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This session’s goal
Our goal today is to make sure that we all speak the same
language (the language of probability and random variables)

To this effect, we will (quickly) review some basic concepts that
should be well-known for everybody by the end of this week.

If you find difficulties understanding this handout, please come
to talk to me and I will give you additional materials that will help
you to review this section.

Roadmap

1. Basic notions of probability: probability, random variables, distributions, moments.
2. Asymptotic Theory: a quick introduction.
3. Estimators and properties.
4. Hypotheses testing

1. Basic notions of probability: probability, random
variables, distributions, moments.

Probability and statistics in econometrics
Remember our goal in this course:

to determine whether a change in one variable causes a change
in another variable.

These variables are interpreted as random−→

we should consider probabilistic notions to formalise the sense
in which a change in one variable causes the other variable.

In the following we review some basic notions of probability
and statistics that will be very important to understand the main
principles of econometrics

Some probability background
See: Greene (Appendix);

Definition of Probability
Consider an experiment that has various possible outcomes.
Each possible outcome is represented as a point in a set. Each of
these points are elementary events.
Other events can be formed by combining elementary events.

Sample space, Ω: the set that contains all elementary events.

Definition of probability
Probabilities will be assigned to the elementary events according to certain axioms.
Let Ω be the sample space, A be an event and P(.) is a probability assignment. The three axioms that define a probability are:
0≤ P (A) ≤ 1
P( Ω ) = 1
If A1 , A2 , ... are disjoint events, then P(∪j Aj ) =

P

j

P ( Aj )

Example
Consider the random experiment of throwing a dice.
Ω = {1, 2, 3, 4, 5, 6}.
Each of these elements are the elementary events.
Other events can be defined by combining elementary events.
A={1,2};
The probability of each of the elementary events is 1/6.
P (1 ∪ 2 ∪ 3 ∪ 4 ∪ 5 ∪ 6) = 1; P (A) = 2/6;

Random variables
Definition: A random variable is a function from Ω to the real
numbers such that every element of Ω gets one real value.
Example
You are interested in the color of the eyes in a population.
The set of possible colors are {black, brown, green, blue}. A random
variable is the function that maps this set of events to numbers.
Let X be your random variable: “color of the eyes”.
X = {1, 2, 3, 4}. This means X = 1 if eyes are black, = 2 if brown,
etc.
The values of a random variable can be arbitrary (we could
define as well: X = {10, 20, 30, 40}.)

Random variables and their realisations
A random variable is a function;
it represents all the possible outcomes of your random experiment.
We can associate probabilities to each of these outcomes.
Realisation of a random variable: Once the random experiment
has taken place, we observe its realisation. This is not random
anymore.
We usually use capital letters to denote random variables (r.v.)
and small letters to denote particular realisations of these variables.
X=eye color; x = blue.

Example
You are about to toss a coin. Ω = {heads, tails}; X = {0, 1}
Each of the values of X has an associated probability (if the
coin is balanced, 0.5)
Now you toss the coin, you get heads (X=0): this is a realisation
of X.
This realisation is not random anymore.

Types of random variables
Discrete random variables
X is discrete if the number of distinct possible outcomes is
either finite or countably infinite.
For instance X = outcome after tossing a coin; Y = number of
times that one should toss a coin until the first tails appears.
The assignment of probabilities in this case is done via a function,
f (x) = P (X = x) , called the probability mass function (pmf ) , that
has the properties:
f (x) ≥ 0
P

if

(xi ) = 1

Continuous random variables
X takes values in an interval.
Examples: X: height of this class, unemployment rate, inflation
rate, etc.
The assignment of probabilities is done via the probability density function (pdf ) , f (x) , that has the properties:
f (x) ≥ 0
R

if

(xi ) = 1

- If X is continuous, then P (X = x) = 0 for all x.
- P(a ≤ X ≤ b) =

Rb
a

f (x) dx.

Distribution Function
The cumulative distribution function is defined as:
F (x) = P (X ≤ x) .

