squares estimators will be derived in Section 10.8.

Recall that the least squares estimators minimize the sum of squares,

S(‡,0) = (X, - i,)2/r,_1.
t=1

However we shall consider the following approximation to S(*,0). First we
approximate the "standardized innovations" (X, - i,)/(r,_;)1/2by Z,(¢,0)
where

Zi(‡,0) = X,,
Z2(*,0) = X2 1X, - ByZi(#,0),

(8.11.1)
Z,,(#,0) = X,, - ¢¡X,, , -

···
- ¢,X,_, - BiZ,,_i(*,0) -

···
- 0,Z,_,(‡,0).

By the assumed invertibility we can write Z, in the form,

Z, = X, + x,X,_ ,

j=1

and then (8.11.1)corresponds to setting (seeProblem 5.15)
t-1

Z,(#,0) = X, + 2 x,X,_ .

j=1

Using the relations (seeProblem 8.21)

|Z,(‡,0)-Z,| < |ñ,] |Xi|,
j=t

X, - Z,||2 = r,_i<T2 < ||ZX¾0¾2,
and

Z,-(X,-i,)\|2-g,_i-1W2
we can show that

Z,(‡,0) - Z, | <; cia',
|Z,(‡,0) - (X, - Ž,)/(r,_1)'125 c2a', (8.11.2)
|Z,(*,0)|| < k,

for all t where a, ci, c2 and k are constants with 0 < a < 1. It is useful to make
one further approximation to (X, - Î,)/(r, 1)1/2 by linearizing Z,(*, 0) about
an initial estimate (¢o,0o)of (¾,0).Thus, if ß' = (¢¡,...,¢,,01,...,Ð,)and

ß'e= (‡'o,0'o),we approximate Z,(ß) by
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Z,(ße) - D,'(ß - ße), (8.11.3)
where D,' = (D,,,(ße),...,D,,,,,(ße)), with

ôZ,(ß) .

D,a(ß) = -

, i = 1, ..., p + q.Bß,

Then by minimizing the sum of squares

(Z,(ße) - D,'(ß - ße))2
t=1

(whichby (8.11.2)and (8.11.3)is a reasonably good approximation to S(#,0)),
we obtain an estimator ß†of ß which has the same asymptotic properties
as the least squares estimator ß. The estimator ß' is easy to compute from
the methods of Section 2.6. Specifically, if we let Z(ße) = (Zi(ße),...,Z,(ße))'
and write D for the n × (p + q) design matrix (Di,...,D,,)', then the linear
regression estimate of Aß = ß - ßeis

Aß = (D'D)¯ D'Z(ße)

so that
ß'=ßo+si

The asymptotic normality of this estimator is established in the following
theorem.

Theorem 8.11.1. Let {X,} be the causal invertible ARMA(p,q) process

X,-¢iX,_, -···-¢,X, ,=Z,+0xZ,_,+· +6,Z, ,

where {Z,} ~ IID(0,«2) and where ¢(z) and 8(z) have no common zeros.
Suppose that ßo=(ßoi,...,ße,,,,)' is a preliminary estimator of ß=
(¢¡,...,¢,,81,...,0,)' such that ße - ß = o,(n¯ 4), and that ß*is the estimator
constructed fromßeas described above. Then

(i) n¯ D'D & o.2 -1

where V(ß) is a (p + q) × (p + q) nonsingular matrix and

(ii) nl/2 * - ß)= N(0, V(ß)).

In addition for the least squares estimator Ö,we have

(iii)nl/2(ß - ß)-> N(0, V(ß)).

(A formulafor computing V(ß) is given in (8.11.14).)
SKETCH OF PROOF. We shall give only an outline of the proofs of (i)and (ii).
The result (iii)is discussed in Section 10.8. Expanding Z,(ß) in a Taylor series
about ß = ßo,we have

Z,(ß) = Z,(ße) - D,'(ß - ße)+ H,, (8.11.4)
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where

1 **e P** 82
H, = - i i ' (ß,*)(ß,- ßog)(ß,- ße)2 ¿=1 >=1 8ß,8ß,

and ß,*is between ßand ße.Rearranging (8.11.4)and combining the equations
for t = 1, ..., n, we obtain the matrix equation,

Z(ße) = D(ß - ße) - H + Z(ß),

where Z(ß) = (Zi(ß),...,Z,(ß))', D = (Di,...,D,,)' and H = (Hi,...,H,,)'.
Hence

nl/2 ß*- ß) = n 12(ße + AS- ß
= nl/2(ße + (D'D) D'Z(ße) - ß),

l.C.

n1/2 † 1/2 p,D)¯ D'Z(ß) - nl/2 ry -iD'H. (8.11.5)
The idea of the proof is to show that

n-1D'D 62 -1(ß), (8.11.6)
n-1/2D'Z(ß) N(0,o*V *(ß)), (8.11.7)

and
n¯I/2D'H = o,(1). (8.11.8)

Once these results are established, the conclusion of the theorem follows from
Propositions 6.1.1, 6.3.3 and 6.3.8.

From (8.11.1)we have for t > max(p, q),

BZ
D,,,(ß) = - (ß)= X,_; - 0,D,_;,,(ß) -

···
- 8,D,_,,,(ß), i = 1, ..., p,

and

BZ
D,,,,,(ß) = - (ß)= Z,_;(ß) - GiD,_i,,,,(ß) -···

- 8,D,_,,,,,(ß),

i = 1, ..., q,

so that for t > max(p,q), D,,,(ß) satisfies the difference equations,

f0(B)D,,,(ß) = X,_¿, i = 1, ..., p, (8.11.9)0(B)D,,,,,(ß) = Z,_¿(ß), i = 1, ..., q.

If we define the two autoregressive processes,

U, = 8¯ (B)X, = ¢¯ (B)Z,,

and
V = 8¯ (B)Z,,
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then it follows from (8.11.9)and (8.11.2)that D,,,(ß) can be approximated by

{B'U, = U,_; for i = 1, ..., p' (8.11.10)B' "V, =

_s, for i = p + 1, ..., p + q.

Set U, = (U, 1,..., U,_,)', V, = ( ,...,
_,)' and W' = (U',V').

The limit in (8.11.6)is established by first showing that

n¯ D,,,(ße)D,,,(ße) - D,,,(ß)D,,,(ß) = o,(1),
t=1 t=1

using the assumption (ße- ß) = o(n¯¤ ),and then expanding D,,,(ße)D,, (ße)
in a Taylor series about ß.Next, from the approximation (8.11.10)we have

n D,,,(ß)D, ,(ß) -
= o,(1).

t=1 t=1

If EZ,' < œ, then by applying Theorem 7.1.1 to the individual components
of W,W,', we obtain

n-1 W,W,' i E(Wy W'), (8.11.11)
t=1

from which we identify V(ß) as

V(ß) = o.2[E(W, W',)]¯ . (8.11.12)
However if we assume only that EZ,2 < oo, then (8.11.11)also holds by the
ergodic theorem (seeHannan, 1970).

The verification of (8.11.7)is completed in the following steps. By expanding
D,,,(ße) in a Taylor series about ß and using (8.11.2)to approximate Z,(ß) by
Z,, it can be shown that

n¯ 72 D,,, c)Z, ) - ,,Z, = o,(1). (8.11.13)
t=1 t=1

Since for each i = 1, ..., p + q, y ,, t =
...,

-1,

0, 1, ..., is a moving average
of Z,_i, Z,_2, ..., the sequence of random vectors W,Z,, t ;> 1, is uncorrelated
with mean zero and covariance matrix,

E| (W,Z,)(W,Z,)'] = 62E(W,W,')

= «4 -1

Using the argument given in the proof of Proposition 8.10.1, it follows that

n¯ 72 i W,Z, -> N(0, «*V g
t=1

which, with (8.11.13),establishes (8.11.7).
Finally to prove (8.11.8),it suffices to show that

n¯I i D, c) - O,(l), i, j, k = 1, ..., p + q,
<=i aßiBß;
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since (ß,- ßog)(ß,- ße;)= o,(n-1/2). This term is handled by first showing that
o and ß,*may be replaced by ß and then that the resulting expression has an

expectation which is bounded in n.

Note that the expression for V(ß) simplifies to
EUiU' EUiV'

V(ß) = o2 (8.11.14)EViU' EViV'

where U, and V, were defined in the course of the proof. The application of

(8.11.14)was illustrated for several low-order ARMA models in Section 8.8.

Problems
8.1. The Wölfer sunspot numbers {X,,t = 1,...,100} of Example 1.1.5 have sample

autocovariances ý(0)= 1382.2, ý(l) = 1114.4, ý(2)= 591.72 and ý(3)= 96.215.
Find the Yule-Walker estimates of ¢i, ¢2and «2 in the model

=¢i¾-i+¢2¾-2

t> r}~WN(0,«2X
for the mean-corrected series = X, - 46.93, t = 1,..., 100. Use Theorem 8.1.1
to find 95°/, confidence intervals for ¢, and ¢2.

8.2. Use the Durbin-Levinson algorithm to compute the sample partial autocorrela-
tions ¢ii, ¢22and ¢33of the Wölfer sunspot numbers. Is the value of ¢ss
compatible with the hypothesis that the data is generated by an AR(2) process?
(Use Theorem 8.1.2 and significance level

.05.)

8.3. Let (X,,...,X,41)' be a random vector with mean 0 and non-singular covariance
matrix F,,, = |y(i - j)]Q,. Note that Psii{x2...-,x;X,,, = ¢,X, + ··· +
¢,Xt where * = F, ly, (see(8.1.3)).Show that ¢(z)= 1 - ¢iz -

···
- ¢,z" ¢ 0

for |z| <; 1. (If ¢(z)= (1- az)((z), with ja > 1, set ¢(z)= (1- pz)((z) where

p = Corr(Y,,,, Y,) and Y, = ((B)X;. Then E |¢(B)X,,, 2
= E |Y,,, - pY,|2 i

E| Yv+1 - aY,|2 = E ¢(B)X,, i
2 With equality holding if and only if p = a.)

8.4. Show that the zero-mean stationary Gaussian process {X,} with spectral density

has the autocovariance function
62 if h = 0,

y(h) =
4J2/(ñ|h|)2 if |h| = 1, 3, 5, ...,

0 otherwise.

Hence find the coeflicients 04,, ..., 044in the innovation representation,

4

j= 1

Find an explicit expression, in terms of X, and i,, i = 1, ..., 5, for the maximum
likelihood estimator of «2 based on Xi, ..., Xs.
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8.5. Use the program PEST to simulate and file 20 realizations of length 200 of the
Gaussian ARMA(1, 1) process,

X,-¢X,_,=Z,+0Z,_,, {Z,}~WN(0,l),

with ¢ = 0 =

.6.

Use the program PEST as in Example 8.4.1 to find preliminary
models for each series.

8.6. Use the program PEST to simulate and file 20 realizations of length 200 of the
Gaussian MA(1) process

X, = Z, + BZ,_i, {Z,} ~ WN(0, 1),

with 8 =
.6.

(a) For each series find the moment estimate ÔM Of 8 (seeSection 8.5), recording
the number of times the sample autocorrelation þ(1)falls outside the interval

(b) For each series use the program PEST to find the innovations estimate Ô,of
8 (choosingm to minimize the preliminary AICC value).

(c) Use the program PEST to compute the least squares estimate ÔLs
for each

series.
(d) Use the program PEST to compute the maximum likelihood estimate ÔML

for each series.
Compare the performances of the four estimators with each other and with the
behavior expected from their asymptotic distributions. Compare the number of
series for which |þ(1)|> } with the expected number based on the asymptotic
probability computed in Problem 7.10.

8.7. Use equation (8.7.4)to show that if n > p, the likelihood of the observations
{X,,...,X,,} of the causal AR(p) process,

X, - ¢iX,_; -··· - ¢,X,_, = Z,, {Z,} ~ WN(0,«2),

is

L(¢, «2)
= (2262-n/2(det G,)-1/2

f 1 "

× exp
--«¯2 X',G X, + 2 (X, - ¢1X, ,

-··· - ¢,X, ,)2
,

2 ,=, i

where X, = (X,,...,X,)'and G, = «-2 -2E(X,X').

8.8. Use the result of Problem 8.7 to derive a pair of linear equations for the least
squares estimates of ¢i and ¢2 for a causal AR(2) process. Compare your
equations with those for the Yule-Walker estimates.

8.9. Given two observations x, and x2 from the causal AR(1) process

X, - ¢X,_, = Z,, {Z,} ~ WN(0,«2¾

such that |xi ¢ |x2|,find the maximum likelihood estimates of ¢ and «2

8.10. Derive a cubic equation for the maximum likelihood estimate of ¢¡ for a causal
AR(1) process.
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8.11. Verify that the maximum likelihood estimators * and Ôare those values of *
and 0 which minimize l(*, 0) in equation (8.7.7).Also show that the maximum
likelihood estimator of «2 is n¯IS &

8.12. For a causal ARMA process, determine the limit of (1/n)i i ln r,_,. When is
the limit non-zero?

8.13. In Section 8.6, suppose that the covariance matrix Y,,depends on the parameter
ß.Further assume that the n values ve, ..., v._, are unbounded functions of ß.
Show that the function S(ß) = X' G (ß)X,, can be made arbitrarily close to zero
for a suitable choice of ß.

8.14. Specialize Problem 8.13 to the case when C is the covariance matrix of an MA(1)
process with 0 equal to any real number. Show that S(0) = Lj_,(X, - Ž¿)2J-1
can be made arbitrarily small by choosing 8 sufEciently large.

8.15. For an AR(p) process, show that det f. = (detF,)o26" > for all m > p.
Conclude that the (m,m) component of F,¯ is (detf. ,)/(det f.) = « 2.

8.16. Simulation of a Gaussian process. Show that n consecutive observations {X,, k =

1,...,n} of a zero-mean Gaussian process with autocovariance function x(i,j)

can be generated from n iid N(0, 1) random variables Z,, ..., Z,, by setting

k-1

X,=ve"],Z,+ i 8 v,"_2;_,Z,_;, k=1,...,n,
j=1

where 0 , j = 1, ..., k and va_, are computed from the innovations algorithm.
(Use equation (8.6.4)to show that (X,,...,X,)' has covariance matrix

8.17. Simulation of an ARMA(p,q) process. Show that a Gaussian ARMA(p,q)
process {X,, t = 1,2,...} can be generated from iid N(0, 1) random variables Z,,
Z2, ... by first defining

k-1
vi ,Z, + i 0,_,,,d?,_;Z _;, kg m= max(p,q),

We =

j= 1

v ,Z, + 0,_i,,vafi-jZ , k > m,
j=1

where 0,,, j = 1, ..., k and va_, are found from the innovations algorithm with
K(Ì,))RS defined in (5.3.5).The simulated values of the ARMA process {X,} are
then found recursively from

X, = «W,, k < m,

X,=aW,+¢¡X,_,+ ·+¢,X,_,, k>m.

8.18. Verify the calculation of V(¢, 0) in Example 8.8.3.

8.19. Verify the calculation of V(¢¡,¢2) for the AR(2) process in Example 8.8.1.

8.20. Using (8.9.1)and one of the series generated in Problem 8.5, plot the boundary
of an approximate 95°7econfidence region for (¢,0).

8.21.* Verify the relations (8.11.2).
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8.22.* If * and Ôare the preliminary estimates of ‡ and 6 obtained from equations

(8.4.4)and (8.4.5),show that * = ‡ + O,(n-1/2) and Ô= 0 + 0,(n¯*/2X
8.23.* Let Ï(G) be the function

Ï(G) = In(n¯ X'G¯*X) + n¯ In(det G)

where G is a positive definite matrix. Show that Î(aG) = Ï(G) where a is any
positive constant. Conclude that for an MA(1) process, the reduced likelihood
l(8)given in (8.7.7)satisfies l(0) = l(8 )and that l(·)has either a local maximum
or minimum at 8 = 1.



CHAPTER 9

Model Building and Forecasting with
ARIMA Processes

In this chapter we shall examine the problem of selecting an appropriate
model for a given set of observations {X,, t = 1,..., n}. If the data (a)exhibits
no apparent deviations from stationarity and (b)has a rapidly decreasing
autocorrelation function, we shall seek a suitable ARMA process to represent
the mean-corrected data. If not, then we shall first look for a transformation
of the data which generates a new series with the properties (a)and (b).This
can frequently be achieved by differencing, leading us to consider the class
of ARIMA (autoregressive-integratedmoving average) processes which is
introduced in Section 9.1. Once the data has been suitably transformed, the
problem becomes one of finding a satisfactory ARMA(p, q) model, and in
particular of choosing (or identifying) p and q. The sample autocorrelation
and partial autocorrelation functions and the preliminary estimators ‡, and
Ô,of Sections 8.2 and 8.3 can provide useful guidance in this choice. However
our prime criterion for model selection will be the AICC, a modified version
of Akaike's AIC, which is discussed in Section 9.3. According to this criterion
we compute maximum likelihood estimators of *, 0 and o2 for a variety of
competing p and q values and choose the fitted model with smallest AICC
value. Other techniques, in particular those which use the R and S arrays of
Gray et al. (1978),are discussed in the recent survey of model identification
by de Gooijer et al. (1985).If the fitted model is satisfactory, the residuals
(seeSection 9.4) should resemble white noise. A number of tests designed to
check this are described in Section 9.4, and these should be applied to the
minimum-AICC model to make sure that the residuals are consistent with

their expected behaviour under the model. If they are not, then competing
models (modelswith AICC-value close to the minimum) should be checked
until we find one which passes the goodness of fit tests. In some cases a small
difference in AICC-value (sayless than 2) between two satisfactory models
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may be ignored in the interest of model simplicity. In Section 9.5 we consider
the prediction of ARIMA processes, which can be treated as an extension
of the techniques developed for ARMA processes in Section 5.3. Finally we
examine the fitting and prediction of seasonal ARIMA (SARIMA) models,
whose analysis, except for certain aspects of model identification, is quite
analogous to that of ARIMA processes.

§9.1ARIMA Models for Non-Stationary
Time Series

We have already discussed the importance of the class of ARMA models
for representing stationary series. A generalization of this class, which incor-
porates a wide range of non-stationary series, is provided by the ARIMA
processes, i.e. processes which, after differencing finitely many times, reduce
to ARMA processes.

Definition 9.1.1 (The ARIMA(p,d,q) Process). If d is a non-negative integer,
then {X,} is said to be an ARIMA(p, d, q) process if Y := (1-

B)dX, is a causal
ARMA(p,q) process.

This definition means that {X,} satisfies a difference equation of the form

¢*(B)X, = ¢(B)(1 - B)dX, = 8(B)Z,, {Z,} ~ WN(0, o2), (9.1.1)
where ¢(z)and 8(z) are polynomials of degrees p and q respectively and

¢(z)¢ 0 for |z| <; 1. The polynomial ¢*(z)has a zero of order d at z = 1. The
process {X,} is stationary if and only if d = 0, in which case it reduces to an
ARMA(p, q) process.

Notice that if d ;> 1 we can add an arbitrary polynomial trend of degree
(d - 1) to {X,} without violating the difference equation (9.1.1).ARIMA
models are therefore useful for representing data with trend (seeSections 1.4
and 9.2). It should be noted however that ARIMA processes can also be
appropriate for modelling series with no trend. Except when d = 0, the mean
of {X,} is not determined by equation (9.1.1)and it can in particular be zero.
Since for d ;> 1, equation (9.1.1)determines the second order properties of

{(1- B)dX,} but not those of {X,} (Problem 9.1), estimation of *, 0 and «2

will be based on the observed differences (1 - B)dX,. Additional assumptions
are needed for prediction (seeSection 9.5).

EXAMPLE 9.1.1. {X,} is an ARIMA(1, 1,0) process if for some ¢E(- Î, Î),

(1- ¢B)(1 - B)X, = Z,, {Z,} ~ WN(0,«2)

We can then write
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Figure 9.1. (a) A realization of {X,,...,X2eo} for the ARIMA process of Example
9.1.1, (b) the sample ACF and (c)the sample PACF.
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Figure 9.1. (continued)

X, = Xe + 1 Y,, t > 1,
j=1

where

Y, = (1- B)X, = 1 ¢JZ,_ .

i=0

A realization of {X,,...,X2eo} with Xo = 0, ¢ =
.8

and « = 1 is shown
in Figure 9.1 together with the sample autocorrelation and partial auto-
correlation functions.

A distinctive feature of the data which suggests the appropriateness of
an ARIMA model is the slowly decaying positive sample autocorrelation
function seen in Figure 9.1. If therefore we were given only the data and wished
to find an appropriate model it would be natural to apply the operator
V = 1 - B repeatedly in the hope that for some j, {VAX,}will have a rapidly
decaying sample autocorrelation function compatible with that of an ARMA
process with no zeroes of the autoregressive polynomial near the unit circle.
For the particular time series in this example, one application of the operator
V produces the realization shown in Figure 9.2, whose sample autocorrelation
and partial autocorrelation functions suggest an AR(1) model for {VX,}. The
maximum likelihood estimates of ¢ and 62 Obtained from PEST (underthe
assumption that E(VX,) = 0) are

.808

and
.978

respectively, giving the model,
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Figure 9.2. (a)The differenced series, = X,,, - X,, t = 1, ..., 199, of Example 9.1.1,

(b)the sample ACF of { }and (c)the sample PACF of { }.
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Figure 9.2. (continued)

(1- .808B)(1 - B)X, = Z,, {Z,} ~ WN(0,.978), (9.1.2)
which bears a close resemblance to the true underlying process,

(1- .8B)(1 - B)X, = Z,, {Z,} ~ WN(0, 1). (9.1.3)
Instead of differencing the series in Figure 9.1 we could proceed more

directly by attempting to fit an AR(2) process as suggested by the sample
partial autocorrelation function. Maximum likelihood estimation, carried out
using the program PEST and assuming that EX, = 0, gives the model,

(1 - 1.804B + .806B2)X, = (1-.815B)(1 -.989B)X, = Z,,
(9.1.4){Z,} ~ WN(0,.970),

which, although stationary, has coefficients which closely resemble those of
the true non-stationary process (9.1.3).

From a sample of finite length it will be extremely difficult to distinguish
between a non-stationary process such as (9.1.3)for which ¢*(1)= 0, and
a process such as (9.1.4),which has very similar coefficients but for which ¢*
has all of its zeroes outside the unit circle. In either case however, if it is
possible by differencing to generate a series with rapidly decaying sample
autocorrelation function, then the differenced data can be fitted by a low order
ARMA process whose autoregressive polynomial ¢* has zeroes which are
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comfortably outside the unit circle. This means that the fitted parameters will
be well away from the boundary of the allowable parameter set. This is
desirable for numerical computation of parameter estimates and can be quite
critical for some methods of estimation. For example if we apply the Yule-
Walker equations to fit an AR(2) model to the data in Figure 9.1, we obtain
the model

(1 - 1.282B + .290B2)X, = Z,, {Z,} ~ WN(0, 6.435), (9.1.5)
which bears little resemblance to either the maximum likelihood model (9.1.4)
or the true model (9.1.3).In this case the matrix 1Î2RþþCETing in (S.Î.7)ÌS
nearly singular.

An obvious limitation in fitting an ARIMA(p,d,q) process {X,} to data
is that {X,} is permitted to be non-stationary only in a very special way,
i.e. by allowing the polynomial ¢*(B) in the representation ¢*(B)X, = 8(B)Z,
to have a zero of positive multiplicity d at the point 1 on the unit circle.
Such models are appropriate when the sample autocorrelation function
of the data is a slowly decaying positive function as in Figure 9.1, since
sample autocorrelation functions of this form are associated with models
¢*(B)X, = 8(B)Z, in which ¢*has a zero either at or close to 1.

Sample autocorrelations with slowly decaying oscillatory behavior as in
Figures 9.3 and 9.4 are associated with models ¢*(B)X, = 8(B)Z, in which ¢*
has a zero close to e** for some GE(-ñ,ñ] other than 8 = 0. Figure 9.3 was
obtained from a sample of 200 simulated observations from the process,

X, + .99X, ,
= Z,, (Z,} ~ WN(0, 1),

for which ¢*has a zero near e'". Figure 9.4 shows the sample autocorrelation
function of 200 observations from the process,

X, - X,_, + .99X,-2 = Z,, {Z,} ~ WN(0, 1),

for which ¢* has zeroes near e**"
. In such cases the sample autocor-

relations can be made to decay more rapidly by applying the operator
| 1 - (2cos 8)B + B2 __

i8 -iBË) ÍO the data, instead of the
operator (1 - B) as in the previous paragraph. If 2x/6 is close to some
integer s then the sample autocorrelation function will be nearly periodic with
period s and the operator V, = (1 - B") (withzeroes near B = e***) can also
be applied to produce a series with more rapidly decaying autocorrelation
function (seealso Section 9.6). The sample autocorrelation functions in Figures
9.3 and 9.4 are nearly periodic with periods 2 and 6 respectively. Applying the
operators (1 - B2) to the first series and (1-

B6) lO the second gives two new
series with the much more rapidly decaying sample autocorrelation functions
shown in Figure 9.5 and 9.6 respectively. For the new series it is then not
difficult to fit an ARMA model ¢(B)X, = 8(B)Z, for which the zeroes of ¢ are
all well outside the unit circle. Techniques for identifying and determining
such ARMA models will be discussed in subsequent sections.
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Figure 9.3. The sample ACF (a) and PACF (b) of a realization of length 200 of the
process X, + .99X,_, = Z,, {Z,} ~ WN(0, l).
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Figure 9.4. The sample ACF (a)and PACF (b)of a realization of length 200 of the
process X, - X,_, + 0.99X,_2 - Z,, {Z,} ~ WN(0, 1).
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Figure 9.5. The sample ACF (a)and PACF (b)of {(1- B2)X,} where {X,} is the series
whose sample ACF and PACF are shown in Figure 9.3.
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Figure 9.6. The sample ACF (a)and PACF (b)of {(1-
B6)X,} where {X,} is the series

whose sample ACF and PACF are shown in Figure 9.4.
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§9.2Identification Techniques

(a) Preliminary Transformations. The estimation methods described in
Chapter 8 enable us to find, for given values of p and q, an ARMA(p, q) model
to fit a given series of data. For this procedure to be meaningful it must be at
least plausible that the data is in fact a realization of an ARMA process and
in particular that it is a realization of a stationary process. If the data display
characteristics suggesting non-stationarity (e.g.trend and seasonality), then it
may be necessary to make a transformation so as to produce a new series
which is more compatible with the assumption of stationarity.

Deviations from stationarity may be suggested by the graph of the series
itself or by the sample autocorrelation function or both.

Inspection of the graph of the series will occasionally reveal a strong
dependence of variability on the level of the series, in which case the data
should first be transformed to reduce or eliminate this dependence. For
example, Figure 9.7 shows the International Airline Passenger Data {U,,
t = 1,..., 144} of Box and Jenkins (1976),p. 531. It is clear from the graph that
the variability increases as U, increases. On the other hand the transformed
series ¾ = ln U,, shown in Figure 9.8, displays no increase in variability with

. The logarithmic transformation used here is in fact appropriate whenever
{U,} is a series whose standard deviation increases linearly with the mean. For
a systematic account of a general class of variance-stabilizing transformations,
we refer the reader to Box and Cox (1964).The defining equation for the
general Box-Cox transformation fx is

fl¯(U,*-1), U,>0,A>0,
f;(U,) =

In U,, U, > 0, A = 0,

and the program PEST provides the option of applying fx(with(05 AE 1.5)
prior to the elimination of trend and/or seasonality from the data. In practice,
if a Box-Cox transformation is necessary, it is often the case that either fo
or f1/2iS adequate.

Trend and seasonality are usually detected by inspecting the graph of the
(possiblytransformed) series. However they are also characterized by sample

autocorrelation functions which are slowly decaying and nearly periodic
respectively. The elimination of trend and seasonality was discussed in
Section 1.4 where we described two methods:

(i)
"classical decomposition" of the series into a trend component, a seasonal
component, and a random residual component, and

(ii) differencing.

The program PEST(Option 1) offers a choice between these techniques.
Both methods were applied to the transformed Airline Data = ln U, of the
preceding paragraph. Figures 9.9 and 9.10 show respectively the two series
found from PEST by (i)estimating and removing from { }a linear trend
component and a seasonal component of period 12, and (ii)applying the



§9.2.Identification Techniques 285

700

600 -

500 -

400 -

oc 300 -

200-

100-

O 12 24 36 48 60 72 84 96 108 120 132 144

Figure 9.7. International airline passengers; monthly totals in tlrousands of passengers
{U,,t = 1,..., 144} from January 1949 to December 1960 (Box and Jenkins (1970)).
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Figure 9.8. Natural logarithms, V = ln U,, t = 1, ..., 144, of the data in Figure 9.7.
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Figure 9.9. Residuals after removing a linear trend and seasonal component from the
data {V} of Figure 9.8.
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Figure 9.10. The differenced series {VV,2 3} where {V,} is the data shown in
Figure 9.8.
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difference operator (1- B)(1 - B 2) to {V,}. Neither of the two resulting
series display any apparent deviations from stationarity, nor do their sample
autocorrelation functions (thesample autocorrelation function of {VV12Yr}à
shown in Figure 9.11).

After the elimination of trend and seasonality it is still possible that the
sample autocorrelation function may appear to be that of a non-stationary or
nearly non-stationary process, in which case further differencing as described
in Section 9.1 may be carried out.

(b) The Identification Problem. Let {X,} denote the mean-corrected trans-
formed series, found as described in (a).The problem now is to find the most
satisfactory ARMA(p,q) model to represent {X,}. If p and q were known
in advance this would be a straightforward application of the estimation
techniques developed in Chapter 8. However this is usually not the case, so
that it becomes necessary also to identify appropriate values for p and q.

It might appear at first sight that the higher the values of p and q chosen,
the better the fitted model will be. For example, if we fit a sequence of AR(p)
processes, p = 1, 2, ..., the maximum likelihood estimate, 62, Of 62

decreases monotonically as p increases (seee.g. Table 9.2). However we must
beware of the danger of overfitting, i.e. of tailoring the fit too closely to the
particular numbers observed. An extreme case of overfitting (ina somewhat
different context) occurs if we fit a polynomial of degree 99 to 100 observations
generated from the model Y = a + bt + Z,, where {Z,} is an independent
sequence of standard normal random variables. The fit will be perfect for the
given data set, but use of the model to predict future values may result in gross
errors.

Criteria have been developed, in particular Akaike's AIC criterion and
Parzen's CAT criterion, which attempt to prevent overfitting by effectively
assigning a cost to the introduction of each additional parameter. In Section
9.3 we discuss a bias-corrected form of the AIC, defined for an ARMA(p, q)
model with coefficient vectors ¢ and 0, by

AICC(#, 0) = -2 ln L(*, 0, S(*, 0)/n) + 2(p + q + 1)n/(n - p - q - 2),

(9.2.1)
where L(*, 0, o.2) ÍS the likelihood of the data under the Gaussian ARMA
model with parameters (*, 0, o.2) and S(#, 0) is the residual sum of squares
defined in Section 8.7. On the basis of the analysis given in Section 9.3, the
model selected is the one which minimizes the value of AICC. Intuitively
one can think of 2(p + q + 1)n/(n - p - q - 2) in (9.2.1)as a penalty term
to discourage over-parameterization. Once a model has been found which
minimizes the AICC value, it must then be checked for goodness of fit
(essentiallyby checking that the residuals are like white noise) as discussed
in Section 9.4.

Introduction of the AICC (or analogous) statistic reduces model identi-
fication to a well-defined problem. However the search for a model which
minimizes the AICC can be very lengthy without some idea of the class
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Figure 9.11. The sample ACF (a) and PACF (b) of the series {VV12 +13 Shown in
Figure 9.10.
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of models to be explored. A variety of techniques can be used to accel-
erate the search by providing us with preliminary estimates of p and q, and
possibly also preliminary estimates of the coefficients.

The primary tools used as indicators of p and q are the sample autocor-
relation and partial autocorrelation functions and the preliminary estimators
*. and 0., m = 1, 2, ..., discussed in Sections 8.2 and 8.3 respectively.
From these it is usually easy to judge whether a low order autoregressive or
moving average model will prove satisfactory. If so then we can proceed by
successively fitting models of orders 1, 2, 3, ..., until we find a minimum value
of the AICC. (Mixed models should also be considered before making a final
selection.)

EXAMPLE 9.2.1. Figure 9.12 shows the sample autocorrelation and partial
autocorrelation functions of a series of 200 observations from a zero-mean
stationary process. They suggest an autoregressive model of order 2 (or
perhaps 3) for the data. This suggestion is supported by the Yule-Walker
estimators *,, m = l, 2, ..., of the coefficient vectors of autoregressive models
of order m. The Yule-Walker estimates *,,, j = 1, ..., m; m = 1, ..., 5 are
shown in Table 9.1 with the corresponding ratios,

r., = ¢,,/(l.96â,,), (9.2.2)
where ôg is the jth diagonal element of Û2 1 m)/n, the estimated version of
the asymptotic covariance matrix of þ, appearing in Theorem 8.1.2. A value
of r., with absolute value greater than 1 causes us to reject, at approximate
level

.05,

the hypothesis that ¢,, is zero (assumingthat the true underlying
process is an AR(p) process with p <; m).

The next step is to fit autoregressive models of orders 1, 2,..., by maximum
likelihood, using the Yule-Walker estimates as initial values for the maximi-
zation algorithm. The maximum likelihood estimates for the mean-corrected
data are shown in Table 9.2 together with the corresponding AICC values.

Table 9.1. The Yule-Walker Estimates Ôm),j = 1, ..., m;
m = 1, ..., 5, and the Ratios rmj (inParentheses) for
the Data of Example 9.2.1

12 345

1
.878

(13.255)
2 1.410

-.606

(12.785) (-5.490)
3 1.301

-.352 -.180

(9.545) (-1.595) (-1.318)
4 1.293 -.369 -.119 -.047

(9.339) (-1.632) (-.526) (-.338)
5 1.295 -.362 -.099 -.117 .054

(9.361) (-1.602) (-.428) (-.516) (.391)



290 9. Model Building and Forecasting with ARIMA Processes

0.9 -

O.8 -

O.7 -
O 6 -
O 5 -
O 4 -
O 3 -

-O 4 -
-O 5 -

-O 6 -

-O 7 -
-O 8 -
-O 9 -

-1

O 10 20 30 40

(a)

0.9 -

O.8 -
O.7 -
O.6 -

0.5 -

0.4 -
0.3 -

O.2 -

-0.1 -
-0.2 -

-0.3

-

-0.4 -
-0.5 -
-0.6 -
-0.7 -
-0.8 -
-0.9

-

-1

O 10 20 30 40

(b)

Figure 9.12. The sample ACF (a)and PACF (b)for the data of Example 9.2.1.
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Table 9.2 The Maximum Likelihood Estimates ¢ , âg, j = 1, ..., m; m = 1, ..., 5, and
the Corresponding AICC, BIC and FPE Values for the Data of Example 9.2.1

1 2 3 4 5 âg AICC BIC FPE

1
.892

1.547 660.44 662.40 1.562
2 1.471 -.656

.885

551.94 558.29
.903

3 1.387 -.471 -.127
.871

550.86 561.49
.897

4 1.383 -.486 -.081 -.033 .870

552.75 567.31
.905

5 1.383 -.484 -.072 -.059 .019 .870

554.81 573.01
.914

The BIC and FPE statistics (whichare analogous to the AICC but with
different penalties for the introduction of additional parameters) are also
shown. All three statistics are discussed in Section 9.3.

From Table 9.2 we see that the autoregressive model selected by the AICC
criterion for the mean-corrected data {X,} is

X, - 1.387X,_, + .471X,_2 + .127X, 3
= Z,, {Z,} ~ WN(0,.871).

(9.2.3)
Application of the goodness of fit tests to be described in Section 9.4 shows
that this model is indeed satisfactory. (If the residuals for the model (9.2.3)had
turned out to be incompatible with white noise, it would be necessary to
modify the model. The model modification technique described below in (d)
is frequently useful for this purpose.)

Approximate confidence intervals for the coefficients can be found from
the asymptotic distribution of the maximum likelihood estimators given in
Section 8.8. The program PEST approximates the covariance matrix V(ß) of
(8.8.3)by 2H *(Ô),where H(Û)is the Hessian matrix of the reduced likelihood
evaluated at Ô.From this we obtain the asymptotic

.95

confidence bounds
Ñ¿± l.96[vg(ß)/n]1/2 fOr ß,,where vg(Û)is the jth diagonal element of V(ß). This
gives the following bounds for the coefficients ¢i, ¢2,¢3.

#i: 1.387 ±
.136,

¢2:
-.471

±
.226,

¢3: -.127 ±
.138.

The confidence bounds for ¢s suggest that perhaps an AR(2) model should
have been fitted to this data since 0 falls between the bounds for ¢3.In fact if
we had minimized the BIC rather than the AICC (seeTable 9.2) we would
have chosen the AR(2) model. The BIC is a Bayesian modification of the
AIC criterion which was introduced by Akaike to correct the tendency of
the latter to overestimate the number of parameters. The true model in this
example was

X, - 1.4X,_1 + .6X,_2 - Z,, {Z,} ~ WN(0, 1). (9.2.4)
EXAMPLE 9.2.2. Inspection of the sample autocorrelation and partial autocor-
relation functions of the logged and differenced airline data {VV12V} shown
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in Figure 9.11 suggests the possibility of either a moving average model of
order 12 (orperhaps 23) with a large number of zero coefficients, or alterna-
tively of an autoregressive model of order 12.

To explore these possibilities further, the program PEST (Option 3) was
used to compute the preliminary estimates Ô, and ‡,, m = 15, 25, 30, as
described in Sections 8.2 and 8.3 respectively. These are shown, with the ratios
r., of each estimated coefficient to 1.96 times its standard error, in Tables 9.3
and 9.4 respectively. For ¢,, r., was defined by equation (9.2.2).For 0,,

r., = Ô,,/(1.960,),
where by Theorem 8.3.1, ôj; = n¯ (1+ Ô$1+ · · + Ô$,,1), j> 1, and âgx =

n-1

For the preliminary moving average model of order 30 we have plotted the
ratios r.j, j = 1, ..., 30, with boundaries at the critical value 1, in Figure 9.13.
The graph suggests that we consider models with non-zero coefficients at lags
1, 12, 23, possibly 3, and possibly also 5, 9 and 13. Of the models with non-zero
coeflicients at one or more of the lags 1, 3, 12 and 23, it is found that the one
with smallest AICC value (-486.04) is (forX, = VV,2 Y

-.00029)

X, = Z, -.355Z,_, -.201Z,_3 -.524Zr-12 + .241Z, 23, (9.2.5)
where {Z,} ~ WN(0,.00125). If we expand the class of models considered to
include non-zero coefficients at one or more of the lags 5, 9 and 13 suggested

2 -

-2

-

O 10 20 30

Figure 9.13. Ratio of the estimated coefficient Ô3eto 1.96 times its standard error,
j = 1, ..., 30 (fromTable 9.3).
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Table 9.3. The Innovation Estimates Ô,,û,, m = 15, 25, 30 for Ex. 9.2.2

m = 15

White Noise Variance
.0014261

MA Coefficients
-.40660 .07100 -.15392 .02185 .08851

.04968 -.04885
.03474 .09606 -.07203

-.07263 -.36395
.15123 -.00745 .14956

Ratio of Coefficients to (1.96*Standard Error)
-2.37442 .38408 -.83086 .11679 .47294

.26458 -.25991 .18465 .51031 -.38122

-.38355
--1.91782 .75712 -.03700 .74253

m = 25

VVhiteNoiseVariance
.0012638

MA Coefficients
-.36499 .05981 -.14812 -.02483 .12247

.05701 -.01327 -.03646 .12737 -.09385

.01909 -.47123 .13557 -.03196 .12591

-.11667 .06124 -.01722 -.05076 -.06775

.00908 -.04050 .24405 -.05955 -.10028

Ratio of Coefficients to (1.96*Standard Error)
-2.13140 .32813 -.81127 -.13471 .66421

.30723 -.07141 -.19619 .68497 -.50128

.10160

-2.50732
.66284 -.15528 .61149

-.56352 .29444 -.08271 -.24370 -.32501

.04352 -.19399

1.16818
-.27954 -.47016

m = 30

YVhiteNoiseVariance
.0012483

MA Coefficients
-.35719 .06006

-.15764 -.02979 .14018

.03632 .01689 -.06313 .13925 -.09032

.02333 -.47895 .15424 -.02092 .14133

.13103 .05216 -.03701 -.04987 -.06822

.01851 -.03513 .25435 -.06067 -.08874

.03687

-.02951
.04555 -.04012 -.05106

Ratio of Coeflicients to (1.96*Standard Error)
-2.08588 .33033 -.86556 -.16179 .76108

.19553 .09089 -.33967 .74792 -.48116

.12387 -2.54232 .75069 -.10099 .68213

-.62815 .24861 -.17626 -.23740 -.32447

.08791 -.16683 1.20720
-.28201 -.41199

.17077 -.13662
.21083

-.18554 -.23605
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Table 9.4. The Yule-Walker Estimates Ôm,Em,m = 15, 25, 30 for
Exan1ple9.2.2

m = 15

Yvhite Noise Variance
.0014262

AR Coefficients
-.40660 -.09364 -.16261 -.09185

.06259

.09282 -.00421 .04216 .15873 .01347

-.09957 -.38601 -.14160 -.08563 -.02174

Ratio of Coefficients to (1.96*Standard Error)
--2.37494 -.50827 -.88695 -.53016 .36155

.53517 -.02452 .24526 .92255 .07765

-.57517 -2.22798
-.77237 -.46481 -.12701

m = 25

VVhite Noise Variance
.0012638

AR Coefficients
-.36498 -.07087 -.15643

-.13215 .06052

.11335 .03122

-.00683 .15464 .01640

-.03815 -.44895 -.19180 -.07800

-.04537

-.12301 .05101 .10160 -.04611 -.09381

.08851 -.03933 .10959 -.10408 -.10264

Ratio of Coefficients to (1.96*Standard Error)
-2.14268 -.39253 -.86904 -.72665 .33137

.62205 .17052 -.03747 .84902 .08970

-.20886

-2.46259
-.98302

-.42788 -.24836

-.67279 .28007 .55726 -.25190 -.51488

.48469 -.21632 .60882 -.57639 -.60263

m = 30

YVhiteNoise Variance
.0012483

AR Coefficients
-.35718 -.06759 -.15995 -.14058 .07806

.09844 .04452

-.01653 .15146 .02239

-.03322 -.46045 -.18454

-.07941 -.03957

-.15279 .06951 .09498 -.03316

-.10113

.08865 -.03566 .11481 --.11330 -.10948

.00673 .01324 -.07332 .04514 -.00489

Ratio of Coefficients to (l.96*Standard Error)
-2.08586

-.37210 -.88070 -.76545 .42148

.53284 .24132 -.09005 .82523 .12120

-.18061 -2.50310 -.92514 -.39393 -.19750

-.76248 .34477 .47615 -.18026 -.54978

.47991 --.19433 .62531 -.61407 -.59267

.03638 .07211 -.40372 .24853 -.02860
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Table 9.5. Moving Average Models for Example 9.2.2

j 1 3 5 12 13 23 AICC â2 ô1ao

Model (9.2.5)
Ô¿ -.355 -.201

0
-.524

0
.241

-486.04
.00125 .00125

Model (9.2.6)
Ô¿ -.433

-.306 .238 -.656 0
.352 -489.95 .00103 .00117

Model (9.2.9)
Ô¿ -.396

0 0
-.614 .243

0 -483.38
.00134 .00134

by Figure 9.13, we find that there is a model with even smaller AICC value

than (9.2.5),namely

X, = Z, - .433Z,
_ i

- .306Z,
_ 3 + .238Z,

_ s
(9.2.6)

- .656Z, _12 + .352Zt-239

with {Z,} ~ WN(0,.00103) and AICC =
-489.95.

Since the process defined
by (9.2.6)passes the goodness of fit tests in Section 9.4, we choose it as our
moving average model for the data.

The substantial reduction in white noise variance achieved by (9.2.6)must
be interpreted carefully since (9.2.5)is an invertible model and (9.2.6)is not.
Thus for (9.2.6)the asymptotic one-step linear predictor variance (thewhite
noise variance of the equivalent invertible version of the model) is not o2 but
o.2 bi···g2 (seeSection 4.4), where bi, ..., byare the zeroes of the moving
average polynomial 6(z) inside the unit circle. For the model (9.2.6),j = 4 and
|b, · · · b,| =

.939,

so the asymptotic one-step predictor variance is
.00117,

which
is still noticeably smaller than the value

.00125

for (9.2.5).The maximum
likelihood program PEST also computes the estimated mean squared error
of prediction, v,,_,, for the last observation based on the first (n - 1). This is
simply r,,_, times the maximum likelihood estimator of o.2 (See Section 8.7). It
can be seen in Table 9.5 that v,,_ i is quite close to â2 for each of the invertible
models (9.2.5)and (9.2.9).

The model (9.2.6)does of course have an invertible version with the same
likelihood (whichcan be found by using the program PEST), however it will
have small non-zero coefficients at lags other than 1, 3, 5, 12 and 23. If we
constrain the model to be invertible and to have zero coefficients except at
lags 1, 3, 5, 12 and 23, the likelihood is maximized for parameter values
precisely on the boundary of the invertible region and the maximum is strictly
less than the likelihood of the model (9.2.6).Thus in the presence of lag
constraints, insistence on invertibility can make it impossible to achieve the
maximum value of the likelihood.

A similar analysis of the data, starting from Table 9.4 and fitting auto-
regressive rather than moving average models, leads first to the model,

X, + .374X,
_ i + .464X, ,2 + .157X,

_ i3
= Z,, (9.2.7)
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with {Z,} ~ WN(0,.00146) and AICC =

-472.53.

Allowing non-zero coef-
ficients also at lags 3, 4, 9 and 16, we obtain the improved model,

X, + .365X,_, + .467X,_12 + .179Xt-13 + .129Xt-16 t, (9.2.8)
with {Z,} ~ WN(0,.00142) and AICC =

-472.95.

However neither (9.2.7)
nor (9.2.8)comes close to the moving average model (9.2.6)from the point of
view of the AICC value.

It is interesting to compare the model (9.2.6)with the multiplicative model
for {VV12V} fitted by Box and Jenkins (1976),i.e. with X,* = VV12V,,

X,* = (1 - .396B)(1 - .614B 2)Z,, {Z,} ~ WN(0,.00134). (9.2.9)
The AICC value for this model is

-483.38,

making it preferable to (9.2.8)but
inferior to both (9.2.5)and to our chosen model (9.2.6).Characteristics of the
three moving average models can be compared by examining Table 9.5.

(c) Identification of Mixed Models. The identification of a pure auto-
regressive or moving average process is reasonably straightforward using the
sample autocorrelation and partial autocorrelation functions, the pre-
liminary estimators ¢, and 0, and the AICC. On the other hand, for
ARMA(p, q) processes with p and q both non-zero, the sample ACF and
PACF are much more difficult to interpret. We therefore search directly for
values of p and q such that the AICC defined by (9.2.1)is minimum. The
search can be carried out in a variety of ways, e.g. by trying all (p,q) values
such that p + q = 1, then p + q = 2, etc., or alternatively by using the
following steps.

(i) Use maximum likelihood estimation (programPEST) to fit ARMA
processes of orders (1,1), (2,2), ..., to the data, selecting the model which
gives the smallest value of the AICC. [Initial parameter estimates for
PEST can be found using Option 3 to fit ARMA(p, p) models as described
in Example 8.4.1, or by appending zero coefficients to fitted maximum
likelihood models of lower order.]

(ii) Starting from the minimum-AICC ARMA(p, p) model, eliminate one or
more coefficients (guidedby the standard errors of the estimated
coefficients), maximize the likelihood for each reduced model and
compute the AICC value.

(iii)Select the model with smallest AICC value (subjectto its passing the
goodness of fit tests in Section 9.4).

The procedure is illustrated in the following example.

EXAMPLE 9.2.3. The sample autocorrelation and partial autocorrelation func-
tions of 200 observations of a stationary series are shown in Figure 9.14. They
suggest an AR(4) model for the data, or perhaps a mixed model with fewer
coefficients. We shall explore both possibilities, first fitting a mixed model in
accordance with the procedure outlined above.



§9.2.Identification Techniques 297

1 t'
O.9 -
0.8 -

O.7 -
O.6 -
0.5 -
0.4 -

-0.2

-

-0.3

-

-0.4

-

-0.5

-

-0.6 -
-0.7

-

-0.8

-

-0.9

-

O 10 20 30 40

(a)

1 o
0.9 -

O.8 -
O.7 -
O.6 -

O 5 -
O.4 -
O.3 -
0.2 -
0.1 -

-0.1
-0.2 -
-0.3

-

-0.4

-

-0.5

-

-0.6

-

-0.7

-

-0.8 -

-0.9 -

O 10 20 30 40

(b)

Figure 9.14. The sample ACF (a)and PACF (b)for the data of Example 9.2.3.
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Table 9.6. Parameter Estimates for ARMA(p, p) Models, Example 9.2.3

(a) Preliminary Estimates (fromPEST) with m = 9

p Ã¡ Ã2 3 1 2 3 AICC

1
.803 .868

656.61
2 1.142

-.592 .528 .025

591.43
3 -2.524 3.576

-2.156

4.195 1.982
.109

Non-causal

(b) Maximum Likelihood Estimates (fromPEST)

P Ôi Ô2 3 4 1 2 3 4 â2 AICC BIC

1
.701 .892

1.458 652.33 657.36
2 1.118 -.580

.798 .103 .982

578.27 591.85
3 1.122 -.555 -.020 .792 .059 -.042 .982

582.39 603.17
4 1.016 -1.475 1.012 -.525 .889

1.207
.897 .216 .930

579.98 603.67

Table 9.6(a) shows the preliminary parameter estimates ‡,Õfor ARMA(p, p)
models with p = 1, 2 and 3 (p = 3 gives a non-causal model) and m = 9,
obtained from PEST as described in Example 8.4.1. On the basis of the
AICC values in Table 9.6(a), the ARMA(2, 2) model is the most promising.
Since the preliminary ARMA(3, 3) model is not causal, it cannot be used
to initialize the search for the maximum likelihood ARMA(3, 3) model.
Instead, we use the maximum likelihood ARMA(2, 2) model with appended
coefficients ¢3= 03 = 0. The maximum likelihood results are shown in Table
9.6(b).The AICC values have a clearly defined minimum at p = 2. Comparing
each coefTicient of the maximum likelihood ARMA(2,2) model with its stan-
dard error we obtain the results shown in Table 9.7, which suggest dropping
the coefTicient 02 and fitting an ARMA(2, 1) process. Maximum likelihood
estimation then gives the model (forthe mean-corrected data),

X, - 1.185X, i + .624X,_2 = Z, + .703Z, ,

{Z,} ~ WN(0,.986),
(9.2.10)

with AICC value 576.88 and BIC value 586.48.

Table 9.7. Comparison of $1,$2, i and Ô2With Their
Standard Errors (Obtained from the Program PEST)

Estimated coefficient 1.118 -.580 .798 .103

Estimated coefficient
5.811 -3.605 3.604

.450

1.96 * (Standard error)

If now we fit AR(p) models of order p = 2, ..., 6 we obtain the results shown
in Table 9.8. The smallest AICC and BIC values are both achieved when
p = 5, but the values are substantially larger than the corresponding values
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Table 9.8. Maximum Likelihood AR(p) Models for Example 9.2.3

p Ôi Ô2 Ô3 4 5 6 â2 AICC BlC FPE

2 1.379 -.773 1.380 640.83 646.50 1.408
3 1.712

-1.364 .428

1.121 602.03 611.77 1.155
4 1.839

-1.760 .919 -.284 1.029 587.36 600.98 1.071
5 l.891 -1.932 1.248

-.627 .186 .992

582.35 599.66 1.043
6 1.909 -1.991 1.365

-.807
.362

-.092 .984

582.77 603.56 1.044

for (9.2.10).We therefore select the ARMA(2, 1) model, subject to its passing
the goodness of fit tests to be discussed in Section 9.4.

The data for this example were in fact generated by the Gaussian process,

X, - 1.3X,_, + .7X,_2 = Z, + .7Z, 2, {Z,} ~ WN(0, 1). (9.2.11)

(d) Use of the Residuals for Model Modification. When an ARMA model
¢(B)X, = 8(B)Z, is fitted to a given series, an essential part of the procedure
is to examine the residuals, which should, if the model is satisfactory, have the
appearance of a realization of white noise. If the autocorrelations and partial
autocorrelations of the residuals suggest that they come from some other
clearly identifiable process, then this more complicated model for the residuals
can be used to suggest a more appropriate model for the original data.

If the residuals appear to come from an ARMA process with coefficient
vectors *z and Oz, this indicates that {Z,} in our fitted model should satisfy
¢z(B)Z, = 8z(B)Rwhere {g} is white noise. Applying the operator ¢z(B) 10
each side of the equation defining {X,}, we obtain,

¢z(B)¢(B)X, = ¢z(B)8(B)Z, = ßz(B)0(B) , (9.2.12)
where {¶} is white noise. The modified model for {X,} is thus an ARMA
process with autoregressive and moving average operators ¢z(B)¢(B) and
8z(B)8(B) respectively.

EXAMPLE 9.2.4. Consider the AR(2) model in Table 9.8,

(1- 1.379B + .773B2)X, = Z,, (9.2.13)
which was fitted to the data of Example 9.2.3.This is an unsatisfactory model,
both for its high AICC value and the non-whiteness of its residuals. The
sample autocorrelation and partial autocorrelation functions of its residuals

are shown in Figure 9.15. They suggest an MA(2) model for {Z,}, i.e.

Z, = (1+ BiB + 82¿2)8, { }~ WN(0,«2). (9.2.14)
From (9.2.13)and (9.2.14)we obtain an ARMA(2,2) process as the modified
model for {X,}. Fitting an ARMA(2,2) process by maximum likelihood and
allowing subsets of the coefficients to be zero leads us to the same model for
the data as was found in Example 9.2.3.
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Figure 9.15. The sample ACF (a) and PACF (b)of the residuals when the data of
Example 9.2.3 is fitted with the AR(2) model (9.2.13).
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It is fortunate in Example 9.2.4 that the fitted AR(2) model has an auto-
regressive polynomial similar to that of the best-fitting ARMA(2, 1) process
(9.2.10).It frequently occurs, when an AR(p) model is fitted to an ARMA(p, q)
process, that the autoregressive polynomials for the two processes are totally
different. The residuals from the AR(p) model in such a case are not likely to
have a simple form such as the moving average form encountered in Example
9.2.4.

§9.3Order Selection
In Section 9.2 we referred to the problem of overfitting and the need to avoid
it by imposing a cost for increasing the number of parameters in the fitted
model. One way in which this can be done for pure autoregressive models is
to minimize the final prediction error (FPE) of Akaike (1969).The FPE is an
estimate of the one-step prediction mean squared error for a realization of the
process independent of the one observed. If we fit autoregressive processes of
steadily increasing order p to the observed data, the maximum likelihood
estimate of the white noise variance will usually decrease with p, however the
estimation errors in the expanding set of fitted parameters will eventually
cause the FPE to increase. According to the FPE criterion we then choose
the order of the fitted process to be the value of p for which the FPE is
minimum. To apply this criterion it remains only to express the FPE in terms
of the data Xy, ..., X,.

Assume that {X1,...,X,} is a realization of an AR(p) process with coeffi-
cients ¢i,..., ¢,, (p < n), and let {Yi,..., Y,} be an independent realization of
the same process. If ¢i, ..., ¢, are the maximum likelihood estimators of the
coefficients based on {Xi,..., X,} and if we use these to compute the one-step
predictor ¢, Y, + ··· + ¢, Y,41_, of Y,41, then the mean-square prediction
error is

E(Y,,, - ), Y, -
···

- j,Yn+1-p 2

= E[Y,41 - ¢i Y, -··· - ¢,Y,41

-($1-¢i)Y,-·· -($,-¢,)Y,41_,]2

=o.2+E[(¼,-þ,)'[Y,,, Y,,,_;]( ,(*,-þ,)],

where ‡', = (¢¡,...,¢,), Ôp 19·••9
p) and o.2 iS the white noise variance of

the AR(p) model. Writing the last term in the preceding equation as the
expectation of the conditional expectation given Xi, ..., X,, and using the
independence of {X,,...,X,} and {Yi,..., Y,}, we obtain

E(Yn+1 - ÔiYn-
'

- Ôpn+1-p
2

= 62 + E [(Ôp- Šp p p p 9

where F, = E[ Y Y]¶ ÿ i. We can approximate the last term by assuming that
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ni/2(‡, - g,) has its asymptotic distribution N(0, «2Ç )̄ from Theorem 8.1.1.
This gives (seeProblem 1.16)

E(Y,,+1 - ÔiYn - ÔpY,,+1-p)2 2 1 + e. (9.3.1)

If â2 is the maximum likelihood estimator of «2 then for large n, nô2¾2 à
distributed approximately as chi-squared with (n- p) degrees of freedom (see
Section 8.9). We therefore replace 62 in (9.3.1)by the estimator nâ2/(n - p) to
get the estimated mean square prediction error of Y,si,

FPE = â2 n + p (9.3.2)
n - p

Inspection of Table 9.2 shows how the FPE decreases to a minimum then
increases as p is increased in Example 9.2.1. The same table shows the non-
increasing behaviour of û2.

A more generally applicable criterion for model-selection is the information
criterion of Akaike (1973),known as the AIC. This was designed to be an
approximately unbiased estimate of the Kullback-Leibler index of the fitted
model relative to the true model (definedbelow). Here we use a bias-corrected
version of the AIC, referred to as the AICC, suggested by Hurvich and Tsai

(1989).
If X is an n-dimensional random vector whose probability density belongs

to the family {f(·; ¢), ¢ e W}, the Kullback-Leibler discrepancy between
f(·; ¢) and f(·; 6) is defined as

d(¢ 8) = A(‡ |8)- A(0 | 6),

where
A(¢ 0) = Ee(-2 In f(X; ¢))

=

-21n(f(x;¢))f(x;8)dx,

is the Kullback-Leibler index of f(·;¢) relative to f(·; 0). (In general
A(¢|8) ¢ A(0 ‡).)Applying Jensen's inequality, we see that

f(x; ‡)d(‡ 0) =
-2

ln f(x; 8) dx

;>
-2

ln f(x; 0) dx
as f(x; 0)

=

-2

ln f(x; ‡)dx

= 0
with equality holding if and only if f(x; ‡) = f(x; 8) a.e. [f(·, 8)].
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Given observations X,,...,X, of an ARMA process with unknown
parameters 8 = (ß,«2), the true model could be identified if it were possible
to compute the Kullback-Leibler discrepancy between all candidate
models and the true model. Since this is not possible we estimate the
Kullback-Leibler discrepancies and choose the model whose estimated
discrepancy (or index) is minimum. In order to do this, we assume that the
true model and the alternatives are all Gaussian. (See the Remark below for
further comments on this point.) Then for any given 8 = (ß,«2), f(·; 8) is the
probability density of (Yi,..., Y,)', where {¶ is a Gaussian ARMA(p,q)
process with coefficient vector ßand white noise variance o2.(The dependence
of 0 on p and q is through the dimension of the autoregressive and moving
average coefficient vectors in ß.)

Suppose therefore that our observations Xi, ..., X, are from a Gaussian
ARMA process with parameter vector 8 = (ß,«2) and assume for the moment
that the true order is (p,q). Let Ô= ($, â2) be the maximum likelihood
estimator of 8 based on Xi,...,X, and let Y,,..., Y, be an independent
realization of the true process (withparameter 8). Then

-2 ln Ly(ÿ, Ô2)= -2 ln L,(ß, â2 -2Sy(ß) - n,

so that

Ee(A(Ô|8))= E 2(-2 In Ly($, ô29

= Ep,,2(-2 ln L (ß,â2)) + Ep,«2 - n. (9.3.3)

Making the local linearity approximation used in Section 8.11, we can write,
for large n,

ôSy 1 - ô2S (ß¯"
Sy(À)~Sy(ß)+(ß-ß)-(ß)+-(ß-ß)' (ß-ß)

8ß 2 ôß,8ß,_; i

" BZ
~ Sy(ß)+ (Ô- ß)2i ' (ß)Z,(ß) + (Ô- ß)'D'D(ß - ß).

t= 1

From Section 8.11, we know that n¯ID'D «2V¯ (ß),ß is AN(ß, n¯*V@)
and that (8Z,/ôß)(ß)Z,(ß) has mean 0. Replacing D'D by n«2V (ß) and
assuming that nl/2(ß - ß)has covariance matrix V(ß), we obtain

since (BZ,/ôß)(ß)Z,(ß) is independent of ß - ß and E(U'I-1U) =

trace(EI¯I) = k for any zero-mean random k-vector U with nonsingular
covariance matrix E. From the argument given in Section 8.9, nâ2 -- S )
is distributed approximately as 62X2(n - p - q) for large n and is
asymptotically independent of ß.With the independence of {X,, ..., X,} and
{Yi,..., Y,}, this implies that â2 is asymptotically independent of Sy(ß).
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Consequently,

Ep,«2 - n
62(n + p + q)(Ep,,2â¯2) - n

2
2n-p-q-2 ¯*-n

n

2(p + q + 1)n
n-p-q-2

Thus the quantity,
-2

ln Ly(ß, â2) + 2(p + q + 1)n/(n - p - q - 2), is an
approximately unbiased estimate of the expected Kullback-Leibler index
Ee(A(8|8)) in (9.3.3).Since the preceding calculations (and the maximum
likelihood estimators Ôand ô2) are based on the assumption that the true
order is (p,q), we therefore select the values of p and q for our fitted model
to be those which minimize AICC(ß), where

AICC(ß):=
-2

In Ly(ß, Sy(ß)/n) + 2(p + q + 1)n/(n - p - q - 2). (9.3.4)
The AIC statistic, defined as

AIC(ß):= -2 ln Ly(ß, Sy(ß)/n) + 2(p + q + 1),

can be used in the same way. Both AICC(ß, «2) and AIC(ß, «2)
can be defined

for arbitrary 62 by replacing S,(ß)/n in the preceding definitions by «2,

however we shall use AICC(ß) and AIC(ß) as defined above since both AICC
and AIC are minimized for any given ß by setting «2 = S yn.

For fitting autoregressive models, Monte Carlo studies (Jones (1975),
Shibata (1976))suggest that the AIC has a tendency to overestimate p. The
penalty factors, 2(p + q + 1)n/(n - p - q - 2) and 2(p + q + 1), for the AICC
and AIC statistics are asymptotically equivalent as no oo. The AICC statistic
however has a more extreme penalty for large-order models which counter-
acts the overfitting tendency of the AIC. The BIC is another criterion which
attempts to correct the overfitting nature of the AIC. For a zero-mean causal
invertible ARMA(p, q) process, it is defined (Akaike (1978))to be,

BIC = (n - p - q) ln[nâ2/(n - p - qB + n(1 + In )

+ (p+ q) ln X,2 2 (p+ q) , (9.3.5)

where Ô2 ÍS the maximum likelihood estimate of the white noise variance.
The BIC is a consistent order selection procedure in the sense that if the

data {Xi,..., X,} are in fact observations of an ARMA(p,q) process, and if

ß and Ôare the estimated orders found by minimizing the BIC, then þ -+ p
and Ôsq with probability one as n a o (Hannan (1980)).This property is
not shared by the AICC or AIC. On the other hand, order selection by
minimization of the AICC, AIC or FPE is asymptotically efficient for
autoregressive models, while order selection by BIC minimization is not
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(Shibata (1980),Hurvich and Tsai (1989)).Efficiency in this context is defmed
as follows. Suppose that {X,} is a causal AR(oo) process satisfying

x X, _;
= Z,, {Z,} ~ WN(0, «2

)=0

(whereno = 1) and let (Ôp19•••9pp)' be the Yule-Walker estimates of the
coefficients of an AR(p) model fitted to the data {X,, ..., X,} (see(8.2.2)).
The one-step mean-square prediction error for an independent realization
{Y} of {X,}, based on the AR(p) model fitted to {X,}, is

Ex(Y,,, - ¢,,Y, -···- ¢, Y _,)2

= Ex(Z,*,, - (Ôpl+ Ei)Y - (Ôpp p n+1-p jY,41_;)2
j=p+1

=:H(p)

where Ex denotes expectation conditional on X,,...,X,. Here {Z*} is the
white noise associated with the {|} process, T is the infinite-dimensional
covariance matrix of {Y,}, and *,,, and n are the infinite-dimensional
vectors, (¢,,,..., ¢,,,0,0,...)' and (ñi,ñ2,...)'. Now if p,* is the value of p
which minimizes H(p), 0 sps k,, and k, is a sequence of constants
converging to infinity at a suitable rate, then an order selection procedure
is said to be efficient if the estimated order j), satisfies

H(p,*) e

as no o. In other words, an efficient order selection procedure chooses an
AR model which achieves the optimal rate of convergence of the mean-square
prediction error.

Of course in the modelling of real data there is rarely such a thing as the
"true order". For the process X, = 1)°o ¢,Z, y there may be many
polynomials 8(z), ¢(z) such that the coeflicients of zi in 6(z)/¢(z) closely
approximate ý for moderately small values of j. Correspondingly there may
be many ARMA processes with properties similar to {X,}. This problem of
identifiability becomes much more serious for multivariate processes. The
AICC criterion does however provide us with a rational criterion for choosing
between competing models. It has been suggested (Duong (1981))that models
with AIC values within c of the minimum value should be considered
competitive (with c = 2 as a typical value). Selection from amongst the
competitive models can then be based on such factors as whiteness of the
residuals (Section 9.4} and model simplicity.

Remark. In the course of the derivation of the AICC, it was assumed that
the observations {X,,...,X,,} were from a Gaussian ARMA(p,q) process.
However, even if (X,, ..., X,,) has a non-Gaussian distribution, the argument
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given above shows that the AICC is an approximately unbiased estimator of

E(-2 ln Ly($, â2)), (9.3.6)
where the expectation is now taken relative to the true (possibly
non-Gaussian) distribution of (X,,...,X,)' and (Yi,..., Y,)' and Ly is the
Gaussian likelihood based on (Yi,..., Y,)'. The quantity in (9.3.6)can be
interpreted as the expected Kullback-Leibler index of the maximum
likelihood Gaussian model relative to the true distribution of the process.

The AICC for Subset Models. We frequently have occasion, particularly in
analyzing seasonal data, to fit ARMA(p, q) models in which all except
m (<;p + q) of the coefficients are constrained to be zero (seeExample 9.2.2).
In such cases the definition (9.3.4)is replaced by,

AICC(ß) =

-2

ln Ly(ß, Sy(ß)/n) + 2(m + 1)n/(n - m - 2). (9.3.7)

§9.4Diagnostic Checking

Typically the goodness of fit of a statistical model to a set of data is judged
by comparing the observed values with the corresponding predicted values
obtained from the fitted model. If the fitted model is appropriate, then the
residuals should behave in a manner which is consistent with the model.

When we fit an ARMA(p, q) model to a given series we first find the
maximum likelihood estimators ¼,Ôand â2 of the parameters ‡, 0 and «2.

In the course of this procedure the predicted values i,(¢, Ô)of X, based on
Xi, ..., X,_, are computed for the fitted model. The residuals are then defined,
in the notation of Section 8.7, by

= (X, - Î,(Ô,Ô))/(r,_,(*,0))12, t = 1, ..., n. (9.4.1)
If we were to assume that the maximum likelihood ARMA(p, q) model is the
true process generating {X,}, then we could say that {Ñ}~ WN(0,â2L
However to check the appropriateness of an ARMA(p, q) model for the data,
we should assume only that X,,..., X,, is generated by an ARMA(p, q) process
with unknown parameters ‡, 0 and «2, whose maximum likelihood estimators

are Ô,Ôand 62 respectively. Then it is not true that { } is white noise.
Nonetheless , t = 1, ..., n should have properties which are similar to those
of the white noise sequence,

W(*, 0) = (X, - Î,(*, 0))/(r,
_

,(*, 0))1/2

Moreover by (8.11.2),E(W(*,0) - Z,)2 ÌS small for large t, so that properties
of the residuals { }should reflect those of the white noise sequence (Z,}
generating the underlying ARMA(p,q) process. In particular the sequence
{ }should be approximately (i)uncorrelated if {Z,} ~ WN(0, «2), (ii)inde-
pendent if {Z,} ~ IID(0, o.2), and (iii)normally distributed if Z, ~ N(0, «2)
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Remark. There are several other candidates for the title "residuals" of a fitted
ARMA process. One choice for example is (seeProblem 5.15(a))

Ž, = Ô (̄B)$(B)X,, t = 1, ..., n,

whereÔ(z):=1-iz-···-Ôp 1 qzeandX,:=0,
t <; 0. However we prefer to use the definition (9.4.1)because of its direct
interpretation as a scaled difference between an observed and a predicted
value, and because it is computed for each t in the course of determining the
maximum likelihood estimates.

The Graph of { ,t = 1,...,n}. If the fitted model is appropriate, then the
graph of , t = 1,..., n, should resemble that of a white noise sequence. While
it is difficult to identify the correlation structure of {$} (or any time series
for that matter) from its graph, deviations of the mean from zero are sometimes
clearly indicated by a trend or cyclic component, and non-constancy of the
variance by fluctuations in whose magnitude depends strongly on t.

The residuals obtained from fitting an AR(3) model to the data in Example
9.2.1 are displayed in Figure 9.16. The residuals have been rescaled, i.e.
divided by the estimated standard deviation â, so that most of the values
should lie between ±1.96. The graph gives no indication of a non-zero mean
or non-constant variance, so on this basis there is no reason to doubt the
compatibility of , ..., ( with white noise.

The next step is to check that the sample autocorrelation function of

4, ..., ( behaves as it should under the assumption that the fitted model
is appropriate.

