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LAURA MAYORAL
Instituto de Análisis Económico and Barcelona GSE

Spring 2019

Instructions: Deadline is April 1st. Please submit your answers individually electronically
or in paper to Nicolo Maffei, nicolo.maffei@barcelonagse.eu.

1. PROBLEMS

1. Impulse Response functions (IRFs). Read chapter 5.3. in Cochrane’s book.

i) Explain the concept of IRF.

ii) Compute analitically the IRF of the following processes. {εt} is a white noise process in all
cases. Note: In a. and c. compute the IRF of the first difference of the original processes yt and
zt .

a. (1− L)yt = φ1(1− L)yt−1 + εt

b. xt = α+ φ1xt−1 + φ2xt−2 + φ3xt−3 + εt

c. (1− L)zt = εt + θεt−1

d. wt = α+ βt+ εt

e. vt = β + vt−1 + εt

iii) Compute the IRF of the processes yt and zt defined in a. and c. above.

iv) Provide a formula to obtain the IRF for a general AR(p) process. Hint: this formula relates
IRF(h) to previous values of the IRF, and the AR coefficients.

v) Describe how the sample ACF and the plot of the data of the processes in d. and e would look
like. Compare the IRFs of those processes and explain what these differences mean in terms of
the persistence of shocks in both models.

2. ARCH models. Read Engle’s Nobel Lecture for more information on ARCH processes.

Let {εt} be an ARCH(2) process.

i) What are the characteristics of financial and macroeconomic data that ARCH models aim/can
capture?

ii) Write down the first and second moments (ACF) of εt. Is εt stationary? Clearly justify your
answer.
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iii) What condition(s) on the coefficients of the ARCH model you have to impose to ensure that
ε2t is stationary?

iv) Assuming stationarity of ε2t , write down the first and second moments of ε2t .

v) You have fitted a model to the process yt and the residuals seem to be white noise. Now you
would like to test whether there is an ARCH effect in the innovations. In order to do this, you fit
an AR(4) model to e2t ,where {et} are the residuals. You obtain that TR2

e = 27 where R2 is the
R2 statistic associated to the AR regression. What would be your conclusion?

3. a) Consider the model
(1− L)d yt = α+ ut,

where ut is a stationary process and α 6= 0.

a) Discuss the role of α (i.e., the type of deterministic component it implies) for each of the
possible values of d = {0, 1, 2}.

b) Show that if yt = a+ φyt−1 + ut, where ut is an AR (p) process, then yt can also be written
as ∆yt = α∗ + φ∗0yt−1 +

∑p
i=1 φ

∗
i ∆yt−i + εt, where {εt} is a white noise sequence. (Check

Hamilton if you need help).

c) Specify the values of α∗ and φ∗i in terms of the original parameters of the model.

d) Describe how you could test for a unit root in yt, if you don’t know the value of α and ut is a
white noise process.

In particular, describe

i) the null and the alternative hypotheses

ii) the regression equation that you will estimate

iii) what are the relevant critical values that you should use.

iv) Describe your decision rule if T=1000 (that is, the values of the t-test for which for which
you would you reject the null hypothesis).

v) Suppose that you don’t know any unit root theory and mistakingly use the critical values of the
normal distribution. Suppose that you want to run a one-sided test of size 10% (i.e., α = 0.1).
Then, what would be the (approximate) size of your t-test if you use that critical value? (i.e.,
how often you would reject the null hypothesis when it is true for that critical value). Summarize
your conclusions.

4. Consider the following n-dimensional VMA process

yt = εt + C1εt−1

where εt is a WN(0,Ω).

(0) Read Luetkepohl (2011)’s VAR article on the course’s website.
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(a) State the condition under which the process is invertible.

(b) Derive the variance of the process (E(yty
′
t)).

(c) Derive the autocorrelation function.

(d) Under the assumption that the process is invertible, obtain the VAR representation.

(e) Obtain a representation of the VMA above in terms of a new vector of shocks whose covari-
ance matrix is the identity matrix.

(f) Assume now that C1 =

[
0 1
0 −θ

]
, what are the values of θ for which yt is invertible?

5. Consider the following VAR(2)

yt = A1yt−1 +A2yt−2 + εt

where yt is a 2×1 vector and εt is a 2-dimensional white noise vector with covariance matrix Ω.

(a) State the condition under which (1) is stable (and therefore stationary).

(b) Write the companion form of the VAR(2).

(c) Assume the model is stable. Derive the Wold representation defining the coefficients of such
representation in terms of the VAR parameter matrices.

2. COMPUTER PRACTICE

6. Interest rate spread and output growth in the US. From the FRED database of the St.
Louis Fed (http://research.stlouisfed.org/fred2/) down- load data for the 10Y government bond
(mnemonic GS10), the federal funds rate (mnemonic FEDFUNDS) and the real GDP (mnemonic
GDPC1).

(1) Create the quarterly spread as the quarterly average of the difference between the long
and the short rate. Create the growth rate of real GDP.

(2) Are these variables stationary? use unit root tests to justify your answer.
(3) Using the growth rates of real GDP and the spread (use all the observations available),

estimate a VAR(p). Choose p according to an IC.
(4) Compute and plot the impulse response functions of the Wold representation together

with the 68% confidence bands obtained with the bootstrap method.
(5) Perform a test of Granger causality in both directions.
(6) Compute the MSE of the (out-of-sample) forecast of output growth one- and four- period

ahead using data up to 1985:Q1 for the initial estimation and using the post- 1985:Q1
period for the forecast evaluation.