If X is discrete, then
F (xk ) =

xk
X

P (X = xi ) ,

i = x1

where x1 ≤ ... ≤ xk .
If X is continuous,
Z

x

F (x) =

f (x) dx.
−∞

Moments of a univariate distribution
The shape of a probability distribution can be described with
the help of its moments
There are two types of moments:
µr
µ∗r

= E (X r ) , is the rth raw moment
= E (X − µX )r is the rth central moment

Each of the moments provides some information about the distribution of X. For instance µ1 is the mean, µ∗2 is the variance.
Exercise
Find out what are the names of µ∗3 and µ∗4 and what aspects of
the distribution of X describe.

Some important moments: Expectations
The expected value of a random variable X, denoted as µ, is
the first uncentered moment.

It provides an idea of the central values of the distribution of
X.
Calculation.

E (X ) = µX

 P
R ∞i xi P (X = xi ), if X is discrete .
=
−∞ xf (x) dx, if X is continuous

Expected value of a function of X
In situations, we are interested in obtaining the mean of a
function of X. Let Z = g (X ) , be a function of X, then

E (Z ) = µZ

 P
g (xi )P (X = xi ), if X is discrete
i
R
=
.
∞
g
(
x
)
f
x
dx,
if
X
is
continuous
(
)
−∞

Why is this?
Particular case: Expectation of a Linear transformation
If Z = a + bX, then

E (Z ) = a + bE (X ) .

(1)

Because of the expression above, E(.) is called a linear operator

Variance.
The variance of a distribution is a measure of dispersion with
respect to the expected value.

2

V ar (X ) = σX = E (X − E (X )) .
The variance is always larger than (or equal) to zero.
If V ar (X ) = 0, then X is a number (has no variation).

Standard deviation
Notice that the mean and the variance are not measured in the
same units.
Standard deviation: square root of the variance.




2 1/2
2
σ = E X − E (X )
The standard deviation is measured in the same units as the
expected value.

Variance of a linear transformation of X
The variance is not a linear operator.
The variance of a linear function of X. is given by:
Let Z = a + bX, then
V ar (Z ) = b2 V ar (X ) .

Joint distributions
Assume you have 2 different random experiments. It is possible
to assign probabilities to the outcomes of two experiments at the
same time.
Example: for a given population, we define two variables X=age;
Y = height. What is the probability that a person chosen at random
from this population is older than 20 and taller than 1:70m? i.e.,
P (X > 20, Y > 1.7)?
The joint distribution of X and Y will allow us to compute the
probability above.
We can also define the joint distribution of any group of variables. Let X =(X1 , ..., Xn )0 denote a group of random variables.

Joint distributions.
The joint distribution completely characterizes the vector of
random variables X.
If X is discrete, then f (x1 , ..., xn ) = P (X1 = x1 , ..., Xn = xn ) is
the joint probability mass function. It has to verify similar conditions as the univariate pmf.
If X is continuous, then we can assign probability through
f (x1 , ..., xn ) , the joint probability density function. It has to satisfy
the conditions f (x1 , ..., xn ) ≥ 0 and
Z ∞ Z ∞
f (x, y ) dydx = 1.
−∞

−∞

Covariance and correlation
The covariance between a pair of r.v. measures the degree of
linear association between them. It is defined as
Cov (X, Y ) = E ((X − E (X )) (Y − E (Y )))

Interpretation of this measure: we can only interpret the sign
of the covariance.

Cov (X, Y )

>

0 : there is a positive linear relation btw X, Y

Cov (X, Y )

= 0 : there is not a linear relation btw X, Y
Cov (X, Y ) < 0 : there is a negative relationship btw X, Y .
If Cov (X, Y ) = 0 it is said that X and Y and uncorrelated.