2-

o-

O 2O 40 60 80 10D 12O 140 160 180 200

Figure 9.16. Rescaled residuals from the AR(3) model for the data of Example 9.2.1.
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The Sample Autocorrelation Function of . The sample autocorrelations of

an iid sequence Zi, ..., Z, with E(Z,2) < OO STC fOr large n approximately iid
with distribution N(0, 1/n) (seeExample 7.2.1). Assuming therefore that we
have fitted an appropriate ARMA model to our data and that the ARMA
model is generated by an iid white noise sequence, the same approximation
should be valid for the sample autocorrelation function of , t = 1, ..., n,
defined by

n-h n

Ôw(h)=1[(R-W)(R h-W)] f ( -W)2, h=1,2,...
t=1 t=1

where W= n-l i" . However, because each is a function of the maxi-
mum likelihood estimator (‡,0),W1, ..., lŸ,is not an iid sequence and the
distribution of þ,(h) is not quite the same as in the iid case. In fact þw(h)has
an asymptotic variance which for small lags is less than 1/n and which for
large lags is close to 1/n. The asymptotic distribution of þw(h)is discussed
below.

Let ßw= (þ,(1),..., y,(h))' where h is a fixed positive integer. If {X,} is the
causal invertible ARMA process ¢(B)X, = 8(B)Z,, define

(z)= ¢(z)0(z)= 1 - Jiz -
·

- Špy,z"**, (9.4.2)
and

a(z) = ( (z))-1 j. (9.4.3)
j=0

It will be convenient also to define a, = 0 for j < 0.
Assuming h > p + q, set

Th i-j 15idh,15jfp+q9

oo v+4
p+q k k+|i-j , (9.4.4)

k=O i, j=1

and

Q = Th +1q
h Gij j=1. (9.4.5)

Note that 64, is the covariance matrix of (Y,,..., Y,,,) where {Y,} is an
AR(p + q) process with autoregressive polynomial given by ¢(z)in (9.4.2)and
with o.2 = 1. Then using the argument given in Box and Pierce (1970),it can
be shown that

nwis AN(0, n¯ (Ih - Q)), (9.4.6)
where Ih iS the h × h identity matrix. The asymptotic variance of þw(i)is thus
n¯ (1- q, ).
EXAMPLE 9.4.1 (AR(1)). In this case ,,

= (1 - ¢2)¯ and

q,, = q,,(¢) = ¢2" ) 1 - ¢2), i = 1, 2, ... .
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Figure 9.17. The bounds ±1.96n 1/20
- e 01/2of Example 9.4.1 with n = 100 and

¢ = 0 (outer),¢ =
.8

(inner).

The bounds ±1.96(1 - q¿ (¢))1/2-1/2
RTC pÌOtted in Figure 9.17 for two values

of ¢. In applications, since the true value of ¢ is unknown, the bounds
±1.96(1 - q¿¿(¢))1/2 -1/2

RTC pÏOtted. A value of þw(h)lying outside these
bounds suggests possible inconsistency of the residuals, Ñ, t = 1, ..., n, with
the fitted model. However it is essential to bear in mind that approximately
5 percent of the values of pw(h)can be expected to fall outside the bounds,
even if the fitted model is correct.

EXAMPLE 9.4.2 (AR(2)). A straightforward calculation yields

911 = 1 - ¢22, ql2 1 2 2 9 922
22

¯
12

2
2

Since the sequence {a}in (9.4.3)satisfies the recursion relations,

a - ¢ia,_ -
¢2Oj-2 = 0, j;> 2,

it follows from (9.4.5)that

q - ¢iq,, _ i
- ¢2Si,j-2 = 0, (9.4.7)

and hence that

q,,=¢iq¿, i+¢2Ûi,i-2•
The asymptotic variance (1- q,,(‡))n can thus easily be computed using
the recursion (9.4.7)and the initial values q,1, ql2 and q22. The auto-
correlations of the estimated residuals from the fitted AR(2) model in Example
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Figure 9.18. The autocorrelations of the residuals { } from the AR(2) model,
X, - 1.458X,_, + .6Xt-2 t, fitted to the data in Example 9.2.1. The bounds are
computed as described in Example 9.4.2.

9.2.1 and the bounds ±1.96(1 - qu(Ôi,Ô21/2p-1/2 are pÏOtted in Figure 9.18.
With the exception of þw(13),the correlations are well within the confidence
bounds.

The limit distribution of p, for MA(1) and MA(2) processes is the same as
in Examples 9.4.1 and 9.4.2 with *replacedby

-0.

Moreover the ARMA(1, 1)
bounds can be found from the AR(2) bounds by setting ¢i = (¢- 8) and

¢2= - Û Where ¢ and 8 are the respective parameters in the ARMA(1, 1)
model.

The Portmanteau Test. Instead of checking to see if each þw(i)falls within the
confidence bounds ± 1.96(1 - qu)1/2 -1/2, it iS possible to consider instead a
single statistic which depends on þ,(i), 1 5 i i h. Throughout this discussion
h is assumed to depend on the sample size n in such a way that (i)h,, e ao as
no oo, and (ii)the conditions of Box and Pierce (1970)are satisfied, namely

(a) 4 = O(n¯1/2) fOr j;> h,, where g, j = 0, 1, ... are the coefficients in the
expansion X, = go gZ, , and

(b) h,, = O(nl/2)

Then since h,, e oo, the matrix 1 may be approximated by Th h and so the
matrix Q in (9.4.5)and (9.4.6)may be approximated by the projection matrix
(seeRemark 2 of Section 2.5),
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Th h h
- l

h

which has rank p + q. Thus if the model is appropriate, the distribution of
Ôw= (Ñw(1),..., þw(h))'is approximately N(0, n¯I (Ik ¯

r -1 h')). It then
follows from Problem 2.19 that the distribution of

h

Qw=nß'wßw=niþ,(j)
j=1

is approximately chi-squared with h - (p + q) degrees of freedom. The ade-
quacy of the model is therefore rejected at level œ if

Qw> Xi ,(h
- p - q).

Applying this test to the residuals from the fitted AR(3) model in Example
9.2.1 with h=25, we obtain nEffiþ¼(j)=11.995,which is less than
Xis(22) = 33.9. Thus on the basis of this test, there is no reason to doubt the
adequacy of the fitted model. For the airline data in Example 9.2.2, we have
n ijd, þ¼(j) = 12.104 for the fitted moving average model with non-zero
coefficients at lags 1, 3, 5, 12 and 23. Comparing this value with Xis(25

- 5) =

31.4, we see that the residuals pass the portmanteau test. Note that the number
of coefficients fitted in the model is 5. For the residuals from the AR(2) model
fitted to the data of Example 9.2.4, we obtain n Effiþ¼(j) = 56.615 which is
larger than Xis(23) = 35.2. Hence, as observed earlier, this model is not a good
fit to the data.

Ljung and Box (1978)suggest replacing the statistic Q, in the above test
procedure with

h

Õw= n(n + 2) i ß,( j)/(n - j).
j=1

They argue that under the hypothesis of model adequacy, the cutoff value
given by Xi _,(h

- p - q) is closer to the true (1- a)-quantile of the distribu-
tion of Qwthan to that of Q,. However, as pointed out by Davies, Triggs and
Newbold (1977)the variance of Qwmay exceed that of a X2distribution with
h - p - q degrees of freedom. The values of Qwwith h = 25 for Examples
9.2.1 and 9.2.2 are 12.907 and 13.768, respectively. Hence the residuals pass
this test of model adequacy.

Examination of the squared residuals may often suggest departures of the
data from the fitted model which could not otherwise be detected from the
residuals themselves. Granger and Anderson (1978)have found examples
where the residuals were uncorrelated while the squared residuals were cor-
related. We can test the squared residuals for correlation in the same way that
we test the residuals themselves. Let

h 2 - W2 2+h
- W2

Ñww(h)=
, h ;> 1

be the sample autocorrelation function of the squared residuals where i =
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n¯ Q 2. Then McLeod and Li (1983)show that
h

Õww= n(n + 2) i ß2,w(j)/(n - j)
j=1

has an approximate X2(h) distribution under the assumption of model ade-
quacy. Consequently, the adequacy of the model is rejected at level a if

Õww> XÏ«(h).

For Examples 9.2.1 and 9.2.2 with h = 25 we obtain the values Qw,= 26.367
and Qwy= 16.356, respectively. Since Xios(25) = 37.7, the squared residuals
for these two examples pass this portmanteau test.

An advantage of portmanteau tests is that they pool information from the
correlations þ,(i), i = 1, ..., h at different lags. A distinct disadvantage how-
ever, is that they frequently fail to reject poorly fitting models. In practice
portmanteau tests are more useful for disqualifying unsatisfactory models
from consideration than for selecting the best-fitting model among closely
competing candidates.

Tests of Randomness. In addition to the tests based on the sample auto-
correlation function of {$} which we have already described, there are a
number of other tests available for checking the hypothesis of "randomness"

of {$}, i.e. the hypothesis that {$} is an iid sequence. Three of these tests
are described below. For further details and for additional tests of randomness,
see Kendall and Stuart (1976).

(a) A Test Based on Turning Points. If yx, ..., y,, is a sequence of observa-
tions, then we say that the data has a turning point at time i, 1 < i < n, if
y,_, < y, and y, > y,41 or if y,_, > y, and y, < yg,,. Define T to be the number
of turning points of the sequence yx, ..., y.. If yi, ..., y, are observations of
a random (iid)sequence, then the probability of a turning point at time i is #.
The expected number of turning points is therefore

µ, = ET = 2(n - 2)/3.

It can also be shown that the variance is
«¾ = Var(T) = (16n- 29)/90.

A large value of T - µy indicates that the series is fluctuating more rapidly
than expected for a random series. On the other hand a value of T - µr
much smaller than zero indicates a positive correlation between neighboring
observations. It can be shown that for an iid sequence

T is AN(µy, ay),

so the assumption that yi, ..., y, are observations from a random sequence
is rejected if |T - µy /a, > 01-«i2 where 91-«/2 ÏS the 1 -

œ/2 percentage
point of a standard normal distribution. The values of T for the residuals in
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Examples 9.2.1-9.2.3 are displayed in Table 9.9. Inspecting the |T - µ,||a,
column of the table we see that the three sets of residuals safely pass this test
of randomness.

(b) The Difference-Sign Test. For this test we count the number of values
of i such that y, > y,_i, i = 2, ..., n or equivalently the number of times the
differenced series y, - y,_, is positive. If we denote this number by S, it is clear
that under the random sequence assumption,

µs = ES = ¼(n- 1).

It can also be shown, under the same assumption, that
a) = Var(S) = (n+ 1)/12,

and that

S is AN(µs, aj).

A large positive (or negative) value of S - µs indicates the presence of an
increasing (ordecreasing) trend in the data. We therefore reject the assumption
of no trend in the data if |S - µs|/«s > 01-a/2. Table 9.9 contains the results
of this test applied to the residuals of Examples 9.2.1-9.2.3. In all three cases,
the residuals easily pass this test of randomness.

The difference-sign test as a test of randomness must be used with caution.
A set of observations exhibiting a strong cyclic component will pass the
difference-sign test for randomness since roughly half of the observations will
be points of increase.

(c) The Rank Test. The rank test is particularly useful for detecting a linear
trend in the data. Define P to be the number of pairs (i,j) such that y, > yg,
j> i, i = 1,..., n - 1. There is a total of ('|) = ¼n(n- 1) pairs (i,j) such that
j > i, and for each pair the event {y, > y;} has probability i if (y;} is a random
sequence. The mean of P is therefore µ, = ¼n(n- 1). It can also be shown that
the variance of P is ej = n(n - 1)(2n + 5)/8 and that P is AN(µ,,«j) (see
Kendall and Stuart, 1976). A large positive (negative)value of P - µ, indicates
the presence of an increasing (decreasing)trend in the data. The assumption of
randomness of {y;} is therefore rejected at level a if P - µ,||a, > (Þi,,72.
From Table 9.9 we see that the residuals from Examples 9.2.1-9.2.3 easily pass
this test of randomness.

Table 9.9. Tests of Randomness Applied to Residuals in Examples 9.2.1-9.2.3

T µy |T- µy||ay S µs |S - µs||as P |P - µ,|/a

Example 9.2.1 132 132 0 99 99.5
.12

10465
.36

Example 9.2.2 87 86
.21

65 65 0 3929
.44

Example 9.2.3 131 132
.10

104 99.5 1.10 10086
.10
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Checking for Normality. If it can be assumed that the white noise process {Z,}
generating an ARMA(p, q) process is Gaussian, then stronger conclusions can
be drawn from the fitted model. For example, not only is it then possible to
specify an estimated mean squared error for predicted values, but asymptotic
prediction confidence bounds can also be computed (seeSection 5.4).We now
consider a test of the hypothesis that {Z,} is Gaussian.

Let i, < 2, < ··· < Y,,, be the order statistics of a random sample
Yi, ..., Y, from the distribution N(µ,«2). If Xa, < X(2) <··· < Xy are the
order statistics from a N(0, 1) sample of size n, then

E ,,
= µ + omy,

where m, = EX , j = 1, ..., n. Thus a plot of the points (mi, y,),
..., (ms,Y )

should be approximately linear. However if the sample values Y¿are not
normally distributed, then the plot should be non-linear. Consequently, the
squared correlation of the points (my, ¿y), i = 1, ..., n should be near one if
the normal assumption is correct. The assumption of normality is therefore
rejected if the squared correlation R2 is sufTicientlysmall. If we approximate
m, by ©¯*Ri-

.5)/n)

(seeMage (1982)for some alternative approximations),
then R2 reduces to

R2

-i i -n.5 2

n
_

" i- 5 2'

( Y)2 -1

i=1 i=1

where Y= n¯ (Y, + ··· + Y). Percentage points for the distribution of R2
assuming normality of the sample values, are given by Shapiro and Francia
(1972)for sample sizes n < 100. For n = 200, P(R2 <

.987)

=

.05

and
P(R2 <

.989)

=
.10;

for n = 131, the corresponding quantiles are
.980

and
.983.

In Figure 9.19, we have plotted (G¯ ((i-
.5)/n),

4,), i = 1, ..., n for the
three sets of residuals obtained in Examples 9.2.1-9.2.3. The respective R2
values are

.992, .984

and
.990.

Based on the graphs and the R2 values, the
hypothesis that the residuals { },and hence {Z,}, are normally distributed
is not rejected, even at level

.10.

§9.5Forecasting ARIMA Models

In this section we demonstrate how the methods of Section 5.3 can be adapted
to forecast the future values of an ARIMA(p, d, q) process {X,}. (The required
numerical calculations can be carried out using the program PEST.) If d > 1
the first and second moments EX, and E(X,aX,) are not determined by the
difference equations (9.1.1).We cannot expect therefore to determine best
linear predictors for {X,} without further assumptions.
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Figure 9.19. Scatter plots of the points ( ((i -
.5)/n),

), i = 1, ..., n, for
(a)Example 9.2.1, (b)Example 9.2.2 and (c)Example 9.2.3.
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Figure 9.19. (continued)

For example, suppose that {Y} is a causal ARMA(p,q) process and that
Xo is any random variable. Define

X, = Xo + Y,, t = 1, 2, ... .

j=1

Then {X,, t > 0} is an ARIMA(p, 1,q) process with mean EX, = EXo and
autocovariances E(Xt+hX,) - (EXo)2 depending on Var(Xo) and Cov(Xo, Y),
j = 1, 2, ... . The best linear predictor of X,,41 based on Xo, X,, ..., X,, is the
projection Ps X,,,, where

S,,= sp{Xo,X,,...,X,,} = šp{Xo,Yi,...,Y,}.

Thus

PsX,,,i=Ps(Xo+Y,+···+Y,,1)=X,,+PsY,,i.

To evaluate this projection it is necessary in general to know E(Xo ),j =

1, ..., n + 1, and EXo2.However if we assume that Xo is uncorrelated with ,

j = 1, 2, ..., then Ps Y,,, is simply the projection of Yn+1onto šp{ Yi,..., Y,,}
which can be computed as described in Section 5.3. The assumption that
Xo is uncorrelated with Yi, Y2, ..., therefore sufTicesto determine the best
linear predictor Ps X,,, in this case.

Turning now to the general case, we shall assume that our observed process
{X,} satisfies the difference equations,

(1-
B)dX, = Y,, t = 1, 2, ...,
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where {Y,}is a causal ARMA(p, q) process, and that the vector (X, _a,..., Xo)
is uncorrelated with Y, t > 0. The difference equations can be rewritten in the
form

d

X, = Y,- i (-1)JX,_;, t = 1, 2,... . (9.5.1)
j=1

It is convenient, by relabelling the time axis if necessary, to assume that we
observeX1-d,X2-d,...,X,,.(Theobservedvaluesof{Y,}arethen Y,,..., Y,,.)

Our goal is to compute the best linear predictor of Xn+h based on
X, _a, ..., X,,, i.e.

Ps Xn+h sp(X1-d,...,X,}Xr:+h-

In the notation of Section 5.2 we shall write

EnYn+h (Yi,...,Y.) n+h

and

74+1 = EnYn+1·

Since
S,,=šp{X1-d,...,Xo,Y,,...,Y,},

and since by assumption,

šp{X1-d,...,Xo} l sp{ Yi,..., Y,},

we have

Ps Yrl+h So Yn+h n n+h
¯

n n+h. (9.5.2)
Hence if we apply the operator Ps to both sides of (9.5.1)with t = n + h, we
obtain

d

Ps Xr +h r: r:+h ¯ ¯ S,,Xn+h-j•
•5.3)

j=1

Since the predictors P, Y , P, Yn+2, ..., can be found from (5.3.16),the pre-
dictors Ps X,,,,, Ps Xn+2, ..., are then easily computed recursively from (9.5.3).

In order to find the mean squared error of prediction it is convenient to
express P,, Yn+hin teTUS of {X,}. For t > 0 define

X,*,1 = Ps,X, .

Then from (9.5.1)and (9.5.3)with n = t we have

X,,, - X,*,, = Y,,, - Ÿ,,,, t 2 0,

and consequently for n > m = max(p, q) and h 2 1,

P 9

P,,Y,,,,, = f ¢,P,,Yn+h-i n+h-1, j(X,,,,,_; - X,,*+h-j). (9.5.4)
i= 1 j=h
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Setting ¢*(z)= (1 - z)"¢(z) = 1 - ¢i*z-
···

- ¢,*+dp+d,
We find from (9.5.2),

(9.5.3)and (9.5.4)that for n > m and h > 1,

p+d q

Ps Xn+h j S,Xn+h-j n+h-1,j(Xn+h-j - X,*+h-j), (9.5.5)
j=1 j=h

which is analogous to the h-step prediction formula (5.3.16)for an ARMA
process. The same argument which led to (5.3.22)shows that the mean squared
error of the h-step predictor is (Problem 9.9)

h-1 j 2
o,2(h) = E(Xn+h - Ps Xn+h 2 = 1 i X,0n+h-r-1,j-r n+h-j-1, (9.5.6)

j=O r=O

where 6,o = 1,

X(z) = X,z' = (1 - ¢,*z-
···

- ¢,*+dp+d -1

r=o

and

vn+h j-1
= E(Xn+h-j - X,*+h-j)2 = E(Yn+h-j ¯ n+h-j

2

The coefficients Xjcan be found from the recursions (5.3.21)with ¢| replacing
¢,.For large n we can approximate (9.5.6),provided 8(·) is invertible, by

h-1
a,2(h) = 1 ‡|«2, (9.5.7)

j=0

where

¢(z) = ¢¿zi= (¢*(z)) 8̄(z), |z < 1.
j=O

EXAMPLE 9.5.1. Consider the ARIMA(1, 2, 1) model,

(1- ¢B)(1 - B)2X, = (1+ BB)Z,, t = 1, 2, ...,

where (X ,,Xo) is assumed to be uncorrelated with the ARMA(1, 1) process,
Y = (1- B)2X,, t = 1, 2, ... . From (5.3.12)we have

P.Ys÷i = ¢Y. + 0.1(Y. - f.)
and

P.Yn+h nYn+h-1 h-1
n n+1

fOr h > 1.

Since in this case ¢*(z)= (1-
z)2(1

- ¢z) = 1 - (¢ + 2)z + (2¢+ 1)z2 - ¢z',
we find from (9.5.5)that

Ps X,,, = (¢ + 2)X, - (2¢+ 1)X,_1 + ¢Xn-2 n1 n - Ý,),
Ps Xn+h = (¢ + 2)Ps Xn+h-i - (2¢+ 1)Ps Xn+h-2 + ¢Ps Xn+h-3 (9.5.8)

for h > 1.
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If for the moment we regard n as fixed and define the sequence {g(h)}by

g(h) = Ps Xn+hs

then {g(h)}satisfies the difference equations

¢*(B)g(h) - g(h) - (¢ + 2)g(h - 1) + (2¢+ 1)g(h - 2) - ¢g(h- 3) = 0,
(9.5.9)

h > 1, with initial conditions,

g(1) = Ps X,41,
g(0) = X,, (9.5.10)
g(-1) = X .

Using the results of Section 3.6, we can write the solution of the difference
equation (9.5.9)in the form

g(h) = ao + at h + a2¢h

where ao, ai and a2 are determined by the initial conditions (9.5.10).
Table 9.10 shows the results of predicting the values Xiss, X2eo and X2oi

of an ARIMA(1, 2, 1) process with ¢ =
.9,

8 =

.8

and 62 = 1, based on 200
observations {X_,,Xo,...,X,9s}. By running the program PEST to compute
the likelihood of the observations Y, = (1-

B)2X,, t = l, ..., 198, under the
model,

(1- .9B) Y = (l + .8B)Z,, {Z,} ~ WN(0, 1),

we find that Yigs - Ÿ,9s= -1.953, 8,92,1 =
.800

and vis, = 1.000. Since
0197,1 n oo n,1 and vis, = Hm,-, v, to three decimal places, we use the
large-sample approximation (9.5.7)to compute a os(h). Thus

h-1 h-1

j=0 j=0

where

¢(z) = 8(z)/¢*(z)

= (1+
.8z)(1

- 2.9z + 2.8z2 -
.9z3)¯

= 1 + 3.7z + 7.93z2 + 13.537Z3 . .

Since Xiss = -22195.57, Xis, = -22335.07, X,,, = -22474.41 and

Xiss -X*,s = Y,9s - Ÿ,9s=
-1.95,

equation (9.5.8)gives,

P X,99 = 2.9Xiss - 2.8Xig, + .9X196 + .8(X,9s - Xi*9s)

= -22615.17.
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Table 9.10. Predicted Values Based on 200 Observations
{X i,Xo,...,X,ss} of the ARIMA(1,2,1) Process in Example 9.5.1
(theStandard Deviation of the Prediction Error Is Also Shown)

h -1 0 1 2 3

Ps Xissa -22335.07
-22474.41

-22615.17
-22757.21

-22900.41
198(h) 0 0 1 3.83 8.81

These predicted values and their mean squared errors can be found from
PEST. The coefficients ao, at and a2 in the function,

g(h) = Ps X198+h =
0 + i h + a2(.9)h, h >

-1,

can now be determined from the initial conditions (9.5.10)with n = 198. These
give g(h) = -22346.61 - 153.54h - 127.8(.9)h. Predicted values Ps X198+h
for any positive h can be computed directly from g(h).

More generally, for an arbitrary ARIMA(p, d, q) process, the function
defined by

g(h) = Ps Xn+h

satisfies the (p + d)th-Order difference equation,

¢*(B)g(h) = 0 for h > q,

with initial conditions

g(h) = Ps Xn+h, h = q, q - 1, ..., q + 1 - p - d.
The solution g(h) can be expressed for d > 1 as a polynomial of degree (d - 1)
plus a linear combination of geometrically decreasing terms corresponding to
the reciprocals of the roots of ¢(z)= 0 (seeSection 3.6). The presence of the
polynomial term for d > 1 distinguishes the forecasts of an ARIMA process
from those of a stationary ARMA process.

§9.6Seasonal ARIMA Models

Seasonal series are characterized by a strong serial correlation at the seasonal
lag (andpossibly multiples thereof). For example, the correlation function in
Figure 9.4 strongly suggests a seasonal series with six seasons. In Section 1.4,
we discussed the classical decomposition of the time series X, = m, + s, + Y
where m, is the trend component, s, is the seasonal component, and Y,is the
random noise component. However in practice it may not be reasonable to
assume that the seasonality component repeats itself precisely in the same way
cycle after cycle. Seasonal ARIMA models allow for randomness in the
seasonal pattern from one cycle to the next.



§9.6.Seasonal ARIMA Models 321

Suppose we have r years of monthly data which we tabulate as follows:

Month
Year 1 2 -·- 12

1 X, X2 ·-· X,2
2 Xis X,4 ·-- X24
3 X2s X26 --- Xss

r X;,,24,_,, X2+12(r-1) ··· X12+i2(r-i)

Each column in this table may itself be viewed as a realization of a time series.
Suppose that each one of these twelve time series is generated by the same
ARMA(P, Q)model, or more specifically that the series corresponding to the
jth month, Xj+ 12t, t = 0, ..., r - 1, satisfies a difference equation of the form,

Xj+12t ¯ iX ;24,_i, + ··· + O,X 124,_,, + Uj+12t
(9.6.1)

+ 8,U,4124,_i, + · + OgUj+12(t-Q)>

where

{U,,,2,, t =
..., -1,0, 1,...} ~ WN(0, an). (9.6.2)

Then since the same ARMA(P, Q)model is assumed to apply to each month,
(9.6.1)can be rewritten for all t as

X, = 0,X,_,2 +··· + ©,Xt-12P+ U,+ OiU,_12 +··· + 8 Ut-12Q9

where (9.6.2)holds for each j = 1, ..., 12. (Notice however that E(U,Ut+h) iS

not necessarily zero except when h is an integer multiple of 12.) We can thus
write (9.6.1)in the compact form,

(B 2)X, = O(B12)U,, (9.6.3)
where G(z) = 1 - Giz -···

- O,z', O(z) = 1 + Oiz + ··· + Beza, and
{U,,12,,t =

..., -1,0,1,...} ~ WN(0,an) for each j. We refer to the model
(9.6.3)as the between-year model.

EXAMPLE 9.6.1. Suppose P = 0, Q = 1 and 8, =
-.4. Then the series of

observations for any particular month is a moving average of order 1. If
E(U, Ur+h) = 0 for all h, i.e. if the white noise sequences for different months

are uncorrelated with each other, then the columns themselves are uncorre-
lated. The correlation function for such a process is displayed in Figure 9.20.

EXAMPLE 9.6.2. Suppose P = 1, Q = 0 and Gi =

.7.

In this case the 12 series
(onefor each month) are AR(1) processes which are uncorrelated if the white
noise sequences for different months are uncorrelated. A graph of the cor-
relation function of this process is shown in Figure 9.20.
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Figure 9.20. The autocorrelation functions of {X,} when (a) X = U, - .4U 2 and
(b)X, - .7Xt-12 = U, (seeExamples 9.6.1 and 9.6.2).
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It is unlikely that the l2 series corresponding to the different months are
uncorrelated as in Examples 9.6.1 and 9.6.2. To incorporate dependence
between these series we assume now that the {U,} sequence in (9.6.3)follows
an ARMA(p, q) model,

¢(B)U, = 6(B)Z,, {Z,} ~ WN(0, o.2). (9.6.4)
This assumption not only implies possible non-zero correlation between
consecutive values of U,, but also within the twelve sequences {Uj+12t>
t=...,-1,0,1,...}, each of which was previously assumed to be uncor-
related. In this case (9.6.2)may no longer hold, however the coefEcients
in (9.6.4)will frequently have values such that E(U, U,412,) is small for
j = ±1, ±2, .... Combining the two models (9.6.3)and (9.6.4),and allowing
for differencing leads us to the definition of the general seasonal multiplicative
ARIMA process.

Definition 9.6.1 (The SARIMA(p, d, q) × (P, D, Q),Process). If d and D are
non-negative integers, then {X,} is said to be a seasonal ARIMA(p, d, q) ×

(P, D, Q), process with period s if the differenced process Y := (1 - B)d

(1- B') X, is a causal ARMA process,

¢(B)O(B3)Y,= 8(B)O(B")Z,, {Z,} ~ WN(0,o21

where ¢(z)= 1 - ¢,z -
···

- ¢,z", O(z) = 1 - iz -
···

- O,z', 8(z) = 1 +
Biz + ··· + 0,z" and O(z) = 1 + 8,z + ··· 8 z .

Note that the process {Y,}is causal if and only if ¢(z)¢ 0 and O(z) ¢ 0 for
|z s; 1. In applications, D is rarely more than one and P and Q are typically
less than three.

Because of the interaction between the two models describing the between-
year and the between-season dependence structure, the covariance function
for a SARIMA process can be quite complicated. Here we provide general
guidelines for identifying SARIMA models from the sample correlation
function of the data. First, we find d and D so as to make the differenced
observations

Y, = (l -
B)d s DX,

stationary in appearance (seeSection 9.2).Next, we examine the sample auto-
correlation and partial autocorrelation functions of {Y,} at lags which are
multiples of s in order to identify the orders P and Q in the model (9.6.3).If
þ(·) is the sample autocorrelation function of {Y,} then P and Q should be
chosen so that þ(ks),k = 1, 2, ..., is compatible with the autocorrelation
function of an ARMA(P,Q)process. The orders p and q are then selected by
attempting to match þ(1),..., þ(s - 1) with the autocorrelation function of

an ARMA(p, q) process. Ultimately the AICC criterion (Section 9.3) and the
goodness of fit tests (Section 9.4) are used to identify the best SARIMA model
among competing alternatives.
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For given values of p, d, q, P, D and Q,the parameters *, 0, ©, O and o.2

can be found using the maximum likelihood procedure of Section 8.7. The
differences Y, = (1-

B)d _
s DX, constitute an ARMA(p + sP, q + sQ)

process in which some of the coefficients are zero and the rest are functions
of the (p + P + q + Q)-dimensionalvector ß' = (‡',©', 0', O'). For any fixed

ß the reduced likelihood l(ß) of the differences Y1+d+sDs
•••>

II,
ÌS CRSily

computed as described in Section 8.7. The maximum likelihood estimate of ß
is the value which minimizes l(ß) and the maximum likelihood estimate of «2

is given by (8.7.5).The estimates can be found using the program PEST by
specifying the required multiplicative relationships between the coefficients.

The forecasting methods described in Section 9.5 for ARIMA processes can
also be applied to seasonal models. We first predict future values of the ARMA
process {Y} using (5.3.16)and then expand the operator (1-

B)d _
sD

derive the analogue of equation (9.5.3)which determines the best predictors
recursively. The large sample approximation to the h-step mean squared error
for prediction of {X,} is aj(h) = o2Egg, where o2 is the white noise
variance and go ¢,zi = 8(z)O(z")/[¢(z)O(z')(1 -

z)d sD

Invertibility is required for the validity of this approximation.
The goodness of fit of a SARIMA model can be assessed by applying the

same techniques and tests described in Section 9.4 to the residuals of the fitted
model. In the following example we fit a SARIMA model to the series {X,}
of monthly accidental deaths in the U.S.A. (Example 1.1.6).

EXAMPLE 9.6.3. The accidental death series X,, ..., X72 IS plotted in Figure
1.6. Application of the operator (1- B)(1 - B12) generateS a ReW SerieS

with no apparent deviations from stationarity as seen in Figure 1.17. The
sample autocorrelation function þ(·)of {Y,} is displayed in Figure 9.21. The
values þ(12)=

-.333, þ(24)=
-.099

and þ(36)=

.013

suggest a moving
average of order 1 for the between-year model (i.e.P = 0, Q = 1). More-
over inspection of þ(1),..., p(11)suggests that µ(1) is the only short-term
correlation different from zero, so we also choose a moving average of order
1 for the between-month model (i.e.p = 0, q = 1). Taking into account the
sample mean (28.831)of the differences = (1- B)(1 - B 2)X,, we therefore
arrive at the model,

= 28.831 + (1 + 81B)(1 + O,B12)Z,, (Z,} ~ WN(0,Û2
for the series { }.The maximum likelihood estimates of the parameters are,

Ô¡=

-.479,

Ô¡ =
-.591,

and

â2 = 94240,

with AICC value 855.53. The fitted model for {X,} is thus the
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Figure 9.21. The sample ACF of the differenced accidental deaths {VV12X,}.

þ(1)- þ(12):-.36
-.10 .10 -.11 .04 .11 -.20 -.01 .10 -.08 .20 -.33

p(13) - þ(24):
.09 .12

-.04 -.06 .18 -.19 .02 .05 -.12 .04 .16 -.10

þ(25)- þ(36):
-.03 .09 -.16 .ll .02 .03 -.04 .03 .04 .00 -.09 .01

SARIMA(0, 1, 1) × (0,1, 1)12 pfOCCSS

(1- B)(1 - B12)X, = = 28.831 + (1- .479B)(1 - .591B12)Z,, (9.6.5)
where {Z,} ~ WN(0, 94240).

Notice that the model (9.6.5)has a slightly more general form than in
Definition 9.6.1 owing to the presence of the constant term, 28.831. Predicted
values and their mean squared errors can however still be computed as
described in Section 9.5 with minor modifications. Thus predicted values of

{ }are obtained by adding 28.831 to the corresponding predicted values of
the ARMA process {Y, - 28.831}. From (9.6.5)it is easy to write out the
analogue of (9.5.1),from which the predicted values of {X,} are then found
recursively as in Section 9.5. The mean-squared errors are given as before by
(9.5.6),i.e. by ignoring the constant term in (9.6.5).Thus for large n the
mean-squared h-step prediction error is approximately (from(9.5.7)),

h-1
aj(h) = 62

,
Where «2 = 94240,

j=O

and go ¢,zi = (1 -

.479z)(1

-

.591z'2

(1 - 4 Q - z'2F', M < L



326 9. Model Building and Forecasting with ARIMA Processes

Table 9.11. Predicted Values of the Accidental Deaths Series for
t = 73, ..., 78, the Standard Deviations o, of the Prediction Errors,
and the Observed Values X,

t 73 74 75 76 77 78

Model (9.6.5)
Predictors 8441 7706 8550 8886 9844 10281
a, 307 346 381 414 443 471
Model (9.6.6)
Predictors 8347 7620 8358 8743 9796 10180
a, 287 322 358 394 432 475
Observed values

X, 7798 7406 8363 8460 9217 9316

Instead of fitting a SARIMA model to the series {X,}, we could look for
the best-fitting moving average model for {VV12X,} as we did in Example
9.2.2. This procedure leads to the model

VV12X, = Y = 28.831 + Z, - .596Z,_, - .405Z'¯
(9.6.6)

- .685Z,42 + .458Z,_is,

where {Z,} ~ WN(0, 71370). The residuals for the models (9.6.5)and (9.6.6)
both pass the goodness of fit tests in Section 9.4. The AICC value for (9.6.6)
is 855.61, virtually the same as for (9.6.5).

The program PEST can be used to compute the best h-step linear predictors
and their mean squared errors for any ARIMA (or SARIMA) process. The
asymptotic form (9.5.7)of the mean squared error (witho2 replaced by v,,)
is used if the model is invertible. If not then PEST computes the mean
squared errors by converting the model to an invertible one. In Table 9.11
we show the predictors of the accidental deaths for the first six months of
1979 together with the standard deviations of the prediction errors and the
observed numbers of accidental deaths for the same period. Both of the
models (9.6.5)and (9.6.6)are illustrated in the table. The second of these is
not invertible.

Problems

9.1. Suppose that {X,} is an ARIMA(p,d,q) process, satisfying the difference
equations,

¢(B)(1 - B)dX, = 0(B)Z,, {Z,} ~ WN(0,<r2X
Show that these difference equations are also satisfied by the process W =

X, + Ao + Ait + ··· + A,_it*¯', where Aa, ..., Ad-1 are arbitrary random
variables.
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9.2. The model fitted to a data set xt, ..., xico is

X, + .4X,_, = Z,, {Z,} ~ WN(0, 1).

The sample acf and pacf of the residuals are shown in the accompanying table.
Are these values compatible with whiteness of the residuals? If not, suggest a
better model for {X,}, giving estimates of the coeilicients.

Lagl23456789101112

ACF
.799 .412 .025 -.228 -.316 -.287 -.198 -.111 -.056 -.009 .048 .133

PACF
.799 -.625 -.044 .038 -.020 -.077 -.007 -.061 -.042 .089 .052 .125

9.3. Suppose {X,} is an MA(2) process, X, = Z, + 0,Z, , + 82 t-29 ff

WN(0, «2). If the AR(1) process, (1- ¢B)X, = Y,, is mistakenly fitted to {X,},
determine the autocovariance function of { }.

9.4. The following table shows the sample acf and pacf of the series,

= VX,, t = 1,..., 399, with i = 0 and ý,(0)= 8.25.

(a) Specify a suitable ARMA model for { },giving estimates of all the param-
eters. Explain your choice of model.

(b) Given that Xss, = 102.6, X396 = 105.3, X39, = 108.2, X,,, = 110.5 and
Xss, = 113.9, use your model to find the best mean square estimates ofX4eo
and X4ei and estimate the mean squared errors of your predictors.

Lag12345678910

ACF
.808 .654 .538 .418 .298 .210 .115 .031 .007 -.010

PACF
.808 .006 .023 -.068 -.080 .003 -.083 -.045 .091 .003

Lag 11 12 13 14 15 16 17 18 19 20

ACF
-.031 -.069 -.096 -.111 -.126 -.115 -.116 -.116 -.105 -.083

PACF -.016 -.091 -.034 .001 -.034 .051 -.031 -.005 .008 .001

9.5. Consider the process = at + ß + Z,, t = 0, l, 2, ..., {Z,} ~ IID(0,cr2), where
a and ß are known. Observed values of Yo, ..., Y,, are available. Let I =

(a) Find the mean squared error of the best linear predictor

w,....,w W.., = 0,i(W, - () (useProblem 5.13).

(b) Find the mean squared error of the predictor of Yt:+h given by
Y,,+ IÎl,,,i + h2, h = 1, 2, ....

(c) Compare the mean squared error computed in (b)with that of the best
predictor E(Yrl+hlYo,..., Y,,).

(d)*Compute the mean squared error of the predictor in (c)when œ and ß
are replaced by the least squares estimators a and ß found from Yo, ..., Y,,.
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9.6. Series A (Appendix A) consists of the lake levels in feet (reducedby 570) of Lake
Huron for July of each year from 1875 through 1972. In the class of ARIMA
models, choose the model which you believe fits the data best. Your analysis
should include:
(i) a logical explanation of the steps taken to find the chosen model,

(ii) approximate 95°/oconfidence bounds for the components of # and 0,
(iii)an examination of the residuals to check for whiteness as described in Section

9.4.

9.7. The following observations are the values Xo, ..., X, of an ARIMA(0,1,2)

process, VX, = Z, - 1.lZ,_, + .28Z,_2, {Z,} ~ WN(0, 1): 2.83, 2.16,
.85, -1.04,

.35, -.90,.10, -.89, -1.57, -.42.

(a) Find an explicit formula for the function g(h) = Ps X,4, h > 0.
(b) Compute e,(h) for h = 1, ..., 5.

9.8. Let {X,} be the ARIMA(2, 1,0) process,

(1 - .8B + .25B2)VX, = Z,, {Z,} ~ WN(0, 1).

Determine the function g(h) = Ps X , for h > 0. Assuming that n is large,
compute of(h) for h = 1,..., 5.

9.9. Verify equation (9.5.6).
9.10. Let {X,} be the seasonal process

(1-
.7B2)X, = (1+ .3B2)Z,, {Z,} ~ WN(0, 1).

(a) Find the coefficients {¾}in the representation X, =

o (Z, .

(b) Find the coefficients {x,}in the representation Z, =

e x;X, .

(c) Graph the autocorrelation function of {X,}.

(d) Find an expression for PioXii and PioX12 in termS of Xt, ..., Xio and the
innovations X, - Ž,, t = 1, ..., 10.

(e) Find an explicit expression for g(h) = PioXios, h > 1, in terms of g(1) and
g(2).

9.11. Let {X,} be the seasonal process,

X, = (1+ .2B)(1 - .8B12)Z,, {Z,} ~ WN(0,o.2

(a) Determine the coeflicients {x;}in the representation Z, = ox;X,_ .

(b) Graph the autocorrelation function of {X,}.

9.12. Monthly observations {D,,
-11

sts n} are deseasonalized by differencing at
lag 12. The resulting differences X, = D, - D,_12, t = 1, ..., n, are then found to
be well fitted by the ARMA model,

X, - 1.3X,_, + .5Xt-2 ¯ t + .5Z,_,, {Z,} ~ WN(0, 3.85).

Assume in the following questions that n is large and {D,,
-11

sts 0} is
uncorrelated with {X,, t > 1}; P, denotes projection onto šp{X,, 1 sts n} and
Ps denotes projection onto sp{D,,

-11

< t i n}.

(a) Express P,X,,, and P,,X.42 in terms of X,, ..., X, and the innovations
(X,- P_,X,),j= 1,..., n.
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(b) Express Ps D,,, and Ps D,42 in terms of {D,, -11 5 t i n}, P,Xn+1 and
P,Xn+2

(c) Find the mean squared errors of the predictors Ps D,,, and Ps D,42.

9.13. For each of the time series B-F in Appendix A find an ARIMA (or ARMA)
model to represent the series obtained by deleting the last six observations.
Explain and justify your choice of model in each case, giving approximate
confidence bounds for estimated coeflicients. Use each fitted model to obtain
predicted values of the six observations deleted and the mean squared errors of
the predictors. Compare the predicted and observed values. (Use PEST to carry
out maximum likelihood estimation for each model and to generate the approxi-
mate variances of the estimators.)



CHAPTER 10

Inference for the Spectrum of a
Stationary Process

In this chapter we consider problems of statistical inference for time series
based on frequency-domain properties of the series. The fundamental tool
used is the periodogram, which is defined in Section 10.1 for any time series

{xx,...,x,}. Section 10.2 deals with statistical tests for the presence of "hidden

periodicities" in the data. Several tests are discussed, corresponding to various
different models and hypotheses which we may wish to test. Spectral analysis
for stationary time series, and in particular the estimation of the spectral
density, depends very heavily on the asymptotic distribution as no oo of the
periodogram ordinates of the series {X,,...,X,}. The essential results are
contained in Theorem 10.3.2. Under rather general conditions, the periodo-
gram ordinates I,(A,) at any set of frequencies 12,..., A., 0 < Ai < ··· < 1, < n,
are asymptotically independent exponential random variables with means
2ñf(1,), were f is the spectral density of {X,}. Consequently the periodogram
I, is not a consistent estimator of 2ñf. Consistent estimators can however be
constructed by applying linear smoothing filters to the periodogram. The
asymptotic behaviour of the resulting discrete spectral average estimators can
be derived from the asymptotic behaviour of the periodogram as shown in
Section 10.4. Lag-window estimators of the form (2ñ)¯Le w(h/r)ý(h)e¯*°,

where w(x),
-1

<; x < 1, is a suitably chosen weight function, are also dis-
cussed in Section 10.4 and compared with discrete spectral average estimators.
Approximate confidence intervals for the spectral density are given in Section
10.5. An alternative approach to spectral density estimation, based on fitting
an ARMA model to the data and computing the spectral density of the fitted
process, is discussed in Section 10.6. An important role in the development of
spectral analysis has been played by the fast Fourier transform algorithm,
which makes possible the rapid calculation of the periodogram for very large
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data sets. An introduction to the algorithm and its application to the computa-
tion of autocovariances is given in Section 10.7. The chapter concludes with a
discussion of the asymptotic behaviour of the maximum likelihood estimators
of the coefficients of an ARMA(p, q) process.

§10.1The Periodogram

Consider an arbitrary set of (possiblycomplex-valued) observations xy, ...,

x, made at times l, ..., n respectively. The vector

x:= (xx,...,x,)',
belongs to the n-dimensional complex space C". If u and v are two elements
of C", we define the inner product of u and v as in (2.1.2),i.e.

(u,v) = u,Fr. (10.1.1)
i=1

By imagining the data xx, ..., x, to be the values at 1, ..., n of a function with
period n, we might expect (asis shown in Proposition 10.1.1 below) that each
x, can be expressed as a linear combination of harmonics,

x, = n-1/2 iro, t = 1, ..., n, (10.1.2)

where the frequencies wy = 2ñj/n are the integer multiples of the fundamental
frequency 2ñ/n which fall in the interval (-n, x]. (Harmonics e"¾ with fre-
quencies 2ñj/n outside this interval cannot be distinguished on the basis of
observations at integer times only.) The frequencies o, = 2ñj/n, -ñ < wy

_<

ñ,

are called the Fourier frequenciesof the series {xx,...,x,}.The representation
(10.1.2)can be rewritten in vector form as

x = 1 ajej, (10.1.3)
jeF,

where

e, = n¯ 72 ima'29,...,e'"¾)', jeF,, (10.1.4)

F, = {jE : -X < O ¯¯ 2ñj/n 5 ñ} = {-[(n - 1)/2], ..., [n/2]}, (10.1.5)
and [x] denotes the integer part of x. Notice that F, contains n integers. The
validity and uniqueness of the representation (10.1.3)and the values of the
coefficients a, are simple consequences of the following proposition.

Proposition 10.1.1. The vectors ej, je F,, defined by (10.1.4)constitute an ortho-
normal basis for C".
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PROOF. (e , Ok ¯¯ n-1 ir(o;-og)

r=1

1 ifj = k,
= 1 -

el"">¯©
n¯ e" ¯ > = 0 if jf k. O1-e j k

Corollary 10.1.1. For any xe C",

x = 2 age,, (10.1.6)
JEF.

where

a = (x,e ) = n-1/2 -iros. (10.1.7)
t=1

PROOF. Take inner products of each side of (10.1.6)with ej, jeF,. O

Definition 10.1.1. The discrete Fourier transform of XE On is the sequence
{aj,je F,} defined by (10.1.7).

Definition 10.1.2 (The Periodogram of xe C"). The value I(my) of the periodo-
gram of x at frequency wy = 2ñj/n, jeF,, is defined in terms of the discrete
Fourier transform {a,}of x by,

n 2

I(w):= |a;2 = |(x,e |2 _ -1 x,e¯" i
. (10.1.8)

t=1

Notice that the periodogram decomposes ||x||2intO a sum of components
(x,ey)|2RSsociated with the Fourier frequencies, og, jeF.. Thus

||x||2= 1 1(my). (10.1.9)
)EF.

This decomposition can be neatly expressed as the "analysis of variance"
shown in Table 10.1. ([y] denotes the integer part of y.)

Table 10.1. Decomposition of | x|12 intO Components
Corresponding to the Harmonic Decomposition (10.1.6)of x

Source Degrees of freedom Sum of squares

Frequency w-[(n-1)/2] -[(n-1)/2]
2

Frequency wo (mean) 1 |ao|2= n¯'| x,|2
t=1

Frequency o,,72, 1 |a[n/2]2

Total n |x 2
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If xe R" and if w; (=2xj/n)and -o, are both in (-ñ,ñ], it follows from

(10.1.7)that a, = ä_, and I(my) = I(-my). We can therefore rewrite (10.1.6)in
the form

[(n-1)/2]
x = aceo + 1 (a ej + J,e_;) + as,2en/2, (10.1.10)

j=1

where the last term is defined to be zero if n is odd. Writing a, in its polar
form, a, = ryexp(iß,), we can reexpress (10.1.10)as

[(n-1)/2]
x = aceo + 1 21/2ry(cycos0, - sysin8,) + an/2On/2, (10.1.11)

j=1

where

c, = (2/n)12(cosmy,cos2wy,...,cosnog)'

and

s, = (2/n)12(sino),sin2my,...,sinnog)'.

Now {eo,cy,sy,...,c[(n-1)/2],S[(n-1)/2]9 n/2}, with the last vector excluded if n is
odd, is an orthonormal basis for 2". We can therefore decompose the sum of
squares Q ¡ x into components corresponding to each vector in the set. For
l i js [(n - 1)/2], the components corresponding to c, and s, are usually
lumped together to produce a

"frequency o," component as in Table 10.2.
This is just the squared length of the projection of x onto the two-dimensional
subspace sp{cy,s;} of R".

Notice that for XE Rn the same decomposition is obtained by pooling the
contributions from frequencies og and -o, in Table 10.1.

We have seen how the periodogram generates a decomposition of |\x||2
into components associated with the Fourier frequencies wy = 2xj/n e(-ñ, x].

Table 10.2. Decomposition of | x||2, XE Ñn,into Components Corresponding
to the Harmonic Decomposition (10.1.11)

Source Degrees of freedom Sum of squares

Frequency wo (mean) 1 a| = n x
2

= I(0)
\t=1 /

Frequency wi 2 2rf = 2 a |2 = 2I(wi)

Frequency og 2 2r = 2 a |2 = 2I(og)

Frequency on/2 = X (ifn ÍS CVCD) Î û /2

Total n x
t=1
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It is also closely related to the sample autocovariance function ý(k),|kl < n,
as demonstrated in the following proposition.

Proposition 10.1.2 (The Periodogram of xe C" in Terms of the Sample Auto-
covariance Function). If my is any non-zero Fourier frequency,then

I(my) = 1 ý(k)e '***, (10.1.12)
|kj<n

where ý(k):= n¯ ,*(x,,,
- m)(X, - lii), k ;> 0, m:= n¯ 1"_;x, and ý(k)=

ý(-k), k < 0. [If m= 0, or if we replace ý(k)in (10.1.12)by ÿ(k),where ÿ is
defined like ý with m replaced by zero, the followingproof shows that (10.1.12)
is then valid for all Fourier frequencies,we (- x, x |.]
PROOF. By Definition 10.1.2, we can write

s=1 <=1

Now 2"=1 e"* = 2" i e
"" = 0 if o, ¢ 0, and hence

S=1 t=1

= 1 ý(k)e-iko
k[<n

Remark. The striking resemblance between (10.1.12)and the expression f(o) =

(2ñ)¯ig" _,
y(k)e¯iko fOr the spectral density of a stationary process with

|y(k)|< ce, suggests the potential value of the periodogram for spectral
density estimation. This aspect of the periodogram will be taken up in Section
10.3.

§10.2Testing for the Presence of Hidden Periodicities

In this section we shall consider a variety of tests (basedon the periodogram)
which can be used to test the null hypothesis Ho that the data {X;,...,X,}
is generated by a Gaussian white noise sequence, against the alternative
hypothesis Hi that the data is generated by a Gaussian white noise sequence
with a superimposed deterministic periodic component. The form of the test
will depend on the way in which the periodic component is specified. The data
is assumed from now on to be real.

(a) Testing for the Presence of a Sinusoid with Specified Frequency. The
model for the data is

X, = µ + A cos wt + B sin wt + Z,, (10.2.1)
where {Z,} is Gaussian white noise with variance o.2, A and B are non-random
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constants and o is a specified frequency. The null and alternative hypotheses

are
Ho : A = B = 0, (10.2.2)

and

Hi : A and B are not both zero. (10.2.3)
If o is one of the Fourier frequencies o = 2xk/nE(0,ñ), then the analysis

of variance (Table 10.2) provides us with an easy test. The model (10.2.1)can
be written, in the notation of (10.1.11),as

X = nl/20eo + (n/2)1/24Ûk+ (n/2)1/2Bs, + Z, Z ~ N(0,o2I.). (10.2.4)
We therefore reject Ho in favour of H, if the frequency ok Sum of squares in
Table 10.2, i.e. 2I(ok), ÍS SUÍÎlcientlylarge. To determine how large, we observe
that under Ho (seeProblem 2.19),

2I(og) - HPap{cs,s,}X||2̄ šp{cy,sg}
2 2X2(2),

and that I(og) is independent of

|X - Pipfeo,ce,s,}X||2 = 1 X - 1(0) - 2I(ok 2X2(n - 3).
i=1

We therefore reject Ho in favor of Hi at level a if

(n- 3)I(og) i X| - I(0) - 2I(og) > Fi_,(2,n - 3).
i=1

An obvious modification of the above test can also be used if o = ñ.

However if o is not a Fourier frequency, the analysis is a little more com-
plicated since the vectors

c = (2/n)1/2(COso,cos2m,...,cosno)',

s = (2/n)12(sino, sin2o,...,sinno)',

and eo are not orthogonal. In principle however the test is quite analogous.
The model now is

X = nl/2µeo + (n/2)12Ac + (n/2)'l2Bs + Z, Z ~ N(0,o.2
n >

and the two hypotheses Ho and Hi are again defined by (10.2.2)and (10.2.3).
In this case we reject Ho in favor of H, if

21*(w):= |Pig(eo,c,s}X- P-4, ¡X| 2

is large. Now under Ho,

2I*(w) ~ o.2X2(2),

and I*(w) is independent of

|X - P-feo,c,s}X||2 ~ «2X2(n - 3).
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We therefore reject Ho in favour of Hi at level « if

(n- 3)1*(w)/||X - P-{eo,c.s}X||2 F, _,(2,
n - 3).

To evaluate the test statistic we have

spleo}X = n¯I/2 i X,eo,
i=1

and (seeSection 2.6)

Esp{eo,c,S)X= n1/2Ñ©o+ (n/2)1/2Âc+ (n/2)'l2BS

where p, Âand Ê are least squares estimators satisfying

W'W(p,Â,Ê)'=W'X,

and Wis the (n × 3)-matrix [nii2eo,(n/2)12c,(n/2)1/2

(b) Testing for the Presence of a Non-Sinusoidal Periodic Component with
Specified Integer-Valued Period, p < n. If f is any function with values f,, te Z,
and with period pE (1,n), then the same argument which led to (10.1.11)shows
that f has the representation,

[(p-1)/2]

f, = µ + 1 [AkCOs(2ñkt/p) + BkSin(2ñkt/p)] + A,72(-1)', (10.2.5)
k=1

where Ap/2 := 0 if p is odd. Our model for the data is therefore

X, = f, + Z,, t = 1, ..., n (10.2.6)
where {Z,} is Gaussian white noise with variance o.2 and f, is defined by
(10.2.5).The null hypothesis is

Ho : A, = B, = 0 for all j, (10.2.7)
and the alternative hypothesis is

Hi : Ho is false. (10.2.8)
Define the n-component column vectors,

eo = (1/n)1/2 r

y, = (2/n)1/2(COs g, cos 24, ..., cos ng)'

and

a, = (2/n)1/2(Sin g, sin 26,..., sin ng)'

where 6 = 2ñj/p, j = 1, 2, ..., [p/2].Now let S(p) be the span of the p vectors

eo, yi, ai, y2, «2, ..., (thelast is e,72 if p is even, a _ ,,72 if p is odd) and let W
be the (nx p)-matrix

W = [eo,yi,«¡,Ï29
The projection of X = (Xx,...,X,,)' onto S(p) is then (seeSection 2.6)
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Ps,,X = W(W'W)¯ W'X. (10.2.9)
From (10.2.5)and (10.2.6),

|X - PS(p)X| 2
S(p)

2 ~ 62X2(n - p), (10.2.10)
since Z:= (Zi,...,Z,,)' ~ N(0,o2I.). Nioreover under Ho,

Ilfs(v)X - 44,,)X( 2 = ((Ps Z - Ps,(, Z((2 ~ «2X2(p - 1), (10.2.11)
and is independent of X - Ps(v)X |2

We reject He in favour of Hy if | PS(p)X - Pygg,¡X| is sufTiciently large. From
(10.2.10)and (10.2.11),we obtain a size octest if we reject He when

IIPS(p)X-XIl(2/ - O
X - Psy,,X ((2/(n- p)

> Fy _,(p
- 1, n - p), (10.2.12)

where i =
, X,/n, 1:= (1,..., 1)' and Ps(,,X is found from (10.2.9).

In the special case when n is an integer multiple of the period p, say n = rp,
the calculations simplify dramatically as a result of the orthogonality of the
p vectors eo, yi, et, Ï29 2, ... . In fact, in the notation of (10.1.11),

y, = c,.; and a, = se, j = 0, ..., [p/2].
Hence, using Table 10.2,

[p/2]

| Psy,,X||2 = 1 Ofspics)X| 2 + |fyy(s,.,)X||2
j-0

= I(0) + 2 i I(o,,) + ö,1(x),
1 5 j< p/2

where õ, = 1 if p is even, 0 if p is odd. The rejection criterion (10.2.12)therefore
reduces to

211<;j<p/2 rj p > F,_,(p - 1,n - p),EX|- I(0) -ö,I(ñ) -2fig;<,72I(o ) n - p
(10.2.13)

where, as usual, o,.; = 2ñrj/n.

(c) Testing for Hidden Periodicities of Unspecified Frequency: Fisher's Test.
If {X,} is Gaussian white noise with variance o2 and X = (X,,...,X,)', then,
since 2I(og) = |fspie, s,}X| 2, k = 1, ..., [(n - 1)/2], we conclude from Prob-
lem 2.19 that

V, := I(ok 2 ~ X2(2)/2, k = 1, ..., q, (10.2.14)
where

q := [(n - 1)/2],

and that Vi, ..., V, are independent. Since from (10.2.14)the density function
of V, is e¯*Io,co,(x), we deduce that the joint density function of Vi, ..., V, is
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fm...y (vi,...,v,) = Èe"il o,co,(v;). (10.2.15)
i=1

This is the key result used in the proof of the following proposition.

Proposition 10.2.1.1/ {X,} is Gaussian white noise, then the random variables,

are distributed as the order statistics of a sample of (q- 1) independent random
variables, each one umformly distributed on the interval [0,11.

PROOF. Let S, =
, V, i = 1, ..., q. Then from (10.2.15),the joint density

function of Si, ..., S, is (seee.g. Mood, Graybill and Boes (1974))
fs,...s,(Si,---,54) = exp[-si -

(S2
- S1 q - Sq-1

(10.2.16)
= exp(-s,), 0 i si 5 ·· g s,.

The marginal density function of S, is the probability density function of the
sum of q independent standard exponential random variables. Thus

Sq-1

fs,(34)= " exp(-s,), s, ;> 0. (10.2.17)(q- 1).

From (10.2.16)and (10.2.17),the conditional density of (Si,..., S,_i) given S, is
fst...s,_,is,(Si,·- ,Sq-1 S,) = (q - 1)!s¯" , 0 i si i ··· g s,_, i sg.

Since by definition = S,/S,, i = 1, ..., q - 1, the conditional density of
Yi, ..., Y,_; given S, is

fr,...v._tis,(Fi,···,74-ilse) = (q- 1)!, O < y, 5··· <; y,_, m 1,

and since this does not depend on s,, we can write the unconditional joint
density of Yi, ..., Y,_; as,

fy,...y (yy,..., y,_;) = (q- 1)!, O < yi i··· 5 y, y i 1. (10.2.18)
This is precisely the joint density of the order statistics of a random sample
of size (q - 1) from the uniform distribution on (0,1). O

Corollary 10.2.1. Under the conditions of Proposition 10.2.1, the cumulative
distribution functionwith jumps of size (q- 1)¯ at , i = 1, ..., q - 1, is the
empirical distribution functionof a sample of size (q - 1) from the umform

distribution on (0,1).

Corollary 10.2.2. If we define Yo:= 0, Y, := 1 and

I(w;)
M, := max ( _,) = max ,
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then under the conditions of Proposition 10.2.1,

e qP(M, < a) = 2 (-1)J (1- ja)(¯ , (10.2.19)
j=0 Ì

where x, = max(x,0).

PROOF. It is clear from Proposition 10.2.1 that M, is distributed as the length
of the largest subinterval of (0,1) obtained when the interval is randomly
partitioned by (q- 1) points independently and uniformly distributed on
(0,l). The distribution function of this length is shown by Feller (1971),p. 29,
to have the form (10.2.19).

Fisher's Test for Hidden Periodicities. Corollary 10.2.2 was used by Fisher to
construct a test of the null hypothesis that {X,} is Gaussian white noise against
the alternative hypothesis that (X,} contains an added deterministic periodic
component of unspecified frequency. The idea is to reject the null hypothesis
if the periodogram contains a value substantially larger than the average
value, i.e. (recallingthat q = [(n - 1)/2]) if

:= max I(w;) q¯ i 1(og) = qM,, (10.2.20)
1 5idq i=1

is sufficiently large. To apply the test, we compute the realized value x of (
from the data X,, ..., X,, and then use (10.2.19)to compute

P((, ;> x) = 1 - 2 (-1)J (1- jx/q)(¯ . (10.2.21)
j=O

If this probability is less than a, we reject the null hypothesis at level a.

EXAMPLE 10.2.1. Figure 10.1 shows a realization of {X1,...,X,co} together
with the periodogram ordinates I(wy), j = 1, ..., 50. In this case q = [99/2]=

49 and the realized value of (49is x = 9.4028/1.1092 = 8.477. From (10.2.21),
P(g49 > 8.477) =

.0054,

and consequently we reject the null hypothesis at level
.01.

[The data was in
fact generated by the process

X, = cos(ñt/3) + Z,, t = 1, ..., 100,

where {Z,} is Gaussian white noise with variance 1. This explains the peak in
the periodogram at og, =

.34x.]

The Kolmogorov-Smirnov Test. Corollary 10.2.1 suggests another test of the
null hypothesis that {X,} is Gaussian white noise. We simply plot the empirical
distribution function defined in the corollary and check its compatibility with
the uniform distribution function F(x) = x, 0 Ex < 1, using the Kolmogorov-
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Figure 10.1. (a)The series {X,,...,X,ca} of Example 10.2.1 and (b)the corresponding
periodogram ordinates I(2ñj/100), j = 1, ..., 50.
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Figure 10.2. The standardized cumulative periodogram C(x) for Example 10.2.1
showing the Kolmogorov-Smirnov bounds for a =

.05

(inner)and a =
.01

(outer).

Smirnov test. For q > 30 (i.e.for sample size n > 62), a good approximation
to the level-œKolmogorov-Smirnov test is to reject the null hypothesis if the
empirical distribution function exits from the bounds

y=x±k,(q-1)¯1/2, 0<x<1,

where k.os = 1.36 and k.oi = 1.63.
This procedure is precisely equivalent to plotting the standardized cumula-

tive periodogram,

0, x < 1,
C(x) = Y, i <; x < i + 1, i = 1, ..., q - 1, (10.2.22)

1, x ;> q,

and rejecting the null hypothesis at level œ if for any x in [1,q], the function
C exits from the boundaries,

x - 1
y = ± k,(q - 1)¯ 72. (10.2.23)

q - 1

EXAMPLE 10.2.2. Figure 10.2 shows the cumulative periodogram and
Kolmogorov-Smirnov boundaries for the data of Example 10.2.1 with

a =
.05

and « =
.01.

We do not reject the null hypothesis even at level
.05

using this test. The Fisher test however rejected the null hypothesis at level
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.01

since it is specifically designed to detect departures from the null hypothesis
of the kind encountered in this example.

Generalization of the Fisher and Kolmogorov-Smirnov Tests. The null hypoth-
esis assumed for both these tests was that {X,} is Gaussian white noise.
However when n is large the tests can also be used to test the null hypothesis
that {X,} has spectral density f by replacing I(ok) by I(ok k) in the
definitions of Y,and .

§10.3Asymptotic Properties of the Periodogram

In this section we shall consider the asymptotic properties of the periodogram
of X y, ..., X, when {X,} is a stationary time series with mean µ and absolutely
summable autocovariance function y(·). Under these conditions {X,} has a
continuous spectral density (Corollary 4.3.2) given by

f(m) = (2ñ)¯* y(k)e ***, we [-a,nl. (10.3.1)
k= o

The periodogram of {Xi,...,X }is defined at the Fourier frequencies o =

2xj/n, oge [ -x,ñ], by
n 2

I,,(og) = n I i X,e¯"*i
t=1

By Proposition 10.1.2, this definition is equivalent to

(0)= n]Ï|2
I,(og) = i ý(k)e¯' i if o, ¢ 0, (10.3.2)

|k|<n

where ý(k)= n¯ 1" ilkl(X,
-

Ž)(Xt+|k| - Ï) and i = n-11"_iX,. In deriving
the asymptotic properties of I,, it will be convenient to use the alternative
representation,

n- |kl
I,,(oj) = 1 n¯ i (X, - µ)(Xt+(k ¯

-ikos,
o, ¢ 0, (10.3.3)

k|<n t=1

which can be established by the same argument used in the proof of Pro-
position 10.1.2.

In view of (10.3.2)a natural estimate of f(w;)for wy ¢ 0 is I,(o )/(2x).We
now extend the domain of I,, to the whole interval [-n,ñ] in order to estimate
f(m)for arbitrary non-zero frequencies in the interval [

-ñ,ñ].

This can be
done in various ways, e.g. by replacing o, in (10.3.2)by o and allowing o to
take any value in [-ñ,ñ]. However we shall follow Fuller (1976)in defining
the periodogram on [-X,ñ] as a piecewise constant function which coincides
with (10.3.2)at the Fourier frequencieS ØjE [-X,R

.
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Definition 10.3.1 (Extension of the Periodogram). For any we[-ñ,x] the
periodogram is defined as follows:

fI,(og) J ok ¯ k + ñ/n and 0 Kos ñ,
I,(w) =

.

I,(-w) ifwe[-x,0).

Clearly this definition implies that I, is an even function which coincides
with (10.3.2)at all integer multiples of 2ñ/n. For we[0,ñ], let g(n,o) be
the multiple of 2x/n closest to o (the smaller one if there are two) and for
oe [-n, 0) let g(n, o) = g(n, - w). Then Definition 10.3.1 can be rewritten as

I,(w) = I,(g(n, w)). (10.3.4)
The following proposition establishes the asymptotic unbiasedness of the

periodogram estimate I,(o)/(2x) of f(w)for o ¢ 0.

Proposition 10.3.1. If {X,} is stationary with mean µ and absolutely summable
autocovariance functiony(·), then

(i) EI,(0) -
nµ2 -+ 2ñf(0)

and

(ii) EI,(o) -÷2xf(o) if o ¢ 0.

(If µ = 0 then EI,(w) converges uniformly to 2ñf(w) on [
-ñ,ñ].)

PROOF. By Theorem 7.1.1,

EI,(0) -
nµ2 = n Var(Ï,)-> 2 y(n) = 2xf(0).

n= oo

Now if oe (0,ñ] then, for n sufficiently large, g(n, m) ¢ 0. Hence, from (10.3.3)
and (10.3.4)

n-Ik
EI,(w) = 1 n¯ i E [(X, - µ)(Xt+|k| -ikg(n,m)

k|<n t=1

= 2 (1 - |k|/n)y(k)e****"

|k|<n

However, since y(·) is absolutely summable, (1- iki/n)y(k)e¯'**con-
verges uniformly to 2ñf(A)and therefore (sinceg(n, o) - o) we have

EI, (w)-> 2ñf(w).

The uniform convergence of EI,(w) to 2ñf(w) when µ = 0 is easy to check
using the uniform continuity of f on [-ñ,ñ] and the uniform convergence of
g(n, o) to o on [0,ñ].

As indicated earlier, the vectors {cy,s,;j= 1,...,q = [(n - 1)/2]} in equa-
tion (10.1.11)are orthonormal. Consequently if {X,} is Gaussian white noise
with variance o.2, then the random variables,
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«(my):=(X,cy)=(2/n)72iX,cos(wÿt), j=1,...,q,
t=1

(10.3.5)
ß(my):= (X, s,) = (2/n)/2 1 X, sin(myt), j = 1, ..., q,

r=i

are independent with distribution N(0, o.2). Consequently, as observed in
Section 10.2, the periodogram ordinates,

I,,(oj) = [22 2(my)]/2, j = 1, ..., q,

are independently and exponentially distributed with means o2 = 2xfx(my),
where fx(·) is the spectral density of {X,}. An analogous asymptotic result
(Theorem 10.3.2) can be established for linear processes. First however we
shall consider the case when {X,} ~ IID(0, o2¾

Proposition 10.3.2. Suppose that {Z,} ~ IID(0, «2) and let I,,(w), -ñ < o < ñ,

denote the periodogram of {Z,,...,Z,} as defined by (10.3.4).
(i) If 0 < 1, < ··· < A, <ñthen the random vector (I,(11), ..., I,,(A.))' con-

verges in distribution as n -> o to a vector of independent and exponentially
distributed random variables, each with mean o.2

(ii) If EZ' = po' < oo and o, = 2ñj/ne [0,ñ], then

in(y - 3)o* + 2a' if o. = 0 or ñ
Var(I,,(w;)) =

' '

(10.3.6)n¯ (4- 3)o + «* if 0 < o, <ñ,

and

Cov(1,,(w;), I,,(ok -1(y
- 3)«* if my¢ ok. (10.3.7)

(If Zi is normally distributed, then y - 3 = 0 so that I,,(w;) and I,,(og) are
uncorrelated forj ¢ k, as pointed out in Section 10.2(c).)

PROOF. (i)For an arbitrary frequency Ae (0,ñ) define
œ(1) := a(g(n,1)) and ß(1):= ß(g(n,1)),

where «(my) and ß(og)are given by (10.3.5)with Z, replacing X,. Since I,,(ly) =

(«2A) + ß2(1,))/2,it suflices to show that

(œ(A,),ß(Ay),...,«(1.),ß(A.))' is AN(0,o2I2m), (10.3.8)
where 12, is the 2m × 2m identity matrix.

Now if A is a fixed frequency in (0,x) then for all sufliciently large n,
g(n,1) e (0,ñ)and hence by the independence of the sequence {Z,}

Var(œ(A)) = Var(«(g(n, A))

= 62(2/n) cos2 n,p )
t=1

= o.2
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Moreover for any e > 0,

n¯I i E(cos2(g(n,1)t)Z Ilicostein,ainz,i>en2/2,)
t=1

<; n¯ i E(Z Iliz,i>ent/2e)
t=1

= E(Z,2 [|Zi|>ent/2e

-+ 0 as n -+ oo,

implying that «(A) is AN(0, «2) by the Lindeberg condition (seeBillingsley
(1986)).Finally, for all sufficiently large n, g(n, 1,)e (0,x), i = 1, ..., m, and since
the covariance matrix of («(Ai), ß(A1), ..., œ(A.), ß(A.))' is «2I2m, the joint
convergence in (i)is easily established using the Cramer-Wold device.