Correlation
The covariance depends on the units of measurement of X and
Y and therefore the magnitude of the covariance is NOT informative about the strength of the linear association between X and
Y.
The correlation is a standardized version of the covariance. It
is bounded between [-1,1] and therefore not only the sign but also
the strength of the relationship can be assessed with it.

cov (X, Y )
Corr (X, Y ) =
.
σx σy

Interpretation:
Corr (X, Y )
1
Cov (X, Y )
0
Corr (X, Y )

= 1 : the relation btw X, Y is positive
and perfectly linear
< Corr (X, Y ) < 0 : there a positive linear relation,
that is higher the higher corr is to 1
= 0 : X, Y are uncorrelated
< Corr (X, Y ) < −1 : there a negative linear relation,
that is higher the higher corr is to -1
= −1 : the relation btw X, Y is negative
and perfectly linear

Covariance and correlation of linear transformations of
X and Y
If Z = a + bX, V = c + dY , then,

Cov (Z, V ) = bdCov (X, Y ) .
If Z = a + bX, V = c + dY , then

Corr (Z, V ) = Corr (X, Y ) .

More properties of expectations, variances and correlations
The following relationships are very important, you should remember them!

The expected value of a sum is the sum of expectations

E (α1 X1 + α2 X2 +, . . . , αn Xn + c) = α1 E (X1 ) + α2 E (X2 )+, . . . , αn E (Xn ) + c

The variance of a sum is the sum of the variances if ONLY if
the variables are uncorrelated. General case:

V ar (α1 X1 + α2 X2 + c) = α21 V ar (X1 ) + α22 V ar (X2 ) + 2α1 α2Cov (X1 , X2 )

Covariance of a sum:

Cov (α1 X1 + α2 X2 + c, α3 X3 + d) = α1 α3 Cov (X1 , X3 ) + α2 α3 Cov (X2 , X3 )

Combining the last two expressions, you can find out more
expressions, for instance:
Variance of n variables

V ar (

n
X
i=1

Xi ) =

n
X
i=1

V ar (Xi ) +

n X
n
X
i=1 j6=i

Cov (Xi , Xj )

Marginal distributions
Consider a bivariate distribution, (X, Y ) with probability function f (x, y ) .
From f (x, y ) , it is possible to recover the distributions of X
and Y alone, i.e., distributions that do not depend on the other
variable.
These distributions are called marginal distributions.
If (X, Y ) are discrete: f (x) =

P

If (X, Y ) are continuous: f (x) =

f (x, y ) ; f (y ) =

y

R
y

P

f (x, y ) dy; f (y ) =

xf

R

(x, y ) ;

x f ((x, y ) dx;

Conditional distributions
Conditional distributions play a crucial role in econometrics.
Assume that the variables (X, Y ) are related and we have some
information about the variable X. Assume further that we have
observed that X = x. We would like to update the probability of Y
given the information available of X, that is, X = x.
Example: Suppose that we are studing Y=height, X=weight
of a population and that we have observed that the weight of a
person chosen at random is 55kg. Clearly, the probability of having
a particular height, say 1.90, given that we know that the person’s
weight is 55kg, would be different that the unconditional probability
of being 1.9.

Conditional distributions
The distribution of Y conditional to X = x is defined as:

f (y|X = x) =

f (x, y )
.
f (x)

The conditional distribution f (y|X = x) is a probability function
and therefore, has to verify the same conditions as any p.d.f or
p.m.f (that is, is positive and has to add up –integrate– to 1).
f (y|X = x) is a function of X. That is, as X takes different
values, we would obtain different f (y|X = x)

Independence
In this course we will be interested in how one variable responds
to the changes of a related variable.
However, it can be the case that a variable does not react to
the changes of some other variables because they are not related.
This lack of relationship is called independence.
The variables (X, Y ) are stochastically independent iff (if and
only if)
f (x, y ) = f (x) f (y ) .
Exercise: show that the latter result is equivalent to:
f (x|y ) = f (x) and f (y|x) = f (y ) .

Independence vs uncorrelation

X, Y independent −→ X, Y uncorrelated

X, Y uncorrelated −→ X, Y not necessarily independent

Independence implies the lack of any relationship between X
and Y and is a very strong condition.
It is a much stronger condition than lack of correlation.
Lack of correlation only means lack of linear relationship between X and Y. It can be the case that corr (X, Y ) = 0 but that X
and Y are not independent.
0

There is an important exception: if (X, Y ) follow a normal
bivariate distribution and are uncorrelated, then they are also independent.

The Normal distribution.
Univariate Normal distributions

Let X be a continuous r.v.