(ii).By definition of 1,(og), we have

1,(w;) = n¯I i i Z,Zy' ><'¯3),

s=1 <=1

and hence,

E1,(o )1,(og)- n-2 E(Z,Z,Z,,Z,,)ei">"¯"Jef "¯"

s=1 <=1 u=1 v=1

By (7.3.4),this expression can be rewritten as
n 2 n 2

U-1(y
- 3)«* + «* 1 + n-2 i(oj+ogy p p-2 f(ok-o

t=1 t=1

and since EI,,(my) = n¯ "
i EZ,2 2, Ít fOÌÎOWs that

n 2 n 2

Cov(I,,(my),I,,(ok -i(y
- 3)«4 -2 4 f(oj+ogy k j¾

t=1 t=1

The relations (10.3.6)and (10.3.7)are immediate consequences of this equation.
O

We next extend Proposition 10.3.2 to the linear process

X,= ¢,Z,_,, {Z,}~IID(0,62), (10.3.9)

where
__ |¢,| < œ. The spectral density of this process is related (see

(4.4.3))to the spectral density of the white noise sequence {Z,} by

where ‡(e **)
= 1)° ¢¿e¯'J*(and fz(A)= «2/2ñ). Since I,,(1)/2x can be thought

of as a sample version of the spectral density function, we might expect a
similar relationship to exist between the respective periodograms of {X,} and
{Z,}. This is the content of the following theorem.
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Theorem 10.3.1. Let {X,} be the linear process defined by (10.3.9)and let I.,,(A)
and In,z(1) denote the periodograms of (Xi,...,X,,} and {Z,,...,Z,,} respec-
tively. Then, if og = 2xk/ne [0,ñ], we can write

In,x(og) - |ý(e¯' B2n,Z
k) + R,(o ), (10.3.10)

wheremax RE[0,x)E|R,(ok)|->0asn->oo.Ifinaddition, |‡¿||j|1/2
and E |Zi |*< oo, then max o,,, E R,,(ok 2 = O(n¯ ).

Remark 1. Observe that we can rewrite (10.3.10)as

In,x(A)= |‡(e '"("'**)|2 n,Z(1) + R,,(g(n,1)), (10.3.11)
where sup ,,,, E|R,,(g(n,1))| - 0. In particular, R,,(g(n,1)) Å 0 for
every le [ - x, x].

PROOF. Set A = og E [0,ñ] and let J (A)and Jz(A)denote the discrete Fourier
transforms of {X,} and {Z,} respectively. Then

Jy(1) = n¯ 72 i X e¯"'
t=1

= n-1/2 -¿Aj iA(t-j)

j= -oo t=1

ao n-j

j= -o t=1-j

= n¯ 1/2 iAj Zy¯'*' + U, ,

j= -oo \t=1

1.e.

J (1)= ¢(e¯")Jz(A) + Y,,(A), (10.3.12)
where U,,, = 1" ¿Z,e¯"' - i"_,Z,e¯"' and Y,,(1) = n¯ 72Li _,

Šp¯'*JU p
Note that if lj < n, then U,, is a sum of 2| j| independent random variables,
whereas if |j| ;> n, U,,,is a sum of 2n independent random variables. It follows
that

E|U,, 2 <; 2 min( j|, n)J2

and hence that
2

E| Y,,(A)2 -1/2 |(E|U,,,|2 1/2

j= -o

Thus

E| Y,,(A)|2<; 2o.2 -1/2 |ý min(| j|, n)1/2
2.

(10.3.13)
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Now if m is a fixed positive integer we have for n > m,

n-1/2 ‡|mä( g 1/2 -1/2 1/2

j= -oo |j < m |jj>m

whence

Ï¯mn¯1/2 1/2

n-o j=-oo j>m

Since m is arbitrary it follows that the bound in (10.3.13)converges to zero as
no oo. Recalling that I.,x(ok X k X ¯

k), We deduce from (10.3.10)
and (10.3.12)that

R,(A) = ý(e¯'*)Jz(A)Y,(-1) + ý(ei )Jz(- A)Y,(A)+ |Y,(A)2

Now ‡(e¯'*)|< ‡ÿ|< oo and E|Jz(A)|2 = EIn,z(1) = «2. N oreover we
have shown that the bound in (10.3.13)does not depend on 1. Application of
the Cauchy-Schwarz inequality therefore gives

max E|R,(ok) -0 as n
-÷

oo.
wae[0,x]

Finally if E|Z,14 < oo and |¢¿||j| 12 < oo, then (seeProblem 10.14)

E|U,,|* <; 2|j!E Z + 3(2 j o2)2

so that
o 4

E|Y,(1)|*< n-2 i |‡¿|(2|j|E Zi|4 + 12|j|2q4 1/4

j= -oo

= O(n¯2

Hence by applying the Cauchy-Schwarz inequality and Proposition 10.3.2 to
each of the terms in R,2(Â),WC Obtain

max E|R,(og)|2 1

okE[Û,K]

as desired.

Theorem 10.3.2. Let {X,} be the linear process,

X, = ý¿Z,_ , {Z,} ~ IID(0, o2)

where
_, |¢,)< o. Let I,(1) denote the periodogram of {Xi,...,X,} and

let f(A) be the spectral density of {X,}.

(i) If f(1) > 0 for all le [ -ñ,ñ] and if 0 < 1, < ··· < A, < x, then the
random vector (1,(Ay),...,1,(A.))' converges in distribution to a vector of inde-
pendent and exponentially distributed random variables, the ith Omponen of
which has mean 2ñf(1,), i = 1, ..., m.

(ii) If i _, |¢¿||j|1/2 < o, EZ' = r¡a' < œ, o, = 2xj/n ;> 0 and ok
2ñk/n ;> 0, then
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2(2ñ)2f2 O ¯1/2
k

= 0 or x,
Cov(I,,(w,), I,,(ok)) = (2x)22 -1/2) if 0 < wy = og < m

O(n¯* ) if o, ¢ we,
where the terms O(n^ 72) and O(n¯ ) can be bounded uniformly in j and k by
cin¯1/2 and c2

-1 Y€Spedàdy, for ome pondo con mna ci and c2•

PROOF. From Theorem 10.3.1, we have

1,(Ay)= I,(g(n, ly)) = 2ñf(g(n, A;))o.-2 n,Z
j) + R,(g(n, ly) .

Since f(g(n,17))- f(A¡) and R,(g(n, A;))Å 0, the result (i) follows immedi-
ately from Propositions 10.3.2 and 6.3.8.

Now if 9-, |iji;|j|l/2 < œ and EZ < oo then from (10.3.11)we have

Var(1,,(og)) = (2ñf(og)«2 2 n,Z(Ok)) + Var(R,(oxB
+ 2(2xf(ok 2)COV(In,z(Ok),R,(og ).

Since Var(R,,(og)) < E|R,,(og)|2 = O(n¯ ) and since Var(1,,,z( a)) is bounded
uniformly in ok, the Cauchy-Schwarz inequality implies that Cov(1,,,z( k >

R,,(og)) - O - 1/2). It therefore follows from (10.3.6)and Proposition 10.3.2
that

(2(2x)2f2
k) + O(n¯ /2) Œœg= 0 or ñ,

Var(I,,(oxB=

(2x)2f2 k)+0(n 72) if0<w,<ñ.

A similar argument also gives

Cov(I,,(og), I,,(og)) = O
-1/2

j k•

In order to improve the bound from O(n¯I/2) to O(n¯ ) in this last relation we
follow the argument of Fuller (1976).

Set o = o, and A = we with A ¢ w. Then by the definition of the periodo-
gram, we have

E(I,,(w)I,,(A)) - EI,,(w)EI,,(A)

= E n¯2 X,X,X,X,,e '"'" le¯'*("¯")
s=1 <=i n=i v=i

n i (n-]h)y(h)e-ioh n-1 i (n- k|)y(k)e-ilk
\ |h|<n / \ |k <n /

By the same steps taken in the proof of Proposition 7.3.1, the above expression
may be written as the sum of the following three terms:

s=1 t=1 u=1 v=1 j -o

(10.3.14)

(n-1 -iose¯'*"
n y(v - t)e' 'e' " (10.3.15)

s=1 u=1 t=1 v=1

and
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(nI i i y(v - s)e¯' se'*"
n y(u - t)e'°'e **"

. (10.3.16)
s=1 v=1 t=1 u=1

By interchanging the order of summation, we see that the first term is bounded
by

(
oo A

n-2(r¡ - 3)o i g| = O(n¯2). (10.3.17)
j= -oo

Now the first factor of (10.3.15)can be written as

n y(u -
s)e¯' "Je¯' >" = n¯ y(s)e¯'6"e¯' >",

s=1 u=1 u=1 s=1 u

from which it follows that

n y(u - s)e 3e¯

s=1 u=1

(10.3.18)
= n-1 f(S)€ € i(o+A)u S)€ €-i(o+A)u

s=O u=1 s=-n+1 u=1-s

However, since o + A = 2 (j + k)/n ¢ 0 or 2ñ, we have for 0 Essn - 1,

ns

u 1 u=1 u=n-s+1

= 0 - i e*****)"
u=n-s+1

i s.
Similarly,

e¯' >" E |s,
-n+15si -1.

u=1-s

These inequalities show that the right side of (10.3.18)is bounded by

n s |y(s) < n¯ i i |s |gg
s|<n |s|<n j=-oo

i n-1¡2 1/2

s|<n j=-o

5 n-1/2 1/2

s=
-o j= -o

s= -oo j= -oo /

= 2n¯ 72 M1/2
s=

-o

/ \ j= -oo /

= 0(n-1/2)
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Hence

n y(u -
s)e¯""se-a" = O(n¯1/2). (10.3.19)

s=1 u=1

The relation (10.3.19)remains valid if o is replaced by -o or if l is replaced
by - Aor both. The terms (10.3.15)and (10.3.16)are therefore of order O(n¯ ).
Taking into account (10.3.17)we deduce that Cov(I,(w), I,(A)) = O(n¯ ) as
desired.

A good estimator Ô,,of any parameter 6 should be at least consistent, i.e.
should converge in probability to 6 as n

->

oo. However Theorem 10.3.2 shows
that 1,,(1)/2ñ is not a consistent estimator of f(A). Since for large n the periodo-
gram ordinates are approximately uncorrelated with variances changing only
slightly over small frequency intervals, we might hope to construct a consistent
estimator of f(1) by averaging the periodogram ordinates in a small neigh-
borhood of i (justas we obtain a consistent estimator of a population mean
by averaging the observed values in a random sample of size n). The number
of Fourier frequencies in a given interval increases approximately linearly with
n. By averaging the periodogram ordinates over a suitably increasing number
of frequencies in a neighborhood of 2, we can indeed construct consistent
spectral density estimators as shown in the following section.

§10.4Smoothing the Periodogram

Let {X,} be the linear process

X, = (Z,_;, (Z,} ~ IID(0, o.2

where fj° h//,||j|1/2 n
j), jeF., is the periodogram based on X,,

..., X,, then we may write

(2ñ)¯I,(w;) = f(o ) + U,f(og), j = 1, ..., [(n - 1)/2],

where f is defined by (10.3.1)and the sequence {U,} (by Theorem 10.3.2)
is approximately WN(0, 1) for large n. In other words, we may think of
(2ñ)¯I(og), j = 1, ..., [(n - l)/2], as an uncorrelated time series with a trend
f(w ) which we wish to estimate. The considerations of Section 1.4 suggest
estimating f(og)by smoothing the series {1,(my)},with the aid, for example,
of the simple moving average filter,

(2x)¯ i (2m+ 1)-1 y
kgm

More generally we shall consider the class of estimators having the form

f(w;)= (2x) W,(k)I,(myse), (10.4.1)
(kgm,
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where {m,}is a sequence of positive integers and {W,(·)} is a sequence of
weight functions. For notational simplicity we shall write m for m., the
dependence on n being understood. In order for this estimate of the spectral
density to be consistent (seeTheorem 10.4.1 below) we impose the following
conditions on m and {W,(·)}:

me ao and m/n - 0 as n
-+

oo, (10.4.2)
W,(k) = W,,(-k), W,,(k) :> 0, for all k, (10.4.3)

i W,,(k) = 1, (10.4.4)
|k|f m

and

i W,,2(k)-+ 0 as no o. (10.4.5)

If ogsg ¢[-ñ, x], the term I(oj+k) in (10.4.1)is evaluated by defining I to
have period 2x. The same convention will be used to define f(o), m ¢[- x, ñ].

We shall refer to the set of weights {W,,(k),jk < m} as a filter.

Definition 10.4.1 (Discrete Spectral Average Estimator). The estimator

f(w)= f(g(n,w)),
with f(w;)defined by (10.4.1)and m and (W,,(·)} satisfying (10.4.2)-(10.4.5),
is called a discrete spectral average estimator of f(w).

The consistency of discrete spectral average estimators is established in the
proof of the following theorem.

Theorem 10.4.1. Let {X,} be the linear process,

X, = (Z,_,, {Z,} ~ IID(0, o2),

with |g | [j 1/2 < oo and EZ† < oo. If / is a discrete spectral average
estimator of the spectral density f, then for 1, oE [0,ñl,
(a) lim Ef(w) = f(w)

n 00

and

2f2(o) ifo=A=0orñ,
(b) lim i W,,2(j) Cov( f(w),f(1))= f2(o) if 0 < w = A< ñ,

0 ifw¢A.

PROOF. (a)From (10.4.1)we have

|Ef(o) - f(o)| = 1 W,,(k) (2ñ)¯EI,,(g(n,w) + og) - f(g(n,w)+ og)
|k|5m

+ f(g(n,o) + ok) - f(o) . (10.4.6)
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The restriction (10.4.2)on m implies that

max g(n, w) + wy - w| -+ 0 as n
-+

oo.
|k|5m

For any given e > 0, this implies by the continuity of f, that

max |f(g(n,w) + og) - f(w) i e/2,
(k|f m

for n sufficiently large. Moreover, by Proposition 10.3.1,

max |(2ñ)¯EI,(g(n,w) + wy) - Rg n,o) + og) < e/2,
|k im

for n sufficiently large. Noting that ilk|5mW,(k) = 1, we see from (10.4.6)that
Ef(m) - f(w)| < e for n sufficiently large. Since e is arbitrary, this implies

that Ef(w) -+ f(w).
(b) From the definition of / we have

Cov(f(w),f(A))

= (2ñ)¯2i i W,(j)W,(k) Cov(I,(g(n,w) + og), I,(g(n,1) + oxB.
jj|¾m |k|¾m

If o ¢ Aand n is sufficiently large, then g(n, o) + wy ¢ g(n, 2) + we for all |j|,
|kl 5 m. Hence, with c2 RS defined in Theorem 10.3.2,

|Cov(f(w),f(A))|= f i W,(j)W,(k)O(n¯*)
|j|Km |kidm

)2sc2n W(ß
IJIsm

C2
-1

i W,2(j) (2m+ 1).
\\]Ism /

Since m/n - 0, this proves assertion (b)in the case o ¢ A.
Now suppose that 0 < w = 1 < ñ. Then by Theorem 10.3.2,

Var( f(w))= (2ñ)¯2 W,2(j)((2x)2f2(g(n, w) + wy) + O(n¯ 729

(j Km

+ (2ñ)-2 i i W,(j)W,(k)O(n ).
j|fm|k|5m

kW)

An argument similar to that used in the proof of (a)shows that the first term
is equal to

W.2U f 2 (o) + o Ï W.2
\lilsm / \\jlsm /

The second term is bounded by

)2c2
-1(2ñ)¯2 W,(j) 5 c2

-i(2x)¯2

i W,2(j)(2m + 1).
IJIsm lj sm
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Consequently

)(
-1

W,2 2

IJIsm

The remaining cases o = 1 = 0 or x are handled in a similar fashion. O

Remark 1. The assumption ,W,2(k)-0 ensures that Var(f(w))->0.

Since Ef(w) -> f(w), this implies that the estimator f(w) is mean-square
consistent for f(w).A slight modification of the proof of Theorem 10.4.1 shows
in fact that

sup Ej(o)
- f(w) - 0

and

sup Var( f(o))-> 0.

Hence f converges in mean square to f uniformly on | -X,x], i.e.

sup E| f(w)- f(o)|2 = sup (Var( f(w))+ |Ef(m)
- f(o)|2)

-+ 0.

Remark 2. Theorem 10.4.1 refers to a zero-mean process {X,}. In practice we
deal with processes { }having unknown mean µ. The periodogram is then
usually computed for the mean-corrected series {g - Ÿ} where Ÿ is the
sample mean. The periodograms of { },{ - µ} and { - Ÿ}are all identical
at the non-zero Fourier frequencies but not at frequency zero. In order to
estimate f(0)we therefore ignore the value of the periodogram at frequency
0 and use a slightly modified form of (10.4.1),namely

(0)= (2x)¯ W,(0)1,,(oi) + 2 i W,,(k)I,,(ogsi) . (10.4.7)
k=1

Moreover, whenever I,,(0) appears in the moving averages (10.4.1)for f(o ),
j = 1, . . . , [n/2], we replace it by 2ñf (0)as defined in (10.4.7).
EXAMPLE 10.4.1. For the simple moving average estimator,

f(2m+ 1)-i if |k| <; m,W,,(k) =
.

O otherwise,

we have 1|k|5mW,2(k) = (2m+ 1)¯ so that

(2f2(o)if o = 0 or n,
(2m+ 1) Var( f(w))-> .

f2(w) if0<o<ñ.

In choosing a weight function it is necessary to compromise between bias
and variance of the spectral estimator. A weight function which assigns
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roughly equal weights to a broad band of frequencies will produce an estimate
of f(·) which, although smooth, may have a large bias, since the estimate of

f(m)depends on values of I,, at frequencies distant from w. On the other hand

a weight function which assigns most ofits weight to a narrow frequency band
centered at zero will give an estimator with relatively small bias, but with a
large variance. In practice it is advisable to experiment with a range of weight
functions and to select the one which appears to strike a satisfactory balance
between bias and variance.

EXAMPLE 10.4.2. The periodogram of 160 observations generated from the
MA(l) process X, = Z, - .6Z,_i, {Z,} ~ WN(0, 1), is displayed in Figure
10.3. Figure 10.4 shows the result of using program SPEC to apply the filter
{¼,¼,¼}(W,(k) = (2m+ 1)-1, |k| <; m = 1). As expected with such a small
value of m, not much smoothing of the periodogram has occurred. Next we
use a more dispersed set of weights, W,,(0) = W,,(1) = W,,(2) = n, W,,(3) = n,W,,(4) = n,producing the smoother spectral estimate shown in Figure 10.5.
This particular weight function is obtained by successive application of the
filters {¼,¼,¼}and {¼,¼,¼,¼,¼,¼,#} to the periodo gram. Thus the esti-
mates in Figure 10.5 (exceptfor the end-values) are obtained by applying
the filter {¼,¼,¼,),¼,¼,¼}to the estimated spectral density in Figure 10.4.
Applying a third filter {n,n,...,i,n} to the estimate in Figure 10.5 we
obtain the still smoother spectral density estimate shown in Figure 10.6.
The weight function resulting from successive application of the three filters
is shown in the inset of Figure 10.6. Its weights (multipliedby 231) are
{1,3,6, 9, 12, 15, 18, 20, 21, 21, 21, 20, 18, 15, 12, 9, 6, 3, 1}. Except for the peak at
frequency oss, the estimate in Figure 10.6 has the same general form as the
true spectral density. We shall see in Section 5 that the errors are in fact not
large compared with their approximate standard deviations.

EXAMPLE 10.4.3 (The Wölfer Sunspot Numbers). The periodogram for the
Wölfer sunspot numbers of Example 1.1.5 is shown in Figure 10.7. Inspecting
this graph we notice one main peak at frequency mio = 2ñ(.1) (correspond-
ing to a ten-year cycle) and a possible secondary peak at o = o,2. In Figure
10.8, the periodogram has been smoothed using the weight function W,(0) =

W,,(1) = W,(2) = n,W,,(3) = n and W,,(4) = h, which is obtained by succes-
sive application of the two filters {¼,¼,i}and {¼,¼,¼,¼,¼,¼,¼}to the periodo-

gram. In Section 10.6 we shall examine some alternative spectral density
estimates for the Wölfer sunspot numbers.

Lag Window Estimators. The spectral density f is often estimated by a function
of the form,

f (m)= (2ñ)¯ L w(h/r)ý(h)e¯ihm, (10.4.8)

where ý(·)is the sample autocovariance function and w(x) is an even, piecewise
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Figure 10.3. The periodogram I160(2ñc), O < c 5 0.5, of the simulated MA(1) series of
Example 10.4.2.
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Figure 10.4. The spectral estimate f (2xc),0 sc i 0.5, of Example 10.4.2, obtained
with the weights {¼,¼,¼}.
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O 7 -

O 6
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O 2 -

O.1 -

O O.1 0.2 0.3 0.4 O 5

Figure 10.5. The spectral estimate f(2xc),O< c < 0.5, of Example 10.4.2, obtained
with the inset weight function.

0.9

08-

07-

06-

03-

02-

01-

1

O O.1 0.2 0.3 0.4 0.5

Figure 10.6. The spectral estimate f(2xc),0 scs 0.5, of Example 10.4.2, obtained
with the inset weight function.
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Figure 10.7. The periodogram I,co(2xc), O < c <; 0.5, of the Wälfer sunspot numbers.

2.2-

2-

1.8-

1.6-

0.8-

0.6-

O.4-

O.2-

O O.1 0.2 0.3 O.4 O.5

Figure 10.8. The spectral estimate f(2xc),O < c <; 0.5, of the Wölfer sunspot numbers,
obtained with the same weight function as Figure 10.5.
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continuous function of x satisfying the conditions,

w(0) = 1,

|w(x)|5 1, for all x,

and

w(x) = 0, for |x| > 1.

The function w(·) is called the lag window, and the corresponding estimator
is called the lag window spectral density estimator. By setting w(x) = 1,

x á l, and r = n, we obtain 2ñÂ(o)= I,,(w) for all Fourier frequencies o =

w ¢ 0. However if we assume that r = r,, is a function of n such that r - oo
and r/n - 0 as n a oo, then Åis a sum of (2r+ 1) terms, each with a variance
which is O(n ). If {r,,}satisfies these conditions and {X,} satisfies the con-
ditions of Theorem 10.4.1, then it can be shown that ft(w) is in fact a mean-
square consistent estimator of f(w).

Although the estimator fL(w) and the discrete spectral average estimator

f(w)defined by (10.4.1)appear to be quite different, it is possible to approxi-
mate a given lag window estimator by a corresponding average of periodogram
ordinates. In order to do this define a spectral window,

W(o) = (2ñ)¯ L w(h/r)e-iho, (10.4.9)
h|5r

and an extension of the periodogram,

Î (o) = ý(h)e-iho
|h <n

Then Ï,,coincides with the periodogram I,, at the non-zero Fourier frequencies
2ñj/n and moreover,

ý(h)= (2x) eihaÏ,,(A)dl.

Substituting this expression into (10.4.8)we get

Partitioning the interval [ -ñ, ]at the Fourier frequencies and replacing the
last integral by the corresponding Riemann sum, we obtain
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Â(w)~ (2x)¯* i W(wy)T,(o+ wy)2ñ/n
|j|¾[n/2)

~ (2x)¯ L W(my)I,,(g(n,w) + oy)2ñ/n.
|j|K[n/2]

Thus we have approximated Â(w)by a discrete spectral average with weights

W,,(j) = 2x W(my)/n, |jl _< [n/2]. (10.4.10)
(Notice that the approximating spectral average does not necessarily satisfy
the constraints (10.4.2)-(10.4.5)imposed earlier.)

From (10.4.10)we have

i W,,2(j) = (2ñ)2 i W2 H2

|j|5 [n/2] |J| f [n/2]

2ñ "

~ - W2(w)do
n

1
= - i w2(h/r) (by(10.4.9))

T
1

- w2(x)dx.
U -1

Although the approximating spectral average does not satisfy the conditions
of Theorem 10.4.1, the conclusion of the theorem suggests that as n

-+

o,
'

1

2f2 2(x)dx ifo=0orx,
n

-1

- Var(Â(w))a < (10.4.11)
r 1

f2(W) W2(x)dx if0<w<ñ.
-1

If {X,} satisfies the conditions of Theorem 10.4.1 and if {r,,}satisfies the
conditions r,, e oo and rs/n -> 0 as no oo, then (10.4.11)is in fact true and

EÊ(w)- f(w)for 0 sws x. Proofs of these results and further discussion of

$(o)can be found in the books of Anderson (1971),Brillinger (1981)and
Hannan (1970).

Examples. We conclude this section by listing some commonly used lag
windows and the corresponding spectral windows W(·) as defined by (10.4.9).
EXAMPLE 1 (The Rectangular or Truncated Window). This window has the
form

flif|x)51,
w(x) =

.

O otherwise,

and the corresponding spectral window is given by the Dirichlet kernel (see
Figure 2.2),
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sin((r + ¼)o)W(w) = (2ñ)¯ (10.4.12)sin(m/2)

Observe that W(w) is negative for certain values of w. This may lead to
negative estimates of the spectral density at certain frequencies. From (10.4.11)
we have, as n

-+

oo,

2rVar(Â(w))~-f2(w)for0<w<ñ.
n

EXAMPLE 2 (The Bartlett or Triangular Window). In this case

f1 - |x if |x < 1,
w(x) =

0 if |x| > 1,

and the corresponding spectral window is given by the Fejer kernel (seeFigure
2.3),

sin2(ro/2)
W(w) = (2xr)¯ .

sin2(w/2)

Since W(w) ;> 0, this window always gives non-negative spectral density esti-
mates. Moreover, as nw œ,

r 2r
Var(Â(w))~ -f 2(w) w2(x)dx = - f2(w), 0 < w < ñ.

n _1 3n

The asymptotic variance is thus smaller than that of the rectangular lag
window estimator using the same sequence {r,,}.
EXAMPLE 3 (The Daniell Window). From (10.4.10)we see that the spectral
window,

fr/2x, |w| <; x/r,
W(o) =

0, otherwise,

corresponds to the discrete spectral average estimator with weights

W,,(j)=(2m+1)-i, |j|<m=[n/2r].
From (10.4.9)we find that the lag window corresponding to W(w) is

w(h/r) = W(w)eihodo = x¯ (r/h)sin(xh/r),

i.e.

w(x) = sin(ñx)/(xx), - 1 <; x < 1.

The corresponding lag window estimator has asymptotic variance

Var(Å(m))~ rf2(o)/n, 0 < w < ñ.
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EXAMPLE 4 (The Blackman-Tukey Window). This lag window has the general
form

1-2a+2acosx, x|<1,
w(x) =

0, otherwise,

with corresponding spectral window,

W(w) = aD,(o - x/r) + (1- 2a)D,(w) + aD,(w +ñ/r),

where D, is the Dirichlet kernel, (10.4.12).The asymptotic variance of the
corresponding density estimator is

Var(Â(w))~ 2r(1 - 4a + 6a2 2(o)/n, O < o <n.

The Blackman-Tukey windows with a =

.23

and a =
.25

are often referred
to as the Tukey-Hamming and Tukey-Hanning windows respectively.

EXAMPLE 5 (The Parzen Window). This lag window is defined to be

1 - 6 x
2 + 6|x 3, |x| < ¼,

w(x) = 2(1 - |x|)3, ¼< |x| < 1,
0, otherwise,

with approximate spectral window,

6 sin*(ro/4)
W(w) =

r3 sin*(m/2)

The asymptotic variance of the spectral density estimator is

Var(Â(w))~

.539rf2(w)/n,

O < w < ñ.

Comparison of Lag-Window Estimators. Lag-window estimators may be com-
pared by examining the spectral windows when the values of r for the different
estimators are chosen in such a way that the estimators have the same asymp-
totic variance. Thus to compare the Bartlett and Daniell estimators we plot
the spectral windows

W,(w) = (2xr)" sin2(To ) (Sin2(w/2)) and W'(w) = r'/(2ñ), |w
_< x|r',

(10.4.13)
where r' = 2r/3. Inspection of the graphs (Problem 10.18) reveals that the mass
of the window W, is spread over a broader frequency interval and has
secondary peaks or

"side-lobes"

at some distance from the centre. This means
that the Bartlett estimator with the same asymptotic variance as the Daniell
estimator is liable (dependingon the spectral density being estimated) to
exhibit greater bias. For other factors affecting the choice of an appropriate
lag window, see Priestley (1981).

The width of the rectangular spectral window which leads to the same
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asymptotic variance as a given lag-window estimator is sometimes called the
bandwidth of the given estimator. For example the Bartlett estimator with

parameter r has bandwidth 2ñ/r' = 3x/r.

§10.5Confidence Intervals for the Spectrum

In this section we provide two approximations to the distribution of the
discrete spectral average estimator f(o)from which confidence intervals for
the spectral density f(w) can be constructed. Assume that (X,} satisfies
the conditions of Theorem 10.4.1 (i.e.X, = _,¢,Z,_

,il¢||jll/2

{Z,} ~ IID(0, o.2) and EZ,' < o) and that fis the discrete spectral average

Î(or)= (2x)¯ L W,(k)I,(og + og). (10.5.1)
|k|<m

The X2 /ÌppfOximation. By Theorem 10.3.2, the random variables I,(w; + og)
(ñf(o,+ og)),

-j<

k < n/2 - j, are approximately independent and distri-
buted as chi-squared with 2 degrees of freedom. This suggests approximating
the distribution of f(og)by the distribution of the corresponding linear
combination of independent and identically distributed X2(2)random variables.
However, as advocated by Tukey (1949),this distribution may in turn be
approximated by the distribution of cY, where c is a constant, Y ~ X2(v)and
c and v are found by the method of moments, i.e. by setting the mean and
variance of cY equal to the asymptotic mean and variance of f(og).This
procedure gives the equations

cv = f(o ),
2c2v - W,2(k)f2

k im

from which we find that c = 2(k)f(my)/2 and v = 2/(L|k|fmW,2(k)).
The number v is called the equivalent degrees of freedomof the estimator f.
The distribution of vf(my)/f(og) is thus approximated by the chi-squared
distribution with v degrees of freedom, and the interval

vf(my) vj(my)

2 2 , O < o, < ñ, (10.5.2)

is an approximate 95% confidence interval for f(og).By taking logarithms in
(10.5.2)we obtain the 95% confidence interval

(lnf(my)+1nv-lnX975 j)+Inv-IRXO25

(10.5.3)
0<o,<ñ,

for Inf(w,).This interval, unlike (10.5.2)has the same width for each wE (0,x).
In Figure 10.9, we have plotted the confidence intervals (10.5.3)for the data
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Figure 10.9. 95°/o confidence intervals for ln(2xf(2xc)) based on the spectral estimates
of Figure 10.6 and a X2 3ppfOximation. The true function is also shown.

of Example 10.4.2 using the spectral estimate displayed in Figure 10.6. Using
the weights specified in Example 10.4.2 we find that Lyy,W,2(k) =

.07052

and v = 28.36 so that (10.5.3)reduces to the interval

C = (lnf(og)-
.450,

ln f(og)+
.617).

(10.5.4)
Notice that this is a confidence interval for ln f(w;)only, and the intervals
{C , 0 < o, < x} are not to be interpreted as simultaneous 95% confidence
intervals for {lnf(my),0< wy < ñ}. The probability that C contains In f(og)
for all oE (0,ñ) is less than

.95.

However we would expect the intervals C to
include ln f(w;)for approximately 95% of the frequencies w E(0, x). As can be
seen in Figure 10.9, the true log spectral density lies well within the confidence
interval (10.5.4)for all frequencies.

The Normal Approximation. There are two intuitive justificationsfor making
a normal approximation to the distribution of f(my).The first is that if the
equivalent number of degrees of freedom v is large (i.e.if1|k|5m 2(k) is small)
and if Y is distributed as X2(v), then the distribution of cY can be well
approximated by a normal distribution with mean cv = f(my)and variance
2c2v - iggis. 2(k)f2(w;), 0 < wy < z. The second is that we may approxi-
mate f(og)for n large by a sum of (2m+ 1) independent random variables,
which by the Lindeberg condition, is AN(f(w;), k]EmW,2(k)f2(o)). Both
points of view lead to the approximation N( f(w;), 2(k) f 2(w;)) for the
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Figure 10.10. 95°/oconfidence intervals for ln(2xf(2xc)) based on the spectral estimates
of Figure 10.6 and a normal approximation. The true function is also shown.

distribution of f(w;).Using this approximation we obtain the approximate
95% confidence bounds,

( )1/2f(wÿ)± 1.96 i W,,2(k) f(og),
|k|¾m

for f(og).Since the width of the confidence interval depends on f(my),it
is customary to construct a confidence interval for ln f(og). The normal
approximation to f(og)implies that lnf(og) is AN(lnf(o),ilkismW,2(k))
by Proposition 6.4.1. Approximate 95% confidence bounds for ln f(o,) are
therefore given by

)1/2ln f(w;)± 1.96 i W,,2(k) . (10.5.5)
|k|<;m

For the spectral estimate shown in Figure 10.6, we have L|k|fmW,2(k) =

.07052,

so that the bounds (10.5.5)become

ln f(my)±
.520.

(10.5.6)
These bounds are plotted in Figure 10.10. The width of the intervals (10.5.4)
based on the X2 appfOximation is very close to the width of the intervals
(10.5.6)based on the normal approximation. However the normal intervals
are centered at lnf(og)and are therefore located below the X2 inteTVaÌS. This
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can be seen in Figure 10.10 where the spectral density barely touches the upper
limit of the confidence interval. For values of v ;> 20, there is very little
difference between the two approximations.

§10.6Autoregressive, Maximum Entropy, Moving
Average and Maximum Likelihood ARMA
Spectral Estimators

The mth Order autoregressive estimator f,,(o)of the spectral density of a
stationary time series {X,} is the spectral density of the autoregressive process
{ }defined by

- Ômi-1 - Ômm-m = Z,, {Z,} ~ WN(0, ô,), (10.6.1)
where ¢, = (Ômi,· -, Ômm)'and û, are the Yule-Walker estimators defined by
(8.2.2)and (8.2.3).These estimators can easily be computed recursively using
Proposition 8.2.1. Then y,(h) = ý(h),h = 0, ±1, ..., ±m, (seeSection 8.1) and

f,,,(o) = 1 - ¢.ge¯'" -
···

- ¢,,e¯'""
-2.

(10.6.2)2x

The choice of m for which the approximating AR(m) process
"best"

represents
the data can be made by minimizing AICC(*,) as defined by (9.3.4).
Alternatively the CAT statistic of Parzen (1974)can be minimized. This
quantity is defined for m = 1, 2, ..., by

CAT(m) = n¯ - 0,¯ ,

j=1

and for m = 0 by

CAT(0) =
-1

- n ,

where

õÿ:= (1 - m/n)-i û,/ûo, j = 1, 2, ... .

We shall use AICC for choosing m.
The mth Order autoregressive estimator f,(w)defined by (10.6.2)is the same

as the maximum entropy estimator, i.e. the spectral density fwhichmaximizes
the entropy,

E = Ing(A)dk

over the class of all densities q which satisfy the constraints,
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eiAhg(A)dA=ý(h), h= 0, ±1,..., ±m. (10.6.3)

To show this, let {I¾} be any zero-mean stationary process with spectral
density g satisfying (10.6.3),and let P-

_
. Then by

Kolmogorov's formula (5.8.1),

E(I¾,1 -
1)2 = 2ñexp lng(A)dA .

Now for any sequence ai, ..., amE Ñ,

2xexp lng(A)dk <; E - a

m 2

j=1

where { } is the AR(m) process (10.6.1),since { } and {FY} both have
autocovariances ý(j), 0 sjs m. Setting ar = Ômi,j = 1, ..., m, in the last
expression and using Kolmogorov's formula for the process { },we obtain
the inequality

2ñexp lng(A)dl <; 2xexp ln f^,,(1)dA ,

as required. The idea of maximum entropy spectral estimation is due to Burg
(1967).Burg's estimates Ômi,--·, Ômmin (10.6.1)are however a little different
from the Yule-Walker estimates.

The periodogram and the non-parametric window estimators discussed
in Section 10.4 are usually less regular in appearance than autoregressive
estimators. The non-parametric estimates are valuable for detecting strict
periodicities in the data (Section 10.2) and for revealing features of the data
which may be smoothed out by autoregressive estimation. The autoregressive
procedure however has a much more clearly defined criterion for selecting m
than the corresponding criteria to be considered in the selection of a spectral
window. In estimating a spectral density it is wise to examine both types
of density estimator. Parzen (1978)has also suggested that the cumulative
periodogram should be compared with the autoregressive estimate of the
spectral distribution function as an aid to autoregressive model selection in
the time domain.

In the definition (10.6.2)it is natural to consider replacing the Yule-Walker
estimates Ômand û, by the corresponding maximum likelihood estimates, with
m again chosen to minimize the AICC value. In fact there is no need to restrict
attention to autoregressive models, although these are convenient since Ômis
asymptotically efficient for an AR(m) process and can be computed very
rapidly using Proposition 8.2.1. However there are processes, e.g. a first order
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moving average with 6, ~ 1, for which autoregressive spectral estimation
performs poorly (seeExample 10.6.2). To deal with cases of this kind we can
use the estimate suggested by Akaike (1974),i.e.

f(o)=

â2 + e¯' + ··· + 0,e
, (10.6.4)2x 1-¢ie, -···-Ôpe¯

where * = (Ôi,...,j,)',Ô= (Ôx,...,Ô,)'and â2 are maximum likelihood esti-
mates of an ARMA(p,q) process fitted to the data, with p and q chosen using

the AICC. We shall refer to the function f as the maximum likelihood ARMA
(or MLARMA) spectral density estimate.

A simpler but less efficient estimator than (10.6.4)which is particularly
useful for processes whose MA(oo) representation has rapidly decaying
coefficients is the moving average estimator (Brockwell and Davis 1988(a))
given by

Ôm(w)= -" 1 + Ô,,e¯'" + · + Ô,,e¯'" |2, (10.6.5)2x

where Ô, = (Ô,1,...,Ômm)'and û, are the innovation estimates discussed in
Section 8.3. Like the autoregressive estimator (10.6.2),g.(w)can be calculated
very rapidly. The choice of m can again be made by minimizing the AICC
value. As is the case for the autoregressive estimator, there are processes for
which the moving average estimator performs poorly (e.g.an AR(1) process
with ¢i ~ 1).The advantage of both estimators over the ML ARMA estimator

(10.6.4)is the substantial reduction in computation time. Moreover, under
specified conditions on the growth of m with n, the asymptotic distributions
of the mth Order autoregressive and moving average spectral density estimators

can be determined for a large class of linear processes (seeBerk (1974)and
Brockwell and Davis (1988(a)).

EXAMPLE 10.6.1 (The Wölfer Sunspot Numbers). For the Wölfer sunspot
numbers of Example 10.4.3, the minimum AICC model for the mean-
corrected data was found to be,

X, - 1.475X, + .937X,
_ 2

- .218X,
_ 3 + .134X, 9

= Z,, (10.6.6)
with {Z,} ~ WN(0, 197.06) and AICC = 826.25.

The rescaled periodogram (2x) Iioo(2ñcy), c) = 1/100, 2/100, ..., 50/100,
and the MLARMA estimator, f(2ñc),0 _<

c <;
.50,

i.e. the spectral density of
the process (10.6.6),are shown in Figure 10.11.

Figure 10.12 shows the autoregressive estimators f3(2ñc)(with
AICC = 836.97) and fs(2ñc) (withAICC = 839.54). The estimator fs(2ñc)
has the smallest AICC value. The estimator fs(2xc)which corresponds to
the second smallest local minimum and fourth smallest overall AICC value,
has a more sharply defined peak (likethe periodogram) at frequency wio.
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Figure 10.11. (a) The rescaled periodogram (2x) lioo(2ñc), O < c < 0.5, and (b) the
maximum likelihood ARMA estimate f(2xc), for the Wölfer sunspot numbers,

Example 10.6.l.
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Figure 10.12. The autoregressive spectral density estimates (a) 3(2xc) and (b) s(2ñc)

for the Wölfer sunspot numbers.
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Figure 10.13. The moving average spectral density estimate gia(2ñc)for the Wölfer
sunspot numbers.

Observe that there is a close resemblance between fs(2ñc)and the non-
parametric estimate of Figure 10.8.

The moving average estimator with smallest AICC value (848.99)is
ÿis(2ñc)shown in Figure 10.13.

EXAMPLE 10.6.2 (MA(1)). A series of400 observations was generated using the
model

X, = Z, + Z,_i, {Z,} ~ WN(0,1). (10.6.7)
The spectral density of the process,

f(2xc)= |1 + e-i2nc 2/(2x), O< c <; 0.50,

and the rescaled periodogram (2ñ) Ī4oo(2ñcy), c, = 1/400, 2/400, ..., 200/400,
of the data are shown in Figure 10.14. The data were mean-corrected.

Figure 10.15 shows the autoregressive estimator f,(2ñc) with (AICC =

1162.66) and the moving average estimator âg(2xc)(withAICC = 1152.06).
Maximum likelihood estimation gives the minimum AICC ARMA model,

X, -

.116

= Z, + 1.000Z,
_ 2, {Z,} ~ WN(0,

.980),

(10.6.8)
with AICC = 1137.72. The MLARMA estimator of the spectral density is
therefore f(2xc) =

.980

f(2ñc),showing that f and f are almost indistin-
guishable in this example.
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Figure 10.14. (a) The spectral density f(2xc)and (b) the rescaled periodogram of
the realization {X,,...,X4eo} of the process X,=Z,+Z,_,, {Z,}~WN(0,1), of
Example 10.6.2.
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Figure 10.15. (a) The autoregressive spectral estimate js(2xc)and (b) the moving
average estimate ÿs(2xc)for the data of Example 10.6.2.
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§10.7The Fast Fourier Transform (FFT)
Algorithm

A major factor in the rapid development of spectral analysis in the past twenty
years has been the availability of a very fast technique for computing the
discrete Fourier transform (andhence the periodogram) of long series. The
algorithm which makes this possible, the FFT algorithm, was developed by
Cooley and Tukey (1965)and Gentleman and Sande (1966),although some
of the underlying ideas can be traced back to the beginning of this century
(Cooley et al., 1967).

We first illustrate the use of the algorithm by examining the computational
savings achieved when the number of observations n can be factorized as

n = rs. (10.7.1)
(The computational speed is increased still more if either r or s can be
factorized.) Instead of computing the transform as defined by (10.1.7),i.e.

a, = n 12 i x,C*/, je F,,
t=1

we shall compute the closely related transform,
n-1

by = 1 x,,, e¯2"'A'7", 0 Kjsn - 1. (10.7.2)
t=o

Then, by straightforward algebra,

fn¯ 724e¯'
, 0 gj i [n/2],

a. = (10.7.3)'
n 12bjene'">, -[(n-1)/2]Ejs-1.

Under the assumption (10.7.1),each te [0,n - 1] has a unique representation,

t = ru + v, ue {0,...,s- 1}, ve {0,...,r-
1}.

Hence (10.7.2)can be rewritten as,
r-1 s-1

b, = 1 i x,,,,,iexp[-2ñij(ru + v)/n]
v=o u=o

r-1 s-1
= 1 exp(-2xijv/n) i x,,,,,, exp(-2xiju/s),

v=0 u=0

1.e.

r-1

b, = 1 exp(-2ñijv/n)by,,, 0 gjsn - 1, (10.7.4)
v=O

where {by,,,0gjgs - 1} is the Fourier transform,
s-1

by,, = 1 x,,,,,, exp(-2xiju/s). (10.7.5)
u=o
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If we now define an
"operation"

to consist of the three steps, the computation
of a term exp(-2ñiju/k), a complex multiplication and a complex addition,
then for each v the calculation of {¾,,,,0gjgs - 1} requires a total of

Ns=s2

operations. Since

hus,,,= 4,,, l = 0, 1, 2, ...,

it suffices to calculate {¾,,,,0gjds - 1} in order to determine {¾,,,,0sjs
n - 1}. A total of rN, = rs2 operations is therefore required to determine
{¾,,,,0Ev á r - 1,0 <; j á n - 1}. The calculation of {¾,0g j¾ n - 1}
from (10.7.4)then requires another nr operations, giving a total of

rN, + nr = n(r + s) (10.7.6)
operations altogether for the computation of {¾,0 gj á n - 1}. This repre-
sents a substantial savings over the n2 operations required to compute {¾}
directly from (10.7.2).

If now s can be factorized as S = SIS2, then the number of operations N,
required to compute the Fourier transform (10.7.5)can be reduced by applying
the technique of the preceding paragraph, replacing n by s, r by si and s by
s2. From (10.7.6)we see that N, is then reduced from S2 tO

N,' = s(si + s2). (10.7.7)
Replacing N, in (10.7.6)by its reduced value N', we find that {¾,0 gj á n - 1}

can now be calculated with

rs(si + s2) + nr - n(r + si + s2) (10.7.8)
operations.

The argument of the preceding paragraph is easily generalized to show
that if n has the prime factors pi, ..., pg, then the number of operations

can be reduced to n(pi + p2 Ëk). In particular if n = 22, then the
number of operations can be reduced to 2n log2 n. The savings in computer
time is particularly important for very large n. For the sake of improved
computational speed, a small number of dummy observations (equalto the
sample mean) is sometimes appended to the data in order to make n highly
composite. A small number of observations may also be deleted for the same
reason. If n is very large, the resulting periodogram will not be noticeably
different from that of the original data, although the Fourier frequencies
{wy,je F,,} will be slightly different. An excellent discussion of the FFT
algorithm can be found in the book of Bloomfield (1976).

We conclude this section by showing how the sample autocovariance
function of a time series can be calculated by making two applications of the
FFT algorithm. Let ý(k),|k| < n, denote the sample autocovariance function
of {Xi,...,X,,}. We first augment the series to Y = (Yi,..., Y2n-i)', where

Y = X, - Ž,,, t <; n,
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and
Y=0, t>n.

The discrete Fourier transform of Y is then
2n-1

a, = (2n- 1) 12 i Ye¯"*J, &= 2xj/(2n - 1), jeF2n-1, (10.7.9)
t=1

where F2n-1 = (JEZ : -ñ < &<; x}, and the periodogram of Y is (byProp-
osition 10.1.2 and the fact that 2,91 Ȳ, = 0)

12n-1 j
Y(k)e¯'**J

|k <2n-1

n
= 1 ý(k)e-ikA;

2n - 1 |k <n

Multiplying each side by e'"** and summing over jeF2,_i, we get

ý(m)= n¯ |aj|2e'"*J. (10.7.10)
jEF2,_t

The autocovariances ý(k)can thus be computed by taking the two Fourier
transforms (10.7.9)and (10.7.10),and using the FFT algorithm in each case.
For large n the number of operations required is substantially less than the
number of multiplications and additions (oforder n2) required to compute
ý(k),|k| < n, from the definition. The fast Fourier transform technique is
particularly advantageous for long series, but significant savings can be
achieved even for series of length one or two hundred.

§10.8*Derivation of the Asymptotic Behavior
of the Maximum Likelihood and Least
Squares Estimators of the Coefficients
of an ARMA Process

In order to derive the asymptotic properties of the maximum likelihood
estimator, it will be convenient to introduce the concept of almost sure
convergence.

Definition 10.8.1 (Almost Sure Convergence). A sequence of random variables
{X,} is said to converge to the random variable X almost surely or with
probability one if

P(X, converges to X) = 1.

It is implicit that X, Xx, X2, ... are all defined on the same probability space.
Almost sure convergence of {X,} to X will be written as X, - X a.s.

Remark 1. If X, --+ X a.s. then X, S X. To see this, note that for any e > 0,
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1 = P(X, converges to X)

n=1 k=n

=limP {X,-X <e}

no k=n

<; lim inf P( X, - X <_ e).
n-*oo

P
The converse is not true, although if X, eX there exists a subsequence
{X,,} of {X,} such that X, X a.s. (seeBillingsley (1986)).

Remark 2. For the two-sided moving average process

X,= 2 ¢,Z,_;, {Z,}~IID(0,«2

with 1;|¢ | < oo, it can be shown that for he {0,±1,...},
n-|h|

ý(h)= n (X, - Ž,)(X,,, - Ï,) - y(h) a.s.
t=1

and
n-|h|

ÿ(h):=n¯ L X,X,,ysy(h) a.s. (10.8.1)
t=1

The proofs of these results are similar to the corresponding proofs of conver-
gence in probability given in Section 7.3 with the strong law of large numbers
replacing the weak law.

Strong Consistency of the Estimators

Let {X,} be the causal invertible ARMA(p, q) process,

X, - ¢¡X,_, -
···

- ¢,X,_, = Z, + 8; Z,_, + ··· + 8,Z, ,

(10.8.2)(Z,} ~ IID(0, «2

where¢(z)and 6(z)havenocommonzeroes.Let ß = (¢,,...,¢,,02,...,84)'and
denote by C the parameter set, C = {ßE

RP**: ¢(z)0(z)¢ 0 for |z| <; 1, ¢, ¢ 0,
8, ¢ 0, and ¢(·),Ð(·) have no common zeroes}.

Remark 3. Notice that ßcan be expressed as a continuous function ß(ai,..., a,,
by,..., b,) of the zeroes ai, ..., a, of ¢(·)and bi, ..., b, of 8(·). The parameter
set C is therefore the image under ß of the set {(ai,...,ap,bi,...,b,): a;\ > 1,
b > 1 and a, ¢ by,i = 1,..., p, j = 1,...,q}.

The spectral density f(1;ß)of {X,} can be written in the form,
«2

f(A; ß) = -g(A; ß),2x
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where

|8(e- 2

g(A;ß) =

|¢(e ")|2
. (10.8.3)

Proposition 10.8.1. Let ßebe a fixedvector in C. Then
* g(X;ße)(2ñ) I di > 1

g(l; ß)
for all ßEC such that ß ¢ ße(Ödenotes the closure of the set C).

PROOF. If {X,} is an ARMA(p,q) process with coefTicient vector ßeand white
noise variance og, then we can write

X,= Bo(B)¢¯ (B)Z,, {Z,} ~ WN(0,ag),

where ¢o(B) and Bo(B)are the autoregressive and moving average polynomials
with coefficients determined by ße.Now suppose that ß = (‡',0')' E C,and ß ¢

o. If ¢(z)/0(z)|is unbounded on zj i 1 then

and the result follows. So suppose |¢(z)/0(z)|is bounded on z| 5 1 and
consider the one-step predictor

-2)°

i njX,_; of X, where ñ(z) =

1 + 1)°i nyzi = ¢(z)0 (̄z).Since ß / ße, the mean squared error of this
predictor is greater than that of the best linear one-step predictor, and hence

œ 2 2
og < E X, + 1 x X,-, = E 0 (B)¢(B)X, .

j=1

But the spectral density of 0¯ (B)¢(B)X, is (og/2ñ)[g(X; ßo)/g(l;ß)]and hence

ai < Var(8 (B)¢(B)X,) = - dA,
2x _, g(l; ß)

which establishes the proposition. O

The Gaussian likelihood of the vector of observations X,, = (X,,...,X,,)' is
given by

L(ß, o 2) = (2ña2)¯n/2 -1/2
exp X' G¯ (ß)X,, ,

where G,,(ß) = o
¯2 F,(ß) and F,,(ß) is the covariance matrix of X,,. From Section

8.7, the maximum likelihood estimator Ôis the value of ßin C which minimizes

l(ß) = ln(X',,G,,¯ (ß)X,,/n) + n¯ ln det(G,,(ß)). (10.8.4)
The least squares estimator ß is found by minimizing

õ|(ß) = n¯ X' G,,¯ (ß)X,, (10.8.5)
with respect to ße C. A third estimator li,is found by minimizing
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dj(ß) = n¯* EI,(w;)/g(w;; ß) (10.8.6)
J

with respect to ße C, where I,(·) is the periodogram of {Xi,...,X,} and the
sum is taken over all frequencies o, = 2ñj/n E (- a, ñ]. We shall show that the
three estimators, ß,ß and ß have the same limit distribution. The argument
follows Hannan (1973).See also Whittle (1962),Walker (1964)and Dunsmuir
and Hannan (1976).

In the following propositions, assume that {X,} is the ARMA process
defined by (10.8.2)with parameter values ßeeC and og > 0.

Proposition 10.8.2. For ever y ßE C,
«$ " g(A;ßo)(ß)- - dl a.s. (10.8.7)2x _, g(A;ß)

Moreover for every õ > 0, defining gs(A;ß) = (|B(e¯'*)|2 -iA 2

n i - - di (10.8.8)
, gs(my; ß) 2ñ _, g,(A;ß)

uniformly in ßeÜalmost surely.

PROOF. We shall only prove (10.8.8)since the proof of (10.8.7)is similar.
Let q.(A; 0) be the Cesaro mean of the first m Fourier approximations to
gs(A;ß)¯*,given by

m-1

q,(l; ß) = m¯* i i bye¯'
j=0 |kWj

= 1 1 - bk -ikA

|k <m M

where bk = (2ñ)~1J'_,e'*^(gs(à ßn¯*dl. By the non-negative definiteness of

{bg},q,(A; ß) ;> 0. As a function of (1,ß),(ge(A;ß)) is uniformly continuous
on the set [-a, ñ] x C. It therefore follows easily from the proof of Theorem
2.11.1 that q,(1; ß)converges uniformly to (ge(A;ß))¯on [-ñ,ñ] × Üand in
particular that for any e > 0, there exists an m such that

for all (A,ß)e [-x, ñ] × C. We can therefore write, for all ß e C,
(I(w)

n - n ¯ I i I,(o g)q,(w;; ß)

= n¯ i I,(my)((ga(oj; 0)) '
- 9.(oj; ß)) (10.8.9)

J
<; en I,(w;)

= eÿ(0)

where the last equality follows from (10.1.9).
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Nowforn>m,

n i LI,(w;)q,(o ; ß)
j

|k |
= n¯* i i ÿ(h)e¯imyhi 1 - - bye'">*

j |h|<n |k|<m N

= 1 i ÿ(h) 1 - b n¯ f e-ioj(h-k)
|h|<n |k|<m \ N / \ j /

= 2 ÿ(k) 1 - bk+ 2 i ÿ(n- k) 1 bk• (10.8.10)
kj<m \ U / k=1 \ E /

For k and t fixed, the process {X,,,_g,n = 1,2,...} is strictly stationary and
ergodic (seeHannan, 1970) and by a direct application of the ergodic theorem,
n¯ Xt+n-k -+ 0 a.s. From this it follows that ÿ(n- k) = n¯ ik=iX,Xt+n-k - 0
a.s. for each fixed k. The second term in (10.8.10)therefore converges to zero
a.s. as n -> oo. By Remark 2, the first term converges to fik|<my(k)(1 - (ki/m)b,
and since by is uniformly bounded in ß and k, we have

k
n¯ LI,(og)q.(my; ß)- 2 y(k) 1 - - by (10.8.11)

j |k|<m

uniformly in ße (¯ a.s. Moreover

i y(k) 1 - - by - - dA
|k]<m m 2x -x Ba(A;0)

|k|= 1 1 - - beeik2/(A;00)dl - (gs(l;ß))¯'f(l; ße)dl

Since ÿ(0)- y(0) a.s. we conclude from (10.8.9),(10.8.11)and the above
inequality that

-1 In 1) «$ " g(l; ße)
n 2 ->

- dA
j Ga(oj; ß) 2x , g,(A;ß)

uniformly in ßeC a.s. O

Proposition 10.8.3. There exists an event B with probability one such that for
any sequence {ß,}, ß,eC with ß, -> ß,we have the followingtwo possibilities:

(a) If ße C, then for all outcomes in B,

«$ " g(A;ße)õ2(ß,) -+ - dl. (10.8.12)2ñ , g (1;ß)



380 10. Inference for the Spectrum of a Stationary Process

(b) If ße BC (whereBC is the boundary of the set C), then for all outcomes
in B,

lim inf õe (ß,)> - dl. (10.8.13)
n,

¯ 2ñ _, g(A;ß)
PROOF. (a)Since ße C, inf, g(1; ß)> 0 and sup g(A;ß)< œ. Consequently for
each SE (0,inf; g(l; ß))there exists an N such that

sup |g(A;ß,) - g(A;ß)|< e/2 for n ;> N. (10.8.14)

By Corollary 4.4.2, we can find a polynomial, a(z) = 1 + az z + + a,z",
and a positive constant K, such that a(z) ¢ 0 for |zi < 1, and

inf A,(1) > infg(l; ß)/2> 0, (10.8.15)

where

A,(1) = K, |a(e¯'*)| 2.

Note that K, -+ 1 as s -+ 0. Let H, be the covariance matrix corresponding to
the spectral density (2ñ)¯IA,(1). Then if ye R" and y'y = 1,

y'G,(ß,)y - y'H,y|

n 2

= (2ñ)¯ L yje'J* (g(A; ß,) - A,(A))dl
-n j=1

n 2

5 (2x)¯ i yjeu* ( g(A;ß,) - g(l; ß)|+ |g(A;ß) - A,(A)|)di
-g j=1

x n 2

< s(2ñ)¯ L yjeu* di
-x j=1

= e for n 2 N. (10.8.16)
Now if {Y} is an ARMA process with spectral density (2ñ)¯g(l; ß,,)(andwhite
noise variance l) then by Proposition 4.5.3 the eigenvalues of G,(ß,,) are
bounded below by inf, g(A; ß,) 2 K > 0 for some constant K and all n suffi-
ciently large. The same argument also shows that the eigenvalues of H,, are
bounded below by inf, A,(A) > 0. Thus the eigenvalues of G; (ß,)and H
are all less than a constant C, (independentof e) so that

|n¯ X'(G;I(ß,,)
- H )X,,) = |n¯IX'H¯ (H,, - G,,(ß,,))G¯*(ß,,)X,,|

5 eC12ÿ(0) for n > N. (10.8.17)

We next consider the asymptotic behavior of n X' H X,,.
Let {Y,} be the AR(m) process with spectral density (2x)¯IK,|a(e¯'*)|¯2
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(andwhite noise variance K.). Then by the Gram-Schmidt orthogonalization
process, we can choose õjk, k = 1, ..., j, j = 1, ..., m, so that the random
variables

Wi = ö,1 Yi,

w2=Ô21 1+Ô2229

W.=õ,,Yi +···+ö..Y.,

W,4,=a,Y,+···+a,Y,+Y ,

W,= a,Y, ,+···+ axY,_; + Y.,

are white noise with mean zero and variance Km. Then

W, = T Y,,,

where W, = (W,,..., W,)', Y, = (Yi,..., Y,)' and T is the lower trangular
matrix

011
621 622

T =
mi Om2 mm (10.8.18)

a, a, ,
··· a, 1

am --· a2 61

a. -·· a2 at 1

It follows that TH, T' = KmI, where I is the n × n identity matrix, and hence
that H = (T'T)/(Km). Except for the m2 components in the upper left corner,
and the m2 components in the bottom right corner, the matrix H = [hg]", i

is the same as the matrix Ñ¯*= [Ã¡,] with

hu = r=o (10.8.19)
0 otherwise,

where ao
.= 1. It then follows that

n IX'H X, - n IX,,Ñ X,,

= n¯* (he- Ñg)X;X, + n¯ (he-
Ãa)X X, (10.8.20)

i, j=1 i, j=n-m+1

-> 0 a.s.,

since n¯IX,->0 a.s. and n¯X,,_g0 a.s. by an application of the ergodic
theorem. It is easy to show that for n > m
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I,(o ) m

n IX'Ñ X,-n =2 iÿ(n-k)hos 52C2 ÿ(n-k)|Am(oj) *=1 k=1

(10.8.21)
and

n y
'" -1 1 (o )

; A,(o )
- n i Cin In(my)/A,(o ) g(o

5 Cieÿ(0), (10.8.22)

where C2 1
= (infx0(l;ß)/2)> 0. Combining equations (10.8.17),(10.8.20),

(10.8.21)and (10.8.22),we have
I,(w;)

n¯ X',G (ß,)X,-n¯*i
, g(w;; ß)

5 (Ci + CS)sÿ(0)+ 2C2 i |ÿ(n- k)| + n X',H X, - n¯ X'Ñ;1X,|
k= 1

for all n > N. Now let {ßg}be a dense set in C and let Sedenote the probability
one event where

I,(w;) «g " g(l; ße)
n i - - dl.

; g(w;; ßk) 2ñ , g(A;ße)
The event S = k°°=i Sk RÎSo has probability one and a routine approximation
argument shows that for each outcome in Sn {ÿ(0)-> y(0)},

I,(og) ag " g(1; ße)
n 2 ->

- dl
j g(w;; ß) 2ñ , g(1; ß)

for each ße C. If By denotes the event

B, = ({n*X, m 0} n {n*Xn-k ¯+ 0}) n {ÿ(0)a y(0)} nS
k=1

then P(Bi) = 1 and for each outcome in B2,

lim sup n X' G;I(ß,)X, - - dA E (Cf + Cf)ey(0).
n-oo 2ñ , g(l; ß)

Since Ci and Ci do not depend on e and e is arbitrary, the assertion (10.8.12)
follows for each outcome in B2.

(b) Set ß, = (‡',,0',)' and ß = (*',0')'. Since ß, -> ß, choose 0' such that
8'(z) = 1 + 6'z + ··· + 8 z" ¢ 0 for zs 1 and

sup \|6(e¯'*)2 -iAM2

(If 6(z) ¢ 0 for z| 5 1, take 0 = 0.) With ß, = (‡',,0'')',we have
6'(e ) 2

g(A;ß,) i
|¢,(e )|2

fOr all sufEciently large n.
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By Corollary 4.4.2 there exists a polynomial b(z) = 1 + biz + ··· + bk k and
a positive constant K such that b(z) ¢ 0 for |z| < 1 and

|8'(e¯'*)|2 An2

-ix)

2 + 28 (10.8.23)

foralli.SettingA(A;*)= K|1+axe¯' + +ame¯'"*|¯2 =K|b(e **)-2 y

|¢(e **)| 2 we have

g(l; ß,,)< A(l;¾,,) for all 1 and sufficiently large n.

Define the matrices T, H,, and Ñ I as in the proof of (a)with A,(A) replaced
by A(A;‡,). Since the coefficients in the matrix T are bounded in n, we have
from (10.8.20)and (10.8.21)

n IX', H X,, - n
" 0 a.s. (10.8.24)A(w;;¾,,)

Since A¯I(l;¢,)
= K b(e **)|2 2 ÍS uniformly bounded, we have, by

the argument given in the proof of Proposition 10.8.2 (see(10.8.11)),that

I,,(w;) «$ " g(l; ße)
n 2 -> - di a.s. (10.8.25)

; A(o ;¾,) 2ñ _, A(A;‡)

Also, since g(1;ß,,)< A(1;¢,,) for all large n, the matrix H,, - G,,(ß,,) is non-
negative definite (seeProblem 4.8) and thus the matrix G;i _ H; is also
non-negative definite (seeRao (1973),p. 70). Thus, by (10.8.24),(10.8.25)and
(10.8.23),

liminfn¯ X',,G (ß,,)X,,;>liminfn¯*X'H X,
pg -+ oc 11 00

> - dA
2x _, A(A;ß)
«$ " g(l; ße)¢(e )|2

> . d1 a.s.¯ 2x ,
|BI(e¯'*) 2 + 2e

Letting 0* -> 0, the lower bound becomes

«$ " g(A; ße)|¢(e¯'*)|2di
2ñ _, |8(e¯'*)2 + 2e

and finally, letting e
-> 0 and applying the monotone convergence theorem,

we obtain the desired result, namely

liminfõ,,2(ß,,);>- dl a.s.
n-oo 2ñ , g(A; ß)

As in the proof of (a),we can also find a set B2 such that P(B2) = 1 and for
each outcome in B2,
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lim inf õ|(ß,) > - dA
,, , 2x _, g(A;ß)

for any sequence ß, - ß with ße ßC. O

Proposition 10.8.4. If ße C, then ln(det G,,(ß)) > 0 and

n In(det G,,(ß))- 0

as n -> œ.

PROOF. Suppose { }is an ARMA process with spectral density (2ñ)¯g(A;ß).
Then det G,,(ß) = ro···r,,_;, where r, = E(Y,41 - Ÿ,41)2(See (8.6.7)).Rewriting
the difference equations for (Y,} as Y, + Lj°=1x;Y,_ = Z,, we see from the
definition of Ÿ,,,that

(
o 2

1 = Var(Z,41) = E 4, + 1 ñ, Y
j=1

(
t 2

<r,<E 1+

j=1

o 2
= E Z, 4 1

- i x, Y
j=t+1

=1+E i ñ
j=t+1

< 1 + 1 x;| yy(0).
j=t+1

Since r, ;> 1 and ro > 1, det G,,(ß) = ro··· r > 1, and hence ln(det G,,(ß)) > 0.
Moreover, since (fj°_,,, x,|)2yy(0) -+ 0 as t

-+

oo, it follows that r,
-+ 1, so

by Cesaro convergence,
n-1

0 < n¯I ln(det G,,(ß)) = n¯ L ln ro
t=O

Theorem 10.8.1. Let Šn,ß,,and ),, be the estimators in C which minimize
l(ß) = In(X',,G (ß)X,,/n) + n¯ ln(det G,(ß)), õ|(ß) = n¯ X',,G (ß)X,, and

(ß)= n¯ (1,,(w)/g(w;;ß)),respectively, where {X,} is an ARMA process
with true parameter values ßeeC and ai > 0. Then

(i) ßea.s. and |(0,,)- og a.s.,
(ii) ß, -> ßea.s. and õ|(ß,,) -> ai a.s., and

(iii)$,- ßea.s. and âj($,,) = n¯ X' G,,¯($,,)X,, e
«$

a.s.

PROOF. Let B be the event given in the statement of Proposition 10.8.3. Then
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there exists an event B* cB with probability one such that for each outcome
in B*, (10.8.7)holds with ß = ßoand (10.8.8)is valid for all rational õ > 0. We
shall therefore prove convergence in (iMiii)for each outcome in B*. So for
the remainder of the proof, consider a fixed outcome in B*.

(i) Suppose ß,does not converge to ße.Then_by compactness there exists
a subsequence {ß,}such that ß, a ßwhere ße C and ß ¢ ße.By Proposition
10.8.2, for any rational õ > 0,

I (o )lim inf di,(00k) > lim inf nk- 1

k oo knoo j Ûõ j> na

= - dl.
2ñ _, ga(A;ß)

However by Proposition (10.8.1),

so by taking õ sufficiently small we have

lim inf JJ(j, ) > ai. (10.8.26)
k-woo

On the other hand, by definition of j, and (10.8.7),
limsupöj(0,) i limsupöj(ße)

which contradicts (10.8.26).Thus we must have ), - ße.It now follows quite
easily from Proposition 10.8.2 that öj(0,) - «$.

(ii) As in (i) suppose ß, does not converge to ße. Then there exists a
subsequence {ß,,}such that ßnk e

With ßE C. By Propositions 10.8.3
and 10.8.1

But, by Proposition 10.8.3(a) and the definition of ,,

lim sup õ|(Ö,)i lim sup õ (ße)= «$

which contradicts the above inequality. Therefore we conclude that Šn- ße,
and hence, by Proposition 10.8.3(a), that õ|(Ñ,)o «g.

(iii)Suppose Ô,- ß ¢ ße for some subsequence {Ô,}.Then by Prop-
ositions 10.8.3 and 10.8.4 and the definition of ß,, we obtain the contradiction
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In(«J)< liminfln(õ (ß, B
k o

<; lim inf
l(ÛUk

i Um up (ße)
k œ n-o

= lim sup (n¯ ln(det G,(ße)) + ln õ|(ße))

= In(Jo2).

Thus $,- ßoand õ|(Û,)- aj by Proposition 10.8.3(a). O

Asymptotic Normality of the Estimators

Theorem 10.8.2. Under the assumptions of Theorem 10.8.1,

(i) i is AN(ße, n W (ßo)),
(ii) ß, is AN(ße, n W¯ (ßo)),and

(iii)$,is AN(ße, n¯ W¯ (ßo)),
where

1 " 8 ln g(A;ße) ô ln g(A;ße)
'

W(ße) = - dA.
4ñ _, 8ß ôß

Before proving these results we show the equivalence of the asymptotic
covariance matrix W¯ (ße)and the matrix V(ßo) specified in (8.8.3).In order
to evaluate the (j, k)-component of W(ß) for any given ße C, i.e.

1 " 81n g(A;ß)ô ln g(1; ß)Wk = - dl, (10.8.27)A 4x , ôß 8ß,

we observe that

ln g(A; ß) = ln 8(e¯'*) + ln 8(e'*) - In ¢(e¯**)- In ¢(e'*),
where¢(z) = 1 - ¢,z -··· -¢,z'and 8(z) = 1 + 0,z +··· + 0,ze. Hence

aln g(A;ß)/ô¢,= e ¢¯ (e¯'*)+ eu*¢¯ (e'*)
and

ôlng(A; ß)/88;= e 8¯ (e¯'*)+ eu*B¯ (e'*).
Substituting in (10.8.27)and noting that for j, k ;> 1,

we find that for j, k <; p,

k
-i(j-k)A i(j-k)A iAn-2 dl = E [U,_ i U,_g,1],
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where {U,} is the autoregressive process defined by,

¢(B)U, = N,, {N,} ~ WN(0, 1). (10.8.28)
The same argument shows that for j, k > p + 1,

k
__ -i(j-k)1 i(j-k)1 -ix) -2d1= E[ ],

where {V,} is the autoregressive process defined by,

8(B) = N,, {N,} ~ WN(0, 1). (10.8.29)
Forjdpandk=p+m>p+1,

1 " 8 ln g(A; ß)aIn g(A;ß)
,p+m

4ñ 8¢, 80,

[ei(m-j)x4-1(e¯')8¯*(eia)+ e-i(m-j)xp-1(e' )6¯ (e¯'*)]dl.