µ, σ 2



It follows a N
distribution (a Normal distribution with
mean=µ and variance σ 2 if its pdf is given by
f (x) = √

1
2πσ 2

e

(x−µ)2 /2σ 2

.

Standard Normal Distribution: N(0,1)

The Normal distribution is symmetric

To compute probabilities from a normal distribution: we use
the tables (corresponding to a standard normal distribution).

This distribution is very important in econometrics/statistics.

Many techniques assume normality

Many tests to check normality.

STATA hint: use qnorm to compare the quantiles of any variable with those of a normal distribution.

The Multivariate Normal distributions

0

Let (X, Y ) be a pair of random variables.

They follow a bivariate normal distribution, denoted as,





 2

σx σxy
X
µx
∼N µ=
,Σ =
,
σxy σy2
Y
µy
that is, a Normal distribution with vector of means µ and variancecovariance matrix Σ if for any real vector λ,


X
0
λ
Y

is a univariate normal distribution.

Normal distributions are very important in statistics and econometrics for two reasons:
They are very common (Central Limit Theorem).
They have very good properties and then it is very convenient
to work under the normality assumption.
In particular one of this good properties is if X and Y are multivariate normal

Y |X ∼ N (E (Y |X ) , var (Y |X ))
and E (Y |X ) = a + bX.
See Goldberger Chapter 7 for a description of the properties of
these distributions.

Asymptotic theory: a quick introduction

Asymptotic Theory

Question:

At the dinner table, your brother-in-law suggests playing heads or
tails using a coin. You suspect he is cheating.

How do you prove that the coin is unbalanced?

Context:
Suppose you have several random variables and you combine
them to produce an statistic.
For instance, X1 , . . . , Xn :
sample mean:X n = (

Pn
1

Xi )/n

or any other function of these variables (e.g., Tn =

Qn
1

Xi . . . ).

How are these statistics distributed?
In finite samples (i.e., when n is finite), it’s often very difficult
to provide an exact answer
asymptotic theory: makes an additional assumption: n is “large”
(n −→ ∞) and computes the “limit” of the relevant statistic under
this assumption.

In the coin example:

Toss the coin n times. Let Xi be the random variable associated
to each of these tossings, (i = 1, . . . , n, Xi =1 if heads; Xi =0 if tail).
If the coin is balanced, E (Xi ) = 1/2.
These variables are i.i.d.

Compute the sample mean: X̄n =

Pn

i=1

Xi

n

X̄n : share of heads.

If the coin is balanced: if n is sufficiently large, X̄n should be
close to 1/2.
A key result in asymptotic theory will tells us that: X̄n converges
to E (Xi )!

Key elements of asymptotic theory:
The meaning of convergence of random variables.

The most important convergence results

The Law of Large Numbers

The Central Limit Theorem.

Convergence of Deterministic Sequences
Before considering convergence of random sequences, let us
refresh some notions of convergence of deterministic sequences.

A sequence of nonrandom numbers {aN }∞
N =1 converges to a if
for all ε > 0, ∃ Nε > 0 such that if N > Nε , then |aN − a| < ε. The
constant a is called the limit of aN .

Example:
consider the sequence 1, 1/2, 1/3, . . . , 1/n
what is the limit of this sequence as n→ ∞?

Now, we’ll do the same but instead of considering numbers,
we’ll look at convergence of random variables.

Convergence of random sequences
Consider a sequence of random variables: X1 , X2 , . . . , Xn
A sequence of r.v. converges to a limit if for large values of n
the sequence and the limit are “close”.
But what does “close” mean when considering random variables?

Convergence of random sequences
Consider a sequence of random variables: X1 , X2 , . . . , Xn
A sequence of r.v. converges to a limit if for large values of n
the sequence and the limit are “close”.
But what does “close” mean when considering random variables?

Defining ’closeness’ in random variables is a bit more complicated than in the deterministic case.

There are several ways to define “closeness”. We will now look
at two: convergence in probability and convergence in distribution.

Convergence in probability
Consider a sequence of random variables X1 , . . . , Xn or {Xi }n
i=1 .
p

Xn converges in probability to X, written Xn → X, if for every
ε>0

P (|Xn − X| > ε) → 0 as n → ∞
Convergence in probability looks at the values of the variables:
the probability that the distance between Xn and its limit is ”large”
tends to zero.

Convergence in distribution
Consider a sequence of random variables X1 , . . . , Xn or {Xi }n
i=1 .
d

Xn converges in distribution to X, written Xn → X, or Xn ⇒ X,
if for all x ∈ C, where C is the set of continuity points of the
distribution function FX (.) of X, then

lim FXn (x) = FX (x)

n→∞

Convergence in distribution
Consider a sequence of random variables X1 , . . . , Xn or {Xi }n
i=1 .
d

Xn converges in distribution to X, written Xn → X, or Xn ⇒ X,
if for all x ∈ C, where C is the set of continuity points of the
distribution function FX (.) of X, then

lim FXn (x) = FX (x)

n→∞

Convergence in distribution looks at the distribution of the variables, which should be very “close” (in the standard –deterministic–
sense, as they are not random) as n gets large.

Notes:

The limit X can be a random variable or a constant.

if X is a constant, we say that the limit has a degenerate distribution (as all the probability mass is concentrated in one point)

p

The two modes of convergence are related. If Xn → X, then
d
Xn → X.

The opposite result is not true in general (unless X is a constant).

Limit Theorems
The Law of Large Numbers and the Central Limit Theorem are
the most important results for computing the limits of sequences
of random variables.
There are many versions of LLN and CLT that differ on the
assumptions about the dependence of the variables.
Since we are assuming random sampling (=our data is i.i.d),
then we have enough with their simplest versions: LLN and CLT
for i.i.d. random variables.

Law of Large Numbers for iid sequences
Let {Xi }n
i=1 be an i.i.d sequence of random variables with finite
mean µ then
n
X
p
X̄n = n−1
Xi → µ.
i=1

Proof. A very simple proof of this result can be provided if we
further assume that var(Xi ) = σ 2 < ∞. Then, by Chebychev’s inequality:
!
n
n
X
X
≤ var (n−1
Xi )/ε2
P
n−1
Xi − µ > ε)
i=1

i=1

= n−2

n
X

var (Xi )/ε2

i=1

=

nσ 2
→ 0.
2
2
n ε

What does this mean?
The STATA file handout2 LLN.do computes a small Monte
Carlo simulation that shows you that this theorem is actually true.
Run it so you can start experimenting with random numbers!
The file does the following:
1. Fix n=100. Generate n random numbers using a χ2 distribution
with one degree of freedom. Notice that E (Xi ) = 1. Compute X̄n
and store this value.
2. Repeat this R=1000 times. This allows us to see the distribution of X̄100
3. Repeat 1. and 2. for different values of n = {500, 1000, 10000}.
4. Plot the obtained distributions corresponding to X̄100 , X̄500 ,
X̄1000 and X̄10000 .

The LLN in practise

0
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This is what you get . . . what do you observe?

.6

.8

1
N=1000
N=10000

1.2
N=100
N=500

1.4

Central Limit theorem for i.i.d. sequences

2
Let {Xi }n
i=1 be a sequence of i.i.d(µ, σ ) random variables.

Then

√

d

n(X̄n − µ)/σ → N (0, 1)

The CLT in practice

Go to the following link to see an illustration of the CLT
https://demonstrations.wolfram.com/IllustratingTheCentralLimitTheoremWithSumsOfBernoulliRandomV/

Exercise: Try to modify the STATA file mentioned above so
that it illustrates the CLT. To do that you need to plot the dis√ (X̂N −E (X ))
2 with 1
tribution of N
;
Recall
that
if
X
follows
a
χ
i
σ
degree of freedom then E (Xi ) = 1 and V ar (Xi ) = 2.

Takeaway
Asymptotic theory: tools to approximate the distribution of
(functions of) random variables.
Why? because in most cases we won’t be able to determine
the exact distribution of those variables.
We would compute limits of a sequence of random variables Xn
as gets approaches infinity
Two modes of convergence: in probability and in distribution
Two key results: CLT and LLN

3. Estimators and basic properties

Estimators and basic properties
Remember that our goal is to be establish causal relationships
between variables.