If {Z(1), -ñ < 1 i ñ} is the orthogonal increment process associated with the
process {N,} in (10.8.28)and (10.8.29),we can rewrite as

1 ¯ "

6,p+m=- e'**'¯J'¢¯ (e¯'*)dZ(A), e**" ">0¯ (e¯'*)dZ(1)

+ e**('¯">0¯*(e¯'*)dZ(1), e**"¯J'¢ (e '*) dZ(1)

=E[U,_,,, _,,i], 15jsp,15máq,

and by the symmetry of the matrix W(ß),

W,,,,, = E [¾ .41Ut-k+i ], 1 Ems q, 1 sk i p.

The expressions for 6, can be written more succinctly in matrix form as

W(ß) = E[Y,Y,'], (10.8.30)
where Y, = (U,, U,_;, ..., U,_,41, , _,, ...,

_,41)' and {U,} and {V,} are the
autoregressive processes defined by (10.8.28)and (10.8.29)respectively. The
expression (10.8.30)is equivalent to (8.8.3).We now return to the proof of
Theorem 10.8.2, which is broken up into a series of propositions.

Proposition 10.8.5. Suppose I,(·) is the periodogram of {X1,...,X,} and In,z( )
is the periodogram of {Zi,...,Z,}. If 4(·) is any continuous even functionon
[-ñ,ñ] with absolutely summable Fourier coefficients {am,-o

< m< æ},

then

E n¯1/2
n j j ¯ Û j>

OÙn,Z(my)p(w;)) -+ 0 (10.8.31)

as no ao.
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PROOF. From Theorem 10.3.1, I,(og) - g(w,; ße)In,z( ;) = R,(og) where R,(A) =

‡(e¯'*)Jz(A)Y (-1) + ¢(e**)Jz(-1)Y,(A) + |Y,(1) 2 -¿A ko
O k

-iAk

Jz(A)= n
1/2

, Z,e *, Y(4 = n¯ 721,to¢,e "
,, and U.., = g¯ Z,e **'

- 2 i Z,e ' '
= L', , (Z,-r - Zn-r+,)e '**' 0. The proof of Theorem 10.3.1

gives max*kE[0,n]E|R,(og)\ = O(n¯ 72), however this result together with the
bound

E n¯ 721R,(w,)q(my) < nii2 sup q(1)| max E |R,(ogy,
j A oge[0,x]

is not good enough to establish (10.8.31).Therefore a more careful analysis is
required. Consider

n¯1/2 -io
Z j n j

j
oml on

= n-3/2
k lÛmZ,[Z, , - Z,_,,,]e "¯'**

j k=0 l=O r=1 m= -o t=1

Now for k, l, r and m fixed let s = r - m - k mod(n). Then

10ift y-s-1 -ioj(k+m-r+t)
_ -1 -ioj(t-s)

1 if t = s,

which implies that

E n¯I ¢gýa,Z,[Z,_, - Z ,] Le-ioj(k+m-r+t)<; 2 |‡ ¢,a,Wo2
t=1 )

and hence that

E n¯ 721¢(e¯'">)Jz(oj)Yn(-my)v(org) < n¯ 722 ¢,a,| 9 co2
j k=0 l=0 m= -oo

-0

as n
-+

oo. Since E Y,(my)|25 2n «o(14" o|¢ |k|l/2)2(See (10.3.13)),

(oo
2

E n-1/2 Y(wþ24(w;) 5 2n¯ 72co i ‡ k 1/2

j k=0 A

40,

whence

E n¯ 722R,(my)y(og) 40

j

as desired. O

Proposition10.8.6.If y(·) and its Fourier coefficients {a,}satisfy the conditions
of Proposition 10.8.5 and if g , |a, m12 < oo and

,
xy(A)g(ljo)dl = 0,
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then

n I,(wy)q(og) is AN 0,n¯ 42 2 0)dk
.

PROOF. In view of Proposition 10.8.5, it suffices to show that

n In,z( ;)X( ;) is AN 0, n¯ X2(A)dA , (10.8.32)
j \ -n /

where X(A)= q(A)g(A o). Let Xm(A)= |k|5:mbyeiAk, Where bk 2

(22)¯J",e-iklX(A)dl. The assumptions on the Fourier coeflicients of g(A)
together with the geometric decay of yx(h) imply that ik=1|bkik1/2< œ, and

X.(A) ¯* X(A)= Ebk ikA

k

where the convergence is uniform in 1. It also follows from our assumptions
that bo = 0. We next show that for all e > 0,

lim lim sup P n¯I/2 L In,z( ;) (X(oj) - Xm(w)) > e = 0. (10.8.33)

Observe that

n-1/2 n,Z(oj)(X(or) - Xm( j)) = n¯ 72 p-iho bye'**
j j \|h|<n / \|k|>m /

= nl/2 i Ÿz(h)i bkn+h , (10.8.34)
|h <n \kEKh /

whereŸz(h)=n-11 Z,Zt+h|and Kh= {keZ: kn+ h >m}.Fortheh=0
term in (10.8.34),we have

nl/2Ÿz(0)i bkn -< 2Ÿz(0)nl/2 bd
keKo k=n

(10.8.35)
< 2Ÿz(0)i |b k1/2 -> 0 a.s.

k=n

by Remark 2 and the summability of {b,]k1/2}.Moreover, since Eiz(h) = 0 for
h ¢ 0 and EŸz(h)Ÿz(k)= 0 for h ¢ k (seeProblem 6.24), we have

E 2ni/2 i Ÿz(h) i bkn+h = 0
h=1 \kEKh

andforn>m

n nn-h 2

Var 2nl/2 Z(h) i bkn+h = 4nag i 2 kn+h
h=1 keKh h=1 N kEKh

(10.8.36)

( )2< 4cá Llb .

|k|>m

Now (10.8.33)follows at once from (10.8.35)and (10.8.36).
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To complete the proof it is enough to show, by Proposition 6.3.9 and
Problem 6.16, that

n¯ I.,z(or)X.( j) is AN 0, n Xi(A)dA (10.8.37)

and

Xi(A)di --+ X2(A)dA as me oo. (10.8.38)

But since n 12Ÿz(n- k) = n-1/2 =1
IZI+n-k

= Op(Î),Ít fOÎÏOws from Proposi-
tions 6.3.3 and 6.3.4 and Problem 6.24 that

-1/2
n,Z mj)Xm(og) = 2n1/2 Z(k)bk + 2n1/2 Z(n - k)b,

J

= 2ni/2 Ÿz(k)b,+ o,0)
k=1

-> N 0, 4eg bj .

k=1

By Parseval's identity, 4ag g i b = ag/X
x Xi(A)dl, which establishes

(10.8.37).Finally (10.8.38)follows from the uniform convergence öf Xm(A)to

PROOF OF THEOREM 10.8.2. (i)The Taylor-series expansion of ô¯2(ße)/ôß about

ß = ß, can be written as

1/2
2

O 1/2
2

n 1/2
2 -2

n =n -n

-ße)

ap ap ap
82-2

= - n1/2
2 n O

ap
for some ß|E C satisfying | ßl - 0,| < - ßo|| (|| | = Euclidean norm).
Now

2 n j 2

and since ß, --+ ßea.s. by Theorem 10.8.1, the proof given for Proposition 10.8.2
can be used to establish the result,

82 2(g) «o2 x 2 -1

2 99 o)
p 2 dA a.s. (10.8.39)

Since (2ñ)¯g(A;ß)is the spectral density of a causal invertible ARMA process
with white noise variance equal to one, it follows that þ, ln g(X; ß)dl = 0 for
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all ßE C, and hence that

0 = - lng(A;ß)d2

Since the last relation holds also with g replaced by g¯I, it follows from
(10.8.39)that

2
--+ 2cè W(ße).

Consequently it suffices to show that

aÜ2 O is AN(0,n 4cáW(ße)),

or equivalently, by the Cramer-Wold device, that

aë2 Oc' is AN(0, n¯ 4egc'W(ße)c)
ôß

for all cE W**. But

where µ(A)= c' ôg¯ (A;ße)/8ß.Now n'(·)and 4"(·) are also continuous func-
tions on [-x,x], so that by Problem 2.22, the Fourier coefficients of g(·)
satisfy the assumptions of Proposition 10.8.6 and

g(A)g(A;ße)d1= -c' lng(A; ß)dk = c'0 = 0.

Hence, invoking Proposition 10.8.6, we have

n¯ILI,(og)p(my) is AN 0,n¯ 42 ¼2(A;ßo)dA ,

and since (ag/ñ)J',92 24 o)dA=4cc'W(ße)c', the proof of (i) is
complete.

(ii) Expanding 8õ2 0) in a TayÏOr series about the vector ß = ß,, we
have as in the proof of (i),

1/2
2

0 1/2
2 g2 pDn = -n (ß - ße)ap ap2 g

for some ß,eC with ß ßoa.s. By (i)and Proposition 6.3.3, it suffices to show
that
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2-2

- -> 0 (10.8.40)ap2 2

and

n 12 - nl/2 --+ 0 for k = 1, ..., p + q. (10.8.41)

The proofs of (10.8.40)and (10.8.41)follow closely the argument given for the
proof of Proposition 10.8.3. We shall only prove (10.8.41).

Since g(A;ße)and ôg(A;ße)/84 have continuous derivatives of all orders
with respect to Aand since g(l; ße)> 0 and |Bg(A;ße)/841> 0, it follows easily
from Problem 2.22 that

ö(h; ße):= eihA -1(A;00)dl = O(h¯*),

(10.8.42)
8õ(h; ße) 1 "

eihA Û-1(A;Aodl = O(h¯*¾
84 2x _, ôÅ

as h -> œ. Set

q,(1) = 2 ö(h; ße)e¯ihA

|h|<;m

Then

aq,(A) ôõ(h; ße) _ihA= 1 e .

ôÅ |h|<:m k

Equations (10.8.42)ensure that if m = [n I (the integer part of n 16¾

then

sup g (A;ße)- q,(A)| 5 i |õ(h;ße)| = O(n¯©),
A |h|>m

(10.8.43)ôg (1;ße) Sq,(A) ôõ(h; ße)
sup - 5 i = O(n ).

2 DA BA |h(>m k

As in the proof of Theorem 4.4.3, q,(A) may be written as

q,(A) = K,,, a(e¯") |2,
where a(z) = 1 + aiz + ··· + a,z" ¢ 0 for |z| < 1 and K. -+ 1 as m

->

oo. Let
H, be the covariance matrix corresponding to the autoregressive spectral
density (2xqw(A))¯*.We shall show that

n-1/2 X'G,¯*(ße)X,,- I,,(my)q,(w;) 0 (10.8.44)

as no œ, where m = [n l' ]. Once this is accomplished, the result (10.8.41)
follows immediately, since by (10.8.43),



§10.8.*Asymptotic Behavior of the Maximum Likelihood Estimators 393

-1/2 Gm _1/2
-1

j O

5 n-1/2
n

-3/5) = O(n )ÿ(0)= o,(1).

Throughout the remainder of this proof set m = [n1/S.From the proof of
Proposition 10.8.3, the eigenvalues of G (ße)and H are uniformly bounded
in n. Moreover, the eigenvalues of the matrices BG,(ße)/8ß, and ôH,(ße)/8ßk
also uniformly bounded in n since ag(1;ße)/8ß,and ôq, (A)/ôßkare UnifOrmly

bounded (seethe proof of Proposition 4.5.3). It is easy to show from (10.8.43)
that there exists a positive constant K such that for all ye R", (cf.(10.8.17))
|(G;1(ße) - H;1(ße))y|| 5 Kn 3/6 |y||,and

BG,(ße) BH,(ße)
- y 5 Kn |y|.apk k

It then follows from a routine calculation that

n¯ 72 -(XLG;1(ße)X, - X;H X,) < O(n¯Il °)ÿ(0) = o,(1). (10.8.45)

We next compare n-1/28(X;H X,)/ôßk With n-1/28(X;Ñ¯X,)/8ß, where
Ñ is the covariance matrix of an MA(m) process with spectral density
(2x) q,(A) = (2ñK.)¯* **¾2. Now from the proof of Proposition 10.8.3
(see (10.8.19)and (10.8.20)),

8 m an¯1/2-(X H X, - X Ñ¯ X,) = n¯1/2 i -(he -
Ñç)X¿X;

i, j=n-m+1 k

It follows from (10.8.43)that 8(he - Ñg)/8ß,is uniformly bounded in i and j,
and since m = [n ] the above expression is o,(1). By the same reasoning,

n-1/2 XLÑI X, = n¯ 72 I )qm¾j)+ Up

(see(10.8.21)),and with (10.8.45)this establishes (10.8.44)and hence (10.8.41).
(iii)From the Taylor series expansion of l(ße) about ß = ß, (cf.(i)and (ii)),

it suflices to show that as n -+ œ,

82 ln(det G,(ßl)) e
n 2 e 0, (10.8.46)

where ß, - ßea.s., and

ô ln(det G,(ße))n¯1/2 - 0 for k = 1, ..., p + q. (10.8.47)aßk
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We shall only prove (10.8.47)since the argument for (10.8.46)is similar, but
less technical due to the presence of the factor n¯ .

As in the proof of Proposition 10.8.4, if {Y,} is an ARMA process with
spectral density (2ñ)¯*g(A;ß),then det G,,(ß) = ro(ß)··· r,,_,(ß), where r,(ß) =

E( y -
,,)2. Denote the autocovariance function of {Y,} by q(h; ß) and

write the difference equations for { }as

+ ñ,(ß)
;

= Z,, {Z,} ~ IID(0, 1). (10.8.48)
j=1

We have from Corollary 5.1.1,

r,(ß) = g(0; ß)- q'G,¯ (ß)q,,
where q,=(q(1;ß),...,y(t;ß))'. For notational convenience, we shall often
suppress the argument ß when the dependence on ß is clear. From (10.8.48),
we have

q, = -Geno,

where q, = (q(1;ß),q(2;ß),...)',G, = [y(i - j;ß)]P, i and x, = (x(1;ß),
ñ(2; ß),...)'. It then follows that

n, = -G¯*¾

and it is easy to show that G¯ may be written as

G¯ = TT',

where

20(ß) = 1 and ñ,(ß) = 0 for j < 0. We also have from (10.8.48)and the
independence of Z, and { i,

_2,...}, that

n(0;ß) = n' G n, + 1.

Consequently, we may write

r,(ß) = 1 + n' G¯ q, - q'G,¯ q,,

and hence

ôr,(ßo) an' OG
= 2 G in, + n',G -* G¯ noBA BA BA

ôn' BG-2-'G,¯ q,+q'G 'G, yBA BA
where all of the terms on the right-hand side are evaluated at ß = ße.Note
that if ‡, = (¢,,,...,¢,,)' = G q, is the coefficient vector of the best linear
predictor of ,, in terms of (Y,,..., Y,)', then the above equation reduces to
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ar,(po) an', an'=
-2

-n + -‡,

)
(10.8.49)

, ôG ,ôG,

We next show that the vectors n, = (ñi,...,ñ,)' and *, are not far apart.
Observe that

r+i -Ái -··· -4,Yi = Yr+1- $+1
and

i+xiY,+ + Yi=1=>¾÷i-;+z,
j>t

so that the variance of (xi + )Y + (x,+ 4,) Yi is equal to

(n,+ *,)'G,(n, + *,) = Var + Z,41 - (Y,,, - Ÿr+1)
j>t

< 2 Var _, + 2 Var Z,,, - (Y,41 - 41)

j>t

)2< 2 i |ñ, Q(0,ße)+ 2(r, - 1)
j>t

)2< 4 i |ñ,| g(0, ße),
j>t

where the last inequality comes from the calculation in the proof of Proposi-
tion 10.8.4. Since the eigenvalues of G, are bounded below by inf, g(A;ße)>

L > 0,

j=1

)2< 4L¯* i x;| q(0, ße) (10.8.50)
j>t

<; Ks¯'

for some K > 0 and 0 < s < 1. Therefore, from (10.8.49),
Or(ße) < 2Ki |x; + ¢,,| + |x |

+ Ki i x¿n
-¢,,¢,,|+

21|ñ¿ E|ñ|i, j=1 i>t j

where K, = (1/2ñ)ji, ôg(l;ße)/84|dl. Since fj°1x < oo and i¢,2 iS

bounded in t (see(10.8.50)),we have from the Cauchy-Schwarz inequality,
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ßr,(ße)
5 K2 1/2 t/2 + K3 |X;| + K4ts¯'/2

< Ks s¯'

where K2, K3, K4 and Ks are positive constants and 0 < si < 1. Since
r,(ße) > 1, it then follows that

-1/2 8 ln(det G,,(ße) -1/2
n-1 pt 0 -

< n¯ 72Ks(1 - si)¯
-+ 0

as n
-+

œ, which completes the proof of (10.8.47).

Problems

10.1. The discrete Fourier transform {ay,jeF,} of {X,,...,X,} can be expressed as

a, = J(w;), o, = 2ñj/ne(-x, x],

where

J(A) = n-1/2 X,e "*,
-oo < A < oo.

t=1

Show that X, = (2ñ) nl/2 itada. In this and the following questions
we shall refer to J(A), -o

< 1< œ, as the Fourier transform of {X,,...,X,}.
Note that the periodogram {1,(my),o,= 2xj/ne(-x,ñ]} can be expressed as

In(or)= |J(og)|2, jeF,3

10.2. Suppose that z, = x,y,, t = 1, ..., n. If Jx, Jy and Jz are the Fourier transforms
(seeProblem 10.1) of {x,},{y,} and {z,}respectively, and if ( = Jy(2xj/n),
y = Jy(2ñj/n) and = Jz(2xj/n), j = 0, ±1, ..., show that

= n¯1/2 kk j-k·
keF,

10.3. Suppose that {x,,t = 0, ±1,...} has period n and that

z,= ggx,_,, t=0,±1,....
k=-s

If G(e¯i2) = g_ _,gje 'J*, -oo < A < oo, and Jy, Jz are the Fourier
transforms of {xi,...,x,} and {zi,...,z,} respectively, show that

Jz( ;)= G(e¯'*)Jy(og), o,= 2ñj/nE(-X,X
,
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and

Iz(or)= |G(e "J)|21x(og), o,= 2xj/nE(-X,2
.

10.4.* Show that the sequence X, = e"', t = 1, ..., n, has Fourier transform,

sin[n(A - v)/2]
J(A) = n

*/2 exp[-i(1- v)(n + 1)/2], -oo

< 1< oo.
sin[(A - v)/2]

Use this result to evaluate and plot the periodograms Is and Igo in the case
when v = ñ/4. [ñ/4is a Fourier frequency for n = 8 but not for n = 10.] Verify
in each case that i s,),(o ) - i |X,|2.

10.5.* If J(·) is the Fourier transform in Problem 10.4 and -a

< v < ñ, determine
the frequencies Asuch that (a) J(A)|2 is zero and (b) J( )|2has a local maximum
at A.Let M = |J(v)|2 and Mi = J(1,)|2 where 11 is the frequency closest to v
(but not equal to v) at which |J( )|2has a local maximum. Show that

(a) M -> o as no oo,

(b) Mi/M e
.047190

and 11 -+ v as n -> oo, and
(c) for any fixedfrequency we [-x, x] such that w A v, |J(w) 2

-> 0 as n
-+

œ.

10.6. Verify (10.2.11) and show that QPs,,X - Py, X||2 is independent of
X - P,,,X||2.

10.7. The following quarterly sales totals {X,, t = 1,..., 12} were observed
over a period of three years: 27, 18, 10, 19, 24, 17, 5, 15, 22, 18, 2, 14.
Test at level

.05

the hypothesis,

X,=c+Z,, {Z,}~IID(0,«2X
where c is constant, against the alternative,

X,=c+S,+Z,,

where S, is a deterministic sinusoid with period one year. Repeat the test
assuming only that S, has period one year but is not necessarily sinusoidal.

10.8. Use the computer program SPEC to compute and file the periodogram I(og),
O < wy = 2xj/n Ex of the Wölfer sunspot numbers. File also the standardized
cumulative periodogram C( j), 1 gj < [(n- 1)/2], defined by (10.2.22).Plot
the two periodograms and use the latter to conduct a Kolmogorov-Smirnov
test at level.05 of the null hypothesis that {X,} is white noise.

10.9.* Consider the model

X,=µ+Acosot+Bsinot+Z,, t=1,2,...,

where {Z,} is iid N(0,«2), µ, A, B and «2
are unknown parameters and

w is known. If X,, Ã and Ë are the estimators, Z, = n¯ " X,, Ã =

(2/n)1/2 =1(X, - X,)coswt and Š = (2/n)*/2 , (X, - Z,)sin wt of µ, A and
B, show that

X, µ 200
Ã is AN A ,

«2 0 2 0 .

5 B 0 0 1
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10.10. Generate 100 observations, {Xi,...,Xioo}, of Gaussian white noise. Use the
following three procedures to test (at level

.05)

the null hypothesis, {X,} is
Gaussian white noise, against the alternative hypothesis, {X,} is Gaussian
white noise with an added deterministic periodic component of unspecified
frequency.
(a) Fisher's test.
(b) The Kolmogorov-Smirnov test.
(c) Let 4 be the frequency at which the periodogram is maximum and apply

the test described in Section 10.2(a) using the model X, = µ + A cos gt +

Bsin wyt + Z,. In other words reject the null hypothesis if

(100 - 3)I(og) X| - I(0) - 2I(4) > Fss(2,97).
i=1

Is this a reasonable test for hidden periodicities of unspecified frequency?

10.11. Compute the periodogram of the series {X, - X,_,,t = 2,...,72} where X,,
t = 1, ..., 72, are the accidental deaths of Example 1.1.6. Use the procedure
described in Section 10.2(a) to test for the presence of a deterministic periodic
component with frequency 12x/71. (This is the Fourier frequency with period
closest to 12.) Apply Fisher's test to the periodogram of the residuals from the
fitted model (9.6.6)for {X,}.

10.12. For the Lake Huron data of Problem 9.6, estimate the spectral density func-
tion using two different discrete spectral average estimators. Construct 95°/o
confidence intervals for the logarithm of the spectral density. Also compute the
MLARMA spectral density estimate and compare it with the discrete spectral
average estimators.

10.13.* Suppose that Vi, V2, . . .,
iS a sequence of iid exponential random variables with

mean one.
(a) Show that P(max, - In q K x) e e¯'

"

for all x as q -> oo.

(b) Show that P(maxi /(q ' iÎ=1g) 5 x + In q) -> e¯°
~

as q - oo.

(c) If (, is as defined in (10.2.20)conclude that for large q,
P((q - ln q :> x) ~ l - exp{-e-XL

10.14. If {Z,} ~ IID(0,62) and EZ† < oo, establish the inequality, E( , Z,)* 5
mEZý + 3m2a'.

10.15. Find approximate values for the mean and variance of the periodogram
ordinate 1200(x/4) of the causal AR(1) process

X,-.5X, =Z,, {Z,}~IID(0,«2X
Defining f(my)= (10x)-1 2

2 I2eo(og + og), o, = 2xj/200, use the asymp-
totic distribution of the periodogram ordinates to approximate
(a) the mean and variance of f(x/4),
(b) the covariance of f(x/4)and f(26x/100),
(c) P( f(x/4)> 1.lf(ñ/4)) where f is the spectral density of {X,},

(d) P(maxis ja,9 (I2oo(oj) Ro;)) >
.061

1(I2oo(oj)/f( j)))-

10.16. Show that successive application of two filters {a_,,...,a,} and {b_s,...,bs}to
a time series {X,} is equivalent to application of the single filter {c_,_,,...,c,

,}

where
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c, = a by- by_;aj,
j= -o j= -o

and a , byare defined to be zero for |j| > r, s respectively. In Example 10.4.2
show that successive application of the three filters, 3-1{1, 1, 1}, 7¯I {l,..., l}
and 11 1{1,..., 1} is equivalent to application of the filter (231) {̄1,3, 6, 9, 12,
15, 18, 20, 21, 21, 21, 20, 18, 15, 12, 9, 6, 3, 1}.

10.17. If 2" , X = 0, I,(·) is the period-2x extension of the periodogram of {X,,...,
X,}, and fD(w;), wy = 2xj/n, is the Daniell estimator,

1 *
fD

j n j k >

2ñ(2m + 1)*=-m

show that

1
fg(w;)= - i A,ý(k)e '*"¾

2x |ai<.

where 1, = (2m+ 1)¯' sin[(2m + 1)kx/n]/[sin(kñ/n)]. Compare this result
with the approximate lag window for the Daniell estimator derived in Section
10.4.

10.18. Compare the Bartlett and Daniell spectral density estimators by plotting and
examining the spectral windows defined in (10.4.13).

10.19. Derive the equivalent degrees of freedom, asymptotic variance and bandwidth
of the Parzen lag-window estimator defined in Section 10.4.

10.20. Simulate 200 observations of the Gaussian AR(2) process,

X, - X,4 + .85X,_ 2 = Z,, Z, ~ WN(0, 1),

and compare the following four spectral density estimators:
(i) the periodogram,
(ii) a discrete spectral average estimator,
(iii) the maximum entropy estimator with m chosen so as to minimize the

AICC value,
(iv) the MLARMA spectral density estimator.
Using the discrete spectral average estimator, construct 95°/o confidence
intervals for lnf(A), Ae(0,x), where f is the spectral density of {X,}. Does
ln f(A) lie entirely within these bounds? Why does f(·) have such a large peak
near ñ/3?

10.21.* (a) Let X,, ..., X, be iid N(0,62) random variables and let Yi, ..., Y, be the
corresponding periodogram ordinates, Y = I,(w,), where q = [(n - 1)/2].
Determine the joint density of Yi, --, Yqand hence the maximum likeli-
hood estimator of «2 based on Yi, ..., Y,.

(b) Derive a pair of equations for the maximum likelihood estimators ¢ and
ô2 based on the large-sample distribution of the periodogram ordinates
I,(11), ..., I,(1.), O < A, <··· < A.< x, when {X,,...,X,} is a sample
from the causal AR(1) process, X, = ¢X,_, + Z,, {Z,} ~ IID(0,«2)

10.22.* Show that the partial sum S2.,, (x)of the Fourier series of I o,,,(x) (see(2.8.5))
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satisfies

1 1 *sin[2(n+1)y]

S2n+1 ) - - + - . dy, x ;> 0.
2 x o sm y

Let x, denote the smallest value of x in (0,x] at which S2,41( ) has a local
maximum, and let Mi = S24,i(x,). Show that
(a) lim,_., x, = 0 and
(b) lim._., Mi = 1.089367.
[This persistence as n -> oo of an

"overshoot" of the Fourier series beyond the
value of I o,,,(x) on [0,ñ] is called the Gibbs phenomenon.]



CHAPTER 11

Multivariate Time Series

Many time series arising in practice are best considered as components of
some vector-valued (multivariate)time series {X,} whose specification includes
not only the serial dependence of each component series {X,,} but also the
interdependence between different component series {X,,} and {X,,}. From a
second order point of view a stationary multivariate time series is determined
by its mean vector, µ = EX, and its covariance matrices f(h) = E(Xt+hX,') -

µµ', h = 0, ±1, ... . Most of the basic theory of univariate time series extends
in a natural way to multivariate series but new problems arise. In this chapter
we show how the techniques developed earlier for univariate series are
extended to the multivariate case. Estimation of the basic quantities µ and
F(·) is considered in Section 11.2. In Section 11.3 we introduce multivariate
ARMA processes and develop analogues of some of the univariate results in
Chapter 3. The prediction of stationary multivariate processes, and in partic-
ular of ARMA processes, is treated in Section 11.4 by means of a multivariate
generalization of the innovations algorithm used in Chapter 5. This algorithm
is then applied in Section 11.5 to simplify the calculation of the Gaussian
likelihood of the observations {X,,X2,...,X,} of a multivariate ARMA
process. Estimation of parameters using maximum likelihood and (for
autoregressive models) the Yule-Walker equations is also considered. In
Section 11.6 we discuss the cross spectral density of a bivariate stationary
process {X,}and its interpretation in terms of the spectral representation of
{X,}. (The spectral representation is discussed in more detail in Section 11.8.)
The bivariate periodogram and its asymptotic properties are examined
in Section 11.7 and Theorem 11.7.1 gives the asymptotic joint distribution
for a linear process of the periodogram matrices at frequencies 11,
12,...,Â,E(0,ñ). Smoothing of the periodogram is used to estimate the
cross-spectrum and hence the cross-amplitude spectrum, phase spectrum and
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squared coherency for which approximate confidence intervals are given.
The chapter ends with an introduction to the spectral representation of an
m-variate stationary process and multivariate linear filtering.

§11.1Second Order Properties of Multivariate Time
Series

Consider m time series {X,,, t = 0, ±1, ±2,...}, i = 1, ..., m, with EX,) < oo
for all t and all i. If all the finite dimensional joint distributions of the random
variables {X,,} were multivariate normal, then the distributional properties of
{X,,} would be completely determined by the means,

µ,, := EX,,, (11.1.1)
and covariances,

yg(t + h, t) := E [(Xt+h,i ¯ Ñt+h,i)(Xy - µg)]. (11.1.2)
Even when the observations {X,,} do not have joint normal distributions,
the quantities µ,, and yg(t + h, t) specify the second-order properties, the
covariances providing us with a measure of the dependence, not only between
observations in the same series, but also between observations in different
series.

It is more convenient when dealing with m interrelated series to use vector
notation. Thus we define

X,:= (X,,,...,X,,)', t = 0, ±1, ±2, .... (11.1.3)
The second-order properties of the multivariate time series {X,} are then
specified by the mean vectors,

µ, := EX, = (µ,,,..., µ,,)', (11.1.4)
and covariance matrices,

f (t + h, t) := E [(Xt+h ¯ Åt+h)(X, - µ,)'] = [yg(t+ h, t)] i. (11.1.5)

Remark. If {X,} has complex-valued components, then f(t + h, t) is defined as

f(t+h,t)=E[(Xt+h¯Ët+h)(X,-µ,)*],

where * denotes complex conjugate transpose. However we shall assume
except where explicitly stated otherwise that X, is real.

As in the univariate case, a particularly important role is played by the
class of multivariate stationary time series, defined as follows.

Definition 11.1.1 (Stationary Multivariate Time Series). The series (11.1.3)with
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means and covariances (l1.1.4)and (11.1.5)is said to be stationary if µ, and
F(t + h, t), h = 0, ±1, ..., are independent of t.

For a stationary series we shall use the notation,

µ:= EX, = (µ,,..., µ,)', (11.1.6)
and

F(h):= E[(Xt+h - µ)(X, - µ)'] = [yg(h)] . (11.1.7)
We shall refer to µ as the mean of the series and to F(h) as the covariance
matrix at lag h. Notice that if {X,} is stationary with covariance matrix
function f(·), then for each i, {X,,} is stationary with covariancefunction yg,(·).
The function yg(·), i f j, is called the cross-covariance function of the two
series {X,,} and {X,,}. It should be noted that yg( ) is not in general the same
as yp(·). The correlation matrix function R( ) is defined by

R(h):= [yg(h)/[y;;(0)yy,(0)]1/2)=1 ij j=1• • •

The function R(·) is the covariance matrix function of the normalized series
obtained by subtracting µ from X, and then dividing each component by its
standard deviation.

The covariance matrix function f(·) = [yg(·)] i, of a stationary time
series {X,} has the properties,

(i) F(h) = E'(-h),
(ii) |yg(h)|<; [y;;(0)yg(0)]1/2
(iii)yg,(·) is an autocovariance function, i = 1, ..., m,
(iv)2., iajF(j-k)ag;>0forallne{1,2,...}andai,...,a,EÑm
The first property follows at once from the definition, the second from the
Cauchy-Schwarz inequality, and the third from the observation that yg,(·)
is the autocovariance function of the stationary series {X,,,t=0,±1,...}.
Property (iv)is a statement of the obvious fact that E( , a)(X, - µ))2 ;> 0.
Properties (i),(ii),(iii)and (iv)are shared by the correlation matrix function
R(·) = [pg(·)]Gy, which has the additional property,

(v) p,,(0) = 1.

(A complete characterization of covariance matrix functions of stationary
processes is given later in Theorem 11.8.1.)

The correlation pç(0) is the correlation between X,, and Xy, which is
generally not equal to l if i ¢ j (seeExample 11.1.1). It is also possible that
|yg(h)]> yg(0) if i ¢ j (seeProblem 11.1).

EXAMPLE l1.1.1. Consider the bivariate stationary process {X,} defined by,

X,, = Z,,

Xr2 i + .75Z,_io,
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where {Z,} ~ WN(0, 1). Elementary calculations yield µ = 0,

0
.75

1 1
¯0

0
F(-10) = f(0) = f(10) =

,

0
.75 '

1 1.5625
' .75 .75

and f( j) = 0 otherwise. The correlation matrix function is given by

0
.6

1
.8¯

0 0
R(-10) =

0
.48 , R(0) =

.8

1
, R(10) =

.6 .48 '

and R( j) = 0 otherwise.

The simplest multivariate time series is multivariate white noise, defined
quite analogously to univariate white noise.

Definition 11.1.2 (Multivariate White Noise). The m-variate series {Z,,
t = 0, ± 1, ±2, .

..}

is said to be white noise with mean 0 and covariance matrix
1, written

{Z,} ~ WN(0, 1), (11.1.9)
if and only if {Z,} is stationary with mean vector 0 and covariance matrix
function,

f1if h = 0.F(h) = (11.1.10)0, otherwise.

We shall also use the notation

{Z,} ~ IID(0, 1), (11.1.11)
to indicate that the random vectors Z,, t = 0, ± 1, ..., are independently and
identically distributed with mean 0 and covariance matrix 1.

Multivariate white noise {Z,} is used as a building block from which can
be constructed an enormous variety of multivariate time series. The linear
processes are those of the form

X,= Z,_ÿ, {Z,}~WN(0,$), (11.1.12)
j=oo

where {Ç}is a sequence of matrices whose components are absolutely
summable. The linear process {Xr} is stationary (Problem 11.2) with mean 0
and covariance matrix function,

F(h) = stÇ, h = 0, ±1, .... (11.1.13)
j=-o

We shall reserve the term MA(o) for a process of the form (11.1.12)with
= 0, j < 0. Thus {X,} is an MA(o) process if and only if for some white

noise sequence {Z,},



§11.2.Estimation of the Mean and Covariance Function 405

X, = C,Z,_ ,

j=O

where the matrices C, are again required to have absolutely summable com-
ponents. Multivariate ARMA processes will be discussed in Section 11.3,
where it will be shown in particular that any causal ARMA(p,q) process can
be expressed as an MA(oo) process, while any invertible ARMA(p, q) process
can be expressed as an AR(oo) process,

A;X, _;
= Z,,

j=O

where the matrices A, have absolutely summable components.
Provided the covariance matrix function f has the property

R=-olfij(h)|<oo, i, j= 1, ..., m, then F has a spectral density matrix
function,

1
f(1) = - i e¯iAhr(h),

-z á AE x, (11.1.14)2ñ h=-o

and F can be expressed in terms of f as

T(h) = eiAhf(A)dl. (11.1.15)

The second order properties of the stationary process {X,} can therefore be
described equivalently in terms of f(·) rather than f(·). Similarly X, has a
spectral representation,

X, = e'*'dZ(1), (11.1.16)

where {Z(1), -x 5 1 _<ñ} is a process whose components are orthogonal
increment processes satisfying

k(A)dl if A= µE(dZ,(A)dZk • •

0 if l ¢ µ.

The spectral representations of f(·) and {X,} are discussed in Sections 11.6
and 11.8. They remain valid without absolute summability of yg,(·) provided
f(1)dl is replaced in (11.1.15)and (11.1.17)by dF(1) (seeSection 11.8).

§11.2Estimation of the Mean and Covariance
Function

As in the univariate case, the estimation of the mean vector and cross-
correlation function of a stationary multivariate time series plays an im-
portant part in describing and modelling the dependence structure between
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the component time series. Let {X, = (X,1,...,X,,)', -œ < t < œ} be an
m-dimensional stationary time series with mean vector

µ = (µi,..., µ,)' = EX,

and covariance matrix function

f (h)= E [(Xt+h - µ)(X, - µ)' ] = [yg(h)T"
where yg(h) = Cov(Xt+h,i,X,,). The cross-correlation function between the
processes {X,,} and {X,,} is given by

pç(h) = yg(h)/(yy,(0)yy,(0))1/2, h = 0, ±1, ... .

Estimation of µ. Based on the observations Xi, ..., X,, an unbiased estimate
of µ is given by the vector of sample means

- 1 "

X, = 2 X,.
t=1

Observe that the mean of the jth time series µ is estimated by (1/n)f" Xy.
The consistency of the estimator X, under mild conditions on y,,(h) can be
established easily by applying Theorem 7.1.1 to the individual time series
{X,,}, i = l, ..., m. This gives the following result.

Proposition 11.2.1. If {X,} is a stationary multivariate time series with mean µ
and covariance functionf (·),then as n

--+

oo

E(Ï, - µ)'(Ï,- µ) -> 0 if yg,(n)-> 0, i = 1, ..., m

and

nE(Ï, - µ)'(Ï,- µ) - y;;(h) if yg,(h)| < o, i = 1, ..., m.
i=1 h=-o h=-o

The vector i, is asymptotically normal under more restrictive assumptions
on the process. In particular, if {X,} is a multivariate moving average process
then i, is asymptotically normal. This result is given in the following
proposition.

Proposition 11.2.2. Let {X,} be the stationary multivariate time series,

X, = µ + 1 C,Z,_g, {Z,} ~ IID(0,1),
k=-oo

where {C, = [CyQ,j)f; i } is a sequence of m × m matrices such that
-oolCkg,B<o,i,j= ,...,m.Then

- 1 o

X, is AN µ,- i Ck

PROOF. See Problem 11.3. O
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This proposition can be used for constructing confidence regions for µ.
For example if the covariance matrix Ex:= n¯I( Cs)$(

_co COà
nonsingular and known, then an asymptotic (1- a) confidence region for µ is

{µE Ñ'": (ß -

,,)'171 n) 5 XÌ-a(m)}. (11.2.1)
This region is of little practical use since it is unlikely that Er will be known
while µ is unknown. If we could find a consistent estimate Êyof Ey and replace
Er by Î y in (11.2.1),we would still have an asymptotic 1 - œ confidence region
for µ. However, in general, Ig is a difficult quantity to estimate. A simpler
approach is to construct for each i, individual confidence intervals for µ¿based
on X,,, ..., X,,, which are then combined to form one confidence region for µ.
If f;(o) is the spectral density of the ich pfOCCSs, {X,,}, then by the results of
Section 10.4 (see(10.4.11)),

( |h |2x|(0) := 1 1 - - ý,,(h)
|h|<r I

is a consistent estimator of 2xf(0) = ip _
y;;(k) provided r = r,, is a sequence

of numbers satisfying r,,/n - 0 and r,, - oo. Thus if X.; denotes the sample
mean of the ith PTOCCSS, and G, is the «-quantile of the standard normal
distribution, then by Theorem 7.1.2, the bounds

Ï.; ± 01-«/2(2x|(0)/n) 12

are asymptotic (1 - a) confidence bounds for µ¿. Hence

P([µ¿ - Ï.;| < ©t
,72(2x|(0)/n) /2) - 1 .

,m)

;> 1 - i P( µ¿ - Ž.g]> Gi_,72(2x|(0)/n) 72)
i=1

where the right-hand side converges to 1 - ma as no oo. Consequently as
no oo, the region

{µ:|µ¿- Ï.;\ 5 01-(«/(2m))(2x|(0)/n)1/2,i = l,...,m} (11.2.2)
has a confidence coefñcient of at least 1 - œ. For large values of m this
confidence region will be substantially larger than an exact (1 - œ) region.
Nevertheless it is easy to construct, and in most applications is of reasonable
size provided m is not too large.

Estimation of f(h). For simplicity we shall assume throughout the remainder
of this section that m = 2. As in the univariate case, a natural estimate of the
covariance matrix f(h) = E[(X,,,, - µ)(X, - µ)'] is

n-h

n¯ (Xt+h n)(X, - i,,)' for 0 sh < n - 1,
T(h) =

n (X,,,, -
Ï,)(X, - Ï,)' for -n + 1 sh < 0.

t= -h+1
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Writing ýg(h)for the (i,j)-component of Ê(h),i = 1, 2, we estimate the cross-
correlation function by

þÿ(h)= ýg(h)(ýs(0)ý,,(0))¯1/2
If i = j this reduces to the sample autocorrelation function of the ith SeriCS. We
first show the weak consistency of the estimator ýç(h)(andhence of þÿ(h))for
infinite-order moving averages. We then consider the asymptotic distribution
of ýÿ(h)and þÿ(h)in some special cases of importance.

Theorem 11.2.1. Let {X,} be the bivariate time series

X,= Ck t-ks t=(Z,1,Z,2)'}~IID(0,1),
k=-œ

where {C, = [C,0, jn,? i }is a sequence of inatrices with ik=-o C,0, j) < o,
i, j = 1, 2. Then as n

-+

œ,

and

þÿ(h)Å pg(h)

for each fixedh ;> 0 and for i, j = 1, 2.

PROOF. We shall show that Ê(h)i f(h) where convergence in probability of
random matrices means convergence in probability of all of the components
of the matrix. From the definition of f(h) we have, for 0 sh < n - 1,

n-h n-h n-h

Ê(h)= n¯* i Xt+hX' - n¯ X,, E X' - n
I i Xt+hX',,

<=i <=1 <=i (11.2.3)
+ (n - h)n Ï,,Ï',,.

Since EX = 0, we find from Proposition 11.2.1 that X,, = o,(1), n¯ 2"¯,hX, =

o,(1) and n
"¯,h Xt+h = Ûp(1). Consequently we can write

Ê(h)= f*(h) + o,(1), (11.2.4)
where

F*(h) = n¯* i Xt+hX'
t=1

=n¯ Ci+h t-i -jC)
t=1 i= -oo j= -o

= 1 i Ci+h -1 r

i j t=1

Observe that for i ¢ j, the time series {Z,_ Zt j,2,t = 0, ±1,...} is white
noise so that by Theorem 7.1.1, n 12",Z Zt-j,250. Applying this
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argument to the other three components of Z,_;Z,_;, we obtain

n Z,_,Z,_,502x2, i¢À
i=1

where 02 x 2 denotes the 2 × 2 zero matrix. Hence for m fixed,

G*(h):= 1 Ci+h -11Z, ¡Z,_ C)SO2x2.
i,j=-m t=1 /

i¢j

For any matrix A define A\ and EA to be the matrices of absolute values
and expected values, respectively, of the elements of A. Then

E G*(h) - G*(h) | = E i Ci+h -1

|i|or|j>m t=1

<; i (Ci+h -1 i E|Z Z,' | |C)|
i|or|j>m \ t=1 /

i¢j

<; Ci+h E|ZiZ'2|L|C)|
i >m \ j /

Ci+h|E|ZiZ'2| |C)|.
\ i / |j>m

The latter bound is independent of n and converges to 0 as me œ. Hence

lim lim sup E|G*(h) - G,*(h)| = 0,
m->oo n->oo

which, by Proposition 6.3.9, implies that

G*(h) 02 x 2.

Now

f*(h) = G*,(h) + 1 Ci+h -1

i i 1

=G*,(h)+1Ci+h -1 Z,Z C;+1Ci+h -iU04
i t=1 i

where U,,, = 1"_,'_;Z,Z - 1" , Z,Z is a sum of 2 i random matrices if
|i| < n and a sum of 2n random matrices if |i ;> n. Hence

E LCi+h -i U,,,)C: <; 2n |i| |C;,,,| |1| |C;
i |i|¾n

+ 2n¯* i |Ci+h] |1 C |
|i|>n

and by the absolute summability of the components of the matrices {C,}, this
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bound goes to zero as no o. It therefore follows that

f*(h) = 2 Ci+h -1 i Z,Z; C + o,(1).
i t=1

By applying the weak law of large numbers to the individual components of
Z,Z;, we find that

t=1

and hence

f*(h) Å LCi+htC; = f(h).
i

Consequently, from (11.2.4),
F(h) Å f (h). (11.2.5)

The convergence of ßg(h)to pg(h) follows at once from (11.2.5)and
Proposition 6.1.4. \¯¯]

In general, the derivation of the asymptotic distribution of the sample
cross-correlation function is quite complicated even for multivariate moving

averages. The methods of Section 7.3 are not immediately adaptable to the
multivariate case. An important special case arises when the two component
time series are independent moving averages. The asymptotic distribution of
þi2(h)for such a process is given in the following theorem.

Theorem 11.2.2. Suppose that

X,, = 1 a,Z, ,,i, {Z,i} ~ IID(0,of),

and

X,2 -- ß Z,_;,2, {Zt2} ~ IID(0, o22
j= -oo

where the two sequences {Z,, } and {Z,2 } are independent, i; ja,|< oo and

2, |ß,| < o. Then if h > 0,

þi2(h)is AN 0,n¯ pii( j)p22( j) .

If h, k > 0 and h ¢ k, then the vector (p,2(h),pi2(k))'is asymptotically normal
with mean 0, variances as above and covariance

n pit(j)p22(j+k-h).

PROOF. It follows easily from (11.2.3)and Proposition 11.2.1 that
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Ý12(h)= y*2(h) + o,,(n¯ 72), (11.2.6)
where

y*2( -

n Xi+h,1X,2 - n¯ œi+h j t-i,1 t-j,2·
t=1 t=1 i j

Since Eyi*2(h) = 0, we have

n Var(y*2(h))

nn (11.2.7)
= n œi+h jZk+h IE[Z,_ Z,_;,2Z ¡Z,_,,2].

s=1 t=1 i j k i

By the independence assumptions,
62622 ÌfS-i= t-kand s-j= t- l,

E[Zs-i,1Zs-j,2 t-k,1 t-l,2 0 otherwise,

so that

nVar(y*2(h)) = n¯ i+hŒt-s+i+h j t-s+j
622

s=1 t=1 i j

|k|
= 1 1 - - yt i(k)y22(k).

|k|<n

Applying the dominated covergence theorem to the last expression, we find that

n Var(y*2(h)) -> yt
y( j)y22(j) RS n --> OO. (11.2.8)

j=-œ

Next we show that yi*2(h) is asymptotically normal. For m fixed,
we first consider the (2m+ h)-dependent, strictly stationary time series,

{igismiirismiÑjZt+h-i,1 t-j,2,t=0,±1,...}. By Theorem 6.4.2 and the
calculation leading up to (11.2.8),

n
I i i i «¿ßZt+h-i,1 <-),2 IS AN(0,n¯ a.),

<=1 iii<m irism

where

a, = a ai+|k|
62

j j+|k|
22

|k|5m\i|5m / \|j|5m /

Now as m a œ, am ¯ j711(Ì)?22(j). Moreover, the above calculations can
be used to show that

n 2

lim limsupnE y*2(h) - n¯ L i i a,ß,Zt+h-i,1Z,_;,2 = 0.
mo no t=1 |i]¾m |j|fm

This implies, with Proposition 6.3.9, that

7 2(h) is AN 0, n¯* y,,(k)y22(k) . (11.2.9)
k= -oo
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Since ý,,(0)Å yi,(0) and ý22(0) y22(0), we find from (11.2.6),(11.2.9)and
Proposition 6.3.8 that

þ12 = 712(h)(ý,,(0)ý22(0)) 2 is AN 0,n¯ pix(j)p22

Finally, after showing that

nCov(y*2 2(k)) ytt(j)y22(j+k-h),

the same argument, together with the Cramer-Wold device, can be used to
establish the last statement of the theorem.

This theorem plays an important role in testing for correlation between
two processes. If one of the two processes is white noise then p12(h)is
AN(0, n¯I) in which case it is straightforward to test the hypothesis that
p,2(h) = 0. However, if neither process is white noise, then a value of þi2(h)
which is large relative to n¯ 72 does not necessarily indicate that pi2(h) is
different from zero. For example, suppose that {X,,} and {Xt2) RTC (WO

independent AR(1) processes with pit(h) = P22(h) =
.8

. Then the asymptotic
variance of þ,2(h)a n¯ (1 + 29_, (.64)k)= 4.556n 1. It would therefore not
be surprising to observe a value of p,2(h)as large as 3n 12 even though {X,i}
and {X,2} are independent. If on the other hand pix(h) =

.8h|

and p22(h) =

(-.8)*, then the asymptotic variance of pi2(h)is
.2195n I and an observed

value of 3n¯ 72 for þ12(h)would be very unlikely.

Testing for Independence of Two Stationary Time Series. Since by Theorem
11.2.2 the asymptotic distribution of þ12(h)depends on both pt,(·) and p22 9

any test for independence of the two component series cannot be based solely
on estimated values of p,2(h), h = 0, ±1, ..., without taking into account the
nature of the two component series.

This difficulty can be circumvented by "prewhitening" the two series before
computing the cross-correlations þi2(h),i.e. by transforming the two series to
white noise by application of suitable filters. If {X,,} and {X,2} are invertible
ARMA(p,q) processes this can be achieved by the transformations,

j=O

where o
ajuzi = ¢*(z)/0'U(z), z| < 1, and ¢ , Stuare the autoregressive and

moving average polynomials of the ith SeriCS, i = 1, 2.
Since in practice the true model is nearly always unknown and since the

data X,,, t < 0, are not available, it is convenient to replace the sequences {Z,¿},
i = 1, 2, by the residuals { , t = 1,..., n} (see(9.4.1))which, if we assume that
the fitted ARMA(p, q) models are in fact the true models, are white noise

sequences for i = 1, 2.
To test the hypothesis Ho that {X,,} and {Xt2} are independent series, we
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observe that under Ho, the corresponding two prewhitened series {Z,1} and
{Zt2) RFC RÎSo independent. Under Ho, Theorem 11.2.2 implies that the sample
autocorrelations þ12(h),þ12(k),h ¢ k, of {Z,i} and {Z,2} are asymptotically
independent normal with means 0 and variances n¯ . An approximate test for
independence can therefore be obtained by comparing the values of þi2(h)|
with 1.96n-1/2, CXactly as in Example 7.2.1. If we prewhiten only one of
the two original series, say {X,, },then under Ho Theorem 11.2.2 implies
that the sample autocorrelations þi2(h), þi2(k),h ¢ k, of {Z,i} and {Xt2

are asymptotically normal with means 0, variances n¯ and covariance
n P22(k - h), where P22(°) ÌS the autocorrelation function of {X,2}. Hence for
any fixed h, þ12(h)also falls (underHo) between the bounds ±1.96n¯ 72 with
a probability of approximately

.95.

EXAMPLE 11.2.1. The sample cross-correlation function þi2(·)of a bivariate
time series of length n = 200 is displayed in Figure 11.1. Without knowing the
correlation function of each process, it is impossible to decide if the two
processes are uncorrelated with one another. Note that several of the values
of pi2(h)lie outside the bounds + 1.96n¯I/2 = +.139. Based on the sample
autocorrelation function and partial autocorrelation function of the first
process, we modelled {X,i} as an AR(1) process. The sample cross-correlation
function þ12(·)between the residuals ($,t = 1,...,200} for this model and
{X,2, t = 1,...,200} is given in Figure 11.2. All except one of the values þi2 )
lie between the bounds ±.139, suggesting by Theorem 11.2.2, that the time
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Figure 11.1. The sample cross-correlation function Êt2(h)between {X,i} and {Xt2L
Example 11.2.1, showing the bounds ±1.96n¯©.
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Figure 11.2. The sample cross-correlation function between the residuals { i }and
{Xt2}, Example 11.2.1, showing the bounds ±1.96n¯I/2.

series {4, }(andhence {X,, })is uncorrelated with the series {Xt2}.The data
for this example were in fact generated from two independent AR(1) processes
and the cross-correlations were computed using the program TRANS.

EXAMPLE Î 1.2.2 (Sales with a Leading Indicator). In this example we consider
the sales data { 2, t = 1,..., 150} with leading indicator ( y, t = 1,..., 150}
given by Box and Jenkins (1976),p. 537. The autocorrelation functions of {Xi}
and { 2} suggest that both series are non-stationary. Application of the
operator (1- B) yields the two differenced series {D,i} and {D,2} whose
properties are compatible with those of low order ARMA processes. Using
the program PEST, it is found that the models

D,, -.0228
= Z,, -.474Z,_;,,, {Z,i} ~ WN(0,.0779), (11.2.10)

and

D,2 -.838Dt-1,2
-.0676

= Z,2 -.610Zt-1,29
(11.2.11){Z,2} ~ WN(0, 1.754),

provide a good fit to the series {D,,} and {D,2}, yielding the "whitened"

series of residuals { i} and { 2) With sample variances
.0779

and 1.754
respectively.

The sample cross-correlation function of {D,i} and {Dt2) iS shown in Figure
11.3. Without taking into account the autocorrelation structures of {Dri}
and {D,2} it is not possible to draw any conclusions from this function.
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Figure 11.3. The sample cross-correlation function between {D,,} and {D 2}, Example
11.2.2.

Examination of the sample cross-correlation function of the whitened series

{ ¡} and { 2} is however much more informative. From Figure 11.4 it is
apparent that there is one large sample cross-correlation (between i and

+3,2) and that the others are all between ±1.96n¯ 72. Under the assumption
that { 1} and { 2) RFC JOintly Gaussian, Bartlett's formula (seeCorollary
11.2.1 below) indicates the compatibility of the cross-correlations with a model
for which

P12(-3) ¢ 0

and

P12(h) = 0, h ¢
-3.

The value p12(-3) =
.969

suggests the model,

2
= 4.74 _s,, + N,, (11.2.12)

where the stationary noise {N,} has small variance compared with { 2} and
is uncorrelated with { ¡}. The coefTicient4.74 is the square root of the ratio
of sample variances of { 2} and { ¡}. A study of the sample values of

{ 2 - 4.74 3,,} suggests the model for {N,},

(1+ .345B)N, = U,, {U,} ~ WN(0,
.0782).

(11.2.13)
Finally, replacing {Z,i} and {Z,2} in (11.2.10)and (11.2.11)by { i} and {$2y
and using (11.2.12)and (11.2.13),we obtain a model relating {D,i}, {Dt2} and
{U,}, namely,
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Figure 11.4. The sample cross-correlation function between the whitened series { }
and {¾2},Example 11.2.2.

D,2 +
.0765

= (1- .610B)(1 - .838B)¯'[4.74(1 - .474B)¯ D,
_ 3,

+ (1+ .345B)¯ U,].

This model should be compared with the one derived later (Section 13.1) by
the more systematic technique of transfer function modelling.

Theorem 11.2.3 (Bartlett's Formula). If {X,} is a bivariate Gaussian process
(i.e.if all of the finitedimensional distributions of {(X,1, Xt2)', t = 0, ±1,

...}

are multivariate normal) and if the autocovariances satisfy

yg(h) < o, i, j = 1, 2,
h=-o

then

lim n Cov(þi2 ),pi2(k))= [pit(j)p22(j+k-h)+p12(j+k)p22(j-h)

- px2(h){pii(j)p12(j+ k)+ p22 BP21(j- k)}
- p12(k){pii(j)P12(j+ h)+ P22 ] P21(j-h)}

+ P12(h)p12(k) {¼pix(j)+ pf2 IÑ222
.

[See Bartlett (1955).]
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Corollary 11.2.1. If {X,} satisfies the conditions of Theorem 11.2.3, if either
{X,, }or {X,2} is white noise, and if

P12(h)=0, h¢[a,b],

then

lim n Var(p12(h)) = 1, h ¢[a,b].
N 00

PROOF. The limit is evaluated by direct application of Theorem 11.2.3. [¯\

§11.3Multivariate ARMA Processes

As in the univariate case, we can define an extremely useful class of multivariate
stationary processes {X,}, by requiring that {X,} should satisfy a set of linear
difference equations with constant coefficients.

Definition 11.3.1 (Multivariate ARMA(p,q) Process). {X,, t = 0, ±1,...} is an
m-variate ARMA(p, q) process if {X,} is a stationary solution of the difference
equations,

X, - O,X,_, -
···

- O,X,_, = Z, + 8,Z,_, + ·· + O,Z,_g, (11.3.1)
where Gi, ..., O,, 81, ..., Og are real m × m matrices and {Z,} ~ WN(0,1).

The equations (11.3.1)can be written in the more compact form

(B)X, = O(B)Z,, (Z,} ~ WN(0,1), (11.3.2)
where O(z):= I - Giz -

···
- O,z" and O(z):= I + Oiz + ··· + O,z" are

matrix-valued polynomials, I is the m × m identity matrix and B as usual
denotes the backward shift operator. (Each component of the matrices O(z),
O(z) is a polynomial with real coeflicients and degree less than or equal to p,
q respectively.)

EXAMPLE 11.3.1 (Multivariate AR(l) Process). This process satisfies

X, = OX, i + Z,, {Z,} ~ WN(0,1). (11.3.3)
By exactly the same argument used in Example 3.2.1, we can express X, as

X, = OJZ,_;, (11.3.4)
j=O

provided all the eigenvalues of G are less than 1 in absolute value, i.e. provided

det(I - z©) ¢ 0 for all zeC such that |z| < 1. (11.3.5)
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If this condition is satisfied then the series (11.3.4)converges (componentwise)
both in mean square and absolutely with probability 1. Moreover it is the
unique stationary solution of (11.3.3).The condition (11.3.5)is the multivariate
analogue of the condition |¢ < l, required for the existence of the causal
representation (11.3.4)in the univariate case.

Causality and invertibility of a general ARMA(p, q) model are defined
precisely as in Definitions 3.1.3 and 3.1.4 respectively, the only difference being
that the coeflicients g, p in the representations X, =

o (Z,_; and Z, =

i?=ogX,_ÿ, are replaced by matrices and H, whose components are
required to be absolutely summable. The following two theorems provide us
with criteria for causality and invertibility analogous to those of Theorems
3.1.1 and 3.1.2.

Theorem 11.3.1 (Causality Criterion). If

det O(z) ¢ 0 for all ZEC Such that |z| 5 1, (11.3.6)
then (11.3.2)has exactly one stationary solution,

X, = Z,_,, (11.3.7)
j=O

where the matrices V, are determined uniquely by

V(z):= zi = ©~1(z)O(z), |z| < 1. (11.3.8)
j=O

PROOF. The condition (11.3.6)implies that there exists e > 0 such that ©¯ (z)
exists for |z| < 1 + e. Since each of the m2 CÏ€mentS Of Ô-1(Z) iS a fatiORRÏ
function of z with no singularities in {\z < 1 + e}, (z)has the power series

expansion,

(z)= A;zi = A(z), |z| < 1 + e.
j=0

Consequently A;(1 + s/2)J - 0 (componentwise)as j -+ œ, so there exists
KE (0,œ) independent of j, such that all the components of A, are bounded
in absolute value by K(1 + e/2) 1, j = 0, 1, 2, ... . In particular this implies
absolute summability of the components of the matrices A;. Moreover we have

A(z)O(z) = 1 for |z| < 1,

where I is the (m× m) identity matrix. By Proposition 3.1.1, if {X,} is a
stationary solution of (11.3.2)we can apply the operator A(B) to each side of
this equation to obtain

X, = A(B)O(B)Z,.

Thus we have the desired representation,
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X,= Z,_,
j=O

where the sequence { }is determined by (11.3.8).
Conversely if X, = o¶Z,_; with {¶}defined by (11.3.8)then

(B)X, = O(B)T(B)Z, = O(B)Z,,

showing that {T(B)Z }is a stationary solution of (11.3.6).
Combining the results of the two preceding paragraphs we conclude that

if det O(z) ¢ 0 for |z| 5 1, then the unique stationary solution of (11.3.2)is the
causal solution (11.3.7).

Since the analogous criterion for invertibility is established in the same way

(seealso the proof of Theorem 3.1.2), we shall simply state the result and leave
the proof as an exercise.

Theorem 11.3.2 (Invertibility Criterion). If

det O(z) ¢ 0 for all ZE C such that |z| 5 1, (11.3.9)
and {X,} is a stationary solution of (11.3.2)then

Z, = H,X, _,, (11.3.10)
j=O

where the matrices H, are determined uniquely by

H(z):= H,zi = 8¯ (z)O(z), |z á 1. (11.3.11)
j=O

PROOF. Problem 11.4.

Remark. The matrices and H, of Theorems 11.3.1 and 11.3.2 can easily be
found recursively from the equations

= 1 O, _, + Oy, j = 1, 2, ..., (11.3.12)
i=1

and

i
Hy = - i 8,H, , - Gy, j = 1, 2, ..., (11.3.13)

i=1

where 8, = 0, j > q, and ©¿ = 0, i > p. These equations are established by
comparing coeflicients of ziin the power series identities (11.3.8)and (11.3.11)
after multiplying through by O(z) and 8(z) respectively.

EXAMPLE Î 1.3.2. For the multivariate ARMA(1, 1) process with G, = [ :D
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and ei = O't, an elementary calculation using (11.3.8)gives

1
.5z(1

+
.5z)

W(z) = (1 -

.5z) 2
, |z| <; 1. (11.3.14).5z(1

-

.5z)

1 -
.25Z2

The coefficient matrices W, in the representation (11.3.7)are found, either by
expanding each component of (11.3.14)or by using the recursion relation

(11.3.12),to be To = I and

j+ 1 2j-1
Y,=2

1 2
, j=1,2,....

It is a simple matter to carry out the same calculations for any multivariate
ARMA process satisfying (11.3.6),although the algebra becomes tedious for
larger values of m. The calculation of the matrices TI, for an invertible
ARMA process is of course quite analogous. For numerical calculation of the
coefficient matrices, the simplest method is to use the recursions (11.3.12)and

(11.3.13).

The Covariance Matrix Function of a Causal ARMA Process

From the representation (11.3.7)we can express the covariance matrix f(h) =

E(Xt+hX') of the causal process (11.3.1)as

f(h) = Th+kiW', h = 0, ±1, ±2,...,
k=0

where the matrices V, are found from (11.3.8)or (11.3.12)and W, := 0 for j < 0.
It is not difficult to show (Problem 11.5) that there exists se (0,1) and a
constant K such that the components yg(h) of f (h)satisfy |yg(h)< Ke|h|
i, j and h.

The covariance matrices f(h), h = 0, ±1, ±2, ..., can be determined by
solving the Yule-Walker equations,

P

f( j) - i G,f( j - r) = 2 8,17'_;, j = 0, 1, 2, ..., (11.3.15)
r=1 j<r<;q

obtained by post-multiplying (11.3.1)by X'_; and taking expectations. The
first (p + 1) of the equations (11.3.15)can be solved for the components of
f(0),..., f(p) using the fact that f(-h) = E'(h). The remaining equations then
give f(p + 1), f(p + 2), ... recursively.

The covariance matrix generating function is defined (cf.(3.5.1))as

G(z) = 1 f(h)zh, (11.3.16)
h=-o

which can be expressed (Problem 11.7) as

G(z) = T(z)$7'(z ) = ©¯I(z)O(z)$8'(z¯ )O'¯I(z 1). (11.3.17)
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§11.4Best Linear Predictors of Second Order
Random Vectors

Let {X, = (X,,, . . . , X,,)', t = 0, ± 1, ±2, . .

.}

be an m-variate time series with
mean EX, = 0 and covariance function given by the mxm matrix,

K(i, j) = E(X,X;).

If Y = (Yi, . . . , Y.)' is a random vector with finite second moment, we define

P(Y|X,, ..., X,,) = (Ps, Y,, ..., Ps, Y,,,)', (11.4.1)
where S,,=šji{Xy,t=1,...,n; j=1,...,m}. If U=(Ui,...,U.)' is a
random vector, we shall say that Ue S,,if U, e S,,, i = 1, ..., m. It then follows
from the projection theorem that the vector P(Y|X,, ..., X,,) is characterized
by the two properties:

P(Y Xi,..., X,,)e S. (11.4.2)
and

Y-P(YX1,...,X,,)lX,,,i_;, i=1,...,n, (11.4.3)
where we say that two m-dimensional random vectors X and Y are orthogonal
(writtenX i Y) if E(XY') = 0.x..

The best linear predictor of X,,, based on the observations Xi,...,X,,
is obtained on replacing Y by X,,, i in (11.4.1),i.e.

f0, if n = 0,
" '¯ P(X,,,,\X1,...,X,,), ifn>1.

Since 1,,, e S., there exist mxm matrices ©,,1,..., G,,,, such that

in+1 = OniX,, + ··· + O,,,,X,, n = 1, 2, ... . (11.4.4)
Moreover, from (11.4.3),we have X,,, -i,,,1X,,41_;, i= 1,...,n, or
equivalently,

E(k,,iX',,,, _,)
= E(X,,,X',,, _;), i = 1, ..., n. (11.4.5)

When is,, is replaced by the expression in (11.4.4),these prediction
equations become

K(n + 1 - j, n + 1 - i) = K(n + 1, n + 1 - i), i = 1, ..., n.
j= 1

In the case when {X,} is stationary with K(i, j) = f(i - j), the prediction
equations simplify to the m-dimensional analogues of (5.1.5),i.e.

, f(i - j) = f(i), i = 1, ..., n. (11.4.6)
j= 1
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The coefficients {G.,} may be computed recursively using the multivariate
Durbin-Levinson algorithm given by Whittle (1963).Unlike the univariate
algorithm, however, the multivariate version requires the simultaneous
solution of two sets of equations, one arising in the calculation of the forward
predictor, P(X,,,Xy,...,X,), and the other in the calculation of the
backward predictor, P(Xo|Xx,...,X,). Let ©,1,...,0,,, be mxm coefficient
matrices satisfying

P(Xo|X,,...,X.)= ,iXi+···+6,,X,, n=1,2,.... (11.4.7)
Then from (11.4.3),

f(_j-i)=T(-i), i=1,...,n. (11.4.8)
j=1

The two prediction error covariance matrices will be denoted by

V, = E(X,,, -- insi)(X.41 - insi)',
Ÿ,,= E(Xo - P(Xo|Xi, ..., X,))(Xo - P(Xo|Xx, ..., X.))'.

Observe from (11.4.5)that for n > 1,

V, = E[(X,,, -i,,,)X' ]
= f(0) - O,,f(-1) -

·
- O,,,f(-n) (11.4.9)

and similarly that

Ÿ,= f(0) - 6,,T(1) -
···

- è,,f(n). (11.4.10)
We also need to introduce the matrices

A, = E[(X,,, -
i,,,)X'o]

= f(n + 1) - O,2 f(n) -
···

- O,,,f(1), (11.4.11)
and

Ãn= E[(Xo - P(XejX,, ..., X,))X' ]
= f(-n - 1) - è,,f(-n) -

···
- õ,,T(-1). (11.4.12)

Proposition 11.4.1. (The Multivariate Durbin-Levinson Algorithm). Let {X,}
be a stationary m-dimensional time series with EX, = 0 and autocovariance
functionf(h) = E(X,aX'). If the covariance matrix of the nm components of
X,, ..., X, is nonsingular for every n ;> 1, then the coefficients {G.,}, {G,,}in
(11.4.4)and (11.4.7)satisfy, for n 2 1,

V, 11, (11.4.13)
Onk n-1,k

- $nn n-1,n-km 9•••> ¯ 9

Õ,, -

n-1,k
¯ nn$n-1,n-k, k = 1, ..., n - 1,
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where V., Ÿ,,,A., Ã, are given by (11.4.9M11.4.12)with

Vo = Ÿo= f (0)
and

Ao = Ã'e= F(1).

PROOF. The proof of this result parallels the argument given in the univariate
case, Proposition 5.2.1. For n = 1, the result follows immediately from (11.4.6)
and (11.4.8)so we shall assume that n > 1.The multivariate version of (5.2.6)is

is,, = P(X.41|X2,...,X,) + AU (11.4.14)
where U = X, - P(X,|X2, ..., X,) and A is an m × m matrix chosen to satisfy
the orthogonality condition

X,41-AUlU

i.e.,

E(X,,,, U') = AE(UU'). (11.4.15)
By stationarity,

P(X,,i|X2,...,X,,)=G X,+···+O,_i_, ,X2, (11.4.16)
U = X, - 6, y,,X2 ¯ n-1,n-iX,, (11.4.17)

and

E(UU') = Ÿ,,
_i. (11.4.18)

It now follows from (11.4.3),(11.4.11),(11.4.15)and (11.4.18)that

A = E(X,,,,U')Ÿ¯'i
= E[(X,,,, - P(X,,,|X2,..., X,))U']Ÿ,
= E[(X,,41- P(X,,,1|X2,...,X,))X',]Ÿ¯i

=[T(n)-O,_i,if(n-1)-· -O,_ if(1)]Ÿ,_li
= A,,

_ i Ÿ,¯_i. (11.4.19)
Combining equations (11.4.14),(11.4.16)and (11.4.17),we have

n-1

X,,i = AXi+ f (G,,_i, -AG,_, )X,,41
j-1

which, together with (11.4.19),proves one half of the recursions (11.4.13).A
symmetric argument establishes the other half and completes the proof. O

Remark 1. In the univariate case, f(h) = f(-h), so that the two equations
(11.4.6)and (11.4.8)are identical. This implies that G,,, = è,,, for all j and n.
The equations (11.4.13)then reduce to the univariate recursions (5.2.3)and
(5.2.4).
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Remark 2. If for a fixed p ;> 1, the covariance matrix of (X',,,, ..., X',)' is
nonsingular, then the matrix polynomial O(z) = I - O,,z -

···
- O,,z" is

causalin the sense that det O(z) ¢ 0 for all zeC such that |z| 5 1 (cf.Problem
8.3). To prove this, let {p,}be the stationary mp-variate time series

X,,,_,¯

X,
X,

Applying Proposition 11.4.1 to this process with n = 1, we obtain

22¯Ñ22

where

42 2 1 1

with M = E(q24'i)[E(Rin'i)] and

q2 - 42 41. (11.4.20)
It is easily seen, from the composition of the vectors q2 and pi and
stationarity, that the matrix M has the form

p1 p2 p,p-1 pp

I 0 ··· 0 0
M =

, (11.4.21)
0 0 ··· 0 0
0 0 ·· I 0

and since det(zI - M) = z'"" det(O(z¯I)) (seeProblem 11.8), it suffices to show
that the eigenvalues of M all have modulus less than one. Let F = E(piq'),
which is positive definite by assumption, and observe that from the
orthogonality relation (11.4.20),

E(q2 ¯ 92Xn2- 92y - E - MFM'.

If A is an eigenvalue of M with corresponding left eigenvector a, i.e.
a*M = la* where a* denotes the complex-conjugate transpose of a, then

E a*(q2 ¯ $2
2

- a*Fa - a*MTM'a
= a*Ta - (A|2 *

= a*Ta(1 - A 21

Since f is positive definite, we must have A 5 1. The case A = 1is precluded
since this would imply that

a*(q2 - 42)= 0,
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which in turn implies that the covariance matrix of (X' , i, . . ., X',)' is singular,
a contradiction. Thus we conclude that det (Þ(z) ¢ 0 for all z| <; 1.

We next extend the innovations algorithm for computing the best one-step
predictor to a general m-variate time series with mean zero. From the
definition of S., it is clear that

S, = šþ{X,j - Î, , j = 1, ..., m; t = 1, ..., n},

so that we may write

j= 1

where {8,,,j = 1, ..., n} is a sequence of mxm matrices which can be found
recursively using the following algorithm. The recursions are identical to
those given in the univariate case (Proposition 5.2.2) and, in contrast to the
Durbin-Levinson recursions, involve only one set of predictor coefficients.

Proposition 11.4.2 (The Multivariate Innovations Algorithm). Let {X,} be
an m-dimensional time series with mean EX, = 0 for all t and with covariance
functionK(i, j) = E(X;X;). If the covariance matrix of the nm components of
X,, ..., X, is nonsingular for every n > 1, then the one-step predictors X,,,,
n 2 0, and their prediction error covariance matrices V., n 2 1, are given by

(0,
if n = 0,

i "

(11.4.22)"*I L O,,(X,,,_, -R i_;) ifn> 1,
j=1

and
'

Ve = K(1, 1)

k-1

8,,,_, = K(n + 1,k + 1)- i 8,,,_ O',k-j k-1

j=0

(11.4.23)
k=0,...,n-1,

n-1
V, = K(n + 1,n + 1) - i 8,,,_;ge' .

j=O

(The recursions are solved in the order Vo; 8 , V,;.8229 219 2 339 329

831, V3;....)

PROOF. For i<j, X,-R¿ES,_, and since each component of X,-R, is
orthogonal to S,_, by the prediction equations, we have

(X, - 1,)1(X,
- Ry) if i / j. (11.4.24)

Post multiplying both sides of (11.4.22)by (X,,,
-ik+1)',

0
_<

k < n, and
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taking expectations, we find from (11.4.24)that
ER.,i(X,41 - ik+1 n,n-k k·

Since (X,,, - 1,,,)1(Xx., - 1,42)(see(11.4.3)),we have

EX,,,(Xk+1 ¯ k+1)' = ER,,,(X,,, - ik+1 n,n-k k. (11.4.25)
Replacing Êx,1in (11.4.25)by its representation given in (11.4.22),we obtain

k~1

O,,,_gV,= K(n+ 1,k + 1) - i EX,,,(Xy, - kyi)'O'
,

j=O

which, by (11.4.25),implies that
k~1

8.,,_,V, = K(n + 1,k + 1) - i 8,,,_,ge',k-j•
j=O

Since the covariance matrix of X1,...,X, is nonsingular by assumption, Yk
is nonsingular and hence

k-1

On,n-k = K(n + 1,k + 1) - i 8,,,_,68',,_, V .

)=0

Finally we have
n-1

X,,, = X,,, - is,, + 1 8 (Xy, - is,),
j-O

which, by the orthogonality of the set {X - i,, j = 1,...,n + 1}, implies that
n-1

K(n+1,n+1)= V,+ 28
j=O

as desired.

Recursive Prediction of an ARMA(p, q) Process

Let {X,} be an m-dimensional causal ARMA(p,q) process

O(B)X, = O(B)Z,, {Z,} ~ WN(0,1),

where O(B) = 1- GiB-··· -O,BF, O(B) = I+ O,B+··· + O,B", dett
¢ 0 and I is the m × m identity matrix. As in Section 5.3, there is a sub-
stantial savings in computation if the innovations algorithm is applied to the
transformed process

(W, = X,, t = 1, ..., max(p,q)'
(11.4.26)W, = O(B)X,, t > max(p, q),

rather than to {X,} itself. If the covariance function of the {X,} process
is denoted by F(·), then the covariance function K(i, j) = E(W,W,') is found
to be
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Y(i-j) if1iisjsl,
P

F(i-j)-i ,F(i+r-j) ifldigl<jf2l,
r=1

K(i, j) = <
. (11.4.27)8, $8' if l < i gj < i + q,

r= o

0 ifl<iandi+q<j,

K'(i, j) if j < i,

where l = max(p,q) and by convention 8, = 0.x, for j> q. The advantage
of working with this process is that the covariance matrix is zero when
|i - j| > q, i, j > l. The argument leading up to equations (5.3.9)carries over
practically verbatim in the multivariate setting to give

n-1
8,,(X,,, _, - ) if 1 Eng l,

n+1

j=1

O,X,+···+ O,X + L O,,(X,,,i_,-R,,,_) ifn> l,
j=1

(11.4.28)
and

E(X,,, - X )(X,,, - X,,,)' = V,,,

where 8,,,, j = 1, ..., n and V,, are found from (11.4.23)with K(i, j) as in
(11.4.27).
Remark 3.In the one dimensional case, the coefficients 8,,,,j = 1, ..., q do not
depend on the white noise variance o2 (seeRemark 1 of Section 5.3). However,
in the multivariate case, the coefficients 8,,, of X.41_, - iss, _; will typically
depend on 1.
Remark 4. In the case when {X,} is also invertible, X,,, i - R, , is an
approximation to Z,41 for n large in the sense that

E(X,,, - X.41 - Z,,41)(X,,, - is,, - Z,,41)' -0

as n
-+

œ.

It follows (seeProblem 11.12) that as no 00,

8,,, a 8;, j = 1, ..., q,

and
V, - 1.

EXAMPLE 11.4.1 (Prediction of an ARMA(1, 1)). Let X, be the ARMA(1, 1)
process

X, - ©X,_, = Z, + OZ,_,, {Z,} ~ WN(0,1) (11.4.29)
with det(I - Oz) ¢ 0 for |z! á 1. From (11.4.28),we see that

i,,,, = OX,, + 8,,, (X,, - R,,), n ;> 1. (11.4.30)
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The covariance function for the process {W,}defined by (11.4.26)is given by

T(0), i, j = 1,

$8', 1 5 i, j = i + 1,
K(i,j)=< $+818', l<i=j,

0, 1<i,j>i+1,
K'(i, j), j < i.

As in Example 5.3.3, the recursions in (11.4.23)simplify to

es, = 8tV,¯,, (11.4.31)
V, = 1+ 818' - 8,1V,_18'i.

In order to start this recursion, it is necessary first to compute f(0). From
(11.3.15)we obtain the two matrix equations

f(0) - Of'(1) = 1 + Ot(O' + O'),

T(1) - Of(0) = 81.

Substituting f(1) = Of(0) + 8t into the first expression, we obtain the single
matrix equation,

f(0) - Of(0)O' = GTO' + OTO' + 1 + 818', (11.4.32)
which is equivalent to a set of linear equations which can be solved for the
components of f(0).

Ten observations Xi, ..., Xio were generated from the two-dimensional
ARMA(1, 1) process

X
.7

0¯ X,_i,1 Z,1
.5 .6

Z,_1,1
(11.4.33)X,2 ¯ 0

.6

Xt-1,2 t2J
-7

- t-1,2

where {Z,} is a sequence of iid N([ , [ gy
221]) random vectors. The values

of R,41, V, and 8,1 for n = 0, 1,..., 10, computed from equations (11.4.30)-
(11.4.32),are displayed in Table 11.1. Notice that the matrices V, and 8,, are
converging rapidly to the matrices 1 and 8, respectively.

Once $1, ..., R, are found from equations (11.4.28),it is a simple matter
to compute the h-step predictors of the process. As in Section 5.3 (seeequations
(5.3.15)),the h-step predictors Ps Xn+h, h = 1, 2, ..., satisfy

'n+h-1

On+h-1,j(Xn+h-) n+h-j), 1 sh i l - n
j=h

Ps X = < (11.4.34)n+h iFs Xn+h-i n+h-1,j(Xn+h-j n+h-j 9

i=1 hšjiq

h>l-n
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Table 11.1. Calculation of 1, for Data from the ARMA(1, 1)
Process of Example 11.4.1

n X,,, V, O., 1,,,
0

-1.875

7.240 3.701 0
1.693 3.701 6.716 0

1
-2.518

2.035 1.060¯ .013 .224 -.958

-.030 1.060 2.688 -.142 .243

1.693
2

-3.002

1.436
.777 .193 .502

¯-2.930

-1.057 .777

2.323
-.351 .549 -.417

3
-2.454

1.215
.740 .345 .554

2.481
-1.038 .740

2.238
-.426 .617

-1.000
4 -1.119 1.141

.750 .424 .555

-1.728
-1.086 .750

2.177
-.512 .662 -.662

5
-.720

1.113
.744 .442 .562 -.073

-.455 .744

2.119
-.580 .707 -1.304

6 -2.738 1.085
.728 .446 .577 .001

.962 .728

2.084
-.610 .735 .331

7
-2.565

1.059
.721 .461 .585 -2.809

1.992
.721

2.069
-.623 .747

2.754
8

-4.603

1.045
.722 .475 .586 -2.126

2.434
.722

2.057 -.639 .756 .463

9
-2.689

1.038
.721 .480 .587 -3.254

2.118
.721

2.042
-.657 .767

4.598
10 1.030

.717 .481 .591 -3.077

.717

2.032 -.666 .775

-1.029

where for fixed n, the predictors Ps X,41, Ps X,42, Ps X,43, ... are determined
recursively from (11.4.34).Of course in most applications n > l = max(p, q),
in which case the second of the two relations in (11.4.34)applies. For the
ARMA(1, 1) process of Example 11.4.1 we have for h > 1,

h-i fs X,,,

(.7)h-1n+1, 1

(.6)h-1n+1,2

More generally, let us fix n and define g(h) := Ps Xn+h. Then g(h) satisfies the
multivariate homogeneous difference equation,

g(h) - O,g(h - 1) -
···

- O,g(h - p) = 0, for h > q, (11.4.35)
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with initial conditions,

g(q - i) = Ps X,,,,, i = 0, ..., p - 1.

By appealing to the theory of multivariate homogeneous difference equations,
it is often possible to find a convenient representation for g(h) and hence
Ps,Xn+h by solving (11.4.35).

§11.5Estimation for Multivariate ARMA Processes

If {X,} is a causal m-variate ARMA(p, q) process,

X, - O,X, ,
-

···
- O,X,_, = Z, + OiZ,_, + ··· + O,Z,_,, (11.5.1)

where {Z,} ~ WN(0,$), then the Gaussian likelihood of {X,,...,X,,} can be
determined with the aid of the multivariate innovations algorithm and the
technique used in Section 8.7 for the univariate case.

For an arbitrary m-variate Gaussian process {X,} with mean 0 and
covariance matrices

K(i,j) = E(X;Xj),

we can determine the exact likelihood of {Xi,...,X,,} as in Section 8.6. Let X
denote the nm-component column vector of observations, X:= (X't,...,X')'
and let î := (i',,..., î',,)'where it, ..., i,, are the one-step predictors defined
in Section 11.4. Assume that F,, := E(XX') is non-singular for every n and let
8;, and g be the coefficient and covariance matrices defined in Proposition
11.4.2, with Bio = I and 87, = 0, j < 0, i = 0, 1, 2, ... . Then, introducing the
(nm× nm) matrices,

C = [Og, o (11.5.2)
and

D = diag{Vo,..., V,_,}, (11.5.3)
we find by precisely the same steps as in Section 8.6 that the likelihood of
{Xi,...,X,,} is

n -1/2 gn
L(C,,) = (2x)-nm/2Q det 6 i exp -- 1 (X, - ij)' (X, - î,) ,

j=i 2>=1

(11.5.4)
where the one-step predictors i, and the corresponding error covariance
matrices V,

_ 1, j = 1, . . . , n, are found from Proposition 11.4.2. Notice that the
calculation of L(T,,) involves operations on vectors and square matrices of
dimension m only.

To compute the Gaussian likelihood of {X,,..., X,,} for the ARMA process
(11.5.1)we proceed as in Section 8.7. First we introduce the process {W,}
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defined by (11.4.26)with covariance matrices K(i, j) = E(W¿W)) given by
(11.4.27).Applying the multivariate innovations algorithm to the transformed
process {W,} gives the coefficients gjkand error covariance matrices V, in
the representation of (11.4.28)of X,1. Since X, - X, = W, - W,, j = 1,
2, ..., it follows from (11.5.4)that the Gaussian likelihood L(G, 8, ‡) of
{Xy,..., X,} can be written as

(
n

-1/2

L(G, 8, $) = (2x)¯""/2Q det V, i

f
j= 1 (11.5.5)

1 "

× exp -- 2 (X, - Ry)'Ç|(X, - ij) ,

2;=1

where i, is found from (11.4.28)and Bjk> j are found by applying Proposition
11.4.2 to the covariance matrix (11.4.27).

In view of Remark 3 of Section 11.4, it is not possible to compute maximum
likelihood estimators of © and O independently of 1 as in the univariate
case. Maximization of the likelihood must be performed with respect to all
the parameters of ©, O and i simultaneously. The potentially large number
of parameters involved makes the determination of maximum likelihood
estimators much more difficult from a numerical point of view than the
corresponding univariate problem. However the maximization can be per-
formed with the aid of efficient non-linear optimization algorithms.

A fundamental difficulty in the estimation of parameters for mixed ARMA
models arises from the question of identifiability. The spectral density matrix
of the process (11.5.1)is

1
f(w)= - ©¯ (e¯' )8(e '")$O'(e' O' *(e'").

2x

The covariance matrix function, or equivalently the spectral density matrix
function f(·), of a causal invertible ARMA process does not uniquely
determine ‡, O(·) and O(·) unless further conditions are imposed (see
Dunsmuir and Hannan (1976)).Non-identifiability of a model results in a
likelihood surface which does not have a unique maximum. The identifiability
problem arises only when p > 0 and q > 0. For a causal autoregressive or
invertible moving average process, the coefficient matrices and the white
noise covariance matrix $ are uniquely determined by the second order
properties of the process.

It is particularly important in the maximum likelihood estimation of
multivariate ARMA parameters, to have good initial estimates of the
parameters since the likelihood function may have many local maxima which
are much smaller than the global maximum. Jones (1984)recommends initial
fitting of univariate models to each component of the series to give an initial
approximation with uncorrelated components.

Order selection for multivariate ARMA models can be made by minimizing
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a multivariate analogue of (9.3.4),namely

AICC =
-2

ln L(Gi, ..., ©,, Oi, ..., Og, 1) + 2(k + 1)nm/(nm - k - 2),

where k = (p+ q)m2.
Spectral methods of estimation for multivariate ARMA parameters are

also frequently used. A discussion of these (as well as some time domain
methods) is given in Anderson (1980).

Estimation for Autoregressive Processes Using
the Durbin-Levinson Algorithm

There is a simple alternative estimation procedure, based on the multivariate
Durbin-Levison algorithm, for fitting autoregressions of increasing order.
This is analogous to the preliminary estimation procedure for autoregressions
in the univariate case discussed in Section 8.2. Suppose we have observations
xi,...,x, of a zero-mean stationary m-variate time series and let
Ê(0),..., Ê(n- 1) be the sample covariance function estimates. Then the
fitted AR(p) process (p < n) is

X, = è,,X,_; + ··· + Ô,,X,
, + Z,, {Z,} ~ WN(0, Ÿ,),

where the coefficients è,,,...,6,, and Ÿ, are computed recursively from
Proposition 11.4.1 with f(h) replaced by f(h),h = 0, ..., n - 1. The order p
of the autoregression may be chosen to minimize

AICC =

-2

ln L(è,,,
...,

,,, Û,)+ 2(pm2 + 1)nm/(nm - pm2 - 2).

EXAMPLE 11.5.1 (Sales with a Leading Indicator). In this example we fit an
autoregressive model to the bivariate time series of Example 11.2.2. Let

X,,=(1-B) ,-.0228, t=1,...,149,

and

Xt2 - U -

2
-

.420

t = 1, ..., 149,

where { ,} and { 2}, t = 0, ..., 149, are the leading indicator and sales data
respectively. The order of the minimum AICC autoregressive model for
(X,,, Xt2)', COmputed using the program ARVEC, is p = 5 with parameter
estimates given by

-.517 .024

-

-.192 -.018

-

-.073 .010

s i -.019 -.051 ' 52 .047 .250 '

4.678
.207 '

-.032 -.009
-

.022 .011

-

.076

-.003

3.664
.004 ' " 1.300

.029 ' '
¯

-.003 .095 '
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and AICC = 114.94. Since the upper right component of each of the
coeilicient estimates is near 0, we may model the {X,i} process separately
from {X,2}. The MA(1) model

X,, = (1 - .474B)U,, {U,} ~ WN(0,
.0779)

(11.5.6)
provides an adequate fit to the series {X,,}. Inspecting the bottom row of
the coefficient matrices, Ôsi, ..., Ôss,and deleting those elements which are
near 0, we arrive at the approximate relation between {X,i} and {X,2} given
by

X,2 = .250Xt
- 2, 2 + .207Xt

- 3, 2 + 4.678X,
_ 3, i + 3.664X,

_ 4, i

+ 1.300X, s, , + g
or, equivalently,

4.678B3(1 + .783B + .278B2
Xt2 = X,, + (1 - .250B2 - .207B3)¯

(1 - .250B2 - .207B3)

(11.5.7)
where { }~ WN(0,

.095).

Moreover, since the estimated noise covariance
matrix is essentially diagonal, it follows that the two sequences {X,i} and

{g} are uncorrelated. This reduced model (11.5.6)and (11.5.7)is an example
of a transfer function model which expresses the output series {X,2} as the
output of a linear filter with input {X,,} plus added noise. The model (11.5.6)
and (11.5.7)is similar to the model found later in Section 13.1 (see(13.1.23))
using transfer function techniques.

Assuming that the fitted AR(5) model is the true model for
{X,:= (X,,, X,2)'}, the one- and two-step ahead predictors of Xiso and Xis,
are

Psl49Xiso = s,Xi49 + ··· + åssXi4s
.163

.217

and

PÑ149X,s, = Ôs X,so + Ôs2X,49 + · · + åssXi4e
.027

.816 '

with error covariance matrices
.076 -.003

E[(Xiso - Ps149X,so)(X,so - Ps149Xiso)'] = 17, =
-.003 .095 '

E[(X,s, - PS149X,,,)(X,s, - PSI49X,si)'] = Ôs,ŸsÔ's,+ Ÿs
.0964 -.0024

-.0024
.0953
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Forecasting future values of the original data Y, = ( i,
2)' iS anSÌOgOUS ÍO

the forecasting of univariate ARIMA models discussed in Section 9.5. Let
Pi49(·) denote the operator P(·|1, Yo,..., Y,49) where 1 = (1,1)' and assume,
as in the univariate case, that YolX,,...,Xi49. Then, defining S, as in
(11.4.1),we find (seeProblem 11.9) that

.0228

Pi49Yiso =
.420 SI49X,so + Yi49

.0228 .163

13.4 13.59
= + + =

.420 -.217

262.7 262.90

and
.0228

Pi49Yisi =
.420 sl49X,si + P,49Yise

.0228 -.027

13.59 13.59
=++=,

.420 .816

262.90 264.14

with error covariance matrices
.076 -.003

E[(Y,so - Pi49Yiso)(Yiso - P,49Yisin = Ys - -.003 .095

and

E[(Y,,, - P,4,Y,si)(Yist - Pi49Yisi)'] = (1+ Ôsi)Ÿs(I + Ôsi)'+ Ÿs
.094 -.003

-.003
.181

These predicted values, computed using the program ARVEC, are in close
agreement with those obtained from the transfer function model of Section
13.1 (see(13.1.27)and (13.1.28).Although the two models produce roughly
the same prediction mean squared errors for the leading indicator data, the
AR model gives substantially larger values for the sales data (see(13.1.29)
and (13.1.30)).

§11.6The Cross Spectrum

Recall from Chapter 4 that if {X,} is a stationary time series with absolutely
summable autocovariance function y(·), then {X,} has a spectral density
(Corollary 4.3.2) given by

1 °°

f(A) = - i e¯ihay(h), -ñ <; A _<

x, (11.6.1)2ñ h= -oo
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and the autocovariance function can then be expressed as

y(h) = eihaf(1)dl. (11.6.2)

By Theorem 4.8.2, the process {X,} has a corresponding spectral
representation,

X, = e"* dZ(1), (11.6.3)

where {Z(1), -a < 1 <; ñ} is an orthogonal increment process satisfying

the latter expression representing the contribution to the variance of {X,} from
harmonic components with frequencies in the interval (11,22].

In this section we shall consider analogous representations for a bivariate
stationary time series, X, = (X,,,Xt2)', With mean zero and covariances
yg(h) = E(Xt h,iXy) satisfying

|yg(h)|< œ, i, j = 1, 2. (11.6.4)
h=-o

Although we shall confine our discussion to bivariate time series, the ideas
can easily be extended to higher dimensions and to series whose covariances
are not absolutely summable (seeSection 11.8).

Definition 11.6.1 (The Cross Spectrum). If {X,} is a stationary bivariate time
series with mean 0 and covariance matrix function f(·) satisfying (11.6.4),then
the function

1 o

f,2(1)--- i e-ihAT12(h), le[ x,x],
2ñ h= -o

is called the cross spectrum or cross spectral density of {X }and {X,2}. The
matrix

l -ihA
11(h) fl2f(A)=- i e f(h)=

2ñh=-o 21(h) f22(O
is called the spectral density matrix or spectrum of {X,}.

The spectral representations of yg(h) and f(h) follow at once from this
definition. Thus

yg(h) = eihafg(1)dA, i, j = 1, 2, (11.6.5)

and
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The function f),(·) is the spectral density of the univariate series {X,,} as
defined in Chapter 4, and is therefore real-valued and symmetric about zero.
However since yg(·), i ¢ j, is not in general symmetric about zero, the cross
spectrum f),(·)is typically complex-valued.

If {Z,(A),-ud A< x} is the orthogonal increment process in the spectral
representation of the univariate series {X,,}, then we know from Chapter 4 that

X,, = e"* dZ,(1) (11.6.6)

and
f;;(A)dA= E |dZ,(1) 2, (11.6.7)

the latter being an abbreviation for figf;;(A)dl = E|Z,(A2 ¯ i 1
2

2, 5 12 i x. The cross spectrum f;;(1)has a similar interpretation, namely

fg(A)dA= E(dZ¿(A)dZj(A)), (11.6.8)
which is shorthand for Ji fg(A)dk = Ej(Z,(12) - Z,( 2)¾Zyg2) - Z, 1)B,
-ñ K At i A2_< ñ. As shown in Section 11.8, the processes {Zi(A)} and
{Z2(1)} have the additional property,

E(dZ,(1) dZ,(µ)) = 0 for 1 ¢ µ and i, j = 1, 2.

The relation (4.7.5)for univariate processes extends in the bivariate case to

(11.6.9)
i,j=1,2,

for all functions g and h which are square integrable with respect to f;;and f
respectively (seeRemark 1 of Section 11.8). From (11.6.8)we see that

/21 12

This implies that the matrices f(A) are Hermitian, i.e. that f(1) = f*(A) where
* denotes complex conjugate transpose. Moreover if a = (ay,a2)¾C2 then
a*f(1)a is the spectral density of {a*X,}. Consequently a*f(A)a > 0 for all
a E 62, i.e. the matrix f(1) is non-negative definite.

The correlation between dZ,(A) and dZ2(A) is called the coherency or
coherence, £12(A), at frequency 1. From (11.6.7)and (11.6.8)we have

12(A = f,2(A &fi, ly22(AB1/2. (11.6.10)
By the Cauchy-Schwarz inequality, the squared coherency function| f,2(AM2
satisfies the inequalities,

and a value near one indicates a strong linear relationship between dZi(A)and
dZ2(A).
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Since fl2(Â)ÏS complex-valued, it can be expressed as

fl2 ) - C12 912 9

where

c12(A)= Re{ f12
and

q,2 ) = -Im{ fi2 A) .

The function c12(Â)ÌS called the cospectrum of {X,,} and {Xt2}, and ql2
called the quadrature spectrum.

Alternatively fy2(A) can be expressed in polar coordinates as

fi2(4 - «,2(A)exp[i¢i2 B,
where

12(Ñ= (42(4 + qÏ2(A) 12

is called the amplitude spectrum and

#12 ¯ UEË 12 ¯
912(Â))E(-X,X

,

the phase spectrum of {X,i} and {Xt2}. The coherency is related to the phase
and amplitude spectra by

X12 12 110V22 -1/2 CXp[i¢i2 B - X12(Â)OXp[i¢12

EXAMPLE 11.6.1. Let {X,} be the process defined in Example 11.1.1, i.e.

X,, = Z,,

X,2 - Z, + .75Z,_,o,

where {Z,} ~ WN(0, l). Then

l
f(1) = -[f(-10)e °6 + f(0) + f(10)e¯I°"]

2x

and
1

fl2(A) = -[1 +
.75

cos(101) +
.75isin(101)]

2x

= Œ12(À)CXp[i¢12
9

where the amplitude spectrum œ,29) à

1
Œ12(A)= -[1.5625 + 1.5cos(101)] 72,

2x

and

tan ¢129 -
.75

sin(101)/[1 +
.75

cos(101)].
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Since fi,(A) = (2x)¯ and f22(A)= (2ñ)¯(1.5625+ 1.5cos(10A)),the squared
coherency is

Iri2(AM2_ 2 11 22 9

Remark 1. The last result is a special case of the more general result that
|¾12 2 = Î, - E Â X, Whenever {X } and {X,2} are related by a
time-invariant linear filter. Thus if

Xt2 jX,_;,1

where 2,|¢,| < oo, then by Theorem 4.10.1,

Hence dZ2 j j,-gadZi(A), -ñ

K A E ñ. Since dZ2(A) and dZi(1) are
linearly related for all 1, the squared absolute correlation between dZy (1)and
dZ2(A , i.e. |fi2(AM2,iS 1 for all 1. This result can also be obtained by
observing that

E(Xt+h,2 ti) = E ei(t+h-j)2dZi(1) e"*dZi(A)

whence

/21 j
ijA

11 •

J

Substituting in (11.6.10)and using the fact that f22 j
-ijA 2 11(Â),We

obtain the same result, i.e. |f12 2
- L -X < Â< L

Remark 2. If {X,i} and {Xt2} have squared coherency |f12 2 and if linear
filters are applied to each process giving

and

where 1;|4] < oo and 1,|ß,\< co, then { i} and { 2} have the same
squared coherency f,2(AM2.This can be seen by considering the
spectral representations X,, - Jy_,,,,e"'dZ ), k ¯ (-n.n]e"'dZy,(v), and
observing, from Theorem 4.10.1, that

dZy,(v) = Epe 'A'dZi(v)
i
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and
dZy,(v) = 1 ßge¯*J' dZ2

i

From these linear relations it follows at once that the correlation between
dZy,(v) and dZy,(v) is the same as that between dZ,(v) and dZ2

Remark 3. Let {X,} be a bivariate stationary series and consider the prob-
lem of finding a time-invariant linear filter ? = {¢¿}which minimizes
E|X,2 - _, ¢¿X,_;,i|2. If Ÿ ÌS any time-invariant linear filter with transfer
function

then using (11.6.6)and (11.6.9)we can write
2 x 2

E Xt2 jX,_,,, = E e"'dZ2(v) - ¢(e¯")e"'dZy(v)

+ |¢(e¯")|2fit(v)]dv

= E |dZ2(v) - ¢(e¯")dZi(v) |2

It is easy to check (Problem 11.13) that the integrand is minimized for each v
if

E(dZ2(v) dZ, (v))¢(e¯") 2 21
11(v), (11.6.11)E |dZi(v)|

and the spectral density of i ¢;Xr j,1 is then f2|1 21
2 fii(v). The

density f2 i is thus the spectral density of the linearly filtered version of {X,i}
which is the best mean square approximation to {Xt2 . We also observe that

f2 x(v)
|fi2(AM2=

, (11.6.12)/22
so that |fl2 2

can be interpreted as the proportion of the variance of {X,2}
at frequency v which can be attributed to a linear relationship between {Xt2f
and {X,i}.

Remark 4. If {X,i} and {Xt2} are uncorrelated, then by Definition 11.6.1,
f,2(v)= 0, -xsv i ñ, from which it follows that X,2(AM2= 0,

EXAMPLE l 1.6.2. Consider the bivariate series defined by

X,i=Z,,

Xt2 = ¢X,_g,, + Zt29
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where ¢ > 0 and {Z,} ~ WN(0, 621). The cross covariance between {X,i} and
{X,2} à

f
¢J2 if h =

-d,

712 0 otherwise,

and the cross spectrum is therefore

fi2(A) = (2ñ)¯*¢J2 idA

The amplitude and phase spectra are clearly

12(A) = (2ñ) ¢«2
and

¢12(1)= (dl + ñ)mod(2x) - ñ.

(The constraint -ñ < ¢,2(1)<; a means that the graph of¢i2(4, -ñ < 1 i ñ,

instead of being a straight line through the origin with slope d, consists of
2r + 1 parallel lines, where r is the largest integer less than (d+ 1)/2. Each
line has slope d and one of them passes through the origin.) Since Á, (1)=

J2/(2x) and f22 2 2)/2ñ, the squared coherency is

Ifl2 2
¯

12
2 119V22 2 2

Remark 5. In the preceding example the series {Xt2) IS a lagged multiple of
{X,, }with added uncorrelated noise. The lag is precisely the slope of the phase
spectrum ¢,2. In general of course the phase spectrum will not be piecewise
linear with constant slope, however ¢12(Â)Can Still be regarded as a measure
of the phase lag of {X,2} behind {X,,} at frequency Ain the sense that

fi2(A)dA= œ,2(A)etAndA= E[ dZi(A) dZ2

where 8;(A) = arg(dZ,(A)), i = 1, 2. We say that X,2 lags d time units behind
X,, at frequency Aif exp(itA)dZ2(Â)= CXp(i(t - d)A)dZ, (A).We can then write

fi2(A)dl = Cov(dZ,(A), exp(-idA)dZi(A)) = exp(idA)fix(A)dl.

Hence ¢12 12(A))= (dA+ x)mod(2x) and ¢'2(A) = d. In view of its in-
terpretation as a time lag, ¢'12(Â)iS known as the group delay at frequency A.

EXAMPLE l 1.6.3 (An Econometrics Model). The mean corrected price and
supply of a commodity at time t are sometimes represented by X,1 and Xt2
respectively, where

(X,, = -¢,X,2 + U,, 0 < ¢, < 1,
(11.6.13)X,2 = ¢2X,_i,, + V,, O< ¢2< 1,

where {U,} ~ WN(0,ag), { }~ WN(0,ay) and {U,}, { }are uncorrelated.
We now replace each term in these equations by its spectral representation.
Noting that the resulting equations are valid for all t, we obtain the following
equations for the orthogonal increment processes Zi, Z2, Zu and Zy in the
spectral representations of {X,, },{X,2}, {U,} and {V,}:
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dZi(A) = -¢i dZ2(1) + dZo(A),

and
dZ2(4 = ¢2 -iadZi(1) + dZy(1).

Solving for dZ,(1) and dZ2(Â),We obtain

dZi(1) = (1 + ¢i¢2e¯' )¯I [-¢i dZy(1) + dZy(A)]

and

dZ2 1 2
-ia -1 | dZy(1) + ¢2e¯'*dZy(A)].

From (l 1.6.8) and (11.6.9)it follows that

fit(A) = |1 + ¢1¢2e '*|-2(«§ + ¢¶«¾)/(2«),
f22 1 2

-iA -2(«¾ + ¢|«S)/(2ñ),
and

fi2(N=U+¢i¢2 -iA-2
2

2UCOSÂ¯È16Y
2

2Usinl)/(2ñ).

The squared coherency is therefore, by (11.6.10),

12
2 _ ¢jag+¢|a|-2¢¡¢26UUVCOSÀ

¢j«É+ ¢fJÛ+ (1 + ¢|¢ÿ)aë«j'
and

tan ¢12 2 U SÍnÀ 2 U COS Â ¯

1

Notice that the squared coherency is largest at high frequencies. This suggests
that the linear relationship between price and supply is strongest at high
frequencies. Notice also that for 1 close to ñ,

(¢26UCOSÂ1 2 UCOSÂ¢'12 (¢2JÔCOS Â¯ 1
2

¢i¢2ÛU 67 i 22
U

> 0
(¢,«¾ + ¢2 2 '

indicating that price leads supply at high frequencies as might be expected. In
the special case ¢, = 0, we recover the model of Example 11.6.2 with d = 1,
for which ¢12(Â)= (Â+ K)mOd(2ñ) - ñ and ¢'12 •

EXAMPLE 11.6.4 (Linear Filtering with Added Uncorrelated Noise). Suppose
that 7 = {g,j = 0, ±1,...} is an absolutely summable time-invariant linear
filter and that {X,, }is a zero-mean stationary process with spectral density
fii(1).Let {N,} be a zero-mean stationary process uncorrelated with {X,i}
and with spectral density fN(A).We then define the filtered process with added
noise,

X,2 = gX, , y + N,. (11.6.14)
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Since {X,i} and {N,} are uncorrelated, the spectral density of {Xt2

f22 -iA 2
11 N(A), (11.6.15)

where ¢(e¯'*)= ip _, ¢¿e¯' . Corresponding to (11.6.14)we can also write

dZ2(1) = ¢(e¯'*)dZi(A) + dZN(A), (11.6.16)
where Z2, Zi and ZN are the orthogonal increment processes in the spectral
representations of {X,2}, {X,i} and {N,}. From (11.6.16),

E(dZ2(A)dZ, (A))= ¢(e¯'*)fi x(1)dl

and hence
f2i(A)= ¢(e¯'*)fi t (1).

The amplitude spectrum is

and since fi x is real-valued, the phase spectrum coincides with the phase gain
of the filter, i.e.

¢2,(A) = arg(¢(e '*)).

In the case of a simple delay filter with lag d, i.e. ‡, = 0, j ¢ d, ¢21
arg(e-id2) = (-dA + ñ)mod(2x) - ñ, indicating that {X,,} leads {X,2} by d
as expected.

The transfer function ¢(e¯') of the filter, and hence the weights {‡¿},can
be found from the relation

¢(e¯'*)= f21 11(Â)= Œ21(A)exp[i¢22(Apft,(A), (11.6.17)
quite independently of the noise sequence {N,}. From (11.6.15)and (11.6.17)
we also have the relation,

/22 21
2

11 N

where X2,(AM2ÌS the squared coherency between {X,2} and {X,i}. Hence
fN

21 gy2)/22(A), (11.6.18)
and by integrating both sides, we obtain

UN:=Var(N,)= (1-|X21 2 22(A)dA.

In the next section we discuss the estimation of fi x(A),f22(A)and f, 2(A)from
n pairs of observations, (X,,, X,2)', t = 1, . . ., n. For the model (11.6.14),these
estimates can then be used in the equations (11.6.17)and (11.6.18)to estimate
the transfer function of the filter and the spectral density of the noise sequence
{N,}.
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§11.7Estimating the Cross Spectrum
Let {X,} be a stationary bivariate time series with EX, = µ and E(X,aX') -

µµ' = F(h), where the covariance matrices f(h) have absolutely summable
components. The spectral density matrix function of {X,} is defined by

i1(1) fl2
f2,(2) f22(1)

= (2ñ)-1 f(h)e¯ihi

In this section we shall consider estimation of f(1) by smoothing the multi-
variate periodogram of {Xy,...,X,}. First we derive bivariate analogues of
the asymptotic results of Sections 10.3 and 10.4. We then discuss inference for
the squared coherency, the amplitude spectrum and the phase spectrum which
were defined in Section 11.6.

The discrete Fourier transform of (X1,...,X,} is defined by

J(og) = n¯ 72 X,e " a,
t=1

where o
=2ñj/n,

-|(n-1)/2]¾j<|n/2|, are the n Fourier frequencies
introduced in Section 10.1. The periodogram of {X,,...,X,} is defined at each
of these frequencies or to be the 2 × 2 matrix,

I,(or) = J(og)J*(wy),

where * denotes complex conjugate transpose. As in Section 10.3 the definition
is extended to all frequencies wE | -ñ, ñ] by setting

I,(w) =

"(g(n, w)) if w ;> O'
(11.7.1)1,*(g(n, -o)) if w < 0,

where g(n, w), 0 sws x, is the multiple of 2x/n closest to o (thesmaller one
if there are two). We shall suppress the subscript n and write I,,(w), i, j = 1,
..., n, for the components of I,(w). Observe that I,,(w) is the periodogram of
the univariate observations {Xig,...,X,,}. The function Ii2(m) is called the
cross periodogram. At the Fourier frequency og it has the value,

I12 k) _
-1 i X,ie " e i Xt2

t=1 t=1

Asymptotic Properties of the Periodogram

Since the next two propositions are straightforward extensions of Propositions
10.1.2 and 10.3.1, the proofs are left to the reader.

Proposition 11.7.1. If my is any non-zero Fourier frequencyand X, =

n
I 1" , X,, then

I,(w,) = i Ê(k)e¯ikoj
|k|<n
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where Ê(k)= n¯ l i i' (X,,, -
is)(X, - i,,)', k 2 0, and f (k)= Ê'(- k), k < 0.

The periodogram at frequencyzero is

I,,(0) = ni,,i'.

Proposition 11.7.2. If {X,} is a stationary bivariate time series with mean µ and
covariance matrices F(h) having absolutely summable components, then

(i) EI,,(0) - nµµ' -> 2ñf(0)

and

(ii) EI,,(o) e 2xf(w), if w ¢ 0

where f( ) is the spectral matrix functionof {X,}.

We now turn to the asymptotic distribution and asymptotic covariances
of the periodogram values of a linear process. In order to describe the asymp-
totic distribution it is convenient first to define the complex multivariate
normal distribution.

Definition 11.7.1 (The Complex Multivariate Normal Distribution). If I =

Li + il2 iS a complex-valued m × m matrix such that I = Ï* and a*Ia ;> 0
for all a e C'", then we say that Y = Y, + iY2 is a complex-valued multivariate
normal random vector with mean µ = µi + iµ2 and covariance matrix E if

Y, µ, 1 Ï¡ -E2
~ N ,- . (11.7.2)Y2 µ2 2 E2 Ei

We then write Y ~ Ne(P, 2)- If Y'" = Y'1")+ iYt2n),n = 1, 2, ..., we say that Yl")
Y("I / µ

" 1 I ">
- E ">¯

is ANe(µ("), Lí"') if is AN
µ

'

2 _Ï
"> E ">_ , where each If") =

Et,")+ ilí2")satisfies the conditions imposed on E. These guarantee (Problem
11.16) that the matrix in (11.7.2)is a real covariance matrix.

Proposition 11.7.3. Suppose that {Z, } ~ II D(0,1) where 1 is non-singular, and
let I,,(w), -ñ< w <ñ, denote the periodogram of {Zi,...,Z,,} as defined by
(l 1.7.1).

(i) If 0 < Ai < ··· < 1, < r then the matrices I,(li), ..., I,(1.) converge
jointly in distribution as n -÷ oo to independent random matrices, each distributed
as Y,Yk*where Yk ~ Ne(0,1).

(ii) If EZ| < œ, i = l, 2, and og, ok are Fourier frequenciesin [0,ñ], then

Cov I,,(oÿ), I,,(og)] = (a,,as,+ a,,aq,) + x,,,s/n, og - ok = 0 orñ,
Kpgrs j ks

where I,,( ) is the (p,q)-elementof I,,(·), a,, is the (p,q)-elementof 1, and x,,,,
is the fourthcumulant between Z,,, Z,,, Z,, and Z,s. (See Hannan (1970),p. 23.)
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PROOF. (i) For an arbitrary frequency le (0,x) define

J(A) = n¯l/2 -itg(n

t=1

We first show that J(A) is ANe(0,1) (seeDefinition 11.7.1). We can rewrite J(A)
as

J(A) = n-1/2 COS(tg(n, Â))- i ,
Sin(tg(n, Â)) .

t=1

Now the four-dimensional random vector,

U,, := n¯ 72 Z,cos(tg(n, A))¯
<=1 _Z,sin(tg(n,1))

'

is a sum of independent random vectors and for g(n,1)e(0,x) we can write
(seeProblem 11.17)

1 1 0
E(U,,U') = - . (11.7.3)2 0 $

Applying the Cramer-Wold device and the Lindeberg condition as in the
proof of Proposition 10.3.2, we find that

1 ¯$ 0
U,, is AN 0,- .

2 0 $
This is equivalent, by Definition 11.7.1, to the statement that

J(1) is ANe(0,1).

(Note that a complex normal random vector with real covariance matrix E
has uncorrelated real and imaginary parts each with covariance matrix Ï/2.)
It then follows by Proposition 6.3.4 that I,,(A)-> YY* where Y ~ N(0,1).

For o ¢ A,a computation analogous to the one giving (11.7.3)yields

E[J(A)J*(w)] = 0

for all n sufficiently large. Since J(A) and J(w) are asymptotically joint normal,
it follows that they are asymptotically independent. Extending this argument
to the distinct frequencies 0 < li < ··· < 1. < x, we find that J(A1), ..., J(A.)
and hence I,,(Ay), ..., I,,(1.) are asymptotically independent.

(ii)The proof is essentially the same as that of Proposition 10.3.2 and is
therefore omitted. (See also Hannan (1970),p. 249.) [¯1

As in Section 10.3, a corresponding result (Theorem 11.7.1) holds also for
linear processes. Before stating it we shall relate the periodogram of a linear
process to the periodogram of the underlying white noise sequence.

Proposition 11.7.4. Let {X,} be the linear process,
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X, = C,Z,_g, {Z,} ~ IID(0,1), (11.7.4)
k= -oo

where 1 is non-singular and the components of the matrices C, adgy

R=-o ICa(i,j) k 12 < oo, i,j = 1, 2. Let 1,,,(·) and In,z(·) be the periodograms
of {Xi,...,X,} and {Zi,...,Z,} respectively. If EZ,Í<œ, i=1, 2, and
C(e¯* ) > Eko -iko, then for each Fourier frequencyoge [0,x],

1,, (ok io
n,Z

k) ' ) + R,(wk >

where the components of R,(ogbadsfy

max E[R.,g(og)|2= O(n 1), i,j= 1,2.
okE [0,x]

PROOF. The argument follows that in the proof of Theorem 10.3.1. (See also
Hannan (1970),p. 248.) O

Theorem 11.7.1. Let {X,} be the linear process defined by (11.7.4)with

periodogram I,(1) = [Ig(A)]|,, 2, -ñ< A <ñ.

(i) If 0 < A, < ··· < A,,,<ñ then the matrices I,(À1),···> In(Am)converge
jointly in distribution as no œ to independent random matrices, the kth
which is distributed as W,W,* whereW,~ Ne(0,2ñf(12)) and f is the spectral

density matrix of {X,}.

(ii) Ifo,=2ñj/ne[0,w]andog=2ñk/ne[0,x],then
'(2x)2

pr jVss(or)+ Ips j qr j
-1/2

if o, = og = 0 or ñ,

Cov(I,,(w;), I,,(ok)) = < (2x)2pr j sq
j) + O(n-1/2

if0<w;=w,<ñ,
O(n¯ ) if o, ¢ og,

where the terms O(n-1/2) and O(n ) can be bounded uniformly in j and k by
cin¯ 72 and c2

-1

T€Sp€CtÌÐ€IfJOT Some positive constants ci and c2.

PROOF. The proof is left to the reader. (See the proof of Theorem 10.3.2 and
Hannan (1970),pp. 224 and 249.) O

Smoothing the Periodogram

As in Section 10.4, a consistent estimator of the spectral matrix of the linear
process (11.7.4)can be obtained by smoothing the periodogram. Let {m,,}and

{W,(·)} be sequences of integers and (scalar)weight functions respectively,
satisfying conditions (10.4.2)-(10.4.5).We define the discrete spectral average
estimator j by

f(w):= (2ñ)¯* i W,,(k)I,,(g(n, w) + ok), 0 Kos ñ. (11.7.5)
jk|<;m,,
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In order to evaluate f(o),0 < w <; ñ, we define I, to have period 2ñ and replace

I,(0) whenever it appears in (11.7.5)by

f(0):= (2x)¯Re W,,(0)I,(wi) + 2 i W,,(k)1,,(og,1) .

k=1

We have applied the same weight function to all four components of I,,(w)
in order to facilitate the statement and derivation of the properties of f(w).It
is frequently advantageous however to choose a different weight-function

sequence for each component of I,(·) since the components may have quite
diverse characteristics. For a discussion of choosing weight functions to match
the characteristics of 1,(·) see Chapter 9 of Priestley (1981).

The following theorem asserts the consistency of the estimator f(w).It is a
simple consequence of Theorem 11.7.1.

Theorem 11.7.2. If {X,} is the linear process defined by (11.7.4)and f(w)=
[| (o)] y is the discrete spectral average estimator defined by (11.7.5),then
for 1, me [0,x],

(a) lim Ef(w) = f(o)

and

,(w) fs,(o) + f,s(o)fg,.(m) if o = 1 = 0 or x,
Cov(f,,(w),/,,(1))(b) lim = f, (w)f,,(w) if 0 < w = A < ñ,

n-oo i W,,2(k)
0 if w ¢ 1.

|k| s;m

(Recall that if X and Y are complex-valued, Cov(X, Y) = E(XY) - (EX)(EY).)

The cospectrum ci2(o) = [fi2( ) + f21(o)]/2and the quadrature spectrum
912( ) = fi2(o) - f21(w)]/2will be estimated by

ô12(w) - [/12( ) + Î21(w)]/2
and

412 ) = Îi2( ) - Î2i(m)]/2
respectively. By Theorem 11.7.2(b) we find, under the conditions specified, that
the real-valued random vector (L|k<:mW,2(k))¯ (Ì11(m),Î22>Û12 9912

>

0 < w < ñ, has asymptotic covariance matrix,

121
12

2 11012 11912

12
2 222 22012 22912

V =

fizci2 fggC12
11 22 2 ¯ 9 2) C12912

11Û12 22912 12912 11 22 Û22¯ C 2

(117.6)
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where the argument o has been suppressed. Moreover we can express
(fii(m),f22(w),ôt2(w), qi2(w))' as the sum of (2m+ 1) random vectors,

Îii(m) lii(g(n,w) + mg)

Î22 22 k
= 2 W,,(k) ,

Ô12 (k|<;m Re{I12 gn kl

412(w) -Img12 gn kJ

where the summands, by Theorem 11.7.1, are asymptotically independent.
This suggests that

(Íii(m),Î22(w),ôt2(w), ql2(m))' iS AN(( fit(o), f22 9012 >912
9

(11.7.7)
where a2

|k|<;mW,2(k) and V is defined by (11.7.6).We shall base our
statistical inference for the spectrum on the asymptotic distribution (11.7.7).
For a proof of (11.7.7)in the case when f(o)is a lag window spectral estimate,
see Hannan (1970),p. 289.

Estimation of the Cross-Amplitude Spectrum

To estimate Œ12 12
= C12 ¯

12(O) We shall use

12 2 2
1/2

_ 12 > 912

By (11.7.7)and Proposition 6.4.3 applied to h(x, y) = (x2+ y2 1/2,
We find that

if œ12(m) > 0, then

2 (w)~ AN(«i2(w), 4 4 (on,
where

(ôh
2 Bh 2 ôh ôhof(w) = - vs3 + - v44 + 2 v34,ôx Oy ôx By

vg is the (i,j)-element of the matrix defined by (11.7.6),and the derivatives of
h are evaluated at (C12 912(w)). Calculating the derivatives and simplifying,
we find that if the squared coherency, £12 2, iS strictly positive then

12(m) iS AN(œ12(m), aja 2
12(o -2 + 1)/2). (11.7.8)

Observe that for small values of |X12 2, the asymptotic variance of ât2(w)
is large

Estimation of the Phase Spectrum

The phase spectrum ¢12 = RTg 12(©) Will be estimated by

412 = RTg Ô12 12(o))E(-X,R
.
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If X,2(on2 > 0, then by (11.7.7)and Proposition 6.4.3,
Ô12(O) iS AN(¢12 9 2 12

-2
- 1)/2). (11.7.9)

The asymptotic variance of ¢¡2(w),like that of âl2 9 12
2

is small
In the case when fi2(m) = 0, both c,2(w) and q12(O) RTC ZCTO, SO ffOm

(11.7.7)and (11.7.6)
i2(w)

. O fii f22 0
is AN 2a .

c),2(m) _0
' " O fit f22

As ji2(w)= arg(ôl2 ¯ 12(Œ))= Rig Q2/iif22/2)-1/2
12 ¯ Û12

we conclude from Proposition 6.3.4 that

Ô12(w)arg(U, + iU2 >

where U, and U2 are independent standard normal random variables. Since
U, /U2 has a Cauchy distribution, it is a routine exercise in distribution theory
to show that arg(U, + iU2) iS uniformly distributed on (-ñ,ñ). Hence if
n is large and £12(w) = 0, ¢12(m)iS approximately uniformly distributed
on (-ñ, x).

From (11.7.9)we obtain the approximate 95°/, confidence bounds for
¢12(©),

¢12(w)± 1.96a,,âl2 12
-2

_

1/2/21/2,

where |f,2(w) 2 IS the estimated squared coherency,

lil2 2 _ 42 11 22 >

and it is assumed that Ì,2(w) 2 > 0.
Hannan (1970),p. 257, discusses an alternative method for constructing a

confidence region for ¢i2(w)in the case when W,,(k) = (2m+ 1)¯ for |k <; m
and W(k) = 0 for |k| > m. He shows that if the distribution of the periodogram
is replaced by the asymptotic distributions of Theorem 11.7.1, then the event
E has probability (1 - a), where

E = |sin(¢12 12
¯ 12

2¯ 1/2t

(4m)4m X,2(my2
,'/2

and t1-a/2(4m) is the (1- x/2)-quantile of the t-distribution with 4m degrees
of freedom. For given values of ¢12(w)and |X12(w)|, the set of ¢12m) VR UCS

satisfying the inequality which defines E is therefore a 100(1 - a)% confidence
region for ¢,2(o).If the right-hand side of the inequality is greater than or
equal to 1 (aswill be the case if |f,2(wy2 is sufficiently small), then we obtain
the uninformative confidence interval (-x,n] for ¢t2(w).On the other hand
if the right-hand side is less than one, let us denote its arcsin (in[0,ñ/2))by
¢*.Our confidence region then consists of values ¢12(m)Such that

|sin(¢12 12(m)) < SÎH þ*,
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i.e. such that

$12m) - 12
12(o) + ¢*, (11.7.10)

or

Ô12 12 12

The confidence region can thus be represented as a union of two subintervals
of the unit circle whose centers are diametrically opposed (at Ô12(w)and

¢12(w)+ x) and whose arc lengths are 2¢*. If il2 2 iS close to one, then we
normally choose the interval centered at ¢i2(w),since the other interval
corresponds to a sign change in both c,2(w) and ql2(m) Which is unlikely if
fi2(my2 is close to one.

Estimation of the Absolute Coherency

The squared coherency |f,2(my2 iS estimated by |Ìl2 2 Where

lÌi2( N= E42( ) + M2 1/2
11 22

1/2

= h(fri(w), f22 12
9912

If Ì12(o)| > 0, then by (11.7.7)and Proposition 6.4 3,
\Ì12(O) iS AN(|f,2(on, 40 - |X12 2 2/2), (11.7.11)

giving the approximate 95% confidence bounds,

\Ìi2(w)± 1.96a,(1 - |Ì12 2

for |X12 •

1 + xSince d[tanh¯I(x)]/dx
= d iln /dx = (1 - x2 -1, it (Ollows from

1 - x
Proposition 6.4.3 that

tanh *(|£12(©) ) ÏS AN(tanh¯I( Xi2(w)|),a2/2). (11.7.12)
From (11.7.12)we obtain the constant-width large-sample 100(1 -

œ)%

confidence interval,

(tanh¯( il2 ¯ 1-a/2
n/

, tanh¯ (jki2(w)) + 01-œ/2 n 9

for tanh¯ (|X12(w)|). The corresponding 100(1 - a)% confidence region for
|X12(m) iS the intersection with [0,1] of the interval

(tanh[tanh¯*(|Ì12 1-«/2 n

tanh[tanh¯ (lil2 1-«/2 n >

assuming still that if12(w) > 0.
If the weight function W,(k) in (11.7.5)has the form W,(k) = (2m+ 1)-1

for |k| < m and W,(k) = 0, k > m, then the hypothesis |X12(w)| = 0 can be
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tested against the alternative hypothesis |f,2(w)| > 0 using the statistic,

Y = 2m|Ìi2(my2 12
2

Under the approximating asymptotic distribution of Theorem 11.7.1, it can
be shown that |f,2(w)|2 is distributed as the square of a multiple correlation
coefficient, so that Y ~ F(2, 4m) under the hypothesis that |X12(o)| = 0. (See
Hannan (1970),p. 254.) We therefore reject the hypothesis |f,2(o)| = 0 if

Y > Fi _,(2, 4m) (11.7.14)
where F, _,(2, 4m) is the (1-

œ)-quantile of the F distribution with 2 and 4m
degress of freedom. The power of this test has been tabulated for numerous
values of |f,2(w)| > 0 by Amos and Koopmans (1963).

EXAMPLE 11.7.1 (Sales with a Leading Indicator). Estimates of the spectral
density for the two differenced series {D,,} and {D,2} in Example 11.2.2 are
shown in Figures 11.5 and 11.6. Both estimates were obtained by smoothing
the respective periodograms with the same weight function W,(k) =

,

|k| 5; 6. From the graphs, it is clear that the power is concentrated at high
frequencies for the leading indicator series and at low frequencies for the
sales series.

The estimated absolute coherency, |fl2(m) iS shown in Figure 11.7 with
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O O.1 0.2 0.3 0.4 0.5

Figure 11.5. The spectral density estimate f,(2xc),0 sc i0.5, for the differenced
leading indicator series of Example 11.7.1.
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Figure 11.6. The spectral density estimate Â(2xc),0 sc i 0.5, for the differenced
sales data of Example 11.7.1.

corresponding 95°/o confidence intervals computed from 11.7.13. The confi-
dence intervals for if12(w) are bounded away from zero for all o, suggesting
that the coherency is positive at all frequencies. To test the hypothesis Ho ·

|X12(w) = 0 at level œ =

.05,

we use the rejection region (11.7.14).Since
m = 6, we reject He if

12|Z12 2

> F ss(2, 24) = 3.40,
1 - |Z12 2

i.e. if |fl2(m)| >
.470.

Applying this test to |£12( ) , We find that the hypothesis
|f12(w)| = 0 is rejected for all wE (0,n). In fact the same conclusions hold
even at level a =

.005.

We therefore conclude that the two series are correlated
at each frequency. The estimated phase spectrum Ô12(m)iS shown with the
95% confidence intervals from (11.7.10)in Figure 11.8. The confidence
intervals for ¢12(O) RTC QUiÍC HRTTOw at each o owing to the large values of
|fi2(o)(. Observe that the graph of ¢12(©)IS piecewise linear with
slope 4.1 at low frequencies and slope 2.7 at the other frequencies. This is
evidence, supported by the earlier analysis of the cross correlation function
in Example 11.2.2, that {D,,} leads {Dt2} by approximately 3 time units. A
transfer function model for these two series which incorporates a delay of 3
time units is discussed in Example 13.1.1. The results shown in Figures
11.5-11.8 were obtained using the program SPEC.
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Figure 11.7. The estimated absolute coherency |Ê12(2xc)for the differenced leading
indicator and sales series of Example 11.7.1, showing 95% confidence limits.
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Figure 11.8. The estimated phase spectrum, ¢y2(2ñc),for the differenced leading
indicator and sales series, showing 95% confidence limits.
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§11.8*The Spectral Representation of a Multivariate
Stationary Time Series

In this section we state the multivariate versions of the spectral representation
Theorems 4.3.1 and 4.8.2. For detailed proofs see Gihman and Skorohod
(1974)or Hannan (1970).All processes are assumed to be defined on the
probability space (G, F, P).

Theorem 11.8.1. F(·) is the covariance matrix functionof an m-variate stationary

process {X,,t = 0, ±1,...} if and only if

F(h) = e** dF(v), h = 0, ±1, ...,

where F(·) is an m × m matrix distribution functionon [-x, x]. (We shall use
this term to mean that F(-x) = 0, F(·) is right-continuous and (F(µ) - F(A))is
non-negative definite for all 1 5 µ, i.e. oo > a*(F(µ) - F(A))a :> 0 forall a E Om
where a* denotes the complex conjugate transpose of a.) F is called the spectral
distribution matrix of {X,} or of F(·). Each component Fy, of RQ is a
complex-valued distribution functionand f(_,,,,eihvdF(v) is the matrix whose

(j, k)-component is f(_,,,,e*'dF ( ).
PROOF. See Gihman and Skorohod (1974),p. 217.

In order to state the spectral representation of {X,}, we need the concept
of a (right-continuous)vector-valued orthogonal increment process (Z(A),
-xs A E ñ}. For this we use Definition 4.6.1, replacing (X, Y) by EXY*
and |Xi|2 by EXX*. Specifically, we shall say that {Z(1), -ñ 5 AE x} is a
vector-valued orthogonal increment process if

(i) the components of the matrix E(Z(1)Z*(1)) are finite, -ñ

5 1 < ñ,

(ii) EZ(A) = 0, -ñá A5 x,
(iii) E(Z(14 ¯ 3 2 ¯

1))* = 0 if (11,Â2 3,
4] = ¢,and

(iv) E(Z(1 + õ) - Z(1))(Z(A + õ) - Z(A))* -> 0 as õ10.

Corresponding to any process {Z(A), -x 5 A E x} satisfying these four
properties, there is a unique matrix distribution function G on [-ñ,ñ] such
that

G(µ) - G(A)= E[(Z(µ) - Z(A))(Z(µ) - Z(1))*], 1 < µ. (11.8.1)
In shorthand notation the relation between the matrix distribution function
G and {Z(A), -x 5 1 i x} can be expressed as

fdG(A) if µ = 1E(dZ(A)dZ*(µ)) = õ dG(1) =

.'

0 otherwise.

Standard Brownian motion {B(A),-ñ

5 i 5 x} with values in R'" and
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B(-x) = 0 is an orthogonal increment process with G(A)= (1+ ñ)I where I
is the (m× m) identity matrix. The fact that G(1) is diagonal in this particular
case reflects the orthogonality of B,(A),B,(A),i / j, for m-dimensional Brownian
motion. It is not generally the case that G(A)is diagonal; in fact from (11.8.1)
the (i,j)-element of dG(A)is the covariance, E(dZ,(A)dŽ¡(A)).

The stochastic integral I( f) with respect to {Z(1)} is defined for functions
f which are square integrable with respect to the distribution function
Go := g i Gy,as follows. For functions of the form

f(A)= f;1g,, (A), -x=Ao<11<···<A,,,=ñ, (11.8.2)
i=o

we define

I( f) := f;{Z(Asi) - Z(1,)]. (11.8.3)
i=o

This mapping is then extended to a Hilbert space isomorphism I of L2(Go)
into L2(Z), where L2( ) ÌS the closure in L2(Û,f,F) Of the set of all linear
combinations of the form (11.8.3)with arbitrary complex coefficients f). The
inner product in L2(Z) is defined by

(Yi, Y2) := E(Y2 1). (11.8.4)

Definition 11.8.1. If {Z(A),- x 5 1 i ñ} is an m-variate orthogonal increment
process with E(dZ(A)dZ*(µ)) = ög,,dG(A) and Go = B i G,,, then for any
feL2(Go) we define the stochastic integral J _,,,, f(v)dZ(v) to be the random
vector I( f) e L2( ) With I defined as above.

The stochastic integral has properties analogous to (4.7.4)-(4.7.7),namely

E(I(f))=0,

I(at f + a2Û 1 2 Û > Ø19 2

(I( f),I(g)) = f(v)J(v)dGo(v),

and

(I(f.),I(g.))- f(v)g(v)dGo(v) if f f and g,S'g,
with the additional property,

E(I( f)I(g)*) = f(v)J(v)dG(v).
J(-n,n]

Now suppose that {X,} is a zero-mean m-variate stationary process with
spectral distribution matrix F(·) as in Theorem 11.8.1. Let it be the set of
random vectors of the form
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Y = a,X, , tje Z, n ;> 1, (11.8.5)
j=1

and let i denote the closure in L2(G, 7, P) of ff. The inner product in Ë is
defined by (11.8.4).Define X to be the (not necessarily closed) subspace
sp{e" , tE ) Of £2(Fo) where Fo = R=1F,,. If f denotes the closure of X in
L2(Fo) then, as in Section 4.8, X = L2(Fo). The mapping T defined by

T a X,, = a e" , (11.8.6)
j=1 j=1

can be extended as in Section 4.8 to a Hilbert space isomorphism of Ñ onto
L2(Fo), which by Theorem 11.8.1 has the property that

E[(T f)(T g)*]= f(v)g(v)dF(v), f,geL2(Fo). (11.8.7)

Consequently the process {Z(A),-x 5 15 x} defined by

Z(1) = T¯II
_ (·), -ñ

K A i x, (11.8.8)
is an orthogonal increment process, and the matrix distribution function
associated with {Z(A)}is precisely the spectral distribution matrix F of {X,}
appearing in Theorem 11.8.1. The spectral representation of {X,} is then
established by first showing that

T¯ f = f(v)dZ(v), feL2(Fà QL83)

then setting f(v) = e"' and using (11.8.6).

Theorem 11.8.2 (The Spectral Representation Theorem). If {X,} is a stationary
sequence with mean zero and spectral distribution matrix F(·), then there exists
a right-continuous orthogonal increment process {Z(A),-ud i i x} such that

(i) E[(Z(A) - Z(-x))(Z(A) - Z(-x))*] = F(1), -x i AE x,

and

(ii) X, = e"'dZ(v) with probability 1.

PROOF. The steps are the same as those in the proof of Theorem 4.8.2, the
process {Z(1)} being defined by (11.8.8).

The following corollary is established by the same argument which we used
to prove Corollary 4.8.1.

Corollary 11.8.1. If {X,}is a zero-mean stationary sequence then there exists a
right-continuous orthogonal increment process {Z(A), -ñ

á Aš ñ} such that
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Z(-x) = 0 and

X, = e"*dZ(v) with probability 1.

If {Y(A)}and {Z(A)}are two such processes, then

P(Y(A)= Z(A) = 1 for each ÀE [ - X, E .

Remark 1. Equations (11.8.7)and (11.8.9)imply that for any functions f,
geL2 Fà

It can be shown (Problem 11.22) that the same relation then holds for all
fe L2(F,,) and gE L2 Fak

Remark 2. As in the univariate case we also have the important result that
Ye Ñ (see(11.8.5))if and only if there exists a function ge L2(Fo) such that

Y = g(v)dZ(v) with probability 1.

Remark 3. In many important cases of interest (in particular if {X,} is an
ARMA process) the spectral distribution matrix F(·) has the form,

Then f(·) is called the spectral density matrix of the process. In the case when

F=_Qyg(h)|< oo for alÏi, jE (Î, . .., m} we have the simple relations (11.1.14)
and (11.1.15)connecting F(·) and f(·).

Time Invariant Linear Filters

The spectral representation of a stationary m-variate time series is particularly
useful when dealing with time-invariant linear filters. These are defined for
m-variate series just as in Section 4.10, the only difference being that the
coefficients H, of the filter H = {H,,j = 0, ±1,...} are now (l × m) matrices
instead of scalars. In particular an absolutely summable TLF has the property
that the elements of the matrices are absolutely summable and a causal TLF
has the property that Hy = 0 for j < 0.

If {Y,} is obtained from {X,} by application of the absolutely summable
(lx m) TLF H = {H,}, then

Y, = HjX, _,. (11.8.10)
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The following theorem expresses the spectral representation of {Y,} in terms
of that of {X,}.

Theorem 11.8.3. If H = {H,} is an absolutely summable (lx m) TLF and {X,}
is any zero-mean m-variate stationary process with spectral representation,

X,= e"'dZ(v),

and spectral distribution matrix F, then the l-variate process (11.8.10)is stationary
with spectral representation

Y, = ei"H(e¯")dZ(v),

and spectral distribution matrix Fy satisfying

dFy(v) = H(e¯")dF(v)H'(e"),

where

H(e") = Hje'A'.

PROOF. The proof of the representation of Y, is the same as that of Theorem
4.10.1. Since Y, is a stochastic integral with respect to the orthogonal increment
process {W(v)} with dW(v) = H(e¯")dZ(v), it follows at once that EY, = 0
and that Y, is stationary with

dFy(v) = E(dW(v)dW*(v))= H(e¯")dF(v)H'(e")

and

E(Yt+hY*) = eihvdFy(v).

Remark 4. The spectral representation decomposes X, into a sum of sinusoids

el"dZ(v), -ñá v _<ñ.

The effect of the TLF H is to produce corresponding components

e'"H(e¯")dZ(v), -ñá v šñ,

which combine to form the filtered process {Y,}. The function H(e¯"),
-ñá v <ñ, is called the matrix transfer functionof the filter H = {Hj}.

EXAMPLE Î Î.8.Î. The causal ARMA(p,q) process,

<Þ(B)X, = 8(B)Z,, {Z,} ~ WN(0,1),

can be written (byTheorem 11.3.1) in the form

X, = V,Z,_ ,

j=O
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where o ¶zi = ©¯ (z)O(z), |z| 5 1. Hence {X,} is obtained from {Z,}
by application of the causal TLF {

,j=0,1,2,...}, with matrix transfer
function,

T(e ")= ©¯ (e ")8(«~"), -ñá

v šñ.

By Theorem 11.8.3 the spectral distribution matrix of X therefore has density
matrix,

1
fx(v)= - (e¯")O(e ")TO'(e")G'¯ (e"), -ñ sv i x.2ñ

EXAMPLE 11.8.2. The spectral representation of any linear combination of
components of X, is easily found from Theorem 11.8.3. Thus if

= a*X, where a e C",

then

e"'dZy(v),

where

Zy(v) = a*Z(v),

and

dFy(v) = E(dZy(v)dZy*(v)) = a* dF(v)a.

The same argument is easily extended to the case when is a linear combi-
nation of components of X,, X, , ... .

Problems

11.1. Let { }be a stationary process and define the bivariate process, X, =
,

X,2 -

d where d ¢ 0. Show that {(X,2,Xt2)') iS stationary and express its
cross-correlation function in terms of the autocorrelation function of { }.If
py(h) -0

as h - oo show that there exists a lagk such that p12(k) > p,2(0).

11.2. Show that the linear process defined in (11.1.12)is stationary with mean 0 and
covariance matrix function given by (11.1.13).

11.3.* Prove Proposition 11.2.2.

11.4. Prove Theorem 11.3.2.

I 1.5. If {X, }is a causal ARMA process, show that there existS BE (0,1)and a constant
K such that yg(h)| <: Kel*l for all i, j and h.

11.6. Determine the covariance matrix function of the ARMA(1, 1) process defined
in (11.4.33).
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11.7. If G(z) = f) f(h)Zh iS the covariance matrix generating function of an
ARMA process, show that G(z) = 1 (z)O(z)$8'(z I)O' *(z I).

11.8. For the matrix M in (11.4.21),show that det(zI - M) = z'"" det(G(z¯ ))where

(z)= 1 - Opiz -
···

- O,,z".

11.9. (a) Let {X,} be a causal multivariate AR(p) process satisfying the recursions

X, = OxX,_, +· ·+O,X,_,+ Z,, {Z,}~WN(0,$).

For n > p write down recursion relations for the predictors, Ps Xn+hs
h > 0, and find explicit expressions for the error covariance matrices in
terms of the AR coefficients and ‡when h = 1, 2 and 3.

(b) Suppose now that {Y,} is the multivariate ARIMA(p, 1, 0) process
satisfying VY, = X,, where {X,} is the AR process in (a).Assuming that
Yo1X,, t ;> 1, show that

h

P(Yn+h 09 12 ·>

n n SnX
j=1

and derive the error covariance matrices when h = 1, 2 and 3. Compare
these results with those obtained in Example 11.5.1.

11.10. Use the program ARVEC to analyze the bivariate time series, X,,, Xt29
t = 1, ..., 200 (Series J and K respectively in the Appendix). Use the minimum
AICC model to predict (X,,,,Xt,2), t = 201, 202, 203 and estimate the error
covariance matrices of the predictors.

11.11. Derive methods for simulating multivariate Gaussian processes and multi-
variate Gaussian ARMA processes analogous to the univariate methods speci-
fled in Problems 8.16 and 8.17.

11.12. Let {X,} be the invertible MA(q) process

X,=Z,+8,Zr-1+ + 4Z,_,, {Z,}~WN(0,1),

where i is non-singular. Show that as n -> o,
(a) E(X,,, - î,,, - Z,41)(X.4, - R,,, - Zn+1)' ->0,

(b) V. -> 1, and
(c) 8,, -> O , j = 1, ..., q.
(For (c), note that 8 =

E(X,,,Z',,i_;)TI and 8,,, = E(X,,i(X,,, -

X,41 )')V,¯I.)