Often, this relationship is captured by a parameter(s) relating
those variables.

Example. Y=wages; X=years of education.
these variables are related linearly, then

Yi = α + βXi + i
β is our parameter of interest.

Suppose that

If the parameter is identified, we can gather data to obtain
an estimate of it and of its standard error (=a measure of the
uncertainty of our estimator).
As we will see shortly, in the example above the identification
condition will be E (|X ) = 0

An estimator is a function of the observable data that is used
to estimate an unknown population parameter.

An estimate is the result from the actual application of the
function to a particular dataset,

In general, many different estimators are possible for any given
parameter.

Estimators are random variables, thus we can (should) compute
their associated distribution

An estimate is a realisation of the corresponding estimator.
Thus, it is not random.

Let n be the size of the sample used in the computation of an
estimator of the parameter θ. Thus, for each sample size we can
define an estimator: θ̄n .

Let θ̂n be an estimator of the population parameter θ computed with a sample of size n. Then, θ̂n is a function that maps
each sample S to its sample estimate θ̂n (S ).The sequence {θ̂n } is
an example of a sequence of random variables, so the concepts
introduced above are applicable to {θ̂n }.
We will use the LLN and the CLT to approximate the distribution of θ̂n

Properties of estimators
Some desirable properties of θ̂n are the following.
p

Consistency: θ̂n is consistent if θ̂n → θ as n → ∞.



Unbiasedness: θ̂n is unbiased if E θ̂n = θ and is asymptotically

unbiased if limn→∞ E θ̂n = θ.

Asymptotic Normality. A consistent estimator θ̂n is asymptot√
d
ically normal around the true parameter θ if √n(θ̂n − θ ) → N (0, V ),
where V is called the asymptotic variance of n(θ̂n − θ ).

Efficiency: An unbiased estimator θ̂n is efficient if it has the
lowest possible variance among all unbiased estimators.

Takeaway
We are interested in the value of unknown parameters
We would use data and econometric techniques to figure out
the values of those parameters
Estimators (random variables) and estimates (the particular
value that an estimator gets when a particular dataset is employed).
Many possible estimators are available, How do we choose
among them?
We want estimators with good properties.
consistency, asymptotic normality, efficiency, unbiasedness. . .

4. Hypothesis Testing

Hypothesis Testing
Consider again our previous example: the relationship between
wage and years of education. You have obtained:
ˆ
W age
= 2.3 + 1.2years

Can you conclude from here that if you study more you will get
a higher salary?

Hypothesis Testing
Consider again our previous example: the relationship between
wage and years of education. You have obtained:
ˆ
W age
= 2.3 + 1.2years

Can you conclude from here that if you study more you will get
a higher salary?
Not really. If β = 0 you can get positive values of β̂ with some
probability!

0
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kernel = epanechnikov, bandwidth = 0.2224
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Hypothesis testing
Solution: hypothesis testing

Simplest context: We are interested in testing hypotheses on
an unknown parameter θ
Null hypothesis: H0 : θ = θ0
Alternative hypothesis: H1 : θ 6= θ0 ; H1 : θ > θ0 ; H1 : θ < θ0
H0 and H1 can be written in many ways but their union should
cover the range of all possible values of θ
In the example above, is θ equal to zero? You can write this
as follows:

H0 : θ = 0 vs. H1 : θ 6= 0

Decision Rule
Main idea: Reject H0 when θ̂ is “far” from from θ0
(but what is ’far’ ?)

Decision Rule
Main idea: Reject H0 when θ̂ is “far” from from θ0
(but what is ’far’ ?)
Critical Region: values of θ̂ for which H0 is rejected.

Decision Rule: Choose a threshold that determines the critical
region. Reject if θ̂ is in the critical region.

The decision rule will something like: if |θ̂| > φ, for some threshold φ then reject H0

Decision Rule
Main idea: Reject H0 when θ̂ is “far” from from θ0
(but what is ’far’ ?)
Critical Region: values of θ̂ for which H0 is rejected.