11.13. If X and Y are complex-valued random variables, show that EY - aX|2 is
minimum when a = E( YÏ)/E lX |2.

11.14. Show that the bivariate time series (X,,, X,2)' defined in (11.6.14)is stationary.

11.15. If A and its complex conjugate X are uncorrelated complex-valued random
variables such that EA = 0 and E A|2 =

«2, find the mean and covariance
matrix of the real and imaginary parts of A. If X, = g_, (Age"J' + X,e¯¤>'),
O < A, < < A, < x, where {Ay,X,,j= 1,...,n} are uncorrelated, EA, = 0
and E]A;|2 = o /2,j = 1, ..., n, express X, as i [B;cos(Agt)+ Cysin(Agt)]
and find the mean and variance of B, and C,.
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11.16. If Y is a complex-valued random vector with covariance matrix E :=

E(Y - µ)(Y - µ)* = Ï¡ + il2, verify that the matrix

1 Ï1
-12

2 E2 11

is the covariance matrix of a real-valued random vector.

11.17. Let
" Z, cos(toy)

U,, = n
1/2

Z, sin(toy)

where {Z,} is bivariate white noise with mean 0 and covariance matrix 1, and
m, = 2xj/nE(0,x). Show that EU,,U', = g ¶].

11.18. If U, and U2 are independent standard normal random variables, show that
U2/U, has a Cauchy distribution and that arg(U, + iU2) is uniformly dis-
tributed on (-ñ,ñ).

11.19. Verify the calculation of the asymptotic variances in equations (11.7.8),(11.7.9)
and (11.7.11).

11.20. Let {X,1, t = 1,..., 63} and {Xt2, t = 1,..., 63} denote the differenced series
{VIn Y,i}, {Vln Yt2}where { i} and { 2} are the annual mink and muskrat
trappings (Appendix A, series H and I respectively).

(a) Compute the sample cross correlation function of {X,, }and {X,2} odags
between

-30

and + 30 using the program TRANS
(b) Test for independence of the two series.

11.21. With {X,,} and {X,2} as in Problem 11.20, estimate the absolute coherency,
|Kl2(A)| and phase spectrum ¢¡2(1),0 K AE ñ, using SPEC. What do these
functions tell you about the relation between the two series? Compute approxi-
mate 95°/oconfidence intervals for |K12(A)| and ¢,29).

11.22.* Prove Remark 1 of Section 11.8.

11.23.* Let {X,} be a bivariate stationary process with mean 0 and a continuous
spectral distribution matrix F. Use Problem 4.25 and Theorem 11.8.2 to show
that {X,} has the spectral representation

X,, = 2 cos(vt)dU,(v) + 2 sin(vt)dv(v), j = 1, 2,
J(0,nl )(0,«]

where {U(A)= (Ui(A),U2(A))'}and {V(1) = (V,(A),V2(A))'}are bivariate ortho-
gonal increment processes on [0,ñ] with

E(dU(A)dU'(µ)) = 2¯Iö2,4Re{dF(A)},

E(dV(A)dV'(µ)) = 2-1õ¿,,Re{dF(A)},

and

E(dU(1)dV'(µ)) =
2-Iõ, ,Im{dF(1)}.
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If {X,} has spectral density matrix f(A), then

c,2(A) = 2 * Cov(dUi(A),dU2(A))= 2¯ Cov(dVi(1),dV2

and

q,2(A) = 2¯1 Cov(dVi(A),dU2(A))=
-2

Cov(dV2(2),dUi(A)),

where ci2(A) is the cospectrum and q,2(A) is the quadrature spectrum. Thus
c12(A)and q,2(A)can be interpreted as the covariance between the "in-phase"

and "out of phase" components of the two processes {Xtt} and {X,2} M
frequency 1.



CHAPTER 12

State-Space Models and the
Kalman Recursions

In recent years, state-space representations and the associated Kalman
recursions have had a profound impact on time series analysis and many
related areas. The techniques were originally developed in connection with
the control of linear systems (foraccounts of this subject, see the books of
Davis and Vinter (1985)and Hannan and Deistler (1988)).The general form
of the state-space model needed for the applications in this chapter is defined
in Section 12.1, where some illustrative examples are also given. The Kalman
recursions are developed in Section 12.2 and applied in Section 12.3 to the
analysis of ARMA and ARIMA processes with missing values. In Section
12.4 we examine the fundamental concepts of controllability and
observability and their relevance to the determination of the minimal
dimension of a state-space representation. Section 12.5 deals with recursive
Bayesian state estimation, which can be used (atleast in principle) to compute
conditional expectations for a large class of not necessarily Gaussian
processes. Further applications of the Bayesian approach can be found in
the papers of Sorenson and Alspach (1971),Kitagawa (1987)and Grunwald,
Raftery and Guttorp (1989).

§12.1State-Space Models

In this section we shall illustrate some of the many time-series models which
can be represented in linear state-space form. By this we mean that the series
{Y,, t = 1, 2,

...}

satisfies an equation of the form

Y, = G,X, + W,, t = 1, 2, ..., (12.1.1)
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where

X,,, = F,X, + V,, t = 1, 2,.... (12.1.2)
The equation (12.1.2)can be interpreted as describing the evolution of the
state X, of a system at time t (a v × 1 vector) in terms of a known sequence
of vxv matrices Fi, F2,... and the sequence of random vectors X,, V,,
V2,.... Equation (12.1.1)then defines a sequence of observations, Y,, which

are obtained by applying a linear transformation to X, and adding a random
noise vector, W,, t = 1, 2, . . . . (The equation (12.1.2)is generalized in control
theory to include an additional term H,u, on the right, representing the
effect of applying a control u, at time t for the purpose of influencing X,

.)

Assumptions. Before proceeding further, we list the assumptions to be used
in the analysis of the state equation (12.1.2)and the observation equation

(12.1.1):
(a) Fi, F2,... is a sequence of specified vxv matrices.
(b) G,, G2,... iS a sequence of specified wxv matrices.

(c) {X,, (V;, W;)', t = 1, 2,...} is an orthogonal sequence of random vectors
with finite second moments. (The random vectors X and Y are said to be
orthogonal, written X 1 Y, if the matrix E(XY') is zero.)

(d) EV, = 0 and EW, = 0 for all t.
(e) E(V,V;) = Q,,E(W,W;) = R,, E(V,W;) = S,, where {Q,},{R,} and {S,} are

specified sequences of v × v, w × w and v × w matrices respectively.

Remark 1. In many important special cases (and in all the examples of this
section) the matrices F,, G,, Q,,R, and S, will be independent of t, in which
case we shall suppress the subscripts.

Remark 2. It follows from the observation equation (12.1.1)and the state
equation (12.1.2)that X, and Y, have the functional forms, for t = 2, 3, . . .,

X, = f,(X,,Vi,...,V,_,) (12.1.3)
and

Y, = g,(X ,, V i, . . . , V, 2, W,). (12.1.4)

Remark 3. From Remark 2 and Assumption (c)it is clear that we have the
orthogonality relations,

V, 1 X,, V, 1 Ys, 1 5 ss t,

and

W, 1 X,, 1 5 ss t, W, 1 Ys, 1 5 s < t.

As already indicated, it is possible to formulate a great variety of
time-series (andother) models in state-space form. It is clear also from the
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definition that neither {X,} nor {Y,} is necessarily stationary. The beauty
of a state-space representation, when one can be found, lies in the simple
structure of the state equation (12.1.2)which permits relatively simple analysis
of the process {X,}. The behaviour of {Y,} is then easy to determine from
that of {X,} using the observation equation (12.1.1).If the sequence
{X,, Vi, V2,...} is independent, then {X,} has the Markov property, i.e. the
distribution of X,,, given X,, ..., X, is the same as the distribution of X,,,
given X,. This is a property possessed by many physical systems provided
we include sufficiently many components in the specification of the state X,
(forexample, we may choose the state-vector in such a way that X, includes
components of X,

_ y for each t).
To illustrate the versatility of state-space models, we now consider some

examples. More can be found in subsequent sections and in the books of
Aoki (1987)and Hannan and Deistler (1988).The paper of Harvey (1984)
shows how state-space models provide a unifying framework for a variety
of statistical forecasting techniques.

EXAMPLE 12.1.1 (A Randomly Varying Trend With Added Noise). If ß is
constant, { }~ WN(0, «2) and Z, is a random variable uncorrelated
with { , t = 1, 2,...}, then the process {Z,, t = 1, 2,

...}

defined by

Z,,, = Z, + ß + = Zy + ßt + Vi + ··· + V,, t = 1, 2, ... , (12.1.5)
has approximately linear sample-paths if « is small (perfectlylinear if « = 0).
The sequence {V,} introduces random variation into the slope of the
sample-paths. To construct a state-space representation for {Z,} we introduce
the vector

X, = (Z,, ß)'.
Then (12.1.5)can be written in the equivalent form,

1 1
X,,, =

0 1
X, + V,, t = 1, 2,..., (12.1.6)

where V, = ( , 0)'. The process {Z,} is then determined by the observation
equation, Z, = [1 0]X,. A further random noise component can be added
to Z,, giving rise to the sequence

Y = [l 0]X, + , ( = 1, 2,... , (12.1.7)
where { }~ WN(0, v2}. If {X,, V,, W,, V2, W2,

...)

iS an orthogonal
sequence, the equations (12.1.6)and (12.1.7)constitute a state-space
representation of the process {Y,},which is a model for data with randomly
varying trend and added noise. For this model we have

1 l¯ 62 0
v=2,w=l,F= ,G=[1 0],Q= ,R=v2andS=0.

0 1 0 0
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EXAMPLE 12.1.2 (A Seasonal Series with Noise). The classical decomposition
(1.4.12)considered earlier in Chapter 1 expressed the time series {X,} as a
sum of trend, seasonal and noise components. The seasonal component (with
period d) was a sequence {s,}with the properties s,,a = s, and g_ i s, = 0.
Such a sequence can be generated, for any values of si, so,...,s-d+3, by
means of the recursions,

s,,,=-s,-···-St-d+2, t=1,2,..., (12.1.8)
A somewhat more general seasonal component { },allowing for random
deviations from strict periodicity, is obtained by adding a term to the right
side of (12.1.18),where {V,} is white noise with mean zero. This leads to the
recursion relations,

i
= - -

···
- Yt-d+2 + , t = 1, 2, .... (12.1.9)

To find a state-space representation for { } we introduce the
(d - 1)-dimensional state vector,

X,=( , _i,..., -d+2

The series { }is then given by the observation equation,

= [1 0 0 ··· 0]X,, t = 1, 2, ...,

where {X,} satisfies the state equation,

X,, i
= FX, + V,, t = 1, 2, ...,

with V, = (
,0,..., 0)' and

-1 -1 ···

-1 -1

1 0 ··· 0 0
F = 0 1 ··· 0 0 .

0 0 ··· 1 0

EXAMPLE 12.1.3 (A Randomly Varying Trend with Seasonal and Noise
Components). Such a series can be constructed by adding the two series in
Examples 12.1.1 and 12.1.2. (Addition of series with state-space
representations is in fact always possible by means of the following
construction. See Problem 12.2.) We introduce the state-vector

X
X =

'

X
'

where X| and X are the state vectors in Examples 12.1.1 and 12.1.2
respectively. We then have the following representation for {Y,}, the sum of
the two series whose state-space representations were given in Examples
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12.1.1 and 12.1.2. The state equation is

F, 0 V
X,, i

= X, +
'

, (12.1.10)0 F2 _V

where F,, F2 are the coefficient matrices and {V,'}, {Vf} are the noise vectors
in the state equations of Examples 12.1.1 and 12.1.2 respectively. The
observation equation is

= [ l 0 1 0 ··· 0]X, + I¾, (12.1.11)
where {Ig} is the noise sequence in (12.1.7).If the sequence of random vectors,
{Xi, V , Vi, Wi, V2, Vi, W2,...}, is orthogonal, the equations (12.1.10)
and (12.1.11)constitute a state-space representation for { } satisfying
assumptions (aHe).

We shall be concerned particularly in this chapter with the use of
state-space representations and the Kalman recursions in the analysis of
ARMA processes. In order to deal with such processes we shall need to
consider state and observation equations which are defined for all
te {0,± 1, . .

.}.

Stationary State-Space Models Defined for te {0,±1,
...}

Consider the observation and state equations,

Y, = GX, + W,, t = 0, ±1, ..., (12.1.12)
X, i

= FX, + V,, t = 0, ±1, ..., (12.1.13)
where F and G are v × v and w × v matrices respectively, {V,} ~ WN(0, Q),
{W,} ~ WN(0, R), E(V, W') = S for all t and V, 1 W, for all s ¢ t.

The state equation (12.1.13)is said to be stable (or causal) if the matrix
F has all its eigenvalues in the interior of the unit circle, or equivalently if
det(I - Fz) ¢ 0 for all ZEC such that |z[ <; 1. The matrix F is then also said
to be stable.

In the stable case the equations (12.1.13)have the unique stationary
solution (Problem 12.3) given by

X, = FAV,_,_,. (12.1.14)
j=O

The corresponding sequence of observations,

Y, = W, + GFAV, ,

j=O

is also stationary.
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EXAMPLE 12.1.4 (State-Space Representation of a Causal AR(p) Process).
Consider the AR(p) process defined by

X,,,=¢iX,+¢2X,_, +···+¢,X,_,,, +Z,,,, t=0, ±1,...,

(12.1.15)
where {Z,} ~ WN(0, «2), and ¢(z):= 1 - ¢iz -

· ·
- ¢,z" is non-zero for

(z < l. To express {X,} in state-space form we simply introduce the state
vectors,

X,_,41

X, =
X,_" 2

, t = 0, ±1, .... (12.1.16)
X,

If at time t we observe = X,, then from (12.1.15)and (12.1.16)we obtain
the observation equation,

= |0 0 0 1]X,, t = 0, ±1,..., (12.1.17)
and state equation,

01 0 0 0
00 1 0 0

X, ,
= X,+ Z,,,, t

=0, ±1,....
00 0 1 0

p p-1 p-2 1

(12.1.18)

Remark4. In Example 12.1.4 the causality condition, ¢(z) /- 0 for iz| < 1, is
equivalent to the condition that the state equation (12.1.18)is stable, since
the eigenvalues of the coefficient matrix F in (12.1.18)are simply the
reciprocals of the zeroes of ¢(z)(Problem 12.4). The unique stationary
solution of (12.1.18)determines a stationary solution of the AR(p)
equation (12.1.15),which therefore coincides with the unique stationary
solution specified in Remark 2 of Section 3.1.

Remark 5. If equations (12.1.17)and (12.1.18)are postulated to hold only for
t = 1, 2, ..., and if Xi is a random vector such that {X,, Z,, Z2,

...}

is an
orthogonal sequence, then we have a state-space representation for { }of
the type defined earlier by (12.1.1)and (12.1.2).The resulting process { }is
well-defined, regardless of whether or not the state equation is stable, but it
will not in general be stationary. It will be stationary if the state equation
is stable and if X, is defined by (12.1.16)with X, = 1)°o ¢¿Z, ,

t = 1, 0, ..., 2 - p, and ‡(z)= 1/¢(z), |z 5 1.

EXAMPLE 12.1.5 (State-Space Representation of a Causal ARMA(p, q)
Process). State-space representations are not unique. We shall give two
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representations for an ARMA(p, q) process. The first follows easily from
Example 12.1.4 and the second (Example 12.1.6 below) has a state-space with
the smallest possible dimension (morewill be said on this topic in Section
12.4). Consider the causal ARMA(p, q) process defined by

¢(B) = 8(B)Z,, t = 0, ± 1, . . . , (12.1.19)
where {Z,} ~ WN(0, 62) and ¢(z)¢ 0 for |z <; 1. Let

r = max(p, q + 1), ¢; = 0 for j > p, 0; = 0 for j > q and Go= 1.

Then it is clear from (12.1.19)that we can write

[0,_
, 8,

_2
· · · GolX,, (12.1.20)

where

X, _,,
¡^

X, =
Xt-r+2

(12.1.21)
X,

and
¢(B)X, = Z,, t = 0, ±1,.... (12.1.22)

But from Example 12.1.4 we can write

01 0 0 0
00 1 0 0

X,,,= i X,+ i Z,,,, t=0,±1,...
00 0 1 0

(12.1.23)
Equations (12.1.20)and (12.1.23)are the required observation and state
equations. The causality assumption implies that (12.1.23)has a unique
stationary solution which determines a stationary sequence { }through the
observation equation (12.1.20).It is easy to check that this sequence satisfies
the ARMA equations (12.1.19)and therefore coincides with their unique
stationary solution.

EXAMPLE 12.1.6 (The Canonical Observable Representation of a Causal
ARMA(p, q) Process). Consider the ARMA(p, q) process { } defined by
(12.1.19).We shall now establish a lower dimensional state-space
representation than the one derived in Example 12.1.5. Let

m = max(p, q) and ¢¿ = 0 for j > p.

Then

= [1 0 0 · · · 0]X, + Z,, t = 0, ± 1, . . .

, (12.1.24)



470 12. State-Space Models and the Kalman Recursions

where {X,} is the unique stationary solution of
¯01

0·0
0 0 1 0

X,,, = | X,+ Z,, t = 0, ±1,...,
0 0 0 1

(12.1.25)
and ¢i, ..., ¢, are the coefficients of z,

Z2 m in the power series expansion
of 8(z)/¢(z), (z!<; 1. (If m = 1 the coefficients of X, in (12.1.24)and (12.1.25)
are 1 and ¢, respectively.)

PROov. The result will be proved by showing that if {X,} is the unique
stationary solution of (12.1.25)and if {X}is defined by (12.1.24),then { }
is the unique stationary solution of (12.1.19).Let F and G denote the
matrix coefficients of X, in (12.1.25)and (12.1.24)respectively, and let
H = (ý,, ¢2,..., ‡,)'. Then

GF' H=¢¿, i=1,...,m, (12.1.26)
and, since det(zI - F) = z" - ¢,z"¯ -

···
- ¢, (see Problem 12.4), the

Cayley-Hamilton Theorem implies that

F"-¢¡F"¯I -·

·-¢,1=0.

(12.1.27)
From (12.1.24)and (12.1.25)we have

= GX, + Z,,

+1 = GFX, + GHZ, + Z,41,

+m= GFmX,+GF"¯ HZ,+· ·+Z, .

These equations, together with (12.1.26)and (12.1.27),imply that

·

1 0 0 ··· 0 Z
#1 1 0 ··· 0 Z,

=E-¢m
-¢i

1] ¢2 #1 1 ··· 0 Z, .

Ém Ém-i #m-2 ·· 1 Z,

Since ¢,,...,‡, are the coefficients of z,
z2,...,Zm in the power series

expansion of 6(z)/¢(z), i.e. †¿ = ¢,¢ ÿ_ , + ¢2 j- 2 j j aS in (3.3.3),
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we conclude that { }satisfies the ARMA equations,

Z,
£+1

+m-¢i
+m-i

-4.

=EUm Um-i Si 1| Z,,2 .

t+m

(12.1.28)
Thus the stationary process {Y,} defined by (12.1.24)and (12.1.25)satisfies
¢(B) = 8(B)Z,, t = 0, ±1,..., and therefore coincides with the unique
stationary solution of these equations.

EXAMPLE 12.1.7 (State-Space Representation of an ARIMA(p, d, q) Process).
If { }is an ARIMA(p, d, q) process with {Vd ) Satisfying (12.1.19),then by
the preceding example {Vd }has the representation,

Vd = GX, + Z,, t = 0, ±1, ..., (12.1.29)
where {X,} is the unique stationary solution of the state equation,

X,, ,
= FX, + HZ,,

and G, F and H are the coefficient matrices in (12.1.24)and (12.1.25).Let A
and B be the d × 1 and d × d matrices defined by A = B = 1 if d = 1 and

¯0

0 1 0 0
0 0 0 1 0

A= : , B=
0 0 0 0 1
1 (-1)d+1 dd

1
d-1d 2) d

if d > 1. Then since

d
= Vd j

_;, (12.1.30)
j=1

the vector

Y,_ = ( -dv•·• -1

satisfies the equation,

Y, = AVd t-1
= AGX, + BY,_, + AZ,.

Defining a new state vector T, by stacking X, and Y,
_ 1, we therefore obtain

the state equation,

X,,, F 0 H
T,42:= = T,+ Z,, t=1,2,..., (12.1.31)Y, AG B A
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and the observation equation, from (12.1.29)and (12.1.30),
¯ X

¯

Y,=[G (-1)d+1 dd
1

d-1dd2) ··· d] ' +Z,,
Y,_,

t = 1, 2, ..., (12.1.32)
with initial condition,

Xi¯ o FAHZ
Ti ,

Yo_
_

Yo

and the orthogonality conditions,

Yo 1 Z,, t = 0, ±1, ..., (12.1.33)
where Yo = (Y1

- d, Y2-d, · - · , Yo)'.The conditions (12.1.33),which are satisfied
in particular if Yo is considered to be non-random and equal to the vector
of observed values (y1-d»Ï2-d»···9Ï0)',RFC ÏmpOSed to ensure that the
assumptions (a)-(e) are satisfied. They also imply that X, 1 Yo and
Yo 1 Vd , t > Î, RS required earlier in Section 9.5 for prediction of ARIMA
processes.

State-space models for more general ARIMA processes (e.g.{ }such that
{VV12 } is an ARMA(p, q) process) can be constructed in the same way.
(See Problem 12.9.)

For the ARIMA(1, 1, 1) process defined by

(1- ¢B)(1 - B)Y = (1+ 0B)Z,, {Z,} ~ WN(0,<72L
the vectors X, and Y,

_ i reduce to X, = X, and Y,
_ y

= Y,
_ i. The state-space

representation (12.1.31)and (12.1.32)becomes (Problem 12.7)

X
Y = | 1 1] '

+ Z,, (12.1.34)
where

X,,,
_

¢ 0 X, ¢ + 0
+ Z,, t=1,2,..., (12.1.35)Y, 1 1

_
_,_ _

1

and

x, (¢ + 0)g o
¢Jz

(12.1.36)Yo Yo

EXAMPLE 12.1.8 (An ARMA Process with Observational Error). The
canonical observable representation of Example 12.1.6 is not always the most
convenient representation to employ. For example, if instead of observing
the ARMA process { },we observe

U, = + N,,
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where {N,} is a white-noise sequence uncorrelated with { }, then a
state-space representation for {U,} is immediately obtained by retaining the
state equation (12.1.23)of Example 12.1.5 and replacing the observation
equation (12.1.20)by

U, = [0,._, 0, 2
··· Bo]X, + N,.

(The state-space model in Example 12.1.6 can also be adapted to allow for
added observational noise.)

State-space representations have many virtues, their generality, their ease
of analysis, and the availability of the Kalman recursions which make least
squares prediction and estimation a routine matter. Applications of the latter
will be discussed later in this chapter. We conclude this section with a simple
application of the state-space representation of Example 12.1.6 to the
determination of the autocovariance function of a causal ARMA process.

The Autocovariance Function of a Causal ARMA Process

If { }is the causal ARMA process defined by (12.1.19),then we know from
Example 12.1.6 and (12.1.14)that

Y, = GX, + Z,,

where

G=[100···0]

and

X,= HZ,_, + FHZ,_2 + F2HZ,_3 +···,

with the square matrix F and the column vector H as in (12.1.25).It follows
at once from these equations that

= Z, + GFA¯ HZ, _;. (12.1.37)
j= 1

Hence

f«2[1+ 1
GFA IHH'F'J¯ G'] if k = 0,

yy(k) =

«2[GFl*i¯ H+igiGFJ¯ HH'F'lkl*J¯*G'] ifk¢0.

The coefficients ¢; in the representation = 1 o ¢¿Z, , can be read from
(12.1.37)as

(1 ifj = 0,
GFA¯IH ifj>1,

which shows in particular that ¢¿converges to zero geometrically as jo oo.
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This argument, unlike those used in Chapter 3, does not require any
knowledge of the general theory of difference equations.

§12.2 The Kalman Recursions

In this section we shall consider three fundamental problems associated with
the state-space model defined by (12.1.1)and (12.1.2)under the assumptions

(a)-(e)of Section 12.1. These are all concerned with finding best (inthe sense
of minimum mean-square error) linear estimates of the state-vector X, in
terms of the observations Yi, Y2, . . ., and a random vector Yo satisfying the
conditions

Yo 1 V, and Yo 1 W, for all t. (12.2.1)
The vector Yo will depend on the type of estimates required. In many (but
not all) applications, Yo will be the degenerate random vector
Yo = 1 = (1,1,..., 1)'. Estimation of X, in terms of

(a) Yo,...,Y,_, defines the prediction problem,
(b) Yo, ..., Y, defines the filteringproblem, and
(c) Yo, ..., Y, defines the smoothing problem (in which it is assumed that

n > t).

Each of these problems can be solved recursively using an appropriate
set of Kalman recursions which will be established in this section. Before we
can do so however we need to clarify the meaning of best linear estimate in
this context.

Definition 12.2.1. The best one-step linear predictor, i,, of X, = (X,,, ..., X, )'
is the random vector whose ith component, i= 1,...,v, is the best linear
predictor of X,, in terms of all the components of the t vectors, Yo,
Y,,...,Y,_,. More generally the best estimator X, of X, is the random
vector whose ith component, i = 1,..., v, is the best linear estimator of X,
in terms of all the components of Yo, Yi,..., Yk. The latter notation covers
all three problems (a),(b) and (c)with k = t - 1, t and n respectively. In
particular i, = X, , _ i. The corresponding error covariance matrices are
defined to be

R, = Ej (X, - X, )(X, - X, D.

The Projection P(X|Yo, ..., Y,) of a Second-Order
Random Vector X

In order to find î, (andmore generally Xt|k) We introduce (cf.Section 11.4)
the projections P(X|Yo,..., Y,), where X, Yo,..., Y, are jointly distributed
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random vectors with finite second moments. If X is a v-component random
vector with finite second moments we shall say that Xe L§.

Definition 12.2.2. If Xe L§, and Yo, Y,, Y2,... have finite second moments,
then we define P(X Yo,..., Y,) to be the random v-vector whose ith
component is the projection P(X,|S) of the ith component of X onto the
span, S, of all of the components of Yo, ..., Y,. We shall abbreviate the
notation by writing

P,(X):= P(X Yo, ..., Y,), t = 0, 1, 2, ...,

throughout this chapter. The operator P, is defined on UT=1La

Remark 1. By the definition of P(X,|S), P,(X) is the unique random vector
with components in S such that

[X - P,(X)] 1 Y,, s = 0, . . . , t.

(See (11.4.2)and (11.4.3).)
Remark 2. For any fixed v, P,(·) is a projection operator on the Hilbert space
Li with inner product (X, Y'> = , E(X, Y) (see Problem 12.10).
Orthogonality of X and Y with respect to this inner product however is not
equivalent to the definition E(XY') = 0. We shall continue to use the latter.

Remark3. If all the components of X, Y,,...,Y, are jointly normally
distributed and Yo = 1, then

P,(X) = E(X|Yi,..., Y,), t > 1.

Remark 4. P, is linear in the sense that if A is any kxv matrix and X, Ve Li
then

P,(AX) = AP,(X)

and

P,(X + V) = P,(X) + P,(V).

Remark 5. If YE Li and XE Li, then

P(X|Y) = MY,

where M is the v × w matrix, M = E(XY')[E(YY')] and [E(YY')] I is any
generalized inverse of E(YY'). (A generalized inverse of a matrix S is a matrix
S * such that SS IS = S. Every matrix has at least one. See Problem 12.11).

Proposition 12.2.1. If {X,} and {Y,} are defined as in (12.1.1)and (12.1.2),then

fort,syl,
X, y

= Ps(X,), (12.2.2)
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and in particular,

i, = P,
_ , (X,), (12.2.3)

where î, and X,4 are as in Definition 12.2.1 and Yo satisfies (12.2.1).
PROOF. The result is an immediate consequence of Definitions 12.2.1 and
12.2.2.

We turn next to the derivation of the Kalman recursions for the one-step
predictors of X, in the state-space model defined by (12.1.1)and (12.1.2).

Proposition 12.2.2 (Kalman Prediction). Suppose that

X,,, = F,X, + V,, t = 1, 2,..., (12.2.4)
and

Y, = G,X, + W,, t = 1, 2, ..., (12.2.5)
where

V, Q, S,
EU, = E = 0, E(U,U') =

,

W S R

Xi, Ui, U2,..., are uncorrelated, and Yo satisfies (12.2.1).Then the one-step
predictors,

î, = P, ¡X,,

and the error covariance matrices,

O, = E| (X, -
i,)(X, - R,)'|,

are uniquely determined by the initial conditions,

Êi = P(X,|Yo), Hi = E(X,X',), Wi = E(iik'i), O, = H, - Ti,

and the recursions, for t = 1, 2, ...,

A, = G,R,G'+ R,,
O, = F,O,G' + S,,
H,,, = F,H,F' + Q,, (12.2.6)
W,,, = F,T,F' + O,A,¯'O'

i,41 = F,i, + O,A, *(Y, - G,i,), (12.2.7)
where A,¯' is any generalized inverse of A,.

PRooF. We shall make use of the innovations, I,, defined by Io = Yo and

I, = Y, - P,
_ i Y, = Y, - G,1, = G,(X, - k,) + W,, t = 1, 2, . . . .
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The sequence {I,} is orthogonal by Remark 1. Using Remarks 4 and 5 and
the relation,

P,(·) = P,_ i(·) + P(·|I,), (12.2.8)
(seeProblem 12.12), we find that

i,,, = P,_,X,41 + P(X,,i|I,)
= P,

_
¡(F,X, + V,) + 8, A,¯*I,

= F,Ê,+ O,Ar 'Ir, (12.2.9)
where

A, = E(I,I;) = G,O,G; + R,,

8, = E(X,,il;) = E[(F,X, + V,)([X, - i,]'G: + W)]
= F,O,G; + S,.

To evaluate A,, O, and R, recursively, we observe that

r+ i
= E(X,,iX;,,) - E(i,,,ij,,) = H,,, - Y, ,

where, from (12.2.4)and (12.2.9),
H,,, = F,H,F, + Q,.

and

V,,, = F,W,F; + O,A,¯ 8;.

Remark 6. The initial state predictor i, is found using Remark 5. In the
important special case when Yo = 1, it reduces to EX,.

h-Step Prediction of {Y,} Using the Kalman Recursions

The results of Proposition 12.2.2 lead to a very simple algorithm
for the recursive calculation of the best linear mean-square predictors, P,Yt+h,
h = 1, 2, ... . From (12.2.9),(12.2.4),(12.2.5),(12.2.7)and Remark 2 in Section
12.1, we find that

P, X, , ,
= F, P,

_ ¡ X, + 8, A, *(Y, - P,
_ i Y,), (12.2.10)

P,Xt+h = Ft+h-1 tXt+h-1

= Ft+h-1F, 2···F,,,P,X,,,, h= 2, 3,...,

(12.2.11)
and

P,Yt+h = Gt+h tXt+h, h = 1, 2, ... . (12.2.12)
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From the relation,

Xi+h¯ tXt+h=Ft+h-i(Xt+h-1 tXt+h-1 t+h-i, h=2,3,...,

we find that Ch):= E[(Xt+h tX ,)(Xt+h tXt+h)'] Satisfies the recur-
sions,

Oh) = Ft+h-1 h-1)F'+h-1 t+h-1, h = 2, 3,..., (12.2.13)
with Rí) = O,, i. Then from (12.2.5)and (12.2.12)it follows that Líh)
E[(Yt+h ¯

t t+hXYt+h ¯

t
t+h)' ÌS given by

ilh) = Gr+h h)G'+h + Rt+h, h = 1, 2, .... (12.2.14)
Proposition 12.2.3 (Kalman Filtering). Under the conditions of Proposition
12.2.2, and with the same notation, the estimates Xti, = P,X, and the error
covariance matrices R, ,

= E [(X, - X, ,)(X, - X, ,)']

are determined by the
relations,

P,X, = P,
_

¡X, + O,G|A,¯ (Y, - G,i,), (12.2.15)
and

O, ,
= O, - O,G' A G,O'. (12.2.16)

PROOF. From (12.2.8)it follows that

P,X, = P,
_

¡X, + MI,,

where
M = E(X,I')[E(I,I')]¯

= E[X,(G,(X, - Î,) + If,)']A,
= R, G' A, . (12.2.17)

To establish (12.2.16)we write

X, - P,
_

¡X, = X, - P,X, + P,X, - P ¡X, = X, - P,X, + MI,.

Using (12.2.17)and the orthogonality of X - P,X, and MI,, we find from
the last equation that

D, = O, , + O,G' A *G,R;,

as required.

Proposition 12.2.4 (Kalman Fixed Point Smoothing). Under the conditions of
Proposition 12.2.2, and with the same notation, the estimates X, ,,

= P,,X,, and
the error covariance matrices D,y = E [(X, - X, ,,)(X, - X, ,,)']

are determined
for fixed t by the followingrecursions, which can be solved successively for
n= t, t + 1,...:

P,,X, = P,_ iX, +Or,,,G',,A, '(Y,, - G,,i,,), (12.2.18)
0,,,,, = R,,,,[F,, - O,,A 1G ]', (12.2.19)

O,y = O, ,_ i
- O,,,G',,A G,,D',,,, (12.2.20)
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with initial conditions, P,_iX,=1, and D,,,=O,, =R, (found from
Proposition 12.2.2).

PRoov. Using (12.2.8)we can write P,,X, = P,
_

¡X, + CI., where I, =

G,(X,, - i,,) + W,. By Remark 5 above,

C = E[X,(G,,(X,
-i,,)

+ W,,)'][E(I,,I')]¯ = O,,,G'A I, (12.2.21)
where 0,,,,:= E[(X, -

i,)(X, - Ê,,)'].It follows now from (12.2.4),(12.2.10),
the orthogonality of V, and W,, with X, - i,, and the definition of D,,, that

0,,,,, i
= E[(X, -

1,)(X,,
-

i,,)'(F,
- 8,, A,,¯I G.)'] = O,,,,[F,, - O,,A; ' G,,]'

thus establishing (12.2.19).To establish (12.2.20)we write

X,-P,,X,=X,-P,_iX,-CI,,.

Using (12.2.21)and the orthogonality of X, - P,,X, and I,,, the last equation
then gives

Q, ,,
= O, ,, ,

- O,,,,G', A,,¯*G,,O',,,, n= t, t + 1, ...,

as required.

EXAMPLE 12.2.1 (A Non-Stationary State-Space Model). Consider the
univariate non-stationary model defined by

X,,,=2X,+V, t=1,2,...,

and
Y=X,+IV, t=1,2,...,

where

V 1 0
X, = 1, Yo = 1, and U, =

'
~ WN 0, .

I 0 1

We seek state estimates in terms of 1, Yi, Y2, . . ., and therefore choose Yo = 1.
In the notation of Proposition 12.2.2 we have Hy = V, = 1, Di = 0, and the
recursions,

A, = O, + 1,
8, = 2O,,
H,, i

= 4H, + 1 = ¼(4'** - 1),
4R2 (12.2.22)

Y,,, = 47, + 8,2A, I = 47, +
'

,

1 + O,
O,,, = H,,, - W,,, = §(4' - 1) - Y, .

Setting W,, ,
= -O,, , + }(4' - 1),we find from the fourth equation that

4D2
-O,, i + 4' - 1) = 4(-O, + i(4'- 1)) +

'

1 + O,
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This yields the recursion

1 + 50,
t+1 ¯ 9

1 + O,

from which it can be shown that

4 + 2 - ( - 1)c2¯'
O, =

, where c = ¼(7+ 3 ). (12.2.23)
2 + ( + 3)c2¯'

We can now write the solution of (12.2.22)as

A,=O,+1,
O=2O' "

(12.2.24)H, = }(4'- 1),
W, = }(4'- 1) - O,,

with O, as in (12.2.23).
The equations for the estimators and mean squared errors as derived in

the preceding propositions can be made quite explicit for this example. Thus
from Proposition 12.2.2 we find that the one-step predictor of X,,, satisfies
the recursions,

2O,
i,,, = 2Î, + (y - Ž,), with Îx = 1,

1 + O,

and with mean squared error R, 4 1 given by (12.2.23).Similarly, from (12.2.12)
and (12.2.14),the one-step predictor of , and its mean squared error are
given by,

and
ID=O,,,+1.

The filtered state estimate for X,, i and its mean squared error are found
from Proposition 12.2.3 to be

1 + R

and
t+1

t+1 l+1
1+R,,,

Finally the smoothed estimate of X,41 based on Yo, Yi,..., ¾÷2is found,
using Proposition 12.2.4 and some simple algebra, to be

R,, i - 2 -

Pt+2X,,, = Î,,, + ( , - X,41) + ( +2 - X,42) ,

1+Or+1 1+O,
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with mean squared error,

O, , 40,2+ 1
Ot+1|r+2

t+1 t+1
2

t+2

It is clear from (12.2.23)that the mean squared error, O,, of the one-step
predictor of the state, X , converges as to oo. In fact we have, as t -+

o,

+1
-1

rit-i=O,-2+ , Orl'
4

and Orir+1"
4

These results demonstrate the improvement in estimation of the state X, as
we go from one-step prediction to filtering to smoothing based on the
observed data Yo,..., Y, .

Remark 7. For more complex state-space models it is not feasible to derive
explicit algebraic expressions for the coefficients and mean squared errors
as in Example 12.2.1. Numerical solution of the Kalman recursions is however
relatively straightforward.

EXAMPLE 12.2.2 (Prediction of an ARIMA(p, 1, q) Process). In Example
12.1.7, we derived the following state-space model for the ARIMA(p, 1, q)
process { }:

X
= [G 1] '

+ Z,, t = 1, 2,..., (12.2.25)

where

X F 0 X, H
+ Z,, t = 1, 2, . . . ,

G 1 1

X, = FAHZ,_;, (12.2.26)
j=O

Yo1Z,, t
=0, ±1,...,

and the matrices, F, G and H are as specified in Example 12.1.7. Note that
Yo (and the corresponding innovation Io = Yo) here refers to the first
observation of the ARIMA series and not to the constant value 1. The
operator P,(·), as usual, denotes projection onto šp{Yo,..., }.Letting T,
denote the state vector (X',

_
1)' at time t, the initial conditions for the

recursions (12.2.6)and (12.2.7)are therefore

0 E(X yX't) 0
Ty = PoTy =

, Hi = E(T,T',) =

2 '

Yo O EYo

O 0
Ti = E(T,T't) =

0 EY2 '
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The recursions (12.2.6)and (12.2.7)for the one-step predictors Ì, and the
error covariance matrices D, = E[(T, -

Ì,)(T, - Ì,)'] can now be solved. The
h-step predictors and mean squared errors for the ARIMA process {Y,}are
then found from (12.2.11)-(12.2.14).

Remark 8. It is worth noting in the preceding example, since X, = -
_ i

is orthogonal to Yo, t > 1, that

P,X,,, = P(X,,i|Xi,..., X,) = X,* ,

where X,*,, is the best linear predictor of X,,, based on X ,...,X,.
Consequently, the one-step predictors of the state-vectors T, = (X',

_
1)' are

P,
_

¡X, X,*
=

, t = 1, 2,...,

with error covariance matrices,
* 0

0 0

where X* and Q* are computed by applying the recursions (12.2.6)and (12.2.7)
to the state-space model for the ARMA process {X,}. Applying (12.2.11)and
(12.2.12)to the model (12.2.25),(12.2.26)we see in particular that

P, = GP,X,,, + = GX,*,, + g
and

E( ; - P,Y,,1)2 = GO,*,¡G' + o.2

Remark 9. In view of the matrix manipulations associated with state-space
representations, the forecasting of ARIMA models by the method described
in Section 9.5 is simpler and more direct than the method described above.
However, if there are missing observations in the data set, the state-space
representation is much more convenient for prediction, parameter estimation
and the estimation of missing values. These problems are treated in the next
section.

§12.3State-Space Models with Missing Observations

State-space representations and the associated Kalman recursions are ideally
suited to the precise analysis of data with missing values, as was pointed out
by Jones (1980)in the context of maximum likelihood estimation for ARMA
processes. In this section we shall deal with two missing-value problems for
state-space models. The first is the evaluation of the (Gaussian) likelihood
based on {Y ,...,Y } where it, i2,...,i, are positive integers such that
1 5 i, <i2

r i n. (This allows for observation of the process {Y,} at
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irregular intervals, or equivalently for the possibility that (n - r) observations
are missing from the sequence {Y,, ..., Y,}.) The solution of this problem will
enable us, in particular, to carry out maximum likelihood estimation for
ARMA and ARIMA processes with missing values. The second problem to
be considered is the minimum mean squared error estimation of the missing
values themselves.

The Gaussian Likelihood of {Yg, ..., Ys},
1<ii<i2<···<i,in

Consider the state-space model defined by equations (12.1.1)and (12.1.2)and
suppose that the model is completely parameterized by the components of
the vector 0. If there are no missing observations, i.e. if r = n and i; = j,
j = 1, ..., n, then the likelihood of the observations {Yi, ..., Y,} is easily
found as in (11.5.4)to be

L(0; Y i, . . . , Y,)

n - 1/2 1 n
=(2ñ)-nw/2

Bdeti, exp --1(Y -Ÿÿ)'I (Y -Ÿÿ) ,

j=1 2, i

where Ÿÿ= P
_

¡Y, and I, = Ejl, j;> 1, are the one-step predictors and error
covariance matrices found from (12.2.12)and (12.2.14)with Yo := 1.

To deal with the more general case of possibly irregularly spaced
observations {Yg,..., Y,}, we introduce a new series {Y*}, related to the
process {X,} by the modified observation equations, Yo*= Yo and

Y,* = G,*X, + W,*, t = 1, 2, . . .

, (12.3.1)
where

iG, if tE (Í19 r}, W, if tE (Ì19· • - > r >

G,* = W,* = (12.3.2)0 otherwise, N, otherwise,

and {N,} is iid with

V,
N, ~ N(0, I,,,), N, _LXi, N, 1 , s, t = 0, ±1, ... . (12.3.3)W

Equations (12.3.1)and (12.1.2)constitute a state-space representation for the
new series {Y,*}, which coincides with {Y,} at each tE (ils29 · ·· >

r}, and at
other times takes random values which are independent of {Y,} with a
distribution independent of 0.

Let Li(0;yy,,...,yy,) be the Gaussian likelihood based on the observed
values yg,...,y; of Y,,...,Y under the model defined by (12.1.1)and

(12.1.2).Corresponding to these observed values, we define a new sequence,
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y*,..., y,*, by

fy,iftE(Í19···>r,y,* = (12.3.4)0 otherwise.

Then it is clear from the preceding paragraph that

Li(0; y¿,, ..., ys) = (2x)("')"l2L2(0; y*, . .., y,,*), (12.3.5)
where L2 denotes the Gaussian likelihood under the model defined by (12.3.1)
and (12.1.2).

In view of (12.3.5)we can now compute the required likelihood Li of the
realized values {y,, t = it , . . . , i,} as follows:

(i) Define the sequence {y,*,t = 1,..., n} as in (12.3.4).
(ii) Find the one-step predictors Ÿ,*of Y,*, and their error covariance

matrices E,*, using Proposition 12.2.2 and the equations (12.2.12)and (12.2.14)
applied to the state-space representation, (12.3.1)and (12.1.2)of {Y,*}.Denote
the realized values of the predictors, based on the observation sequence {y,*},
by {ý,*}.

(iii)The required Gaussian likelihood of the irregularly spaced
observations, {y;,..., yg,}, is then, by (12.3.5),
Ly(0; yg,,...,y,)

n - 1/2 1 n
= (2x)¯'*/2Q det E* exp - - 1 (yf - ÿÿ)'Ï| (yf - ý*) .

j= 1 j= 1

(12.3.6)
EXAMPLE 12.3.1 (An AR(1) Series with One Missing Observation). Let { }
be the causal AR(1) process defined by

- ¢¾-i = Z,, {Z,} ~ WN(0, «2).

To find the Gaussian likelihood of the observations yi, y3, y4 and y, of Yi,
Y3, Y4and Y, we follow the steps outlined above.

(i) Set y* = yg, i = 1, 3, 4, 5 and y* = 0.
(ii) We start with the state-space model for {Y,}from Example 12.1.4, i.e.
=X,, X,,, =¢X,+Z,,,. The corresponding model for {Y,*} is then,

from (12.3.1),
X,,,=F,X,+ , t=1,2,...,

Y,* = G,*X, + W*, t = 1, 2, ...,

where

f1 if t ¢ 2, 0 if t ¢ 2,
F, = ¢, G,* =

.

= Z,41, W,* =
.

O ift=2, N, ift=2,

10ift¢2
Qg= 62, R,* =

'

S,* = 0,
1 ift=2,
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and X, = Ro ¢JZi _;(see Remark 5 of Section 12.1). Starting from the initial
conditions,

Ž, = 0, ni = «241
- ¢2), W, = 0, O, = «241

- ¢2L
and applying the recursions (12.2.6),we find (Problem 12.16) that

.

«241
- ¢2) in = 1

(¢
if t = 1, 3, 4, 5, '

8, A, =
. O, = «20 + ¢2) if t = 3,

0 if t = 2, «2 if t = 2, 4, 5,

and

Î ¡
= 0, Î2 19 3 19 4 3 9 5 4•

From (12.2.12)and (12.2.14)with h = 1, we find that

Ÿ*= 0, Ÿ*= 0, Ÿ*= ¢2Yo Ÿ*- ¢Y, Ÿ*-- ¢Y

with corresponding mean squared errors,

E * = «
2 2 3* 2 2 4* 2 2

(iii)From the preceding calculations we can now write the likelihood of
the original data as

Li(¢, «2,
yi, y3, y4, ys) - U-4(2ñ)-2 2 2 1/2

·

exp - y2(1 - ¢2 3 1
2

4 3
2

5 4
2

EXAMPLE 12.3.2 (An ARIMA(1, 1, 1) Series with One Missing Observation).
Suppose we have observations yo, yi, y3, y4 and ys of the ARIMA(1, 1, 1)
process defined in Example 12.1.7. The Gaussian likelihood of the
observations yi, ys, y4 and ys conditional on Yo = yo can be computed by
a slight modification of the method described above. Instead of setting Yo = 1
as in the calculation of unconditional likelihoods, we take as Yo the
one-component vector consisting of the first observation Yo of the process.
The calculation of the conditional likelihood is then performed as follows:

(i) Set y* = y,, i = 0, 1, 3, 4, 5 and y* = 0.
(ii)The one-step predictors Ÿ,*,t=1,2,..., and their mean squared

errors are evaluated from Proposition 12.2.2, equations (12.2.12)and (12.2.14)
and the state-space model for {Y,*} derived from Example 12.1.7, i.e.

X,,, = F,X, + V,, t = 1, 2, ...,

Y,* = G,*X, + W,*, t = 1, 2, ...,
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where
¢ 0 [1 1] if t ¢ 2,

F, =
, G,* =

1 1 [0 0] if t = 2,

¢+6 Z, ift¢2,
V, = Z,, W,* =

.

1 N, if t = 2,

2
2 2 ift¢2,

Q, = o , R =

¢+8 1 1 ift=2,

¢+8
S,* =

2 if t ¢ 2,
and X =

° ¢JZ j

0 ift=2,

Starting from the initial conditions,

(¢ + 2 -

0 0
ki =

, Hi = 1-¢2
Fo

0 yo.
+ 2

0 0 0
Wi =

2 ' 1
2

0 y° 0 0
and using the recursions (12.2.6),(12.2.12)and (12.2.14),we obtain the
predicted values, ý*,..., ý*,and mean squared errors, E*,..., E* (ý,*is the
best linear predictor of Y,* in terms of Y*, Y*,..., Y,*_1, evaluated at yo,

* *
yx,..., y,_1).

(iii)The required likelihood of the observations yi, ys, y4, ys, conditional
on Yo = yo, is found by direct substitution into (12.3.6).We shall not attempt
to write it algebraically.

Remark 1. If we are given observations y1-d> Ï2-d9•• 9 ÏO9 .Ìi > Ïip • ' fr

an ARIMA(p, d, q) process at times 1 - d, 2 - d, ..., 0, it, ..., i,, where
1 < i, < i2 r n, WC Can USe the representation (12.1.31)and (12.1.32)
with the same argument as in Example 12.3.2 to find the Gaussian likeli-
hood of yg,..., y, conditional on Yi_, = yi_d, Y2-d ¯ Ï2-d,..., Yo - yo.
(Missing values among the first d observations y1-ds Ï2-d,--·,Fo can be
handled by treating them as unknown parameters for likelihood
maximization.) A similar analysis can be carried out using more general
differencing operators of the form (1-

B)d sD (See Problem 12.9). The
dimension of the state vector constructed in this way is max(p + d + sD, q).
Different approaches to maximum likelihood estimation for ARIMA
processes with missing values can be found in Ansley and Kohn (1985)
and Bell and Hillmer (1990).

Remark 2. Observation vectors from which some but not all components
are missing can be handled using arguments similar to those used above.
For details see Brockwell, Davis and Salehi (1990).
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Estimation of Missing Observations for State-Space Models

Given that we observe only Y,,, Y,,,..., Y,,, 1 5 ii < i2 r n, Where

{Y,} has the state-space representation (12.1.1)and (12.1.2),we now consider
the problem of finding the minimum mean square error estimators
P(Y,|Yo, Y,,, ..., Y,) of Y,, 1 <; t <; n where Yo = 1. To handle this problem
we again use the modified process {Y,*} defined by (12.3.1)and (12.1.2)with
Yo*= 1. Since Y,* = Y, for SE Í19· · · ·

r} and Ys*I X,, Yo for 1 st i n and
s¢{0,ii,...,i,}, we immediately obtain the minimum mean squared error
state estimators,

P(X,|Yo, Y,,, ..., Y,) = P(X,|Yo*, Y*, ..., Y,,*), 1 sts n. (12.3.7)
The right-hand side can be evaluated by direct application of the Kalman
fixed point smoothing algorithm (Proposition 12.2.4) to the state-space model

(12.3.1)and (12.1.2).For computational purposes the observed values of Y*,
t ¢ {0,ii,..., i,} are quite immaterial. They may, for example, all be set equal
to zero, giving the sequence of observations of Y,* defined in (12.3.4).

In order to evaluate P(Y, Yo, Y,,,..., Y,,), 1 st < n, we use (12.3.7)and
the relation,

Y, = G,X, + W,. (12.3.8)
Under the assumption that

E(V,W,) = S, = 0, t = 1,..., n, (12.3.9)

we find from (12.3.8)that

P(Y,|Yo, Y¿,, ..., Y,) = G,P(X, Yo*,Y*, ..., Y,,*). (12.3.10)
It is essential, in estimating missing observations of Y, with (12.3.10),to use
a state-space representation for (Y,} which satisfies (12.3.9).The ARMA
state-space representation in Example 12.1.5 satisfies this condition, but the
one in Example 12.1.6 does not.

EXAMPLE 12.3.3 (An AR(1) Series with One Missing Observation). Consider
the problem of estimating the missing value Y2 in Example 12.3.1 in terms
of Yo = 1, Yi, Y3, Y4 and Ys. We start from the state-space model,
X,,, = ¢X, + Z, y,

= X,, for { },which satisfies the required condition

(12.3.9).The corresponding model for {Y,*}is the one used in Example 12.3.1.
Applying Proposition 12.2.4 to the latter model, we find that

¢(Yi + Y3
21X2 - ¢Yi, P2X2 19 3X2 =

,

(1+ ¢2
P4X2 3X2, PsX2 - P3X2,

R2,2__ 29
2,3

2 2,t=0, t;>4,
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and
62

Og i
= 629

2|2 = 629
2|t =

, t ;> 3,
(1+ ¢2

where P,(·) here denotes P(·|Yo*,..., Y,*) and R,,, O,y are defined
correspondingly. Since the condition (12.3.9)is satisfied, we deduce from
(12.3.10)that the minimum mean squared error estimator of the missing
value Y2is

¢(Yi + Y3
Ps Y2 5X2 ¯

9

(1+ ¢2)
with mean squared error,

62

2|5 2

EXAMPLE 12.3.4 (Estimating Missing Observations of an ARIMA(p, d, q)
Process). Suppose we are given observations Y1-do 2-d,..., Yo, 4,..., (,
(1_<i; < i2 ··· < i, < vt) of an ARIMA(p, d, q) process. We wish to find the
best linear estimates of the missing values , t ¢ {ii,..., i,}, in terms of ,

tE (ly,..., ir} and the components of Yo·= (Yi _d> 2-d, ..., Yo)'.This can be
done exactly as described above provided we start with a state-space
representation of the ARIMA series { }which satisfies (12.3.9)and we apply
the Kalman recursions to the state-space model for {Y,*}. Although the
representation in Example 12.1.7 does not satisfy (12.3.9),it is quite easy to
contruct another which does by starting from the model in Example 12.1.5
for {Vd } and following the same steps as in Example 12.1.7. This gives
(Problem 12.8),

X
G (-1)" (*) (-1)d d 1

d-1 d2) ··· d |
'

,

Y,_1

(12.3.11)
where

X, , F 0 X H
=

'
+ Z,,,, (12.3.12)Y, _AG B_ Y 0

for t = 1, 2, . . . . The matrices G, F and H are the coefficients in (12.1.20)and
(12.1.23)and A and B are defined as in Example 12.1.7. We assume, as in
Example 12.1.7, that

Yo 1Z,, t = 0, ±1,.... (12.3.13)
This model clearly satisfies (12.3.9).Missing observations can therefore be
estimated by introducing the corresponding model for {Y,*}and using (12.3.7)
and (12.3.10).
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§12.4Controllability and Observability

In this section we introduce the concepts of controllability and observability,
which provide a useful criterion (Proposition 12.4.6) for determining whether
or not the state vector in a given state-space model for {Y,} has the smallest
possible dimension. Consider the model (withX, stationary),

X,,, = FX, + V,, t = 0, ±1,...,

Y, = GX, + W,, t = 0, ± 1, . . . ,

(12.4.1)

{V ¯ Q S
where '

~ WN 0, and F satisfies the stability condition
W,_ S' R

det(I - Fz) A 0 for z s; 1. (12.4.2)
From Section 12.1, X, and Y, have the representations

X, = FA¯IV
j=1

Y, = GFA IV + W,, (12.4.3)
j= 1

and (X', Y')' is a stationary multivariate time series (bya simple generalization
of Problem 11.14).

To discuss controllability and observability, we introduce the subclass of
stationary state-space models for {Y,} defined by the equations

X,,, = FX, + HZ,, t = 0, ±1, ...,

Y, = GX, + Z,, t = 0, ± 1, . . . ,

(12.4.4)

where {Z,} ~ WN(0, $)with dimension v, H is a vx w matrix and F is stable.
If the noise vector, Z,, is the same as the innovation of Y,, i.e. if

Z, = Y, - P(Y,|Y ,
- oo < j < t) (12.4.5)

then we refer to the model (12.4.4)as an innovations representation. Obviously
if {Y,} has an innovations representation then it has a representation of the
form (12.4.1)with stable F. The converse of this statement is established below
as Proposition 12.4.1.

Remark 1. Even with the restriction that the white noise sequence {Z,}
satisfies (12.4.5),the matrices F, G and H in the innovations representation
(12.4.4)are not uniquely determined (seeExample 12.4.2). However, if $ is
non-singular then the sequence of matrices {GFA¯ H, j= 1,2,...}, is
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necessarily the same for all innovations representation of {Y,} since from

Y, = GFi¯ HZ, , + Z,,
j= 1

it follows that GFA IH = E(Y,Z; ;)‡ I with Z, given by (12.4.5).
Proposition 12.4.1. Under assumption (12.4.2),the state-space model (12.4.1)
has an innovations representation, i.e. a representation of the form(12.4.4)
with noise vector Z, defined by (12.4.5).

PROOF. For the state vectors defined in (12.4.1),set

X(t |s) = P(X, Y ,
- oo < j i s).

Then, with Z, defined by (12.4.5),Z, 1 Y,, j < t, so that by Problem 12.12,

P(·|Y,,jgt)=P(·|Y,,j<t)+P(·|Z,).

Hence by Remark 5 of Section 12.2 and the orthogonality of V, and Y;, j < t,

X(t + 1 |t) = P(X,, , Y , j < t) + HZ,
= P(FX, + V, iY,, j < t) + HZ,
= FX(t|t - 1) + HZ,, (12.4.6)

where
H = E(X,,,Z;)[E(Z,Z;)]¯',

and [E(Z,Z;)]¯I is any generalized inverse of E(Z,Z;). Since (X;, Y;)' is
stationary, H can be chosen to be independent of t. Finally, since W, 1 Y,,
j < t,

P(Y, Y,, j < t) = P(GX, + W, |Y , j < t)
= GX(t |t - 1).

Together with (12.4.6),this gives the innovations representation,

X(t + 1 |t) = FX(t |t - 1) + HZ,,

Y, = GX(t|t - 1) + Z,, (12.4.7)
as required.

EXAMPLE 12.4.1. The canonical representation (12.1.24),(12.1.25)of the causal
ARMA process ( }satisfying

=¢¡ _,+···+¢, _,+Z,+0,Z,_,+···+0,Z,_ ,

{Z,} ~ WN(0, o2), (12.4.8)
has the form (12.4.4).It is also an innovations representation if (12.4.8)is
invertible (Problem 12.19). Assuming that Zy E šj5{Y,, - oo < ss t} and
defining

Y(t s) = P( | Y ,
- oo < j á s),
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we now show how the canonical representation arises naturally if we seek a
model of the form (12.4.7)with

X(t|t-1)=(Y(tt-1),...,Y(t-1+m|t-1))'

and m = max(p, q). Since we are also assuming the causality of (12.4.8),we
have šri{ Y,,j á s} = šþ{Z,, j < s}, so that from (5.5.4)

Y(t + j]t) = ‡k t+j-k
k=j

= Y(t + jt - 1) + ¢¿Z,, j = 0, ..., m = max(p, q). (12.4.9)
Replacing t by t + m in (12.4.8)and projecting both sides onto šp{ Y, j i t},

we obtain from (12.4.9)and the identity, ‡, = ¢k m-k m
(See (3.3.3)),

the relation

Y(t+m|t)= ¢gY(t+m-k|t)+0,Z
k=1

= ¢çY(t + m - kt - 1) + ¢,‡,_,+ 0, Z,
k=1 \k=1 /

= ¢xY(t + m - kt - 1) + ¢,Z,. (12.4.10)
k= 1

Now the state-vector defined by
X(t t - 1)= (Y(t|t - 1),..., Y(t - 1+ m|t - 1))'

satisfies the state equation

X(t + 1 |t) = FX(t - 1 t) + HZ,,

where F and H are the matrices in Example 12.1.6 (use(12.4.9)for the first
r - 1 rows and (12.4.10)for the last row). Together with the observation
equation,

Y=Y(t|t-1)+Y,-Y(t|t-1)
= [1 0 ... 0]X(t|t - 1) + Z,,

this yields the canonical state-space model of Example 12.1.6.

Definition 12.4.1 (Controllability). The state-space model (12.4.4)is said to
be controllable if for any two vectors xa and xe, there exists an integer k and
noise inputs, Zi,..., Zy such that X, = xb when Xo = xa·

In other words, the state-space model is controllable, if by judiciouschoice
of the noise inputs, Z,, Z2, ..., the state vector X, can be made to pass from
xa to Xb. In Such a case, we have

Xo = xa,
X, = Fxa + HZ,,

X, = xb = F*xa + HZ, + FHZ, , + ··· + F*¯ HZ,, (12.4.11)
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and hence

xb - F xa = [H FH ··· F 'H][Z' Z' _,
··· Z'i]'

= C,[Z' · · · Z' J',
where

C, = [H FH ··· F H ]. (12.4.12)
From these equations, we see that controllability is in fact a property of the
two matrices F and H. We therefore say that the pair (F, H) is controllable
if and only if the model (12.4.4)is controllable.

Proposition 12.4.2. The state-space model (12.4.4),or, equivalently, the pair
(F, H) is controllable if and only if C, has rank v (wherev is the dimensionof X,).

PROOF. The matrix C, is called the controllability matrix. If C, has rank v
then the state can be made to pass from xa 10 Xb in D Îime Steps by choosing

[Z', ··· Z'i]' = C',(C,C',) (xb- F"xa)-

Recall from Remark 2 of Section 2.5 that C,C', is non-singular if C, has full
rank.

To establish the converse, suppose that (F, H) is controllable. If
1(z) = det(F - zI) is the characteristic polynomial of F, then by the
Cayley-Hamilton Theorem, A(F) = 0, so that there exist constants ßi, ..., ß,
such that

F" = ß,F"¯* + ··· + ß2F + ßil. (12.4.13)
More generally, for any k > 1, there exist constants ßi, ..., ß, (whichdepend
on k) such that

Fk = ß,F"¯I + ··· + ß2 11. (12.4.14)
This is immediate for k < v. For k > v it follows from (12.4.13)by induction.
Now if C, does not have full rank, there exists a non-zero v-vector y such that

y'C, = y'[H FH ··· F" H] = 0',

which, in conjunction with (12.4.14),implies that
y'FAH = 0', for j = 0, 1, . . . ,

Choosing xa = 0 and xb = y, We have from (12.4.11)and the preceding
equation that

y'y = y'(F*xa + HZ, + FHZk-1 + ··· + F HZi) = 0,

which contradicts the fact that y / 0. Thus C, must have full rank. O

Remark 2. From the proof of this proposition, we also see that

rank(Cy) 5 rank(C,) for kg v,
rank(Ck) = rank(C,) for k > v.
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For k <; v this is obvious and, for k > v, it follows from (12.4.14)since the
columns of F"*JH, j > 0, are in the linear span of the columns of Co.

EXAMPLE 12.4.2. Suppose v = 2 and w = 1 with
.5

1 2
F = and H =

0
.5

0

Then
2 1

C2 =

0 0

has rank one so that (F, H) is not controllable. In this example,

¯.512¯

Fj-1H = for j> 1,
0

so that by replacing V, and W, in (12.4.3)by HZ, and Z,, respectively, we have

¯ 51¯2
X, = 1 0

Z,
_

,

j=1

o
.51¯2

= 1 G
0

Z, _, + Z,.
j= 1

Since the second component in X, plays no role in these equations, we
can eliminate it from the state-vector through the transformation
i, = [1 0]X, = X,s. Using these new state variables, the state-space system
is now controllable with state-space equations given by

Ï, ,
=

.51,

+ 2Z,,

1 -

= G
0

X, + Z,.

This example is a special case of a more general result, Proposition 12.4.3,
which says that any non-controllable state-space model may be transformed
into a controllable system whose state-vector has dimension equal to
rank(C,).

EXAMPLE 12.4.3. Let F and H denote the coefficient matrices in the state
equation (12.1.25)of the canonical observable representation of an
ARMA(p, q) process. Here v = m = max(p, q) and since

FAH= [¢,41 ··· ]', j= 0, 1,...,

we have

v v+1 2v-1
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where ¢¿are the coefficients in the power series

8(z)
¢(z)= 1 + ¢,z + ‡2z2+ ···

= - (12.4.15)¢(z)
If C, is singular, then there exists a non-zero vector, a = (a,_1, . .., ao)' such
that

Coa = 0. (12.4.16)
and hence

ao¢ç+a,¢k-1 v-1
k-v+i=0, k=v,v+1,...,2v-1.

(12.4.17)
Multiplying the left side of (12.4.16)by the vector (¢,, ..., ¢¡) and using
(3.3.4)with j > v, we find that (12.4.17)also holds with k = 2v. Repeating
this same argument with C, replaced by the matrix [#i+jË,j= 1 (whichsatisfies
equation (12.4.16)by what we have just shown), we see that (12.4.17)holds
with k = 2v + 1. Continuing in this fashion, we conclude that (12.4.17)is
valid for all k 2 v which implies that a(z)¢(z) is a polynomial of degree at
most v - 1, viz.

8(z)
a(z)‡(z) = a(z) -

= bo + biz +···+ b,_;z" I = b(z),
¢(z)

where a(z) = ao + aiz + ··· + a,_
iz"¯*. In particular, ¢(z)must divide a(z).

This implies that p <; v -- 1 and, since v = max(p, q), that v = q > p. But since
¢(z) divides a(z), a(z)¢(z) = b(z) is a polynomial of degree at least
q > v - 1 2 deg(b(z)),a contradiction. Therefore C, must have full rank.

Proposition 12.4.3. If the state-space model (12.4.4)is not controllable and
k = rank(C.), then there exists a stationary sequence of k-dimensional
state-vectors {i,}and matrices Ë, Ñ, and Õ such that Ë is stable, (Ë,Ñ) is
controllable and

Ì,,, = Ëì, + ÑZ,,

Y, = ÕÌ, + Z,. (12.4.18)
PROOF. For any matrix M, let R(M) denote the range or column space of
M. By assumption rank(C,) = k < v so that there exist v linearly independent
vectors, vi,..., v,, which can be indexed so that R(C,) = ¡Ep{vy,..., v }.Let
T denote the non-singular matrix

T = [vi v2
··· ve].

Observe that
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where the second equality follows from Remark 2. Now set

Ê = T FT and Ñ = T¯ H,

so that

TÊ = FT and TÊ = H. (12.4.19)

By partitioning Ê as
-" -12

and considering only the first k columns
F21 F22

of the equation in (12.4.19),we obtain

L 21.

Since the columns of the product on the right belong to šp{vi, ..., v,} and
since vi,..., v, are linearly independent, it follows that Ê2, = 0. Similarly,

by writing Ñ = with Êi a k × w matrix and noting that Of(H) c

šþ(vi,..., vg}, we conclude that Ñ2 = 0.
The matrices appearing in the statement of the proposition are now

defined to be

k×kË = Ê,,, Ñ = Ñ,, and Õ = GT ,

0

where Ik×k ÌS the k-dimensional identity matrix. To verify that F, Õ and Ë
have the required properties, observe that

pj-iH
ÿJ¯IH=

0

and

rank[Ñ ËÑ ··· Ë"¯IÑ]
= rank[ÊÊÊ · · Ê" Ê]
= rank[T Ê (T IÊT)(T Ñ) ··· (T-ipo-17 7-14
= rank[H FH ··· F"¯ H]
= rank(C ) = k.

By Remark 2 the pair (Ë,Ñ)is therefore controllable. In addition, Ë satisfies
the stability condition (12.4.2)since its eigenvalues form a subset of the
eigenvalues of Ê which in turn are equal to the eigenvalues of F. Now let
X, be the unique stationary solution of the state equation

i,, i
= ËÏ, + ÑZ,.

Then Y, satisfies the observation equation

Y, = ÕX, + Z,,
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since we know from (12.4.4)that Y, = Z, + Lj°-,GFA¯ HZ,_ , and since

GËJ¯IÑ=GT F Ê
0

= G(TÊJ¯ T )(TÑ)
=GFI H, j=1,2,.... [¯]

Definition 12.4.2 (Observability). The state-space system (12.4.4)is observable
if the state Xo can be completely determined from the observations Yo,
Yi,... when Zo = Zi =

···

= 0.
For a system to be observable, Xo must be uniquely determined by the

sequence of values

GXo, GFXo, GF2Xo,....

Thus observability is a property of the two matrices F and G and we shall
say that the pair (F, G) is observable if and only if the system (12.4.4)is
observable. If the vx kw matrix

O':= |G' F'G' ··· Frk-iG']

has rank v for some k, then we can express Xo as

GXo

Xo= (O'Ok -10, GFXo

GF* IXo

= (O'Oy)¯ O'(0,Xo),

showing that (F, G) is observable in this case.

Proposition 12.4.4. The pair of matrices (F, G) is observable if and only if O,
has rank v. In particular, (F, G) is observable if and only if(F', G') is controllable.

The matrix 0, is referred to as the observability matrix.

PRooF. The discussion leading up to the statement of the proposition shows
that the condition rank(0,,) = v is sufficient for observability. To establish
the necessity suppose that (F, G) is observable and 0,, is not of full rank.
Then there exists a non-zero vector y such that O,y = 0. This implies that

GFi¯ y = 0

for j = 1,..., v, and hence for all j;> 1 (by(12.4.14)).It is also true that
GFi¯ *0

- 0

showing that the sequence GFi¯IXo, j = 1, 2,..., is the same for Xo = y as
for Xo = 0. This contradicts the assumed observability of (F, G), and hence
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rank(0,,) must be v. The last statement of the proposition is an immediate
consequence of Proposition 12.4.2 and the observation that O',, = C,, where
C, is the controllability matrix corresponding to (F', G'). [¯]

EXAMPLE 12.4.3 (cont.).The canonical observable state-space model for an
ARMA process given in Example 12.4.6 is observable. In this case
v = m = max(p,q) and GFA¯I is the row-vector,

GFA¯I = 2, j= 1,...,v.

from which it follows that the observability matrix 0,, is the v-dimensional

identity matrix.

If (F, G) is not observable, then we can proceed as in Proposition 12.4.3
to construct two matrices Ë and Õ such that Ë has dimension k = rank(0,)
and (Ë,Õ)is observable. We state this result without proof in the following
proposition.

Proposition 12.4.5. If the state-space model (12.4.4)is not observable and

k = rank(0,,), then there exists a stationary sequence of k-dimensional state
vectors {i,}and matrices Ê,Ê and Ôsuch that Ê is stable, (Ê,Ô)is observable
and

Y, = Ôî, + Z,. (12.4.20)
The state-space model defined by (12.4.4)and (12.4.5)is said to be minimal

or of minimum dimension if the coefficient matrix F has dimension less than
or equal to that of the corresponding matrix in any other state-space model
for {Y,}. A minimal state-space model is necessarily controllable and
observable; otherwise, by Propositions 12.4.3 and 12.4.4, the state equation
can be reduced in dimension. Conversely, controllable and observable
innovations models with non-singular innovations covariance are minimal,
as shown below in Proposition 12.4.6. This result provides a useful means
of checking for minimality, and a simple procedure (successiveapplication
of Propositions 12.4.3 and 12.4.5) for constructing minimal state-space
models. It implies in particular that the canonical observable model for a
causal invertible ARMA process given in Example 12.4.1 is minimal.

Proposition 12.4.6. The innovations model defined by equations (12.4.4)and
(12.4.5),with ‡ non-singular, is minimal if and only if it is controllable and
observable.

PROOF. The necessity of the conditions has already been established. To
show sufficiency, consider two controllable and observable state-space
models satisfying (12.4.4)and (12.4.5),with coefficient matrices (F, G, H) and
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(Ë,Õ,Ñ) and with state dimensions v and 5 respectively. It suffices to show
that v = õ. Suppose that õ < v. From Remark 1 it follows that

GFA H=ÕËJ-'Ñ, j=1,2,...,

and hence, multiplying the observability and controllability matrices for each
model, we obtain

¯

GH GFH ··· GF"¯*H

O,C,
GFH GF2H ··· GF"H

Õ,,Õ,,(12.4.21)
GF" H GF"H ··· GF2"¯ H

Since 0,, and C, have rank v, R(C,,) = R", R(0, C,,) = R(0,) and hence
rank(0,C,,) = v. On the other hand by (12.4.21),R(0,,C,,) E R(Õ,),and since
rank(Õ,,)= õ (Remark 2), we obtain the contradiction õ à rank(0, C,,) = v.
Thus 6 = v as was to be shown.

§12.5Recursive Bayesian State Estimation

As in Section 12.1, we consider a sequence of v-dimensional state-vectors
{X,, t :> 1} and a sequence of w-dimensional observation vectors {Y,, t à 1}.
It will be convenient to write Yt') for the wt-dimensional column vector
Y() = (Y',, Y'2, ..., Y')'.

In place of the observation and state equations (12.1.1)and (12.1.2),we
now assume the existence, for each t, of specified conditional probability
densities of Y, given (X,, Yl'¯>) and of X, i given (X,, Yt"). We also assume
that these densities are independent of Yt' " and Y"), respectively. Thus the
observation and state equations are replaced by the collection of conditional
densities,

p°)(y,|x,):= py, x,(y,|x,), t = 1, 2, ..., (12.5.1)
and

p!"(xt+1ÍXt)== Px,six,(Xr+1|Xt), t = 1, 2, ..., (12.5.2)
with respect to measures v and µ, respectively. We shall also assume that
the initial state Xi has a probability density p, with respect to µ. If all the
conditions of this paragraph are satisfied, we shall say that the densities
{pi,p°), pt"), t = 1, 2,

...}

define a Bayesian state-space model for {Y,}.
In order to solve the filteringand prediction problems in this setting, we

shall determine the conditional densities p (x,|y(")of X, given Y"), and
p F)(x y(' )) of X, given Yt'¯>, respectively. The minimum mean squared
error estimates of X, based on Yt" and Y"¯* can then be computed as the
conditional expectations, E(X,|Y">) and E(X, Y"¯>¾
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The required conditional densities p fl and p > can be determined from
{pi,p°), p!"), t = 1, 2,

...}

and the following recursions, the first of which is
obtained by a direct application of Bayes's Theorem using the assumption
that the distribution of Y, given (X,, Yt'¯>) does not depend on Yt'¯ >·

p I)(x, yf") = pí°)(y,|x,)píf)(x, y
' ")/c,(y(0), (12.5.3)

P '+ i(Xt
+ i II'") = Pl"(X,|I'")P (Xt

+ i 1x,)dµ(x,), (12.5.4)

where

c (yt")= pygy (y y('¯¤).

The initial condition needed to solve these recursions is
pff)(xi|yf°)) = pi(xi). (12.5.5)

The constant c,(y )) appearing in (12.5.3)is just a scale factor, determined by
the condition JpI'(x, yt") dµ(x,) = 1.

EXAMPLEs 12.5.1. Consider the linear state-space model defined by (12.1.1)
and (12.1.2)and suppose, in addition to the assumptions made earlier, that
{X,, Wi, Vi, W29 2,...) iS a sequence of independent Gaussian random
vectors, each having a non-degenerate multivariate normal density.

Using the same notation as in Section 12.1, we can reformulate this system
as a Bayesian state-space model, characterized by the Gaussian probability
densities,

p,(xi) = n(xi; EX,, Ry), (12.5.6)
p°1(y,)X,) = n(y,; G,X,, R,), (12.5.7)
píd(x,, i \X,) = n(x,, i; F,X,, Q,), (12.5.8)

where n(x; µ, E) denotes the multivariate normal density with mean µ and
covariance matrix E. Note that in this formulation, we assume that
S, = E(V, W,) = 0 in order to satisfy the requirement that the distribution of
X,,, given (X,, Yt") does not depend on Y'U.

To solve the filtering and prediction problems in the Bayesian framework,
we first observe that the conditional densities, píf) and p!" are both normal.
We shall write them (usingnotation analogous to that of Section 12.2) as

píf'(x, Y'") = n(x,; X,i,, O, ,) (12.5.9)
and

Pl"+'i(Xt+ilYt") = n(x,,,;1,,1, O,,1). (12.5.10)
From (12.5.4),(12.5.8),(12.5.9)and (12.5.10),we find that

i,, i
= F,X,
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and

D,,, = F,R, F + Q,.
Substituting the corresponding density n(x,; i,, O,) for p (x,\Yt' ')) in
(12.5.3)and (12.5.7),we find that

R, ,*
= G'R, 1G, + Q¯'
= G|R G, + (F _10 _;F _, + Q,_ )

and
X, ,

= î, + R, ,GR (Y, - G,Î,).
From (12.5.3)with piil(x, y ) = n(xt; EX1, R,) we obtain the initial
conditions,

X, ,
= EX O, ¡G',Ri¯ (Y, - EX,)

and
RT) = G',R G, + RT .

Remark 1. Under the assumptions made in Example 12.5.1, the recursions
of Propositions 12.2.2 and 12.2.3 give the same results for i, and X, ,, since
for Gaussian systems best linear mean-square estimation is equivalent to
best mean-square estimation. Note that the recursions of Example 12.5.1
require stronger assumptions on the covariance matrices (includingexistence
of R, ) than the recursions of Section 12.2, which require only the
assumptions (a)-(e)of Section 12.1.

EXAMPLE 12.5.2. Application of the results of Example 12.5.1 to Example
12.2.1 (with X i

= 1 and the additional assumption that the sequence
{W,, Vi, W2, V2,...) iS Gaussian) immediately furnishes the recursions,

= 1 + (4D,
_ i , _ i + 1)¯ I,

X =2X,_,,_,+O,,(Y-2X,_,,_i),

= 2X, ,

O = 4R, + 1,

with initial conditions Xi ,
= 1 and Di ,

= 0. It is easy to check that these
recursions are equivalent to those derived earlier in Example 12.2.1.

EXAMPLE 12.5.3 (A Non-Gaussian Example). In general the solution of the
recursions (12.5.3)and (12.5.4)presents substantial computational problems.
Numerical methods for dealing with non-Gaussian models are discussed by
Sorenson and Alspach (1971)and Kitagawa (1987).Here we shall illustrate
the recursions (12.5.3)and (12.5.4)in a very simple special case. Consider the
state equation,

X, = aX,
_ 1, (12.5.11)
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with observation density (relativeto counting measure on the non-negative
integers),

Pr'°'(y,|x,) =
(xx,)"e32'

y,! ' y, = 0, 1, . . . , (12.5.12)

and initial density (withrespect to Lebesgue measure),

p,(x) =
, x > 0. (12.5.13)

(This is a simplified model for the evolution of the number X, of individuals
at time t infected with a rare disease in which X, is treated as a continuous
rather than an integer-valued random variable. The observation Y represents
the number of infected individuals observed in a random sample consisting
of a small fraction ñ of the population at time t.) Although there is no density
p *(x,|x, 2) with respect to Lebesgue measure corresponding to the state
equation (12.5.11),it is clear that the recursion (12.5.4)is replaced in, this
case by the relation,

píf'(x,|y" ") - a¯ p fli(a x,|y" "), (12.5.14)
while the recursion (12.5.3)is exactly as before. The filtering and prediction
densities p I) and p >are both with respect to Lebesgue measure. Solving for
piil) from (12.5.13)and the initial condition (12.5.5)and then successively
substituting in the recursions (12.5.14)and (12.5.3),we easily find that

p I'(x, yt") = 1 'x '¯ e¯""'/f(œ,), t ;> 0, (12.5.15)
and

a

where 2, = a + y, + · · + y, and A, = Aa' ' + x(1 - a
'gl

- a¯*) In
particular the minimum mean squared error estimate of x, based on yf) is
the conditional expectation œ,/A,.The minimum mean squared error is the
variance of the distribution defined by (12.5.15),i.e. «,/1

.

Problems
12.1. For the state-space model (12.1.1)and (12.1.2),show that

X,,i=F,F,_i···FiXi+V,+F,V,_i+···+F,F,_, F2V,

and

Y, = G,(F,_,F,_2···FiX,) + G,V,_, + G,F,_ ¡V,_2+ ···

+ G,F,_iF,_2 ·F2 1 + W,.
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These expressions define f, and g, in (12.1.3)and (12.1.4).Specialize to the case
when F, = F and G, = G for all t.

12.2. Consider the two state-space models

(X,,i., = FiX,, + V, ,

Y,,1 = GiX,, + W,1,

and
fXt+1,2 = 2X,2 + V,2,

Yt2 = G2X,2 + Wr29

where {(V;,, W;1, V;2, W;2) ) ÍS white noise. Derive a state-space representation
for {(Y;t, Y;2Q.

12.3. Show that the unique stationary solutions to equations (12.1.13)and (12.1.12)
are given by the infinite series

X, = FAV,_,_,
j=0

and

Y,=W,+ GFAV,_j_i,
j=O

which converge in mean square provided det(I - Fz) ¢ 0 for |z| <; 1. Conclude
that {(X;, Y;)'} is a multivariate stationary process. (Hint: Show that there
exists an e > 0 such that (I - Fz)¯* has the power series representation,

if=oFizi, in the region |z| < 1 + s.)

12.4. Let F be the coefficient of X, in the state equation (12.1.18)for the causal
AR(p) process

X,-¢¡X, 2-···-¢,X, ,=Z,, {Z,}~WN(0,o2X
Establish the stability of (12.1.18)by showing that the eigenvalues of F are
equal to the reciprocals of the zeros of the autoregressive polynomial ¢(z).In
particular, show that

det(zI - F) = z"¢(z¯1).

12.5. Let {X,} be the unique stationary solution of the state equation (12.1.23)and
suppose that { } is defined by (12.1.20).Show that {¾}must be the unique
stationary solution of the ARMA equations (12.1.19).

12.6. Let { }be the MA(1) process

Y, = Z, + BZ,_,, {Z,} ~ WN(0,<r2

(a) Show that {X}has the state-space representation

= [1 0]X,,

where {X,} is the unique stationary solution of
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In particular, show that the state-vector X, may be written as

1 0¯ Z,
X,=

0 0 Z,_1

(b) Display the state-space model for { }obtained from Example 12.1.6.

12.7. Verify equations (12.1.34)12.1.36) for an ARIMA(1, 1, 1) process.

12.8. Let { } be an ARIMA(p, d, q) process. By using the state-space model in
Example 12.1.5 show that {Y,}has the representation

Y, = GX,

with

X,, i = FX, + HZ,

for t = 1,2,... and suitably chosen matrices F, G and H. Write down the
explicit form of the observation and state equations for an ARIMA(1, 1, 1)
process and compare with equations (12.1.34)12.1.36).

12.9. Following the technique of Example 12.1.7, write down a state-space model
for { }where {VV12 Y,} is an ARMA(p, q) process.

12.10. Show that the set L of random v-vectors with all components in L2
is a Hilbert space if we define the inner product to be (X, Y) = E(X )
for all X, YeL . If X, Yo, ..., Y, e L; show that P(X|Yo,..., Y,) as in
Definition 12.2.2 is the projection of X (in this Hilbert space) onto S", the
closed linear subspace of L consisting of all vectors of the form
CoYo + + C,Y,, where Co,..., C, are constant matrices.

12.11. Prove Remark 5 of Section 12.2. Note also that if the linear equation,

Sx = b,

has a solution, then x = S¯ b is a solution for any generalized inverse
S of S. (If Sy = b for some vector y then S(S¯Ib)

= SS¯ Sy = Sy = b.)

12.12. Let A, and 12 be two closed subspaces of a Hilbert space af and suppose
that 1, 1 12 (i.e.x 1 y for all xe A, and JE A2). Show that

where Ji @ £2 is the closed subspace {x+ y: xe 11, ye 12}. Note that
(12.2.8)follows immediately from this identity.

12.13. The mass of a body grows according to the rule

X,,,=aX,+ , a>1,

where X, is known to be 10 exactly and { }~ WN(0, 1).At time t we observe
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where {l¾}~WN(0,1) and {I‡} is uncorrelated with {V}. If P, denotes
projection (in L2(G, R P)) onto 17p{1,Yi, ..., }, t à 1, and Po denotes
pro.iection onto sp{1},
(a) express a in terms of a , where

« := E(X, - P,_,X,)2, t = 1, 2, ...,

(b) express P,X,,, in terms of a , and Pr-1X,,

(c) evaluate P2Xs and its mean squared error if Y2 = 12, and a = 1.5,
(d) assuming that lim,, a exists, determine its value.

12.14. Use the representation found in Problem 12.6(a) to derive a recursive scheme
for computing the best linear one-step predictors Ÿ,based on Yi,...,

_ i and
their mean squared errors.

12.15. Consider the state-space model defined by (12.2.4)and (12.2.5)with F, = F
and G, = G for all t and let k > h > l. Show that

E(X,,, - P,X )(X,,, - P,Xt+h)' = Fk-h (h)

and

E(Y,,, - PY,4xXYt+h t
t+h)'= GFk-h h) r + GFk-hSt+h

12.16. Verify the calculation of 8,A, and Q, in Example 12.3.1.

12.17. Verify the calculation of PsX2 and its mean squared error in Example 12.3.3.

12.18. Let y, =
-.210,

y2 =
.968,

y4 =
.618

and ys =
-.880 be observed values of

the MA(1) process

= Z, + .5Z,
_ 1, {Z,} ~ WN(0, 1).

(a) Compute P(Yg Y,, Y2, Y4, Ys) and its mean squared error.
(b) Compute P(Y,| Yi, Y2, Y4, Ys) and its mean squared error.
(c) Compute P(Y3| Yi, Y29 49

5) and its mean squared error.
(d) Substitute the value found in (c)for the missing observation ys and evaluate

P(Ys| Yi, Y2, Y3, Y4, Ys) using the enlarged data set.
(e) Explain in terms of projection operators why the results of (a)and (d)are

the same.

12.19. Show that the state-space representation (12.1.24),(12.1.25)of a causal
invertible ARMA(p, q) process is also an innovations representation.

12.20. Consider the non-invertible MA(1) process,

= Z, + 2Z, i, {Z,} ~ WN(0, 1).

Find an innovations representation of { }(i.e.a state-space model of the form
(12.4.4)which satisfies (12.4.5)).

12.21. Let {¾}be a sequence of independent exponential random variables with

EK = t and suppose that {X,, t à l} and ( , t > 1} are the state and
observation random variables, respectively, of the state-space system,

Xi = Vi,

X,=X, i+V, t=2,3,...,
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where the distribution of the observation Y,, conditional on the random
variables X,, Y2, Î < S < f, iS Poisson with mean X,.

(a) Determine the densities {pi,p°), py', t;> 1}, in the Bayesian state-space
model for {Y,}.

(b) Show, using (12.5.3(12.5.5),that
21**

pff'(xy\yi) = x e-2xi, X1 > 0,
f(1 + yi)

and
22*Fl

pf2"l(x2|yi)= xl*Be¯222, x2>0.
F(2 + yi)

(c) Show that

(t + 1)r+2,
f)(x,|y") = - xt-1+2'e-tr+1)x,, x, > 0,

F(t + 2,)

and

(t + 1)' '

p"),(x,41|y">)= x'‡†e¯"* '''*', x,,, >0,
f(t + 1 + 2,)

where œ, = y, + · · + y,.
(d) Conclude from (c)that the minimum mean squared error estimates of X,

and X,,, based on Y,,..., , are

t+Yi+· +Y,
Xp,=

t+1

and

t+1+ Yi+···+
X, =

t+1

respectively.



CHAPTER 13

Further Topics

In this final chapter we touch on a variety of topics of special interest. In
Section 13.1 we consider transfer function models, designed to exploit, for
predictive purposes, the relationship between two time series when one leads
the other. Section 13.2 deals with long-memory models, characterized by
very slow convergence to zero of the autocorrelations p(h) as he oo. Such
models are suggested by numerous observed series in hydrology and
economics. In Section 13.3 we examine linear time-series models with infinite
variance and in Section 13.4 we briefly consider non-linear models and their
applications.

§13.1Transfer Function Modelling

In this section we consider the problem of estimating the transfer function
of a linear filter when the output includes added uncorrelated noise. Suppose
that {X,,} and {X,2} are, respectively, the input and output of the transfer
function model

Xt2 ¯ jX, _;., + N,, (13.1.1)
j=O

where T = {ty,j = 0, 1,
...}

is a causal time-invariant linear filter and {N,} is a
zero-mean stationary process, uncorrelated with the input process {X,i}.
Suppose also that {X,,} is a zero-mean stationary time series. Then the
bivariate process {(X,,, X,2)'} is also stationary. From the analysis of
Example 11.6.4, the transfer function T(e¯'^) = ote 'i*, -a

< 1< ñ,
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can be expressed in terms of the spectrum of {(X,,, Xt2)') (SCC Î Î.6.17)) as

T(e¯a) = f2,(A)/fi t(1). (13.1.2)
The analogous time-domain equation which relates the weights {t;}to the
cross covariances is

y2,(k) = tyy,,(k - j). (13.1.3)
j=0

This equation is obtained by multiplying each side of (13.1.1)by X, ,, and
then taking expectations.

The equations (13.1.2)and (13.1.3)simplify a great deal if the input process
happens to be white noise. For example, if {X,i} ~ WN(0, oi), then we can
immediately identify ta from (13.1.3)as

ta = y21(k)/af. (13.1.4)
This observation suggests that "pre-whitening" of the input process might
simplify the identification of an appropriate transfer-function model and at
the same time provide simple preliminary estimates of the coefficients ty.

If {X,,} can be represented as an invertible ARMA(p, q) process,

¢(B)X,, = 8(B)Z,, {Z,} ~ WN(0, aj), (13.1.5)
then application of the filter ñ(B) = ¢(B)8 (B) to {X,,} will produce the
whitened series {Z,}. Now applying the operator x(B) to each side of (13.1.1)
and letting = ñ(B)Xt2, WC Obtain the relation,

= t;Z,_; + N',
j=O

where

N' = x(B)N,,

and {N'} is a zero-mean stationary process, uncorrelated with {Z,}. The same
arguments which gave (13.1.2)and (13.1.4)therefore yield, when applied to
(Z,, )',

T(e¯") = 2ña,¯2frz(A)= z' Trz(h)e¯*
h= -o

and

ty = Prz(j)Jy/Jz,

where prz(·) is the cross-correlation function of { }and {Z,}, frz(·) is the
cross spectrum, a) = Var(Z,) and «j = Var( ).

Given the observations {(X,,,X,2)', t=1,...,n}, the results of the
previous paragraph suggest the following procedure for estimating {t;}and
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analyzing the noise {N,} in the model (13.1.1):
(1) Fit an ARMA model to {X,,} and file the residuals {Ž,,..., Ž,,}.Let

* and 0 denote the maximum likelihood estimates of the autoregressive and
moving average parameters and let ai be the maximum likelihood estimate
of the variance of {Z,}.

(2) Apply the operator ñ(B) = <þ(B)0¯I(B) to {X,2}, giving the series

{Ÿi,...,Ÿ,}.The values Ÿ,can be computed as the residuals obtained by
running the computer program PEST with initial coefficients *, 0 and using
Option 8 with 0 iterations. Let ô2ydenote the sample variance of Ÿ,.

(3) Compute the sample cross-correlation function ßvz(h)between {Ÿ}
and {Ž,}.Comparison of Ôyz(h)with the bounds ±1.96n-1/2 giVOS &
preliminary indication of the lags h at which Prz(h) is significantly different
from zero. A more refined check can be carried out by using Bartlett's formula
(Theorem 11.2.3) for the asymptotic variance of Ñvz(h).Under the assumptions
that {Ž,}~ WN(0, âl) and {(Ÿ,,Ž,)'}is a stationary Gaussian process,

n Var(Ôvz(h))~ 1 - p2vz(h) 1.5 - (Pvz(k) + p2yy(k)/2)
k= -oo

+ [Prz(h + k)Prz(h - k) - 2prz(h)Prz(-k)p2yy(h + k)].
k= -oo

In order to check the hypothesis Ho that Prz(h) = 0, h ¢ [a,b], where a and
b are integers, we note from Corollary 11.2.1 that under Ho,

Var(Ñvz(h))~ n for h ¢ [a,b].

We can therefore check the hypothesis He by comparing Ôvz,h ¢ [a,b] with
the bounds ± 1.96n - 1/2. Observe that Prz(h) should be zero for h < 0 if the
model (13.1.1)is valid.

(4) Preliminary estimates of th fOr lags h at which Prz(h) is found to be
significantly different from zero are

Îh YZ(h)ây/ôz·

For other values of h the preliminary estimates are Îh= 0. Let m > 0 be the
largest value of j such that Ê¿is non-zero and let b > 0 be the smallest such
value. Then b is known as the delay parameter of the filter {Ê¿}.If m is very
large and if the coefficients {f;}are approximately related by difference
equations of the form

Î - viÎj i -
···

- v,f
_,

= 0, j ;> b + p,

then Î(B) = g=b jBA can be represented approximately, using fewer
parameters, as

Î(B)=wo(1-viß- -Up
p-1 b
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In particular, if Î = 0, j< b, and Ê¿= wov{-b, j> b, then
Î(B) = wo(1 - viB)¯*Bb. (13.1.6)

Box and Jenkins (1970)recommend choosing Î(B) to be a ratio of two
polynomials, however the degrees of the polynomials are often difficult
to estimate from {Î¿}.The primary objective at this stage is to find a para-
metric function which provides an adequate approximation to Î(B) with-

out introducing too large a number of parameters. If Î(B) is represented as
Î(B)=Bb 1 b

0 1Ë#°°°iWyË)(Î-01 p
p-1

with v(z) ¢ 0 for |z 5 1, then we define m = max(q + b, p).
(5) The noise sequence {N,, t = m + 1,..., n} is estimated by

Ñ, = X,2 - Î(B)X,
.

(We set Ñ, = 0, ts m, in order to compute Ñ,, t > m = max(b + q, p).)
(6) Preliminary identification of a suitable model for the noise sequence

is carried out by fitting a causal invertible ARMA model
¢(N) (N)(B) , { }~ WN(0, o¼),

to the estimated noise Ñ ,..., N,.
(7) Selection of the parameters b, p and q and the orders p2 and q2 Of

¢(N)(·) and 6(N)(°) giVCS the preliminary model,

¢(N)(B)v(B)Xt2 17 (N)(B)w(B)X,, + 8(N)

where Î(B) = BbW(Ë)U-1(Ë)RS in step (4).For this model we can compute
Ñ,(w,v,

*(N) (N)), t > m* = mâX(p2 + p, b + P2 + 4), by setting Ñ, = 0 for
t < m*. The parameters w, v,

*(N) and 0(N)
can then be estimated by

mimmizmg
Ñ,2(W,

V, (N) (N)) (13.1.7)
t=m*+1

subject to the constraints that ¢(N) (N)(z) and v(z) are all non-zero for
z ¾ 1. The preliminary estimates from steps (4)and (6)can be used as initial

values in the minimization and the minimization may be carried out using
the program TRANS. Alternatively, the parameters can be estimated by
maximum likelihood, as discussed in Section 12.3, using a state-space
representation for the transfer function model (see(13.1.19)and (13.1.20)).

(8) From the least squares estimators of the parameters of T(B), a new
estimated noise sequence can be computed as in step (5)and checked for
compatibility with the ARMA model for {N,} fitted by the least squares
procedure. If the new estimated noise sequence suggests different orders for
¢(N)(·) and 8(N)(·), the least squares procedure in step (7)can be repeated
using the new orders.

(9)To test for goodness of fit, the residuals from the ARMA fitting in
steps (1)and (6)should both be checked as described in Section 9.4. The
sample cross-correlations of the two residual series {Ž,,t > m*} and
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{Ñ,,t > m*} should also be compared with the bounds ±1.96/ in order
to check the hypothesis that the sequences (N,} and {Z,} are uncorrelated.

EXAMPLE 13.1.1 (Sales with a Leading Indicator). In this example we fit a
transfer function model to the bivariate time series of Example 11.2.2. Let

X,,=(1-B) ,-.0228, t=1,...,149,

and

X,2 - 1 - 2 -
.420,

t = 1, ..., 149,

where { ,} and { 2}, t = 0, ..., 149, are the leading indicator and sales data
respectively. It was found in Example 11.2.2 that {X,,} can be
modelled as the zero mean ARMA process,

X,, = (1- .474B)Z,, {Z,} ~ WN(0,
.0779).

We can therefore whiten the series by application of the filter
ñ(B) = (1 - .474B)¯ . Applying û(B) to both {X,i} and {X,2} we obtain

Ž, = (1- .474B) X,,, âz =

.0779,

and

Ÿ,= (1- .474B) Xt2, â¾ = 4.0217.

These calculations and the filing of the series {Ž,}and {Ÿ,}were carried
out using the program PEST as described in step (2).The sample corre-
lation function þvz(h)of {Ÿ,}and {Ž,},computed using the program
TRANS, is shown in Figure 13.1. Comparison of Ôvz(h)with the
bounds ±1.96(149)¯1/2 = ±.161 suggests that Prz(h) = 0 for h < 3. Since
Êj= Ôvz(j)ây/âzis decreasing approximately geometrically for j;> 3, we take
T(B) to have the form (13.1.6),i.e.

T(B) = wo(1 - v,B)¯ B3.

Preliminary estimates of wo and vi are given by Go = Î3 = 4.86 and
ût = Î4/f3=

.698.

The estimated noise sequence is obtained from the equation

Ñ,=Xt2-4.86B3(1-.698B) X,,, [=4,5,...,149.

Examination of this sequence using the program PEST leads to the MA(1)
model,

Ñt = (1- .364B) Wr, {W,} ~ WN(0,
.0590).

Substituting these preliminary noise and transfer function models into
equation (13.1.1)then gives

Xt2 = 4.86B3(1 - .698B)¯'X,i + (1- .364B) W,, {W,} ~ WN(0,
.0590)
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Figure 13.1. The sample cross-correlation function Ôvz(h),
-20

< h <; 20, of Example
13.1.1.

Now minimizing the sum of squares (13.1.7)with respect to the parameters
(wo,vi,

BiN)) USing the program TRANS, we obtain the least squares model

Xt2 = 4.717B3(1 - .724B) X,, + (1- .582B) , { }~ WN(0,
.0486),

(13.1.8)
where

X,, = (1 - .474B)Z,, {Z,} ~ WN(0,
.0779).

Notice the reduced white noise variance of {R} in the least squares model
as compared with the preliminary model.

The sample autocorrelation and partial autocorrelation functions for the
series

Ñ, = Xt2 - 4.717B3(1 - .724B) X,

are shown in Figure 13.2. These graphs strongly indicate that the MA(1)
model is appropriate for the noise process. Moreover the residuals
obtained from the least squares model (13.1.8)pass the diagnostic tests for
white noise as described in Section 9.4, and the sample cross-correlations
between the residuals and Ž,, t = 4,..., 149, are found to lie between the
bounds ± 1.96/ for all lags between ±20.
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Figure 13.2. The sample ACF (a) and PACF (b)of the estimated noise sequence
Ñ, = Xt2 - 4.717B3(1 - .724B) X,, of Example 13.1.1.
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A State-Space Representation of the Series {(X,,, Xt2

A major goal of transfer function modelling is to provide more accurate
prediction ofXn+h,2 than can be obtained by modelling {Xt2) RS a UniVariâÍC

series and projecting Xn+h,2 Onto šp{Xt2, Î t n). IRStead, we predict
Xn+h,2 UÑOg

P(Xn+h,2 |X,,, Xt2, 1 <; t < n). (13.1.9)
To facilitate the computation of this predictor, we shall now derive a
state-space representation of the input-output series ((X,,, X,2)) which is
equivalent to the transfer function model. We shall then apply the Kalman
recursions of Section 12.2. (The state-space representation can also be used
to compute the Gaussian likelihood of {(X,,, X,2)', t = 1, ..., n} and hence
to find maximum likelihood estimates of the model parameters. Model
selection and missing values can also be handled with the aid of the
state-space representation; for details, see Brockwell, Davis and Salehi (1990).)

The transfer function model described above in steps (ly(8)can be written

as
Xt2 b -1(B)X,, + N, (13.1.10)

where {X,,} and {N,} are the causal and invertible ARMA processes

¢(B)X,, = 8(B)Z,, {Z,} ~ WN(0, o ), (13.1.11)
¢(N)(B)N, = 8(N)(B) , { }~ WN(0, o¼), (13.1.12)

{Z,} is uncorrelated with { },and v(z) ¢ 0 for |z| < 1. By Example 12.1.6,
{X,,} and {N,} have the state-space representations

x,,,,, = Fix,, + H,Z,,

X,, = Gix,1 + Z,, (13.1.13)
and

Ot+1 = F(N)n, + H(N)

N, = G(N)n, + , (13.1.14)
where (Fi, G,, Hz) and (F(N), G(N), H(N))

are defined in terms of the
autoregressive and moving average polynomials for {X,} and {N,},
respectively, as in Example 12.1.6. In the same manner, define the triple
(F2, G2, H2) in (CTUS of the "autoregressive" and "moving average"
polynomials v(z) and zbw(z) in (13.1.10).From (13.1.10),it is easy to see that
{Xt2} has the representation (seeProblem 13.2),

X,2 = G2Xt2 + õX,, + N,, (13.1.15)
where õ = wo if b = 0 and 0 otherwise, and {x,2}is the unique stationary
solution of

Xt+ 1,2
= F2Xt2 + H2X,,. (13.1.16)

† Pages 513-517 may be omitted without loss of continuity.
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Substituting from (13.1.13)and (13.1.14)into (13.1.15)and (13.1.16),we obtain

Xt2 2Xt2 + õGix,, + õZ, + G(N)n, + W, (13.1.17)
Xt+1,2 = F2x,2 + H2G,x,, + H2Z,. (13.1.18)

By combining (13.1.13),(13.1.14),(13.1.17)and (13.1.18),the required
state-space representation for the process, {(X,1, X,2)', t = 1, 2,

...},

can now
be written down as

X,,
_

Gi 0 0 1 0 Z
q, +

'
, (13.1.19)X öG G G(N) õ 1 Wt2_

_ 1 2 _ t

where {p,= (x'i,x;2, n')'} is the unique stationary solution of the state
equation,

F, 0 0 ¯Hi 0 Z
Nr+ i

= H2G, F2 0 q, + H2 0 '
(13.1.20)

0 0 F(N) O H(N)

EXAMPLE 13.1.1 (cont.).The state-space model for the differenced and mean-
corrected leading indicator-sales data (withb = 3, w(B) = wo, v(B) = 1 - viB,
¢(B) = 1, 8(B) = 1 + 01B, ¢(N)(B) = 1 and 6(N) (1N)Ë)ÍS

X,,_10000 Z,
9, + (13.1.21)X,2_ 0 1 0 0 1 It

where {p,= (x,,,x'2, n')'} is the unique stationary solution of the state
equation,

00000 By 0
00100 0 0-- Z

q,, i
= 0 0 0 1 0 q, + 0 0

'

(13.1.22)Wwo00vi0 wo 0 -'-

0 0 0 0 0 0 8tiN)

We can estimate the model parameters in (13.1.21)and (13.1.22)by
maximizing the Gaussian likelihood (11.5.4)of {(X,,, X,2)', t = 1, . . ., 149},
using (12.2.12)and (12.2.14)to determine the one-step predictors and their
error covariance matrices. This leads to the fitted model,

X,, = (1 - .476B)Z,, {Z,} ~ WN(0,
.0768),

X,2 = 4.701B3(1 - .726B) X,, + N,, (13.1.23)
N, = (1- .621B) , { } ~ WN(0,

.0457),

which differs only slightly from the least squares model (13.1.8).
It is possible to construct a state-space model for the original leading

indicator and sales data, {Y,:= (L, Y,2)', t = 0, 1,..., 149}, at the expense of
increasing the dimension of the state-vector by two. The analysis is similar



§13.1.Transfer Function Modelling 515

to that given in Example 12.1.7 for ARIMA processes. Thus we rewrite the
model (13.1.21)-(13.1.22)as

Z
X, = Gn, +

'
, (13.1.24)

Br+1 = Fq, + V,.

Observing that
.0228 .0228

Y -t =
-t

' .420

_

_.420

V y

.0228

_ 1, ,
.0228

- + -(t-1)V 2
_.420 y _

,,2

.420

.0228

=X,+Y,_i-(t-1) .420

Z,
.0228

= Gq, + + Y,
_ i

- (t - 1) ,.420

we introduce the state vectors, T,,i=(q',,,Y'-tµ')', where µ'=
(.0228,

.420).

It then follows from the preceding equation and (13.1.24)that
{Y, - tµ} has the state-space representation, for t = 1, 2,...,

Z
Y, - tµ = [G I2 x 2]T, +

'
, (13.1.25)

with state equation,

F 0
T,, i

= T, + Z , (13.1.26)G 12×2

initial condition,

Ri FIV
Ti - - >=o ,

Yo
Yo

and orthogonality conditions,

Z
Yo 1 '

, t = 0, +1,....
W

To forecast future sales, we apply the Kalman recursions, (12.2.10
(12.2.14)to this state-space model to evaluate P,(Y,,,, - (n + h)µ), where
P,,(·) denotes projection onto

ip{Yo, Y, - µ, ..., Y, - nµ} = šç {Yo, Xi, ..., X,}.

Then the required predictor P(Y,,,,,|1, Yo,..., Y,) is given by

P(Y,,,,,|1, Yo,..., Y,) = (n+ h)µ + P,(Y,,,,, - (n+ h)µ).
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As in the case of an ARIMA process (seeRemark 8, Section 12.2), this
predictor can be computed more directly as follows. Since Yo is orthogonal
to X,, X2, ... and 91, q2, ..., we can write

Peq, = Epi = 0
and

P,_,q, = P(q,|X,,..., X, 1) = 4, for t à 2.

Similarly, P,ql+h t+hjXi,...,X,) and P,Xt+h = GP,ql+h fOT RÏl t> 1
and h 2 1. Both 4, and its error covariance matrix,

can be computed recursively by applying Proposition 12.2.2 to the model
(13.1.24)with initial conditions

$1= 0,
Y,,, i

= 0,
and

119,1 = E(pin't) = FAQ,F'A

j=0

0.0174 0.0000 0.0000 -0.1719 0.0000
0.0000 1.9215 0.5872 0.4263 0.0000

= 0.0000 0.5872 1.9215 0.5872 0.0000 ,

-0.1719

0.4263 0.5872 1.9215 0.0000
0.0000 0.0000 0.0000 0.0000 0.0176

where Qi is the covariance matrix of Vi (seeProblem 13.4). Consequently, the
one-step predictors for the state-vectors, T, = (q',Y' , - (t - 1)'µ')', in
(13.1.26)are

P,
_ yT, =

,

Y,
_ y - (t - 1)µ

with error covariance matrices given by
O 0

0 0

for t > 1. It follows from (12.2.12),(13.1.24)and (13.1.25)that

Pi49(Yiso - 150µ) = [G 12×2 150

Y,49 - 149µ
whence

P(Y,so 1,Yo,..., Y149 150 149
.0228 .138

13.4 13.56
= + + =

.420

-.232 262.7 262.89

(13.1.27)
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Similarly,
.0228

P(Y,s,|1, Yo,..., Yi49) =
.420 + Pi49Xisi + P(Yisell, Yo,..., Y149

.0228

0 13.56 13.58
= + + =

.420 .921

262.89 264.23

(13.1.28)
The corresponding one- and two-step error covariance matrices, computed
from (12.2.13)and (12.2.14),are found to be

149 0
.0768

0Efiljs = [G I2 x
2] [G 12 × 2

0 0 0
.0457

= E(Xise -
isso)(Xiso - Xiso)'

.0768

0
=

0
.0457 , (13.1.29)

and
.0768

0
Ing = [G I2 × 2 1 9[G I2 × 2 0

.0457

.0979

0
(13.1.30)

0
.0523

where
F 0 ¯DQi490 F' G' ¯ -

O 9= +Qi.G 12×2
_

0 0 0 I2×2

and Qi is the covariance matrix of (V',, Z,, W,)'.

Prediction Based on the Infinite Past

For the transfer function model described by (13.1.10)-413.1.12),prediction
of Xn+h, 2 based on the infinite past {(X,,, X,2)', - oo < t < n}, is substantially
simpler than that based on {(X,,, X,2)', 1 < t < n}. The infinite-past
predictor, moreover, gives a good approximation to the finite-past predictor
provided n is sufficiently large.

The transfer function model (13.1.10)-(13.1.12)can be rewritten as

X,2 = T(B)X,, + ß(B)W, (13.1.31)
X,, = 8(B)¢¯I(B)Z,, (13.1.32)

where ß(B) = 0(N) (N)(B).Eliminating X,1 gives

X,2 = 2,Z, _, + ß,g _,, (13.1.33)
j=0 j=0
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where a(B) = T(B)0(B)/¢(B). Our objective is to compute

Ë,,Xn+h,2 ¯{Xa,X,2, -o<t<ri}Xn+h,2·

Since {X,i} and {N,} are assumed to be causal invertible ARMA processes,
it follows that šji{(X,,, X,2), - o < ts n} - g{¾,, y, - œ < t i .

Using the fact that {Z,} and {W} are uncorrelated, we see at once from
(13.1.33)that

F,,Xn+h,2 ¯ jZn+h-j jWn+h-j. (13.1.34)
j=h j=h

Setting t = n + h in (13.1.33)and subtracting (13.1.34)gives the mean squared
error,

h-1 h-1

E(Xn+h,2¯ nXn+h,2 2 = 0 6 . (13.1.35)
j=O j=O

To compute the predictors P,,Xn+h,2 We proceed as follows. Rewrite

(13.1.31)as
A(B)X,2 = BbU(B)X,1 + V(B)W, (13.1.36)

where A, U and V are polynomials of the form,
A(B) = 1 - Ai B - - - - - AaBa

U(B) = Uo+UiB+·--+ UuB",
and

V(B)=1+ViB+---+V,,B".

Applying the operator Ë,,to equation (13.1.36)with t = n + h, we obtain

ËnXn+h,2
j nXn+h-j,2 + 1 U,Ë,,X;t+h-b-j,1 jWis+h-j>

j=1 j=0 j=h

(13.1.37)
where the last sum is zero if h > v.

Since {X,,} is uncorrelated with {W}, Ë,,X,1= Pyx,,_s,,,,,X,,, and
the second term in (13.1.37)is therefore obtained by predicting the univariate
series {X,,} as described in Chapter 5 using the model (13.1.32).In keeping
with our assumption that n is large, we can replace Ë,,X, by the finite past
predictor obtained from the program PEST.

The values W,, j < n, are replaced by their estimated values I¥, from the
least squares estimation in step (7)of the modelling procedure.

Equations (13.1.37)can now be solved recursively for the predictors
Ë,,X,,,,2, Ë,Xn+2,29 nX,43,2,....

EXAMPLE 13.1.2 (Sales with a Leading Indicator). Applying the preceding
results to the series {(X,,, Xt2)', 1 < t i 149} of Example 13.1.1, we find from
(13.1.23)and (13.1.37)that

Ëi49X,so,2 = .726X149,2 + 4.701X,4,,, - 1.347W149 + .451W,4s.
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Replacing X,49,2 and X,42,, by the observed values
.08

and
-.093

and
W,49 and W,4s by the sample estimates -.0706 and

.1449,

we obtain the
predicted value

Ëi49Xiso_2 =
-.219.

Similarly, setting X,4s,, =

.237,

we find that

Ë,4,X151,2 = .726Ë,49X,so,2 + 4.701X,4s,, + .451W,49
=

.923.

In terms of the original sales data { 2} we have Y149,2= 262.7 and

2
=

-1,2 + Xt2 +
.420.

Hence the predictors of actual sales are

fPf49 Y,so,2
= 262.7 -

.219

+
.420

= 262.90,
(13.1.38)

PT49Y151,2= 262.90 +
.923

+
.420

= 264.24,

where P*49 means pro.jection onto sp{1,Y,49,2, (X,,,Xs,2 9 ¯œ<S

149}. These values are in close agreement with (13.1.27)and (13.1.28)obtained
earlier by projecting onto šþ{1, ( i,

2)', 0 ft < 149}. Since our model
for the sales data is

(1 - B) 2
=

.420

+ 4.701B3(1 - .476B)(1 - .726B)¯*Z, + (1- .621B)f ,

an argument precisely analogous to the one giving (13.1.35)yields the mean
squared errors,

h-1 h-1

E(Yl49+h,2 49Yl49+h,2 2
Z

2 2 2

j=O j=0

where

afzi = 4.701z3(1 -

.476z)(1

-

.726z)¯*(1

- z)
j=O

and

ßfzi = (1 -

.621z)(1

- z) .

j=O

For h = 1 and 2 we obtain

fE(Yiso,2 - Pf4, y )2=
.0457,

E(Yisi,2 - Pf49 Y 2)2 =
.0523, (13.1.39)

in agreement with the finite-past mean squared errors in (13.1.29)and
(13.1.30).

It is interesting to examine the improvement obtained by using the transfer
function model rather than fitting a univariate model to the sales data alone.
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If we adopt the latter course we find the model,

Xt2 -.249Xt-1,2 ¯•199X,_2,2 = U,,

where {U,} ~ WN(0, 1.794) and X,2 - 2
¯

- 1, 2
-

.420.

The correspond-
ing predictors of Y150,2and Yisi,2 are easily found from the program PEST
to be 263.14 and 263.58 with mean squared errors 1.794 and 4.593
respectively. These mean squared errors are dramatically worse than those
obtained using the transfer function model.

§13.2Long Memory Processes

An ARMA process {X,} is often referred to as a short memory process since
the covariance (or dependence) between Xi and Xis, decreases rapidly as
k -> oo. In fact we know from Chapter 3 that the autocorrelation function is
geometrically bounded, i.e.

|p(k)|<; Crk, k = 1, 2,...,

where C > 0 and 0 < r < l. A long memory process is a stationary process
for which

p(k) ~ Ck2d-1 RS k -> oo, (13.2.1)
where C ¢ 0 and d <

.5.

[Some authors make a distinction between "inter-

mediate memory" processes for which d < 0 and hence f j°__
p(k) < oo, and

"long memory" processes for which 0 < d <
.5

and if _, |p(k)|= oo.]
There is evidence that long memory processes occur quite frequently in

fields as diverse as hydrology and economics (seeHurst (1951),Lawrance and
Kottegoda (1977),Hipel and McLeod (1978),and Granger (1980)).In this
section we extend the class of ARMA processes as in Hosking (1981)and
Granger and Joyeux (1980)to include processes whose autocorrelation func-
tions have the asymptotic behaviour (13.2.1).While a long memory process
can always be approximated by an ARMA(p, q) process (seeSections 4.4 and
8.1), the orders p and q required to achieve a reasonably good approximation
may be so large as to make parameter estimation extremely difficult.

For any real number d > - 1, we define the difference operator Vd

(1-
B)d by means of the binomial expansion,

Vd d _ j

j=o

where

F(j-d) k-1-d
ñ, = = Q , j = 0, 1, 2, ..., (13.2.2)F(j+ 1)f(-d) O<k<:j k
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and f(·) is the gamma function,

'
00

t*¯ e¯'dt, x > 0,
O

co, x = 0,

x¯ f(1 + x), x < 0.

Definition 13.2.1(The ARIMA (0,d,0)Process). The process {X,, t
=0, ±1,

...}

is said to be an ARIMA (0,d,0)process with de(-.5,.5) if {X,} is a stationary
solution with zero mean of the difference equations,

V"X, = Z,, where {Z,} ~ WN(0, «2). (13.2.3)

The process {X,} is often called fractionallyintegrated noise.

Remark 1. Throughout this section convergence of sequences of random
variables means convergence in mean square.

Remark 2. Implicit in Definition 13.2.1 is the requirement that the series
VdX,=1)°oxX, with {ñ,}as in (13.2.2),should be mean square con-
vergent. This implies, by Theorem 4.10.1, that if X, has the spectral representa-
tion X, = J _,,,ie"* dZy(A) then

VdX, = e"*(1 - e
**)d dZy(A). (13.2.4)

Remark 3. In view of the representation (13.2.3)of {Z,} we say that {X,} is
invertible, even though the coefficients {x,}may not be absolutely summable
as in the corresponding representation of {Z,} for an invertible ARMA pro-
cess. We shall say that {X,} is causal if X, can be expressed as

X, = ¢¿Z,
j=0

where gj°o ¢| < oo. The existence of a stationary causal solution of (13.2.3)
and the covariance properties of the solution are established in the following
theorem.

Theorem 13.2.1. If de (-.5,
.5)

then there is a unique purely nondeterministic
stationary solution {X,} of (13.2.3)given by

X, = ¢ÿZ, ,
= V¯"Z,, (13.2.5)

j=0
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where

F(j+d) k-1+d
‡ = - = B , j = 0, 1, 2, ... . (13.2.6)F(j+ 1)f(d) o<a<j k

Denoting byf(·), y(·), p(·) and œ(·) the spectral density, autocovariance function,
autocorrelation functionand partial autocorrelation functionrespectively of

{X, }, we have

f(A) = |1 - e
"|-2dq2/(2ñ) = 2 sin(1/2)|-2d 2/(2ñ), -ñ 5 AE x,

(13.2.7)
y(0) = o.2F(l - 2d)/F2(1 - d), (13.2.8)

F(h+d)F(1-d) k-1+dp(h) = = Q , h = 1, 2, ..., (13.2.9)f(h - d + 1)f(d) 0<ksh k - d
and

a(h) = d/(h - d), h = 1, 2, ... . (13.2.10)

Remark 4. Applying Stirling's formula, f(x) ~ e¯** (x - 1)"¯ 72as x
-+

oo,
to (13.2.2),(13.2.6)and (13.2.9),we obtain

x, ~ j¯d-1/F(-d) as j a oo, (13.2.11)
~ jd-1/T(d) as jo œ, (13.2.12)

and

p(h) ~ h2d-if(1 - d)/f(d) as h - œ. (13.2.13)
Fractionally integrated noise with d ¢ 0 is thus a long memory process in
the sense of Definition 13.2.1.

Remark 5. Since sin A ~ 1 as A- 0, we see from (13.2.7)that

f(A) ~ A-2d 2/(2ñ)
as A-0, (13.2.14)

showing that f(0) is finite if and only if d < 0. The asymptotic behaviour
(13.2.14)of f(A) as A-0 suggests an alternative frequency-domain definition
of long memory process which could be used instead of (13.2.1).

PROOF OF THEOREM 13.2.1. We shall give the proof only for 0 < d <
.5

since
the proof for -.5

< d < 0 is quite similar and the case d = 0 is trivial.
From (13.2.12)it follows that o ¢ÿ< oo so that

e¯* * (1-
e¯") "

as no oo, (13.2.15)
j=O
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where convergence is in L2(dA) and dAdenotes Lebesgue measure. By Theorem
4.10.1,

(l -
B)-d .

j=0

is a well-defined stationary process and if {Z,} has the spectral representation
Z, = f,_,,,ie'*'dW(A), then

(1-
B)-d - -ddW(A).

Since 1;o|r, < oo (by (13.2.11)),we can apply the operator (1 - B) -

Lj°=oEjBA to (1 - B)-dZ (seeRemark 1 in Section 4.10), giving

(1 - B)d -d ¿ArdW(A)= Z,.

Hence {X,} as defined by (13.2.5)satisfies (13.2.3).
To establish uniqueness, let { }be any purely nondeterministic stationary

solution of (13.2.3).If {Y,}has the spectral representation,

then by (13.2.4),the process {(1- B)"X}has spectral representation,

(1 - B)"Y, = e"*(1 - e '*)"dZy(A)

and spectral density «2/(2x). By (13.2.15),Theorem 4.10.1 and the continuity
of Fy at 0,

(1 - B)¯d
-d

d

lim ‡,B (1-
B)d y

n-o\j=o /

(1 - e ) "(1
- e¯'*)"e"* dZy(A)

Hence Y, = (1 - B)¯dZ = X,.
By (4.10.8)the spectral density of {X,} is

f(A) = 1 - e¯'*|-2d62/(2ñ) = 2 sin(A/2) -2d 2/(2ñ).

The autocovariances are

y(h) = eihaf(A)d2

= - cos(hl)(2 sin(A/2))¯2ddi
ñ o

(-1)hF(1 - 2d)
= «2 h = 0, 1, 2 ... .

F(h-d+1)f(1-h-d) ' '
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where the last expression is derived with the aid of the identity,
"

.

ñcos(hñ/2)f(v + 1)2 ,

cos(hx)sin"(x)dx =

o vf((v + h + 1)/2)F((v - h + 1)/2)

(seeGradshteyn and Ryzhik (1965),p. 372).The autocorrelations (13.2.9)can
be written down at once from the expression for y(h). To determine the partial
autocorrelation function we write the best linear predictor of X, 41 in terms of
X,,, ..., X, as

= ¢,,X, + ··· + ¢,,X,

and compute the coefficients ¢,,,from the Durbin-Levinson algorithm (Prop-
osition 5.2.1). An induction argument gives, for n = 1, 2, 3, ...,

)F(j-d)F(n-d-j+1)
.

ni f(-d)F(n-d+1)
, j=1,...,n,

whence

f(h - d)f(1 - d) d
F(-d)f(h-d+1) h-d

Fractionally integrated noise processes themselves are of limited value in
modelling long memory data since the two parameters d and o2 allow only a
very limited class of possible autocovariance functions. However they can be
used as building blocks to generate a much more general class of long memory
processes whose covariances at small lags are capable of assuming a great
variety of different forms. These processes were introduced independently by
Granger and Joyeux (1980)and Hosking (1981).

Definition 13.2.2 (The ARIMA(p, d, q) Process with dE (-.5,
.5)).

{X,, t = 0,
±1,...} is said to be an ARIMA(p,d,q) process with de(-.5,.5) or a
fractionally integrated ARMA(p, q) process if {X,} is stationary and satisfies
the difference equations,

¢(B)VdX, = 6(B)Z, (13.2.16)
where {Z,} is white noise and ¢,8 are polynomials of degrees p, q respectively.

Clearly {X,} is an ARIMA(p,d,q) process with de(-.5,.5) if and only if
VdX, is an ARMA(p, q) process. If 6(z) -A0 for |z| < 1 then the sequence
Y = ¢(B)0¯I(B)X, satisfies

V" Y, = Z,

and

¢(B)X, = 8(B)Y,,

so that {X,} can be regarded as an ARMA(p, q) process driven by fractionally
integrated noise.
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Theorem 13.2.2 (Existence and Uniqueness of a Stationary Solution of
(13.2.16)).Suppose that de(-5,.5) and that <þ( ) and 6(·) have no common
zeroes.

(a) If ¢(z)¢ 0 for |z| = 1 then there is a unique purely nondeterministic
stationary solution of (13.2.16)given by

where ¢(z) = ý¿zi= 8(z)/¢(z).
(b) The solution {X,} is causal if and only if ¢(z)¢ 0 for |z á 1.
(c) The solution {X,} is invertible if and only if 8(z) ¢ 0 for |z| 5 1.
(d) If the solution {X, } is causal and invertible then its autocorrelation

functionp(·) and spectral density f( ) satisfy, for d ¢ 0,

p(h) ~ Ch2d-1 US h -+

oo, (13.2.17)
where C ¢ 0, and

f(A) =

2¯ |¢(e¯'*)|2
-iA -2d 2

-2d

(13.2.18)

as A - 0.

PROOF. We omit the proofs of (a),(b)and (c)since they are similar to the
arguments given for Theorems 3.1.1-3.1.3 with Theorem 4.10.1 replacing
Proposition 3.1.2.

If {X,} is causal then ¢(z)¢ 0 for |z á 1 and we can write

X, = ¢(B) = ¢jY,_;,
j=0

where
= V¯d

is fractionally integrated noise. If yy(·) is the autocovariance function of { },
then by Proposition 3.1.1 (with¢¿:= 0,j < 0),

Cov(X,4,X,) = 2 i¢¿¢,yy(h- j + k)
j k

= 1 Lý,¢j+kÏY(h
- k),

k j

i.e.

yx(h) = Lÿ(k)yy(h- k), (13.2.19)
k

where ÿ(k)= 1;¢¿¢,,,is the autocovariance function of an ARMA(p, q) pro-
cess with «2 = Î. If ÎOllows that ÿ(k) < Cr*, k = 0, 1, 2, ..., for some C > 0
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and rE (0,1) and hence that

h ¯2" i |ÿ(k)|- 0 as ho o. (13.2.20)

From (13.2.19)we have

h 2"yx(h) = h1-2d i ÿ(k)yy(h- k) + 1 ÿ(k)h¯2dyy(h
- k).

(13.2.21)
The first term on the right converges to zero as he oc by (13.2.20).By (13.2.13)
there is a constant C ¢ 0 (sincewe are assuming that d ¢ 0) such that

yy(h - k) ~ C(h - k)2d-1 ~ Ch2d-1

uniformly on the set k| <;
. Hence

i ÿ(k)hl-2dyy(h-k)-Ciÿ(k)asheoo.

Now letting h -+ œ in (13.2.21)gives the result (13.2.17).
Finally from (4.4.3)and (13.2.7)the spectral density of {X,} is

22
62

~ 8(1)/¢(1)]2A¯2d RS A- 0.
2n

Remark 6. A formula involving only the gamma and hypergeometric
functions is given in Sowell (1990)for computing the autocovariance function
of an ARIMA(p, d, q) process when the autoregressive polynomial ¢(z)has
distinct zeroes.

Remark 7 (The ARIMA(p, d, q) Process with d <;
-.5).

This is a stationary
process {X,} satisfying

¢(B)X, = 8(B)V¯dZ,, {Z,} ~ WN(0, «2). (13.2.22)
It is not difficult to show that (13.2.22)has a unique stationary solution.

X, = ¢¯*(B)0(B)V-d

The solution however is not invertible. Notice that if {X,} is an ARIMA(p, d, q)
process with d <.5 then {(1- B)X,} is an ARIMA(p,d - 1,q) process. In
particular if 0 < d <

.5,

the effect of applying the operator (1 - B) is to
transform the long memory process into an intermediate memory process
(withzero spectral density at frequency zero).
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Parameter Estimation for ARIMA(p, d, q) Processes
with de(-.5,.5)

Estimation of The Mean. Let {X,} be the causal invertible ARIMA(p, d, q)
process defined by

¢(B)Vd(X, - µ) = 8(B)Z,, {Z,} ~ WN(0,«2), de(-.5,.5). (13.2.23)
A natural estimator of the mean EX, = µ is the sample mean,

Z, = n (Xi + ··· + X,).

Since the autocorrelation function p(·) of {X,} satisfies p(h) -0

as h - oo, we
conclude from Theorem 7.l.1 that

E((
- µ)2 -0

as no oo,

and that

10if-.5<d<0,
nE(X, - µ)2 e .

oo if 0 < d <
.5.

Using (13.2.13)we can derive (Problem 13.6) the more refined result,

n1-2dE(K-
µ)2 - C for dE(-.5,.5),

where C is a positive constant. For long memory processes the sample mean
may not be asymptotically normal (seeTaqqu (1975)).

Estimation of the Autocorrelation Function, p(·). The function p(·) is usually
estimated by means of the sample autocorrelation function þ(·).In the case

-.5

< d < 0, {X,} has the moving average representation

X,=µ+ gZ, ,

j=0

with go |g| < oo If in addition {Z,} ~ IID(0, 62) and EZ† < o then
nl/2(þ(h) - p(h)) is asymptotically normal with mean zero and variance given
by Bartlett's formula, (7.2.5).If 0 < d <

.5

the situation is much more com-
plicated; partial results for the case when {Z,} is Gaussian can be found in
Fox and Taqqu (1986).

Estimation of d, * and 0

(a) Maximum likelihood. The Gaussian likelihood of X = (Xi,..., X,)' for the
process (13.2.23)with µ = 0 can be expressed (cf.(8.7.4))as

L(ß,«2) = (2BJ2 -n/2
09••

97n-1 -1/2exp (X, - Ž¿)2/r,_1,
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where ß = (d,¢,,..., ¢,, 0,,..., 0,)', is, j = 1, ..., n, are the one-step predictors
and rj_I = 6-2E(X; - Žj)2,j = 1, ..., n. The maximum likelihood estimators

ß and 62 can be found by maximizing L(ß, «2) with respect to ß and «2

the same arguments used in Section 8.7 we find that
â2 _

-1

where

S(ß) = (X, - Ž¿)2/r ,

j=1

and ß is the value of ß which minimizes

l(ß) = In(S(ß)/n) + n¯' lnry_1. (13.2.24)
j=1

For {Z,} Gaussian, it has been shown by Yajima (1985)in the case p = q = 0,
d > 0, and argued by Li and McLeod (1986)in the case d > 0, that

ß is AN(ß, n¯I W¯ (ß)) (13.2.25)
where W(ß) is the (p + q + 1) x (p + q + 1) matrix whose (j, k) element is

1 " 8 ln g(X;ß)8 ln g(l; ß)W,,(ß) dl,

and «2g(·; ß)/(2ñ)is the spectral density of the process. The asymptotic
behaviour of ß is unknown in the case d < 0. Direct calculation of l(ß) from
(13.2.24)is slow, especially for large n, partly on account of the difficulty
involved in computing the autocovariance function of the process (13.2.23),
and partly because the device used in Section 8.7 to express Î; in terms of
only q innovations and p observations cannot be applied when d ¢ 0.

It is therefore convenient to consider the approximation to l(ß),

1 I,,(my)
la(ß)= In - i ,

ny g(my; ß)
where 1,,(·) is the periodogram of the series {X,,...,X,,} and the sum is over
all non-zero Fourier frequencies o, = 2ñj/n e (-ñ, ñ j.Hannan (1973)and Fox
and Taqqu (1986)show that the estimator ßwhich minimizes la(ß)is consistent
and, if d > 0, that ß has the same limit distribution as in (13.2.25).The white
noise variance is estimated by

2 n j

n , g(w ; ß)
The approximation la(ß)to l(ß)does not account for the determinant term

n
12

i ln r,_, = n¯I In det(G-2 n) Where F,, = E(XX'). Although

n-i lnrj-1-+0 as naoo,
j=1
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this expression may have a non-negligible effect on the minimization of l(ß)
even for series of several hundred observations. A convenient approximation
to the determinant term can be found from Proposition 4.5.2, namely

Adding this term to la(0),we arrive at a second approximation to l given by

lb a
-iilng(my;ß). (13.2.26)

i

Estimation based on minimizing lb(·) has been studied by Rice (1979)in a
more general setting. For ARIMA(p, d, q) processes with dE (-.5,

.5),

empirical studies show that the estimates which minimize Ibtend to have less
bias than those which minimize la

(b) A regression method. The second method is based on the form of the
spectral density

f(A) = |1 - e¯**|-2d U(A), (13.2.27)
where

fy(1)= - (13.2.28)2x ¢(«¯'*)|2
is the spectral density of the ARMA(p,q) process,

U, = VdX,. (13.2.29)

Taking logarithms in (13.2.27)gives

In f(A) = ln fy(0)- dln|1 - e¯'*|2 U
U(0)]. (13.2.30)

Replacing 1in (13.2.30)by the Fourier frequency w = 2ñj/n E(0, x) and adding
ln I,(og) to both sides, we obtain

lnI,(w;)= lnfy(0)-dln|1-e '">2
n jWImin

(13.2.31)
+ In(fy(w,)/fy(0)).

Now if w is near zero, say o, <; o, where o, is small, then the last term is
negligible compared with the others on the right-hand side, so we can write
(13.2.31)as the simple linear regression equation,

= a + bx, + ej, j = 1, ..., m, (13.2.32)
where = ln I,(og), x, = In|1 - e

'"> 2,
e, = lng,(wyyf w,)), a = In fy(0)and

b =
-d.

This suggests estimating d by least-squares regression of Yi, ..., Y,
on x x, ..., x.. When this regression is carried out, we find that the least-squares
estimator of d is given by
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= - 1 (x, - X)(Y, - Y) 2 (x¿- X)2. (13.2.33)
i=1 i=1

Geweke and Porter-Hudak (1983)argue that when
-.5

< d < 0 there exists
a sequence m such that (lnn)2/m - 0 as no ce and

à is AN d,ñ2 6 i (x, - i)2 as no oo. (13.2.34)
i=1

Notice that ñ2/6 is the variance of the asymptotic distribution of In(I(A)/f(1))
for any fixed ÂE (0,ñ).

Having estimated d, we must now estimate the ARMA parameters * and
0. Since X, = V¯"U, where {U,} is an ARMA(p,q) process, we find from
(10.3.12)(replacingZ by U) that

Jy(1) = (1-
e¯'*)-d U(1) + Y,,(A) (13.2.35)

where Jy(·) and Je(·) are the discrete Fourier transforms of {X,,...,X,,} and
{Ui,..., U,,} respectively. Ignoring the error term Y,,(A)(whichconverges in
probability to zero as n a oo) and replacing d by d, we obtain the approximate
relation

Jy(A) = (1-
e¯'*)d X(1). (13.2.36)

If now we apply the inverse Fourier transform to each side of (13.2.36)we
obtain the estimates of U,,

Ü,= n-1/2 iojt
_ pi<oy dX Nj), t = 1, ..., n, (13.2.37)

where the sum is taken over all Fourier frequencies og e (-ñ, x] (omittingthe
zero-frequency term if d < 0). Estimates of p, q, ¢ and 0 are then obtained by
applying the techniques of Chapter 9 to the series {Ü,}.

The virtue of the regression method is that it permits estimation of d
without knowledge of p and q. The values {Ü,}then permit tentative identifi-
cation of p and q using the methods already developed for ARMA processes.
Final estimates of the parameters are obtained by application of the approxi-
mate likelihood method described in (a).
EXAMPLE 13.2.1. We now fit a fractionally integrated ARMA model to the
data {X,, t = 1,..., 200} shown in Figure 13.3. The sample autocorrelation
function (Figure 13.4) suggests that the series is long-memory or perhaps even
non-stationary. Proceeding under the assumption that the series is stationary,
we shall fit an ARIMA(p, d, q) model with dE (-.5,

.5).

The first step is to
estimate d using (13.2.33).Table 13.1 shows the values of the regression
estimate Âfor values of m up to 40. The simulations of Geweke and Porter-
Hudak (1983)suggest the choice m = n

6
or 14 in this case. In fact from the

table we see that the variation in is rather small over the range 13 < m < 35.
It appears however that the term ln(fy(og)/fy(0)) in (13.2.30)is not negligible
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Figure 13.3. The data {X , t = 1, ..., 200} of Example 13.1.
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Figure 13.4. The sample autocorrelation function of the data shown in Figure 13.3.

Table 13.1. Values of the Regression Estimator d in Example 13.2.1

m 13 14 15 16 17 18 19 20 25 30 35 40 45

d
.342 .371 .299 .356 .411 .421 .370 .334 .370 .409 .424 .521 .562
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for j;> 40. We take as our estimate the value of Êwhen m is 14, i.e. À=
.371,

with estimated variance ñ2/[6(D-4(x, - X)2] =

.0531.

An approximate 95%
confidence interval for d is therefore given by (-.081,

.500).

(Although the
asymptotic distribution (13.2.34)is discussed by Geweke and Porter-Hudak
only for d < 0, their simulation results support the validity of this distribution
even in the case when 0 < d <

.5.)

Estimated values of U, = V6(X, +
.0434)

are next found from (13.2.37).The
sample autocorrelation function of the estimates (Û,}(Figure (13.5)strongly
suggests an MA(1) process, and maximum likelihood estimation of the param-
eters gives the preliminary model,

V"(X, +
.0434)

= Z, + .816Z,
_ 1, {Z,} ~ WN(0,.489). (13.2.38)

Finally we reestimate the parameters of the ARIMA(0, d, 1) model by
minimizing the function lb(d,6) defined in (13.2.26).The resulting model is

V.396(X, +
.0434)

= Z, + .812Z, 1, {Z,} ~ WN(0,.514), (13.2.39)
which is very similar both to the preliminary model (13.2.38)and to the model

V 'X, = Z, + .8Z,, {Z,} ~ WN(0,.483), (13.2.40)
from which the series {X,} was generated.

1 :
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O.7 -

O.6 -

O 5 -
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-O 4 -
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-O 6 -
-0.7

-

-0.8

-

-0.9

-

O 10 20 30 40

Figure 13.5. The sample autocorrelation function of the estimates Û, of V (X, +
.0433),

Example 13.2.1.
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Prediction of an ARIMA(p, d, q) Process, dE (--.5,.5)
Let {X,} be the causal invertible ARIMA(p,d,q) process,

¢(B)VdX, = 0(B)Z,, {Z,} ~ WN(0,o2), dE(-.5,.5) (13.2.41)
The innovations algorithm can be applied to the covariance function of {X,}

to compute the best linear predictor of Xn+h ÌR termS of X,, ..., X,. For large
n however it is much simpler to consider the approximation

n+h•¯ ¯{Xp-œ<j<n}Xn+h•

Since we are assuming causality and invertibility we can write

X, = Z
j=0

and

Z, = X ,

j=O

where o¢¿zi =
8(z)¢¯I(z)(1

- z)¯d and añ¿zi = ¢(z)8¯(z)(1-
z)d

z| < 1. Theorem 5.5.1 can be extended to include the process (13.2.41),giving

in+h j n+h-j ¯ jZn+h-j (13.2.42)
j=1 j=h

and
h-1

õ,2(h) =
E(XII+h

II+h
2 2 i ‡ . (13.2.43)

j=0

Predicted values ofX2ei, ..., X230 Were computed for the data of Example
(13.2.1)using the fitted model (13.2.39).The predictors Ž200+hWere found
using a truncated and mean-corrected version of (13.2.42),namely

199+h
Ž2OO+h

+
.0433

= - i x,(i200+h-j +
.0433),

j=1

from which Ì2019 202, ..., can be found recursively. The predictors are
shown with the corresponding observed values X201, ..., X23o in Figure 13.6.
Also shown are the predictors based on the ARMA (3,3) model,

(1 - .132B + .037B2 - .407B3)(X, +
.0433)

= Z, + 1.061Z, , + .491Z,_2 + .218Z,_3, {Z,} ~ WN(0,.440),

which was fitted to the data {X,,t = 1,...,200} using the methods of Section
9.2. The predictors based on the latter model converge much more rapidly to
the mean value, -.0433, than those based on the long memory model.



534 13. Further Topics
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Figure 13.6. The data X20i, ..., X230 Of Example 13.2.1 showing the predictors based
on the ARMA model (lower)and the long memory model (upper).

The average squared errors of the 30 predictors are 1.43 for the long
memory model and 2.35 for the ARMA model. Although the ARMA model
appears to fit the data very well, with an estimated one-step mean square
prediction variance

.440

as compared with
.514

for the long memory model,
the value

.440

is a low estimate of the true value (.483)for the process (13.2.40)
from which the series was generated. Both predictors will, as the lead time
he oo, have bias -.0433 and asymptotic variance 2.173, the variance of the
generating process. It is interesting to compare the rates of approach of
the two predictor variances to their asymptotic values. This is done in Table
13.2 which shows the ratio õ||õ|(o) for both models as computed from
(13.2.43).It is apparent that the ARMA predictors are not appreciably better
than the mean for lead times of 10 or more, while the value of the long memory
predictor persists for much greater lead times.

Table 13.2. õ|(h)/õ|(o) for the Long Memory and ARMA Models for the Data of
Example 13.2.1

h 1 2 3 4 5 10 20 30 40 50

Long memory model
.250 .606 .685 .728 .757 .830 .887 .914 .932 .945

ARMA model
.261 .632 .730 .844 .922 .993

1.000 1.000 1.000 1.000
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§13.3Linear Processes with Infinite Variance

There has recently been a great deal of interest in modelling time series using
ARMA processes with infinite variance. Examples where such models appear
to be appropriate have been found by Stuck and Kleiner (1974),who considered
telephone signals, and Fama (1965),who modelled stock market prices. Any
time series which exhibits sharp spikes or occasional bursts of outlying obser-
vations suggests the possible use of an infinite variance model. In this section
we shall restrict attention to processes generated by application of a linear
filter to an iid sequence, {Z,,t = 0, ±1,...}, of random variables whose dis-
tribution F has Pareto-like tails, i.e.

(x"(1-
F(x)) = x"P(Z, > x) -> pC, as x -> oo,

(13.3.1)x2F(-x)= x"P(Z,<; -x)-qC, asx-> ao,

where 0 < a < 2, 0 < p = 1 - q < 1, and C is a finite positive constant which
we shall call the dispersion, disp(Z,), of the random variable Z,. From (13.3.1)
we can write

x2(1 - F(x) + F(-x)) = x"P( Z,) > x) -+ C as x -> oo. (13.3.2)
A straightforward calculation (Problem (13.7))shows that

(E|Z, = oo if ö ;> œ

(13.3.3)E|Z,a<œ ifõ<a.

Hence Var(Z,) = oo for 0 < « < 2 and E|Zr < oo only if 1 < « < 2. An im-
portant class of distributions satisfying (13.3.1)consists of the non-normal
stable distributions.

Definition 13.3.1 (Stable Distributions). A random variable Z is said to be
stable, or to have a stable distribution, if for every positive integer n there exist
constants, a,, > 0 and b,,, such that the sum Zy + ··· + Z,, has the same
distribution as a,,Z + b,, for all iid random variables Z,, ..., Z,,, with the same
distribution as Z.

Properties of a Stable Random Variable, Z

Some of the important properties of Z are listed below. For an extensive
discussion of stable random variables see Feller (1971),pp. 568-583, but note
the error in sign in equation (3.18).
1. The characteristic function, ¢(u)= E exp(iuZ), is given by

{exp{iuß-
d|u|2(1 - ißsgn(u)tan(xœ/2))} if a ¢ 1,

¢(u)= (13.3.4)exp{iuß - d|u (1+ iß(2/ñ)sgn(u)ln|u|)} if œ = 1,
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where sgn(u) is u/|u| if u ¢ 0, and zero otherwise. The parameters a e(0, 2],
ßeR, d l'E[0,oo) and 6e[-1,1] are known as the exponent, location,
scale and symmetry parameters respectively.