Decision Rule: Choose a threshold that determines the critical
region. Reject if θ̂ is in the critical region.

The decision rule will something like: if |θ̂| > φ, for some threshold φ then reject H0
The shape of the critical region depends on how H1 is specified
(not determined by H0 !).
How should we choose φ? (i.e., how is the critical region chosen?)

Two types of errors
Type I error : you reject H0 but H0 is true.

α=P(Rejecting H0 |H0 true)

Type II error: you don’t reject H0 but H0 is false.

β=P(Not Rejecting H0 |H0 false)

Ideal Decision rule

Reject H0 if θ̂ is “far” from the null.

Choose the threshold determining what “far” means by miniziming both α and β.

Is this possible?

Distribution of the estimator of if q H0 IS TRUE

Distribution of the estimator of if q0 H0 IS FALSE

REJECT H0
CRITICAL REGION

a

b
q0

DECISION RULE

q1

You cannot minimize both α and β simultaneously

Usual approach:

fix α, choose your decision rule (a threshold beyond which you
would reject H0 ) to minimize β

Fixing α: typically 0.05.

α: size of the test;

1 − β: power of the test;

An example: t-test
Context: We have an estimator θ̂ for a parameter θ. You want
to test

H0 : θ = θ0
versus

H1 : θ 6= θ0

This is a two sided test: we will reject H0 if θ̂ is either much
smaller (left tail) or much larger (right tail) than θ0
One sided tests: H1 : θ > θ0 or H1 : θ < θ0

Assume that θ̂ is asymptotically normally distributed. Under
H0 , θ = θ0 , then

(β̂ − β0 ) d
→ N (0, 1)
√
σ/ n
But σ is unknown! Solution: replace it by an estimate of the
standard error of θ̂. By the continuous mapping theorem

(β̂ − β0 ) d
→ N (0, 1)
√
σ̂/ n

Two sided test: Reject H0 if θ̂ is too large . . .

(β̂ − β0 )
> 1.96
√
σ̂/ n
. . . or too small

(β̂ − β0 )
< −1.96
√
σ̂/ n
That is, reject if:

|

(β̂ − β0 )
√ | < −1.96
σ̂/ n

Going back to the coin question. . .
Consider again the problem of the coin formulated a few slides
ago.

Suppose you have toss the coin one hundred times and you
have obtained that the share of heads is .53.
Is the coin balanced?

Solution
Define the random variable Xi : heads when you toss once the
coin.
Bernoulli random variable, probability p.
E (Xi ) = p; V ar (Xi ) = p(1 − p);
X̄n =

P100

i=1 Xi :

share of heads in 100 tosses.

H0 : the coin is balanced (p=.5)
Xi are i.i.d.: the CLT applies!
Under H0

(X̄n − .5) d
→ N (0, 1)
√
σ̂/ n

We need an estimate of σ!

Replace p by p̂: σ̂ =

(X̄n −.5)
.49/10

p

(.53 × .47) = .495

= .61

Shall we reject H0 if α=0.05?

What is the minimum value of α for which we would reject H0 ?

In other words: assuming that the null hypothesis is true,
what’s the probability of obtaining test results that are more extreme than .61 (in either direction)?
(The figure you’ve just computed has a name, do you remember
it?)

Takeaway
Estimators are random variables. Inferential techniques are
employed to get a better idea of the uncertainty involved in our
estimation.
Hypotheses testing (but there other inferential techniques, for
instance, confidence intervals).
Key concepts (you need to remember what they mean!)
Null and alternative hypothesis
Type I (α) and Type II (β) errors
Critical region
A very important example: t-test (testing 1 parameter). (But
how would you test more than 1 restriction? )

Takeaway
Estimators are random variables. Inferential techniques are
employed to get a better idea of the uncertainty involved in our
estimation.
Hypotheses testing (but there other inferential techniques, for
instance, confidence intervals).
Key concepts (you need to remember what they mean!)
Null and alternative hypothesis
Type I (α) and Type II (β) errors
Critical region
A very important example: t-test (testing 1 parameter). (But
how would you test more than 1 restriction? )
F-tests
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