2. If a = 2 then Z ~ N(ß, 2d).
3. If 6 = 0 then the distribution of Z is symmetric about ß. The symmetric

stable distributions (i.e.those which are symmetric about 0) have charac-
teristic functions of the form

¢(u)= e-d|u|
. (13.3.5)

4. If œ = l and 8 = 0 then Z has the Cauchy distribution with probability
density f(z) = (d/ñ)[d2 2

-1,

ZE Ñ.
5. The symmetric stable distributions satisfy the property of Definition 13.3.1

with a,, = n /* and b,, = 0, since if Z, Z,, ..., Z, all have the characteristic
function (13.3.5)and Z,, ..., Z,, are independent, then

Eexp[iu(Z, +···+ Z,,)] = e¯nd|u| = Eexp[iuZni/2

6. If F is the distribution function of Z and Œ E (0,2), then (13.3.1)is satisfied
with p = (1+ 0)/2 and

C =
d/(f(1 - œ)cos(ña/2)) if a ¢ 1,

(2d/n if a = 1. (13.3.6)

In the following proposition, we provide sufficient conditions under which
the sum i _

, ‡¿Z, , exists when {Z,} is an iid sequence satisfying (13.3.1).

Proposition 13.3.1. Let {Z,} be an iid sequence of random variables satisfying

(13.3.1).If {¢¿}is a sequence of constants such that

|‡ < oo for some õ E (0,œ) n [0,1], (13.3.7)

then the infinite series,

converges absolutely with probability one.

PROOF. First consider the case 1 < œ < 2. Then by (13.3.3),E|Zi| < œ and
hence

Thus f j°__ |¢,Z, _,| is finite with probability one.
Now suppose 0 < œ < 1. Since 0 < õ < 1, we can apply the triangle in-

equality |x + y|* <; |x|a+ M6to the infinite sum £7 _
¢,Z, 2. Making use
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of (13.3.3)we then find that

Hence ip _, [¢¿Z,_,( < o with probability one.

Remark 1. The distribution of the infinite sum ¢;Z, _, satisfies (13.3.2).
Specifically,

\ j=-o / \j=-o /

(seeCline, 1983).

Remark 2. If Z, has a symmetric stable distribution with characteristic func-
tion e-d|t|'(and dispersion C given by (13.3.6)),then ¿Z, _, also has a
symmetric stable distribution with dispersion C = C ¢¿|".

Remark 3. The process defined by

X, = 2 ¢¿Z,_,, (13.3.8)
j=-o

where {‡¿}and {Z,} satisfy the assumptions of Proposition 13.3.1, exists
with probability one and is strictly stationary, i.e. the joint distribution of
(Xi,...,Xk)' iS the same as that of (X1 hs•..,Xk+h)' fOr all integers h and
positive integers k (seeProblem 13.8). In particular if the coefficients ‡¿are
chosen so that ‡ = 0 for j < 0 and

zi = 8(z)/¢(z), |z < 1, (13.3.9)
j=O

where 0(z) = 1 + 01z + ··· + 0,ze and ¢(z)= 1 - ¢iz -··· - ¢,z" ¢ 0 for
|z| 5 1, then it is easy to show that (X,} as defined by (13.3.8)satisfies the
ARMA equations ¢(B)X, = 8(B)Z,. We record this result as a proposition.

Proposition13.3.2. Let {Z,} be an iid sequence of random variables with

distribution functionF satisfying (13.3.1).Then if 0(·) and ¢(·) are polynomials
such that ¢(z)¢ 0 for iz | 5 1, the difference equations

¢(B)X, = 8(B)Z,, (13.3.10)
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have the unique strictly stationary solution,

X, = ¢¿Z,_;, (13.3.11)
j=O

where the coefficients {‡¿}are determined by the relation (13.3.9).If in addition

¢(z)and 8(z) have no common zeroes, then the process (13.3.11)is invertible if
and only if 8(z) ¢ 0 for z | <; 1.

PRooF. The series (13.3.11)converges absolutely with probability one by
Proposition 13.3.1. The fact that it is the unique strictly stationary solution
of (13.3.10)is established by an argument similar to that used in the proof
of Theorem 3.1.1. Invertibility is established by arguments similar to those
in the proof of Theorem 3.1.2. See Problem 13.9.

Although the process {X,} defined by (13.3.8)is strictly stationary it is not
second-order stationary since by Remark 1 and (13.3.3),E X, 2 = œ. Never-
theless we can still define, for such a process, an analogue of the autocorrela-
tion function, namely

p(h):= +h, h = 1, 2,.... (13.3.12)

We use the same notation as for the autocorrelation function of a second-order
stationary process since if {Z,} is replaced in (13.3.8)by a finite variance white
noise sequence, then (13.3.12)coincides with the autocorrelation function of
{X,}. Our point of view in this section however is that p(h) is simply a function
of the coefficients {‡¿}in the representation (13.3.8),or as a function of the
coefficients {¢¿}and {0;}if {X,} is an ARMA process defined as in (13.3.10).

We can estimate p(h) using the sample autocorrelation function,
n-h n

þ(h) = 2 X,Xt+h i X|, h = 1, 2, ...,

t=1 t=1

but it is by no means clear that þ(h)is even a consistent estimator of p(h).
However, from the following theorem of Davis and Resnick (1986),we find
that p(h)is not only consistent but has other good properties as an estimator
of p(h).

Theorem 13.3.1. Let {Z,} be an iid symmetric sequence of random variables
satisfying (13.3.1)and let {X,} be the strictly stationary process,

where

j||‡¿|*<oo forsomeõE(0,a)n[0,1].
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Then for any positive integer h,

(n/ln(n))i/2(þ(1)- p(1),...,þ(h) - p(h))'->(Y,,..., Yh)', (13.3.13)
where

Y, = (p(k+ j) + p(k - j) - 2p( j)p(k))S,/So, k = 1, ..., h,
j=1

and So, Si, ..., are independent stable random variables; So is positive stable
with characteristic function,

Eexp(iuSo)
(13.3.14)

= exp{-CF(1 - a/2)cos(xx/4)|u|a/2(Î-
iSgn(u)tan(ra/4))}

and Si, S2, ..., are iid with characteristic function,

fexp{ -C2F(1 -
œ)cos(ro/2)|u|=} if a ¢ 1,

E exp(iuSi) = (13.3.15)exp{-C2x|u /2} if a = 1.

If œ > 1 then (13.3.13)is also true when þ(0) is replaced by its mean-
corrected version, þ(h)

=1 ih(X, - X)(X, ,,
- X)/ (X, - X)2, where X =

n~1(X, + ··· + X,,).

It follows at once from this theorem that þ(h)Å p(h), and more specifically
that

p(h) - p(h) = O,([n/In(n) ]¯ I") = 4 ¯*/R)

for all ß > a. This rate of convergence to zero compares favourably with the
slower rate, O,(n¯ 72), for the difference þ(h)- p(h) in the finite variance

case.
The form of the asymptotic distribution of þ(h)can be somewhat simplified.

In order to do this, note that Yhhas the same distribution as
ca 1/2

i |p(h + j) + p(h - j) - 2p( j)p(h) |* U/V, (13.3.16)
j=1

where V (>0) and U are independent random variables with characteristic
functions given by (13.3.14)and (13.3.15)respectively with C = 1. Percentiles
of the distribution of U/V can be found either by simulation of independent
copies of U/V or by numerical integration of the joint density of (U, V) over
an appropriate region. Except when « = 1, the joint density of U and V cannot
be written down in closed form. In the case o = 1, U is a Cauchy random
variable with probability density fy(u)= ¼[x2/4+ u2 -1 (See Property 4 of
stable random variables), and V is a non-negative stable random variable
with density (seeFeller (1971)),fy(v)= ¼v¯3/2e¯"If*"), v > 0. The distribution
function of U/V is therefore given by

P(U/V <; x) = P(U <; xy)fy(y)dy
O

(13.3.17)
= 2¯ 72 w) 3/2[arctan(xw) + (ñ/2)]exp(-1/(2w))dw.

O
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Notice also that U/V has the same distribution as the product of a standard
Cauchy random variable (withprobability density ñ¯ (1+ x2) ) and an
independent random variable distributed as X20)

EXAMPLE 13.3.1 (An Infinite Variance Moving Average Process). Let (X,} be
the MA(q) process,

X, = Z, + 0, Z, i + ··· + 0,Z,_ ,

where the sequence {Z,} satisfies the assumptions of Theorem 13.3.1. Since
p(h) = 0 for ih > q, the theorem implies in this case that

q 1/a

(n/ln(n))/* - p(h)) -> 1 + 2 i |p(j)|* U/V, h > q,
j=1

where the right-hand side reduces to U/V if q = 0.
Two hundred simulated values of the MA(1) process

X, = Z, + .4Z,, (13.3.18)
with {Z,} an iid standard Cauchy sequence (i.e.Eeinz2 - e ),are shown in
Figure 13.7. The corresponding function þ(0)is shown in Figure 13.8. Except
for the value at lag 7, the graph of þ(h)does suggest that the data is a realization

of an MA(l) process. Furthermore the moment estimator, Õ,of 8 is
.394,

agreeing well with the true value 8 =
.40.

(9 is the root in [-1,1] of þ(1)=

8/(l + 02). If there is no such root, we define Õ= sgn(p(1)) as in Section 8.5.)
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Figure 13.7. Two hundred simulated values of the MA(1) process, X, = Z, + .4Z i,

where {Z,} is an iid standard Cauchy sequence.
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Figure13.8. The function ji(h)for the simulated Cauchy MA(l) series of Example 13.3.1.

The
.975

quantile of U/V for the process (13.3.18)is found numerically
from (13.3.17)to have the value 12.4. By Theorem 13.3.1, approximately 95%
confidence bounds for p(1) are therefore given by

þ(1) ± 12.4(|1 - 2þ2(1)| + |þ(1)))(ln(n)/n)=
.341

±
.364.

These are not particularly informative bounds when n = 200, but the difference
between them decreases rapidly as n increases. In simulation studies it has
been found moreover that þ(h)gives good estimates of p(h) even when n = 200.
Ten thousand samples of {X,, ..., X200) fOr the process (13.3.18)gave 10,000
values of þ(1),from which the sample mean and variance were found to be
.341

and
.0024

respectively. For a finite-variance MA(1) process, Bartlett's
formula gives the value, v = (1- 3p2(1) + 4p'(1))/n, for the asymptotic
variance of þ(1). Setting n = 200 and p(1) =

.4/(1

+
.42)

=
.345,

we find
that v =

.00350.

Thus the sample variance of þ(1) for 200 observations
of the Cauchy process (13.3.18)compares favourably with the asymptotic
approximation to the variance of p(1)for 200 observations of the corre-
sponding finite-variance process. Analogous remarks apply to the moment
estimator, Õ,of the coefficient of the MA(1) process. From our 10,000 realiza-
tions of {X,,...,X2oo}, the sample mean and variance of Õwere found to be
.401

and
.00701

respectively. The variance of the moment estimator, 0, for a
finite-variance MA(1) process is n

*(1 + 02 + 486 + 86 8 2 2 (SCO

Section 8.5). When n = 200 and 6 =
.4

this has the value
.00898,

which is
somewhat larger than the observed sample variance,

.00701,

of Ôfor the
Cauchy process.
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EXAMPLE 13.3.2 (An Infinite Variance AR(1) Process). Figure 13.9 shows 200
simulated values {X,,...,X2eo} of the AR(1) process,

X, = .7X,_, + Z,

where {Z,} is again an iid Cauchy sequence with Eeinz: - e \"l. Each observed
spike in the graph corresponds to a large value of Z,. Starting from each spike,
the absolute value of X, decays geometrically and then fluctuates near zero
until the next large value of Z, gives rise to a new spike. The graph of þ(h)
resembles a geometrically decreasing function as would be expected from a
finite-variance AR(1) process (Figure 13.10).The "Yule-Walker" estimate of ¢
is þ(1)=

.697,

which is remarkably close to the true value, ¢ =
.7.

From 10,000
simulations of the sequence (Xi,..., X2eo}, the sample mean of þ(1)was found
to be

.692

and the sample variance was
.0025.

For an AR(1) process with finite
variance, the asymptotic variance of þ(1)is (1- ¢2)n (See Example 7.2.3).
When n = 200 and ¢ =

.7,

this is equal to
.00255,

almost the same as the
observed sample variance in the simulation experiment. The performance of
the estimator þ(1)of ¢ in this case is thus very close, from the point of view
of sample variance, to that of the Yule-Walker estimator in the finite variance

case.

Linear Prediction of ARMA Processes with Infinite Variance. Let {X,} be the
strictly stationary ARMA process defined by (13.3.7)with ¢(z)8(z)/ 0 for
all ZEC Such that z <; 1. Suppose also that the iid sequence {Z,} satisfies
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Figure 13.9. Two hundred simulated values of the AR(l) process, X, = .7X,
_ i + Z,,

where {Z,} is an iid standard Cauchy sequence.
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Figure 13.10. The function j)(h)for the simulated Cauchy AR(1) series of Example 12.5.2.

(13.3.1).In assessing the performance of the linear predictor,

is,, = as,X, + an2X,_, + ··· + as,Xi, (13.3.19)
we cannot consider E(Xn+1 - Ín+1)2as we did for second order processes
since this expectation is infinite. Other criteria for choosing a

"best" predictor
which have been suggested include minimization of the expected absolute
error (whenœ > 1), and the use of a pseudo-spectral technique (Cambanis and
Soltani (1982)).Here we shall consider just one criterion, namely minimization
of the error dispersion (see(13.3.1)).Using (13.3.11)we can rewrite is, i in the
form

= (asig + an2 j-1 nn j-n+1 n-j, (13.3.20)
j=0

and using (13.3.11)again we obtain

X

(13.3.21)
= Z + 1 (64, - an,6 - an2 j 1 ¯ nn j-n+1 n-j·

j=o

Since {Z,} is assumed to have dispersion C, it follows from Remark 2 that

disp(X,,, - î,41) = C 1 + x - asig -
· ·

- as.g_,,, .

\ j=O /
(13.3.22)
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In the special case when Z, has the symmetric stable distribution with
exponent œe(0,2) and scale parameter du" (i.e.Ee'"2e = exp(-d!0|2)), the
dispersion of Z, (seeProperty 6) is C = d/(T(1 - a)cos(ña/2)], « ¢ 1, and
C = 2d/ñ, « = 1. The prediction error is also symmetric stable with dis-
persion given by (13.3.22).Minimization of (13.3.22)is therefore equivalent
to minimization of the scale parameter of the error distribution and hence
to minimization of P(|X,41 - Ž,,i| > s) for every e > 0. The minimum

dispersion criterion is useful also in regression problems (Blattberg and
Sargent (1971))and Kalman filtering problems (Stuck (1978))associated with
stable sequences. For general sequences {Z,} satisfying (13.3.1)the minimum
dispersion criterion minimizes the tail probabilities of the distribution of the
prediction error.

The minimization of (13.3.22)for œ e (0,2) is rather more complicated
than in the case « = 2 and the best predictor is not in general unique. For a
general discussion of this problem (andthe related problem of finding h-step
predictors) see Cline and Brockwell (1985).Here we shall simply state the
results for an MA(1) process and, when Z, has a Cauchy distribution, compare
the minimum dispersion predictor Î,,, =

1 as,X,,, _, with the predictor
X,* = 1) i ¢,,,X,,,,

_
obtained by assuming that {Z,} has finite variance.

Proposition 13.3.3. If X, = Z, + 0Z,
_ ; where {Z,} is an iid sequence with

distribution functionsatisfying (13.3.1),then the minimum dispersion linear
predictor insi of X,,, based on X,, ..., X,, is

Î,,, = -g (-8)X,,i_ ifœ<:; 1,
j=1

n n+1-j

n+1 ¯ n+1 X,,,i_, ifa>1,
j=i 1-4

where y = |6|"A"¯¤. The error dispersion of Î,, i is

C[1 + (80"*02] if œ < 1,

The minimum dispersion h-step predictor, h ;> l, is zero with error dispersion
C[1 + (6 ].
PROOF. See Cline and Brockwell (1985). E]

EXAMPLE 13.3.3 (Linear Prediction of a Cauchy MA(1) Process). Suppose that

X, = Z, + BZ,_,, 10|< 1, (13.3.23)
where {Z,} is an iid standard Cauchy sequence, i.e. Ee'"26 -

e¯l"l. Then
condition (13.3.1)is satisfied with p = q = { and C = 2/ñ. By Proposition
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13.3.3, the minimum dispersion one-step predictor is

= - (-8)JX,41_;, (13.3.24)
j=1

with corresponding error dispersion,
2

disp(X,,, - Î,,,) = -(1 + |8|"*). (13.3.25)

If now we imagine {Z,} in (13.3.23)to have finite variance and compute the
best linear mean square predictor X,*,,, we find from Problem 3.10 that

(1-
02"*2)X,*,, = - [(-By - (-8)2n+2-j]X, , _,, (13.3.26)

j=1

and hence that

(1-
02"*2)(X,,, - X,* )

n (13.3.27)
= (1- 02n+2Z,,, - (-0" O - 02 j

j=O

From (13.3.27)we can easily compute the error dispersion when the mean-
square linear predictor X,*,, is applied to the Cauchy process (13.3.23).We
find that

2 1 + |8|disp(X,,, - X,*,1) = - 1 + |8|" , (13.3.28)
x 1 + |8|"

which is clearly greater than the dispersion of (X,,i - Î,,1) in (13.3.25).

The minimum dispersion linear predictor of X,,, based on {X;, -oo <

j < n} turns out to be the same (fora causal invertible ARMA process) as the
best linear mean square predictor computed on the assumption that {Z,} has
finite variance. The dispersion of the one-step prediction error is just the
dispersion of {Z,} (2/ñin Example 13.3.3).

Although we have only considered linear prediction in this section, we
should not forget the potential for improved prediction of infinite variance

(and finite variance) processes using predictors which are non-linear in the
observations. In the next section we give a brief introduction to non-linear

time-series models, with particular reference to one of the families of non-
linear models ("thresholdmodels") which have been found useful in practice.

§13.4Threshold Models

Linear processes of the form

X, = (Z,
_

, {Z,} ~ IID(0, o.2), (13.4.1)
j=0
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where Zy E 4 = šþ{X,, - oo < s < t}, play an important role in time series
analysis since for such processes the best mean square predictor,
E(Xt+ h|Xs, - oo < s < t) and the best linear predictor, Py,Xt + h, are identical.
(In fact for the linear process (13.4.1)with {Z,} ~ WN(0, «2), the two
predictors are identical if and only if {Z,} is a martingale difference sequence
relative to {X,}, i.e. if and only if E(Z,,,1X,, -œ

< s < t) = 0 for all t (see
Problem 13.11).) The Wold decomposition (Section 5.7) ensures that any
purely non-deterministic stationary process can be expressed in the form
(13.4.1)with {Z,} ~ WN(0, «2), but the process {Z,} is generally not an iid
sequence and the best mean square predictor of Xt+h may be quite different
from the best linear predictor. However, in the case when {X,} is a purely
non-deterministic Gaussian stationary process, the sequence (Z,} in the
Wold decomposition is Gaussian and therefore iid. Every stationary purely
non-deterministic Gaussian process can therefore be generated by apply-
ing a causal linear filter to an iid Gaussian sequence. We shall therefore
refer to such processes as Gaussian linear processes. They have the desirable
property (like the more general linear process (13.4.1))that P,,Xt+h ¯¯
E(Xt+h|Xs, -oo

< s<; t).
Many of the time series encountered in practice exhibit characteristics

not shown by linear Gaussian processes and so in order to obtain good
models and predictors for such series it is necessary to relax either the
Gaussian or the linear assumption. In the previous section we examined a
class of non-Gaussian (infinitevariance) linear processes. In this section we
shall provide a glimpse of the rapidly expanding area of non-linear time
series modelling and illustrate this with a threshold model proposed by Tong
(1983)for the lynx data (Series G, Appendix A).

Properties of Gaussian linear processes which are sometimes found to be
violated by observed time series are the following. A Gaussian linear process
{X,} is reversible in the sense that (X,,,...,Xs)' has the same distribution
as (X,,,...,X,,)'. (Except in a few special cases, linear, and hence ARMA
processes, are reversible if and only if they are Gaussian (Weiss (1975),Breidt
and Davis (1990)).)Deviations from this property are suggested by
sample-paths which rise to their maxima and fall away at different rates (see,
for example, the Wölfer sunspot numbers, Figure 1.5, and the logarithms to
base 10 of the lynx data, Figure 13.11). Gaussian linear processes do not
exhibit sudden bursts of outlying values as are sometimes observed in
practice. Such behaviour can however be shown by non-linear processes (and
by processes with infinite variance). Other characteristics suggesting deviation
from a Gaussian linear model are discussed by Tong (1983).

If we restrict attention to second order properties of a time series, it will
clearly not be possible to decide on the appropriateness or otherwise of a
Gaussian linear model. To resolve this question we consider moments of
order greater than two.

Let {X,} be a process which, for some k > 3, satisfies sup, E X,|* < oo and

E(X, X,, ··· X, ) = E(X, Xtd h
·· Xt h 9
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Figure 13.11. The logarithms to base 10 of the Canadian lynx series (1821-1934),
showing 50 predicted values based on the observations up to 1920 and the
autoregressive model (13.4.3).

for all to, ti,..., ty, he {0,±1,...} and for all jE {0,1,..., k - 1}. The kth
order cumulant C,(ri,..., rk-1) Of {X,} is then defined as the joint cumulant
of the random variables, X,, X,,,,,...,X,,,,_,, i.e. as the coefficient of
ikziz2···zk in the Taylor expansion about (0,...,0) of

X(zi, ..., za):= In E[exp(iziX, + iz2X,,,, +
···+

izgX Yk-I

In particular, the third order cumulant function Cs of {X,} coincides
with the third order central moment function, i.e.

C3(r, s) = E[(X, - µ)(X,,, - µ)(X,,, - µ)], r, SE {0,±1,
...},

(13.4.2)
where µ = EX,. If1,1, |Cs(r, s) < oo, we define the third order polyspectral
density (or bispectral density) of {X,} to be the Fourier transform,

in which case

Cs(r, s) = e" '*" 2f3(wi, m2) dwt do2.

[More generally, if the kth order cumulants C, 2,...,rk-1), Of {X,} are
absolutely summable, we define the kth Order polyspectral density as the
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Fourier transform of Ck. For details see Rosenblatt (1985)and Priestley

(1988).]
If {X,} is a Gaussian linear process, it follows from Problem 13.12

that the cumulant function C3 Of {X,} is identically zero. (The same
is also true of all the cumulant functions C, with k > 3.) Consequently
f3(wi,w2) = 0 for all wi, og E [-ñ, x]. Appropriateness of a Gaussian linear
model for a given data set can therefore be checked by using the data to
test the null hypothesis, f3 = 0. For details of such a test, see Subba-Rao
and Gabr (1984).

If {X,} is a linear process of the form (13.4.1)with E|Z, 3 < oo, EZ = y
and fj° o |¢;| < oo, it can be shown from (13.4.2)(seeProblem 13.12) that
the third order cumulant function of {X,} is given by

C3(r, s) = y ‡¿¢¿÷,‡¿÷,, (13.4.3)
- CO

(withý, = 0 for j < 0) and hence that {X,} has bispectral density,

f3(wi,©2) --
1 2 ¯Ê l 2), (13.4.4)

where ‡(z):=1)°o ¢¿zi.By Theorem 4.4.1, the spectral density of {X,} is
0.2

f(w)= -|‡(«¯*)|2.
2x

Hence

|f3(oi,m2
2 2

¢(wi,m2
f(wi)f(w2 1

2) 2xo.6

Appropriateness of the linear process (13.4.1)for modelling a given data set
can therefore be checked by using the data to test for constancy of ¢(oi, m2)

(seeSubba-Rao and Gabr (1984)).
If it is decided that a linear Gaussian model is not appropriate, there is

a choice of several families of non-linear processes which have been found
useful for modelling purposes. These include bilinear models, autoregressive
models with random coefficients and threshold models. Excellent accounts
of these are available in the books of Subba-Rao and Gabr (1984),Nicholls
and Quinn(1982)and Tong (1990)respectively.

Threshold models can be regarded as piecewise linear models in which
the linear relationship varies with the values of the process. For example
if R , i=1,...,k, is a partition of 22, and {Z,}~IID(0,1), then the
k difference equations,

P

X,=a*Z,+ i¢ X,_;, (X,_,,...,X,_,)'eR , i=1,...,k,
j=1

(13.4.5)
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defined a threshold AR(p) model. Model identification and parameter
estimation for threshold models can be carried out in a manner similar to
that for linear models using maximum likelihood and the AIC criterion.
Details can be found in the book of Tong (1990).It is sometimes useful to
express threshold models in state-space form (cf.Section 12.1). For example,
the model (13.4.5)can be re-expressed as

X, = \0 0 0 ··· 1]S,,

where S,:= (X,_,,,, Xt p+2,..., X,)' satisfies the state equation,

S,, i = F,S, + H,Z,, i.

This state representation differs from those in Chapter 12 in that the matrices
F, and H, now depend on S,. Thus

¯0

1 0 0 0
0 0 1 0 0

F, = i i : | , H, = ; , if S¿E Rí©.
0 0 0 1 0

As an illustration of the use of threshold models, Tong identifies the following
model for the logarithm to base 10 of the lynx data (1821-1920):

f.802+1.068X,_i-.207Xt-2 •l71X,_;-.453X,_4
X, = + .224X,

_ s
- .033X t - 6 + .174Z,, Xt

- 2
<; 3.05,

2.296 + 1.425X,
_ , - 1.080Xt

- 2
- .091X,

_ 3 + .237Z,, X,
_ 2 > 3.05,

(13.4.6)
where {Z,} ~ IID(0, 1). The model (13.4.6)is said to have a delay parameter
b = 2 since the form of the equation specifying X, is dependent on the value of
X, 2. It is easy to compute the best mean square predictor E(Xn+h|X,, t <; n)
for the model (13.4.6)if h = 1 or h = 2 but not if h > 2 (seeProblem 13.13).
More generally, if the delay parameter is b, computation of the best predictor
is easy if h < b but is extremely complicated otherwise. A natural
approximation procedure for computing the best predictors given X,, ..., X,
is to set Z, = 0, t > n + 1, in the recursions defining the process and then
to solve recursively for X , X,42,.... Tong (1983),p. 187, refers to the
predictors obtained in this way as the values of the eventual forecastfunction.
For the logarithms of the lynx data and the model (13.4.6)the eventual
forecast function exhibits a stable limit cycle of period 9 years with values
(2.61,2.67, 2.82, 3.02, 3.25, 3.41, 3.37, 3.13, 2.80). An alternative technique
suggested by Tong for computing h-step predictors when h > b and the data
is nearly cyclic with period T is to fit a new model with delay parameter
kT + b where k is a positive integer. Under the new model, prediction can
then be carried out for values of h up to kT + b. The most satisfactory general
procedure for forecasting threshold models is to simulate future values of
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the process using the fitted model and the observed data {Xi, ..., X,,}. From
N simulated values of X,,a we can construct a histogram which estimates
the conditional density of X,,a given the data. This procedure is implemented
in the software package STAR of H. Tong (seeTong (1990)).

It is interesting to compare the non-linear model (13.4.6)for the logarithms
of the lynx data with the minimum AICC autoregressive model found for the
same series using the program PEST, namely

X, = 1.123 + 1.084X,
_ i

- .477X,
_ 2 + .265X,

_ 3 - .218X,
_ 4

+ .180X,
_ 9 - .224X,

_ ;2 + Z,, {Z,} ~ WN(0,
.0396)

(13.4.7)
The best linear mean-square h-step predictors, h = 1, 2, ..., 50, for the years
1921-1970 were found from (13.4.7).They are shown with the observed values
of the series (1821-1934)in Figure 13.11. As can be seen from the graph, the
h-step predictors execute slowly damped oscillations about the mean (2.880)
of the first 100 observations. As he oo the predictors converge to 2.880.

Figures 13.12 and 13.13 show respectively 150 simulated values of the
processes (13.4.7)and (13.4.6).Both simulated series exhibit the approximate
9 year cycles of the data itself.

In Table 13.3 we show the last 14 observed values of X, with the
corresponding one-step predictors i, based on (13.4.7)and the predictors

= E(X, X,, s < t) based on (13.4.6).
The relative performance of the predictors can be assessed by computing

s = (S/14)1/2 Where S is the sum of squares of the prediction errors for

2.5 -

2 -

O 1 0 20 30 40 50 60 70 80 90 1 00 1 1 0 1 20 1 30 1 40 1 50

Figure 13.12. One hundred and fifty simulated values of the autoregressive model

(13.4.7)for the transformed lynx series.
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Figure 13.13. One hundred and fifty simulated values of the threshold model (13.4.6)
for the transformed lynx series.

Table 13.3. The Transformed Lynx Data {X,, t = 101, . . .

,114}

with the One-Step Predictors, Î,, Based on
the Autoregressive Model (13.4.7),and i,, Based on the
Threshold Model (13.4.6)

t X, i, Ž,

101 2.360 2.349 2.311
102 2.601 2.793 2.877
103 3.054 2.865 2.911
104 3.386 3.231 3.370
105 3.553 3.354 3.588
106 3.468 3.329 3.426
107 3.187 2.984 3.094
108 2.724 2.668 2.771
109 2.686 2.432 2.422
110 2.821 2.822 2.764
111 3.000 2.969 2.940
112 3.201 3.242 3.246
113 3.424 3.406 3.370
114 3.531 3.545 3.447
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[=101,...,114. From the table we find that the value of s for the
autoregressive predictor Î, is

.138,

while for the threshold predictor i,, the
values of s is reduced to

.120.

A bilinear model for the log lynx data can be found on p. 204 of Subba-Rao
and Gabr (1984)and an AR(2) model with random coefficients on p.143 of
Nicholls and Quinn(1982).The values of s for predictors based on these
models are

.115

and
.116

respectively. These values indicate the improvements
attainable in this example by consideration of non-linear models.

Problems

13.1. Suppose that {X,,} and {X,2} are related by the transfer function model,

2.5B
Xt2 = Xri + 69

(1- .8B)X,, = Z,,

where {Z,} ~ WN(0, 1), {W} ~ WN(0, 2),and {Z,} and { }are uncorrelated.

(a) Write down a state-space model for {(X,,, Xt2

(b) If Wioo = l.3, Xioo,2 = 2.4, Xioo,1 = 3.15, find the best linear predictors
of Xior,2 and X102,2 based on {X,,, Xt2, t i 100}.

(c) Find the mean squared errors of the predictors in (b).
13.2. Show that the output, {X,2}, of a transfer function model satisfies the equation

(13.1.15).
13.3. Consider the transfer function model

B2
X,2 =

1 - .5B
X,, + W,

(1+ .5B)X,, = Z,,

where {Z,} and {I¶} are uncorrelated WN(0, 1) sequences. Let

(a) Show that P,X,,i., = Q,X,,,,, and hence evaluate P,X,,,, .

(b) Express P,X,,,,2 and P,X,42,2 in terms of X i, X 2, j á n and W,.
(c) Evaluate E(X,,,,2 - P,Xn+1,2)2, E(X.42,2 - P,Xn+2,2 2

(d) Show that the univariate process {Xt2} has the autocovariance function
of an ARMA process and specify the process. (Hint: consider

(1-
.25B2)Xt2•

(e) Use (d)to compute E(X,41,2 - R,X,,,,2)2

13.4. Verify the calculations of H,,, in Example 13.1.1 (cont.).
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13.5. Find a transfer function model relating the input and output series X,,, Xt2>
t = 1,..., 200 (Series J and K respectively in the Appendix). Use the model

to predict X2ei,2, X2o2,2 and X203.2. Compare the predictors and their mean
squared errors with the corresponding predictors and mean squared errors
obtained by modelling {X,2} as a univariate ARMA process and with the
results of Problem 11.10.

13.6. If {X,} is the causal invertible ARIMA(p, d, q) process defined by (13.2.23)and
X, = n (X, + + X,), show that

n 2"E(X,-
µ)2 - G

where C is a positive constant.

13.7. Verify the properties (13.3.3)for a random variable Z, whose distribution
satisfies (13.3.1).

13.8. Show that the linear process (13.3.8)is strictly stationary if {‡}and {Z,} satisfy
the conditions of Proposition 13.3.1.

13.9. Prove Proposition 13.3.2. (Note that Proposition 13.3.1 remains valid for
strictly stationary sequences {Z,} satisfying (13.3.1),and use arguments similar
to those used in the proofs of Theorems 3.1.1 and 3.1.2.)

13.10. Modify Example 13.3.3 by supposing that {Z,} is iid with Ee'"2' = e I"I', ue R,
O < x < 2. Use Proposition 13.3.3 to show that for each fixed sample size n
and coefficient Be(-1,1), the ratio of the error dispersion of X*,,, (see
(13.3.28))to that of Z,,1, converge as « -+ 0 to 1 + n/2.

13.11. Let {X,} be the process,

X, = ¢¿Z,_;, {Z,} ~ WN(0, 62

j=O

where ¢o ¢ 0, go ¢ < oo and Zy E 11, = šj¯{X,, -- oo < s <; t}. Show that

E(X,, QX,, - oo < s i t) = P,,X,

if and only if {Z,} is a martingale difference sequence, i.e. if and only if
E(Z,, OX,, -o < s i t) = 0 for all t.

13.12. If {X,} is the linear process (13.4.1)with {Z,} ~ IID(0, «2) and r; = EZ,3, show
that the third order cumulant function of {X,} is given by

Use this result to establish equation (13.4.4).Conclude that if {X,} is a Gaussian
linear process, then Cs(r, s) - 0 and f3(mi,©2) -- 0.

13.13. Evaluate the best mean square predictors E(X,,a|X,, -o < ss t), h = 1, 2
for the threshold model (13.4.6).
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Data Sets

All of the following data sets are listed by columns.

Series A. Level of Lake Huron in Feet (Reduced by 570), 1875-1972

10.38 11.17 9.35 8.19 8.05 6.84 9.38 7.13 9.89
11.86 10.53 8.82 8.67 7.79 6.85 9.10 9.10 9.96
10.97 10.01 9.32 9.55 6.75 6.90 7.95 8.25
10.80 9.91 9.01 8.92 6.75 7.79 8.12 7.91
9.79 9.14 9.00 8.09 7.82 8.18 9.75 6.89

10.39 9.16 9.90 9.37 8.64 7.51 10.85 5.96
10.42 9.55 9.83 10.13 10.58 7.23 10.41 6.80
10.82 9.67 9.72 10.14 9.48 8.42 9.96 7.68
11.40 8.44 9.89 9.51 7.38 9.61 9.61 8.38
11.32 8.24 10.01 9.24 6.90 9.05 8.76 8.52
11.44 9.10 9.37 8.66 6.94 9.26 8.18 9.74
11.68 9.09 8.69 8.86 6.24 9.22 7.21 9.31

Series B. Dow Jones Utilities Index, Aug. 28-Dec. 18, 1972

110.94 109.60 109.53 112.06 114.65 119.70 124.11 123.18
110.69 109.31 109.89 111.96 115.06 119.28 124.14 122.67
110.43 109.31 l10.56 ll1.68 115.86 119.66 123.37 122.73
110.56 109.25 110.56 111.36 116.40 120.14 123.02 122.86
110.75 109.02 110.72 111.42 116.44 120.97 122.86 122.67
110.84 108.54 111.23 112.00 116.88 121.13 123.02 122.09
110.46 108.77 111.48 112.22 118.07 121.55 123.11 122.00
110.56 109.02 111.58 112.70 118.51 121.96 123.05 121.23
110.46 109.44 111.90 113.15 119.28 122.26 123.05
110.05 109.38 112.19 114.36 119.79 123.79 122.83
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Series C. Private Housing Units Started, U.S.A. (Monthly). [Makridakis
922]

1361 1614 1361 1086 1380 1368 1828 2252
1278 1639 1433 1119 1520 1358 1741 2382
1443 1763 1423 1046 1466 1507 1910 2481
1524 1779 1438 843 1554 1381 1986 2485
1483 1622 1478 961 1408 1229 2049 2421
1404 1491 1488 990 1405 1327 2026 2366
1450 1603 1529 1067 1512 1085 2083 2481
1517 1820 1432 1123 1495 1305 2158 2289
1324 1517 1482 1056 1556 1319 2041 2365
1533 1448 1452 1091 1569 1264 2128 2084
1622 1467 1460 1304 1630 1290 2182 2266
1564 1550 1656 1248 1548 1385 2295 2067
1244 1562 1370 1364 1769 1517 2494 2123
1456 1569 1378 1407 1705 1399 2390 2051
1534 1455 1394 1421 1561 1534 2334 1874
1689 1524 1352 1491 1524 1580 2249 1677
1641 1486 1265 1538 1583 1647 2221 1724
1588 1484 1194 1308 1528 1893 2254 1526

Series D. Industrial Production, Austria (Quarterly).[Makridakis 337]

54.1 59.6 66.5 72.3 76.0 93.1 105.5 122.6
59.5 63.6 72.0 78.1 85.1 103.5 115.4 131.9
56.5 60.4 67.8 72.4 80.5 96.4 108.0 120.5
63.9 66.3 75.6 82.6 89.1 107.2 129.9 130.7
57.8 60.6 69.2 72.9 84.8 101.7 112.4 115.7
62.0 66.8 74.1 79.5 94.2 109.5 123.6 119.7
58.5 63.2 70.7 72.6 89.5 101.3 114.9 109.7
65.0 71.0 77.8 82.8 99.3 112.6 131.0 125.1

Series E. Industrial Production, Spain (Monthly). [Makridakis 868]

128 108 156 132 101 152 161 123
134 142 160 139 141 153 160 175
133 146 161 139 122 152 167 175
14l 149 149 137 145 153 178 176
134 141 118 144 148 113 167 174
142 156 147 146 137 151 176
143 151 158 149 137 159 173
136 160 146 142 155 165 164
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Series F. General Index of Industrial Production (Monthly). [Makridakis
904]

96 110 135 147 160 184 175 205
97 111 138 115 161 179 182 208
99 114 132 150 167 181 182 216

100 113 106 152 167 179 185 216
102 109 134 158 164 187 191 210
106 91 132 154 165 185 191 169
102 116 136 155 173 183 188 217
80 118 132 159 179 177 139 213

104 123 133 160 181 176 189 220
104 121 140 163 182 130 190 217
107 119 142 167 175 176 199
102 125 146 160 131 175 193
100 131 148 162 183 181 195
107 132 149 126 181 176 200

Series G. Annual Canadian Lynx Trappings, 1821-1934

269 2285 377 6721 469 3495 1388 2935
32l 2685 225 4254 736 587 2713 1537
585 3409 360 687 2042 105 3800 529
871 1824 731 255 2811 153 3091 485

1475 409 1638 473 4431 387 2985 662
2821 151 2725 358 2511 758 3790 1000
3928 45 2871 784 389 1307 674 1590
5943 68 2119 1594 73 3465 81 2657
4950 213 684 1676 39 6991 80 3396
2577 546 299 2251 49 6313 108

523 1033 236 1426 59 3794 229
98 2129 245 756 188 1836 399

184 2536 552 299 377 345 1132
279 957 1623 201 1292 382 2432
409 361 3311 229 4031 808 3574

Series H. Annual Mink Trappings, 1848-1911

37123 61581 61727 39266 35072 83023 70229 54673
34712 61951 60334 44740 36160 40748 76365 55996
29619 76231 51404 60429 45600 35396 70407 60053
21151 63264 58451 72273 47508 29479 41839 39169
24859 44730 73575 79214 52290 42264 45978 21534
25152 31094 74343 79060 110824 58171 47813 17857
42375 49452 27708 84244 76503 50815 57620 21788
50839 43961 31985 62590 64303 51285 66549 33008
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Series I. Annual Muskrat Trappings, 1848-1911

224347 258806 509769 703789 478078 344878 813159 924439
179075 302267 418370 767896 829034 223614 551716 1056253
175472 313502 320824 671982 1029296 322160 568934 695070
194682 254246 412164 523802 1069183 574742 701487 407472
292530 177291 618081 583319 1083067 806103 767741 172418
493952 206020 414173 437121 817003 934646 928199 302195
512291 335385 232251 486030 347050 648687 1650214 749142
345626 357060 443999 499727 380132 674811 1488287 963597

Series J. Simulated Input Series

6.94 5.98 3.31 3.69 4.81 5.06 4.70 0.87
3.48 5.07 5.56 7.40 5.46 4.93 6.29 9.26
5.92 6.43 5.06 3.18 5.01 6.00 1.98 1.29
5.1l 3.64 4.28 6.92 3.05 5.59 6.71 7.59
7.00 6.84 3.89 3.40 6.48 6.24 5.39 3.90
2.23 l.49 7.47 7.65 6.35 3.79 5.73 4.37
5.78 7.39 3.60 3.42 3.86 4.51 5.55 6.00
5.26 2.36 8.88 5.91 5.01 6.00 5.88 3.56
5.19 5.24 1.26 3.91 6.49 4.76 4.27 5.92
4.83 4.63 7.78 6.99 3.43 5.55 4.34 4.38
4.48 6.87 2.76 2.15 7.70 4.74 4.26 6.24
5.98 2.81 9.23 7.17 2.13 5.61 4.98 6.57
4.45 6.27 2.95 3.94 8.47 6.52 3.38 3.05
5.73 4.98 6.38 3.87 2.41 5.95 6.14 6.43
6.38 3.45 4.35 7.61 5.93 4.38 5.45 4.03
2.47 4.90 5.33 3.73 4.69 5.95 5.92 5.86
7.43 4.11 5.00 5.08 5.29 5.80 2.62 4.82
2.73 5.40 4.87 6.61 6.44 4.87 7.68 2.90
5.90 6.38 6.74 1.94 5.14 6.47 3.37 5.65
5.19 3.94 3.37 6.17 5.93 4.01 3.90 5.14
5.08 4.96 6.56 5.73 3.95 5.57 7.01 3.17
4.28 6.35 3.45 4.14 5.87 6.30 1.24 6.73
3.64 2.75 4.54 5.76 4.64 3.34 9.03 4.43
6.01 6.03 4.95 3.56 7.25 6.38 1.08 3.99
3.08 4.76 4.34 5.44 5.00 4.73 7.86 4.46
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Series K. Simulated Output Series

15.21 12.79 12.36 10.70 18.88 13.78 8.69 21.28
21.13 14.12 15.92 11.71 14.20 19.22 16.46 10.00
14.14 7.77 14.00 10.65 16.58 14.90 14.26 18.47
18.22 11.03 7.05 7.61 17.32 13.06 11.23 4.75
8.74 13.36 10.19 17.73 16.85 10.99 12.90 23.36

17.33 17.36 10.78 9.71 18.32 17.73 5.82 6.40
17.10 12.82 9.21 18.58 16.11 21.11 15.13 17.65
22.20 22.16 7.36 15.04 19.17 22.43 18.50 13.67

4.44 8.83 17.01 24.44 21.18 16.87 17.66 14.15
11.62 22.66 12.14 14.33 16.17 14.56 17.37 14.16
17.50 10.65 24.86 17.18 12.02 17.60 17.78 10.63
18.59 10.72 12.34 12.21 21.46 14.45 13.96 17.78
14.77 6.77 23.49 21.90 17.35 14.89 13.89 11.99
14.63 15.73 12.76 12.28 22.76 18.00 11.98 13.65
17.16 7.26 26.97 20.73 14.03 24.21 13.02 17.64
13.44 12.82 14.95 11.76 25.30 22.95 10.64 11.00
15.63 12.38 22.94 8.82 13.46 19.59 18.09 17.07
20.99 7.26 15.88 16.89 17.17 14.67 19.92 15.07
11.98 7.90 20.30 12.58 12.98 21.08 24.02 16.24
20.13 12.11 19.13 13.63 20.27 24.71 13.62 14.92
11.90 14.56 17.26 19.38 22.75 20.18 24.69 11.62
13.94 17.11 19.99 9.80 20.75 22.18 13.59 16.75
14.06 16.15 15.76 17.85 23.21 18.08 10.97 16.54
19.71 17.12 19.82 19.01 17.67 17.29 16.25 10.82
15.73 19.97 11.09 18.91 17.24 16.30 4.93 18.45
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Accidental deaths in the USA, 1973-1978 autocovariance function of 91-97
(monthly) 7, 21-25, 113, calculating coeflicients in AR
324-326 representation 87, 111

ACF (seeAutocorrelation function) in MA representation 85, 91-92,
AIC 273, 284-287, 291-296, 302 473
AICC 243, 247, 252, 273, 287, 289, causal 83, 85

302, 365, 431, 432 equations for 78
Airline passenger data 15, 284-287, estimation

291-296 least squares 257
All Star baseball games (1933-1980)5, maximum likelihood 257

10 preliminary 254-252
Amplitude spectrum (seeCross- identification 252, 296-299

amplitude spectrum) invertible 86, 128
AN (seeAsymptotic normality) multivariate (seeMultivariate ARMA
Analysis of variance 332, 335 processes)
AR(oo) processes (seeAutoregressive prediction 175-182

processes of infinite order) seasonal (seeSeasonal ARIMA
AR(p) processes (seeAutoregressive models)

processes) spectral density of 123
ARIMA processes 274-283 state-space representations 468-471

definition 274 canonical observable
prediction 314320 representation 469471
seasonal (seeSeasonal ARIMA with infinite variance 537

models) with mean µ 78
state-space representation of 471 with observational error 472-473

ARIMA(0,d,0) processes with ARVEC 432, 434, 460
-.5

< d <
.5

(seeFractionally Asymptotic normality 209
integrated noise) for random vectors 211

ARIMA(p, d, q) processes with Asymptotic relative efficiency 253-254
.5

< d <
.5

(seeFractionally Autocorrelation function (ACF) 12
integrated ARMA processes) analogue for linear processes with

ARMA(p, q) processes 78 infinite variance 538
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Autocorrelation function (ACF) (cont.) Yule-Walker equations 239, 279
sample 29, 220, 527, 538 Autoregressive processes of infinite

asymptotic covariance matrix order (AR(œ)) 91, 405
of 221, 222 Autoregressive spectral density

asymptotic distribution of 221, estimator 365
222, 538

Autocovariance function
characterization of 27 Backward shift operator 19,
definition 11 78, 417
difference equations for 93 Bandwidth 362, 399
elementary properties of 26 Bartlett's formula 221, 222, 527
Herglotz's theorem 117-118 AR(1) 22&225
of ARMA processes 91-97, 473-474 independent white noise 222
of AR(p) processes 94 MA(q) 223-224
of AR(2) processes 95 multivariate 415, 416, 508
of complex-valued time series (see Bayesian state-space model 498, 505

Complex-valued Bessel's inequality 56
autocovariance function) Best estimator 474

of MA(q) processes 94 Best linear predictor 64, 166, 168, 317,
of MA(1) processes 91 546
sample 28, 220 of second order random

asymptotic covariance matrix vectors 421
of 230 Best linear unbiased estimator of

asymptotic distribution µ 220, 236
of 229-230 Best mean square predictor 62, 546

computing using FFT 37¾375 Best one-step predictor 474
consistency of 232 BIC criterion 289, 291, 306

spectral representation of 117-118 Bienaymé-Galton-Watson process 10
Autocovariance generating Bilinear models 548, 552

function 103-105 Bmary process 9
of ARMA processes 103 Bispectral density 547

Autoregressive integrated moving Bivariate normal distribution 35-36, 37
average(see ARIMA processes) Bounded in probability 199 (seealso

Autoregressive models with random Order m probability)
coefficients 548 Branching process 10

Autoregressive moving average (see Brownian motion 37-38
ARMA processes) with drift 38

Autoregressive polynomial 78 on [-x, ñ] 139, 147, 162, 164
Autoregressive (AR(p)) processes 79 multivariate 45M55

AR(1) process 79, 8l
with infinite variance 542-552 CAT criterion 287, 365

estimation Cauchy criterion 48
Burg 366 Cauchy distribution 449, 461
maximum likelihood 259 Cauchy-Schwarz inequality 43
preliminary 241-245 Cauchy sequence 46
Yule-Walker 160, 239, 241, 262, Causal 83, 105, 125-130

279, 365, 542 ARMA processes 85, 88
asymptotic distribution of 241, fractionally integrated ARMA

262-264 processes 521, 525
FPE 301-302, 307 multivariate ARMA processes 418,
identification of the order 242-243 424
partial autocorrelation function seasonal ARIMA processes 323

of 100 state equation 467
prediction 177 time-invariant linear filter 153, 459
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Cayley-Hamilton theorem 470, 492 Conjugate transpose 402
Central limit theorem 210 Consistency condition

for infinite order moving for characteristic functions 11
averages 219 for distribution functions 11

for MA(q) processes 214 Controllability 491
for strictly stationary m-dependent Controllability matrix 492

sequences 213 Convergence
Lindeberg's condition 210, 345, 363, almost surely 375

445 in distribution 204-209
Characteristic function 11 characterizations of 204

of multivariate normal random in mean square 47
vector 34 in norm 45, 48

of a random vector 11 in probability 198, 199, 375
of a stable random variable 535 in rth mean 203

Chebyshev's inequality 203 Correlation function (see
Cholesky factorization 255 Autocorrelation function)
Circulant matrix 133 Correlation matrix function 403

approximation to the covariance Cospectrum 437, 462
matrix of a stationary process estimation of 447
by 135-136 Covariance function (see

diagonalization of 134-135 Autocovariance function)
eigenvalues of 134 Covariance matrix 32
eigenvectors of 134 Covariance matrix function 403

Classical decomposition 14-15, 40, characterization of 454
284 estimation of 407

Closed span 54 properties of 403
Closed subspace 50 spectral representation of 435, 454
Coherency 436 (seealso Squared Covariance matrix generating

coherency) function 420, 460
Complete orthonormal set 56 Cramer-Wold device 204
Completeness of L2(R, F, P) 68-69 Cross-amplitude spectrum 437
Complex multivariate normal estimation of 448

distribution 444 Cross-correlation function 406
Complex-valued autocovariance sample 408

functions 115, 119, 120 asymptotic distribution of 410,
Complex-valued stationary 416

processes 114-115 Bartlett's formula 415, 416
autocovariance function of 115 weak consistency of 408
existence of 164 Cross-covariance function 403
linear combination of sample 408

sinusoids 116-117 weak consistency of 408
spectral representation of 145 spectral representation of 435

Conditional expectation 63-65, 76 Cross-periodogram 443
Confidence regions Cross-spectrum 435

for parameters of ARMA Cumulant 444, 547
models 260-261, 291 Cumulant function 547

for parameters of AR(p) models 243 of linear processes 548
for parameters of MA(q) models 247 Current through a resistor 2
for the absolute coherency 450, 453
for the mean vector of a stationary

multivariate time series 407 Delay parameter 508, 549
for the phase spectrum 449-450, 453 Deterministic 150, 187
for the spectrum 362-365 (seealso Diagnostic checking 306-314 (seealso

Spectral density estimation) Residuals)
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Difference equations (seealso Fast Fourier transform
Homogeneous linear difference (FFT) 373-375
equations) Fejer kernel 70-71, 360

for ARIMA processes 274, 316 FFT (seeFast Fourier transform)
for h-step predictor 319-320 Filter 350 (seealso Time-invariant

multivariate 429-430 linear filter and smoothing)
for multivariate ARMA low pass 18

processes, 417 successive application of filters 354,
Difference operator 398

first order 19 Fisher's test (seeTesting for hidden
with positive lag d 24 periodicities)
with real lag d > -1 520 Forecasting (seePrediction of

Differencing to generate stationary stationary processes)
data 19, 274-284 Forecasting ARIMA

at lag d 24 processes 314-320
Dimension of a subspace 58 an ARIMA(1, 2, 1) example 318-320
Dirichlet kernel 69-70, 157, 359, 361 h-step predictor 318
Discrete Fourier transform 332, 373 mean square error of 318

multivariate 443 Fourier coeflicients 56, 66
Discrete spectral average (seeSpectral Fourier frequencies 331

density function) Fourier series 65-67
Dispersion 535, 537 nth order Fourier approximation 66
Distribution function associated with an to an indicator function 157-158

orthogonal-increment uniform convergence of Cesaro
process 139, 454 sums 69

Distribution functions of a stochastic Fourier transform 396
process 11, 41, 164 FPE criterion 289, 301-302, 306

Dow Jones utilities index 555 Fractionally integrated ARMA
Durbin-Levinson algorithm 169-170, processes 524

269, 422 autocorrelation function of 525
for fitting autoregressive causal 525

models 242, 432 estimation 526- 532
maximum likelihood 527-528
regression method 529-530

Econometrics model 440441 invertible 525
Empirical distribution function 338, prediction 533-534

341 spectral density of 525
Equivalent degrees of freedom 362, 399 with d <

-.5

526
Ergodic stationary sequence 379 Fractionally integrated noise 521
Ergodic theorem 268, 379, 381 autocorrelation function of 522
Error dispersion 543, 544 autocovariance function of 522
Estimation of missing values in an partial autocorrelation function

ARMA process 488 of 522
Estimation of the white noise variance spectral density function of 522

least squares 258, 377 Frequency domain 114, 143, 330
maximum likelihood 257, 377 prediction in 185-187
preliminary 251
using the Durbin-Levinson

algorithm 240, 242 Gain (seeTime-invariant linear
using the innovations filter)

algorithm 245-246 Gamma function 521
Euclidean space 43, 46 Gaussian likelihood 254, 255 (seealso

completeness of 46 Recursive calculation of the
Eventual forecast function 549 Gaussian likelihood)
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of a multivariate ARMA of seasonal ARIMA processes 323
process 430 -431 IID 78, 404

of an AR(p) process 270 Independent white noise 222 (see IID)
of an ARMA process 256 Index set 8

with missing observations 486 Inner product 42-43
of general second order continuity of 45

process 254-256 Inner-product space 42-43
Gaussian linear process 546 complete 46
Gaussian time series 13 orthonormal set 55

bivariate 164, 416 Innovations 129, 173, 476
multivariate 430 standardized 265
prediction 182 Innovations algorithm 172

General linear model 60-62, 75 applied to ARMA processes 175
Generalized inverse 475, 503 for preliminary estimation of MA(q)
Gibbs phenomenon 400 models 245-249, 292-294,
Gram-Schmidt orthogonalization 58, 367

74, 75, 171, 381 multivariate 423
Group delay 440 Integration with respect to an

orthogonal-increment process
(seeStochastic integral)

Intermediate memory processes 520
Helly's selection theorem 119 Inversion formulae (seeSpectral
Herglotz's theorem 28, 117-122 distribution function and
Hermite polynomials 75 orthogonal-increment
Hermitian function 115 processes)
Hermitian matrix 435 Invertible 86, 105, 125-130
Hessian matrix 291 ARMA processes 86, 87, 128
Hilbert space, definition 46 fractionally integrated ARMA

closed span 54 processes 521, 525
closed subspace 50 infinite variance ARMA
complex L2 spaces 47 processes 538
Euclidean space 46 multivariate ARMA processes 419
isomorphisms, 67-68 time-invariant linear filter 155
l2 67, 76 Isomorphism 67, 68
L2 46, 47 between time and frequency
L2[-x, x] 65 domains 143-144
orthogonal complement 50 properties of 68
separable 56

Homogeneous linear difference
equations 105-110

first order 108 Kalman recursions 474-482
general solution of 107 filtering 478
initial conditions 106 fixed-point smoother 478
linear independent solutions of 106 prediction 476
second order 108 ARIMA(p, 1, q) 481

h-step 477-478
Kolmogorov-Smirnov test (seeTesting

for hidden periodicities)
Identification techniques 284-301 Kolmogorov's formula 191, 197, 366

of ARMA processes 296-299 Kolmogorov's theorem 9, 10, 27, 38,
of AR(p) processes 289-291 41, 164
of fractionally integrated ARMA statement 11

processes 530 Kullback-Leibler discrepancy 302
of MA(q) processes 291-294 Kullback-Leibler index 302
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Lag window 358 Maximum likelihood estimation 256
Bartlett or triangular 360, 361, 399 Maximum likelihood estimation for
Blackman-Tukey 361 ARMA processes 256-258
Daniell 360, 361, 399 asymptotic properties 258-260, 384,
Parzen 361, 399 386
rectangular or truncated 359 derivation of 265-269, 376-396
Tukey-Hamming 361 Maximum likelihood estimation for
Tukey-Hanning 361 fractionally integrated ARMA

Lag-window spectral estimator (see processes 527-528
Spectral density estimation) Maximum likelihood estimation for

Lake Huron (1875-1972)328, 398, 555 transfer function models 514
Laurent series 88, 130 Maximum likelihood spectral density
Least squares estimation for ARMA estimator (seeSpectral density

processes 257-258, 377 estimation)
asymptotic properties 258-260, 384, Mean

386 best linear unbiased estimator
derivation of 265-269, 376-396 of 220, 236

of variance 258 of a multivariate stationary time
Least squares estimation for transfer series 403

function models 509 of a random vector 32
Least squares estimation of trend 15 sample 29, 218, 406
Lebesgue decomposition of the spectral asymptotic normality of 219, 406

measure 190 derivation of 225
Lebesgue measure 190 mean squared error of 218-219
Likelihood function (seeGaussian Mean square convergence 47, 62

likelihood) properties of 62
Lindeberg's condition (seeCentral limit Minimum dispersion h-step

theorem) predictor 544
Linear approximation in R 48 Minimum dispersion linear

in L2 49 predictor 544
Linear filter 17, 152, 441 (seealso Minimum mean squared error of

Time-invariant linear filter) prediction of a stationary
Linear multivariate processes 404 process 53-54
Linear processes with infinite Mink trappings (1848-1911)461, 557

variance 535-545 Missing values in ARMA
analogue of the autocorrelation processes 482488

function 538 estimation of 487-488
Linear regression 60-62 likelihood calculation with 483-486
Long memory processes 520-534 MLARMA (seeSpectral density
Lynx trappings (1821-1934)546, estimation)

549-552, 557 Moment estimator 240, 249, 253, 270,
362

Moment generating function 39, 41
m-dependence 212-213, 263 Moving average polynomial 78
Matrix distribution function 454 Moving average (MA(q)) processes 78,
MA(q) (seeMoving average processes) 89-90
MA(o) (seeMoving average processes autocorrelation function of 80

of infinite order) autocovariance function of 79
Markov chain 196 estimation
Markov property 465 innovations 245, 270
Martingale difference sequence 546, 553 maximum likelihood 259, 270
Maximum entropy spectral density method of moments 249, 253,

estimator (seeSpectral density 270, 540
estimation) preliminary 245-250, 291-294
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invertible and non-invertible Non-negative definite function 26-27,
versions 295, 326 115, 117

order identification of 246-247, Non-negative definite matrix 33
291-294 Non-stationary time series 29, 274

prediction 177 Norm 43
with infinite variance 540-541 convergence in 45, 48

Moving average processes of infinite properties of 45
order (MA(o)) 89-91

autocovariance function of 91
multivariate 405 Observability 496
with infinite variance 536 Observability matrix 496

Multiple correlation coefficient 451 Observational equation 464
Multivariate ARMA processes 417 One-step mean squared error based on

AR(oo) representation 417 infinite past 187, 295
causal 420 Kolmogorov's formula 191
covariance matrix function of 420 One-step predictors (seePrediction of
covariance matrix generating stationary processes)

function of 420 Order in probability 199
estimation 430-434 for random vectors 200

maximum likelihood 431 Order selection 301-306
Yule-Walker 432 Orthogonal

identification 431 complement of a subspace 50
invertible 421 elements in a Hilbert space 44
MA(oo) representation 418 matrix 33
prediction 426-430 (seealso eigenvalues of 33

Recursive prediction) eigenvectors of 33
Yule-Walker equations 420 projection 51

Multivariate innovations random vectors 421, 464
algorithm 425 Orthogonal-increment

applied to an ARMA(1, 1) process 138-140, 145, 152
process 427-428 integration with respect to 14 143

one-step predictors 425 inversion formula for 151, 152
prediction error covariance right continuous 135, 454

matrix 425 vector-valued 454
Multivariate normal Orthonormal basis 56

distribution 33-37 for C" 331
an equivalent characterization of 36 for R" 333
characteristic function of 34 Orthonormal set 55
conditional distribution 36 complete 56
conditional expectation 36 of random variables 55
density function 34

Multivariate time series 402
covariance matrices of 402 PACF (seePartial autocorrelation
mean vectors of 402 function)
prediction 421-430 Parallelogram law 45
stationary 402-403 Parameters of a stable random

Multivariate white noise 404 variable 535
Muskrat trappings (1848-1911) 461, Pareto-like tails 535

557 Parseval's identity 57
Partial autocorrelation function

(PACF) 98-102
Noise 15 (seealso White noise) an equivalent definition of 102, 171
Non-deterministic, purely 189, 197, estimation of 102, 243

546 of an AR(1) process 98
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Partial autocorrelation function (cont.) prediction bounds 182
of an AR(p) process 100 h-step prediction 168, 174-175,
of an MA(l) process 100, 101, 113 179-182
sample 102, 243 mean squared error of 175

Periodogram 332 in frequency domain 185-187
asymptotic covariance of ordinates ARMA processes 186

for iid sequences 344 infmite variance processes 542-545
for two-side moving MA(l) processes 544

averages 347-348 MA(1) processes 173
asymptotic distribution MA(q) processes 177

for iid sequences 344 multivariate ARMA
for two-sided moving processes 426-430

averages 347-348 one-step predictors 167, 172, 425,
asymptotic unbiasedness 343 474, 476
cumulative periodogram 341 mean squared error of 169, 172,
extension to [-r, x] 343 425, 474, 476
multivariate 443 Preliminary transformations 284

asymptotic properties of 443-446 Prewhitening 412, 413, 414, 415, 507
smoothing of 350-362, 446 Projection

PEST 23, 24, 25, 40, 111, 160, 161, in R" 58-60
243, 252, 257, 261, 270, 276, mapping 52
277, 284, 292, 295, 414, 508, properties of 52
510, 550 matrix 59

Phase spectrum 437 of multivariate random vectors 421,
confidence interval for 449-450, 453 475
estimation of 448-450, 452, 453 theorem 51

Poisson process 38
on [ ñ, ñ] 139

Polyspectral density 547 Quadraturespectrum 437, 462
Population of USA (1790-1980) 3, estimation of 447

15-16, 20
Portmanteau test for residuals 310-312
Power transfer function 123 (seealso R and S arrays 273

Time-invariant linear filter) Random noise component 15
Prediction bounds 182 Random variable 9
Prediction equations 53 Random vector 32

for h-step predictors 168 Random walk 10, 14
for multivariate time series 421 Rational spectral density (seeSpectral
for one-step predictors 167 density function)
in the time domain 167 Realizations of a stochastic process 9

Prediction of stationary processes (see Recursive calculation of the Gaussian
also Recursive prediction) likelihood function 254-256

AR(p) processes 177 for an ARMA process with missing
ARMA processes 175-182 observations 483-485

based on infinite past 182-184 Recursive prediction 169-182
covariance matrix of prediction Durbin-Levinson

errors 184 algorithm 169-170
h-step prediction 179-182 h-step predictors 174-175
truncation approximation 184 for ARMA processes 179-182

best linear predictor of a stationary mean squared error of 181
process 166, 168 innovations algorithm 172

fractionally integrated ARMA Kalman prediction (seeKalman
processes 533-534 recursions)

Gaussian processes 182 multivariate processes 422-430
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Durbin-Levinson Series F (General Index of Industrial
algorithm 422-423 Production) 329, 557

innovations algorithm 425 Series G (seeLynx Trappings
of a multivariate ARMA (1821-1934))

process 426 427 Series H (seeMink Trappings
of an AR(p) process 177 (1848-1911))
of an ARMA process 175-182 Series I (seeMuskrat Trappings
of an MA(q) process 177 (1848-1911))

Reduced likelihood 257, 272 Series J (Simulated Input
Residuals 307 Series) 460, 553, 558

application to model Series K (Simulated Output
modification 299-301 Series) 460, 553, 559

diagnostic checking 306-314 Shift operator (seeBackward shift
check of normality 314 operator)
graph of 307 Simulation of an ARMA process 271
sample autocorrelation function multivariate 460

of 308-310 Simulation of a Gaussian process 271
tests of randomness for 312-313 multivariate 460

Reversible time series 546 SMOOTH 17
Riemann-Lebesgue lemma 76 Smoothing
Riemann-Stieltjes integral 116 exponential 17

by means of a moving average 16-19
the periodogram (seeSpectral density

estimation)
Sales with a leading indicator 414, using a simple moving average 350,

432-434, 510-512, 514-520 353
Sample SPEC 354, 397, 452, 461

autocorrelation function 29, 220, Spectral density estimation
527, 538 autoregressive 365, 367, 369, 370, 372

of residuals 307 discrete spectral average 351
autocovariance function 28, 220 asymptotic properties of 351, 353
coefficient of variation 212 confidence intervals using X2
covariance matrix 220 approximation 362-363

non-negative definite 221 confidence intervals using a normal
mean 29, 218, 527 approximation 363-364

multivariate 406 simple moving average 350, 353
SARIMA (seeSeasonal ARIMA models) lag window 354, 358, 372
Seasonal ARIMA models 320-326 asymptotic variance of 359
Seasonal component 15, 284 maximum entropy 365

differencing 24 maximum likelihood ARMA
estimation of 20-25 (MLARMA) 367, 368, 370

method S1 (smalltrend) 21, 24 moving average 367, 370
method S2 (movingaverage) 23, rational 365, 372

24 smoothing the periodogram 35¾362
Separable Hilbert space 56 Spectral density function 118, 119,
Series A (seeLake Huron (1875-1972)) 120, 122
Series B (Dow Jones Utilities an asymptotically unbiased estimator

Index) 329, 555 of 137
Series C (Private Housing Units in the real-valued case 122

Started, USA) 327, 554 of ARMA processes 123
Series D (Industrial Production, causality and invertibility 125-130

Austria) 329, 556 of an AR(1) 125
Series E (Industrial Production, of an MA(l) 123

Spain) 329, 556 rational 123
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Spectral density function (cont.) minimum dimension 497
rational function approximations observable 496

to 130-133 stable 467
Spectral density matrix 435, 443, 457 with missing observations 482-488

estimation of 446-447 Stationarity 12
discrete spectral average 446-447 covariance 12
smoothing the in the wide sense 12

periodogram 446-447 second order 12
Spectral distribution function 118, strict 12

119, 145 weak 12
discontinuity in 148, 150 Stirling's formula 522
in the real-valued case 121 Stochastic integral 142, 455
inversion formula for 151, 152 properties of 142, 455
Lebesgue decomposition of 190 with respect to a vector-valued
of a linear combination of orthogonal increment

sinusoids 116 process 455
Spectral distribution matrix Stochastic process 8

function 454 distribution functions of 11, 41
Spectral matrix function (seeSpectral realizations of 9

density matrix) Strict stationarity 12
Spectral representation Strikes in the USA (1951-1980)4, 17,

of an autocovariance function 118 18, 113
of a continuous-time stationary Strong consistency of estimators for

process 152 ARMA parameters 376-388
of a covariance matrix function 405, Strong law of large numbers 376

454
of a stationary multivariate time Taylor expansions in

series 405, 456 probability 201-202
of a stationary time series 145 Testing for hidden periodicities

Spectral window 358 334-342
Spectrum (seeSpectral density function Fisher's test 337-339, 342

and cross-spectrum) Kolmogorov-Smirnov test applied to
Spencer's 15 point moving the cumulative

average 18-19, 39 periodogram 339-342
Squared coherency function 436-439 of a specified frequency 334-337

confidence interval for 450, 453 of an unspecified frequency 337-342
estimation of 450, 453 Testing for the independence of two
test of zero coherency 451, 452 stationary time series 412-413

Stable matrix 467 Tests of randomness 312-313
Stable random variables 535-536 based on the periodogram 339-342

parameters of 535 based on turning points 312
positive 216 difference-sign test 313
properties of 535 rank test 313
symmetric 535 Threshold models 545-552

State equation 464 Time domain 114, 145
State-space models 463-474 prediction equations 53

Bayesian 498, 505 Time-invariant linear filter (TLF) 123,
for threshold models 548 153, 438, 439, 457-458, 506
non-stationary 479-481 absolutely summable 154
stationary 467 amplitude gain 156

causal 467 causal 153
controllable 491 for multivariate time series 457-459
innovations representation 489, invertible 155

490 matrix transfer function 458
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phase gain 156 randomly varying with noise 465,
power gain 156 466
power transfer function 123, 156 Triangle inequality 44
simple delay 442 Trigonometric polynomials 69, 150,
transfer function 123, 156, 442 157

Time series 1
discrete-time 1
continuous-time 1 Vandermonde matrix 109
Gaussian 13

TLF (seeTime-invariant linear filter)
TRANS 414, 461, 509, 510 Weak law of large numbers 206
Transfer function (seeTime-invariant for infinite order moving

linear filter) averages 208
Transfer function models 432, 506 Weakly consistent 253

estimation for 507-510, 514 Weighted sum of squares 257
prediction for 515, 517-520 White noise 78
state-space representation multivariate 404

of 513-517 Window (seeLag window)
Transformations 15 (seealso Wold decomposition 187, 546

Identification techniques) Wölfer sunspot numbers
variance-stabilizing 284 (1770-1869)6, 29, 32, 160,

Trend component 15, 284 161, 269, 354, 397
elimination of 15-24 WORD6 40, 194

in absence of seasonality 15 WN (seeWhite noise)
differencing 19

estimation of 15, 19
by least squares 15 Yule-Walker equations (see
by smoothing with a moving Autoregressive processes and

average 16 multivariate ARMA processes)




